arXiv:hep-ph/0603119 v3 20 Mar 2006

TUM-HEP-622/06

5D seesaw, flavor structure, and mass textures

Naoyuki Haba^∗

Physik-Department, Technische Universität München, James-Franck-Strasse, D-85748 Garching, Germany

Abstract

In the 5D theory in which only 3 generation right-handed neutrinos are in the bulk, the neutrino flavor mixings and the mass spectrum can be constructed through the seesaw mechanism. The 5D seesaw is easily calculated just by a replacement of the Majorana mass eigenvalues, M_i, by 2M_∗ tan(h)[πRM_i] (M_∗: 5D Planck scale, R: compactification radius). The 5D features appear when the bulk mass, which induces the 4D Majorana mass, is the same as the compactification scale or larger than it. Depending on the type of bulk mass, the seesaw scales of the 3 generations are strongly split (the tan-function case) or degenerate (the tanh-function case). In the split case, the seesaw enhancement is naturally realized. The single right-handed neutrino dominance works in a simple setup, and some specific mass textures, which are just assumptions in the 4D setup, can be naturally obtained in 5 dimensions. The degenerate case is also useful for a suitable neutrino flavor structure.

∗E-mail: haba@ph.tum.de On leave of absence from Institute of Theoretical Physics, University of Tokushima, 770-8502, Japan

1 Introduction

Recently, the neutrino oscillation experiments show the detailed flavor structure in the lepton sector[1][2]. This is one of the most important keys to find physics beyond the standard model (SM). The smallness of the neutrino mass itself is also a clue for new physics. The seesaw mechanism with the heavy Majorana masses of righthanded neutrinos is one of the most reliable candidates for the underlying theory of the SM[3]. The large flavor mixings in the lepton sector can also be realized by the seesaw mechanism. For example, the large Majorana mass hierarchy can induce the large flavor mixings through the seesaw mechanism, even when the Dirac and Majorana neutrino mass matrices have small flavor mixings[4]. This is the typical example of a so-called seesaw enhancement[5]. The single right-handed neutrino dominance (SRND)[6] should be classified as the seesaw enhancement, in which the lightest Majorana mass is the dominant contribution of the seesaw and induces the large flavor mixing with the Dirac mass matrix structure. There are a lot of other attempts to obtain the suitable neutrino flavor structure through the seesaw mechanism from the viewpoint of mass textures, flavor symmetries, and so on.

On the other hand, the large extra dimensional theory has been proposed to solve the gauge hierarchy problem[7]. This theory explains the smallness of Dirac neutrino mass due to the existence of right-handed neutrinos in the bulk[8]. It suggests new possibilities for the neutrino physics[9]. In the framework of the extra dimensional theory, we can also consider the seesaw mechanism by introducing a bulk mass for the right-handed neutrinos which induces the 4D Majorana mass[10]-[12].

In this paper, we adopt the 5D setup^† in which the 3 generation right-handed neutrinos are in the bulk with bulk mass. We do not specify the size of the compactification scale so that our discussions are applicable to both large and small extra dimensional theories. We show a simple calculation method of the 5D seesaw, which just replaces the 4D Majorana mass eigenvalues, M_i, by 2M_∗ tan(h)[πRM_i] (M_∗: 5D Planck scale, R: compactification radius). The neutrino flavor mixings and the mass spectrum can be drastically changed by the 5D seesaw. The 5D features appear when the Majorana mass is the same as the compactification scale or larger than it. Depending on the type of bulk mass, the seesaw scales of the 3 generations are strongly split (the tan-function case) or degenerate (the tanh-function case). In the split case, the seesaw enhancement is realized naturally. We show that the SRND works in a simple setup in 5 dimensions. This split also makes the tiny symmetry breaking induce the suitable flavor structure in the L_μ − L_τ symmetry[14][15]. We also show that some specific mass textures, which the 4D theory just assumes, can be naturally obtained in the 5D seesaw. The degenerate case can also realize the suitable flavor structure.

†The neutrino flavor structure has been discussed in the similar setup by introducing the S_3 flavor symmetry and its breaking through a boundary twist[13].

2 Setup and 5D seesaw

We take the 5D setup, where the 5th dimension coordinate (y) is compactified on S^1/Z_2. Only right-handed neutrinos, which are the SM gauge singlets, are spread in the 5D bulk, while the other quarks and leptons are localized on the 4D brane. Since the 5D theory is a vector-like theory, we must introduce the chiral partners, N^c_i , of the right-handed neutrinos, N_i, where N^c_i and N_i are the two component Weyl spinors of the ith generation (i = 1, 2, 3). Under Z_2 parity, y → −y, N ≡ (N, N^c)^T transforms as N (x^μ, −y) = γ^5N (x^μ, y). Then the mode expansion is given by

N_i(x^μ, y) = 1 √ πR 1√ 2 N^{(0)}_i (x^μ) +^∞ ∑ n=1 cos(^{ny}_R ) N^{(n)}_i (x^μ) ∞∑ n=1 sin(^{ny}_R ) N^c_i^{(n)}(x^μ) , (1)

where the factor 1/ √ 2 of the zero-mode is needed for the canonical kinetic term in the 4D effective Lagrangian. Hence, only right-handed neutrinos, N_i’s, have the zero-modes and survive below the compactification scale, R^{−1}.

