arXiv:hep-ph/0601133 v2 8 May 2006

Checking the Burkardt sum rule for the Sivers function by model calculations

K. Goeke, S. Meißner, A. Metz, and M. Schlegel

Institut für Theoretische Physik II, Ruhr-Universität Bochum, D-44780 Bochum, Germany

May 8, 2006

Abstract The Sivers mechanism gives rise to a non-zero average transverse momentum of partons inside a transversely polarized target. According to a sum rule of Burkardt this transverse momentum vanishes when summing over all partons. We explicitly check the Burkardt sum rule by means of one-loop calculations for a quark target in perturbative QCD and for a diquark spectator model of the nucleon. In both cases the sum rule is fulfilled.

1. In the case of a transversely polarized target with 4-momentum P and spin vector S one can have a correlation of the type ⃗S_T · ( ⃗P × ⃗k_T ), where ⃗k_T is the transverse momentum of an arbitrary parton inside the target. The strength of this correlation is quantified in terms of the Sivers parton distribution [1, 2] (called f^⊥_{1T} in the notation of Refs. [3, 4]). The discovery that the Sivers effect is not forbidden by time-reversal invariance of the strong interaction [5, 6] initiated an enormous amount of subsequent work. The Sivers effect is of particular interest because it may be at the origin of various observed single spin asymmetries in hard scattering processes.

In the meantime not only model calculations [5, 6, 7, 8, 9, 10] of the Sivers function are available but also experimental data already exists. The Sivers asymmetry has recently been measured in semi-inclusive deep-inelastic scattering (DIS) by the HERMES [11, 12] and COMPASS [13] Collaborations, where in particular in the case of a proton target a non-zero effect has been observed [11, 12]. Using the available data already first extractions of the Sivers function have been performed [14, 15, 16, 17, 18] (see Ref. [19] for a comparison of different fits). On the basis of these fits also predictions for the Sivers asymmetry appearing in other processes like the Drell-Yan reaction have been made [14, 15, 16, 17, 20].

In this Letter we are concerned with an interesting sum rule for the Sivers function, that was derived by Burkardt for a spin-^1_2 target in QCD [21, 22]. This sum rule states that the average transverse momentum induced by the Sivers effect vanishes if one sums over all partons [21], ∑ a=q,q̄,g ⟨⃗k^a_T ⟩ = 0 . (1)

Expressed in terms of the Sivers function it takes the form [14, 21] ∑ a=q,q̄,g ∫_1 0 dx f^{⊥(1)a}_{1T} (x) = 0 , with f^{⊥(1)a}_{1T} (x) = ∫ d^2⃗k_T ⃗k2_T 2M^2 f^{⊥a}_{1T} (x,⃗k^2_T ) (2)

and M denoting the mass of the target. The Burkardt sum rule can serve as a non-trivial constraint when modelling or fitting the Sivers function. Moreover, the sum rule in combination with large-N_c arguments [23] implies that the Sivers function for the gluon, which has been considered in various recent articles [24, 25, 26, 27], is suppressed in the limit of a large number of colors [14].

Because of its fundamental character it is worthwhile to explicitly check the Burkardt sum rule by model calculations. To this end we compute the Sivers function of a quark and a gluon for a quark target in perturbative QCD. The calculation is limited to the one-loop approximation. We also investigate the sum rule in the framework of a simple diquark spectator model of the nucleon [5]. We find that in both cases the sum rule is fulfilled. As a by-product our study provides the first calculation of the Sivers function for a gluon and a scalar particle.

