arXiv:hep-ph/0602050 v1 6 Feb 2006

DSF-2006/3 (Napoli)

Exclusive semileptonic and nonleptonic decays of the B_c meson

Mikhail A. Ivanov,^1 Jürgen G. Körner,^2 and Pietro Santorelli^3 1Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna, Russia 2Institut für Physik, Johannes Gutenberg-Universität, D-55099 Mainz, Germany 3Dipartimento di Scienze Fisiche, Università di Napoli ”Federico II”, Istituto Nazionale di Fisica Nucleare, Sezione di Napoli, Italy

We study exclusive nonleptonic and semileptonic decays of the Bc-meson within a relativistic constituent quark model previously developed by us. For the nonleptonic decays we use the factorizing approximation. We update our model parameters by using new experimental data for the mass and the lifetime of the Bc meson and the leptonic decay constants of the D-meson. We calculate the branching ratios for a large set of exclusive nonleptonic and semileptonic decays of the Bc meson and compare our results with the results of other studies. As a guide for further experimental exploration we provide explicit formulas for the full angular decay distributions in the cascade decays B^−_c → J/ψ(→ l^+ l^−) + ρ^−(→ π^− π^0) and B^−_c → J/ψ(→ l^+l^−) + W^−_{off−shell} (→ l^− + ν̄l).

PACS numbers: 13.20.He, 12.39.Ki

I. INTRODUCTION

In 1998 the CDF Collaboration reported on the observation of the bottom-charm B_c meson at Fermilab [1] in the semileptonic decay mode B_c → J/ψ + l + ν with the J/ψ decaying into muon pairs. Values for the mass and the lifetime of the B_c meson were given as M (B_c) = 6.40 ± 0.39 ± 0.13 GeV and τ (B_c) = 0.46^{+0.18}_{−0.16}(stat) ± 0.03(syst) ps. Recently, CDF reported first Run II evidence for the B_c-meson in the fully reconstructed decay channel B_c → J/ψ +π with J/ψ → μ^+μ^− [2]. The mass value quoted for this decay channel is 6.2857 ± 0.0053(stat.) ± 0.0012(syst.) GeV with errors significantly smaller than in the first measurement. Also D0 has observed the B_c in the semileptonic mode B_c → J/ψ+μ+X and reported preliminary evidence that M (B_c) = 5.95^{+0.14}_{−0.13}±0.34 GeV and τ (B_c) = 0.45^{+0.12}_{−0.10}±0.12 ps [3].

The B_c-meson is the lowest bound state of two heavy quarks (charm and bottom) with open flavor. The B_c-meson therefore decays weakly. It can decay via (i) b-quark decay, (ii) c-quark decay, and (iii) the annihilation channel. The modern state of art, starting from the pioneering paper [4], in the spectroscopy, production and decays of the B_c-meson can be found in the review [5] and the published talk [6].

In this article we complete the analysis of almost all accessible low-lying exclusive nonleptonic two-body and semileptonic three-body modes of the B_c-decays within our relativistic constituent quark model [7, 8, 9, 10]. We update the model parameters by using the latest experimental data on the B_c-mass [2] and the weak decay constant f_D [11]. We give a set of numerical values for the leptonic, semileptonic and nonleptonic partial decay widths of the B_c-meson and compare them with the results of other approaches. We provide explicit formulas for the angular decay distributions of the cascade decays B^−_c → J/ψ(→ l^+l^−) + ρ^−(→ π^−π^0) and B^−_c → J/ψ(→ l^+l^−) + W^−_{off−shell}(→ l^− + ν̄_l) by using the methods described in [12] and subsequently applied to various other cascade decay processes (see [8, 13, 14, 15, 16]). For the nonleptonic decay B^−_c → J/ψ + ρ^− we also include lepton mass and T –odd effects in our analysis. These angular decay distributions may be of help in analyzing the cascade decay data. Also, by analyzing the cascade angular decay distributions, one can learn more details about the spin dynamics of the decay process than from the rate analysis alone.

II. MODEL

The coupling of a meson H(q_1q̄_2) to its constituent quarks q_1 and q̄_2 is described by the Lagrangian [17, 18]

L_{int Hqq}(x) = g_H H(x) ∫ dx_1 ∫ dx_2F_H (x, x_1, x_2)q̄_2(x_2)Γ_H q_1(x_1) + h.c. (1)

Here, Γ_H is a Dirac matrix or a string of Dirac matrices which projects onto the spin quantum number of the meson field H(x). The function F_H is related to the scalar part of the Bethe-Salpeter amplitude and characterizes the finite size of the meson. To satisfy translational invariance the function F_H has to fulfil the identity F_H (x+a, x_1+a, x_2+a) =

F_H (x, x_1, x_2) for any four-vector a. In the following we use a specific form for the scalar vertex function

F_H (x, x_1, x_2) = δ(x − c^1_2x_1 − c^2_{12}x_2)Φ_H ((x_1 − x_2)^2) (2)

where Φ_H is the correlation function of the two constituent quarks with masses m_{q1} , m_{q2} and the mass ratios c^i_j = m_{qi} /(m_{qi} + m_{qj} ). The coupling constant g_H in Eq. (1) is determined by the so-called compositeness condition originally proposed in [19], and extensively used in [7, 8, 10, 17, 18]. The compositeness condition requires that the renormalization constant of the elementary meson field H(x) is set to zero

Z_H = 1 −

3g^2_H 4π^2

Π̃^′_H (m^2_H ) = 0 (3)

where Π̃^′_H is the derivative of the meson mass operator. To clarify the physical meaning of the compositeness condition in Eq. (3), we first want to remind the reader that the renormalization constant Z^{1/2}_H can also interpreted as the matrix element between the physical and the corresponding bare state. The condition Z_H = 0 implies that the physical state does not contain the bare state and is appropriately described as a bound state. The interaction Lagrangian of Eq. (1) and the corresponding free parts of the Lagrangian describe both the constituents (quarks) and the physical particles (hadrons) which are viewed as the bound states of the quarks. As a result of the interaction, the physical particle is dressed, i.e. its mass and wave function have to be renormalized. The condition Z_H = 0 also effectively excludes the constituent degrees of freedom from the space of physical states. It thereby guarantees that there is no double counting for the physical observable under consideration. The constituents exist only in virtual states. One of the corollaries of the compositeness condition is the absence of a direct interaction of the dressed charged particle with the electromagnetic field. Taking into account both the tree-level diagram and the diagrams with the self-energy insertions into the external legs (i.e. the tree-level diagram times Z_H − 1) yields a common factor Z_H which is equal to zero. We refer the interested reader to our previous papers [7, 8, 10, 17, 18] where these points are discussed in more detail.

In the case of the pseudoscalar and vector mesons the derivative of the meson mass operator appearing in Eq. (3) can be calculated in the following way:

Π̃^′_P (p^2) = p^α 2p^2 d dp^α ∫ d^4k 4π^2i

Φ̃^2_P (−k^2)tr [ γ^5S̃_1(k + c^1_2p)γ^5S̃_2(k − c^2_{12}p) ] , Π̃^′_V (p^2) = 1 3 ( g_{μν} − p_μp_ν p^2 ) p^α 2p^2 d dp^α ∫ d^4k 4π^2i

Φ̃^2_V (−k^2)tr [ γ^μS̃_1(k + c^1_2p)γ^ν S̃_2(k − c^2_{12}p) ] . (4)

where Φ_H ((x_1 − x_2)^2) is a correlation function and S̃_i(k) is the quark propagator. We have used free fermion propagators for the valence quarks given by

S̃_i(k) = 1 m_{qi} − ̸k (5) with an effective constituent quark mass m_i. As discussed in [18] we have assumed that the meson mass m_H lies below the constituent quark threshold, i.e. we have

m_H < m_{q1} + m_{q2} . (6)

Since the transitions in our approach are described by one-loop quark diagrams the condition (6) guarantees that there are no imaginary parts in our physical transition amplitudes. For the constituent quark masses that we use this is satisfied for the low-lying pseudoscalar mesons π, K, D, D_s, B, B_s, B_c and η_c and also for the J/ψ but is no longer true for the light vector mesons (ρ, K^∗), the heavy flavored vector mesons (D^∗ and B^∗) and for the p–wave and excited charmonium states considered in this paper. We have therefore employed [7, 8] identical masses for all heavy pseudoscalar and vector flavored mesons (m_B∗ = m_B , m_D∗ = m_D ) and for all p–wave and excited charmonium states [10] in our matrix element calculations but have used physical masses in the phase space calculation. This is quite a reliable approximation for the heavy mesons because the corresponding mass splittings are relatively small. For the light vector mesons (ρ, K^∗) this approximation is not very good. However, in the present application the light vector mesons do not explicitly enter into the decay dynamics described by the transition matrix elements. They contribute only in the form of the leptonic decay constants f_ρ = 210 MeV and f_K∗ = 217 MeV for which we use the experimental values. We emphasize that the quark mass function appearing in the Dyson-Schwinger-Equations (DSE) studies [20] is almost constant in the case of the b-quark. This is true to a lesser extent for the c-quark. However, in the case of light u, d and s quarks the momentum-dependent dressing is essential.