The general 5D bulk mass terms which induce the 4D Majorana masses are given by[11]

L_{5DM} = − 1 2 ( M^S_{ij} N^c_i N_j + M^V_{ij} N^c_i γ_5N_j + h.c. ) . (2)

Here, M^S and M^V are symmetric matrices for the generation index, i, j. They are invariant under the Z_2 parity but break the lepton number. M^V is not 5D Lorentz invariant but derivable from the spontaneous symmetry breaking of the 5D Lorentz invariance[11].

By integrating out the 5th dimension, the 4D effective Lagrangian is obtained, in which the Majorana mass terms are given by

L_{4DM} = − 1 2 (_∞ ∑ n=0 M^A_{ij} N_i^{(n)T} N_j^{(n)} + ∞∑ n=1 M^{B∗}_{ij} N^c_i^{(n)T} N^c_j^{(n)} ) + h.c., (3)

where M^A ≡ M^S + M^V and M^{B∗} ≡ −M^{S∗} + M^{V ∗}. We omit spinor indices here. Kaluza-Klein (KK) masses are given by

L_{KK} = − ∞∑ n=1 n R (N^c_i^{(n)}N_i^{(n)} + N_i^{(n)}N^c_i^{(n)}). (4)

The Dirac mass terms between the bulk right-handed neutrinos, N_i and N^c_i , and the brane-localized lepton doublets, L_i, are given by

L_{4Dm} = − 1 √ M_∗ (L_i m_{ij} N_j + L_i m^c_{ij} N^c_j )δ(y) + h.c.. (5)

In our setup, m^c_{ij} = 0 due to the Z_2 parity (mode expansion in Eq.(1)). Then the 4D neutrino mass matrix is given by L_{mν} = − 1 2 ν^T_i (M_ν )_{ij} ν_j + h.c.,

M_ν =

0 0 0 · · ·^{mij√}_{2πRM∗}^{mij√}_{πRM∗}^{mij√}_{πRM∗} · · · M^{B∗}_{ij}^1_R M^{B∗}_{ij}^2_R . . ... ...

(m^T )_{ij} √ 2πRM_∗ M A ij (m^T )_{ij} √ πRM_∗ 1 R M^A_{ij} (m^T )_{ij} √ πRM_∗ 2 R M^A_{ij} . . ... ...

, (6)

in the basis of ν^T_i ≡ (L_i, N^c_i^{(1)}, N^c_i^{(2)}, · · · |N^{(0)}_i , N^{(1)}_i , N^{(2)}_i , · · ·). Let us adopt M^V for the bulk mass, and pick up the sub-matrix of n-mode from Eq.(6). Since the KK mass, n/R, is proportional to the unit matrix in the flavor space, all n-modes of the right-handed neutrinos are diagonalized simultaneously in the flavor space as ( U^†_R U^T_R ) ( M^{V ∗}_{ij}^n_R n R M^V_{ij} ) ( U^∗_R U_R ) , (7)

where U_R is the unitary matrix which diagonalizes M^V_{ij} as U^T_R M^V_{ij} U_R = M_d. The three eigenvalues of M_d can be written as M_i = |M_i|e^{iαi} (i = 1, 2, 3)^‡. In this basis, the Dirac mass matrix is given by (0 mU_R). We denote m_R ≡ mU_R hereafter. Since the inverse mass matrix of Eq.(7) is given by 1 |M_i|^2 − (^n_R )^2 ( M_i −^n_R −^n_R M^∗_i ) , (8)

the summation of the infinite numbers of “seesaw” is calculated as m^ν_{ij} = − (m_R)_{ik} πRM_∗ [ 1 2M_k + ∞∑ n=1 M^∗_k |M_k |^2 − (^n_R )^2 ] (m^T_R)_{kj} = −(m_R)_{ik} e^{−iαk} 2M_∗ tan[πR|M_k|] (m^T_R)_{kj} , (9)

when the magnitude of min[|M_i| ±^n_R ] is much larger than the Dirac mass scale. The case of |M_i| ≪ R^{−1} reproduces the ordinal 4D seesaw formula with the volume suppression factor, 2πRM_∗.

‡We take the basis where the phase α_i remains in M_i in Eqs.(8) and (9). It is also possible to absorb this phase by using the unitary matrix U_RP , where P_{ii} = e^{−iαi/2}. In this basis M_i is real and positive in Eq.(7), and then the Dirac mass matrix becomes m_RP which induces the phase e^{−iαk} in Eq.(9).

