arXiv:hep-ph/0605184 v2 28 Aug 2006

HD-THEP-06-07

Stability and Symmetry Breaking in the General Two-Higgs-Doublet Model

M. Maniatis,^∗ A. von Manteuffel,^† O. Nachtmann,^‡ and F. Nagel Institut für Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany

A method is presented for the analysis of the scalar potential in the general Two-Higgs-Doublet Model. This allows us to give the conditions for the stability of the potential and for electroweak symmetry breaking in this model in a very concise way. These results are then applied to two different Higgs potentials in the literature, namely the MSSM and the Two-Higgs-Doublet potential proposed by Gunion et al. The known results for these models follow easily as special cases from the general results. In particular, for the potential of Gunion et al. we can clarify the stability and symmetry breaking properties of the model with our method.

Contents

1. Introduction 1

2. Motivations for an extended Higgs sector 2

3. The general Two-Higgs-Doublet Model 5

4. Stability 6 4.1. Stability for THDM of Gunion et al. 9

5. Location of stationary points 9

6. Criteria for electroweak symmetry breaking 10

7. Potential after electroweak symmetry breaking 12

8. Examples 13 8.1. MSSM Higgs potential 13 8.2. Stationary points for THDM of Gunion et al. 15

9. Conclusions 15

Acknowledgments 16

A. Gauge orbits 16

B. The case of n doublets 18

References 19

∗E-mail: M.Maniatis@thphys.uni-heidelberg.de †E-mail: A.v.Manteuffel@thphys.uni-heidelberg.de ‡E-mail: O.Nachtmann@thphys.uni-heidelberg.de

1. INTRODUCTION

The Standard Model (SM) of particle physics is theoretically consistent and experimentally successful to date [1, 2]. The recently observed neutrino masses are very small and can be neglected in most high-energy experiments. Only one ingredient of the SM, the Higgs boson, has yet to be discovered. From direct searches at LEP a lower bound on the Higgs-boson mass of 114.4 GeV at 95% C.L. is obtained when the data from the four LEP collaborations are combined [3]. Furthermore, from measurements of electroweak precision observables at LEP, SLC and NuTeV that depend on the Higgs-boson mass through radiative corrections and from other W -boson measurements, one obtains (see Tab. 10.2 in [1]) the prediction m_H = 91^{+45}_{−32} GeV. Since the one-loop corrections depend on the Higgs mass only as log(m_H /m_W ) the errors are rather large and the upper error is larger than the lower one. Such an indirect determination of a particle mass is very successful in case of the top-quark, see also Tab. 10.2 of [1]. However, there the observables have a quadratic dependence on the mass and are therefore much more predictive. A direct discovery of the Higgs boson at the LHC is presumably possible up to a mass of about 1 TeV, see e.g. [4]. One or several Higgs bosons may be found opening up the direct study of the scalar sector of particle physics.

Despite its experimental success, the SM is not satisfactory as a fundamental theory not only because it contains a large number of parameters, that is coupling parameters and particle masses: The squared physical, renormalised Higgs-boson mass m^2_H , which we expect to be of the order of the squared vacuum expectation value v^2 ≈ (250 GeV)^2 of the Higgs field, receives large quantum corrections. These corrections depend quadratically on the particle masses that the Higgs boson couples to. This means that the Higgs-boson mass is sensitive to the heaviest particles of the theory, for instance from physics which alter the high-energy behaviour at the GUT or the Planck scale. In principle, the corrections could be much larger than v^2 but cancel with the squared bare mass so that the difference gives m^2_H ∼ v^2. However, such a fine-tuning is usually considered unnatural. For this so-called naturalness problem see e.g. [5]. A systematic cancellation of quantum corrections to the squared Higgs-boson mass is provided by supersymmetry [6]. The simplest supersymmetric extension of the SM is the Minimal Supersymmetric Standard Model (MSSM) [7], which has been studied extensively in the literature. In the MSSM one has two Higgs doublets. In further extensions like the Next-to-Minimal Supersymmetric Standard Model (NMSSM) [8] a further Higgs singlet is added.

In this paper we study a class of general models having a scalar sector with two Higgs doublets. We suppose that the SU (3)_C × SU (2)_L × U (1)_Y gauge symmetry holds. In its simplest version the fermion content of such a model is assumed to be the same as that of the SM. The same is assumed for the gauge bosons, thereby avoiding to introduce new fundamental interactions. In principle, electroweak symmetry breaking (EWSB) works in these models in a similar way as in the SM. The Lagrangian contains terms that consist only of scalar fields without derivatives. These terms form the scalar potential at tree-level and are responsible for the stability and symmetry-breaking pattern of the model. Further, through their covariant derivatives the scalars have couplings to the gauge bosons, and through Yukawa interactions they couple to fermions. After EWSB these terms are responsible for the generation of the gauge-boson and fermion masses, respectively. With increasing number of scalar fields the number of parameters in the potential becomes soon very large. For instance, as we shall see in Sect. 3 below, there are 14 parameters to describe the most general potential with two Higgs doublets in contrast to only two parameters for one doublet. Therefore the characterisation of the symmetry breaking for different regions in parameter space becomes increasingly complicated. We present a formalism for the analysis of stability and of spontaneous symmetry breaking in models with two Higgs doublets.

There exists a vast amount of literature on the Two- Higgs-Doublet Model (THDM), where typically the number of parameters of the potential is restricted by continuous or discrete symmetries. For instance in [9] a detailed discussion of the symmetry-breaking pattern for different regions in parameter space is given for the THDM where a Z_2 symmetry is imposed on the Higgs potential and in [10] the stability of the CP conserving THDM is investigated. We also want to mention an approach [11] to deduce the parameter constraints from stability and symmetry breaking in one specific model, the THDM introduced by Gunion et al. ([12], see chapter 4). Further, in two complementary works [13, 14], the hierarchy between the charge breaking and the charge conserving minima is investigated for the general THDM. Basis independent techniques for the general THDM are used in different recent works [15, 16, 17, 18] to analyse various aspects of the vacuum.

Here we deduce the parameter constraints from the stability and from the electroweak symmetry breaking conditions in the general THDM. The global minimum of the potential is found by the determination of all stationary points. Our results agree with those of [9] if we impose the conditions on our parameters such that the potential is invariant under that discrete symmetry. Moreover, our formulation of the criteria for stability and EWSB of the potential is very concise and should, therefore, be interesting for its method. This general method, where the potential is expressed in terms of gauge invariant functions, was proposed already in a previous work [19].

We also remark that the scope of the present analysis is the classical level. In a more detailed study quantum corrections should be taken into account. Some aspects of radiative corrections for the Higgs potential in constrained n-Higgs-Doublet Models are discussed in [20]. The question if stability at the classical level is really necessary for a consistent quantum theory was put forward a long time ago by Symanzik [21]. The answer given in [22] was that, indeed, it is necessary. Thus, the results obtained at the classical level are important for the full theory.

This work is organised as follows: In Sect. 2 we give general motivations for an extended scalar sector and review theoretical and experimental constraints on Higgsboson masses in models with two Higgs doublets. In Sect. 3 we present the Lagrangian for the THDM. We introduce our notation for the Higgs potential, which is expressed in terms of gauge invariant functions of the fields. In Sect. 4 we analyse the conditions for the stability of the potential. In Sect. 5 we derive expressions for the location of the stationary points of the potential. The conditions derived from spontaneous symmetry breaking of the electroweak gauge group SU (2)_L × U (1)_Y down to the electromagnetic gauge group U (1)_{em} are given in Sect. 6. In Sect. 7 we specify the potential after EWSB in our notation. Eventually, in Sect. 8 the results are applied to two specific models with two Higgs doublets, the MSSM and the model of Gunion et al [12]. We present our conclusions in Sect. 9. In Appendices A and B we discuss the structure of the space of gauge orbits for the THDM and for the general model with arbitrary number of Higgs doublets, respectively.

2. MOTIVATIONS FOR AN EXTENDED HIGGS SECTOR

Given the fact that theoretically the mechanism of EWSB in the SM with one Higgs doublet is working well and that experimentally not even one fundamental scalar particle is discovered yet, what are the motivations to consider an extended Higgs sector? Some reasons are as follows.

A promising candidate for a theory that solves the naturalness problem and has a higher symmetry than the SM is the MSSM [7], for reviews see e.g. [23, 24]. Also the MSSM contains fundamental Higgs fields that are responsible for the generation of masses. As the minimal supersymmetric extension of the SM, the MSSM has two scalar Higgs doublets, being the minimum for an analytic superpotential and the absence of triangle anomalies. An extended Higgs sector can improve gauge-coupling unification at high scales [25]. In particular, supersymmetric models allow the unification to occur at a sufficiently high scale consistent with the non-observation of proton decays [26]. We remark that supersymmetry imposes many relations between the parameters of the potential of the most general model with two doublets. Cosmology provides an additional reason for a non-minimal Higgs sector. The experimental lower bound on the Higgs-boson mass in the SM, m_H > 114.4 GeV, is too high for the electroweak phase transition in the early universe to provide the thermal instability that is necessary for baryogenesis [27], for a review see [28]. In this respect models with additional scalar particles are more promising than the SM, see [28]. Last but not least, given the large spectrum of fermion masses and the fact that the fermionscalar interactions are responsible for their generation, the idea does not seem too abstruse that several scalar particles are involved in this mechanism. There are three known generations of fermions so why should there exist only one Higgs boson?

A study of the general Higgs sector of a theory possessing the gauge group SU (3)_C × SU (2)_L × U (1)_Y was presented in [29]. In the following the strong interaction gauge group SU (3)_C will play no role, so we shall not mention it further. In [29] the scalar fields, collectively denoted by χ, are supposed to transform under a general representation of the gauge group SU (2)_L × U (1)_Y . Such a representation may be reducible and consists of complex unitary and real orthogonal parts. However one can show that without loss of generality it can be assumed that χ carries a real orthogonal representation of SU (2)_L × U (1)_Y [29]. For the THDM this correspondence is demonstrated in Appendix B of [30]. The scalar potential is then assumed in [29] to have a non-zero vacuum expectation value v ≡ ⟨0|χ|0⟩ ≠ 0 (2.1) and to leave the electromagnetic subgroup U (1)_{em} unbroken as usual. We use the boldface letter here in order to signify that v is, like χ, in general a multi-component vector. One can then compute particle masses and couplings for arbitrary representations of scalars. However, only some representations are allowed in order to be in agreement with experimental data.

One main restriction originates from the observed high suppression of flavour-changing neutral currents. A way to ensure this in the theory is to require that all quarks of a given charge receive their masses from the vacuum expectation value of the same Higgs boson [31]. Since we analyse only the scalar potential in this work and do not specify the Yukawa interactions we shall not discuss this condition further here.

Very relevant for us here are the consequences for the Higgs sector obtained from the accurately measured ρ-parameter, which relates the masses of the W and Z bosons, m_W and m_Z , to the weak mixing angle θ_w:

ρ ≡ ( m_W cos θ_w m_Z

)_2

. (2.2)

Experimentally the ρ-parameter is very close to one [32] and this suggests to require theoretically ρ = 1 at tree level. This is indeed the case for the SM. For the most general Higgs model as studied in [29] one finds the following.

