arXiv:hep-ph/0601009v4 15 Apr 2008

Dynamical Chiral Symmetry Breaking, Color Superconductivity, and Bose-Einstein Condensation in an SU(N_c) × U(N_f )_L × U(N_f )_R-invariant Supersymmetric Nambu−Jona-Lasinio Model at finite Temperature and Density

Tadafumi Ohsaku Institut für Theoretische Physik, Universität zu Köln, 50937 Köln, Germany (Dated: April 16, 2008)

We investigate the phenomena of the dynamical chiral symmetry breaking ( DCSB ), color superconductivity ( CSC ), and Bose-Einstein condensation ( BEC ) in a supersymmetric ( SUSY ) vector-like SU(Nc) gauge model at finite temperature and density. Both the N = 1 four-dimensional and N = 2 three-dimensional cases are considered. We employ the N = 1 four-dimensional generalized SUSY Nambu−Jona-Lasinio model ( N = 1 generalized SNJL4 ) with a chemical potential as the model Lagrangian. The N = 2 three-dimensional theory is obtained by a simple dimensional reduction scheme of the four-dimensional counterpart. In order to realize the DCSB and BCS-type CSC in this model, we introduce a SUSY soft mass term. After adopting the method of SUSY auxiliary fields with the Fierz transformation in color and flavor spaces, we discuss several possible breaking schemes of the global symmetries of the model. The integrations of the auxiliary fields of composites in the effective potential are performed by using the steepest descent approximation. Under the finite-temperature Matsubara formalism, the gap equations are derived and solved. The roles of both the boson and fermion sectors in the BEC, DCSB and CSC are examined by the quasiparticle excitation spectra and the gap equations. The physical properties of the DCSB and the CSC are studied in detail. Examination on the physical property of the BEC is beyond scope of this paper. It is found that the BEC, DCSB and CSC can coexist under a condition of model parameters. Several important observations are obtained in the method of the construction of the SUSY BCS-type theory, starting from a SUSY field theoretical framework.

PACS numbers: 11.30.Pb, 11.30.Qc, 11.30.Rd, 74.20.Fg

I. INTRODUCTION

Based on the successes of the explanations for experiments of superconductivity, the method of BCS theory ( Bardeen-Cooper-Schrieffer ) [1] has widely influenced in theoretical physics until now. Through the work of Nambu and Jona-Lasinio ( NJL ), which established the concept of spontaneous symmetry breaking [2], the BCS-NJL mechanism was applied to particles [3,4,5], nuclei and hadrons [6,7], and condensed matter physics. In this framework, particle and/or hadron masses are interpreted as results of dynamical chiral symmetry breaking ( DCSB ). Recently, theory of color superconductivity ( CSC ) in quantum chromodynamics ( QCD ) has been extensively studied [6]. In highdensity QCD, quarks at the Fermi surface have very high momenta, and SU(3_c) color gauge coupling becomes weak, the gauge interactions between quarks could be satisfactorily handled by perturbation theory at ϵ_F > Λ_{QCD} [6] ( ϵ_F ; the Fermi energy, Λ_{QCD}; the renormalization-group-invariant infrared energy scale of QCD ): The dominant interaction between quarks is provided by a one-gluon exchange. Several QCD-motivated NJL-type models are used as an effective theory of QCD to investigate hadron physics, meson and diquark mass spectra, and CSC until now [6,7]. The theory of CSC motivates us to have interests on several cold dense matters, with promoting developments of the methods of field theory at finite temperature and density. In such kind of problems, it might be useful for us to employ both the methods of group-theoretical classifications of possible states ( orderings ), and microscopic theories of dynamics of elementary fields of systems. Microscopic theories are parametrized by several parameters, and they might reflect a hierarchical structure of Nature.

Let us assume the existence of supersymmetry ( SUSY ) in the universe. Consequently, all of known elementary particles have their superpartners. Phenomenologically, if the N = 1 SUSY exists, it is a clear fact that it is spontaneously broken in the universe. The modern particle theory supposes that the superpartners might have their masses in the TeV energy region [8], and now it is a target of the LHC experiment. A natural question arises that, what will happen when a condensed matter has a very high-density and its chemical potential or the Fermi energy ( the characteristic energy scale of a system ) reach at the TeV energy scale. In such a problem, both particle theory and condensed matter theory should be employed. The purpose of this paper is to examine physics, especially the DCSB and (color)superconductivity in a SUSY condensed matter with the Fermi energy comparable with masses of superpartners.

Recently, the investigations of CSC from the viewpoint of the SUSY gauge theories were given in literature [9,10,11].

Reference [9] discussed the symmetry breaking patterns of the N = 1 SQCD ( supersymmetric QCD ) with a nonzero chemical potential and a SUSY breaking mass, according as the results of the nonperturbative method of SUSY gauge theories [12]. An extension of Ref. [9] to N = 2 case was given in Ref. [11]. The authors of these works intended to classify the possible breaking patterns of the gauge and flavor symmetries of QCD in CSC states, by utilizing the solutions of SQCD. However, any gauge-symmetry-breaking two-body pairs like diquarks were not treated in their models. The authors of Ref. [10] proposed a toy model for giving diquark-like condensates. They introduced an SO(N) gauge interaction between quark superfields stronger than that of SU(3_c), and then they argued that the SO(N) gauge dynamics gives two-body pair condensations in their model. This SO(N) gauge interaction seems artificial. Compared with these works, our motivation and/or context of this paper are different. In this paper, we will propose a method for constructing a BCS-NJL-type theory of SU(N_c) DCSB and CSC. We intend to make our method parallel with the BCS-NJL theory. We will study DCSB and CSC in a SUSY condensed matter system. For this purpose, an SNJL ( supersymmetric Nambu−Jona-Lasinio )-like model Lagrangian suitable to describe a DCSB and a CSC is introduced. We consider the situation where we can neglect the SU(N_c) gauge dynamics, and an attractive interaction is provided from an SNJL-type four-body interaction. Historically, the SNJL model was first introduced to investigate the phenomenon of DCSB in SUSY field theory [13,14], and an SU(2) × U(1)-gauged SNJL was applied to the top quark condensation theory of electroweak symmetry breaking in the minimal SUSY Standard Model [4]. An SU(N_c) SNJL model was used to describe phenomena of phase transitions in the early universe [15].

This paper is organized as follows. In Sec. II, the formalism for our investigation is presented. The SUSY auxiliary superfields of the composites are introduced. The effective potential and the gap equations for DCSB and CSC will be obtained by the method of steepest descent approximation. We use the component field formalism, because it is convenient to introduce the SUSY Nambu notation of superconductivity [16,17,18,19,6], and also suitable for the method of the steepest descent for our evaluation of the one-loop effective potential. The quasiparticle excitation energy spectra are examined in Sec. III. Because we treat a model with a finite chemical potential, a Bose-Einstein condensation ( BEC ) can take place in zero modes of scalar fields [9,16,20]. We will find the condition for the realization of BEC in our model, and examine the relation between the BEC, DCSB and CSC. Our examination on the BEC is only kinematically ( by looking at quasiparticle excitation energy spectra ) and a dynamical description of it is beyond scope of this paper. Section IV is devoted for our study on the DCSB without CSC: We solve the gap equation for self-consistent chiral mass. Especially the critical coupling of the DCSB is studied. Both the N = 1 four-dimensional and N = 2 three-dimensional cases are considered. In Sec. V, we examine a CSC of an SU(3_c) × U(2_f )_L × U(2_f )_R model without DCSB through numerical calculations of the gap equation. The summary of this work, discussions, and issues for further investigations are presented in Sec. VI.

II. FORMALISM

In this section, we show the formalism for our investigation. First, we introduce the following Lagrangian of an N = 1 SU(N_c)-gauged generalized-SNJL model in four-dimensional spacetime: L = ∫ d^2θ

1 + m_{g̃} θ^2 16k_c(g^c_0)^2

W^αW_α + ∫ d^2θ̄

1 + m_{g̃}θ̄^2 16k_c(g^c_0)^2

W̄_{α̇}W̄^{α̇} + ∫ d^2θd^2θ̄[(1 − Δ^2θ^2θ̄^2)K_0 + K_1], K_0 ≡ Q^†e^V Q + Q̃^†e^{−V} Q̃, K_1 ≡ G_1(Q^†e^V Q)(Q̃^†e^{−V} Q̃) + G_2(Q^†e^V Q)(Q^†e^V Q) + G_3(Q̃^†e^{−V} Q̃)(Q̃^†e^{−V} Q̃). (1)

Here, W_α ( W̄_{α̇} ) is a chiral ( antichiral ) gauge field strength. Q ( Q̃ ) is an N_c × N_f -matrix-valued chiral matter superfield belonging to the fundamental ( antifundamental ) representations of both SU(N_c) and SU(N_f ). The definitions are given in terms of component fields:

Q = ϕ(y) + √ 2θψ(y) + θθF (y), Q̃ = ϕ̃(y) + √ 2θψ̃(y) + θθF̃ (y), y^μ = x^μ + iθσ^μθ̄. (2) The chirality constraint D_{α̇}Q = D_{α̇}Q̃ = D_αQ^† = D_αQ̃^† = 0 ( D_α ≡ ∂/∂θ^α + iσ^μ_{αα̇}θ̄^{α̇}∂^x_μ , D_{α̇} ≡ −∂/∂θ̄^{α̇} − iθ^ασ^μ_{αα̇}∂^x_μ ) is satisfied. N_c ≥ 3 and N_f ≥ 2 with 3N_c > N_f will be considered here. In this paper, we follow the conventions for metric, gamma matrices, and spinor algebra given in the textbook of Wess and Bagger [21]. K_0 + K_1 is a Kähler potential, a real-valued function of the matter fields. K_1 includes four-fermion interactions. V ≡ V^Aλ_A ( A = 1, · · · , N^2_c − 1 ) denotes a real vector multiplet. The gauge transformation is defined as follows: Q → e^{−iG}Q, Q^† → Q^†e^{iG†} , Q̃ → e^{iG}Q̃, Q̃^† → Q̃^†e^{−iG†} , e^V → e^{−iG†} e^V e^{iG}, e^{−V} → e^{iG†} e^{−V} e^{−iG}, V → V + i(G − G^†), G ≡ N^2_c −1∑

A=1 G^Aλ_A. (3)

Similarly, the global flavor rotation will be given by

Q → e^{−iΓ}Q, Q^† → Q^†e^{iΓ†} , Q̃ → e^{iΓ}Q̃, Q̃^† → Q̃^†e^{−iΓ†} , Γ ≡ N^2_f −1∑

I=1 Γ^I Υ_I . (4)

The Hermitian generators λ_A of SU(N_c), and Υ_I of SU(N_f ) ( I = 1, · · · , N^2_f − 1 ) are in the fundamental representations, and satisfy

trλ_Aλ_B = k_cδ_{AB} , trΥ_I Υ_J = k_f δ_{IJ} ,

N^2_c −1∑

A=1 (λ_Aλ_A)_{ij} =

N^2_c − 1 2N_c δ_{ij} , N^2_f −1∑

I=1 (Υ_I Υ_I )_{ij} =

N^2_f − 1 2N_f δ_{ij} . (5)

Here, k_c and k_f are normalization factors taken as k_c = k_f = 1/2. For the completeness relations, we should also include both λ_0 ≡ 1_c/ √ 2N_c and Υ_0 ≡ 1_f / √ 2N_f ( the normalized unit matrices in color and flavor spaces ). Several Abelian symmetries are determined as follows: U(1)_B : Q → e^{iαb} Q, Q̃ → e^{−iαb}Q̃, U(1)_A : Q → e^{iαa} Q, Q̃ → e^{iαa}Q̃. (6) U(1)_B is a baryon number symmetry, U(1)_A is an axial symmetry. The theory at the classical level has the following symmetries of unitary groups:

SU(N_c) × SU(N_f )_L × SU(N_f )_R × U(1)_A × U(1)_B , (7)

( = SU(N_c)×[SU(N_f )×U(1)]_L ×[SU(N_f )×U(1)]_R ), and the quantum numbers of the matter fields are summarized as follows: Q : ( N_c, N_f , 1, 1, 1 ) , Q̃ : ( N_c, 1, N_f , 1, −1 ) . (8)

A chemical potential μ is introduced by

V → V + 2μθ̄σ^0θ ⊗ λ_0 ⊗ Υ_0. (9)

Namely, μ acts as a zeroth-component of vector associated with the conserved charge of U(1)_B [9]. With this form, all of the scalar ϕ, ϕ̃ and spinor ψ, ψ̃ fields share the same μ. g^c_0 is a bare gauge coupling constant defined at a cutoff energy scale. G_1, G_2 and G_3 are coupling constants, and they have a mass dimension [Mass]^{−2}. Our model is non-renormalizable due to K_1. In this model, we have introduced a holomorphic soft SUSY breaking mass m_{g̃} for gauginos and a non-holomorphic universal soft mass Δ for squarks [22]. Obviously, these soft masses do not break the symmetries given in (7). An R-symmetry θ → e^{iαr} θ is explicitly broken by including the gaugino soft mass.

When m_{g̃} = Δ = G_1 = G_2 = G_3 = 0, our model becomes SQCD, while QCD will be obtained by m_{g̃} → ∞, Δ → ∞, G_1 = G_2 = G_3 = 0. By complete neglection of gauge fields, model (1) becomes a generalized-SNJL ( the original version of the SNJL model will be obtained by G_2 = G_3 = 0 ), and NJL model will be derived by taking Δ → ∞ ( Δ ≫ Λ ) in the SNJL. Therefore, our SU(N_c)-gauged SNJL model (1) might have a rich phase structure. The vacua of SQCD were globally determined [12]: SQCD has D-flat directions and the gauge group is broken partially or totally along these directions. The origin of the classical moduli space where all of expectation values of squarks vanish, is a singular point and the gauge group is totally symmetric. In this paper, we consider the following situation: Starting from the origin of the classical moduli space of SQCD, we turn on the interaction of K_1. Our model has different Kähler metric and Killing potential from that of SQCD. However, the classical moduli space of our model is still the same with SQCD because they share the same condition for D-flat directions. Now, we take both the soft masses and chemical potential finite, and then we consider a quantum theory. In the case when the one-loop beta function coefficient 3N_c − N_f is positive, the SU(N_c) gauge interaction becomes sufficiently weak from both the asymptotic freedom in a high-momentum region and a screening effect of a finite-density medium, compared with the interactions arising from K_1. We should also mention that the Cooper instability of the Fermi surface occurs with any attractive interaction. The quantum dynamics of the system is dominated by the attractive interaction of K_1, and we restrict ourselves on the examination of it. This situation might be achieved by a sufficiently large chemical potential μ with the following hierarchy,

m_{g̃} ≫ Λ > μ ∼ O(Δ) > Λ_{(S)QCD}, (10)

where, Λ is a cutoff for the interactions in K_1. Λ_{(S)QCD} should be determined in SQCD with softly broken N = 1 SUSY [22]. Under the condition (10), any intermediate processes of the gaugino field do not contribute in the dynamics of our theory. Then the infrared phenomena of the SQCD itself, namely instanton effect, gaugino condensation, etc., will be irrelevant. Hence, we do not consider the nonperturbative generation of the Affleck-Dine-Seiberg superpotential at N_f < N_c in our theory [12]. We skip the question on the origin of the interaction of K_1. For example, we could imagine that the attractive interaction of K_1 arised from the one-gluon exchange interaction in SQCD with the condition (10) ( with the complete neglection of gaugino contributions ), though a serious investigation for it demands us another work. Because of the nonrenormalization theorem, the chiral symmetry cannot be broken dynamically if the theory maintains the N = 1 SUSY exactly in the ordinary SNJL model [13,14]. We speculate it is the case in our N = 1 model, and also in the N = 2 three-dimensional theory obtained by a dimensional reduction. After we introduced Δ, the realization of the DCSB and CSC through the BCS-NJL mechanism in this model might be possible through the dynamics governed by K_1. Modern particle phenomenology considers Δ > TeV, and it is interesting for us to imagine the situation discussed in the introduction of this paper. The first term of K_1 might give a dynamically generated Dirac mass, while a left-handed and a right-handed Majorana masses might be generated by the second and third terms, respectively. These terms include the factor e^{±V} to show the SU(N_c) gauge invariance of the theory obviously. The special case G_2 = G_3 ( the left-right symmetric case ) will be taken to keep the parity symmetry in our model Lagrangian. In fact, the spin-singlet ( Lorentz-scalar ) BCS pairing gap is given by a parity-invariant combination of a left-handed and a right-handed Majorana masses [18,19].