To give a short summary, in order to get the 5D seesaw mass matrix, we just make the replacement M_i → 2M_∗ tan[πR|M_i|] e^{iαi} (10) in the Majorana mass diagonal basis. By use of Eq.(10), we can immediately achieve the 5D seesaw calculations. When we adopt M^S for a bulk mass in Eq.(2), the replacement in Eq.(10) is modified as

M_i → 2M_∗ tanh[πR|M^S_i |] e^{iβi} , (11)

where M^S_i (= |M^S_i |e^{iβi} ) is the mass eigenvalue of M^S_{ij}^§. Anyhow, the tan(h)-function is a feature in the 5D seesaw, which has the significant effects when |M_i|, |M^S_i | ≥ O(R^{−1}). The typical case is |M_i| = |^{2n+1}_{2R} | (n: integer) where the light neutrino becomes massless. It is because the infinite times seesaw becomes −^1_{2πRM∗} × ([^1_{2R} ]^{−1} − [^1_{2R} ]^{−1} + [^3_{2R} ]^{−1} − [^3_{2R} ]^{−1} + · · ·) → 0. Notice that n should satisfy |n +^1_2 | ≪ RM_∗ to fulfill |M_i| ≪ M_∗.

When |M_i| ≥ O(R^{−1}), the largest contribution to the seesaw is not from |M_i| but from min[|M_i| ±^n_R ](≤^1_{2R} ), which is the origin of the periodic tan-function[10]. On the other hand, the 5D Planck scale plays a role of seesaw scale when |M^S_i | ≥ O(R^{−1}). Therefore, in the case of |M_i|, |M^S_i | ≥ O(R^{−1}), the hierarchy of the seesaw scales can be different from the original mass hierarchies of M_i, M^S_i . For example, suppose M^{(S)}_1 < M^{(S)}_2 < M^{(S)}_3 for the original Majorana mass hierarchy, then, the hierarchy of the 5D seesaw scales becomes acceleratingly split, or even arbitrary from the periodicity, (degenerate) due to the tan(h)-function.

If we adopt both M^V and M^S for the bulk mass simultaneously, the seesaw calculation becomes complicated. However, if they are diagonalized by the same unitary matrix U_R, we can obtain the simple 5D seesaw formula. Taking the Majorana mass eigenvalues to be real for simplicity^¶, the formula becomes m^ν_{ij} = −(m_R)_{ik} M_k − M^S_k 2M_∗M_c tan[πRM_c]

(m^T_R)_{kj} (|M_k | > |M^S_k |), (12) = −(m_R)_{ik} M^S_k − M_k 2M_∗M^′_c tanh[πRM^′_c]

(m^T_R)_{kj} (|M_k | < |M^S_k |), (13)

where M_c ≡ √ M^2_k − M^{S2}_k and M^′_c ≡ √ M^{S2}_k − M^2_k . When |M_k | > |M^S_k | (|M_k| < |M^S_k |), the denominator has a tan(h)-function. Thus, it is possible that different generations have different seesaw scales characterized by the tan- or tanh-function in general. We take either M^V or M^S for a bulk mass of the right-handed neutrinos in the following discussions, but we can always replace M^V (M^S ) by two real masses of M^V and M^S with Eq.(12) (Eq.(13)).

§Equation (10) ((11)) is consistent with the results in Ref.[10] ([11]), where M^V (M^S ) is taken to be real.

¶If they are complex, the formula is given by −(m_R)_{ik}^{(M ∗k −M S∗k )}_{2M∗M} ′_{k tan[πRM} ′_{k ]} (m^T_R)_{kj} where M^′_k ≡ ((M^∗_k − M^{S∗}_k )(M_k +M^S_k ))^{1/2}. We must take the same phase for two M^′_ks (square root of the complex number) in the denominator.

3 Flavor structure from 5D seesaw

In this section we show some 5D seesaw examples which are just assumptions or impossible in the 4D setup. We show useful examples of the tan(h)-function for the neutrino flavor structure.

3.1 Mass textures

At first, we show two examples of neutrino mass textures when one Majorana mass eigenvalue satisfies |M_i| = |^{2n+1}_{2R} |^‖ (|n +^1_2 | ≪ RM_∗). This case makes the ith column of the Dirac mass matrix, m_{ij} , vanish from the seesaw calculation.

For a specific mass texture, there should exist the flavor symmetry as the symmetry of the underlying theory of the SM. Here, let us consider the S_3 flavor symmetry[16] [17]. The setup is designed in a way that both right- and left-handed neutrinos are 3(= 2 + 1_S) representations of S_3, in which the 1st and 2nd generations are doublets (2) and the 3rd generation is the singlet (1_S) in the complex basis. We consider two kinds of 3(= 2 + 1_S) S_3-Higgs fields, ϕ^D and ϕ^N , in the bulk, where we denote the doublet as ϕ^{D,N}_{1,2} and the singlet as ϕ^{D,N}_S . ϕ^N possesses the lepton number while ϕ^D does not. We set ϕ^D as a SU(2)_L singlet to avoid large lepton flavor violations (and also to use ϕ^∗ in Eq.(14)^{∗∗}). Then, the general Dirac and Majorana mass matrices become[17]

m = xϕ^D_S + x^′ϕ^{D∗}_S zϕ^D_1 + z^′ϕ^{D∗}_2 wϕ^D_2 + ξ^′ϕ^{D∗}_1 zϕ^D_2 + z^′ϕ^{D∗}_1 xϕ^D_S + x^′ϕ^{D∗}_S wϕ^D_1 + ξ^′ϕ^{D∗}_2 ξϕ^D_1 + w^′ϕ^{D∗}_2 ξϕ^D_2 + w^′ϕ^{D∗}_1 yϕ^D_S + y^′ϕ^{D∗}_S , (14)