It is convenient to extend the real representation carried by the general Higgs field χ to a unitary representation of the same (complex) dimension and to decompose it into representations with definite values (t, y), where t and y are the weak-isospin and weak-hypercharge quantum numbers, respectively. We have t = 0, 1 2 , 1, 3 2 , . . . (2.3)

and, for reasons discussed in [29], suppose the hypercharge quantum numbers y to be rational numbers. The normalisation is such that the charge, hypercharge and third component of weak isospin matrices are related by

Q = T_3 + Y . (2.4)

Then the squared gauge-boson masses, (see (2.43) in [29]), are given by

m^2_W = 1 2 ( e sin θ_w

)_2 ∑ t,y [ t(t + 1) − y^2 ] v^TP(t, y)v, (2.5)

m^2_Z = ( e sin θ_w cos θ_w

)_2 ∑ t,y y^2 v^TP(t, y)v, (2.6)

where P(t, y) is the projector on the subspace with representation (t, y). Here, the positron charge e, and the sine and cosine of the weak mixing angle are defined in terms of the gauge couplings g and g^′ as in the SM, see for instance [33]:

sin θ_w = g^′ √ g^2 + g^{′ 2}

, (2.7)

cos θ_w = g √ g^2 + g^{′ 2}

, (2.8)

e = g sin θ_w, (2.9)

where we use the same notation as in [29]. It is shown in [29] that

v^TP(t, y)v ≠ 0 (2.10)

is only possible if y ∈ {−t, −t + 1, . . ., t}. (2.11)

Inserting the expressions for m_W and m_Z in the definition (2.2) one obtains [29] ρ = ∑ t,y[t(t + 1) − y^2] v^TP(t, y)v ∑ t,y 2y^2 v^TP(t, y)v . (2.12)

To obtain ρ = 1 one can either fine-tune the parameters of the potential in order to get the right vacuum expectation values, which seems rather unnatural and is therefore not considered here. Or one can only allow those representations in (2.5) and (2.6) that separately lead to ρ = 1. There are infinitely many such representations [34], starting with the doublet with t = 1/2 and y = ±1/2, and the septuplet with t = 3 and y = ±2. From each of these representations one or more copies are allowed and one still gets ρ = 1. Furthermore, the singlet with y = 0 and all representations with y /∈ {−t, −t + 1, . . ., t} (2.13) can occur because they do not contribute to the sums in (2.12).

The simplest possibility to extend the Higgs sector of the SM keeping ρ = 1 at tree level is, therefore, to allow for more than one Higgs doublet. In these models the shape of the scalar potential depends on many parameters and can be quite complicated. As mentioned above it is the potential that is responsible for the scalar selfinteractions and—together with the interaction terms of the scalars with the respective particle—for the generation of the masses. Therefore one is interested in the conditions that one has to impose on these parameters in order to render the potential stable and to guarantee spontaneous symmetry breaking from SU (2)_L × U (1)_Y to U (1)_{em}. In this paper we consider two Higgs doublets, that is the THDM. We remark that after EWSB three degrees of freedom in the scalar sector reappear as longitudinal modes of the massive gauge-bosons. All other degrees of freedom of the scalar sector correspond to physical Higgs bosons, that is with each additional doublet four (real) physical scalar degrees of freedom are added to the model. In the THDM, there are altogether five physical Higgs particles: Three neutral Higgs bosons h^0, H^0 (where conventionally m_h0 ≤ m_H0 ) and A^0, as well as two charged Higgs bosons H^±. If the Higgs potential is CP conserving the neutral mass eigenstates are also CP eigenstates, where h^0 and H^0 are scalar bosons and A^0 is a pseudoscalar. There exist various studies of the phenomenology of the THDM in the literature, for an overview and further references see for instance [35].

For the MSSM a large number of Feynman rules involving Higgs bosons is derived in [36]. The phenomenology of the Higgs bosons in the MSSM is further developed in [37]. We remark that in models that possess an extended Higgs sector (and may also contain further non- SM particles) for certain regions of the parameter space there often exists one neutral Higgs boson that behaves similarly to the SM Higgs boson. For instance, the MSSM Higgs sector is described by two parameters, which can be chosen as the mass of the pseudoscalar boson m_A0 and the ratio tan β of the vacuum expectation values of the two Higgs doublets. In the decoupling limit m_A0 ≫ m_Z , where practically m_A0 ≳ 200 GeV is sufficient [38], one neutral Higgs boson h^0 is light and has the same couplings as the SM Higgs boson whereas the other Higgs bosons H^0, A^0 and H^± are heavy and decouple. If there exist light supersymmetric particles that couple to h^0 it may be comparatively easy to distinguish h^0 from the SM Higgs boson even if it has SM like couplings; this is because h^0 can decay into the light supersymmetric particles if kinematically allowed. Further, if the light supersymmetric particles couple to photons (gluons) the one-loop γγh^0 (ggh^0) coupling is modified by their contribution to the loop, thus the branching ratios of h^0 differ from those of the SM Higgs boson. If all heavy Higgses are beyond kinematical reach in the decoupling limit, such precision measurements are the only way to distinguish h^0 from the SM Higgs boson. Notice that at an e^+e^− collider like the ILC [39] the heavy Higgs states can only be produced pairwise in the decoupling limit so that the kinematical limit may be very crucial. However, at a γγ collider s-channel resonant H^0 and A^0 production [40] is possible so that only the available c.m. energy of the γγ system limits the masses which can be explored. In the γγ option of an ILC one expects that the maximal useful γγ c.m. energy will be 80% of the c.m. energy in the e^+e^− mode [41].

Present experiments give the following exclusion regions for various versions of the THDM. The OPAL collaboration has performed a parameter scan for the CP conserving THDM [42] and excluded at 95% C.L. large parts of the region where

1 GeV ≤ m_h0 ≤ 130 GeV, 3 GeV ≤ m_A0 ≤ 2 TeV, 0.4 ≤ tan β ≤ 40, α = − π 2 , − π 4 , 0, π 4 , π 2 . (2.14)

Here α is a mixing angle for the two states h^0 and H^0. Further, the approximate region where

1 GeV < m_h0 < 55 GeV, 3 GeV < m_A0 < 63 GeV

(2.15)

is excluded for all tan β values for negative α. In a combined analysis [43] of the four LEP collaborations a lower bound on the mass of the charged Higgs in models with two Higgs doublets like the THDM or the MSSM, approximately

m_H± > 78.6 GeV (2.16)

is determined. In another analysis [44] of the four LEP collaborations signals for neutral Higgs bosons at different benchmark points of the MSSM were searched for. Here the limits m_h0 > 91.0 GeV, m_A0 > 91.9 GeV

(2.17) at 95% C.L. are obtained. Under the assumption that the “left-right”-stop mixing is maximal and with conservative choices for other MSSM parameters the region 0.5 < tan β < 2.4 is excluded at 95% C.L.

3. THE GENERAL TWO-HIGGS-DOUBLET MODEL

We denote the two complex Higgs-doublet fields by

φ_i(x) = ( φ^+_i (x) φ^0_i (x) ) (3.1)

with i = 1, 2. Hence we have eight real scalar degrees of freedom. The most general SU (2)_L × U (1)_Y invariant Lagrangian for the THDM can be written as

L_{THDM} = L_φ + L_{Yuk} + L^′, (3.2)

where the pure Higgs-boson Lagrangian is given by

L_φ = ∑ i=1,2 (D_μφ_i)^† (D^μφ_i) − V (φ_1, φ_2). (3.3)

This term replaces the kinetic terms of the Higgs boson and the Higgs potential in the SM Lagrangian. The covariant derivative is

D_μ = ∂_μ + igW^a_μ T_a + ig^′B_μY, (3.4)

where T_a and Y are the generating operators of weakisospin and weak-hypercharge transformations. For the Higgs doublets we have T_a = τ_a/2, where τ_a (a = 1, 2, 3) are the Pauli matrices. We assume both doublets to have weak hypercharge y = 1/2. Further, L_{Yuk} are the Yukawa-interaction terms of the Higgs fields with fermions. Finally, L^′ contains the terms of the Lagrangian without Higgs fields. We do not specify L_{Yuk} and L^′ here since they are not relevant for our analysis. The Higgs potential V in the THDM will be specified below and discussed extensively.

We remark that in the MSSM the two Higgs doublets H_1 and H_2 carry hypercharges y = −1/2 and y = +1/2, respectively, whereas here we use the conventional definition of the THDM with both doublets carrying y = +1/2. However, our analysis can be translated to the other case, see for example (3.1) in [36], by setting

φ^α_1 = −ϵ_{αβ}(H^β_1 )^∗, φ^α_2 = H^α_2 ,

(3.5)

where ϵ is given by ϵ = ( 0 1 −1 0 ) . (3.6)

The most general gauge invariant and renormalisable potential V (φ_1, φ_2) for the two Higgs doublets φ_1 and φ_2 is a hermitian linear combination of the following terms:

φ^†_i φ_j , ( φ^†_i φ_j )( φ^†_kφ_l ) , (3.7)

where i, j, k, l ∈ {1, 2}. It is convenient to discuss the properties of the potential such as its stability and its spontaneous symmetry breaking in terms of gauge invariant expressions. For this purpose we arrange the SU (2)_L × U (1)_Y invariant scalar products into the hermitian 2×2 matrix

K := ( φ^†_1φ_1 φ^†_2φ_1 φ^†_1φ_2 φ^†_2φ_2 ) (3.8)

and consider its decomposition

K_{ij} = 1 2 ( K_0 δ_{ij} + K_a σ^a_{ij} ) , (3.9)

using the completeness of the Pauli matrices σ^a (a = 1, 2, 3), together with the unit matrix. The four real coefficients defined by the decomposition (3.9) are given by

K_0 = φ^†_i φ_i, K_a = (φ^†_i φ_j) σ^a_{ij}, (a = 1, 2, 3). (3.10)

Here and in the following summation over repeated indices is understood. Using the inversion of (3.10),

φ^†_1φ_1 = (K_0 + K_3)/2, φ^†_1φ_2 = (K_1 + iK_2)/2,

φ^†_2φ_2 = (K_0 − K_3)/2, φ^†_2φ_1 = (K_1 − iK_2)/2, (3.11) the most general potential can be written as follows:

V (φ_1, φ_2) = V_2 + V_4, (3.12a) V_2 = ξ_0K_0 + ξ_aK_a, (3.12b)

V_4 = η_{00}K^2_0 + 2K_0η_aK_a + K_aη_{ab}K_b, (3.12c)

where the 14 independent parameters ξ_0, ξ_a, η_{00}, η_a and η_{ab} = η_{ba} are real. We subsequently write K := (K_a), ξ := (ξ_a), η := (η_a) and E := (η_{ab}).

Now we consider a change of basis of the Higgs fields, φ_i → φ^′_i, where ( φ^′_1 φ^′_2 ) = ( U_{11} U_{12} U_{21} U_{22} ) ( φ_1 φ_2 ) . (3.13)

Here U = ( U_{11} U_{12} U_{21} U_{22} ) , U^†U = 1, (3.14)

is a 2×2 unitary transformation. With (3.13) the gauge invariant functions (3.10) transform as

K^′_0 = K_0, K^′_a = R_{ab}(U )K_b, (3.15)

where R_{ab}(U ) is defined by

U^†σ^aU = R_{ab}(U ) σ^b. (3.16)

The matrix R(U ) has the properties

R^∗(U ) = R(U ), R^T(U ) R(U ) = 1, det R(U ) = 1, (3.17) where 1 denotes the 3×3 unit matrix. That is, R(U ) ∈ SO(3). The form of the Higgs potential (3.12) remains unchanged under the replacement (3.15) if we perform an appropriate transformation of the parameters

ξ^′_0 = ξ_0, ξ^′ = R(U ) ξ, η^′_{00} = η_{00}, η^′ = R(U ) η,

E^′ = R(U ) E R^T(U ).