After dropping the gauge fields, we apply the Fierz transformation to both the color and flavor spaces:

(Q^†Q)(Q̃Q̃^†) = 1 k_ck_f N^2_c −1∑

A=0

N^2_f −1∑

I=0 (Q^†λ_AΥ_IQ̃^†)(Q̃λ_AΥ_I Q), (11)

(Q^†Q)(QQ^†) = 1 k_ck_f N^2_c −1∑

B=0

N^2_f −1∑

J=0 (Q^†λ_B Υ_J Q^†)(Qλ_B Υ_J Q), (12)

(Q̃^†Q̃)(Q̃Q̃^†) = 1 k_ck_f N^2_c −1∑

C=0

N^2_f −1∑

K=0 (Q̃^†λ_C Υ_KQ̃^†)(Q̃λ_C Υ_KQ̃). (13)

For example, the numbers of irreducible representations in the color space are estimated by N_c ⊗ N_c = 1 ⊕ N^2_c − 1, and N_c ⊗ N_c =^1_2 N_c(N_c − 1) ⊕^1_2 N_c(N_c + 1). Here,^1_2 N_c(N_c − 1) and^1_2 N_c(N_c + 1) give dimensions of antisymmetric and symmetric representations, respectively. Consequently, our model Lagrangian will take the following form through the method of SUSY auxiliary fields [4,14,15]: L = ∫ d^2θd^2θ̄ [ (1 − Δ^2θ^2θ̄^2)(Q^†e^{2μθ̄σ0 θ}Q + Q̃^†e^{−2μθ̄σ0 θ}Q̃) + ∑ A,I { k_ck_f G_1

H^†_{(1)AI} H_{(1)AI} + δ(θ̄)S_{(1)AI} ( k_ck_f G_1

H_{(1)AI} − Q̃λ_AΥ_I Q ) + δ(θ)S^†_{(1)AI} ( k_ck_f G_1

H^†_{(1)AI} − Q^†λ_AΥ_IQ̃^† )}

+ ∑ B,J { k_ck_f G_2

H^†_{(2)BJ} H_{(2)BJ} + δ(θ̄)S_{(2)BJ} ( k_ck_f G_2

H_{(2)BJ} − Qλ_B Υ_J Q ) + δ(θ)S^†_{(2)BJ} ( k_ck_f G_2

H^†_{(2)BJ} − Q^†λ_B Υ_J Q^† )}

+ ∑ C,K { k_ck_f G_3

H^†_{(3)CK} H_{(3)CK} + δ(θ̄)S_{(3)CK} ( k_ck_f G_3

H_{(3)CK} − Q̃λ_C Υ_KQ̃ ) + δ(θ)S^†_{(3)CK} ( k_ck_f G_3

H^†_{(3)CK} − Q̃^†λ_C Υ_KQ̃^† )} ] . (14)

S_{(1)AI} , S_{(2)BJ} and S_{(3)CK} are SUSY Lagrange multipliers to keep the relations:

H_{(1)AI} =

G_1 k_ck_f Q̃λ_AΥ_I Q, H_{(2)BJ} = G^2 k_ck_f Qλ_B Υ_J Q, H_{(3)CK} =

G_3 k_ck_f Q̃λ_C Υ_KQ̃. (15)

In terms of the lowest component of superfields, these relations give ϕ_{H(1)AI} =^{G1}_{kc kf} ϕ̃λ_AΥ_I ϕ, · · · , etc. Hence, ϕ_{H(1)AI} , · · · , are given as squark pair condensates. On the other hand, the scalars of S_{(1)AI} , · · · do not have such compact expressions they might show their ”compositeness” in terms of components of Q and Q̃. Because the superfields Q and Q̃ are bosonic, Qλ_B Υ_J Q and Q̃λ_C Υ_KQ̃ have to be totally symmetric by transpositions.

To examine a dynamical breakdown of symmetries in the Lagrangian (14), we have to integrate out the matter fields Q and Q̃ to obtain a ”low-energy effective action”, the SUSY Ginzburg-Landau ( GL ) functional given in terms of the SUSY auxiliary fields, similar to the well-known procedure of the theory of superconductivity. The Nambu-Goldstone scalars and spinors can be examined by the SUSY GL functional. At zero-temperature and far below the compositeness energy scale, the SUSY composite auxiliary fields in (14) appear as independent dynamical degrees of freedom, with having radiatively generated kinetic terms ( precisely, Kähler potentials ) of the Lagrange multipliers S_{(1)AI} , · · · [4]. While, a finite-temperature effect excites quasiparticles over a BCS energy gap, and they might feel dissociation of condensation pairs. The method of the nonperturbative holomorphic effective action [12] could be applied to a SUSY GL functional. ( In this context, the method of the nonperturbative holomorphic effective action seems to be a kind of group-theoretical classification of the GL theory in superconductivity. ) Several possible solutions of it might be classified by this method, however, this way will give a complicated situation as we have mentioned in the introduction [10]. In this paper, we use the method of steepest descent, a kind of the Hartree-Fock mean field theory, for the integrations of the auxiliary fields of composites. In fact, at least in condensed matter physics of four-dimensional spacetime, the mean field approximation such as the BCS treatment provides a nice description for superconductivity. The success of the BCS method is one of the bases of the investigations of the theory of CSC. We consider it is also the case in our theory in four dimensional spacetime. In three-dimensional case, a mean field description for a phase transition becomes bad because of the existence of strong quantum fluctuations, and usually a Kosterlitz-Thouless type transition occurs [23]. However, a treatment of the BCS mean field level will be a starting point of further investigations on superconductivity in three dimensions. Expanding the Lagrangian (14) in terms of the component fields, eliminating the auxiliary fields of chiral multiplets through their Euler equations, and keeping only the relevant terms in the steepest descent approximation, we get L = −k_ck_f (∑ A,I |ϕ_{S(1)AI} |^2 G_1 + ∑ B,J |ϕ_{S(2)BJ} |^2 G_2 + ∑ C,K |ϕ_{S(3)CK} |^2 G_3 )

−(∂_ν − iμδ_{ν0})ϕ^†(∂^ν + iμδ_{ν0})ϕ − (∂_ν + iμδ_{ν0})ϕ̃^†(∂^ν − iμδ_{ν0})ϕ̃ −ϕ^†(Δ^2 + M^B_1 )ϕ − ϕ̃^†(Δ^2 + M^B_1 )ϕ̃ + ϕ^†M^B_2 ϕ̃ + ϕ̃^†M^{B†}_2 ϕ −iψ̄σ̄^ν (∂_ν − iμδ_{ν0})ψ − i ¯ψ̃σ̄^ν (∂_ν + iμδ_{ν0})ψ̃ +ψ̃M^F_1 ψ + ψ̄M^{F †}_1 ¯ψ̃ + ψM^F_2 ψ + ψ̄M^{F †}_2 ψ̄ + ψ̃M^F_3 ψ̃ + ¯ψ̃M^{F †}_3 ¯ψ̃. (16)

ϕ_{S(1)AI} , ϕ_{S(2)BJ} and ϕ_{S(3)CK} denote the scalar components of the Lagrange multiplier multiplets. We also assumed that, all of scalars of the SUSY auxiliary fields are independent on spacetime coordinates while all of the spinor components of them are zero. The mass matrices are defined as follows: For scalar fields,

M^B_1 ≡ | ∑ A,I ϕ_{S(1)AI} λ_AΥ_I |^2 + 4| ∑ B,J ϕ_{S(2)BJ} λ_B Υ_J |^2,

M^B_2 ≡ −2 (∑ A,I ϕ_{S(1)AI} λ_AΥ_I )(∑ B,J ϕ^†_{S(2)BJ} λ_B Υ_J ) − 2 (∑ C,K ϕ_{S(3)CK} λ_C Υ_K )(∑ A,I ϕ^†_{S(1)AI} λ_AΥ_I ) , (17)

and for spinor fields,

M^F_1 ≡ ∑ A,I ϕ_{S(1)AI} λ_AΥ_I , M^F_2 ≡ ∑ B,J ϕ_{S(2)BJ} λ_B Υ_J , M^F_3 ≡ ∑ C,K ϕ_{S(3)CK} λ_C Υ_K . (18)

The matrices ψM^F_2 ψ and ψ̃M^F_3 ψ̃ have to be totally antisymmetric under the exchange of spinor, color and flavor indices because of the Pauli principle. This gives us some restrictions on the choices of the symmetries of the SUSY composite auxiliary fields. Now, one finds the partition function as follows: Z = ∫ DϕDϕ^†Dϕ̃Dϕ̃^†DΨDΨ̄ ∏ A,I Dϕ_{S(1)AI} Dϕ^†_{S(1)AI} ∏ B,J Dϕ_{S(2)BJ} Dϕ^†_{S(2)BJ} ∏ C,K Dϕ_{S(3)CK} Dϕ^†_{S(3)CK}

× exp [ i ∫ d^4x { −k_ck_f (∑ A,I |ϕ_{S(1)AI} |^2 G_1 + ∑ B,J |ϕ_{S(2)BJ} |^2 G_2 + ∑ C,K |ϕ_{S(3)CK} |^2 G_3 ) + Π^†Ω_B (p_ν )Π + 1 2 Ξ̄Ω_F (p_ν )Ξ } ]

= ∫ ∏ A,I Dϕ_{S(1)AI} Dϕ^†_{S(1)AI} ∏ B,J Dϕ_{S(2)BJ} Dϕ^†_{S(2)BJ} ∏ C,K Dϕ_{S(3)CK} Dϕ^†_{S(3)CK}

× exp [ i ∫ d^4x { −k_ck_f ( ∑ A,I |ϕ_{S(1)AI} |^2 G_1 + ∑ B,J |ϕ_{S(2)BJ} |^2 G_2 + ∑ C,K |ϕ_{S(3)CK} |^2 G_3 ) }

−V_{BEC} + 2i ln DetΩ_B − i ln DetΩ_F ] , (19)