M = αϕ^N_1 γϕ^N_S ηϕ^N_2 γϕ^N_S αϕ^N_2 ηϕ^N_1 ηϕ^N_2 ηϕ^N_1 ρϕ^N_S , (15)

respectively. Where ϕ^D and ϕ^N stand for their vacuum expectation values (VEVs) of zero-modes, which could be determined by the S_3-Higgs potential analysis in principle. x, x^′, · · · , η, ρ are independent Yukawa couplings, and those of Eq.(14) ((15)) are proportional to^{⟨H⟩}_{2πRM 2∗} (^{1√}_{2πRM∗} ), where H is the SM Higgs field. For the Dirac mass matrix, L_i (N_i) is taken from the left- (right-) hand side as in Eq.(5).

The first example is the neutrino mass texture which induces the inverted hierarchy (IH) mass spectrum[18]. We introduce only S_3 singlet Higgs, ϕ^N_S , for the Majorana mass. As for the Dirac sector, we introduce both, ϕ^D_S and ϕ^D_{1,2}, and assume z = w^′ = 0

‖The Majorana mass is not necessarily exact |M_i| = |^{2n+1}_{2R} |. Close enough to this value the following mechanisms work well.

∗∗When ϕ has some other quantum charges than S_3, ϕ^∗ is removed from the mass matrix elements[17].

as well as a vanishing VEV, ϕ^D_1 = 0. Then the Dirac and Majorana mass matrices are given by m = A E D 0 B F 0 C G , M = X X Y , (16) respectively. We denote X = |X|e^{iθX} and Y = |Y |e^{iθY} . In the diagonal basis of Majorana mass matrix, the matrices are rewritten as

m_R = 1 √ 2 A−E A+E √ 2D −B B √ 2F −C C √ 2G , M_d = −X X Y , (17) which suggest for the 5D seesaw,

m^{5D}_ν = −m_R (M_d)^{−1} m^T_R, = − 1 4M_∗ δ_1 A−E −B −C (A−E −B −C) + δ_2 A+E B C (A+E B G)

+δ_3 √ 2D √ 2F √ 2G ( √ 2D √ 2F √ 2G) , (18) where δ_1 = −δ_2 = − cot[πR|X|]e^{−iθX} and δ_3 = cot[πR|Y |]e^{−iθY} . The ith term is the seesaw contribution from M_i (i = 1, 2, 3). In the case of |Y | = |^{2n+1}_{2R} |^{††}, the 3rd generation right-handed neutrino becomes heavy and decouples, and hence the 3rd term of Eq.(18) vanishes. Then, the neutrino mass texture becomes

m^{5D}_ν ≃ δ_1 2M_∗ 2AE AB AC AB 0 0 AC 0 0 . (19) The suitable mass texture for the IH mass spectrum is obtained when |E| ≪ |A|, |B|, |C| and |B| ≃ |C|. The second example is the neutrino mass texture with only two right-handed neutrinos[19]. The introduction of only two right-handed neutrinos seems artificial. However, in the 5D setup, this texture can be naturally realized as follows:

Introducing only an S_3 doublet Higgs, ϕ^D_{1,2}, the diagonal elements of the Dirac mass matrix vanish. As for the Majorana mass matrix, we introduce both ϕ^N_S and ϕ^N_{1,2}, and assume γ = η = 0. Then the Dirac and Majorana mass matrices are given by m = 0 A B C 0 D E F 0 , M = X X^′ Y , (20) ††Using ⟨ϕ^N_S ⟩, this condition is rewritten as |ρ⟨ϕ^N_S ⟩| =

√_{π(2n+1)2} 2 R^{−1}M_∗.

respectively, where we denote X = |X|e^{iθX} , X^′ = |X^′|e^{iθ′X} , and Y = |Y |e^{iθY} . Then, the 5D seesaw is given by

m^{5D}_ν =− 1 2M_∗ δ^′_1 0 C E (0 C E) + δ^′_2 A 0 F (A 0 F ) + δ^′_3 B D 0 (B D 0) ,(21) where δ^′_1 = cot[πR|X|]e^{−iθX} , δ^′_2 = cot[πR|X^′|]e^{−iθ′X} , and δ^′_3 = cot[πR|Y |]e^{−iθY} . In the case of |X^′| = |^{2n+1}_{2R} |, the 2nd generation right-handed neutrino decouples and the 2nd term in Eq.(21) vanishes. Then the neutrino mass texture becomes

m^{5D}_ν = − δ^′_1 2M_∗ rB^2 rBD 0 rBD rD^2+C^2 CE 0 CE E^2 , (22)

where r ≡^{δ′3}_{δ′1} . For |B| ∼ |D| and |C| ≃ |E| with |r| ∼ 0.1 ×^{|C2|}_{|D2|} , bi-large mixing with the normal hierarchy (NH) mass spectrum is realized[19].