2. We begin by specifying our conventions. The k_T -dependent distribution of quarks in a transversely polarized spin-^1_2 target is given by [3, 28]

Φ^q(x,⃗k_T , S) = f^q_1 (x,⃗k^2_T ) − ε^{ij}_T k_{T i}S_{T j} M f^{⊥q}_{1T} (x,⃗k^2_T ) (3) = 1 2 ∫ dξ_− d_2⃗ξ_T (2π)^3 e^{i k·ξ} ⟨P, S | ψ̄(0) γ^+ W(0, ξ) ψ(ξ) | P, S⟩ | |_{ξ+=0} ,

with ε^{ij}_T ≡ ε^{−+ij} (ε^{0123} = 1) and k^μ_T = (0, 0,⃗k_T ). While the k_T -dependent unpolarized quark distribution f^q_1 is an even function of ⃗k_T , the Sivers effect is odd and thus leads to an azimuthal asymmetry of Φ^q about the direction of the target momentum. The Wilson line W(0, ξ) ensures color gauge invariance of the bilocal quark operator, and its presence is crucial for otherwise the Sivers effect would vanish when applying time-reversal to (3) [29, 6]. The Wilson line is defined through [30, 6, 7, 31, 32] W(0, ξ) = [0, 0,⃗0_T; 0, ∞,⃗0_T] × [0, ∞,⃗0_T; 0, ∞, ⃗ξ_T] × [0, ∞, ⃗ξ_T ; 0, ξ^−, ⃗ξ_T ] , (4) where [a^+, a^−,⃗a_T ; b^+, b^−,⃗b_T ] denotes a gauge link connecting the points a^μ = (a^+, a^−,⃗a_T ) and b^μ = (b^+, b^−,⃗b_T ) along a straight line. To be specific we have for instance

[0, 0,⃗0_T; 0, ∞,⃗0_T] = P exp ( − ig ∫_∞ 0 dz^−A^+(0, z^−,⃗0_T ) ) , (5)

where the overall sign in the exponent is determined by the covariant derivative D^μ = ∂^μ − igA^μ. The gluon field in (5) is in the fundamental representation, i.e., A^μ = A^μ_a λ_a/2 with λ_a representing the Gell-Mann matrices. The gauge link in Eq. (4) with future-pointing Wilson lines is suitable for semi-inclusive DIS, whereas past-pointing lines are needed for the Drell-Yan process. The different paths of the Wilson lines lead to a different sign of the Sivers function in both reactions [6]. The results we present below are obtained using the link in (4). Eventually, we note that by definition only connected diagrams are considered when evaluating the correlator (3), and that for a colored target (like the quark target we are going to use) an average over the color of the target is implicit.

Analogous to Eq. (3) the distributions of antiquarks and gluons read [30, 21] Φ^{q̄}(x,⃗k_T , S) = 1 2 ∫ dξ_− d_2⃗ξ_T (2π)^3 e^{i k·ξ} ⟨P, S | Tr [ γ^+ψ(0) W^∗(0, ξ) ψ̄(ξ) ] | P, S⟩ | | |_{ξ+ =0} , (6) Φ^g(x,⃗k_T , S) = 1 xP^+ ∫ dξ_− d_2⃗ξ_T (2π)^3 e^{i k·ξ} ⟨P, S | F^{+i}_a (0) W_{ab}(0, ξ) F^{+i}_b (ξ) | P, S⟩ | |_{ξ+=0} . (7)

In (7) the field strength tensor F^{μν} enters and the gluon field in the Wilson line is in the adjoint representation (A^μ_{ab} ≡ −if_{abc}A^μ_c with f_{abc} denoting the structure constant of the SU(3) group). Our definition of the gluon parton density differs from that of Ref. [21] by a factor of two. When evaluating the sum rule (1, 2) this difference gets compensated because, in contrast to Ref. [21], we consider the gluon distribution only for x > 0. Expressed in terms of the distributions Φ^a in (3, 6, 7) the Burkardt sum rule reads [21] ∑ a=q,q̄,g ⟨⃗k^a_T ⟩ ≡ ∑ a=q,q̄,g ∫_1 0 dx ∫ d^2⃗k_T ⃗k_T Φ^a(x,⃗k_T , S) = 0 . (8)