(3.18)

Moreover, for every matrix R with the properties (3.17), there is a unitary transformation (3.13). We can therefore diagonalise E, thereby reducing the number of parameters of V by three. The Higgs potential is then determined by only 11 real parameters.

The matrix K is positive semi-definite, which follows immediately from its definition (3.8). With K_0 = tr K and K^2_0 − K^2 = 4 det K this implies

K_0 ≥ 0, K^2_0 − K^2 ≥ 0. (3.19)

On the other hand, for any given K_0, K fulfilling (3.19), it is possible to find fields φ_i obeying (3.10). Furthermore, all fields obeying (3.10) for a given K_0, K form one gauge orbit. This is shown explicitly in Appendix A.

Thus, the functions K_0, K_a parametrise the gauge orbits and not a unique Higgs-field configuration. Specifying the domain of the functions K_0, K_a corresponding to the gauge orbits allows to discuss the potential directly in the form (3.12) with all gauge degrees of freedom eliminated. It is curious to note that the gauge orbits of the Higgs fields of the THDM are parametrised by Minkowski type four vectors (K_0, K) which have to lie on or inside the forward light cone.

In the following sections we derive bounds on the parameters of the potential that result from the conditions that

• the potential V is stable,

• we have spontaneous symmetry breaking of SU (2)_L × U (1)_Y down to U (1)_{em} .

4. STABILITY

According to Sect. 3 we can analyse the properties of the potential (3.12) as a function of K_0 and K on the domain determined by K_0 ≥ 0 and K^2_0 ≥ K^2. For K_0 > 0 we define

k := K/K_0. (4.1)

In fact, we have K_0 = 0 only for φ_1 = φ_2 = 0, and the potential is V = 0 in this case. From (3.12) and (4.1) we obtain for K_0 > 0

V_2 = K_0 J_2(k), J_2(k) := ξ_0 + ξ^Tk, (4.2)

V_4 = K^2_0 J_4(k), J_4(k) := η_{00} + 2η^Tk + k^TEk, (4.3) where we introduce the functions J_2(k) and J_4(k) on the domain |k| ≤ 1.

For the potential to be stable, it must be bounded from below. The stability is determined by the behaviour of V in the limit K_0 → ∞, hence by the signs of J_4(k) and J_2(k) in (4.3) and (4.2). For the theory to be at least marginally stable

J_4(k) > 0 or J_4(k) = 0 and J_2(k) ≥ 0 } for all |k| ≤ 1 (4.4)

is necessary and sufficient, since this condition is equivalent to V ≥ 0 for K_0 → ∞ in all possible directions k. The more robust stability property V → ∞ for K_0 → ∞ and any k can either be guaranteed by

J_4(k) > 0 or J_4(k) = 0 and J_2(k) > 0 } for all |k| ≤ 1 (4.5)

in a weak sense, or by

J_4(k) > 0 for all |k| ≤ 1 (4.6)

in a strong sense, that is by the quartic terms of V solely.

To assure J_4(k) is positive (semi-)definite, it is sufficient to consider its value for all stationary points of J_4(k) on the domain |k| < 1, and for all stationary points on the boundary |k| = 1. This holds, because the global minimum of the continuous function J_4(k) is reached on the compact domain |k| ≤ 1, and it is among those stationary points. This leads to bounds on η_{00}, η_a and η_{ab}, which parametrise the quartic term V_4 of the potential. For |k| < 1 the stationary points—if there are any—must fulfil Ek = −η with |k| < 1. (4.7) If det E ≠ 0 we explicitly obtain

J_4(k)|_{stat} = η_{00} − η^TE^{−1}η if 1 − η^TE^{−2}η > 0, (4.8)

where the inequality follows from the condition |k| < 1. If det E = 0 there can exist one or more “exceptional” solutions k of (4.7). They, again, have to obey |k| < 1. For |k| = 1 we must find the stationary points of the function

F_4(k, u) := J_4(k) + u ( 1 − k^2 ) , (4.9)

where u is a Lagrange multiplier. Those are given by

(E − u)k = −η with |k| = 1. (4.10)

For regular values of u such that det(E − u) ≠ 0 the stationary points are given by

k(u) = −(E − u)^{−1}η, (4.11)

and the Lagrange multiplier is determined from the condition k^Tk = 1 after inserting (4.11):

1 − η^T(E − u)^{−2}η = 0. (4.12)

We thus obtain the solution

J_4(k)|_{stat} = u + η_{00} − η^T(E − u)^{−1}η, (4.13)

where u is a solution of (4.12). Also for |k| = 1, depending on the parameters η_a and η_{ab}, there can be exceptional solutions (k, u) of (4.10) where det(E − u) = 0, i.e. where u is an eigenvalue of E.

The regular solutions for the two cases |k| < 1 and |k| = 1 can be described using one function only. Considering (4.9) and (4.11), we define

f(u) := F_4(k(u), u), (4.14)

with k(u) as in (4.11). This leads to

f(u) = u + η_{00} − η^T(E − u)^{−1}η, (4.15) f^′(u) = 1 − η^T(E − u)^{−2}η, (4.16)

so that for all “regular” stationary points k of J_4(k)

f(u) = J_4(k)|_{stat} , (4.17) f^′(u) = 1 − k^2 (4.18)

holds, where we set u = 0 for the solution with |k| < 1. There are stationary points of J_4(k) with |k| < 1 and |k| = 1 exactly if f^′(0) > 0 and f^′(u) = 0, respectively, and the value of J_4(k) is then given by f(u).

In a basis where E = diag(μ_1, μ_2, μ_3) we obtain:

f(u) = u + η_{00} − 3∑ a=1 η^2_a μ_a − u , (4.19)

f^′(u) = 1 − 3∑ a=1 η^2_a (μ_a − u)^2

. (4.20)

The derivative f^′(u) has at most 6 zeros. The shape of f(u) and f^′(u) for a (purely didactical) set of parameters where f^′(u) has 6 zeros can be seen in Fig. 1. Notice that there are no exceptional solutions if in this basis all three components of η are different from zero.

The function f(u) given by (4.15) allows us to discuss also the exceptional solutions of (4.7) and (4.10). Consider first |k| < 1 and suppose that det E = 0. In the basis where E is diagonal we have

det E = μ_1 μ_2 μ_3 = 0 (4.21)

and (4.7) reads

μ_1 k_1 = −η_1, μ_2 k_2 = −η_2, μ_3 k_3 = −η_3.

(4.22)

Clearly, a solution of (4.22) is only possible if with μ_a = 0 also η_a = 0 (a = 1, 2, 3). Therefore, we see from (4.19) that exceptional solutions with |k| < 1 are only possible if f(u) stays finite at u = 0. That is, the pole which would correspond to μ_a = 0 must have residue zero. Suppose

FIG. 1: The stability determining functions f^′(u) and f(u) as given by (4.20) and (4.19) with η00 = 0.05, (μ1 , μ2, μ3 ) = (0.01, 0.02, 0.03) and (η1, η2 , η3) = (0.002, 0.002, 0.002).

now that indeed η_a = 0 for all a where μ_a = 0. Take as an example μ_1 = μ_2 = 0 and η_1 = η_2 = 0, but μ_3 ≠ 0. Then we get the general solution of (4.22) as

k_3 = − η_3 μ_3

, (4.23)

with k_1, k_2 arbitrary but satisfying

k^2 = k^2_1 + k^2 + ( η_3 μ_3

)_2

< 1. (4.24)

We can write this as k = k_‖ + k_⊥, (4.25) where

k_‖ = − 1 μ_3 η, E k_⊥ = 0, k^2_⊥ < 1 − k^2_‖ = 1 − ( η_3 μ_3

)_2 . (4.26)

For the functions (4.19), (4.20) we get here

f(u) = u + η_{00} − η^2_3 μ_3 − u

, (4.27)

f^′(u) = 1 − η^2_3 (μ_3 − u)^2

. (4.28)

Inserting the solution k from (4.25), (4.26) in J_4(k) we get f(0) = J_4(k)|_{stat} , (4.29)

f^′(0) = 1 − k^2_‖ > k^2_⊥ ≥ 0. (4.30)

Clearly these arguments work similarly, if only one of the μ_a is equal to zero or all three μ_a are zero. In all cases (4.29) holds for the exceptional points with |k| < 1, which can exist only if f(u) has no pole at u = 0. Since (4.29) involves only ”scalar” quantities, it holds in any basis.

The case of exceptional solutions for |k| = 1 can be treated in an analogous way. An exceptional solution of (4.10) with u = μ_a (a = 1, 2, 3) can only exist if the corresponding η_a = 0. Then f(u) has no pole for u = μ_a and the exceptional solutions of (4.10) fulfil

k = k_‖ + k_⊥, (4.31)

with

k_‖ = − (E − u)^{−1}η | |_{u=μa} , (E − μ_a)k_⊥ = 0 and f(μ_a) = J_4(k)|_{stat} , (4.32)

f^′(μ_a) = 1 − k^2_‖ = k^2_⊥ ≥ 0. (4.33)

Note that if a solution is possible, k_⊥ may be any linear combination of the eigenvectors to the eigenvalue μ_a of E, where the norm is given by |k_⊥| = √ f^′(μ_a). Thus we see that the function f(u) is very useful for discussing the stability of the THDM potential. What we have shown so far can be formulated as follows.

Consider the functions f(u) and f^′(u). Denote by I, I = {u_1, . . . , u_n}, (4.34) the following set of values of u. Include in I all u where f^′(u) = 0. Add u = 0 to I if f^′(0) > 0. Consider then the eigenvalues μ_a (a = 1, 2, 3) of E. Add those μ_a to I where f(μ_a) is finite and f^′(μ_a) ≥ 0. We have n ≤ 10. The values of the function J_4(k) at its stationary points are given by

J_4(k)|_{stat} = f(u_i) (4.35)

with u_i ∈ I. The potential is stable if f(u_i) > 0 for all u_i ∈ I. Then the stability is given solely by the quartic terms in the potential. The potential is unstable if we have f(u_i) < 0 for at least one u_i ∈ I. If we have f(u_i) ≥ 0 for all u_i ∈ I and f(u_i) = 0 for at least one u_i ∈ I we have to consider in addition J_2(k) in order to decide on the stability of the potential.

We turn now to this latter case. We shall show that we have then to consider in addition the function

g(u) := ξ_0 − ξ^T(E − u)^{−1}η. (4.36) for the stationary points of J_4(k) with

J_4(k)|_{stat} = f(u_i) = 0. (4.37)

We have for the vectors k satisfying (4.37)

J_2(k) = g(u_i) (4.38)

if u_i ≠ μ_a, that is u_i is not an eigenvalue of E. If u_i is an eigenvalue of E, that is u_i = μ_a ∈ I, and e_l(u_i) (l = 1, . . ., N ) are the N ≤ 3 eigenvectors to u_i, then we have

inf_k J_2(k) = g(u_i) − |ξ_⊥(u_i)| √ f^′(u_i), (4.39)

where the infimum is taken over all exceptional solutions k to u_i and

ξ_⊥(u_i) := N∑ l=1 ξe_l(u_i) |e_l(u_i)|^2 e_l(u_i). (4.40)

We summarise our findings in a theorem.