3.2 SRND in L_μ − L_τ symmetry

When |M_i| ∼ |^{2n+1}_{2R} |, the tan-function strongly splits the effective seesaw scales, which is useful for the SRND. As an example of the SRND, let us discuss the neutrino mass texture in the L_μ − L_τ symmetry. In the 4D case, the seesaw mechanism needs a large symmetry breaking parameter in the Majorana mass matrix to realize the NH mass spectrum[15]. On the other hand, the 5D seesaw can enhance a small symmetry breaking and realize the NH mass spectrum with the suitable flavor mixings as follows:

At first, let us show the 2-3 generation sub-matrix. Under the L_μ − L_τ symmetry, the Dirac and Majorana mass matrices are given by[15] m = ( A 0 0 B ) , M = ( ε X X ε ) , (23)

respectively, where A, B, X are L_μ − L_τ symmetric mass parameters. We take X to be real and positive for simplicity. ε (> 0) is the symmetry breaking parameter which should be smaller than the symmetric one X. In the basis where the Majorana mass matrix is diagonal the seesaw formula is given by

m_ν = − 1 2 ( A A −B B ) (_1 ε−X 0 0^1_{ε+X} ) ( A −B A B ) . (24)

For the realization of a NH mass spectrum, large symmetry breaking, ε ∼ X, is required[15].

The 5D seesaw can avoid this unnatural large symmetry breaking. By using Eq.(10), we can obtain the 5D seesaw directly from Eq.(24) as

m^{5D}_ν = − 1 4M_∗ ( A A −B B ) (_1 tan[πR(ε−X)] 0 0^1_{tan[πR(ε+X)]} ) ( A −B A B ) . (25)

When X ≃^1_{2R} , even small ε can produce a Majorana mass hierarchy that is large enough for the SRND to work. In the case of (ε + X) =^1_{2R} , |ε − X| is also around 1 2R but still effective for the seesaw. Then Eq.(25) becomes

m^{5D}_ν ≃ − 1 4M_∗ tan[πR(ε − X)] ( A −B ) (A −B), (26) which suggests the NH spectrum. Maximal mixing will be obtained in the case of |A| ≃ |B|, even if ε ≪ X. The suitable 3-generation flavor structure is obtained by introducing a symmetry breaking parameter, C^′, in the Dirac mass matrix as

m = C C^′ A B , M = Y ε X X ε . (27)

Taking Y to be real and positive as Y < X, the 5D seesaw induces the neutrino mass matrix

m^{5D}_ν ≃ − 1 4M_∗ 2C^2 πRY 2CC^′ πRY 0 2CC^′ πRY A^2 tan[πR(ε−X)]+ 2C^{′2} πRY −^{AB} tan[πR(ε−X)] 0 −^{AB} tan[πR(ε−X)] B^2 tan[πR(ε−X)] . (28)

In the case of |C| ∼ |C^′| and |A| ≃ |B| with^{2|C′2|}_{πRY} ∼ 0.1 ×^{|A2 |}_{tan[πR(X−ε)]} , the suitable bi-large mixing is obtained. Although the partial degeneracy is needed in the Dirac mass matrix we can realize bi-large mixing with the NH mass spectrum by only two non-large symmetry breaking parameters.

3.3 SRND in U(1)_F flavor symmetry

In the previous sub-section, we have shown one example of the SRND when the bulk mass was M^V . This sub-section shows some more examples with the bulk mass M^V or M^S by introducing a U(1)_F flavor symmetry. The following discussion does not change if we take a discrete subgroup of the U(1)_F such as Z_N with enough large N and the same charge assignments. We will show that the SRND can work in a much simpler setup in 5 dimensions.

We introduce only one scalar bulk field, ϕ, with U(1)_F charge, −1. The zero-mode of ϕ takes a real and positive constant VEV as ⟨ϕ⟩ √ 2πRM^3_∗ ≡ ε (< 1). (29)

Taking the charge assignment of the lepton sector as

L_1 : 1, L_2 : 0, L_3 : 0, N_1 : 2, N_2 : 1, N_3 : 0, (30) the Dirac and Majorana mass matrices are given by

m ≃ ε^3 ε^2 ε ε^2 ε 1 ε^2 ε 1 m_0, M ≃ ε^4 ε^3 ε^2 ε^3 ε^2 ε ε^2 ε 1

M_0, (31)

respectively. We take both m_0 and M_0 to be real and positive for simplicity. They represent only the order, and each element has O(1) coefficient. Thus, the ranks of the mass matrices are both 3 in general. In the diagonal basis of the Majorana mass matrix, Eq.(31) becomes

m_R ≃ ε^3 ε^2 ε ε^2 ε 1 ε^2 ε 1 m_0, M_d ≃ ε^4

ε^2 1 M_0. (32)

Then, the seesaw formula is given by

m_ν ≃ − m^2_0 M_0 1 ε^4 ε^3 ε^2 ε^2

(ε^3 ε^2 ε^2) + 1 ε^2 ε^2 ε ε (ε^2 ε ε) + ε 1 1 (ε 1 1) . (33)

This mass matrix can potentially induce bi-large mixing with a NH mass spectrum. However, the mass spectrum is naively ε^2 : 1 : 1 in units of^{m20}_{M0} , and hence, in order to realize the NH spectrum, the determinant of the 2-3 sub-matrix must be reduced to O(ε) by tuning of O(1) coefficients. The SRND could avoid this tuning, but it does not work in this setup because the three terms in Eq.(33) are all of the same order.

