arXiv:hep-ph/0512173 v1 14 Dec 2005

Infrared Scales and Factorization in QCD

Aneesh V. Manohar

Department of Physics, University of California at San Diego, La Jolla, CA 92093

(Dated: December 14, 2005)

Effective field theory methods are used to study factorization of the deep inelastic scattering crosssection. The cross-section is shown to factor in QCD, even though it does not factor in perturbation theory for some choices of the infrared regulator. Messenger modes are not required in soft-collinear effective theory for deep inelastic scattering as x → 1.

Many high energy processes in QCD factor into the convolution of a perturbatively calculable short distance contribution, and a non-perturbative long distance hadronic function [1]. The classic example is deep inelastic scattering (DIS), where the structure functions factor into short-distance hard-scattering kernels which depend on the large momentum scale Q, and parton distribution functions which depend on the non-perturbative scale Λ_{QCD}. DIS as x → 1 has been studied using soft-collinear effective theory (SCET [2, 3, 4, 5]), which allows one to systematically separate out the different momentum scales, and also sum the Sudakov doublelogarithms [6, 7].

Recently, it was argued [8] that DIS does not factor as x → 1 because of messenger modes [9] of momentum ∼ Λ_{QCD} √ Λ_{QCD}/Q, which cause the hadronic function to depend on Q as well as Λ_{QCD}. The analysis of Ref. [8] is based on a study of momentum regions contributing to perturbation theory graphs [10]. The same method has been used in other examples, such as the calculation of the B → π form factor, where it was also claimed that messenger modes are important [11].

The above claims are surprising. One would not expect the scale Λ_{QCD} √ Λ_{QCD}/Q to be relevant for hadronic structure functions and form factors. DIS has been extensively studied by diagrammatic methods, and has been shown to factor as x → 1 into the convolution of a hard kernel, jet function, and parton distribution function, which depend on the scales Q, Q √ 1 − x and Λ_{QCD}, respectively [1]. The conclusions of Ref. [8] contradict these results.

This paper discusses factorization and the (non) existence of messenger modes for DIS. It is shown that a naive evaluation of diagrams in perturbation theory with off-shell external states leads to the conclusion that messenger modes exist, and that structure functions do not factor, as found in Ref. [8]. However, a confining gauge theory such as QCD does not require messenger modes, and factorization holds. The basic flaw in the argument is equating momentum regions that contribute to a Feynman diagram in perturbation theory with propagating modes in an effective field theory description of a confining gauge theory such as QCD. Infrared modes which exist in perturbation theory are not present due to confinement. In an effective theory such as SCET, perturbation theory is used to sum logarithms using the renormalization group, and to compute short distance matching conditions. The infrared part of both the full and effective theory amplitudes is not given by perturbation theory, but nevertheless, perturbative amplitudes can be used to compute the matching condition, which only depend on short distance physics [12]. Perturbation theory is not used to compute the infrared dynamics of the theory. It is not necessary to include separate modes for infrared scales below Λ_{QCD} that occur in perturbation theory diagrams, as is shown explicitly for DIS.

The role of the messenger scale in SCET will be clarified by studying a measurable quantity, the spindependent g_{1N} structure function for DIS off a nucleon target. The structure function g_1 has been chosen rather than the unpolarized structure functions F_{1,2} because all the computations needed for the analysis of g_1 have been given explicitly in the literature in the form needed here [13]. The conclusions derived below are general, and apply equally well to other problems studied using SCET.

The typical momentum scales in DIS at generic values of x are Q^2 and Λ^2_{QCD}. The final hadronic state X has invariant mass

M^2_X = 1 − x x Q^2 + M^2_T (1)

where M_T is the target mass. As x → 1, M^2_X → Q^2(1 − x) ≪ Q^2, so the final hadronic state X becomes jet-like. DIS in the x → 1 limit can be studied [6, 7] using SCET. The large scale is Q, and the power-counting parameter λ is taken to be 1 − x = λ^2 ≪ 1. It is convenient to choose λ^2 = Λ_{QCD}/Q, so that the jet scale is Qλ = √ QΛ_{QCD}.