V_{BEC} ≡ −(Π^c)^†Ω_B (p_ν = 0)Π^c = ϕ^†(μ^2 + M^B_1 + Δ^2)ϕ + ϕ̃^†(μ^2 + M^B_1 + Δ^2)ϕ̃ − ϕ^†M^B_2 ϕ̃ − ϕ̃^†M^{B†}_2 ϕ. (20)

Here, we have used the following definitions of the fields: Π ≡ ( ϕ ϕ̃ ) = Π^c + Π^{pν ≠0}(x), Ψ ≡ ( ψ ¯ψ̃ ) , Ξ ≡ ( Ψ Ψ̄T ) , Ξ̄ ≡ (Ψ̄, Ψ^T ). (21)

In the expression given above, the condensate Π^c is separated from Π for taking into account the possible BEC in scalar fields. Π^c does not depend on spacetime coordinates. Π^c ≠ 0 when the BEC takes place, otherwise Π^c = 0. V_{BEC} has no quartic term of Π^c, and describes the BEC instability of a vacuum. Ψ takes the form of the four-component Dirac bispinor in the spinor space. Ξ and Ξ̄ are the Nambu notations [16,17,18], they have 8 × N_c × N_f components. Ψ itself belongs to the fundamental representations of both SU(N_c) and SU(N_f )_{L+R}. The definitions of the matrices Ω_B and Ω_F are given as follows:

Ω_B (p_ν ) ≡ ( (∂_ν + iμδ_{ν0})(∂^ν + iμδ_{ν0}) − M^B_1 − Δ^2 M^B_2 M^{B†}_2 (∂_ν − iμδ_{ν0})(∂^ν − iμδ_{ν0}) − M^B_1 − Δ^2 ) , (22)

Ω_F (p_ν ) ≡ ( i/∂ + γ^0μ − M^F_1^{1+iγ5}_2 − M^{F †}_1^{1−iγ5}_2 −M^F_3 C(1 + iγ_5) − M^{F †}_2 C(1 − iγ_5) −M^F_2 C(1 + iγ_5) − M^{F †}_3 C(1 − iγ_5) i/∂^T − γ^{0T} μ + M^F_1^{1+iγ5}_2 + M^{F †}_1^{1−iγ5}_2 ) , (23)

where, γ_5 ≡ γ^0γ^1γ^2γ^3, and C ≡ iγ^2γ^0 is the charge conjugation matrix. If we take only λ_0 and Υ_0 in all of the expansions of the Fierz transformations (11)-(13), we obtain the equivalent result with the U(1)-gauge case given in Ref. [16]. The numbers of eigenvalues of Ω_B and Ω_F become 4 × N_c × N_f and 8 × N_c × N_f , respectively.

Next, we have to consider several possible breaking schemes for the global SU(N_c) × SU(N_f )_L × SU(N_f )_R × U(1)_A × U(1)_B -symmetries of our theory. In the relativistic theory of superconductivity, usually we take the parityinvariant Lorentz-scalar symmetry for the spin singlet BCS pairing state [6,16,18,19]. In the case of QCD, scalar will be preferred than pseudoscalar due to the U(1)_A-breaking instanton effect. Our model is not the same with QCD, though we will choose the gap as an antisymmetric function in spinor space with keeping the parity invariance. In order to take the symmetries of both the Dirac mass and the BCS pairing gap in Ω_F as scalar, we choose

M^{F †}_1 = M^F_1 , M^{F †}_2 = −M^F_3 . (24)

The gap function of M^{F †}_2 ≠ −M^F_3 corresponds to a linear combination of the scalar and pseudoscalar Cooper pairings. We will drop the pseudoscalar by the constraint M^{F †}_2 = −M^F_3 . In the theory of SU(3_c) CSC, the symmetry of pairing gap of quarks will be determined from the consideration on the attractive channel of one-gluon exchange and the Pauli principle [6]. Because we choose superconducting order parameters as antisymmetric ( i.e., a Lorentz scalar ) in spinor indices, there are two possible cases: (a) symmetric in both color and flavor indices, (b) antisymmetric in both color and flavor indices. The attractive channel of SU(3_c) is given in the antisymmetric ¯3 representation of the decomposition 3 ⊗ 3 = ¯3 ⊕ 6. For example, in the case of SU(3_c) × SU(2_f )_L × SU(2_f )_R, the symmetry of a Cooper pair is expressed as [6] ⟨q^T_{ai}(Cγ_5)q_{bj} ⟩ ∼ ϵ_{ij} ϵ_{abc}. (25)

Here, q is a Dirac bispinor of quark field. The quark pair is completely antisymmetric with respect to spinor, color ( a, b, c ) and flavor ( i, j ) indices. The index c is taken arbitrarily in color space. The color symmetry is broken as SU(3_c) → SU(2_c) × U(1)_{λ8} . At N_f = 3, an order parameter of so-called color-flavor locked phase, where color and flavor degrees of freedom are coupled together, is energetically favorable: ⟨q^T_{ai}(Cγ_5)q_{bj} ⟩ ∼ N_c∑

I=1

N_f∑

J=1 c_{IJ} ϵ_{ijI} ϵ_{abJ} . (26) Here, c_{IJ} is determined variationally. Such a color-flavor locked phase are generally favorable at N_f ≥ 3 in SU(3_c) QCD [24].

To derive the gap equations, we consider the breaking scheme of the special case SU(3_c) × SU(2_f )_L × SU(2_f )_R, the most established breaking scheme in theory of SU(3_c) CSC. Because the chiral group SU(2_f )_L × SU(2_f )_R is unbroken by the CSC itself, we can treat the DCSB and the CSC separately, and it greatly reduces the effort for our numerical calculations of gap equations. We take only

λ_A = λ_0, λ_B = λ_C = λ_3, Υ_I = Υ_0, Υ_B = Υ_C = σ_2 2 (27)

( the index c in Eq. (25) is taken to the third direction in color space ) in Eq.(19), and include one SU(3_c)-singlet meson. Now, the Nambu notation Ξ has 8 × 3 × 2 = 48 components. Hereafter, we use ϕ_1 ≡ ϕ_{S(1)00} and ϕ_2 ≡ ϕ_{S(2)30} . The boson and fermion determinants in Eq. (19) will be evaluated in the following forms:

detΩ_B = [ (p_0 − E^B_+ (p))(p_0 + E^B_+ (p))(p_0 − E^B_− (p))(p_0 + E^B_− (p)) ]_{2Nf} × [ (p_0 − E^B_+ (p))(p_0 + E^B_+ (p))(p_0 − E^B_− (p))(p_0 + E^B_− (p))]^{(Nc −2)Nf} , (28)

detΩ_F = [ (p_0 − E^F_+ (p))(p_0 + E^F_+ (p))(p_0 − E^F_− (p))(p_0 + E^F_− (p)) ]_{4Nf} × [ (p_0 − E^F_+ (p))(p_0 + E^F_+ (p))(p_0 − E^F_− (p))(p_0 + E^F_− (p)) ]_{2(Nc−2)Nf} . (29) All of the eigenvalues of Ω_F have two-fold degeneracies in spinor space, and these degeneracies relate to the timereversal invariance of the BCS gap function [18]. The bosonic and fermionic quasiparticle energy spectra are evaluated to be,

E^B_+ (p) ≡ √ p^2 + |ϕ_1|^2 + 4|ϕ_2|^2 + Δ^2 − μ, (30) E^B_− (p) ≡ √ p^2 + |ϕ_1|^2 + 4|ϕ_2|^2 + Δ^2 + μ, (31) E^B_+ (p) ≡ √ p^2 + |ϕ_1|^2 + Δ^2 − μ, (32) E^B_− (p) ≡ √ p^2 + |ϕ_1|^2 + Δ^2 + μ, (33)

E^F_+ (p) ≡ √ ( √ p^2 + |ϕ_1|^2 − μ)^2 + 4|ϕ_2|^2, (34) E^F_− (p) ≡ √ ( √ p^2 + |ϕ_1|^2 + μ)^2 + 4|ϕ_2|^2, (35)

E^F_+ (p) ≡ √ p^2 + |ϕ_1|^2 − μ, (36) E^F_− (p) ≡ √ p^2 + |ϕ_1|^2 + μ. (37) From the forms of these spectra, we confirm |ϕ_1| is a dynamically generated Dirac mass, while 2|ϕ_2| corresponds to a BCS gap function. The quasiparticles of the branches E^B_± , E^F_± do not participate the BCS-type superconductivity.