Now let us examine the 5D case. Thanks to the 5D feature, the tan(h)-function can change the orders of three terms in Eq.(33). At first, we adopt M^S for the bulk mass. In this case the 5D seesaw suggests

m^{5D}_ν ≃ − m^2_0 2M_∗ tanh[πRM_0] ×

δ^S_1 sε t u (sε t u) + δ^S_2 s^′ε t^′ u^′ (s^′ε t^′ u^′) + aε b c (aε b c) ,(34)

where δ^S_1 =^{ε4 tanh[πRM0]}

tanh[πRε^4M_0] , δ S 2 =^{ε2 tanh[πRM0]}

tanh[πRε^2M_0 ] , and s, t, · · · b, c are O(1) coefficients in

which the coefficients of M^S_i are absorbed. δ^S_{1,2} ≃ 1 when ε^2M_0 ≪ R^{−1}, while δ^S_1 ≃ ε^4 and δ^S_2 ≃ ε^2 when ε^4M_0 ≫ R^{−1}. The SRND structure is obtained when δ^S_{1,2} ∼ 0.1, in which the reduction of the 2-3 sub-matrix determinant is automatic and the mass spectrum becomes δ^S_{1,2}ε^2 : δ^S_{1,2} : 1 in units of^{m20}_{2M∗ tanh[πRM0]} .

It should be noticed that the dominant contribution to the light neutrino mass matrix is coming from the heaviest Majorana mass, M^S_3 , which is completely different from the ordinal SRND in the 4D setup. This is new type of the SRND realized by the

5D feature, the tanh-function. Precisely speaking, this is also possible even in the 4D setup in Eq.(33), if^{|ε2M3|}_{|M2|} ∼^{|ε4M3|}_{|M1|} ∼ 0.1 is realized accidentally by the diagonalization of Majorana mass matrix M (Eq.(32)). We stress that the 5D setup can naturally realize the SRND structure without tuning of O(1) coefficients in the Majorana mass matrix.

For the suitable mixing angles, we should choose O(1) coefficients[20]. For the 2-3 maximal mixing, the condition |b| ≃ |c|(∼ 1) is needed. Remembering that bi-large mixing with the NH mass spectrum needs the following four types of sign assignments ε^2 ∓ε ±ε ∓ε 1 1 ±ε 1 1 , ε^2 ±ε ±ε ±ε 1 −1 ±ε −1 1 , (35)

we can show that the 3rd term in Eq.(34) alone cannot realize the bi-large mixing. Corrections from the 1st and 2nd terms in Eq.(34) are needed[6] for the suitable signs of Eq.(35). For example, to flip the sign of the (2,1), (1,2) elements, the relation |ab| < |δ^S_1 st + δ^S_2 s^′t^′| should be satisfied, which is impossible when δ^S_{1,2} ≪ 1. However, the experimental data implies that δ^S_{1,2} is not so small, δ^S_{1,2} ∼ √ Δm^2_⊙/Δm^2_A, in the NH mass spectrum. Hence, the above condition can be satisfied even by O(1) coefficients. We should take relatively small (large) values of a (s, t, s^′, t^′) as the O(1) coefficients[20]. For example, a = u^′ = 0.5, s = s^′ = 4, b = c = −t = u = −t^′ = 1 with ε = 0.2 and M_0 = 3.3R^{−1} (δ^S_{1,2} ≃ 0.1) induce θ_{12} = 33^∘, θ_{23} = 46^∘, θ_{13} = 3.3^∘, and √ Δm^2_⊙/Δm^2_A = 0.22.

Next, let us adopt M^V for the bulk mass. Remembering that the seesaw scales are strongly split when |M_i| ∼ |^{2n+1}_{2R} |, we assume |M_1| ≪ 1 2R , |M_2| ≃ 1 2R , |M_3| ≃ | | | 2n + 1 2R | | | . (36)

The neutrino mass matrix is given by

m^{5D}_ν ≃ − m^2_0 2πRM_∗M_0 ε 1 1 (ε 1 1) + δ ε 1 1 (ε 1 1) + δ̂ ε 1 1 (ε 1 1) , (37)

where δ =^{πRε2 M0}

tan[πR|M_2 |] and

δ̂ =^{πRM}0

tan[πR|M_3|] . Thanks to the 5D feature, the tan-function,

the SRND structure can be obtained with δ ∼ δ̂ ∼ 0.1. This is the similar structure to Eq.(34), in which the reduction of the 2-3 sub-matrix determinant is automatically achieved with the mass spectrum δε^2 : δ : 1 in units of^{m20}_{2πRM∗M0} . O(1) coefficients can induce the suitable mixing angles[20].