The standard factorization theorem for DIS [1] implies that g_{1N} ( x, Q^2 Λ^2_{QCD} ) = ∫_1 x dy y ĝ_{1q} ( y, Q^2 μ^2 ) f_{Δq/N} ( x y , μ^2 Λ^2_{QCD} )

+ ∫_1 x dy y ĝ_{1G} ( y, Q^2 μ^2 ) f_{ΔG/N} ( x y , μ^2 Λ^2_{QCD} ) (2) where ĝ_{1q,G} are perturbatively calculable hard scattering kernels, and f_{Δq/N} , f_{ΔG/N} are the polarized quark and gluon distributions in the nucleon. The parton distribution functions depends on the target, but the hard scattering kernels do not. As x → 1, the hard scattering kernels can be written as the convolution of a hard

FIG. 1: Box diagram contributing to deep-inelastic photongluon scattering via the process γ^∗ + g → q + q̄. The total cross-section is given by the imaginary part of the diagram. The wavy lines are the high-Q^2 virtual photon, and the helical lines are the gluon target.

function with a jet function, and a soft function can be factored out of f_{Δq,ΔG} [1, 7]. This additional factorization will not be important in what follows. The standard factorization form of Eq. (2) writes g_1 as a sum of terms of the form K ⊗ f, where K depends on Q but not Λ_{QCD}, and f depends on Λ_{QCD} but not Q. (⊗ denotes the convolution.) The main conclusion of Ref. [8] is that the factorization form Eq. (2) needs to be modified so that the parton distribution functions also depend on Λ_{QCD} √ Λ_{QCD}/Q, and hence on Q, so that even though the convolution form Eq. (2) holds, the Q and Λ_{QCD} dependence has not been factorized.

The hard scattering kernels are target independent, and so can be computed from a perturbative computation of DIS off a partonic target. In particular, DIS off a gluon target can be written as

g_{1G} = ĝ_{1q} ⊗ f_{Δq/G} + ĝ_{1G} ⊗ f_{ΔG/G}. (3)

The graphs contributing to DIS scattering off a gluon target are the box graph in Fig. 1 and related graphs given by permuting the external lines. Evaluating the graphs explicitly in the Q → ∞ limit for an external gluon state with p^2 ≠ 0 and a quark with mass m and unit electric charge gives [13, 14]

g_{1G} = h α_s 4π [ (2x − 1) ln

Q^2(1 − x) m^2x − p^2x^2(1 − x)

+3 − 4x + p^2x(1 − x) m^2 − p^2x(1 − x) ] . (4)

where h is the helicity of the gluon. This result shows that, in the limit x → 1, the graph depends on the scales Q^2(1−x), m^2, and p^2(1−x). The mass m and p are taken to be infrared quantities of order Λ_{QCD}, so p^2(1 − x) is the messenger scale Λ_{QCD} √ Λ_{QCD}/Q in the limit x → 1.

Eq. (4) can be used to compute the hard scattering kernel ĝ_{1G}. In Eq. (3), ĝ_{1G}, and f_{Δq/G} are of order α_s, so one only needs the order one expressions f_{ΔG/G} = hδ(1 − x), ĝ_{1q} = 1 2 δ(1 − x). (5)

FIG. 2: Graph contributing to the gluon matrix element of the quark distribution function. The two ⊗ and the dashed line denote the insertion of the bilocal operator OΔq defined in Eq. (7). Graphs where the gluons connect to the Wilson line (the dashed line) vanish for the polarized parton distribution function.

Substituting in Eq. (3) gives

g_{1G} = 1 2 f_{Δq/G} + h ĝ_{1G} + O ( α^2_s ) , (6)

so to obtain ĝ_{1G} requires a definition of f_{Δq/G}.

The parton distributions are defined as the matrix elements of light-cone correlation functions of quark and gluon fields [15]. The polarized quark distribution is the matrix element of the bilocal operator [13]

O_{Δq}(k^+) = 1 4π ∫ dz^−e^{−iz−k+} [¯ ψ(z^−)W (z^−)γ^+γ_5ψ(0)

+ψ̄(0)W^†(z^−)γ^+γ_5ψ(z^−) ] (7) where ± denote light-cone directions, and W (z^−) is a light-like Wilson line from 0 to the point y with lightcone coordinates y^+ = 0, y_⊥ = 0, y^− = z^−.