Theorem 1. The most general potential of the two- Higgs-doublet model has the form (3.12). Its stability is decided in the following way. If the potential has only the quadratic term V_2, it is stable for ξ_0 > |ξ|, marginally stable for ξ_0 = |ξ| and unstable for ξ_0 < |ξ|. Suppose now that V_4 ≢ 0. We construct then the functions f(u) (4.15), f^′(u) (4.16) and g(u) (4.36), and the set I (4.34) of (at most 10) u values.

(i) If f(u_i) > 0 for all u_i ∈ I the potential is stable in the strong sense (4.6).

(ii) If f(u_i) < 0 for at least one u_i ∈ I the potential is unstable.

(iii) If f(u_i) ≥ 0 for all u_i ∈ I and f(u_i) = 0 for at least one u_i ∈ I we consider also the function g(u) (4.36). The potential is stable in the weak sense (4.5) if for all u_i ∈ I where f(u_i) = 0 the following holds (see (4.38) to (4.40)):

g(u_i) > 0 if u_i ≠ μ_a, (4.41) g(u_i) − |ξ_⊥(u_i)| √ f^′(u_i) > 0 if u_i = μ_a. (4.42)

If in some or all of these cases we have = 0 instead of > 0 we have marginal stability (4.4). If in at least one case we have < 0 instead of > 0 the potential is unstable.

Our theorem gives a complete characterisation of the stability properties of the general THDM potential. In the following subsection we apply the theorem to assert the strong stability condition (4.6) for a specific potential. An application for the weaker stability condition (4.5) is given in Subsection 8.1.

4.1. Stability for THDM of Gunion et al.

We consider the THDM of [12] with the Higgs potential

V (φ_1, φ_2) = λ_1 ( φ^†_1φ_1 − v^2_1

)_2

+ λ_2 ( φ^†_2φ_2 − v^2

)_2

+ λ_3 ( φ^†_1φ_1 − v^2_1 + φ^†_2φ_2 − v^2

)_2

+ λ_4 (( φ^†_1φ_1 )( φ^†_2φ_2 ) − ( φ^†_1φ_2 )( φ^†_2φ_1 ))

+ λ_5 ( Re ( φ^†_1φ_2 ) − v_1v_2 cos ξ

)_2

+ λ_6 ( Im ( φ^†_1φ_2 ) − v_1v_2 sin ξ

)_2

+ λ_7 ( Re ( φ^†_1φ_2 ) − v_1v_2 cos ξ ) ( Im ( φ^†_1φ_2 ) − v_1v_2 sin ξ ) , (4.43)

which contains nine real parameters if we do not count the constant. This potential breaks the discrete symme- try φ_1 −→ −φ_1, φ_2 −→ φ_2 (4.44)

only softly, i.e. by V_2 terms, thus suppressing large flavour changing neutral currents. For various restrictions on the THDM by symmetries see for instance [35]. Dropping the constant term, we put the potential into the form (3.12) using the relations (3.11). Then,

η_{00} = 1 4 (λ_1 + λ_2 + 4λ_3 + λ_4),

η = 1 4 0 0 λ_1 − λ_2 ,

E = 1 8 2(λ_5 − λ_4) λ_7 0 λ_7 2(λ_6 − λ_4) 0 0 0 2(λ_1 + λ_2 − λ_4) . (4.45)

From (4.15) and (4.16) we obtain

f(u) = u + 1 4 (λ_1 + λ_2 + 4λ_3 + λ_4) − (λ_1 − λ_2)^2 4(λ_1 + λ_2 − λ_4 − 4u) , f^′(u) = 1 −

(λ_1 − λ_2)^2 (λ_1 + λ_2 − λ_4 − 4u)^2 . (4.46)

We introduce the abbreviation

κ := 1 2 ( λ_5 + λ_6 − √ (λ_5 − λ_6)^2 + λ^2_7 ) . (4.47)

Applying theorem 1 to the functions f(u) and f^′(u), we find the strong stability assertion by V_4, see (4.6), to be equivalent to the simultaneous conditions

λ_1 + λ_3 > 0, λ_2 + λ_3 > 0,

λ_4, κ > −2λ_3 − 2 √ (λ_1 + λ_3)(λ_2 + λ_3).

(4.48)

In particular, if λ_1, λ_2, λ_3, λ_4, κ > 0 these inequalities are fulfilled. They can then be rewritten as:

λ_1, λ_2, λ_3, λ_4 > 0, 4λ_5λ_6 > λ^2_7. (4.49)

That means, if (4.49) holds, the conditions (4.48) are fulfilled and the potential is stable. For the case λ_7 = 0 we can replace κ by min(λ_5, λ_6) in the stability conditions (4.48), which are then in particular fulfilled if λ_i > 0 for i = 1, . . . , 6.

The potential in [9] is even more specific since it is invariant under (4.44). Inserting their potential parameters in (4.48) we reproduce the result of [9], their equation (2).

5. LOCATION OF STATIONARY POINTS

After our stability analysis in the preceding section we now determine the location of the stationary points of the potential, since among these points there are the local and global minima. To this end we define

K̃ = ( K_0 K ) , ξ̃ = ( ξ_0 ξ ) , Ẽ = ( η_{00} η^T η E ) . (5.1)

In this notation the potential (3.12) reads

V = K̃^Tξ̃ + K̃^TẼK̃ (5.2)

and is defined on the domain

K̃^Tg̃K̃ ≥ 0, K_0 ≥ 0, (5.3)

with

g̃ = ( 1 0 0 −1 ) . (5.4)

For the discussion of the stationary points of V , we distinguish the allowed cases K̃ = 0, K_0 > |K| and K_0 = |K| > 0.

The trivial configuration K̃ = 0 is a stationary point of the potential with V = 0, as a direct consequence of the definitions.

The stationary points of V in the inner part of the domain, K_0 > |K|, are given by

ẼK̃ = − 1 2 ξ̃ with K̃^Tg̃K̃ > 0 and K_0 > 0. (5.5)

For det Ẽ ≠ 0 we obtain the unique solution

K̃ = − 1 2 Ẽ^{−1}ξ̃, (5.6)

provided that

ξ̃^TẼ^{−1}g̃Ẽ^{−1}ξ̃ > 0 and K_0 > 0, (5.7)

and no solution if (5.7) does not hold. The Hessian matrix ( ∂^2 ∂K_i ∂K_j V ) = 2Ẽ, where i, j = 0 . . . 3, (5.8) determines whether (5.6) is a local minimum, a local maximum or a saddle. In the case det Ẽ = 0 we may have exceptional solutions of (5.5). In the regular case as well as in the exceptional cases, the existence of a solution of (5.5) along with the corresponding values of the potential are not affected by the transformation of parameters (3.18).

The stationary points of V on the domain boundary K_0 = |K| > 0 are stationary points of the function F̃ (K̃, u) := V − uK̃^Tg̃K̃, (5.9) where u is a Lagrange multiplier. The relevant stationary points of F̃ are given by (~ E − ug̃ )~ K = − 1 2 ξ̃ with K̃^Tg̃K̃ = 0 and K_0 > 0.

(5.10) For regular values of u with det(Ẽ − ug̃) ≠ 0 we obtain

K̃(u) = − 1 2 (~ E − ug̃ )_{−1}~ ξ. (5.11)

The Lagrange multiplier is determined from the constraints in (5.10) by inserting (5.11):

ξ̃^T(Ẽ − ug̃)^{−1}g̃(Ẽ − ug̃)^{−1}ξ̃ = 0 and K_0 > 0. (5.12)

There may be up to 4 values u = μ̃_a with a = 1, . . . , 4 for which det(Ẽ − ug̃) = 0. Depending on the potential some or all of them may lead to exceptional solutions of (5.10). Note that for the regular as well as for the exceptional cases, the Lagrange multipliers u and the value of the potential belonging to solutions (u, K̃) of (5.10) are, similar to above, invariant under the transformations (3.18).

For any stationary point the potential is given by V |_{stat} = 1 2 K̃^Tξ̃ = −K̃^TẼK̃. (5.13)

Suppose now that the weak stability condition (4.5) holds. Then (5.13) gives for non-trivial stationary points where K̃ ≠ 0: V |_{stat} < 0, (5.14) since the cases V_4 < 0 and V_4 = V_2 = 0 are excluded by the stability condition.

Similarly to the stability analysis in Sect. 4 we can use a unified description for the regular stationary points of V with K_0 > 0 for both |K| < K_0 and |K| = K_0 defining the function f̃ (u) := F̃ (K̃(u), u), (5.15) where K̃(u) is the solution (5.11). It follows:

f̃ (u) = − 1 4 ξ̃^T(Ẽ − ug̃)^{−1}ξ̃, (5.16)

f̃^′(u) = − 1 4 ξ̃^T(Ẽ − ug̃)^{−1}g̃(Ẽ − ug̃)^{−1}ξ̃. (5.17) Denoting the first component of K̃(u) as K_0(u) we summarise as follows.

Theorem 2. The stationary points of the potential are given by

(I a) K̃ = K̃(0) if f̃^′(0) < 0, K_0(0) > 0 and det Ẽ ≠ 0,

(I b) solutions K̃ of (5.5) if det Ẽ = 0,

(II a) K̃ = K̃(u) for u with det(Ẽ − ug̃) ≠ 0, f̃^′(u) = 0 and K_0(u) > 0,

(II b) solutions K̃ of (5.10) for u with det(Ẽ − ug̃) = 0,

(III) K̃ = 0.

In many cases, for instance if all values μ̃_1, . . . , μ̃_4 are different, we can diagonalise the in general non-hermitian matrix g̃Ẽ in the following way: g̃Ẽ = 4∑ a=1 μ̃_aP̃_a. (5.18)

Here the P̃_a are quasi-projectors constructed from the normalised right and left eigenvectors χ_a, χ̃_a of g̃Ẽ. We have then g̃Ẽ χ_a = μ̃_a χ_a, χ̃_a g̃Ẽ = χ̃_a μ̃_a, χ̃_aχ_b = δ_{ab} and can impose as additional normalisation condition χ^†_aχ_a = 1. The P̃_a are given by

P̃_a = χ_aχ̃_a (5.19)

and satisfy

tr P̃_a = 1, P̃_aP̃_b = { P̃_a for a = b,

0 for a ≠ b,

(5.20)

where a, b ∈ {1, . . ., 4}. In terms of the P̃_a (5.16) and (5.17) read

f̃ (u) = − 1 4 4∑ a=1 ξ̃^TP̃_a g̃ ξ̃ μ̃_a − u , (5.21)

f̃^′(u) = − 1 4 4∑ a=1 ξ̃^TP̃_a g̃ ξ̃

(μ̃_a − u)^2

. (5.22)

Of course, f̃ (u) (5.16) is always a meromorphic function of u but in general poles of higher order than one may also occur.

6. CRITERIA FOR ELECTROWEAK SYMMETRY BREAKING

The global minimum will be among the stationary points discussed in the previous section. Here we discuss the spontaneous symmetry breaking features of the possible classes of minima and give criteria to ensure a global minimum with the required electroweak symmetry breaking SU (2)_L × U (1)_Y → U (1)_{em}.