The above model works well but the assumption of Eq.(36) seems artificial, which can be improved by taking new charge assignment

L_1 : 2, L_2 : 1, L_3 : 1, N_1 : 2, N_2 : 1, N_3 : −1. (38)

In this case the Dirac and Majorana mass matrices become

m ≃ ε^4 ε^3 ε ε^3 ε^2 1 ε^3 ε^2 1 m_0, M ≃ ε^4 ε^3 ε ε^3 ε^2 1 ε 1 ε^2

M_0, (39)

respectively. Each element has an O(1) coefficient and the ranks of mass matrices are 3. In the diagonal basis of the Majorana mass matrix, Eq.(39) becomes

m_R ≃ ε^4 ε ε ε^3 1 1 ε^3 1 1 m_0, M_d ≃ ε^4 −1+ε^2

1+ε^2

M_0. (40)

Setting M_0 ≃^1_{2R} , the 5D seesaw induces

m^{5D}_ν ≃ − ε^2m^2_0 2πRM_∗M_0 ε 1 1 (ε 1 1) + δ^′ ε^2 ε ε ε 1 1 ε 1 1 , (41)

where δ^′ =^{πRM0}

ε^2 tan[πRM_0] . The 2nd mass matrix has rank 2

‡‡. The coefficients of M_i are absorbed into those of the mass matrices in Eq.(41). The SRND structure is obtained when δ^′ ∼ 0.1, where the 1st term in Eq.(41) is dominant. The reduction of the determinant in the 2-3 sub-matrix is automatic and the NH mass spectrum becomes δ^′ε^2 : δ^′ : 1 in units of^{ε2 m20}_{2πRM∗M0} . Again, O(1) coefficients can induce the suitable mixing angles[20].

Finally, let us show one more example of the application of the tanh-function. We take the charge assignment to be

L_1 : 1, L_2 : −1, L_3 : −1, N_1 : 1, N_2 : 0, N_3 : 0. (42)

Then, the Dirac and Majorana mass matrices are given by

m ≃ ε^2 ε ε 1 ε ε 1 ε ε m_0, M ≃ ε^2 ε ε ε 1 1 ε 1 1

M_0, (43)

respectively. The Majorana mass spectrum is ε^2 : 1 : 1 in units of M_0. In the diagonal basis of the Majorana mass matrix, the Dirac mass matrix does not change the order of each element. Then, the light neutrino mass matrix is given by

m^{5D}_ν ≃ − m^2_0 2M_∗ tanh[πRε^2M_0] ε^2 1 1 (ε^2 1 1) + δ^{′′} ε^2 ε^2 ε^2 ε^2 ε^2 ε^2 ε^2 ε^2 ε^2 , (44) ‡‡If we take |M_3| =^1_{2R} (= O((1 + ε^2)M_0)), the 2nd mass matrix in Eq.(41) is only produced by |M_2| = O((−1 + ε^2)M_0), and has rank 1.

where δ^{′′} =^{tanh[πRε2 M0]}

tanh[πRM_0] . The 2nd mass matrix has rank 2. The seesaw scales become

degenerate due to the tanh-function when |M^S_1 | > O(R^{−1}). Both tanh[πRε^2M_0] and tanh[πRM_0] become 1 (δ^{′′} ≃ 1), and hence Eq.(44) becomes

m^{5D}_ν ≃ − m^2_0 2M_∗ ε^2 ε^2 ε^2 ε^2 1 1 ε^2 1 1 . (45)

Notice that the determinant of the 2-3 sub-matrix is automatically reduced to O(ε^2). This mass matrix can induce bi-large mixing with a NH mass spectrum by suitable O(1) coefficients[20].

4 Summary

In the 5D theory in which the 3 generation right-handed neutrinos are in the bulk, the neutrino flavor mixings and the mass spectrum can be constructed through the 5D seesaw. We have presented a simple calculation method of the 5D seesaw, in which one just replaces the Majorana mass eigenvalues according to Eqs.(10) and (11). This technique should be useful for studies of neutrino mass textures. The neutrino flavor mixings and the mass spectrum can be drastically changed by the 5D seesaw. The 5D features appear when the Majorana mass is the same as the compactification scale or larger than it. Depending on the type of the bulk mass, the seesaw scales of the 3 generations are strongly split or degenerate. In the split case, the seesaw enhancement is naturally realized. We have shown that the SRND works in a simple setup in 5 dimensions. This enhancement of the effective Majorana mass hierarchy makes the tiny symmetry breaking induce the suitable flavor structure in the L_μ − L_τ symmetry. The 5D seesaw can naturally derive some specific mass textures which are just assumptions in the 4D setup. The degenerate case can also realize the suitable flavor structure.