Although it is obvious that the unpolarized parton distribution f_1 does not contribute to the sum rule, the cancellation of the average transverse momentum due to the Sivers effect (when summing over all partons) is not immediately evident. The non-trivial character of the sum rule also becomes clear from the derivation which, in particular, makes use of the light-cone gauge and the finiteness of the light-cone energy at ξ^− = ±∞ [21, 22]. In principle the Burkardt sum rule can be considered to be as fundamental as the famous longitudinal momentum sum rule for the unpolarized forward parton density [30]. Two issues, however, may require additional investigation: first, the treatment of UV-divergences which appear when integrating upon transverse parton momenta; second, lightcone divergences which can be caused by the light-like Wilson lines in (4) [30, 33]. These light-cone divergences don’t show up in the simple one-loop calculations of the Sivers function discussed in this Letter, but may well appear when extending the calculations to higher orders. In order to avoid such infinities modified definitions of k_T -dependent parton densities have been proposed and used in the literature (see, e.g., Refs. [30, 34, 33, 35, 36, 37]), where certain non-light-like Wilson lines appear. As a consequence the k_T -dependent distributions also depend on the direction of those Wilson lines. Though the influence of these two points should be studied, in our opinion it is unlikely that the validity of the Burkardt sum rule gets affected.

The Burkardt sum rule was derived in QCD, but one may expect it to hold also in different models of non-perturbative QCD. In our study here we are interested in the scalar diquark model of the nucleon [5]. In this (Abelian) model quarks, diquarks, photons, and also the nucleon itself (and the respective antiparticles) appear as partons inside the nucleon, where to the order we are considering here only the former two are relevant. While the quark Sivers function is computed according to the definition (3), the one for the scalar diquark is obtained from the correlator Φ^s(x,⃗k_T , S) = xP^+ ∫ dξ_− d_2⃗ξ_T (2π)^3 e^{i k·ξ} ⟨P, S | ϕ(0) W(0, ξ) ϕ(ξ) | P, S⟩ | | |_{ξ+ =0} . (9)

The Wilson line for both quark and diquark density contains in this model the Abelian gauge field A^μ, and the coupling g in Eq. (5) is to be replaced by the negative of the electric charge e_q and e_s of the quark and scalar diquark respectively. The sum rule we expect to hold in the diquark model is given by ∑ a=q,s ∫_1 0 dx ∫ d^2⃗k_T ⃗k_T Φ^a(x,⃗k_T , S) = 0 , (10)

where the sum here is understood to include also antiparticles. Note that the Sivers function for the photon vanishes due to time-reversal invariance, because the definition of the k_T -dependent photon distribution, which is analogous to Eq. (7), does not contain a gauge link. Moreover, the Sivers function for a nucleon as a parton itself is zero in the diquark model of Ref. [5] since the nucleon is chargeless.

3. We now turn our attention to the results of the model calculations by first considering the diquark model of the nucleon [5]. In this approach the interaction between the nucleon, the quark, and the diquark is given by a point-like scalar vertex with the coupling constant λ. In order to compute the Sivers function of the quark and the diquark to lowest non-trivial order the diagrams in Fig. 1

Figure 1: One-loop diagrams relevant to the calculation of the Sivers function for the quark (diagram (a)) and the scalar diquark (diagram (b)) in the diquark model. The Hermitian conjugate diagrams (h.c.) are not shown. We are dealing with cut diagrams indicated by the thin dashed line. In diagram (a) for instance the diquark (dashed line) interacts through the exchange of a photon with the eikonalized quark (double line).

have to be evaluated, where only the imaginary part of the loop amplitude (with loop-momentum l) contributes. The calculation can be done by means of standard techniques, and we refrain from giving any details here. One finds the results

f^{⊥q}_{1T} (x,⃗k^2_T ) = e_qe_sλ^2 4(2π)^4 (1 − x)M(xM + m_q) ⃗k2_T (⃗k2_T + m̃2) ln