III. NONLEPTONIC DECAYS OF THE Bc-MESON

The effective Hamiltonian describing the B_c-nonleptonic decays is given by

H_{eff} = − G_F √ 2 { V_{cb}V^†_{ud} [ c_1 (c̄b)_{V −A}(d̄u)_{V −A} + c_2 (d̄b)_{V −A}(c̄u)_{V −A} ] + V_{cb}V^†_{us} [c_1 (c̄b)_{V −A}(s̄u)_{V −A} + c_2 (s̄b)_{V −A}(c̄u)_{V −A}] + V_{cb}V^†_{cd} [ c_1 (c̄b)_{V −A}(d̄c)_{V −A} + c_2 (d̄b)_{V −A}(c̄c)_{V −A} ] + V_{cb}V^†_{cs} [c_1 (c̄b)_{V −A}(s̄c)_{V −A} + c_2 (s̄b)_{V −A}(c̄c)_{V −A}] + V_{ub}V^†_{ud} [ c_1 (ūb)_{V −A}(d̄u)_{V −A} + c_2 (d̄b)_{V −A}(ūu)_{V −A} ] + V_{ub}V^†_{us} [c_1 (ūb)_{V −A}(s̄u)_{V −A} + c_2 (s̄b)_{V −A}(ūu)_{V −A}] + V_{ub}V^†_{cd} [ c_1 (ūb)_{V −A}(d̄c)_{V −A} + c_2 (d̄b)_{V −A}(ūc)_{V −A} ] + V_{ub}V^†_{cs} [c_1 (ūb)_{V −A}(s̄c)_{V −A} + c_2 (s̄b)_{V −A}(ūc)_{V −A}] + V_{cs}V^†_{ud} [ c_1 (c̄s)_{V −A}(d̄u)_{V −A} + c_2 (c̄u)_{V −A}(d̄s)_{V −A} ] + V_{cs}V^†_{us} [c_1 (c̄s)_{V −A}(s̄u)_{V −A} + c_2 (c̄u)_{V −A}(s̄s)_{V −A}] + V_{cd}V^†_{ud} [ c_1 (c̄d)_{V −A}(d̄u)_{V −A} + c_2 (c̄u)_{V −A}(d̄d)_{V −A} ] + V_{cd}V^†_{us} [c_1 (c̄d)_{V −A}(s̄u)_{V −A} + c_2 (c̄u)_{V −A}(s̄d)_{V −A}] } + h.c. , (7)

where the subscript V − A refers to the usual left–chiral current O^μ = γ^μ(1 − γ^5). We calculate the nonleptonic B_c-decay widths by using naive factorization. First, we give the necessary definitions of the leptonic decay constants, invariant form factors and helicity amplitudes as they were introduced in our paper [10].

The leptonic decay constants are defined by

M (H_{12} → l̄ν) = G_F √ 2 V_{q1q2} M^μ_H (p) ū_l(k_l) O^μ u_ν (k_ν),

M^μ_H (p) = − 3 g_{12} ∫ d^4k (2 π)^4 i

~Φ_{12} (−k^2) tr [ Γ_H ~S_2(k − c^2_{12} p) O^μ ~S_1(k + c^1_2 p) ] , Γ_P = i γ^5, Γ_V = ε_V · γ,

M^μ_P (p) = −if_P p^μ, M^μ_V (p) = f_V m_V ε^μ_V . (8)

The semileptonic decays of the B_c-meson may be induced by either a b-quark or a c-quark transition. For the sake of brevity, we use a notation where q_1 ≡ b and q_3 ≡ c whereas q_2 denotes either of c, u, d, s.

M (H_{13} → H_{23} + l̄ν) = G_F √ 2 V_{q1 q2} M^μ_{12}(p_1, p_2) ū_l(k_l) O^μ u_ν(k_ν ), b − decay,

M (H_{13} → H_{12} + l̄ν) = G_F √ 2 V_{q2 q3} M^μ_{23}(p_1, p_2) ū_l(k_l) O^μ u_ν(k_ν ), c − decay,

M^μ_{12} = − 3 g_{13} g_{23} ∫ d^4k (2 π)^4 i

~Φ_{13} (−(k + c^3_{13} p_1)^2) ~Φ_{23} (−(k + c^3_{23} p_2)^2) ×tr [ i γ^5 ~S_3(k) Γ_{32} ~S_2(k + p_2) O^μ ~S_1(k + p_1) ] , (9)

M^μ_{23} = − 3 g_{13} g_{12} ∫ d^4k (2 π)^4 i

~Φ_{13} (−(k − c^1_3 p_1)^2) ~Φ_{12} (−(k − c^1_2 p_2)^2) ×tr [ i γ^5 ~S_3(k − p_1) O^μ ~S_2(k − p_2)Γ_{21} ~S_1(k) ] . (10)

We mention that we have checked in [7] that, in the heavy mass limit, our form factors satisfy the HQET relations written down in [21].

The invariant form factors for the semileptonic B_c-decay into the hadron with spin S = 0, 1, 2 are defined by

M^μ_{S=0} = P^μ F_+(q^2) + q^μ F_−(q^2), (11)

M^μ_{S=1} = 1 m_1 + m_2 ϵ^†_ν { − g^{μν} P q A_0(q^2) + P^μ P^ν A_+(q^2) + q^μ P^ν A_−(q^2) + i ε^{μναβ} P_α q_β V (q^2) } , (12)

M^μ_{S=2} = ϵ^†_{να} { g^{μα} P^ν T_1(q^2) + P^ν P^α [ P^μ T_2(q^2) + q^μ T_3(q^2) ] + i ε^{μνδβ} P^α P_δ q_β T_4(q^2) } , (13)

P = p_1 + p_2, q = p_1 − p_2.

The form factor expansions cover both the J^P → (J^P )^′ cases 0^− → (0^−, 1^−, 2^−) and 0^− → (0^+, 1^+, 2^+) needed in this paper.

One has to note that the form factors for the c-decay can be obtained from the form factors for the b-decay by simply exchanging the bottom and charm masses:

F^{c−decay}

± (m_{q1} , m_{q2} , m_{q3} ; q^2) = −F^{b−decay}_± (m_{q3} , m_{q2} , m_{q1} ; q^2), (14)

A^{c−decay} i (m_{q1} , m_{q2} , m_{q3} ; q^2) = −A^{b−decay}_i (m_{q3} , m_{q2} , m_{q1} ; q^2), (i = 0, ±), (15)

V^{c−decay}(m_{q1} , m_{q2} , m_{q3} ; q^2) = V^{b−decay}(m_{q3} , m_{q2} , m_{q1} ; q^2), (16)

where we omit the explicit dependence on the ingoing and outgoing masses and size parameters.

It is convenient to express all physical observables through the helicity form factors H_m. The helicity form factors H_m can be expressed in terms of the invariant form factors in the following way [7]:

(a) Spin S = 0:

H_t = 1 √ q^2 { (m^2_1 − m^2) F_+ + q^2 F_− } , H_± = 0 , (17)

H_0 =

2 m_1 |p_2| √ q^2

F_+ .

(b) Spin S = 1:

H_t = 1 m_1 + m_2 m_1 |p_2|

m_2 √ q^2 { (m^2_1 − m^2) (A_+ − A_0) + q^2A_− } , H_± = 1 m_1 + m_2 { −(m^2_1 − m^2) A_0 ± 2 m_1 |p_2| V } , (18)

H_0 = 1 m_1 + m_2 1 2 m_2 √ q^2 { −(m^2_1 − m^2) (m^2_1 − m^2 − q^2) A_0 + 4 m^2_1 |p_2|^2 A_+ } .

(c) Spin S = 2:

H_t = √ 2 3 m^2_1 |p_2|^2

m^2 √ q^2 { T_1 + [ |p_2|^2 + E_2 q_0 + m_1 q_0 ] T_2 + q^2 T_3 } , H_± = √ 1 2 m_1 |p_2|

m_2

{T_1 ± 2 m_1|p_2| T_4} , (19)

H_0 = √ 1 6 m_1 |p_2|

m^2 √ q^2 { (m^2_1 − m^2 − q^2) T_1 + 4 m^2_1 |p_2|^2 T_2 } , where |p_2| = λ^{1/2}(m^2_1, m^2, q^2)/(2 m_1), E_2 = (m^2_1 +m^2 −q^2)/(2 m_1) and q_0 = (m^2_1 −m^2 +q^2)/(2 m_1) are the momentum and energies of the outgoing particles in the B_c rest frame. The widths of the semileptonic and nonleptonic decays of the B_c-meson can be conveniently expressed in terms of the helicity form factors^1. The relevant width formulas are given in the Appendix.

IV. NUMERICAL RESULTS

In this paper we update the model parameters by using the new values for the B_c-mass reported by the CDF Coll. [2] the new value of the leptonic decay constantf_D reported by the CLEO Coll. [11] and lattice simulations [22, 23, 24, 25, 26, 27]. The updated values of the quark masses and size parameters are given by Eq. (20) and Eq. (21), respectively.

m_u m_s m_c m_b

0.223 0.344 1.71 5.09 GeV

(20)

Λ_π Λ_K Λ_D Λ_D∗ Λ_{Ds} Λ_B Λ_B∗ Λ_{Bs} Λ_{Bc} Λ_{cc}

1.08 1.60 2.01 1.46 2.01 2.14 1.90 2.14 2.14 2.53 GeV

(21)

The quality of the fit may be assessed from the entries in Table I.

The calculation of the semileptonic and nonleptonic decay widths is straightforward. For the CKM-matrix elements we use |V_{ud}| |V_{us}| |V_{cd}| |V_{cs}| |V_{cb}| |V_{ub}| 0.975 0.224 0.224 0.974 0.0413 0.0037

(22)

The results of our evaluation of the branching ratios of the exclusive semileptonic and nonleptonic B_c decays appear in Tables II÷VIII.

In the presentation of our results we shall closely follow the format of the reviews of Kiselev [5, 28]. Table II contains our predictions for the exclusive semileptonic B_c decays into ground state charmonium states, and into ground state charm and bottom meson states. Table III contains our predictions for the exclusive semileptonic B^−_c decays into p–wave charmonium states, and into the orbital excitation of the charmonium state ψ(3836). In Table IV we list our predictions for exclusive nonleptonic decay widths of the B_c meson using the factorization hypothesis. In order to facilitate a comparison with other dynamical models we list our results for general values of the effective Wilson coefficients of the operator product expansion a_1 and a_2.

We then specify the values of the effective Wilson coefficients. We take a^c_1 = 1.20, a^c_2 = −0.317, a^b_1 = 1.14 and a^b_2 = −0.20 as in [5, 28]. In Table V we give our results for the nonleptonic decays of the B_c meson into two ground state mesons and compare our results with the results of other model calculations.

For the b → c induced decays our results are generally close to the QCD sum rule results of [29, 30] and the constituent quark model results of [31, 32, 33, 34, 35]. In exception are the (b → c; c → (s, d)) results of [31] which are considerably smaller than our results, and smaller than the results of the other model calculations. Summing up the exclusive contributions one obtains a branching fraction of 8.8%. Considering the fact that the b → c contribution to the total rate is expected to be about 20% [5] this leaves plenty of room for nonresonant multibody decays For the c → s induced decays our branching ratios are considerably smaller than those predicted by QCD sum rules [29, 30] but are generally close to the other constituent quark model results. When we sum up our exclusive branching fractions we obtain a total branching ratio of 27.6% which has to be compared with the 70% expected for the c → s contribution to the total rate [5]. The sum rule model of [29, 30] gives a summed branching fraction of

1 As regards the transverse helicity amplitudes H_± in Eqs. (18) and (19) we have corrected a sign error in our previous paper [10].