We have only considered the situation that all the 3 generations’ seesaw scales are characterized either by the tan- or tanh-function. It should be considerable that different generations have different seesaw scales characterized by tan- or tanh-functions (Eqs.(12) and (13)) and induce the neutrino flavor structure. The intermediate scale (such as 10^{9∼13} GeV) can be effectively obtained even by lower scales of M_∗, M^V , R^{−1} due to the tan-function. It is also valuable to examine the leptogenesis in this framework. The extension to the warped extra dimension[21] might also induce new possibilities[22].

Acknowledgments

N.H. is supported by the Alexander von Humboldt Foundation, and would like to thank M.-T. Eisele, M. Lindner, and K. Yoshioka for fruitful discussions and collaboration in part. N.H. would also like to thank W. Rodejohann, M. Schmidt, A. Merle, E. Akhmedov, T. Ota, N. Okada, and T. Yamashita for useful discussions.

References

[1] R. N. Mohapatra et al., hep-ph/0510213.

[2] See e.g. M. Maltoni, T. Schwetz, M. A. Tortola and J. W. F. Valle, New J. Phys.

6 (2004) 122; G.L. Fogli, E. Lisi, A. Marrone and A. Palazzo, hep-ph/0506083.

[3] P. Minkowski, Phys. Lett. B67 (1977) 421; T. Yanagida, in Proceedings of the Workshop on Unified Theory and Baryon Number of the Universe, edited by O. Sawada and A. Sugamoto, Report KEK-79-18 (1979); M. Gell-Mann, P. Ramond and R. Slansky, in Supergravity, edited by D. Z. Freedman and P. van Nieuwenhuizen (North-Holland, Amsterdam, 1979).

[4] See e.g. G. Altarelli, F. Feruglio and I. Masina, Phys. Lett. B 472 (2000) 382;

E. K. Akhmedov, M. Frigerio and A. Y. Smirnov, JHEP 0309 (2003) 021.

[5] See e.g. A. Y. Smirnov, Phys. Rev. D 48 (1993) 3264; M. Tanimoto, Phys. Lett.

B 345 (1995) 477.

[6] S. F. King, Phys. Lett. B439 (1998) 350; Nucl. Phys. B 562 (1999) 57; Nucl. Phys.

B 576 (2000) 85; JHEP 0209 (2002) 011; S. Davidson and S.F. King, Phys. Lett. B445 (1998) 191; S. Antusch and S. F. King, Phys. Lett. B 591 (2004) 104.

[7] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 429 (1998) 263;

I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 436 (1998) 257.

[8] N. Arkani-Hamed, S. Dimopoulos, G. R. Dvali and J. March-Russell, Phys. Rev.

D 65 (2002) 024032.

[9] See e.g. G. Dvali and A.Y. Smirnov, Nucl. Phys. B563 (1999) 63; A.E. Faraggi and M. Pospelov, Phys. Lett. B458 (1999) 237; R.N. Mohapatra, S. Nandi and A. Perez-Lorenzana, Phys. Lett. B466 (1999) 115; A. Ioannisian and A. Pilaftsis, Phys. Rev. D62 (2000) 066001; R.N. Mohapatra and A. Perez-Lorenzana, Nucl. Phys. B576 (2000) 466; R. Barbieri, P. Creminelli and A. Strumia, Nucl. Phys. B 585 (2000) 28; A. Ioannisian and J. W. F. Valle, Phys. Rev. D 63 (2001) 073002; R. N. Mohapatra and A. Perez-Lorenzana, Nucl. Phys. B 593 (2001) 451.

[10] K. R. Dienes, E. Dudas and T. Gherghetta, Nucl. Phys. B 557 (1999) 25.

[11] A. Lukas, P. Ramond, A. Romanino and G. G. Ross, Phys. Lett. B 495 (2000) 136; JHEP 0104 (2001) 010.

[12] H. D. Kim and S. Raby, JHEP 0307 (2003) 014. [13] N. Haba, A. Watanabe, and K. Yoshioka, hep-ph/0603116. [14] P. Binetruy et al., Nucl. Phys. B 496 (1997) 3; N. F. Bell and R. R. Volkas, Phys.

Rev. D 63 (2001) 013006; K. S. Babu, E. Ma and J. W. F. Valle, Phys. Lett. B 552 (2003) 207; M. Hirsch et al., Phys. Rev. D 69 (2004) 093006; S. Choubey and W. Rodejohann, Eur. Phys. J. C 40 (2005) 259.

[15] W. Rodejohann and M. A. Schmidt, hep-ph/0507300.

[16] See e.g. S. Pakvasa and H. Sugawara, Phys. Lett. B 73 (1978) 61; H. Harari, H. Haut and J. Weyers, Phys. Lett. B 78 (1978) 459.

[17] N. Haba and K. Yoshioka, Nucl. Phys. B 739 (2006) 254. [18] M. Jezabek and Y. Sumino, Phys. Lett. B 457 (1999) 139. [19] P. H. Frampton, S. L. Glashow and T. Yanagida, Phys. Lett. B 548 (2002) 119. [20] N. Haba and M.-T. Eisele, in preparation.

[21] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370; Phys. Rev. Lett.

83 (1999) 4690.

[22] See e.g. S. J. Huber and Q. Shafi, Phys. Lett. B 583 (2004) 293.