The parton distribution f_{Δq/T} is the matrix element of O_{Δq} in the target T with momentum P , f_{Δq/T} (x) = ⟨T, P | O_{Δq}(xP^+) |T, P ⟩ . (8) Using an off-shell gluon target in Eq. (8) gives [13] (see Fig. 2) f_{Δq/G} = α_s 2π [ (2x − 1) ln μ^2 m^2 − p^2x(1 − x)

−1 + m^2 m^2 − p^2x(1 − x) ] , (9)

which for m = 0 reduces to f_{Δq/G} = h α_s 2π [ (2x − 1) ln μ^2 −p^2x(1 − x) − 1 ] . (10)

Substituting Eq. (9) in Eq. (6) gives

ĝ_{1G} = α_s 4π [ (2x − 1) ln

Q^2(1 − x)

μ^2x

+ 3 − 4x ] . (11)

The computation of the kernel ĝ_{1G} is analogous to a matching computation in an effective field theory. One computes amplitudes in the full and effective theories, each of which is infrared sensitive, in perturbation theory, and takes the difference to obtain the values of matching coefficients, which are independent of the infrared scales. Here, the structure function g_{1G} and the parton distribution function f_{Δq/G} are both sensitive to the infrared regulators m and p, but this dependence cancels in the kernel ĝ_{1G}. In the limit x → 1,

ĝ_{1G} → α_s 4π [ ln Q^2(1 − x) μ^2 − 1 ] , (12)

and depends on the jet scale Q^2(1−x) ∼ QΛ_{QCD}, but not on any lower scales such as Λ_{QCD} or Λ_{QCD} √ Λ_{QCD}/Q, as expected. In SCET, the hard function is given by the matching coefficients at the scale Q, and the jet function is given by integrating out collinear modes at the scale Q^2(1 − x). The Sudakov double-logarithms as x → 1 are summed by integrating SCET anomalous dimensions between Q^2 and Q^2(1 − x) [2, 6, 16, 17]. All of these are perturbation theory computations, and are valid because the scales Q^2 and Q^2(1 − x) are both much larger than Λ_{QCD}.

That the hard scattering kernel Eq. (12) is independent of infrared scales is usually taken as a proof of factorization. However, for factorization to hold, we also need the parton distributions to be independent of Q. An examination of the parton distribution Eq. (10) for m = 0 shows that when 1−x ∼ Λ_{QCD}/Q, f_{Δq/G} depends on the messenger scale Λ_{QCD} √ Λ_{QCD}/Q, and hence implicitly on Q, violating factorization. An evaluation of the diagram in Fig. 2 using the method of regions [10] shows that the messenger region, with momentum of order p^2(1 − x) contributes to the graph [8], and it is this region that lead to the Q dependence in Eq. (10). However, the parton distribution Eq. (9) for m ≠ 0 does not depend on the scale p^2(1 − x) for x → 1, since in this limit m^2 ≫ p^2(1 − x) and the logarithm depends only on m^2.

It is important to remember that neither the computation of g_{1G}, nor that of f_{Δq/G} is a valid computation. Both depend on infrared physics for which perturbation theory is not valid. Thus the dependence of g_{1G} and f_{Δq/G} on p^2(1 − x), and the necessity of messenger modes to reproduce Eqs. (4,10) is irrelevant. What has been determined so far is that the kernel is given by Eq. (11), and this can be obtained by a perturbative effective field theory computation using SCET. The dependence of the parton distribution on infrared scales is determined using Eq. (8) for a nucleon target. The relevant non-perturbative quantities it can depend on are the masses of physical hadrons that couple to the nucleon via the axial current matrix element. The spectrum of these hadrons cannot be computed in perturbation theory, but is known from both experimental observation and theoretical considerations to not contain states arbitrarily close in mass to the nucleon. The nucleon parton distribution depends on the light-cone Fourier transform of the nucleon matrix element of the gauge invariant bilocal operator ψ̄(z^−)W (z^−)γ^+γ_5ψ(0). The z^− dependence of this correlation function is governed by the scale Λ_{QCD} in QCD, because of confinement, and so the parton distribution only depends on this scale. Gauge invariance is crucial for the argument, since there can be massless gauge variant modes even in a confining gauge theory. That the operator is bilocal, rather than local, is not important. Confinement implies there are no long range correlations even for non-local observables such as Wilson loops.