TABLE I: Leptonic decay constants fH (MeV) used in the least-squares fit for our model parameters.

This work Other Ref. fD 227 222.6 ± 16.7^{+2.8}_{−3.4} CLEO [11] 201 ± 3 ± 17 MILC LAT [22] 235 ± 8 ± 14 LAT [23] 210 ± 10^{+17}_{−16} UKQCD LAT [26] 211 ± 14^{+2}_{−12} LAT [27] fD∗ 249 245 ± 20^{+3}_{−2} LAT [27] fD_s 255 266 ± 32 [39] 249 ± 3 ± 16 MILC LAT [22] 266 ± 10 ± 18 LAT [23] 290 ± 20 ± 29 ± 29 ± 6 LAT [25] 236 ± 8^{+17}_{−14} UKQCD LAT [26] 231 ± 12^{+8}_{−1} LAT [27] fD_s fD 1.12 1.24 ± 0.01 ± 0.07 MILC LAT [22] 1.13 ± 0.03 ± 0.05 LAT [23] 1.13 ± 0.02^{+0.04}_{−0.02} UKQCD LAT [26] 1.10 ± 0.02 LAT [27] fD∗_s 266 272 ± 16^{+3}_{−20} LAT [22] fη_c 484 420 ± 52 [40]

This work Other Ref. fB 187 216 ± 9 ± 19 ± 4 ± 6 HPQCD LAT [24] 177 ± 17^{+22}_{−22} UKQCD LAT [26] 179 ± 18^{+34}_{−9} LAT [27]

fB∗ 196 196 ± 24^{+39}_{−2} LAT [27] fB_s 218 259 ± 32 HPQCD LAT [24] 260 ± 7 ± 26 ± 8 ± 5 LAT [25] 204 ± 12^{+24}_{−23} UKQCD LAT [26] 204 ± 16^{+36}_{−0} LAT [27]

fB_s fB 1.16 1.20 ± 0.03 ± 0.01 HPQCD LAT [24] 1.15 ± 0.02^{+0.04}_{−0.02} UKQCD LAT [26] 1.14 ± 0.03^{+0.01}_{−0.01} LAT [27]

fB∗_s 229 229 ± 20^{+41}_{−16} LAT [27] fB_c 399 395 ± 15 [41]

73.4% for the c → s contribution, i.e. the model of [29, 30] predicts that the exclusive channels pretty well saturate the c → s part of the total rate.

Of interest are the ratios of branching ratios of the pairs of modes B_c → V V and B_c → V P , and B_c → V P and B_c → P P where one expects from naive spin counting that the rate ratios V P/P P and V V /V P are ≈ 3. In many of the pairs of decay modes naive spin counting can be seen to hold. However, for some of the pairs one finds approximate equality or even an inversion of the naive spin counting ratio. The deviation from naive spin counting can be seen to be a common feature of all model results.

As was pointed out in [36] and further elaborated in [9, 37, 38] the decays B^−_c → D^−_s D^0(D^0) are well suited for an extraction of the CKM angle γ through amplitude relations. These decays are better suited for the extraction of γ than the corresponding decays of the B_u and B_d mesons because the unitarity triangles in the latter decays are rather squashed. We list our updated results for these decays in Tables VI and VII, where Table VI contains our results for general values of the Wilson coefficients while Table VII list values of the branching ratios for specified values of the Wilson coefficients. The branching ratios in Table VII are quite small O(10^{−5}) but these modes should still be accessible at high luminosity hadron colliders.

Finally, in Table VIII, we compute the branching ratios of the exclusive nonleptonic B^−_c decays into p–wave charmonium states, and into the orbital excitation of the charmonium state ψ(3836). We compare our results with the results of other studies when they are available.

TABLE II: Branching ratios (in %) of exclusive semileptonic Bc decays into ground state charmonium states, and into ground state charm and bottom meson states. For the lifetime of the Bc we take τ(Bc ) = 0.45 ps.

Mode This work [29, 30] [31] [32] [33] [34] [35] [42] B^−_c → ηc eν 0.81 0.75 0.97 0.59 0.15 0.40 0.76 0.51 B^−_c → ηc τν 0.22 0.23 - 0.20 - - - - B^−_c → J/ψeν 2.07 1.9 2.35 1.20 1.47 1.21 2.01 1.44 B^−_c → J/ψτν 0.49 0.48 - 0.34 - - - - B^−_c → D^0eν 0.0035 0.004 0.006 - 0.0003 0.001 0.003 0.0014 B^−_c → D^0τν 0.0021 0.002 - - - - - - B^−_c → D^{∗ 0} eν 0.0038 0.018 0.018 - 0.008 0.008 0.013 0.0023 B^−_c → D^{∗ 0} τν 0.0022 0.008 - - - - - - B^−_c → B^0_s eν 1.10 4.03 1.82 0.99 0.8 0.82 0.98 0.92 B^−_c → B^{∗ 0}_s eν 2.37 5.06 3.01 2.30 2.3 1.71 3.45 1.41 B^−_c → B^0 eν 0.071 0.34 0.16 - 0.06 0.04 0.078 0.048 B^−_c → B^{∗ 0}eν 0.063 0.58 0.23 - 0.19 0.12 0.24 0.051

TABLE III: The branching ratios (in %) of exclusive semileptonic B^−_c decays into p–wave charmonium states, and into the 3D2 orbital excitation of the charmonium state ψ(3836). For the lifetime of the Bc we take τ(Bc) = 0.45 ps.

Mode This work [43] B^−_c → χc0 e ν 0.17 0.12 B^−_c → χc0 τ ν 0.013 0.017 B^−_c → χc1 e ν 0.092 0.15 B^−_c → χc1 τ ν 0.0089 0.024 B^−_c → hc e ν 0.27 0.17 B^−_c → hc τ ν 0.017 0.024 B^−_c → χc2 e ν 0.17 0.19 B^−_c → χc2 τ ν 0.0082 0.029 B^−_c → ψ(3836) e ν 0.0066 - B^−_c → ψ(3836) τ ν 0.000099 -

TABLE IV: Exclusive nonleptonic decay widths of the Bc meson in units of 10^{−15} GeV for general values of the Wilson coefficients a1 and a2 .

B^−_c → ηc π^− 2.11 a^2_1 B^−_c → ηc ρ^− 5.10 a^2_1 B^−_c → ηc K^− 0.166 a^2_1 B^−_c → ηc K^{∗ −} 0.276 a^2_1 B^−_c → J/ψπ^− 1.93 a^2_1 B^−_c → J/ψρ^− 5.49 a^2_1 B^−_c → J/ψK^− 0.150 a^2_1 B^−_c → J/ψK^{∗ −} 0.313 a^2_1 B^−_c → χc0 π^− 0.622 a^2_1 B^−_c → χc0 ρ^− 1.47 a^2_1 B^−_c → χc0 K^− 0.0472 a^2_1 B^−_c → χc0 K^{∗ −} 0.0787 a^2_1 B^−_c → χc1 π^− 0.0768 a^2_1 B^−_c → χc1 ρ^− 0.326 a^2_1 B^−_c → χc1 K^− 0.00574 a^2_1 B^−_c → χc1 K^{∗ −} 0.0201 a^2_1 B^−_c → hc π^− 1.24 a^2_1 B^−_c → hc ρ^− 2.78 a^2_1 B^−_c → hc K^− 0.0939 a^2_1 B^−_c → hc K^{∗ −} 0.146 a^2_1 B^−_c → χc2 π^− 0.518 a^2_1 B^−_c → χc2 ρ^− 1.33 a^2_1 B^−_c → χc2 K^− 0.0384 a^2_1 B^−_c → χc2 K^{∗ −} 0.0732 a^2_1 B^−_c → ψ(3836) π^− 0.0193 a^2_1 B^−_c → ψ(3836) ρ^− 0.0621 a^2_1 B^−_c → ψ(3836) K^− 0.00137 a^2_1 B^−_c → ψ(3836) K^{∗ −} 0.00355 a^2_1 B^−_c → ηc D^−_s (2.73 a1 + 2.82 a2)^2 B^−_c → ηc D^{∗ −}_s (2.29 a1 + 1.51 a2)^2 B^−_c → J/ψD^−_s (2.19 a1 + 1.32 a2)^2 B^−_c → J/ψD^{∗ −}_s (3.69 a1 + 2.35 a2)^2 B^−_c → ηc D^− (0.562 a1 + 0.582 a2 )^2 B^−_c → ηc D^{∗ −} (0.511 a1 + 0.310 a2 )^2 B^−_c → J/ψD^− (0.462 a1 + 0.277 a2 )^2 B^−_c → J/ψD^{∗ −} (0.785 a1 + 0.460 a2 )^2

B^−_c → B^0_sπ^− 39.7 a^2_1 B^−_c → B^0_sρ^− 23.6 a^2_1 B^−_c → B^{∗0}_s π^− 21.8 a^2_1 B^−_c → B^{∗0}_s ρ^− 115 a^2_1 B^−_c → B^0_sK^− 2.93 a^2_1 B^−_c → B^{∗0}_s K^− 1.34 a^2_1 B^−_c → B^0_sK^{∗ −} 0.115 a^2_1 B^−_c → B^{∗0}_s K^{∗ −} 5.12 a^2_1 B^−_c → B^0π^− 2.04 a^2_1 B^−_c → B^0ρ^− 2.05 a^2_1 B^−_c → B^{∗ 0} π^− 0.578 a^2_1 B^−_c → B^{∗ 0} ρ^− 3.07 a^2_1 B^−_c → B^0K^− 0.153 a^2_1 B^−_c → B^0K^{∗ −} 0.0490 a^2_1 B^−_c → B^{∗ 0} K^− 0.0361 a^2_1 B^−_c → B^{∗ 0} K^{∗ −} 0.133 a^2_1 B^−_c → B^−K^0 54.7 a^2 B^−_c → B^−K^{∗ 0} 16.7 a^2 B^−_c → B^{∗ −}K^0 12.8 a^2 B^−_c → B^{∗ −}K^{∗ 0} 46.3 a^2 B^−_c → B^−π^0 1.02 a^2 B^−_c → B^−ρ^0 1.03 a^2 B^−_c → B^{∗ −}π^0 0.289 a^2 B^−_c → B^{∗ −}ρ^0 1.54 a^2

TABLE V: Branching ratios (in %) of exclusive nonleptonic Bc decays with the choice of Wilson coefficient: a^c_1 = 1.20 and a^c_2 = −0.317 for c-decay, and a^b_1 = 1.14 and a^b_2 = −0.20 for b-decay. For the lifetime of the Bc we take τ(Bc) = 0.45 ps.