A global minimum at K̃ = 0 means vanishing fields for the vacuum. In this case, no symmetry is spontaneously broken. If the global minimum lies at K̃ ≠ 0, the full gauge group or a subgroup is broken. We denote the vacuum expectation values, i.e. the fields at the global minimum of the potential V , by

v^+_i := ⟨φ^+_i ⟩, v^0_i := ⟨φ^0_i ⟩, (6.1)

with i = 1, 2. In general the v^+_i , v^0_i are complex numbers. To exhibit the consequences of electromagnetic gauge invariance we consider the matrix (3.8) at the global minimum, K|_{min}.

If the global minimum of V occurs with K_0 > |K|, it follows det K|_{min} > 0, see Sect. 3. Since we have

det K|_{min} = | |v^+_1 v^0_2 − v^0_1 v^+_2 | |^2 , (6.2)

the vectors ( v^+_1 v^+_2 ) , ( v^0_1 v^0_2 ) (6.3)

are linearly independent. Then there is no transformation (3.13) such that both v^+_1 and v^+_2 become zero. This means that the full gauge group SU (2)_L × U (1)_Y is broken. We can also show this using the methods explained in Appendix A, see (A23).

In the case that the global minimum of V features K_0 = |K| > 0, the rank of the matrix K|_{min} is 1 and the vectors (6.3) are linearly dependent. After performing a SU (2)_L × U (1)_Y transformation we achieve ( v^+_1 v^+_2 ) = 0, (6.4) ( v^0_1 v^0_2 ) = (| v^0_1 | | | |v^0_2 | | e^{iζ} ) ≠ 0, ζ ∈ R, (6.5)

and identify the unbroken U (1) gauge group with the electromagnetic one. By a transformation (3.13), namely ( φ^′_1 φ^′_2 ) = ( cos β sin β e^{−iζ} − sin β e^{iζ} cos β ) ( φ_1 φ_2 ) , (6.6)

with β fulfilling | |v^0_1 | | sin β = | |v^0_2 | | cos β, we can arrange that ( v^{′+}_1 v^{′+}_2 ) = 0, (6.7) ( v^{′0}_1 v^{′0}_2 ) = ( v_0/ √ 2 0 ) , v_0 > 0 (6.8)

for the vacuum expectation values in the new basis. This can also be derived from the results in Appendix A, see (A16) et seq. In (6.8) v_0 is the usual Higgs-field vacuum expectation value, v_0 ≈ 246 GeV (see for instance [33]).

Now, we want to derive conditions for the parameters in the general potential (3.12), which lead to the required EWSB by a global minimum with K_0 = |K| > 0. In the following, we assume the potential to be stable. If we consider parameters fulfilling ξ_0 ≥ |ξ| this immediately implies J_2(k) ≥ 0 and hence from (4.5) V > 0 for all K̃ ≠ 0. Therefore for these parameters the global minimum is at K̃ = 0. Thus we arrive at the requirement

ξ_0 < |ξ|. (6.9)

Here we obtain ∂V ∂K_0 | | | |_{k fixed,}

K_0=0

= ξ_0 + ξ^Tk < 0 (6.10)

for some k, i.e. the global minimum of V lies at K̃ ≠ 0.

Addressing the non-trivial cases, suppose that the two points

p̃ = ( p_0 p ) , q̃ = ( q_0 q ) (6.11)

with p_0 ≥ |p| and q_0 ≥ |q| are stationary points of V , that is each of them is either a solution of (5.5), or, together with an appropriate Lagrange multiplier u_p or u_q for p̃ or q̃, respectively, a solution of (5.10).

Firstly, consider p_0 = |p|. From (5.2) and (5.10) we have ∂V ∂K_0 | | | |_{K fixed,} K̃=p̃ = ξ_0 + 2(Ẽ p̃)_0 = 2u_p p_0. (6.12)

If u_p < 0, there are points K̃ with K_0 > p_0, K = p and lower potential in the neighbourhood of p̃, which therefore can not be a minimum. We conclude that in a theory with the required EWSB the global minimum (which needs to be on the light cone) must have Lagrange multiplier u_0 ≥ 0. As we shall show in Sect. 7, the case u_0 = 0 leads to zero mass for the physical charged Higgs field at tree level. This is unacceptable from a phenomenological point of view if we disregard the possibility of very large radiative corrections. Therefore, we find as condition for an acceptable theory

u_0 > 0 (6.13)

for the Lagrange multiplier u_0 of the global minimum. Secondly, for p_0 = |p| and q_0 = |q| we have from (5.13) and (5.10):

V (p̃) − V (q̃) = 1 2 p̃^Tξ̃ − 1 2 q̃^Tξ̃

= p̃^T(u_q g̃ − Ẽ)q̃ − q̃^T(u_p g̃ − Ẽ)p̃

= (u_q − u_p) p̃^Tg̃q̃. (6.14)

Since p̃ and q̃ are vectors on the forward light cone, p̃^Tg̃q̃ is always non-negative and zero only for p̃ parallel to q̃. Furthermore, the case that two different p̃, q̃ are parallel can not occur, since then (6.14) requires V (p̃) = V (q̃), while (5.13) and (5.14) imply V (p̃) ≠ V (q̃) for that case. Therefore we conclude

u_p > u_q ⇐⇒ V (p̃) < V (q̃). (6.15)

Assuming p_0 = |p| and q_0 > |q| we get from (5.13) and (5.5):

V (p̃) − V (q̃) = −u_p p̃^Tg̃q̃ (6.16) and V (p̃) − V (q̃) = (p̃ − q̃)^T Ẽ (p̃ − q̃). (6.17)

The first equation implies in particular, that a stationary point on the domain boundary with positive Lagrange multiplier will have a lower potential than any stationary point with K_0 > K. From the second equation follows in this case that Ẽ has a negative eigenvalue. Since for the stationary point q̃ in the interior of the light cone the Hessian matrix is 2Ẽ (see (5.8)), we see that q̃ cannot be a local minimum. This result and the hierarchies of the stationary points derived above agree with [14]. We summarise as follows.

Theorem 3. A global minimum with the spontaneous electroweak symmetry breaking SU (2)_L × U (1)_Y → U (1)_{em} and absence of zero mass physical charged Higgses

(I) requires ξ_0 < |ξ|,

(II) is given and guaranteed by the stationary point of the classes (IIa) or (IIb) of theorem 2 with the largest Lagrange multiplier u_0 > 0.

We remark that for two different stationary points in the inner part of the domain or with u = 0 on its boundary, any linear combination of them with K_0 ≥ |K| is a stationary point as well. These points therefore belong to one connected set of degenerate stationary points. Stability requires that this set contains points with K_0 > |K| and is bounded by points with K_0 = |K|. If interpreted geometrically, this degenerate set is a line segment, ellipsoidal area or volume. Together with the arguments above we find the following mutually exclusive possibilities for local minima, expressed in terms of the gauge invariant functions: one or multiple solutions with the required EWSB (K_0 = |K|) or the aforementioned degenerate set of solutions (K_0 ≥ |K|) or one charge breaking solution (K_0 > |K|) or the trivial solution (K̃ = 0) .

7. POTENTIAL AFTER ELECTROWEAK SYMMETRY BREAKING

We assume a stable potential which leads to the desired symmetry breaking pattern as discussed in the previous sections and derive consequences for the resulting physical fields in the following. We choose a unitary gauge and the basis for the scalar fields such that for the vacuum expectation values relations (6.7) and (6.8) hold, and furthermore the fields satisfy

φ^+_1 (x) = 0, (7.1)

Im φ^0_1(x) = 0, (7.2)

Re φ^0_1(x) ≥ 0. (7.3)

We introduce as usual a shifted Higgs field

ρ^′(x) := √ 2 Re φ^0_1(x) − v_0. (7.4)

Then the two Higgs doublets are

φ_1(x) = 1 √ 2 ( 0 v_0 + ρ^′(x) ) , φ_2(x) = ( φ^+_2 (x) φ^0_2(x) ) . (7.5)

In addition to ρ^′ there are two more neutral Higgs fields

h^′ := √ 2 Re φ^0_2, h^{′′} := √ 2 Im φ^0_2 (7.6)

and the charged fields

H^+ := φ^+_2 , H^− := ( H^+ )_∗ . (7.7)

It is convenient to decompose K̃ according to the power of the physical fields they contain K̃ = K̃_{{0}} + K̃_{{1}} + K̃_{{2}}, (7.8)

with

K̃_{{0}} = v^2_0/2 0 0 v^2_0/2 , K̃{1} = v0 ρ^′ h^′_0 h^{′′}_0 ρ^′ , (7.9)

K̃_{{2}} = 1 2 ρ^{′ 2} + 2H_−H_+ + h^{′ 2} + h^{′′ 2} 2ρ^′h^′ 2ρ^′h^{′′} ρ^{′ 2} − 2H_−H_+ − h^{′ 2} − h^{′′ 2}

. (7.10)

By u_0 we denote again the Lagrange multiplier corresponding to the global minimum of V . From (5.10) we have

ẼK̃_{{0}} = u_0 g̃K̃_{{0}} − 1 2 ξ̃. (7.11)

From the explicit expressions (7.9) and (7.10) we further have

K̃^T_{{0}} g̃ K̃_{{0}} = 0, K̃^T_{{0}} g̃ K̃_{{1}} = 0. (7.12)

Using (7.8) to (7.12) we obtain for the potential (5.2)

V = V_{{0}} + V_{{2}} + V_{{3}} + V_{{4}}, (7.13)

where V_{{k}} are the terms of k^{th} order in the physical Higgs fields

V_{{0}} = (ξ_0 + ξ_3) v^2_0/4, (7.14)

V_{{2}} = K̃^T_{{1}} Ẽ K̃_{{1}} + 2 u_0 K̃^T_{{0}} g̃ K̃_{{2}}, (7.15)

V_{{3}} = 2 K̃^T_{{1}} Ẽ K̃_{{2}}, (7.16)

V_{{4}} = K̃^T_{{2}} Ẽ K̃_{{2}}. (7.17)

The second order terms (7.15) determine the masses of the physical Higgs fields:

V_{{2}} = 1 2 (ρ^′, h^′, h^{′′})M^2_{neutral} ρ^′ h^′ h^{′′} + m^2_{H±} H^+H^−

(7.18) with

M^2_{neutral} = 2

−ξ_0 − ξ_3 −ξ_1 −ξ_2 −ξ_1 v^2_0 (u_0 + η_{11}) v^2_0 η_{12} −ξ_2 v^2_0 η_{12} v^2_0 (u_0 + η_{22}) , (7.19)

m^2_H± = 2 u_0 v^2_0. (7.20)

Note that the condition u_0 > 0 corresponds to the positivity of the charged Higgs mass squared at tree level. This result was already mentioned in Section 6. Generically the mass terms (7.18) contain 7 real parameters. From (7.19) and (7.20) we see that all 7 parameters are in general independent in this model.

8. EXAMPLES

Here we apply the general considerations of Sections 4 to 7 to specific models.