The above argument can be made more explicit by using the gauge invariant bilinears

Ψ(z^−) = ϕ^†_n(z^−)ψ(z^−), (13)

where ϕ_n is a color-triplet field with Lagrange density ϕ^†_n(in · D)ϕ_n. The sole purpose of ϕ_n is to reproduce the Wilson line W (z^−), so there is no longer an explicit Wilson line between 0 and z^−. In terms of these gauge invariant bilinears,

O_{Δq}(k^+) = 1 4π ∫ dz^−e^{−iz− k+} [¯ Ψ(z^−)γ^+ γ_5Ψ(0)

+Ψ̄(0)γ^+ γ_5Ψ(z^−) ] . (14)

Inserting a complete set of states X between the Ψ and Ψ̄ fields, which is now possible because there is no Wilson line, shows that O_{Δq} (xP^+) couples the nucleon to gauge invariant intermediate states with P^+_X = P^+(1−x). These intermediate states are color singlet hadrons made of two quarks and one color-triplet ϕ_n field. The ϕ_n field is equivalent to a massless color-triplet quark moving in the light-cone + direction. The parton distribution function depends on the spectrum of these excited states in QCD, which is governed by Λ_{QCD}. Thus the nucleon parton distribution function is not sensitive to scales below Λ_{QCD}. Note that there can be excited states with individual mass differences which are accidently much smaller than Λ_{QCD}. In the DIS regime, one sums over many final states, and what matters is the typical mass splitting, of order Λ_{QCD}. In inclusive B decays, which are similar in structure to DIS, the relevant non-perturbative scale has been shown to be Λ_{QCD} [18], even though there are individual states, such as the B^∗, which have an order Λ^2_{QCD}/m_b mass difference from the B.

It is instructive to see why factorization fails at the level of perturbation theory. The bilocal operator Eq. (7) is not Lorentz invariant, but is invariant under boosts along the ẑ-axis. It depends on the momentum k^+, and a renormalization scale μ, but is independent of the large momentum q^μ. The matrix element of the bilocal operator can depend on the boost invariant combination p^−p^+_X = p^2(1 − x). The perturbative computation of the parton distribution Eq. (7) depends on the spectrum of intermediate physical states in perturbation theory. Consider first the case of massless fermions, with p^2 ≠ 0. This is the infrared regulator used in Ref. [8] and in all the examples where messenger modes contribute. The intermediate states in Fig. 2 are ϕ_nq̄ states with massless quarks, and can have any invariant mass ≥ 0. There are intermediate states with mass p^2(1 − x) = Λ_{QCD} √ Λ_{QCD}/Q, and so the parton distribution function depends on this scale, as can be seen from Eq. (9) with m^2 = 0. If m^2 ≠ 0, then the lowest intermediate state has invariant mass m^2. In the limit x → 1, m^2 − p^2x(1 − x) → m^2, and the parton distribution is sensitive to the scale m, but not to the lower scale p^2(1−x). The existence of the messenger scale Λ_{QCD} √ Λ_{QCD}/Q depends on the precise form of the infrared regulator [19]. Messenger modes are needed if one wants to reproduce the DIS cross-section for an off-shell partonic gluon target with massless quarks. However, we are interested in the DIS cross-section off hadrons, not partons; the partonic cross-section was merely an intermediate step in the computation of the kernel ĝ_{1G}. The existence of low-mass hadronic states is an artefact of perturbation theory. Low-mass states are not present in QCD, messenger modes are not needed, and factorization holds.