Mode This work [29, 30] [31] [32] [33] [34] [35] B^−_c → ηcπ^− 0.19 0.20 0.18 0.13 0.025 0.083 0.14 B^−_c → ηcρ^− 0.45 0.42 0.49 0.30 0.067 0.20 0.33 B^−_c → ηcK^− 0.015 0.013 0.014 0.013 0.002 0.006 0.011 B^−_c → ηcK^{∗ −} 0.025 0.020 0.025 0.021 0.004 0.011 0.018 B^−_c → J/ψπ^− 0.17 0.13 0.18 0.073 0.13 0.060 0.11 B^−_c → J/ψρ^− 0.49 0.40 0.53 0.21 0.37 0.16 0.31 B^−_c → J/ψK^− 0.013 0.011 0.014 0.007 0.007 0.005 0.008 Bc → J/ψK^{∗ −} 0.028 0.022 0.029 0.016 0.020 0.010 0.018 B^−_c → ηcD^−_s 0.44 0.28 0.054 0.35 0.50 - 0.26 B^−_c → ηcD^{∗ −}_s 0.37 0.27 0.044 0.36 0.057 - 0.24 B^−_c → J/ψD^−_s 0.34 0.17 0.041 0.12 0.35 - 0.15 B^−_c → J/ψD^{∗ −}_s 0.97 0.67 - 0.62 0.75 - 0.55 B^−_c → ηcD^− 0.019 0.015 0.0012 0.010 0.005 - 0.014 B^−_c → ηcD^{∗ −} 0.019 0.010 0.0010 0.0055 0.003 - 0.013 B^−_c → J/ψD^− 0.015 0.009 0.0009 0.0044 0.013 - 0.009 B^−_c → J/ψD^{∗ −} 0.045 0.028 - 0.010 0.023 - 0.028 B^−_c → B^0_s π^− 3.9 16.4 5.75 3.42 3.01 2.46 1.56 B^−_c → B^0_s ρ^− 2.3 7.2 4.41 2.33 1.34 1.38 3.86 B^−_c → B^{∗0}_s π^− 2.1 6.5 5.08 1.95 3.50 1.58 1.23 B^−_c → B^{∗ 0}_s ρ^− 11 20.2 14.8 12.1 10.8 10.8 16.8 B^−_c → B^0_s K^− 0.29 1.06 0.41 - 0.21 0.21 0.17 B^−_c → B^{∗ 0}_s K^− 0.13 0.37 0.29 - 0.16 0.11 0.13 B^−_c → B^0_s K^{∗ −} 0.011 - - - 0.0043 0.0030 0.10 B^−_c → B^{∗ 0}_s K^{∗ −} 0.50 - - - - - 1.14 B^−_c → B^0 π^− 0.20 1.06 0.32 0.15 0.19 0.10 0.10 B^−_c → B^0 ρ^− 0.20 0.96 0.59 0.19 0.15 0.13 0.28 B^−_c → B^{∗0} π^− 0.057 0.95 0.29 0.077 0.24 0.026 0.076 B^−_c → B^{∗ 0}ρ^− 0.30 2.57 1.17 0.67 0.85 0.67 0.89 B^−_c → B^0 K^− 0.015 0.07 0.025 - 0.014 0.009 0.010 B^−_c → B^0 K^{∗ −} 0.0048 0.015 0.018 - 0.003 0.004 0.012 B^−_c → B^{∗ 0}K^− 0.0036 0.055 0.019 - 0.012 0.004 0.006 B^−_c → B^{∗ 0}K^{∗ −} 0.013 0.058 0.037 - 0.033 0.032 0.065 B^−_c → B^−K^0 0.38 1.98 0.66 0.17 - 0.23 0.27 B^−_c → B^−K^{∗ 0} 0.11 0.43 0.47 0.095 - 0.09 0.32 B^−_c → B^{∗ −}K^0 0.088 1.60 0.50 0.061 - 0.10 0.16 B^−_c → B^{∗ −}K^{∗ 0} 0.32 1.67 0.97 0.57 - 0.82 1.70 B^−_c → B^−π^0 0.0070 0.037 0.011 0.007 - 0.003 0.004 B^−_c → B^−ρ^0 0.0071 0.034 0.020 0.009 - 0.005 0.010 B^−_c → B^{∗ −}π^0 0.0020 0.033 0.010 0.004 - 0.001 0.003 B^−_c → B^{∗ −}ρ^0 0.011 0.09 0.041 0.031 - 0.023 0.031

TABLE VI: Exclusive nonleptonic decay widths of the Bc meson into DD-mesons in units of 10^{−15} GeV.

B^−_c → D^− D^0 1.19 a^2 B^−_c → D^− D^0 (0.0225 a1 + 0.0225 a2 )^2 B^−_c → D^− D^{∗0} 1.38 a^2 B^−_c → D^− D^{∗ 0} (0.0118 a1 + 0.0234 a2 )^2 B^−_c → D^{∗ −} D^0 0.323 a^2 B^−_c → D^{∗ −} D^0 (0.0243 a1 + 0.0117 a2 )^2 B^−_c → D^{∗ −} D^{∗ 0} 0.770 a^2 B^−_c → D^{∗ −} D^{∗ 0} (0.0181 a1 + 0.0181 a2 )^2 B^−_c → D^−_s D^0 0.0779 a^2 B^−_c → D^−_s D^0 (0.111 a1 + 0.109 a2 )^2 B^−_c → D^−_s D^{∗ 0} 0.0881 a^2 B^−_c → D^−_s D^{∗ 0} (0.0580 a1 + 0.114 a2)^2 B^−_c → D^{∗ −}_s D^0 0.0236 a^2 B^−_c → D^{∗ −}_s D^0 (0.113 a1 + 0.0598 a2)^2 B^−_c → D^{∗ −}_s D^{∗ 0} 0.0574 a^2 B^−_c → D^{∗ −}_s D^{∗ 0} (0.0871 a1 + 0.0932 a2 )^2

TABLE VII: Branching ratios in units of 10^{−6} of the exclusive nonleptonic Bc decays into DD-mesons. For the Wilson coefficients we choose a^b_1 = 1.14 and a^b_2 = −0.20 relevant for the non-leptonic decays of the b̄ quark. For the lifetime of the Bc we take τ(Bc) = 0.45 ps.

Mode This work [37] [31] [38] [33] [35] B^−_c → D^−D^0 33 53 18 86 4.1 17 B^−_c → D^−D^{∗0} 38 75 19 75 3.6 21 B^−_c → D^{∗−} D^0 8.8 49 18 30 40 7.9 B^−_c → D^{∗−} D^{∗0} 21 330 30 55 66 23 B^−_c → D^−_s D^0 2.1 4.8 0.93 4.6 0.27 1.13 B^−_c → D^−_s D^{∗0} 2.4 7.1 0.97 3.9 0.25 1.35 B^−_c → D^{∗−}_s D^0 0.65 4.5 0.91 1.8 2.38 0.55 B^−_c → D^{∗−}_s D^{∗0} 1.6 26 1.54 3.5 4.1 1.63

Mode This work [37] B^−_c → D^−D^0 0.31 0.32 B^−_c → D^−D^{∗0} 0.052 0.28 B^−_c → D^{∗−} D^0 0.44 0.40 B^−_c → D^{∗−} D^{∗0} 0.20 1.59 B^−_c → D^−_s D^0 7.4 6.6 B^−_c → D^−_s D^{∗0} 1.3 6.3 B^−_c → D^{∗−}_s D^0 9.3 8.5 B^−_c → D^{∗−}_s D^{∗0} 4.5 40.4

TABLE VIII: Branching ratios (in (%)) of the exclusive nonleptonic B^−_c decays into p–wave charmonium states, and into the 3D2 orbital excitation of the charmonium state ψ(3836). The choice of Wilson coefficient is: a^c_1 = 1.20 and a^c_2 = −0.317 for c-decays, and a^b_1 = 1.14 and a^b_2 = −0.20 for b-decays. For the lifetime of the Bc we take τ(Bc) = 0.45 ps.

Mode This work [43] [44] [45] B^−_c → χc0 π^− 0.055 0.028 0.98 - B^−_c → χc1 π^− 0.0068 0.007 0.0089 - B^−_c → hc π^− 0.11 0.05 1.60 - B^−_c → χc2 π^− 0.046 0.025 0.79 0.0076 B^−_c → ψ(3836) π^− 0.0017 - 0.030 - B^−_c → χc0 K^− 0.0042 0.00021 - - B^−_c → χc1 K^− 0.00051 0.000052 - - B^−_c → hc K^− 0.0083 0.00038 - - B^−_c → χc2 K^− 0.0034 0.00018 - 0.00056 B^−_c → ψ(3836) K^− 0.00012 - - -

Mode This work [43] [44] [45] B^−_c → χc0 ρ^− 0.13 0.072 3.29 - B^−_c → χc1 ρ^− 0.029 0.029 0.46 - B^−_c → hc ρ^− 0.25 0.12 5.33 - B^−_c → χc2 ρ^− 0.12 0.051 3.20 0.023 B^−_c → ψ(3836) ρ^− 0.0055 - 0.98 - B^−_c → χc0 K^{∗−} 0.0070 0.00039 - - B^−_c → χc1 K^{∗−} 0.0018 0.00018 - - B^−_c → hc K^{∗−} 0.013 0.00068 - - B^−_c → χc2 K^{∗−} 0.0065 0.00031 - 0.0013 B^−_c → ψ(3836) K^{∗−} 0.00032 - - -

FIG. 1: Definition of the polar angles θ and θ∗ and the azimuthal angle χ in the cascade decay B^−_c → J/ψ(→ l^+ l^−) + ρ^−(→ π^−π^0 ).