As we have mentioned above, we will consider the case G_2 = G_3. The effective action under the steepest descent approximation becomes S_{ef f} = ∫ d^4x [ −V_{BEC} − |ϕ_1|^2 4G_1 − |ϕ_2|^2 2G_2 ] + 2i ln DetΩ_B − i ln DetΩ_F , (38) 1 2 V_{BEC} = (E^B_+ (p = 0))^2 2N_f∑

i=1 |ϕ^c_i |^2 + (E^B_− (p = 0))^2 2N_f∑

j=1 |ϕ^c_j |^2

+(E^B_+ (p = 0))^2 (N_c−2)N_f ∑ k=1 |ϕ^c_k |^2 + (E^B_− (p = 0))^2 (N_c−2)N_f ∑ l=1 |ϕ^c_l |^2, (39)

Π^c = ( ϕ^c_i , ϕ^c_j , ϕ^c_k, ϕ^c_j )_T . (40)

Here, Π^c has been divided according to the breaking scheme in the color space. From the form of V_{BEC} , we recognize the following fact: When one of the excitation energy spectra of scalar fields has a zero at p = 0, the BEC takes place and at least one of components of Π^c obtains a finite vacuum expectation value. Now, we introduce the finite-temperature Matsubara formalism [20] obtained by the following substitutions in our theory: ∫ dp_0 2πi → ∑ n 1 β , p_0 → iω^B_n , iω^F_n , (41)

where β ≡ 1/k_BT ( k_B ; the Boltzmann constant, T ; temperature ). We take k_B = 1 throughout this paper. ω^B_n and ω^F_n are boson and fermion discrete frequencies, respectively. Their definitions are ω^B_n ≡ 2nπ/β and ω^F_n ≡ (2n + 1)π/β ( n = 0, ±1, ±2, · · · ). The effective potential ( thermodynamic potential ) becomes

V_{ef f} (ϕ_1, ϕ_2) = V_{BEC} +

|ϕ_1|^2 4G_1 + |ϕ_2|^2 2G_2 + ∑ n 1 β ∫_Λ d^3p (2π)^3 ln det Ω_F − 2 ∑ n 1 β ∫_Λ d^3p (2π)^3 ln det Ω_B

= V_{BEC} + |ϕ_1|^2 4G_1 + |ϕ_2|^2 2G_2 + ∫_Λ

d^3p (2π)^3 × ( 2N_f (E^B_+ (p) + E^B_− (p) − E^F_+ (p) − E^F_− (p)) + (N_c − 2)N_f (E^B_+ (p) + E^B_− (p) − E^F_+ (p) − E^F_− (p)) − 4N_f β ln(1 + e^{−βEF+ (}p^))(1 + e^{−βEF− (}p^)) + 4N_f β ln(1 − e^{−βEB+ (}p^))(1 − e^{−βEB− (}p^)) − 2(N_c − 2)N_f β ln(1 + e^{−βE F+ (}p^))(1 + e^{−βE F− (}p^)) +

2(N_c − 2)N_f β ln(1 − e^{−βE B+ (}p^))(1 − e^{−βE B− (}p^)) ) . (42)

To obtain the final expression in Eq. (42), the frequency summations were performed. A three-dimensional momentum cutoff Λ was introduced to regularize the integral. The gap equations are derived in the following forms: 0 = ∂V_{ef f} ∂|ϕ_1| = ∂V_{BEC} ∂|ϕ_1| + |ϕ_1| 2G_1 − 2N_f |ϕ_1| ∫_Λ

d^3p (2π)^3 × [ ( 1 − μ √ p^2 + |ϕ_1|^2 ) 1 E^F_+ tanh β 2 E^F_+ + ( 1 + μ √ p^2 + |ϕ_1|^2 ) 1 E^F_− tanh β 2 E^F_−

− 1 √ p^2 + |ϕ_1|^2 + 4|ϕ_2|^2 + Δ^2 ( coth β 2 E^B_+ + coth β 2 E^B_− ) ] ,

−(N_c − 2)N_f |ϕ_1|

∫_Λ

d^3p (2π)^3 [ 1 √ p^2 + |ϕ_1|^2 ( tanh β 2 E^F_+ + tanh β 2 E^F_− )

− 1 √ p^2 + |ϕ_1|^2 + Δ^2 ( coth β 2 E^B_+ + coth β 2 E^B_− ) ] , (43)

and, 0 = ∂V_{ef f} ∂|ϕ_2| = ∂V_{BEC} ∂|ϕ_2| + |ϕ_2| G_2 − 8N_f |ϕ_2| ∫_Λ d^3p (2π)^3 [ 1 E^F_+ tanh β 2 E^F_+ + 1 E^F_− tanh β 2 E^F_−

− 1 √ p^2 + |ϕ_1|^2 + 4|ϕ_2|^2 + Δ^2 ( coth β 2 E^B_+ + coth β 2 E^B_− )] . (44)

At first glance, both of these gap equations might have quadratic divergences, and the nature of the divergences might be influenced by Δ. These gap equations correctly give their limiting cases at Δ → ∞. For example, Eq. (44) gives the gap equation of the non-SUSY CSC [6,18,19] at Δ → ∞. Equations (43) and (44) can have nontrivial solutions at least at G_1, G_2 > 0 ( attractive interactions ). The baryon density ϱ_B , the conjugate of μ, is found to be

ϱ_B = − ∂V_{ef f} ∂μ = − ∂V_{BEC} ∂μ + 2N_f ∫ d^3p (2π)^3 ( μ − √ p^2 + |ϕ_1|^2 E^F_+ tanh β 2 E^F_+ + μ + √ p^2 + |ϕ_1|^2 E^F_− tanh β 2 E^F_−

+ coth β 2 E^B_+ − coth β 2 E^B_− )

+(N_c − 2)N_f ∫ d^3p (2π)^3 ( − tanh β 2 E^F_+ + tanh β 2 E^F_− + coth β 2 E^B_+ − coth β 2 E^B_− ) . (45)

In the zero-temperature case with |ϕ_2| = 0 and Π^c = 0, one has

ϱ_B = 2N_cN_f ∫ d^3p (2π)^3 θ(μ − √ p^2 + |ϕ_1|^2) = N_cN_f p^3_F 3π^2

, (46)

where, θ(x) is the step function defined as follows: θ(x) = 1 for x > 0 and θ(x) = 0 for x < 0. p_F is the Fermi momentum. μ coincides with the Fermi energy √ p^2_F + |ϕ_1|^2 at T = 0, and it is determined by the baryon density of fermion. Later, we solve Eq. (44) numerically. We completely neglect the temperature dependence of μ, and use it as an external parameter for our numerical calculations.

III. QUASIPARTICLE EXCITATION ENERGY SPECTRA

We will solve the gap equations (43) and (44) to study DCSB and CSC without BEC, in Sec. IV and Sec. V. Before that, we examine the quasiparticle excitation energy spectra (30)-(37). Because we consider the case μ ≠ 0, we have to examine the possibility of BEC ( the condition for BEC ) of the scalar sector in our model. Depending on numerical values of the model parameters and gap functions, these excitation branches E^B_+ and E^B_+ can have zero-points. In such a situation, the logarithmic functions ln(1 − e^{−βEB+} ) and/or ln(1 − e^{−βE B+} ) in V_{ef f} diverge, and the BEC takes place. In this paper, we will not study the physical property of the BEC phase in our model, and only examine the phase boundary in the model-parameter space. This can be done by the examination of the quasiparticle energy spectra, with neglecting the temperature dependence of μ.

First, we examine the quasiparticle energy spectra (30)-(37) in several limiting cases. The zero-density case at μ = 0, the energy spectra becomes

E^B_+ (p) = E^B_− (p) = √ p^2 + |ϕ_1|^2 + 4|ϕ_2|^2 + Δ^2, (47) E^F_+ (p) = E^F_− (p) = √ p^2 + |ϕ_1|^2 + 4|ϕ_2|^2, (48) E^B_+ (p) = E^B_− (p) = √ p^2 + |ϕ_1|^2 + Δ^2, (49) E^F_+ (p) = E^F_− (p) = √ p^2 + |ϕ_1|^2. (50) On the other hand, when |ϕ_2| = 0, one finds the spectra of the case of the DCSB at finite density:

E^B_± (p) = E^B_± (p) = √ p^2 + |ϕ_1|^2 + Δ^2 ∓ μ, (51) E^F_± (p) = E^F_± (p) = √ p^2 + |ϕ_1|^2 ∓ μ. (52) In the case only a CSC gap is generated, |ϕ_1| = 0, the spectra become:

E^B_± (p) = √ p^2 + 4|ϕ_2|^2 + Δ^2 ∓ μ, (53) E^F_± (p) = √ (|p| ∓ μ)^2 + 4|ϕ_2|^2, (54) E^B_± (p) = √ p^2 + Δ^2 ∓ μ, (55) E^F_± (p) = |p| ∓ μ. (56) In Eqs. (51), (53) and (55), E^B_+ (p) and E^B_+ (p) can be negative at μ ≠ 0. Because of the positiveness of the Bose distribution functions 1/(e^{βEB+} − 1) and 1/(e^{βE B+} − 1), and μ corresponds to the Fermi energy of the system at zero temperature, |ϕ_1| ≤ μ ≤ √ |ϕ_1|^2 + Δ^2 (57) has to be satisfied in the case of Eqs. (51) and (52). By using μ = √ p^2_F + |ϕ_1|^2, (57) will be rewritten as the condition of the external parameters p_F and Δ:

0 ≤ p_F ≤ Δ. (58)

Thus, Δ is the upperbound for p_F in the SUSY theory. Similarly, for Eqs. (53)-(56),

0 ≤ μ = p_F ≤ Δ (59)

has to be satisfied.