⃗k2_T + m̃2

m̃^2

, (11)

with m̃^2 = x(1 − x) ( − M^2 + m^2_q x + m^2_s 1 − x ) , f^{⊥s}_{1T} (x,⃗k^2_T ) = −f^{⊥q}_{1T} (1 − x,⃗k^2_T ) . (12)

While the quark Sivers function in the diquark model has already been computed previously [6, 7], the result (12) for the scalar particle is new. Note now that for the individual partons the average transverse momentum as defined through (8) does not exist. When performing the k_T - integration one is facing a logarithmic UV-divergence well known from such type of calculations. If one regularizes this integral (by using for instance a cut-off or dimensional regularization) one can interchange the x- and k_T -integral in the evaluation of the sum rule (10). Doing so and then replacing the integration variable for the longitudinal momentum according to x → 1 − x for one of the partons shows that the sum rule (10) is fulfilled.

In a second step we consider a quark target in perturbative QCD in order to study the QCD sum rule (8). In the one-loop approximation we are using here only the quark and gluon Sivers function are non-zero, while the antiquark Sivers function vanishes. The relevant diagrams are depicted in Fig. 2. Although the algebra for the QCD calculation is more involved than in the case of the spectator model the final results have a compact representation,

f^{⊥q}_{1T} (x,⃗k^2_T ) = −

N_cC_F g^4 4(2π)^4 x(1 − x)m^2_q ⃗k2_T (⃗k2_T + (1 − x)2m2_q ) ln

⃗k2_T + (1 − x)2m2_q

(1 − x)^2m^2_q

, (13)

f^{⊥g}_{1T} (x,⃗k^2_T ) = −f^{⊥q}_{1T} (1 − x,⃗k^2_T ) , (14)

with C_F = (N^2_c − 1)/(2N_c). With exactly the same reasoning we used above for the diquark model one finds that the Burkardt sum rule (8) is valid in this one-loop model. Note that the sum rule is also fulfilled in QED for an electron target in the one-loop approximation: as already

Figure 2: One-loop diagrams relevant to the calculation of the Sivers function for the quark (diagram (a)) and the gluon (diagram (b)) in the quark target model. The symbol ’⊗’ in diagram (b) indicates a Feynman rule for the field strength tensor in (7) of the form −i(p^μg^{νρ} − p^ν g^{μρ})δ_{ab} where the indices μ, ν, a correspond to the indices of F^{μν}_a and ρ, b to those of the gluon in the figure (see also Ref. [30]).

mentioned the photon Sivers function vanishes. Moreover, the electron Sivers function is zero in this approximation, because a diagram like in Fig. 2(a) does not exist in QED.

4. In summary, we have provided the first explicit check of the Burkardt sum rule for the Sivers function. According to this sum rule, inside a transversely polarized target the average transverse momentum of partons induced by the Sivers effect vanishes if one sums over all partons. This sum rule may be considered to be as fundamental as the well-known sum rule for the longitudinal momentum in the case of the forward unpolarized parton density. For our check we have performed one-loop calculations of the Sivers function in two different models. We have used a quark target in perturbative QCD and a scalar diquark model for the nucleon. The Burkardt sum rule is fulfilled in both cases provided that one regularizes the final integral upon the transverse parton momentum.

Acknowledgements: The work of S.M. has been supported by the German National Academic Foundation, the work of M.S. by the Graduiertenkolleg “Physik der Elementarteilchen an Beschleunigern und im Universum.” The work has also been partially supported by the Verbundforschung (BMBF) and the Transregio/SFB Bochum-Bonn-Giessen. This research is part of the EU Integrated Infrastructure Initiative Hadronphysics Project under contract number RII3-CT-2004-506078.

References

[1] D.W. Sivers, Phys. Rev. D 41, 83 (1990).

[2] D.W. Sivers, Phys. Rev. D 43, 261 (1991).

[3] D. Boer and P.J. Mulders, Phys. Rev. D 57, 5780 (1998).