V. ANGULAR DECAY DISTRIBUTIONS FOR THE DECAYS OF THE Bc MESON INTO J/ψ MODES

The exclusive decays of the B_c-meson involving a J/ψ meson have an excellent experimental signature since the J/ψ can be readily reconstructed from its leptonic decay channels J/ψ → μ^+μ^−, e^+e^−. In fact, decays of the B_c into J/ψ modes have been among the discovery channels of the B_c. In this section we write down the complete angular decay distributions for the nonleptonic decays B^−_c → J/ψ(→ l^+l^−) + ρ^−(→ π^−π^0), B^−_c → J/ψ(→ l^+l^−) + π^− and B^−_c → η_c + ρ^−(→ π^−π^0), and the semileptonic decay B^−_c → J/ψ + l^− + ν̄_l.

The experimental analysis of the angular decay distributions allows one to learn more about the decay dynamics of the B_c decays. The decay dynamics is encapsuled in the helicity structure functions that multiply the angular factors in the decay distribution. Vice versa, the explicit form of the decay distributions may be a useful input for writing event generators for the decay process where one now has to make use of some theoretical input to determine explicit values for the helicity structure functions.

We first discuss the nonleptonic cascade decay B^−_c → J/ψ(→ l^+l^−) + ρ^−(→ π^−π^0). The branching ratio of this mode is predicted to be approximately three times the branching ratio of the decay B^−_c → J/ψ(→ l^+l^−) + π^− which has already been seen [2]. It is not difficult to anticipate that the decay mode B^−_c → J/ψ + ρ^− will be one of the next exclusive decay modes to be seen in the very near future. The decay mode B^−_c → J/ψ + ρ^− will afford an excellent opportunity to take a more detailed look at the spin dynamics of the primary weak decay process through an analysis of the joint angular decay distributions of the second stage decays J/ψ → l^+l^− and ρ^− → π^−π^0).

The angular decay distribution of the cascade decay B^−_c → J/ψ(→ l^+l^−) + ρ^−(→ π^−π^0) has been discussed before in [15, 46, 47, 48] including also lepton mass effects [15]. We rederive the angular decay distribution using the methods described in [8, 12]. The angular decay distribution can be cast into the form

W (θ, χ, θ^∗) ∝ ∑ λ=m,λ′ =m′ λl ,λl′ |h_{λlλl′} |^2e^{i(m−m′ )(π−χ)} × d^1_{m,λl−λl′} (θ)d^1_m′_{,λl−λl′} (θ)H_{λm}H^†_λ′_m′ d^1_{λ0}(θ^∗)d^1_λ′_0(θ^∗) , (23)

where the d^1_{mm}′ are Wigner’s d–functions in the convention of Rose. The summation in (23) runs over λ = m = 0, ±1, λ^′ = m^′ = 0, ±1 and λ_l, λ_l′ = ±1/2. The helicity amplitudes h_{λlλl′} describe the decay J/ψ(λ_l −λ_l′ ) → l^+(λ_l)+l^− (λ_l′ ) with lepton helicities λ_l and λ_l′ where l and l^′ denote the positively and negatively charged leptons, respectively. Similarly the helicity amplitudes H_{λm} describe the decay B^−_c → J/ψ(m) + ρ^−(λ) where the helicities of the J/ψ and the ρ^− are denoted by m and λ, respectively. Since λ = m from angular momentum conservation we shall drop one of the helicity labels in the helicity amplitudes, i.e. we write H_m for H_{λm} (m = 0, ±1). The angles θ, χ and θ^∗ are defined in Fig. 1.

We begin with by neglecting helicity flip effects in the decay J/ψ → l^+l^−, i.e. we take λ_l = −λ_l′ in Eq. (23). Further we assume that the helicity amplitudes are relatively real neglecting possible T –odd effects. One then obtains dΓ d cos θ dχ d cos θ^∗ = 1 2π [3 8 (1 + cos^2 θ) 3 4 sin^2 θ^∗Γ_U + 3 4 sin^2 θ 3 2 cos^2 θ^∗Γ_L + 9 32 sin 2θ cos χ sin 2θ^∗Γ_I − 1 2 · 3 4 sin^2 θ cos 2χ 3 4 sin^2 θ^∗Γ_T ] (24)

Integrating (24) over χ and θ^∗ one obtains dΓ d cos θ = 3 8 (1 + cos^2 θ)Γ_U + 3 4 sin^2 θΓ_L := 3 8 (Γ_U + 2Γ_L)(1 + α_{L/T} cos^2 θ) , (25)

where the asymmetry parameter α_{L/T} = Γ_U − 2Γ_L Γ_U + 2Γ_L

(26)

is a measure of the transverse/longitudinal composition of the produced J/ψ.

Upon full angular integration one has Γ = Γ_U + Γ_L. Note that we have taken the freedom to omit the branching ratio factors Br(J/ψ → l^+l^−) and Br(ρ^− → π^−π^0) on the right hand side of Eq. (24). The reason is that, upon angular integration, we want to obtain the total rate Γ(B^−_c → J/ψ + ρ^−). The partial rates Γ_i(i = U, P, L, T, I) in Eq. (24) are related to bilinear products of the helicity amplitudes via

Γ_i =

G^2_F 16π |V_{cb}V_{ud}a_1f_ρm_ρ|^2 |p_2| m^2_{Bc} H_i , (27)

where |p_2| is the magnitude of the three-momentum of the ρ^− (or the J/ψ) in the rest frame of the B_c-meson. The helicity structure functions H_i (i = U, P, L, T, I) are given by

H_U = |H_+|^2 + |H_−|^2 , H_P = |H_+|^2 − |H_−|^2 , H_L = |H_0|^2 , (28) H_T = ReH_+H^†_− ,

H_I = 1 2 Re(H_+H^†_0 + H_−H^†_0) .

Using our constituent quark model results the partial rates Γ_i take the following values

Γ_U = +0.826 · 10^{−15} GeV, Γ_P = −0.644 · 10^{−15} GeV, Γ_L = +6.30 · 10^{−15} GeV, (29) Γ_T = +0.259 · 10^{−15} GeV, Γ_I = +1.46 · 10^{−15} GeV.

Using the inverse lifetime τ (B_c)^{−1} = 1.463 · 10^{−12} GeV and the sum Γ_U + Γ_L in Eq. (29) one numerically reproduces the branching ratio listed in Table V.

Even though H_P cannot be measured in the cascade decay B^−_c → J/ψ(→ l^+l^−) + ρ^−(→ π^−π^0) we have included the parity-odd helicity structure function H_P = |H_+|^2 − |H_−|^2 in the results for illustrative reasons in order to exemplify the hierarchy of helicity rates. The reason that H_P cannot be measured is that the analyzing decays J/ψ → l^+l^− and ρ^− → π^−π^0 are both parity–conserving. From the numbers in Eq. (29) one finds the hierarchy Γ_L/Γ : Γ_−/Γ : Γ_+/Γ = 88% : 10.3% : 1.3% where Γ_± = (Γ_U ± Γ_P )/2. The longitudinal rate strongly dominates over the transverse rates. In terms of the asymmetry parameter α_{L/T} defined in Eq. (25) we find α_{L/T} = −0.88 as compared to α_{L/T} = −0.85 in [49]. Among the transverse rates the transverse–minus rate Γ_− dominates over the transverse–plus rate Γ_+ (for Γ(B^+_c → J/ψ + ρ^+) one has Γ_+ > Γ_−). The predicted hierarchy of rates can be easily understood in terms of simple spin arguments as were given some time ago in [50, 51] and rediscovered in [52]. In the so–called B → V V –decays the dominance of the longitudinal mode has been experimentally confirmed in the decay B → ρρ but not in the decay B → ϕK^∗ where enhanced penguin effects may play an important role (see the discussion in [52, 53, 54]).

For the charge conjugate mode B^+_c → J/ψ + ρ^+ the angular decay distributions in Eqs. (24) and (25) will remain unchanged since from CP invariance one has H̄_λ(B^+_c ) = H_{−λ}(B^−_c ) for real helicity amplitudes. The partial helicity rates Γ_{U,L,T,I} remain unchanged going from the B^−_c to the B^+_c mode (Γ̄_{U,L,T,I} = Γ_{U,L,T,I}) except for the partial helicity rate Γ_P which is not measurable in the decay.

For the sake of completeness we also list the corresponding angular decay distribution when lepton mass and T –odd effects are included. For nonvanishing lepton masses one now has to also include helicity flip effects (λ_l = λ_l′ ) in the decay J/ψ → l^+l^− which are nonvanishing for nonvanishing lepton masses. We also drop the assumption that the helicity amplitudes are relatively real thus including possible T –odd effects.

Although the helicity flip effects are expected to be quite small for the decay J/ψ → μ^+μ^− we shall include them for completeness. Lepton mass effects have to be taken into account e.g. in the decay J/ψ(2S) → τ^+ + τ^− (not discussed in this paper) since the J/ψ(2S) has a mass of 3686 MeV which lies above the (τ^+ + τ^−)–threshold (2m_τ = 3.554 GeV). When helicity flip effects are included one needs to know the ratio of the squared flip and nonflip helicity amplitudes of the decay J/ψ → μ^+μ^− which are given by

|h 1_2 1_2 |^2

|h 1_{2 −} 1_2 |^2 = 2m^2_l m^2_{J/ψ} := 4 ϵ . (30)

The remaining two flip and nonflip amplitudes can be obtained from the parity relations h_− 1_{2 −} 1_2 = h 1_2 1_2 and h_− 1_2 1_2 = h 1_{2 −} 1_2 .

Using Eqs. (23) and (30) and putting in the correct normalization one obtains (we now reinstitute the branching ratio factors) dΓ d cos θ dχ d cos θ^∗ = Br(J/ψ → l^+l^−)Br(ρ^− → π^−π^0)

G^2_F 16π |V_{cb}V_{ud}a_1f_ρm_ρ|^2 |p_2| m^2_{Bc} 1 1 + 4ϵ

(31) × 9 64π [ ( |H_+|^2 + |H_−|^2 ) (1 + cos^2 θ) sin^2 θ^∗ + 4 |H_0|^2 sin^2 θ cos^2 θ^∗ + ( Re(H_0H^†_+) + Re(H_0H^†_−) ) sin 2θ sin 2θ^∗ cos χ

−2 Re(H_−H^†_+) sin^2 θ sin^2 θ^∗ cos 2χ + ( Im(H_0H^†_+) − Im(H_0H^†_−) ) sin 2θ sin 2θ^∗ sin χ

+2 Im(H_−H^†_+) sin^2 θ sin^2 θ^∗ sin 2χ + m^2_l 2m^2_{J/ψ} { 8 ( |H_+|^2 + |H_−|^2 ) sin^2 θ sin^2 θ^∗ + 32 |H_0|^2 sin^2 θ cos^2 θ^∗ −8 ( Re(H_0H^†_+) + Re(H_0H^†_−) ) sin 2θ sin 2θ^∗ cos χ

+16 Re(H_−H^†_+) cos^2 θ sin^2 θ^∗ cos 2χ −8 ( Im(H_0H^†_+) − Im(H_0H^†_−) ) sin 2θ sin 2θ^∗ sin χ

−16 Im(H_−H^†_+) sin^2 θ sin^2 θ^∗ sin 2χ } ] . We have checked that the angular decay distribution in Eq. (31) agrees with the corresponding angular decay distribution written down in [15]. In addition, we have checked the correctness of the signs of the nonflip azimuthal correlations by going through a fully covariant calculation. Note that the angular decay distribution is invariant under θ → π − θ, χ → χ + π and θ^∗ → π − θ^∗, χ → χ + π showing that the polar and azimuthal angles in Fig. 1 could have also been defined by changing the labels l^+ ↔ l^− and/or π^− ↔ π^0.