There is an alternate argument for messenger modes in DIS as x → 1. The computation of DIS in the Breit frame shows that there are contributions from n̄- collinear modes, n-collinear modes and ultrasoft modes. The n̄-collinear mode describe the target, the n-collinear mode the final hadronic jet, and the ultrasoft modes the low energy gluons. For the matching at the hard scale Q and the running between Q and the jet scale Q^2(1 − x) ∼ QΛ_{QCD}, one can treat both the n and n̄ collinear modes as having an off-shellness (for the purposes of regulating the infrared divergences and power counting) QΛ_{QCD}. In this case, the momentum of these modes in the Breit frame is p^+_n ∼ Λ_{QCD}, p^−_n ∼ Q, p^+_{n̄} ∼ Q, p^−_{n̄} ∼ Λ_{QCD}, and the ultrasoft gluons have typical momentum p^2 ∼ p^+_n p^−_{n̄} ∼ Λ^2_{QCD}. The target rest frame is obtained from the Breit frame by an order Q/Λ_{QCD} boost along the collision axis. If, in addition, one lowers the off-shellness of the n̄-collinear mode to Λ^2_{QCD} [9], the ultrasoft modes in the Breit frame get mapped into messenger modes in the target rest frame with p^2 ∼ Λ^3_{QCD}/Q. These messenger modes are the analog of rescaled ultrasoft modes in the Breit frame which also have p^2 ∼ Λ^3_{QCD}/Q . However, an explicit computation shows that this is not the case [6]. The ultrasoft modes in the target rest frame reproduce the contributions of both the n̄-collinear and messenger modes in the Breit frame. Equivalently, the parton distribution function in Eq. (7) involves only ultrasoft fields, and a direct computation of its matrix element [13] gives Eq. (9). Fig. 2 gets contributions from regions where some quark lines have invariant mass of order p^2, and others have invariant mass of order p^2(1 − x); however, both are included in the ultrasoft graph.

In the target frame computation, the target quarks have an off-shellness of order Λ^2_{QCD} from the very beginning, and are described by ultrasoft fields. Once the jet scale has been integrated out, the dynamics of these ultrasoft fields gives the non-perturbative parton distribution function. In the Breit frame computation, the n̄-collinear and ultrasoft/messenger modes are both nonperturbative below the jet scale, and together reproduce the effects of the non-perturbative ultrasoft fields in the target rest frame. The non-perturbative effects of both Breit frame modes can be combined into a single nonperturbative function, which has no knowledge of the messenger scale. Modes such as the messenger mode arise if one tries to “over-factor” a cross-section, i.e. separate out all the different scales that appear in a perturbation theory graph into separate contributions, even if all the scales are non-perturbative. In DIS, they would appear if one tries to factor the non-perturbative parton distribution into separate non-perturbative pieces based on the momentum scaling of perturbation theory.

Note that Ref. [6] did not attempt to compute the total cross-section for scattering off a partonic target; partonic matrix elements were used only to compute matching coefficients and anomalous dimensions. In these computations, for which perturbation theory is valid for all the dynamical modes, one can treat the n̄-collinear and ultrasoft modes separately in the Breit frame. The matching conditions and anomalous dimensions are identical in the Breit and target rest frame. The two Breit frame modes below the jet scale, where they become nonperturbative, were combined together in a single nonperturbative function.

It might be possible to factor a soft function out of the parton distribution f = S ⊗ f̃ , as suggested by the Breit frame calculation, where S is the matrix element of Wilson line operators, and f̃ is the matrix element of ncollinear fields (see e.g. Ref. [7]). The parton distribution f renormalized at a low scale μ is independent of Q, and any definition of the split of f into S and f̃ in the theory below the jet scale, to be useful, should also be independent of Q, and so independent of the messenger scale.