[4] P.J. Mulders and R.D. Tangerman, Nucl. Phys. B461, 197 (1996) [Erratum-ibid. B484, 538 (1997)].

[5] S.J. Brodsky, D.S. Hwang, and I. Schmidt, Phys. Lett. B 530, 99 (2002).

[6] J.C. Collins, Phys. Lett. B 536, 43 (2002).

[7] X. Ji and F. Yuan, Phys. Lett. B 543, 66 (2002).

[8] L.P. Gamberg, G.R. Goldstein, and K.A. Oganessyan, Phys. Rev. D 67, 071504 (2003). [9] F. Yuan, Phys. Lett. B 575, 45 (2003).

[10] A. Bacchetta, A. Schaefer, and J.J. Yang, Phys. Lett. B 578, 109 (2004). [11] A. Airapetian et al. [HERMES Collaboration], Phys. Rev. Lett. 94, 012002 (2005). [12] M. Diefenthaler, arXiv:hep-ex/0507013.

[13] V.Y. Alexakhin et al. [COMPASS Collaboration], Phys. Rev. Lett. 94, 202002 (2005). [14] A.V. Efremov, K. Goeke, S. Menzel, A. Metz, and P. Schweitzer, Phys. Lett. B 612, 233 (2005).

[15] M. Anselmino, M. Boglione, U. D’Alesio, A. Kotzinian, F. Murgia, and A. Prokudin, Phys.

Rev. D 71, 074006 (2005).

[16] M. Anselmino, M. Boglione, U. D’Alesio, A. Kotzinian, F. Murgia, and A. Prokudin, Phys.

Rev. D 72, 094007 (2005) [Erratum-ibid. D 72, 099903 (2005)]. [17] W. Vogelsang and F. Yuan, Phys. Rev. D 72, 054028 (2005).

[18] J.C. Collins, A.V. Efremov, K. Goeke, S. Menzel, A. Metz, and P. Schweitzer, Phys. Rev. D 73, 014021 (2006).

[19] M. Anselmino et al., arXiv:hep-ph/0511017. [20] J.C. Collins et al., arXiv:hep-ph/0511272. [21] M. Burkardt, Phys. Rev. D 69, 091501 (2004). [22] M. Burkardt, Phys. Rev. D 69, 057501 (2004). [23] P.V. Pobylitsa, arXiv:hep-ph/0301236.

[24] D. Boer and W. Vogelsang, Phys. Rev. D 69, 094025 (2004).

[25] M. Anselmino, M. Boglione, U. D’Alesio, E. Leader, and F. Murgia, Phys. Rev. D 70, 074025 (2004).

[26] I. Schmidt, J. Soffer, and J. J. Yang, Phys. Lett. B 612, 258 (2005).

[27] M. Anselmino, M. Boglione, U. D’Alesio, E. Leader, S. Melis, and F. Murgia, Phys. Rev. D 73, 014020 (2006).

[28] A. Bacchetta, U.D’Alesio, M. Diehl, and C.A. Miller, Phys. Rev. D 70, 117504 (2004). [29] J.C. Collins, Nucl. Phys. B396, 161 (1993). [30] J.C. Collins and D.E. Soper, Nucl. Phys. B194, 445 (1982). [31] A.V. Belitsky, X. Ji, and F. Yuan, Nucl. Phys. B656, 165 (2003). [32] D. Boer, P.J. Mulders, and F. Pijlman, Nucl. Phys. B667, 201 (2003). [33] J.C. Collins, Acta Phys. Polon. B 34, 3103 (2003).

[34] J.C. Collins and F. Hautmann, Phys. Lett. B 472, 129 (2000). [35] X. Ji, J.P. Ma, and F. Yuan, Phys. Rev. D 71, 034005 (2005). [36] X. Ji, J.P. Ma, and F. Yuan, Phys. Lett. B 597, 299 (2004). [37] J.C. Collins and A. Metz, Phys. Rev. Lett. 93, 252001 (2004).