We have also included so-called T–odd contributions in the decay distribution (31) which can have their origin in possible imaginary parts of the helicity amplitudes. These could arise from strong interaction phases generated from final state interaction effects or from weak phases occurring in extensions of the Standard Model (see e.g. [13, 14]). In the Standard Model and in the factorization approximation these T–odd contributions vanish, i.e. the angular decay distribution (31) would be reduced to that part given by the real contributions listed in (24). It would nevertheless be interesting to experimentally check on the possible presence of T–odd contributions in the angular decay distribution Eq. (31).

The angular decay distribution for the charge conjugate mode B^+_c → J/ψ + ρ^+ can be obtained from Eq. (31) by the replacement H_i(B^−_c ) → H̄_i(B^+_c ) in Eq. (31). The charge conjugate helicity amplitudes H̄_i and the helicity amplitudes H_i are related by (see e.g. [14, 46])

H_± = |H_∓|e^{i(δ±+ϕ± )} H_0 = |H_0|e^{i(δ0+ϕ0 )} H̄_± = |H_∓|ei(δ±−ϕ±) H̄_0 = |H_0|ei(δ0−ϕ0) (32)

where the δ_i and ϕ_i denote the strong and weak phases of the helicity amplitudes, respectively. A discussion of CP violating observables in this process can be found in [46, 47, 48].

Next we turn to the angular decay distribution for the decay B^−_c → J/ψ(→ l^+l^−) + π^−. It can be obtained from Eq. (31) by setting the transverse helicity amplitudes to zero and replacing the longitudinal helicity amplitude H_0 by

FIG. 2: Definition of the polar angles θ and θl and the azimuthal angle χ in the cascade decay B^−_c → J/ψ(→ l^+ l^−)+W^−_{off−shell} (→ l^− + ν̄l).

the corresponding scalar (or time-component) helicity amplitude H_t of the decay B_c → J/ψ + π^−. After cos θ– and χ–integration one obtains dΓ d cos θ

= Br(J/ψ → l^+l^−)

G^2_F 16π |V_{cb}V_{ud}a_1f_π m_π |^2 |p_2| m^2_{Bc} 1 1 + 4ϵ |H_t|^2 3 4 (sin^2 θ + 8ϵ cos^2 θ) . (33)

In a similar way one obtains the angular decay distribution for the decay B^−_c → η_c + ρ^−(→ π^−π^0) where one finds dΓ d cos θ^∗

= Br(ρ^− → π^−π^0)

G^2_F 16π |V_{cb}V_{ud}a_1f_ρm_ρ|^2 |p_2| m^2_{Bc} |H_0|^2 3 2 cos^2 θ^∗ , (34)

and where now H_0 is the helicity amplitude of the decay B^−_c → η_c + ρ^−.

Finally we analyze the angular decay distribution in the semileptonic decay B^−_c → J/ψ(→ l^+l^−) + l^− + ν̄_l. We shall now neglect lepton mass effects altogether and assume that the helicity amplitudes are relatively real thus neglecting T –odd effects in the decay. Using again the methods described in [8, 12] the angular decay distribution can be cast into the form W (θ, χ, θ_l) ∝ ∑ λ=m,λ′ =m′ λl=−λνl e^{i(m−m′ )(π−χ)} × d^1_{m,λl−λl′} (θ)d^1_m′_{,λl−λl′} (θ)H_{λm}H^†_λ′_m′ d^1_{λ,∓1}(θ_l )d^1_λ′_{,∓1}(θ_l) , (35)

where the angles of the decay process are defined in Fig. 2. Putting in the correct normalization one obtains dΓ dq^2d cos θ dχ d cos θ_l = 1 2π [ 3 8 (1 + cos^2 θ) 3 8 (1 + cos^2 θ_l ) dΓ_U dq^2 (36) + 3 4 sin^2 θ 3 4 sin^2 θ_l dΓ_L dq^2 ± 3 8 (1 + cos^2 θ) 3 4 cos θ_l dΓ_P dq^2 + 3 4 sin^2 θ 3 4 sin^2 θ_l cos 2χ 2 dΓ_T dq^2 + 3 4 sin 2θ 3 8 sin 2θ_l cos χ dΓ_I dq^2 ± 3 4 sin 2θ 3 4 sin θ_l cos χ dΓ_A dq^2 ] . The contributions proportional to Γ_P and Γ_A in Eq. (36) change signs when going from the (l^−, ν̄_l) to the (l^+, ν_l) case, i.e. when going from the decay B^−_c → J/ψ +l^− +ν̄_l to the decay B^+_c → J/ψ +l^+ +ν_l. For the terms proportional to Γ_P and Γ_A the upper and lower signs holds for the (l^−, ν̄_l) and (l^+, ν_l) cases, respectively. However, since Γ_P and Γ_A also change signs when going from B^−_c → J/ψ + l^− + ν̄_l to B^+_c → J/ψ + l^+ + ν_l the form of the effective decay distribution will be the same in both cases. Similar to the nonleptonic decay B^−_c → J/ψ + ρ^− discussed earlier in this section the angular decay distribution (36) is invariant under θ → π − θ, χ → χ + π showing that the polar angle θ and the azimuthal angle χ in Fig. 2 could have also been defined by changing the labels l^+ ↔ l^− in the decay J/ψ → l^+l^−. Upon angular integration one has dΓ/dq^2 = dΓ_U /dq^2 + dΓ_L/dq^2. Note that we have again taken the freedom to omit the branching ratio factor Br(J/ψ → l^+l^−). The reason is again, when integrating Eq. (36) over q^2 and doing the angular integrations, we want to obtain the total rate Γ(B^−_c → J/ψ + l + ν_l). After χ and cos θ integration one recovers the corresponding single angle decay distribution written down in [10]. The differential partial helicity rates dΓ_i/dq^2 (i = U, L, P, T, I, A) are defined by dΓ_i dq^2 = G^2_F (2π)^3 |V_{bc}|^2 q^2 |p_2| 12 m^2_1

H_i , (37)

where

H_U = |H_+|^2 + |H_−|^2 , H_P = |H_+|^2 − |H_−|^2 , H_L = |H_0|^2 , H_T = ReH_+H^†_− , (38)

H_I = 1 2 Re(H_+H^†_0 + H_−H^†_0) ,

H_A = 1 2 Re(H_+H^†_0 − H_−H^†_0) .

Numerically, we obtain the following values for the integrated partial rates Γ_i

Γ_U = +14.49 · 10^{−15} GeV, Γ_P = −8.182 · 10^{−15} GeV, Γ_L = +15.80 · 10^{−15} GeV, Γ_T = +5.850 · 10^{−15} GeV, (39) Γ_I = +9.494 · 10^{−15} GeV, Γ_A = −3.208 · 10^{−15} GeV.

The longitudinal rate Γ_L and the (unpolarized) transverse rate Γ_U are of approximately equal size where the longitudinal rate dominates at small q^2 (e.g. at q^2 = m^2_ρ as discussed earlier for the decay B^−_c → J/ψ + ρ^−) and the transverse rate dominates at large q^2. This implies that one no longer has a pronounced longitudinal dominance in B_c → V V decays when the form factors are probed at higher momentum transfers as e.g. in the decay B^−_c → J/ψ + D^{∗ −}. Reexpressing Γ_U and Γ_P in terms of the transverse–minus and transverse–plus rates one finds Γ_− = 11.34 ×10^{−15} GeV and Γ_+ = 3.155 × 10^{−15} GeV. The dominance of Γ_− over Γ_+ reflects the basic left–chiral current structure of the b → c current transition. The interference contributions Γ_T , Γ_I and Γ_A are large enough to provide significant azimuthal correlations in the semileptonic decay process.

VI. SUMMARY AND CONCLUSIONS

We have performed a comprehensive analysis of the exclusive semileptonic and nonleptonic decays of the B_c–meson. The predicted branching ratios range from very small numbers of O(10^{−6}) up to the largest branching fraction of 11% for the nonleptonic decay B^−_c → B^{∗ 0}_s ρ^−. We have compared our results with the results of other studies. In general the results of the various model calculations are of the same order of magnitude while they can differ by factors of ten for specific decay modes. As a curious by–note we mention that a first attempt at estimating exclusive nonleptonic B_c decays can be found in [50]. Using the present value of V_{bc} (which was not known in 1978) and the present τ (B_c) = 0.45 ps the authors of [50] calculated branching ratios of 0.29% and 0.69% for B_c → J/ψ + ρ and B_c → J/ψ + π, respectively, with a L : T_− : T_+ ratio of 88% : 10.4% : 2% for B_c → J/ψ + ρ. The branching ratios are ≈ 50% above the branching ratios of the present calculation, whereas the helicity rate composition of the decay B_c → J/ψ + ρ is very close to that of the present model given in Sec. V. At any rate, we are looking forward to a detailed experimental study of the many exclusive decay modes of the B_c meson described in this paper.

We have taken a more detailed look at the spin dynamics of the decay modes B^−_c → J/ψ(→ l^+l^−) + ρ^−(→ π^−π^0) and B^−_c → J/ψ(→ l^+l^−) + W^−_{off−shell}(→ l^− + ν̄_l) involving a J/ψ in the final state for which we have presented explicit formulas for their joint angular decay distributions. We have discussed the changes in the decay distributions for the corresponding B^+_c decay modes. It should be possible to test the joint angular decay distributions and extract values for the helicity structure functions with data samples of the O(100).