In Fig. 1, we show a typical case of the excitation energy spectra of boson E^B_± (p) and fermion E^F_± (p) quasiparticles under the CSC state with a non-vanishing chiral mass |ϕ_1|. E^F_+ (p) has a minimum at p_F = √ μ^2 − |ϕ_1|^2 where the excitation energy gap 4|ϕ_2| locates. The appearances of the branches E^B_± (p) and E^B_± (p) are the new phenomenon of our SUSY theory compared with the non-SUSY relativistic BCS (color)superconductivity [6,18,19]. All of the spectra become parallel with the light cone at |p| → ∞. In this figure, the Bose branches E^B_+ and E^B_+ have energy gaps at |p| = 0: E^B_+ (p = 0) = √ |ϕ_1|^2 + 4|ϕ_2|^2 + Δ^2 − μ, (60)

E^B_+ (p = 0) = √ |ϕ_1|^2 + Δ^2 − μ. (61)

Note that both E^B_+ (p) and E^B_+ (p) depend on p^2 as monotonically incleasing functions, and

E^B_+ (p) ≥ E^B_+ (p) ≥ 0 (62)

is always satisfied ( E^B_+ (p) < 0 is unphysical ). Thus, the BEC never take place in the branch E^B_+ at |ϕ_2| ≠ 0, and the condition of BEC will be defined by E^B_+ (p = 0) = 0. From this equation, we find Δ = √ μ^2 − |ϕ_1|^2 (63)

as the condition of the BEC. Under this condition, E^B_+ (p) ( = E^B_+ (p) when |ϕ_2| = 0 ) behaves at |p| → 0 as

E^B_+ (p) ≈ p^2 2 √ (Δ^{BEC}_{cr} )^2 + |ϕ_1|^2

. (64)

Namely, there is no energy gap of the branch E^B_+ under the condition (63). We conclude that, the BEC can take place at Δ = √ μ^2 − |ϕ_1|^2, and the BEC can coexist with the DCSB and the CSC. Always 0 ≤ p_F ≤ Δ has to be satisfied. We should mention that, these results on the relations between the BEC, DCSB and CSC depend on the breaking scheme of the gauge and flavor symmetries. The results given above are for the breaking scheme of the SU(3_c) × U(2_f )_L × U(2_f )_R case discussed in the previous section.

IV. DYNAMICAL CHIRAL SYMMETRY BREAKING

In this section, we study DCSB without CSC ( |ϕ_1| ≥ 0, |ϕ_2| = 0 ) and BEC.

A. N = 1, four-dimensional case

First, we consider the N = 1 case. At T = 0 and |ϕ_2| = 0, the gap equation (43) becomes 1 = 2G_1N_cN_f π^2

∫_Λ 0 p^2dp ( θ(p − p_F ) √ p^2 + |ϕ_1|^2 − 1 √ p^2 + |ϕ_1|^2 + Δ^2 )

= G_1N_cN_f π^2 ( Λ √ Λ^2 + |ϕ_1|^2 − |ϕ_1|^2 ln Λ + √ Λ^2 + |ϕ_1|^2 |ϕ_1| −Λ √ Λ^2 + |ϕ_1|^2 + Δ^2 + (|ϕ_1|^2 + Δ^2) ln Λ + √ Λ^2 + |ϕ_1|^2 + Δ^2 √ |ϕ_1|^2 + Δ^2 −p_F √ p^2_F + |ϕ_1|^2 + |ϕ_1|^2 ln p_F + √ p^2_F + |ϕ_1|^2 |ϕ_1| ) . (65)

This equation is the same with the U(1) case except the difference of the coefficient of G_1 [16]. At Δ → 0, the right-hand side becomes negative, thus there is no nontrivial solution. With taking the limit Δ → ∞, Eq. (65) gives the gap equation of the DCSB of the non-SUSY NJL model at finite density [7], while at p_F = 0 it will give the gap equation of the zero-density case of the SNJL model [4,15]. To see the relation of several possible phases in the space of parameters G_1N_cN_f Λ^2, Δ/Λ and p_F /Λ, we examine of the critical coupling for the DCSB. The determination equation for the critical coupling (G_1)_{cr} is obtained as follows:

(G_1)_{cr}N_cN_f Λ^2 = π^2 1 − √ 1 +^{Δ2}_{Λ2} +^{Δ2}_{Λ2} ln^{1+}

√_{1+Δ2/Λ2} Δ/Λ −^{p2F}_{Λ2}

. (66)

Figure 2 shows (G_1)_{cr}N_cN_f Λ^2 as a function of Δ/Λ. (G_1)_{cr}N_cN_f Λ^2 of the non-SUSY case is obtained by lim_{Δ/Λ→∞}(G_1)_{cr}N_cN_f Λ^2 = π^2/(1 − p^2_F /Λ^2). The denominator of Eq. (66) includes the finite-density effect on (G_1)_{cr}. (G_1)_{cr} of p_F ≠ 0 is larger than that of p_F = 0. The divergence of (G_1)_{cr}N_cN_f Λ^2 at a non-zero value of Δ/Λ ( depends on a numerical value of p_F ) indicates the existence of the critical soft mass Δ^{DCSB}_{cr} for the DCSB of this model [14]. From (58), μ = p_F < Δ has to be satisfied in Fig. 2: When p_F = Δ, the BEC takes place at the mode of p = 0.

B. N = 2, three-dimensional case

In N = 1 SQED_4 ( four-dimensional supersymmetric quantum electrodynamics ), it was concluded that the dynamical mass generation never occurs by solving the Schwinger-Dyson equation, while it can take place with introducing a SUSY-breaking soft mass [25]. The similar situation happens in N = 2 SQED_3 ( three-dimensional SQED ) obtained by a dimensional reduction of SQED_4. In QED_3, there are two-component fermion model and four-component fermion model [26]. The N = 2 SQED_3 obtained by a dimensional reduction of N = 1 SQED_4 is the SUSY counterpart of the four-component-spinor version of QED_3 [27,28,29]. In this paper, we follow the method of Ref. [28], and assume all of the quantum fields do not depend on one space-direction. The dimensional reduction is done by the following substitution in our gap equations (43) and (44): ∫ dp_3 2π → 1 r_c , (67)

or, equivalently^1_π ∫ p^2dp →^1_{rc} ∫ pdp. Here, we compactify the third direction ( r_c; compactification scale ). Now, the gap equation (43) at T = 0 and |ϕ_2| = 0 becomes 1 = 2G_1N_cN_f πr_c ∫_Λ 0 pdp ( θ(p − p_F ) √ p^2 + |ϕ_1|^2 − 1 √ p^2 + |ϕ_1|^2 + Δ^2 )

= 2G_1N_cN_f πr_c (√ Λ^2 + |ϕ_1|^2 − √ p^2_F + |ϕ_1|^2 − √ Λ^2 + |ϕ_1|^2 + Δ^2 + √ |ϕ_1|^2 + Δ^2 ) . (68)

Here, Λ is a two-dimensional momentum cutoff. At Δ → 0, there is no nontrivial solution similar to the case of the N = 1 four-dimensional theory. The critical coupling will be determined by

(G_1)_{cr}N_cN_f Λ r_c = π/2 1 − √ 1 +^{Δ2}_{Λ2} +^Δ_Λ −^{pF}_Λ

. (69)

Again, we find that the finite-density effect suppresses the DCSB similar to the N = 1 four-dimensional case. The non-SUSY case is obtained by lim_{Δ/Λ→∞}(G_1)_{cr}N_cN_f Λ/r_c = (π/2)/(1 − p_F /Λ). (G_1)_{cr}N_cN_f Λ/r_c diverges at Δ → 0, p_F → 0. Figure 3 shows (G_1)_{cr}N_cN_f Λ/r_c as a function of Δ/Λ. In this figure, p_F < Δ has to be satisfied. The dependence of (G_1)_{cr}N_cN_f Λ/r_c on Δ/Λ shows qualitatively the same behavior with the N = 1 four-dimensional case.

V. COLOR SUPERCONDUCTIVITY AT Nc = 3, N_f = 2

In this section, we restrict ourselves to study a CSC state of the SU(3_c) × U(2_f )_L × U(2_f )_R model without DCSB ( |ϕ_1| = 0, |ϕ_2| ≥ 0 ) and BEC. Usually, the superconducting energy gaps are much smaller than μ in various superconductors. Here, we assume it is also the case in our numerical calculation for solving Eq. (44), and choose the model parameters G_2, Λ, μ, and Δ to satisfy 2|ϕ_2|/μ ≪ 1. The BCS gap function 2|ϕ_2| is quite sensitive to these model parameters, we have to carefully choose the numerical values of them ( a kind of fine-tuning ) to get a physically reasonable solution: For example, a too large G_2 easily gives a solution larger than μ, and it should be regarded as an unphysical one. We also have to take into account p_F < Δ for choosing a numerical value of the soft mass to avoid the condition for the realization of the BEC, because our theory cannot handle the BEC state as a stable vacuum.