8.1. MSSM Higgs potential

In this subsection, we consider the MSSM Higgs potential and reproduce the well-known results for its stability, symmetry breaking and mass spectrum (see e.g. [24] and references therein), employing the method described in the previous sections. In the notation of [45] the MSSM Higgs potential is

V = V_D + V_F + V_{soft} (8.1)

with

V_D = 1 8 (g^2 + g^{′ 2}) ( H^†_1H_1 − H^†_2H_2

)_2 + 1 2 g^2 | | |H^†_1H2 | | |^2 ,

V_F = |μ|^2 (H^†_1H_1 + H^†_2H_2),

V_{soft} = m^2_{H1} H^†_1H_1 + m^2_{H2} H^†_2H_2 − ( m^2_3 H^T_1 ϵH_2 + h.c. ) , (8.2)

where H_1 and H_2 are Higgs doublets with weak hypercharges y = −1/2 and y = +1/2, respectively, m^2_{H1} , m^2_{H2} ∈ R, m^2_3 ∈ C and |μ|^2 ∈ R^+_0 are parameters of dimension mass squared. Substituting H_1 and H_2 by doublets φ_1, φ_2 with the same weak hypercharge y = +1/2 according to (3.5) and using the relations (3.11), we can put the potential in the form (3.12). The parameters are η_{00} = 1 8 g^2, η = 0 0 0 , E = 1 8 −g^2 0 0 0 −g^2 0 0 0 g^{′ 2} (8.3) for V_4 = V_D and

ξ_0 = |μ|^2 + 1 2 (m^2_{H1} + m^2_{H2} ), ξ =

− Re (m^2_3), Im (m^2_3), 1 2 (m^2_{H1} − m^2_{H2} ) (8.4) for V_2 = V_F + V_{soft}.

We determine the stability of the potential by employing theorem 1. The functions f(u) (4.15) and f^′(u) (4.16) for the MSSM are

f(u) = u + 1 8 g^2, (8.5)

f^′(u) = 1. (8.6)

The set I (4.34) is given here by u = 0 and the eigenvalues of E (8.3), I = { u_1 = 0, u_2 = − 1 8 g^2, u_3 = 1 8 g^{′ 2} } . (8.7)

We find for the stationary points of J_4 with u_i = u_1, u_3 the values J_4(k)|_{stat} = f(u_i) > 0 but for those with u_2 the value J_4(k)|_{stat} = f(u_2) = 0. Explicitely, the stationary points of J_4 with u_2 are

k = (cos ϕ, sin ϕ, 0)^T, ϕ ∈ R, with J_4(k) = 0. (8.8)

They are known as the “D-flat” directions, since they have V_D = 0. For the MSSM, they prevent the stability assertion by the quartic terms alone. For the stability to be guaranteed by V_2 > 0 in these directions, theorem 1 gives as condition, see (4.42) and (4.36), the inequality

g(u_2) − |ξ_⊥(u_2)| √ f^′(u_2) = ξ_0 − √ ξ^2_1 + ξ^2 > 0. (8.9)

Inserting (8.4) we get | |m^2_3 | | < |μ|^2 + 1 2 (m^2_{H1} + m^2_{H2} ). (8.10)

as the necessary and sufficient condition for the stability of the MSSM potential in the sense of (4.5).

For the global minimum to be non-trivial, criterion (I) of theorem 3 gives ξ_0 < √ ξ^2_1 + ξ^2 + ξ^2_3, or equivalently

|μ|^2 + 1 2 (m^2_{H1} + m^2_{H2} ) < √ |m^2_3|^2 + 1 4 ( m^2_{H1} − m^2_{H2}

)_2

(8.11) as a necessary and sufficient condition. We consider the acceptable global minimum candidates given by the classes (IIa) and (IIb) of theorem 2. The conditions (8.10) and (8.11) prevent exceptional solutions. The regular solutions are determined by the functions

f̃ (u) = − 1 4 ( ξ^2_0 − ξ^2_1 − ξ^2 1 8 g^2 − u − ξ^2_3 −^1_8 g^{′ 2} − u ) , (8.12)

f̃^′(u) = − 1 4 ( ξ^2_0 − ξ^2_1 − ξ^2 (^1_8 g^2 − u)^2 − ξ^2_3 (−^1_8 g^{′ 2} − u)^2 ) , (8.13)

K_0(u) = − 1 2 · ξ_0 1 8 g^2 − u

, (8.14)

where we omitted the insertions (8.4) for a compact notation. Employing again the conditions (8.10) and (8.11) we find the following. The function f̃^′(u) always has two zeros and those zeros imply values of K_0(u) with opposite signs. The physical solution with K_0(u) > 0 has the Lagrange multiplier

u_0 = 1 8 · |ξ_3| g^2 + √ ξ^2_0 − ξ^2_1 − ξ^2 g^{′ 2} |ξ_3| − √ ξ^2_0 − ξ^2_1 − ξ^2

, (8.15)

which is positive. Figure 2 shows the functions f̃ ′(u), K_0(u) for an example set of parameters (corresponding to the SPS1a scenario [46] at the tree level). We conclude that (8.10) and (8.11) guarantee the existence of the stationary point K̃(u_0), which fulfils criterion (II) of theorem 3 and therefore is the global minimum with the required EWSB pattern. Moreover, there are no other local minima.

Note from (8.3) and (8.4) that it is always possible to choose a basis with ξ_1 = − | |m^2_3 | |, ξ_2 = 0 without affecting any other parameters. We further choose a gauge where (6.4) and (6.5) hold, and perform the rotation (6.6) with

tan β = √ ξ_0 |ξ_3| + √ ξ^2_0 − ξ^2_1 − ξ^2 ξ_3 ξ_0 |ξ_3| − √ ξ^2_0 − ξ^2_1 − ξ^2 ξ_3

(8.16)

into a basis of the form (6.7) and (6.8), which has the new parameters

ξ^′ = −c_{2β} | m^2_3 | − s_{2β}^1_2 (m^2_{H1} − m^2_{H2} ) 0 −s_{2β} | |m^2_3 | | + c_{2β}^1_2 (m^2_{H1} − m^2_{H2} )

, (8.17)

E^′ = 1 8 −g^2 + s^2_β ḡ^2 0 −^1_2 s_{4β} ḡ^2 0 −g^2 0 −^1_2 s_{4β} ḡ^2 0 −g^2 + c^2_β ḡ^2

, (8.18)

with the abbreviations ḡ^2 := g^2 + g^{′ 2} and s_{2β} := sin 2β etc. We insert the expressions into the formulae of Section 7 and use

m^2_W := ( 1 2 gv_0 )_2

, m^2_Z := ( 1 2 ḡv_0 )_2 , (8.19)

with v_0 = √ 2K_0(u_0). According to (7.19), the fact that ξ^′_2 = η^′_{12} = 0 implies tree-level CP conservation

FIG. 2: The global minimum determining functions f̃^′(u) and K0(u) for the MSSM, see (8.13) and (8.14), with |μ|^2 + m^2_{Hd} = 157486 GeV^2, |μ|^2 + m^2_{Hu} = −2541 GeV^2 , | |m^2_3 | | = 15341 GeV^2 . The small boxes show the functions with enhanced ordinate resolution in the region around the physically relevant zero of f̃^′(u).

within the Higgs sector of the MSSM. We obtain the mass squares

m^2_A0 = 2v^2_0(η^′_{22} + u_0), m^2_H± = m^2_A0 + m^2_W (8.20)

for the pseudo-scalar boson A^0 := h^{′′} and the charged bosons H^±, which are already mass eigenstates. The non-diagonal part of the neutral mass matrix is

M^2 | |_{neutral,}

CP even = ( c^2_β m^2_Z −^1_2 s_{4β} m^2_Z −^1_2 s_{4β} m^2_Z m^2_{A0} + s^2_βm^2_Z ) (8.21)

in the basis (ρ, h^′). Its diagonalisation leads to mass squares

m^2_h0_{,H}0 = 1 2 ( m^2_A0 + m^2_Z ∓ √( m^2_{A0} + m^2_Z

)_2 − 4 c^2_β m^2_{A0} m^2_Z ) (8.22)

for the mass eigenstates h^0, H^0. They are obtained from ( H^0 h^0 ) = ( cos α^′ sin α^′ − sin α^′ cos α^′ ) ( ρ h^′ ) , (8.23) with the mixing angle α^′ determined by

cos 2α^′ = − m^2_{A0} − c_{4β} m^2_Z m^2_{H0} − m^2_{h0} , sin 2α^′ = − s_{4β} m^2_Z m^2_{H0} − m^2_{h0} . (8.24)

Performing the rotation (6.6) on the complete doublets, as described above, leads to states ρ, h^′ with simple couplings to the gauge bosons, e.g. vanishing ZZh^′ and W W h^′ couplings at tree level. However, usually the real parts of the neutral doublet components are excluded from that rotation. Applying the inverse of the rotation (6.6) to only the neutral components (ρ, h^′) gives √ 2(Re H^1_1 , Re H^2_2 ). The mass matrix in this basis is diagonalised analogously to (8.23), where α^′ is replaced by the mixing angle α with

cos 2α = − cos 2β m^2_{A0} − m^2_Z m^2_{H0} − m^2_{h0} , sin 2α = − sin 2β m^2_{A0} + m^2_Z m^2_{H0} − m^2_{h0} , (8.25)

which is the well-known result.

8.2. Stationary points for THDM of Gunion et al.

We continue the discussion of the potential from [12], for which we derived the stability conditions in Section 4, see (4.43) et seq. Note, that we consider the shifted potential according to V (K̃ = 0) = 0. The parameters of V_4 are given by η_{00}, η and E as in (4.45), while we have

ξ_0 = −λ_1v^2_1 − λ_2v^2 − 2λ_3 ( v^2_1 + v^2 ) ,

ξ = −v_1v_2 ( λ_5 cos ξ +^{λ7}_2 sin ξ ) −v_1v_2 ( λ_6 sin ξ +^{λ7}_2 cos ξ ) −λ_1v^2_1 + λ_2v^2

(8.26)

for the parameters of V_2. Here, v_1, v_2 and ξ denote the parameters of the potential (4.43) irrespective of their meaning for the vacuum expectation values. The function f̃^′(u) constructed for this potential according to (5.17) exhibits the zero

μ̃ = 1 4 λ_4, (8.27)

whose associated solution K̃(μ̃) is always a stationary point. It can be represented by the field configuration

φ_1|_{μ̃} = ( 0 v_1 ) , φ_2|_{μ̃} = ( 0 v_2 e^{iξ} ) . (8.28)

If all λ_i > 0 it is immediately obvious from the definition of the potential that this is the global minimum, which is furthermore non-trivial unless both v_1, v_2 are zero.

However, the quartic stability conditions (4.48) do not require the λ_i to be positive. In the general case there can be more than one local minimum with the required EWSB, and the stationary point (8.28) is not necessarily the global minimum (we find parameters where (8.28) is only a saddle point, while another solution provides an admissible global minimum for a stable potential). The function f̃^′(u) may have up to 5 additional zeros which can lead to further regular stationary points. Also exceptional stationary points may occur for special parameter combinations. We do not find analytical expressions for the remaining zeros of f̃^′(u) for the general case. Instead we apply the methods described in the previous sections in a semi-analytical way and determine the zeros of f̃^′(u) numerically. We assure the stability conditions (4.48) to hold for the chosen parameter values. The stationary points with K_0 = |K| > 0 and the largest Lagrange multiplier u > 0 are the required global minima. In order to classify also the other solutions, we compute m^2_{H±} and the eigenvalues of M^2_{neutral} for each stationary point, as described in the previous sections for the global minimum. A solution for which all of these values are positive is a local minimum. Mixed positive and negative values mean that the solution is a saddle point. Note that for a global minimum different from (8.28), the potential parameters v_1, v_2 and ξ lose their simple meaning. For example, we find that the global minimum acquires a non-vanishing, CP violating, phase for certain parameters with ξ = 0, λ_5 = λ_6 ≠ 0 and λ_7 ≠ 0.