With our model assumptions the total exclusive rates calculated in this paper for the B^−_c decays are identical to the corresponding rates for the B^+_c rates. As concerns the partial transverse helicity rates in the B_c → V V modes one has to change T_− ↔ T_+ when going from B^−_c → V V to B^+_c → V V as discussed in Sec. V.

Acknowledgments

M.A.I. appreciates the partial support by the DFG (Germany) under the grant 436 RUS 17/26/04, the Heisenberg- Landau Program and the Russian Fund of Basic Research (Grant No.04-02-17370).

APPENDIX: WIDTHS FORMULAS FOR WEAK Bc-DECAYS

The leptonic decay widths are given by Γ(P → lν̄) = G^2_F 8 π |V_{q1q2} |^2 f^2_P m_P m^2_l [ 1 − m^2_l m^2_P

]_2 ,

Γ(V → lν̄) = G^2_F 4 π |V_{q1q2} |^2 f^2_V m^3_V [ 1 − m^2_l m^2_V

]_2 [ 1 + m^2_l 2 m^2_V ] . For the semileptonic B_c-decay widths one finds

Γ(B^−_c → M_{c̄c} lν̄) =

G^2_F (2 π)^3 |V_{cb}|^2 q^2_−∫

m^2_l dq^2 (q^2 − m^2_l )^2 |p_2| 12 m^2_1 q^2

× ( 1 + m^2_l 2 q^2 ) ∑ i=±,0 ( H^{Bc →Mc̄c} i (q^2)

)_2 + 3 m^2_l 2 q^2 ( H^{Bc →Mc̄c} t (q^2)

)_2 ,

Γ(B^−_c → D^0 lν̄) =

G^2_F (2 π)^3 |V_{ub}|^2 q^2_−∫

m^2_l dq^2 (q^2 − m^2_l )^2 |p_2| 12 m^2_1 q^2

× ( 1 + m^2_l 2 q^2 ) ∑ i=±,0 ( H^{Bc →D0} i (q^2)

)_2 + 3 m^2_l 2 q^2 ( H^{Bc→D0} t (q^2)

)_2 ,

Γ(B^−_c → B^0_q lν̄) =

G^2_F (2 π)^3 |V_{cd}|^2 q^2_−∫

m^2_l dq^2 (q^2 − m^2_l )^2 |p_2| 12 m^2_1 q^2

× ( 1 + m^2_l 2 q^2 ) ∑ i=±,0 ( H^{Bc→B} 0 q i (q^2)

)_2 + 3 m^2_l 2 q^2 ( H^{Bc→B} 0 q t (q^2)

)_2 , (q = s, d), where q^2_± = (m_1 ± m_2)^2, m_1 ≡ m_{Bc} , and m_2 ≡ m_f . Note that D^0 and B^0_q denote both the pseudoscalar and vector cases.

1. Nonleptonic Bc -Decay Widths

Finally, the nonleptonic B_c-decay widths are given by the expressions in the following two sections.

a. Transitions due to b-decays

Γ(B^−_c → P^−M_{c̄c}) =

G^2_F 16 π

|p_2| m^2_1 | |V_{cb}V^†_{uq} a_1f_P m_P | |^2 ( H^{Bc →Mc̄c} t (m^2_P )

)_2 , (P^− = π^−, K^+, and q = d, s, respectively),

Γ(B^−_c → V^−M_{c̄c}) =

G^2_F 16 π

|p_2| m^2_1

|V_{cb}V^†_{uq}a_1f_V m_V |^2 ∑ i=0,± ( H^{Bc→Mc̄c} i (m^2_V )

)_2 , (V^− = ρ^−, K^{∗ +}, and q = d, s, respectively),

Γ(B^−_c → D^−_q D^0) =

G^2_F 16 π

|p_2| m^2_1 |V_{ub}V^†_{cq}|^2 { a_1f_D−_q m_D−_q H^{Bc →D0}_t (m^2_D−_q ) + a_2f_D0 m_D0 H^{Bc →D−q}_t (m^2_D0 )

}_2

Γ(B^−_c → D^{∗ −}_q D^0) =

G^2_F 16 π

|p_2| m^2_1 |V_{ub}V^†_{cq}|^2 { a_1f_D∗ −_q m_D∗ −_q H^{Bc→D0}_0 (m^2_D∗ −_q ) + a_2f_D0 m_D0 H^{Bc →D∗ −q}_t (m^2_D0 )

}_2

Γ(B^−_c → D^−_q D^{∗ 0}) =

G^2_F 16 π

|p_2| m^2_1 |V_{ub}V^†_{cq}|^2 { a_1f_D−_q m_D−_q H^{Bc →D∗ 0} t (m^2_D−_q ) + a_2f_D∗ 0 m_D∗ 0 H^{Bc →D−q}_0 (m^2_D∗ 0 )

}_2

Γ(B^−_c → D^{∗ −}_q D^{∗ 0}) =

G^2_F 16 π

|p_2| m^2_1 |V_{ub}V^†_{cq}|^2 × ∑ i=0,± { a_1f_D∗ −_q m_D∗ −_q H^{Bc →D∗ 0} i (m^2_D∗ −_q ) + a_2f_D∗ 0 m_D∗ 0 H^{Bc→D∗ −q}_i (m^2_D∗ 0 )

}_2

Γ(B^−_c → D^−_q D^0) =

G^2_F 16 π

|p_2| m^2_1

|V_{cb}V^†_{uq}a_2f_D0 m_D0 |^2 ( H^{Bc→D−q} t (m^2_D0 )

)_2

Γ(B^−_c → D^{∗ −}_q D^0) =

G^2_F 16 π

|p_2| m^2_1

|V_{cb}V^†_{uq}a_2f_D0 m_D0 |^2 ( H^{Bc→D∗ −q} t (m^2_D0 )

)_2

Γ(B^−_c → D^−_q D^{∗ 0}) =

G^2_F 16 π

|p_2| m^2_1

|V_{cb}V^†_{uq}a_2f_D∗ 0 m_D∗ 0 |^2 ( H^{Bc→D−q} 0 (m^2_D∗ 0 )

)_2

Γ(B^−_c → D^{∗ −}_q D^{∗ 0}) =

G^2_F 16 π

|p_2| m^2_1

|V_{cb}V^†_{uq}a_2f_D∗ 0 m_D∗ 0 |^2 ∑ i=0,± ( H^{Bc →D∗ −q} i (m^2_D∗ 0 )

)_2

Γ(B^−_c → D^−_q η_c) =

G^2_F 16 π

|p_2| m^2_1 |V_{cb}V^†_{cq} |^2 { a_1f_D−_q m_D−_q H^{Bc →ηc}_t (m^2_D−_q ) + a_2f_{ηc} m_{ηc} H^{Bc→D−q}_t (m^2_{ηc} )

}_2

Γ(B^−_c → D^{∗ −}_q η_c) =

G^2_F 16 π

|p_2| m^2_1 |V_{cb}V^†_{cq} |^2 { a_1f_D∗ −_q m_D∗ −_q H^{Bc →ηc}_0 (m^2_D∗ −_q ) + a_2f_{ηc} m_{ηc} H^{Bc→D∗ −q}_t (m^2_{ηc} )

}_2

Γ(B^−_c → D^−_q J/ψ) = G^2_F 16 π

|p_2| m^2_1 |V_{cb}V^†_{cq} |^2 { a_1f_D−_q m_D−_q H^{Bc →J/ψ} t (m^2_D−_q ) + a_2f_{J/ψ} m_{J/ψ} H^{Bc→D−q}_t (m^2_{J/ψ} ) }_2

Γ(B^−_c → D^{∗ −}_q J/ψ)) = G^2_F 16 π

|p_2| m^2_1 |V_{cb}V^†_{cq} |^2

× ∑ i=0,± { a_1f_D∗ − m_D∗ −_q H^{Bc →J/ψ} i (m^2_D∗ −_q ) + a_2f_{J/ψ}m_{J/ψ} H^{Bc →D∗ −q}_i (m^2_{J/ψ} ) }_2

b. Transitions due to c-decays

Γ(B^−_c → B^0P^−) =

G^2_F 16 π

|p_2| m^2_1

|V_{cd}V^†_{uq}a_1f_P m_P |^2 ( H^{Bc→B0} t (m^2_P )

)_2

Γ(B^−_c → B^0V^−) =

G^2_F 16 π

|p_2| m^2_1

|V_{cd}V^†_{uq}a_1f_V m_V |^2 ( H^{Bc →B0} 0 (m^2_V )

)_2

Γ(B^−_c → B^{∗ 0}P^−) =

G^2_F 16 π

|p_2| m^2_1

|V_{cd}V^†_{uq}a_1f_P m_P |^2 ( H^{B−c →B∗ 0} t (m^2_P )

)_2

Γ(B^−_c → B^{∗ 0}V^−) =

G^2_F 16 π

|p_2| m^2_1

|V_{cd}V^†_{uq}a_1f_V m_V |^2 ∑ i=0,± ( H^{B−c →B∗ 0} i (m^2_V )

)_2

Γ(B^−_c → B^0_sP^−) =

G^2_F 16 π

|p_2| m^2_1

|V_{cs}V^†_{uq} a_1f_P m_P |^2 ( H^{B−c →B0s} t (m^2_P )

)_2

Γ(B^−_c → B^0_sV^−) =

G^2_F 16 π

|p_2| m^2_1

|V_{cs}V^†_{uq} a_1f_V m_V |^2 ( H^{B−c →B0s} 0 (m^2_V )

)_2

Γ(B^−_c → B^{∗ 0}_s P^−) =

G^2_F 16 π

|p_2| m^2_1

|V_{cs}V^†_{uq} a_1f_P m_P |^2 ( H^{B−c →B∗ 0s} t (m^2_P )

)_2

Γ(B^−_c → B^{∗ 0}_s V^−) =

G^2_F 16 π

|p_2| m^2_1

|V_{cs}V^†_{uq} a_1f_V m_V |^2 ∑ i=0,± ( H^{B−c →B∗ 0s} i (m^2_V )

)_2

Γ(B^−_c → B^−π^0) =

G^2_F 16 π

|p_2| m^2_1 | | | |V^{cd}V^†ud a_2 √ 2 f_π m_π | | | | 2 ( H^{B−c →B−} t (m^2_π0 )

)_2

Γ(B^−_c → B^−ρ^0) =

G^2_F 16 π

|p_2| m^2_1 | | | |V^{cd}V^†ud a_2 √ 2 f_ρm_ρ | | | | 2 ( H^{B−c →B−} 0 (m^2_π0 )

)_2

Γ(B^−_c → B^−K^0) =

G^2_F 16 π

|p_2| m^2_1

|V_{cs}V^†_{ud}a_2f_K m_K |^2 ( H^{B−c →B−} t (m^2_K0 )

)_2

Γ(B^−_c → B^−K^{∗ 0}) =

G^2_F 16 π

|p_2| m^2_1 |V_{cs}V^†_{ud}a_2f_K∗ m_K∗ |^2 ( H^{B−c →B−} 0 (m^2_K∗ 0 )

)_2

Γ(B^−_c → B^−K^0) =

G^2_F 16 π

|p_2| m^2_1

|V_{cd}V^†_{us}a_2f_K m_K |^2 ( H^{B−c →B−} t (m^2_K 0 )

)_2

Γ(B^−_c → B^−K^{∗0}) =

G^2_F 16 π

|p_2| m^2_1 |V_{cd}V^†_{us}a_2f_K∗ m_K∗ |^2 ( H^{B−c →B−} 0 (m^2_K∗ 0 )

)_2

[1] F. Abe et al. [CDF Collaboration], Phys. Rev. D 58, (1998) 112004 [arXiv:hep-ex/9804014]; Phys. Rev. Lett. 81, (1998) 2432 [arXiv:hep-ex/9805034].