A. N = 1, four-dimensional case

In the N = 1 four-dimensional case, our gap equation (44) is the same with the U(1)-gauge case [16], except the coefficient of the coupling G_2. In Eq. (44), the coefficient 2N_f ( coming from the breaking scheme which depends on N_c and N_f ) is absorbed in G_2, and the numerical results are qualitatively equivalent with that of U(1) case: The numbers of N_c and N_f have no specific meaning in our gap equation of CSC.

Figure 4(a) shows the gap function 2|ϕ_2| of the CSC state at T = 0, as a function of the coupling constant G_2. Equation (44) was solved under the five examples: Δ/Λ = 0.45, 0.8, 2, 10, and the non-SUSY case. The non-SUSY case, obtained by dropping the contribution coming from the bosonic part in Eq.(44), corresponds to the ordinary SU(3_c) × U(2_f )_L × U(2_f )_R CSC. The gap function 2|ϕ_2| of all examples show qualitatively similar dependence on G_2, whether a numerical value of Δ is larger or smaller than Λ, and they reflect the nonperturbative dependence on G_2. In all of the cases, the effect of SUSY suppresses the magnitude of CSC gap functions. When the soft mass becomes large, the dependence on G_2 becomes strong. The result in Fig. 4(a) also indicates the absence of the critical coupling of the CSC similar to the ordinary BCS theory [1]: Any attractive interaction gives a superconducting instability also in the SUSY CSC.

In Fig. 4(b), we show the gap function 2|ϕ_2| at T = 0 as a function of Λ under the energy unit μ = 1. When Δ takes a value closed with μ, the divergence of the gap function becomes moderate compared with other examples because of the effect of SUSY: 2|ϕ_2| diverges almost linearly. When Δ is large enough, 2|ϕ_2| will diverge almost quadratically under Λ → ∞.

Figure 4(c) gives 2|ϕ_2| as a function of temperature T . The gap function continuously vanishes at T → T_c ( T_c; the critical temperature ), clearly shows the character of second-order phase transition of the superconductivity. In all of the examples shown in this figure, the BCS universal constant 2|ϕ_2(T = 0)|/T_c = 1.76 is satisfied [1]. Both 2|ϕ_2(T = 0)| and T_c depend on G_2, Λ, μ and Δ, though the ratio of them is independent on these parameters: The effect of these model parameters are canceled with each other by taking the ratio. In the non-relativistic [1], the relativistic [19], and the U(1) SUSY [16] BCS theories, any spin-singlet Lorentz-scalar BCS gap function satisfies the universal constant. We find it is also satisfied in our SU(3_c) SUSY CSC theory.

We discuss the thermodynamic property of the SUSY CSC. The definitions of the entropy S and the heat capacity C are given by S ≡ − ∂V_{ef f} ∂T , C ≡ T ∂S ∂T . (70)

In our case, Eq. (42) of V_{ef f} will be used to obtain S and C. In our model, the quasiparticle excitation branches will be classified into two classes: (A) E^B_± , E^F_± , and (B) E^B_± , E^F_± . When the BEC does not take place, all of the branches E^B_± , E^F_± , E^B_± and E^F_− have energy gaps, while only E^F_+ is gapless. The thermodynamic characters of S and C are determined by simple sums of the contributions of the ideal gas of quasiparticles of these branches. To examine the contribution of the branches of (A) in thermodynamics, let us recall the energy spectra shown in Fig. 1. Because the density of states diverges around the energy gap of E^F_+ [19], thermal excitations of E^F_+ dominate the contribution of the class (A) in the integrals of S and C, and other branches of (A) give almost no contribution: Namely, the contributions of both the entropy S and the heat capacity C coming from (A) are determined by the thermal excitations of the quasiparticles of the branch E^F_+ . Because the temperature dependence of 2|ϕ_2| is the same with the well-known BCS result, the contributions of thermal excitations of the branches of (A) for S and C are suppressed by the factor exp[−2|ϕ_2(T )|/T ]: They will show the same behavior with the usual BCS theory. On the other hand, the low-temperature thermodynamics in the branches of (B) is determined by the gapless excitation E^F_+ , and it is just the free Fermi gas in our model. Similar to the case of CSC in ordinary QCD, the total thermodynamics of the system is given by the superposition of the contribution of the quasiparticles of (A) and (B). As a consequence, we conclude that the thermodynamic character of the SUSY CSC without BEC is the same with the non-SUSY CSC.

B. N = 2, three-dimensional case

We examine the CSC gap equation (44) with the dimensional reduction (67). Figure 5(a) shows the CSC gap function 2|ϕ_2| of the N = 2 three-dimensional case at T = 0 as a function of G_2/r_c. The behavior is almost the same with N = 1 four-dimensional case: No critical coupling, nonperturbative dependence on G_2, and suppression of 2|ϕ_2| by a non-vanishing Δ.

Figure 5(b) shows 2|ϕ_2| at T = 0 as a function of Λ, with the energy unit μ = 1. In the case of Δ/μ = 1.125, the divergence of 2|ϕ_2| is quite slow ( almost logarithmically ), while 2|ϕ_2| linearly diverges in the Δ/μ = 5 case. The non-SUSY case diverges almost quadratically at Λ → ∞. These differences of the order ( quadratic, linear, logarithmic ) of the divergence of 2|ϕ_2| in several examples are determined by both the dimensions of space and a numerical value of Δ/μ.

In Fig. 5(c), we show 2|ϕ_2| as a function of T . The result is qualitatively similar with Fig. 4(c): 2|ϕ_2| continuously vanishes at T → T_c, and the ratio 2|ϕ_2(T = 0)|/T_c = 1.76 is always satisfied. In fact, this ratio is always satisfied in the three-dimensional non-SUSY BCS theory [30]. We find it is also the case in the N = 2 three-dimensional SUSY BCS CSC theory.

VI. CONCLUDING REMARKS

In summary, we have discussed the BEC, DCSB and CSC in the SU(N_c) × U(N_f )_L × U(N_f )_R-invariant generalized SNJL model at finite temperature and density. The condition for the realization of the BEC has been examined especially in the example of the SU(3_c) × U(2_f )_L × U(2_f )_R case. The gap equations for the DCSB and the CSC have been derived, and have been solved for both the N = 1 four-dimensional and the N = 2 three-dimensional cases. We have found the finite-density effect in the critical coupling of the DCSB in both cases. The effects of the bosonic part of the gap equation (44) in the SUSY BCS-type CSC theory have been reviewed in detail. In the CSC, the SUSY effects in the gap function 2|ϕ_2| become significant when Δ takes a numerically closed value to μ. Similar to the U(1) gauge case of Ref. [16], the CSC shows the BCS character even when μ is close to Δ: There is no critical coupling in the SUSY CSC, and the BCS universal constant 2|ϕ_2(T = 0)|/T_c = 1.76 is always satisfied both in the N = 1 four-dimensional and the N = 2 three-dimensional cases. We should emphasized that, these results are nontrivial and indicate the universality of the BCS-NJL mechanism, has nothing to do with the numerical value of μ ( from eV to TeV ), dimension of spacetime ( 3D or 4D ), SUSY or non-SUSY.

Finally, we would like to make some comments on several issues. It is interesting for us to examine the collective modes in the DCSB and the CSC of our SUSY case at finite density. The collective modes or the Nambu-Goldstone modes have been studied in the non-SUSY CSC theory, and an anomalous phenomenon of the Nambu-Goldstone theorem was found [31]. An interaction between scalars might alter the excitation energy spectra E^B_± and E^B_± of the boson sector, as discussed in the Bogoliubov theory of superfluidity [32]. For the examination of this problem, we should take into account the quantum fluctuations around a stationary point of V_{ef f} in our model.

In this paper, we examined the simplest example of the breaking scheme of SU(3_c) CSC. However, from a phenomenological point of view, the results cannot be regarded seriously. Our choice of SU(3_c) gauge symmetry does not have a strong meaning, and should be considered as for a convenience of both the examination of the quasiparticle excitation energy spectra and the numerical calculations of the CSC gap equation (44). A more detailed examination of the CSC states under several numbers of N_c and N_f is an important issue [24]. Moreover, our SNJL-type model does not correspond to a naive supersymmetric extension of the QCD-motivated NJL model usually used as a low-energy effective theory of QCD. The most important aim of this work is the presentation of a method for an examination of the BEC, DCSB and CSC in a SUSY condensed matter of a non-Abelian gauge model at finite density and temperature. In the non-SUSY CSC, the SU(3_c) gauge interaction is the origin of the attractive interaction, and it causes the Cooper instability. Therefore, if one uses an NJL-like model to describe the CSC, the model parameters of it should be chosen from the consideration of the running coupling of QCD gauge interaction and hadron phenomenology. A coupling constant for CSC should take a numerical value of O(GeV^{−2}), while a cutoff will become O(GeV) [6,7], and they are determined by a numerical value of the chiral condensate given by ⟨ūu⟩, ⟨d̄d⟩ and the decay constant of pion. At the order of this energy scale of the cutoff, there is no SUSY effect in the CSC in the sense of the context of this paper. From the energy scale of Δ ( >TeV ) relevant for particle phenomenology, our theory is relatively closer to the electroweak theory, especially the top condensation model [3,4] or the technicolor theory [5] than QCD. As a consequence, it is interesting for us to apply of our theory to several technicolor gauge groups. In such a case, the situation μ ≥ Λ_{T C} should be considered in our method. The extensions to several gauge groups of

SUSY grand unified theories ( SGUTs ) are also possible [33,34].