Figure 3 shows the potential at the stationary points with K_0 = |K| > 0 for the particular parameter values described in the caption. This example features treelevel CP conservation within the Higgs sector: ξ = λ_7 = 0 leads to ξ_2 = 0 and, by (5.11) and λ_4 ≠ λ_6, to K_2 = 0 (i.e. trivial phases) at the global minimum. In the basis with (6.7) and (6.8) we then have ξ^′_2 = η^′_{12} = 0, implying CP conservation by (7.19). Note that even with the simple parameter combinations chosen for Fig. 3, the structure of the stationary points can be non-trivial. In the example λ_1 and λ_2 are equal and varied simultaneously. For the plotted range, where λ_1 is negative, the global minimum is a regular solution and differs from (8.28), which is only a local minimum. For λ_1 = 0 there are two exceptional and degenerate minima. The figure shows for positive λ_1 the expected behaviour, that (8.28) becomes the global minimum, but also that for 0 < λ_1 < 0.0268 a second regular local minimum exists. Two stationary points disappear for the plotted range above λ_1 > 0.0268 because there the corresponding two zeros of f̃^′(u) have a non-vanishing imaginary part.

9. CONCLUSIONS

We have analysed the scalar potential of the general THDM. In order to give an acceptable theory, this potential has to obey certain criteria. The potential should be stable, that is bounded from below, and lead to the

FIG. 3: The potential V of [12], shifted to V (K̃ = 0) = 0, at all stationary points with K0 = |K| > 0 in dependence of λ1, where λ2 = λ1 . The other parameters are λ3 = 0.1, λ4 = 0.2, λ5 = λ6 = 0.4, v1 = 30 GeV, v2 = 171 GeV, λ7 = 0, ξ = 0. The lines represent regular stationary points, where the solid curve corresponds to the “obvious” solution with tan β = v2/v1 and v0 = √ 2(v^2_1 + v^2 ), which is a local minimum for the chosen parameters. For λ1 = λ2 = 0 there are two degenerate exceptional minima and regular solutions only for the saddle points. Depending on λ1 = λ2 , the global minimum is given by that local minimum out of the two which has the lower potential.

EWSB pattern observed in Nature. The conditions found for the stability of the potential and for EWSB are transparent and compact if the potential is written down in terms of gauge invariant field functions (3.9). These conditions allow for a simple application to every specific THDM. We illustrated our method in two examples, namely the MSSM potential as well as the THDM potential introduced by Gunion et al. [12]. In the case of the MSSM we could easily reproduce all well-known results. For the potential of Gunion et al. we could clarify some interesting aspects of the model, see Figure 3.

We note that the method presented here may also be extendable to general Multi-Higgs-Doublet Models. A first step in this direction is done in Appendix B. Further, in a more detailed study it is mandatory to take quantum corrections to the Higgs potential into account. For the resulting effective Higgs potential the conditions for stability and for EWSB are then in general modified.

Acknowledgments

We thank R. Barbieri, A. Brandenburg, Q. Shafi, W. Wetzel and P.M. Zerwas for valuable discussions. This work was supported by the German Bundesministerium für Bildung und Forschung, project numbers HD05HT1VHA/0 and HD05HT4VHA/0.

APPENDIX A: GAUGE ORBITS

Here we give the proof that the gauge orbits of the Higgs fields of the THDM are parametrised by four vectors (K_0, K) satisfying (3.19), or equivalently, by positive-semidefinite matrices K (3.8), (3.9). Indeed, let us consider two Higgs doublets as in (3.1),

φ^α_i (x), i = 1, 2, α = +, 0. (A1)

We arrange these in a 2×2 matrix

ϕ(x) := (φ^α_i (x)) = ( φ^+_1 (x) φ^0_1(x) φ^+_2 (x) φ^0_2(x) ) . (A2)

Then we have from (3.8)

K(x) = ϕ(x)ϕ^†(x). (A3)

The change of basis (3.13) means the transformation

ϕ(x) → ϕ^′(x) = U ϕ(x). (A4)

A gauge transformation from the SU (2)_L × U (1)_Y gauge group means

φ^α_i (x) → φ^{′α}_i (x) = (U_G(x))_{αβ} φ^β_i (x), (A5)

where

U_G(x) ∈ U (2). (A6)

Thus, under a gauge transformation the matrix ϕ(x) behaves as

ϕ(x) → ϕ^′(x) = ϕ(x)U^T_G (x). (A7)

As we discussed in Section 3 any matrix K(x) formed from the Higgs fields according to (3.8), which is equivalent to (A3), must be positive semidefinite. Conversely, given any positive semidefinite matrix K(x) we can diagonalise it by a 2×2 unitary transformation W (x): K(x) =W (x) ( κ_1(x) 0 0 κ_2(x) ) W^†(x), W^†(x)W (x) = 1.

(A8)

Since we have κ_1(x) ≥ 0 and κ_2(x) ≥ 0 we can set ϕ(x) = W (x) (√ κ_1(x) 0 0 √ κ_2(x) ) (A9)

and get

K(x) = ϕ(x)ϕ^†(x). (A10)

With this we have proven the following.

• For any positive semidefinite matrix K(x) there are Higgs fields satisfying (A3) respectively (3.8).

Now suppose that we have a given positive semidefinite matrix K(x) and two Higgs-field matrices ϕ(x), ϕ^′(x), both satisfying (A3),

K(x) = ϕ(x)ϕ^†(x) = ϕ^′(x)ϕ^{′†}(x). (A11)

We want to show that ϕ^′(x) and ϕ(x) are then related by a gauge transformation (A7). We consider three cases.

(i) K(x) = 0. Then ϕ(x) = ϕ^′(x) = 0 and (A7) is trivially fulfilled.

(ii) K(x) > 0, that is K(x) is positive definite. Then

det K(x) = |det ϕ(x)|^2 = |det ϕ^′(x)|^2 > 0 (A12)

and both ϕ(x) and ϕ^′(x) have an inverse. We set

ϕ^{−1}(x)ϕ^′(x) = U^T_G (x) (A13)

and find from (A11)

U^†_G(x)U_G(x) = 1, (A14)

that is U_G(x) ∈ U (2), and

ϕ^′(x) = ϕ(x)U^T_G (x). (A15)

Thus ϕ^′(x) and ϕ(x) satisfy (A7), they are related by a gauge transformation.

(iii) K(x) has rank 1, that is the eigenvalues are

κ_1(x) > 0, κ_2(x) = 0. (A16)

With the matrix W (x) diagonalising K(x) (see (A8)) we have then from (A11) ( κ_1(x) 0 0 0 ) = ( W^†(x)ϕ(x) ) ( W^†(x)ϕ(x) )_†

= ( W^†(x)ϕ^′(x) ) ( W^†(x)ϕ^′(x) )_† . (A17)

From this we see that

W^†(x)ϕ(x) = ( χ^+_1 (x) χ^0_1(x) 0 0 ) , W^†(x)ϕ^′(x) = ( χ^{′ +}_1 (x) χ^{′ 0}_1 (x) 0 0 ) , (A18)

where

χ^†_1(x)χ_1(x) = χ^{′ †}_1 (x)χ^′_1(x) = κ_1(x), (A19)

with the composition of the vectors χ_i(x), χ^′_i(x) defined as for the vectors φ_i(x). Therefore we can find a matrix U_G(x) ∈ U (2) such that

χ^{′ α}_1 (x) = (U_G(x))_{αβ} χ^β_1 (x), (A20)

which implies

W (x)ϕ^′(x) = W (x)ϕ(x)U^T_G (x), ϕ^′(x) = ϕ(x)U^T_G (x).

(A21)

That is ϕ^′(x) and ϕ(x) are related by a gauge transformation.

With this we have completed the proof of the following statement.

Theorem 4. Any two Higgs-doublet fields giving the same matrix K(x) (3.8), respectively (A3), are related by a gauge transformation. The space of gauge orbits can be parametrised by four-vectors (K_0, K) lying on and inside the forward light cone, see (3.19).

We close this appendix with a supplementary note to Section 6 on the breaking of the SU (2)_L × U (1)_Y gauge group. The matrix (A2) of vacuum expectation values is

ϕ_{vac} = ( v^+_1 v^0_1 v^+_2 v^0_2 ) . (A22)

If the global minimum of the potential occurs with K_0 > |K| the corresponding matrix K has rank 2. Then from (A3) and (A12) we see that also ϕ_{vac} has rank 2. Invariance of ϕ_{vac} under a gauge transformation (A7)

ϕ_{vac} = ϕ_{vac} U^T_G (A23)

is then only possible for U_G = 1. That is how we see with the methods of this appendix that in this case the full gauge group SU (2)_L × U (1)_Y is broken.

APPENDIX B: THE CASE OF N DOUBLETS

In this appendix we generalise the methods of Section 3 and Appendix A to the case of n > 2 Higgs doublets. We consider n complex Higgs-doublet fields

φ_i(x) = ( φ^+_i (x) φ^0_i (x) ) , i = 1, . . . , n. (B1) All doublets are supposed to have the same weak hypercharge y = +1/2. In analogy to (3.8) we introduce the matrix K(x) = ( K_{ij}(x) ) := ( φ^†_j(x)φ_i(x) ) , (B2)

which is now a n×n matrix. The aim is to discuss the properties of K(x). For this we introduce the n×n matrix ϕ(x) (compare (A2))

ϕ(x) := φ^+_1 (x) φ^0_1(x) 0 . . . 0 φ^+_2 (x) φ^0_2(x) 0 . . . 0 . . . . . . · · · . . φ^+_n (x) φ^0_n(x) 0 . . . 0

. (B3)

It is easy to see that we have

K(x) = ϕ(x) ϕ^†(x). (B4)

A change of basis among the doublets means

ϕ(x) → ϕ^′(x) = U ϕ(x) (B5)

with a constant matrix U ∈ U (n),

U^† U = 1_n. (B6)

A gauge transformation from SU (2)_L × U (1)_Y means

ϕ(x) → ϕ^′(x) = ϕ(x) Ũ^T_G (x), (B7)

where Ũ_G(x) is block-diagonal

Ũ_G(x) := ( U_G(x) 0 0 1_{n−2} ) , (B8)

U_G(x) ∈ U (2) and thus Ũ_G(x) ∈ U (n). We have then from (B7)

φ^{′ α}_i (x) = (U_G(x))_{αβ} φ^β_i (x), i = 1, . . ., n. (B9)

From (B3) and (B4) we see that the matrix K(x) has the following properties

• K(x) is positive semidefinite,

• K(x) has rank ≤ 2.