[2] D. Acosta et al. [CDF Collaboration], arXiv:hep-ex/0505076. [3] M. D. Corcoran [CDF Collaboration], arXiv:hep-ex/0506061. [4] M. Lusignoli and M. Masetti, Z. Phys. C 51, 549 (1991).

[5] V. V. Kiselev in N. Brambilla et al., CERN Yellow Report “Heavy quarkonium physics”, CERN-2005-005, Geneva: CERN, 2005. 487 p. arXiv:hep-ph/0412158.

[6] C. H. Chang, arXiv:hep-ph/0509211.

[7] M. A. Ivanov, J. G. Körner and P. Santorelli, Phys. Rev. D 63, 074010 (2001) [arXiv:hep-ph/0007169].

[8] A. Faessler, T. Gutsche, M. A. Ivanov, J. G. Körner and V. E. Lyubovitskij, Eur. Phys. J. directC 4, 18 (2002) [arXiv:hep-ph/0205287].

[9] M. A. Ivanov, J. G. Körner and O. N. Pakhomova, Phys. Lett. B 555, 189 (2003) [arXiv:hep-ph/0212291]. [10] M. A. Ivanov, J. G. Körner and P. Santorelli, Phys. Rev. D 71, 094006 (2005) [arXiv:hep-ph/0501051]. [11] M. Artuso et al. [CLEO Collaboration], Phys. Rev. Lett. 95 (2005) 251801 [arXiv:hep-ex/0508057]. [12] J. G. Körner and G. A. Schuler, Z. Phys. C 46, 93 (1990). [13] J. G. Körner, K. Schilcher and Y. L. Wu, Phys. Lett. B 242, 119 (1990). [14] J. G. Körner, K. Schilcher and Y. L. Wu, Z. Phys. C 55, 479 (1992). [15] P. Bialas, J. G. Körner, M. Kramer and K. Zalewski, Z. Phys. C 57, 115 (1993). [16] A. Kadeer, J. G. Körner and U. Moosbrugger, arXiv:hep-ph/0511019.

[17] G. V. Efimov and M. A. Ivanov, “The Quark Confinement Model Of Hadrons,” Bristol, UK: IOP (1993) 177 p; Int. J.

Mod. Phys. A 4, 2031 (1989).

[18] M. A. Ivanov, M. P. Locher and V. E. Lyubovitskij, Few Body Syst. 21, 131 (1996) [arXiv:hep-ph/9602372]; M. A. Ivanov and V. E. Lyubovitskij, Phys. Lett. B 408, 435 (1997) [arXiv:hep-ph/9705423].

[19] A. Salam, Nuovo Cim. 25, 224 (1962); S. Weinberg, Phys. Rev. 130, 776 (1963); K. Hayashi et al., Fort. der Phys. 15, 625 (1967).

[20] M. A. Ivanov, Y. L. Kalinovsky and C. D. Roberts, Phys. Rev. D 60, 034018 (1999) [arXiv:nucl-th/9812063]; M. A. Ivanov, Y. L. Kalinovsky, P. Maris and C. D. Roberts, Phys. Rev. C 57, 1991 (1998) [arXiv:nucl-th/9711023]; M. A. Ivanov, Y. L. Kalinovsky, P. Maris and C. D. Roberts, Phys. Lett. B 416, 29 (1998) [arXiv:nucl-th/9704039].

[21] E. Jenkins, M. E. Luke, A. V. Manohar and M. J. Savage, Nucl. Phys. B 390 (1993) 463 [22] C. Aubin et al., Phys. Rev. Lett. 95 (2005) 122002 [arXiv:hep-lat/0506030].

[23] T. W. Chiu, T. H. Hsieh, J. Y. Lee, P. H. Liu and H. J. Chang, Phys. Lett. B 624, 31 (2005) [arXiv:hep-ph/0506266]. [24] A. Gray et al. [HPQCD Collaboration], Phys. Rev. Lett. 95 (2005) 212001 [arXiv:hep-lat/0507015]. [25] M. Wingate, C. T. H. Davies, A. Gray, G. P. Lepage and J. Shigemitsu, Phys. Rev. Lett. 92, 162001 (2004) [arXiv:hep-ph/0311130].

[26] L. Lellouch and C. J. D. Lin [UKQCD Collaboration], Phys. Rev. D 64, 094501 (2001) [arXiv:hep-ph/0011086]. [27] D. Becirevic, P. Boucaud, J. P. Leroy, V. Lubicz, G. Martinelli, F. Mescia and F. Rapuano, Phys. Rev. D 60, 074501 (1999) [arXiv:hep-lat/9811003].

[28] V. V. Kiselev, arXiv:hep-ph/0308214.

[29] V. V. Kiselev, A. E. Kovalsky and A. K. Likhoded, Nucl. Phys. B 585, 353 (2000) [arXiv:hep-ph/0002127];

arXiv:hep-ph/0006104.

[30] V. V. Kiselev, arXiv:hep-ph/0211021.

[31] C. H. Chang and Y. Q. Chen, Phys. Rev. D 49, 3399 (1994).

[32] A. Y. Anisimov, I. M. Narodetsky, C. Semay and B. Silvestre-Brac, Phys. Lett. B 452, 129 (1999) [arXiv:hep-ph/9812514];

A. Y. Anisimov, P. Y. Kulikov, I. M. Narodetsky and K. A. Ter-Martirosian, Phys. Atom. Nucl. 62, 1739 (1999) [Yad. Fiz. 62, 1868 (1999)] [arXiv:hep-ph/9809249].

[33] P. Colangelo and F. De Fazio, Phys. Rev. D 61, 034012 (2000) [arXiv:hep-ph/9909423].

[34] D. Ebert, R. N. Faustov and V. O. Galkin, Mod. Phys. Lett. A 17, 803 (2002) [arXiv:hep-ph/0204167]; Eur. Phys. J. C 32, 29 (2003) [arXiv:hep-ph/0308149]; Phys. Rev. D 68, 094020 (2003) [arXiv:hep-ph/0306306].

[35] A. Abd El-Hady, J. H. Munoz and J. P. Vary, Phys. Rev. D 62, 014019 (2000) [arXiv:hep-ph/9909406]. [36] M. Masetti, Phys. Lett. B 286, 160 (1992); R. Fleischer and D. Wyler, Phys. Rev. D 62, 057503 (2000) [arXiv:hep-ph/0004010]; Y. S. Dai and D. S. Du, Eur. Phys. J. C 9, 557 (1999) [arXiv:hep-ph/9809386].

[37] V. V. Kiselev, J. Phys. G 30, 1445 (2004) [arXiv:hep-ph/0302241]. [38] J. F. Liu and K. T. Chao, Phys. Rev. D 56, 4133 (1997) [39] Particle Data Group, S. Eidelman et al, Phys. Lett. B 592, 1 (2004) [40] D. S. Hwang and G. H. Kim, Z. Phys. C 76, 107 (1997) [arXiv:hep-ph/9703364]. [41] V. V. Kiselev, Central Eur. J. Phys. 2, 523 (2004) [arXiv:hep-ph/0304017]. [42] M. A. Nobes and R. M. Woloshyn, J. Phys. G 26, 1079 (2000) [arXiv:hep-ph/0005056].

[43] C. H. Chang, Y. Q. Chen, G. L. Wang and H. S. Zong, Phys. Rev. D 65, 014017 (2002) [arXiv:hep-ph/0103036]; Commun.

Theor. Phys. 35, 395 (2001) [arXiv:hep-ph/0102150].

[44] V. V. Kiselev, O. N. Pakhomova and V. A. Saleev, J. Phys. G 28, 595 (2002) [arXiv:hep-ph/0110180]. [45] G. Lopez Castro, H. B. Mayorga and J. H. Munoz, J. Phys. G 28, 2241 (2002) [arXiv:hep-ph/0205273]. [46] G. Kramer and W. F. Palmer, Phys. Rev. D 45 (1992) 193.

[47] A. S. Dighe, I. Dunietz, H. J. Lipkin and J. L. Rosner, Phys. Lett. B 369 (1996) 144 [48] C. W. Chiang and L. Wolfenstein, Phys. Rev. D 61 (2000) 074031 [49] O. N. Pakhomova and V. A. Saleev, Phys. Atom. Nucl. 63 (2000) 1999 [Yad. Fiz. 63 (2000) 2091] [arXiv:hep-ph/9911313]. [50] A. Ali, J. G. Körner, G. Kramer and J. Willrodt, Z. Phys. C 1 (1979) 269. [51] J. G. Körner and G. R. Goldstein, Phys. Lett. B 89 (1979) 105. [52] A. L. Kagan, Phys. Lett. B 601 (2004) 151.

[53] M. Ladisa, V. Laporta, G. Nardulli and P. Santorelli, Phys. Rev. D 70 (2004) 114025 [arXiv:hep-ph/0409286]. [54] M. Beneke, J. Rohrer and D. Yang, arXiv:hep-ph/0512258.