[1] J. Bardeen, L. N. Cooper and J. R. Schrieffer, Phys. Rev. 108, 1175 (1957). [2] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961); 124, 246 (1961). [3] W. A. Bardeen, C. T. Hill and M. Lindner, Phys. Rev. D41, 1647 (1990).

[4] T. E. Clark, S. T. Love and W. A. Bardeen, Phys. Lett. B237, 235 (1990), M. Carena, T. E. Clark, C. E. Wagner, W.

A. Bardeen and K. Sasaki, Nucl. Phys. B369, 33 (1992), P. Binétruy, E. A. Dudas and F. Pillon, Nucl. Phys. B415, 175 (1994).

[5] S. Dimopoulos and L. Susskind, Nucl. Phys. B155, 237 (1979), T. Appelquist and R. Shrock, Phys. Rev. Lett. 90, 201801 (2003), T. Appelquist, M. Piai and R. Shrock, Phys. Rev. D69, 015002 (2004). Recent reviews: R. S. Chivukula, hep-ph/0011264, K. Lane, hep-ph/0202255, C. T. Hill and E. H. Simmons, Phys. Rep. 381, 235 (2003).

[6] For example: D. Bailin and A. Love, Phys. Rep. 107, 325 (1984), M. Iwasaki and T. Iwado, Phys. Lett. B350, 163 (1995), M. Alford, K. Rajagopal and F. Wilczek, Phys. Lett. B422, 247 (1998), R. Rapp, T. Schäfer, E. V. Shuryak and M. Velkovsky, Phys. Rev. Lett. 81, 53 (1998). For recent reviews, see, K. Rajagopal and F. Wilczek, hep-ph/0011333, M. Alford, Annu. Rev. Nucl. Part. Sci. 51, 131 (2001), T. Schäfer, hep-ph/0304281, I. A. Shovkovy, nucl-th/0410091.

[7] For example: T. Kunihiro and T. Hatsuda, Prog. Theor. Phys. 71, 1332 (1984), M. Asakawa and K. Yazaki, Nucl. Phys.

A504, 668 (1989), S. P. Klevansky, Rev. Mod. Phys. 64, 649 (1992), T. M. Schwarz, S. P. Klevansky and G. Papp, Phys. Rev. C60, 055205 (1999).

[8] R. N. Mohapatra, hep-ph/9911272, M. -C. Chen and K. T. Mahanthappa, Int. J. Mod. Phys. A18, 5819 (2003). [9] R. Harnik, D. T. Larson and H. Murayama, JHEP 0403, 049 (2004). [10] N. Maru and M. Tachibana, Mod. Phys. Lett. A20, 1495 (2005), hep-ph/0502145. [11] M. Arai and N. Okada, Phys. Rev. D74, 045004 (2006).

[12] K. Intriligator and N. Seiberg, Nucl. Phys. ( Proc. Suppl. ) 45B,C, 1 (1996), M. Shifman, Prog. Part. Nucl. Phys. 39, 1 (1997).

[13] W. Buchmüller and S. T. Love, Nucl. Phys. B204, 213 (1982). [14] W. Buchmüller and U. Ellwanger, Nucl. Phys. B245, 237 (1984).

[15] T. Inagaki, T. Muta and S. D. Odintsov, Prog. Theor. Phys. Suppl. 127, 93 (1997), J. Hashida, T. Muta and K. Ohkura, Mod. Phys. Lett. A13, 1235 (1998), Phys. Lett. B451, 343 (1999).

[16] T. Ohsaku, Phys. Lett. B634, 285 (2006). [17] Y. Nambu, Phys. Rev. 117, 648 (1960). [18] T. Ohsaku, Phys. Rev. B65, 024512 (2001). [19] T. Ohsaku, Phys. Rev. B66, 054518 (2002).

[20] A. A. Abrikosov, L. P. Gor’kov and I. E. Dzyaloshinskii, Methods of Quantum Field Theory in Statistical Physics ( Dover, New York, 1963 ), A. L. Fetter and D. J. Walecka, Quantum Theory of Many-Particle Systems ( McGraw-Hill, New York, 1971), J. W. Negele and H. Orland, Quantum Many-Particle Systems ( Addison-Wesley, New York, 1987 ), J. I. Kapusta, Finite-temperature Field Theory ( Cambridge University Press, Cambridge, 1989 ).

[21] J. Wess and J. Bagger, Supersymmetry and Supergravity ( Princeton University Press, Princeton, New Jersey, 1991). [22] J. Hisano and M. Shifman, Phys. Rev. D56, 5475 (1997), L. V. Avdeev, D. I. Kazakov and I. N. Kondrashuk, Nucl. Phys.

B510, 289 (1998), G. F. Giudice and R. Ratazzi, Nucl. Phys. B511, 25 (1998), N. Arkani-Hamed and R. Rattazzi, Phys. Lett. B454, 290 (1999).

[23] J. M. Kosterlitz and D. J. Thouless, J. Phys. C6, 1181 (1973). [24] T. Schäfer, Nucl. Phys. B575, 269 (2000).

[25] T. E. Clark and S. T. Love, Nucl. Phys. B310, 371 (1988).

[26] T. W. Appelquist, M. Bowick, D. Karabali and L. C. R. Wijewardhana, Phys. Rev. D33, 3704 (1986). [27] R. D. Pisarski, Phys. Rev. D29, 2423 (1984).

[28] A. Campbell-Smith and N. E. Mavromatos, Phys. Rev. D60, 105011 (1999). [29] K. Shizuya, Phys. Rev. D71, 065006 (2005). [30] T. Ohsaku, Int. J. Mod. Phys. B18, 1771 (2004).

[31] D. Blaschke, D. Ebert, K. G. Klimenko, M. K. Volkov and V. L. Yudichev, Phys. Rev. D70, 014006 (2004), Y. Nambu, J.

Stat. Phys. 115, 7 (2004).

[32] N. N. Bogoliubov, J. Phys. 11, 23 (1947).

[33] T. Kugo and J. Sato, Prog. Theor. Phys. 91, 1217 (1994).

[34] T. Ohsaku, The international conference, YKIS2005, ”The Next Chapter in Einstein’s Legacy”, at Yukawa Institute for Theoretical Physics, Kyoto University, ( 27 June-1 July, 2005 ), ”Dynamical Gauge Symmetry Breaking of the Minimal SO(10) SUSY-GUT from a Superstring Effective Theory”, Prog. Theor. Phys. Suppl. 163, 386 (2006), and the meeting of the Japanese physical society, 14th Sep. 2005, ”Dynamical Symmetry Breaking from a Superstring Effective Theory”.

FIG. 1: The excitation energy spectra of quasiparticles of the branches E^B_+ (p), E^B_− (p), E^F_+ (p) and E^F_+ (p) under the CSC state with non-vanishing chiral mass. We choose μ = 2, |ϕ2| = 0.02, Δ = 2 and |ϕ1| = 1.

FIG. 2: The critical coupling (G1)crNcN_f Λ^2 of the DCSB in the N = 1 four-dimensional case, shown as a function of Δ/Λ.

FIG. 3: The critical coupling (G1)crNcN_f Λ/rc of the DCSB in the N = 2 three-dimensional case, shown as a function of Δ/Λ.

FIG. 4: The CSC gap function 2|ϕ2| of the N = 1 four-dimensional SU(3c) × U(2_f )L × U(2_f )R model. (a) At T = 0, shown as a function of G2. We set μ = 0.4 and Λ = 1. (b) At T = 0, given as a function of Λ. We set μ = 0.4 and G2 = 1. (c) Given as a function of T . The model parameters are set as μ = 0.4, Λ = 1, G2 = 1.

FIG. 5: The CSC gap function 2|ϕ2| of the N = 2 three-dimensional SU(3c) × U(2_f )L × U(2_f )R model. (a) At T = 0, shown as a function of G2/rc. We set μ = 0.4 and Λ = 1. (b) At T = 0, given as a function of Λ. We set μ = 0.4 and G2/rc = 0.2. (c) Given as a function of T . The model parameters are set as μ = 0.4, Λ = 1, G2/rc = 0.18.