SCET is an effective theory formulated with ultrasoft and collinear modes [2, 3, 4, 5], and provides an adequate description of DIS as x → 1 off hadronic targets. It allows one to separate short distance contributions at the hard scale Q^2 and the jet scale Q^2(1 − x) from the nonperturbative contributions. It is not necessary to have separate propagating modes for every momentum scale that contributes to a perturbative diagram with some infrared regulator. In the target rest frame, for example, all non-perturbative effects are included in the ultrasoft contribution, and messenger degrees of freedom are not needed. In general, one does not need a propagating mode in an effective field theory for every momentum scale in the problem with some infrared regulator. A simple example is NRQED, with expansion parameter α. The Hydrogen and Positronium energy levels can be computed to high order using NRQED, which has poten- tial (E ∼ mα^2, p ∼ mα), soft (E ∼ mα, p ∼ mα) and ultrasoft (E ∼ mα^2, p ∼ mα^2) modes [20]. The shape function for Positronium decay, which is analogous to the structure function in DIS, has been computed explicitly using this theory [21]. It is not necessary to introduce additional modes at the scale mα^4 of the hyperfine splitting, even though the ortho-para Positronium mass splitting Δm = 7m_eα^4/12 occurs in energy denominators of the form Δm − E_γ .

I would like to thank C. Bauer, Z. Ligeti, I. Stewart and M. Trott for comments on the manuscript. This work was supported in part by DOE grant DE-FG03- 97ER40546 and a Alexander von Humboldt Foundation research award.

[1] For a review, see Perturbative Quantum Chromodynamics, ed. by A.H. Mueller, World Scientific, Singapore, 1989.

[2] C. W. Bauer, S. Fleming and M. E. Luke, Phys. Rev. D 63 (2001) 014006 [3] C. W. Bauer, S. Fleming, D. Pirjol and I. W. Stewart, Phys. Rev. D 63 (2001) 114020.

[4] C. W. Bauer and I. W. Stewart, Phys. Lett. B 516 (2001) 134.

[5] C. W. Bauer, D. Pirjol and I. W. Stewart, Phys. Rev. D 65 (2002) 054022.

[6] A. V. Manohar, Phys. Rev. D 68 (2003) 114019. [7] J. Chay and C. Kim, arXiv:hep-ph/0511066. [8] B. D. Pecjak, JHEP 0510 (2005) 040.

[9] T. Becher, R. J. Hill and M. Neubert, Phys. Rev. D 69 (2004) 054017.

[10] M. Beneke and V. A. Smirnov, Nucl. Phys. B 522 (1998) 321 [arXiv:hep-ph/9711391].

[11] B. O. Lange and M. Neubert, Nucl. Phys. B 690 (2004) 249 [Erratum-ibid. B 723 (2005) 201].

[12] For a review, see A. V. Manohar, Effective field theories, arXiv:hep-ph/9606222.

[13] A. V. Manohar, Phys. Lett. B 219 (1989) 357 , Phys.

Rev. Lett. 65 (1990) 2511 , Phys. Rev. Lett. 66 (1991)

289 .

[14] R. Karplus and M. Neuman, Phys. Rev. 80 (1950) 380; V.G. Zima, Yad. Fiz. 16 (1973) 1051; V.N. Baĭer, V.S. Fadin and V.A. Khoze, Sov. Phys. JETP 23 (1966) 104.

[15] J. C. Collins and D. E. Soper, Nucl. Phys. B 194 (1982) 445.

[16] C. W. Bauer and A. V. Manohar, Phys. Rev. D 70 (2004) 034024.

[17] A. Idilbi and X. d. Ji, Phys. Rev. D 72 (2005) 054016. [18] C. G. Boyd, B. Grinstein and A. V. Manohar, Phys. Rev.

D 54 (1996) 2081.

[19] C. W. Bauer, M. P. Dorsten and M. P. Salem, Phys. Rev.

D 69 (2004) 114011.

[20] W. E. Caswell and G. P. Lepage, Phys. Lett. B 167 (1986) 437; A. Pineda and J. Soto, Nucl. Phys. Proc. Suppl. 64 (1998) 428; N. Brambilla, A. Pineda, J. Soto and A. Vairo, Nucl. Phys. B 566 (2000) 275; M. E. Luke, A. V. Manohar and I. Z. Rothstein, Phys. Rev. D 61 (2000) 074025; A. V. Manohar and I. W. Stewart, Phys. Rev. Lett. 85 (2000) 2248.

[21] A. V. Manohar and P. Ruiz-Femenia, Phys. Rev. D 69 (2004) 053003.