That is, K(x) has at most two eigenvalues κ_1(x), κ_2(x) > 0 and the remaining eigenvalues κ_3(x), . . ., κ_n(x) must be zero. The rank condition can be seen as follows. We denote by ψ^+(x), ψ^0(x) the first two column vectors of ϕ(x). Then we have ϕ(x) = ( ψ^+(x), ψ^0(x), 0, . . ., 0 ) , (B10) K(x) = ( φ^{+∗}_1 (x) ψ^+(x) + φ^{0∗}_1 (x) ψ^0(x), . . .,

φ^{+∗}_n (x) ψ^+(x) + φ^{0∗}_n (x) ψ^0(x) ) . (B11)

That is, at most two column vectors of K(x) are linearly independent.

Suppose now that we have a given positive semidefinite matrix K(x) of rank ≤ 2. Then we can diagonalise K(x) and represent it as

K(x) = W (x) κ_1(x) 0 0 κ_2(x) 0 0 0 W^†(x) (B12)

with W (x) ∈ U (n) and κ_1(x) ≥ 0, κ_2(x) ≥ 0. We set now

ϕ(x) = W (x) √ κ_1(x) 0 0 √ κ_2(x) 0 0 0 (B13)

and see easily that ϕ(x) is of the form (B3) and satisfies (B4). Thus to any positive semidefinite matrix K(x) of rank ≤ 2 there is at least one field configuration of the n Higgs doublets such that (B2) holds.

Suppose now that we have two field configurations, that is two matrices ϕ(x) and ϕ^′(x) of the type (B3) such that

K(x) = ϕ(x) ϕ^†(x) = ϕ^′(x) ϕ^{′ †}(x). (B14)

We can diagonalise K(x) as in (B12) and get

κ_1(x) 0

0 κ_2(x) 0 0 0 = ( W^†(x) ϕ(x) ) ( W^†(x) ϕ(x) )_†

= ( W^†(x) ϕ^′(x) ) ( W^†(x) ϕ^′(x) )_† . (B15)

From this we see that we must have

W^†(x) ϕ(x) = χ^+_1 (x) χ^0_1(x) χ^+_2 (x) χ^0_2(x) 0 0 0 , (B16)

W^†(x) ϕ^′(x) = χ^{′ +}_1 (x) χ^{′ 0}_1 (x) χ^{′ +}_2 (x) χ^{′ 0}_2 (x) 0 0 0 , (B17) where

χ^†_1(x) χ_1(x) = χ^{′ †}_1 (x) χ^′_1(x) = κ_1(x),

χ^†_2(x) χ_2(x) = χ^{′ †}_2 (x) χ^′_2(x) = κ_2(x),

χ^†_1(x) χ_2(x) = χ^{′ †}_1 (x) χ^′_2(x) = 0.

(B18)

From this we conclude that we can find a matrix U_G(x) ∈ U (2) such that

χ^{′ α}_i = (U_G(x))_{αβ} χ^β_i (x), i = 1, 2. (B19)

Inserting this U_G(x) into (B8) we get

W^†(x)ϕ^′(x) = W^†(x)ϕ(x) Ũ^T_G (x) (B20)

and since W (x) ∈ U (n)

ϕ^′(x) = ϕ(x)Ũ^T_G (x). (B21)

That is ϕ^′(x) and ϕ(x) are related by a gauge transformation. We summarise our findings in a theorem.

Theorem 5. For n Higgs-doublet fields of the same weak hypercharge y = +1/2 the matrix K(x) = ( φ^†_j(x)φ_i(x) ) is a positive semidefinite n×n matrix of rank ≤ 2. For any positive semidefinite n×n matrix K(x) of rank ≤ 2 there are Higgs fields such that (B2) holds. Any two field configurations giving the same matrix K(x) are related by a SU (2)_L × U (1)_Y gauge transformation. The matrices K(x) form, therefore, the space of the gauge orbits of the n Higgs-doublet fields.

As an example we consider three Higgs doublets. The space of gauge orbits is then given by all positive semidefinite 3×3 matrices K(x) with det K(x) = 0.

[1] ALEPH, DELPHI, L3, OPAL Collaborations and LEP Electroweak Working Group, “A combination of preliminary electroweak measurements and constraints on the standard model”, arXiv:hep-ex/0511027.

[2] S. Eidelman et al. [Particle Data Group], Phys. Lett. B 592 (2004) 1.

[3] R. Barate et al. [LEP Working Group for Higgs boson searches], Phys. Lett. B 565, 61 (2003) [arXiv:hep-ex/0306033].

[4] V. A. Mitsou, “Search for New Physics with ATLAS at the LHC”, arXiv:hep-ph/0004161.

[5] M. J. G. Veltman, Acta Phys. Polon. B 12, 437 (1981). [6] J. Wess and B. Zumino, Nucl. Phys. B 70 (1974) 39;

D. V. Volkov and V. P. Akulov, Phys. Lett. B 46, 109 (1973).

[7] H. P. Nilles, Phys. Rept. 110, 1 (1984);

H. E. Haber and G. L. Kane, Phys. Rept. 117, 75 (1985). [8] P. Fayet, Nucl. Phys. B 90 (1975) 104;

M. Drees, Int. J. Mod. Phys. A 4, 3635 (1989); J. R. Ellis, J. F. Gunion, H. E. Haber, L. Roszkowski and F. Zwirner, Phys. Rev. D 39, 844 (1989), and other references quoted therein.

[9] N. G. Deshpande and E. Ma, Phys. Rev. D 18, 2574 (1978).

[10] J. Velhinho, R. Santos and A. Barroso, Phys. Lett. B 322, 213 (1994).

[11] B. M. Kastening, “Bounds from stability and symmetry breaking on parameters in the two Higgs doublet potential”, arXiv:hep-ph/9307224.

[12] J. F. Gunion, H. E. Haber, G. L. Kane and S. Dawson, “The Higgs Hunter’s Guide”, SCIPP-89/13, Addison- Wesley (1990); “Errata for the Higgs Hunter’s Guide”, arXiv:hep-ph/9302272.

[13] P. M. Ferreira, R. Santos and A. Barroso, Phys. Lett.

B 603 (2004) 219 [Erratum-ibid. B 629 (2005) 114] [arXiv:hep-ph/0406231].

[14] A. Barroso, P. M. Ferreira and R. Santos, Phys. Lett. B 632 (2006) 684 [arXiv:hep-ph/0507224].

[15] G. C. Branco, M. N. Rebelo and J. I. Silva-Marcos, Phys.

Lett. B 614 (2005) 187 [arXiv:hep-ph/0502118]. [16] S. Davidson and H. E. Haber, Phys. Rev. D 72 (2005) 035004 [Erratum-ibid. D 72 (2005) 099902] [arXiv:hep-ph/0504050];

J. F. Gunion and H. E. Haber, “Conditions for CPviolation in the general two-Higgs-doublet model”, Phys. Rev. D 72 (2005) 095002 [arXiv:hep-ph/0506227]; H. E. Haber and D. O’Neil, “Basis-independent methods for the two-Higgs-doublet model. II: The significance of tan(beta)”, arXiv:hep-ph/0602242.

[17] I. P. Ivanov, “Two-Higgs-doublet model from the grouptheoretic perspective”, Phys. Lett. B 632 (2006) 360 [arXiv:hep-ph/0507132].

[18] I. F. Ginzburg, “Symmetries of 2HDM, different vacua, CP violation and possible relation to a history of time”, arXiv:hep-ph/0512102.

[19] F. Nagel, “New aspects of gauge-boson couplings and the Higgs sector”, Ph.D. thesis, University Heidelberg (2004), [http://www.ub.uni-heidelberg.de/archiv/4803].

[20] R. A. Flores and M. Sher, Ann. Phys. 148, 95 (1983). [21] K. Symanzik, Lett. Nuovo Cim. 6, 77 (1973). [22] S. R. Coleman and D. J. Gross, Phys. Rev. Lett. 31, 851 (1973).

[23] J. Wess and J. Bagger: “Supersymmetry and Supergravity”. Princeton, USA: Univ. Pr. (1992).

[24] S. P. Martin, “A Supersymmetry Primer”, arXiv:hep-ph/9709356.

[25] J. F. Gunion, Int. J. Mod. Phys. A 13, 2277 (1998) [arXiv:hep-ph/9803222].

[26] S. Dimopoulos, S. Raby and F. Wilczek, Phys. Rev. D 24 (1981) 1681;

L. E. Ibanez and G. G. Ross, Phys. Lett. B 105 (1981) 439;

J. R. Ellis, S. Kelley and D. V. Nanopoulos, Phys. Lett. B 260 (1991) 131;

P. Langacker and M. x. Luo, Phys. Rev. D 44 (1991) 817; U. Amaldi, W. de Boer and H. Furstenau, Phys. Lett. B 260 (1991) 447.

[27] A. D. Sakharov, Pisma Zh. Eksp. Teor. Fiz. 5, 32 (1967).

[28] W. Bernreuther, Lect. Notes Phys. 591, 237 (2002) [arXiv:hep-ph/0205279].

[29] W. Bernreuther and O. Nachtmann, Eur. Phys. J. C 9, 319 (1999) [arXiv:hep-ph/9812259].

[30] H. E. Haber, G. L. Kane and T. Sterling, Nucl. Phys. B 161, 493 (1979).

[31] S. L. Glashow and S. Weinberg, Phys. Rev. D 15, 1958 (1977).

[32] [ALEPH, DELPHI, L3, OPAL, SLD Collaborations and LEP Electroweak Group, SLD Working Group, SLD Heavy Flavour Group], [arXiv:hep-ex/0509008].

[33] O. Nachtmann, “Elementary Particle Physics: Concepts And Phenomena”, Springer, Berlin (1990).

[34] H. S. Tsao, COO-2232B-199, in: Proc. of Guangzhou Conf. on Theoretical Particle Physics, Guangzhou, PRC, Jan 5-12, 1980.

[35] R. A. Diaz, “Phenomenological Analysis of the Two-Higgs-Doublet Model”, Ph.D. thesis, arXiv:hep-ph/0212237.

[36] J. F. Gunion and H. E. Haber, Nucl. Phys. B 272, 1 (1986) [Erratum-ibid. B 402, 567 (1993)].

[37] J. F. Gunion and H. E. Haber, Nucl. Phys. B 278, 449 (1986) [Erratum-ibid. B 402, 569 (1993)]; Nucl. Phys. B 307, 445 (1988) [Erratum-ibid. B 402, 569 (1993)].

[38] M. Carena and H. E. Haber, Prog. Part. Nucl. Phys. 50, 63 (2003) [arXiv:hep-ph/0208209].

[39] J. A. Aguilar-Saavedra et al. [ECFA/DESY LC Physics Working Group], [arXiv:hep-ph/0106315];

T. Abe et al. [American Linear Collider Working Group], in Proc. of the APS/DPF/DPB Summer Study on the Future of Particle Physics (Snowmass 2001) ed. N. Graf, [arXiv:hep-ex/0106055];

K. Abe et al. [ACFA Linear Collider Working Group], [arXiv:hep-ph/0109166].

[40] D. M. Asner, J. B. Gronberg and J. F. Gunion, Phys.

Rev. D 67, 035009 (2003) [arXiv:hep-ph/0110320]. [41] B. Badelek et al. [ECFA/DESY Photon Collider Working Group], Int. J. Mod. Phys. A 19 (2004) 5097 [arXiv:hep-ex/0108012].

[42] G. Abbiendi et al. [OPAL Collaboration], “Flavour independent h0 A0 search and two Higgs doublet model interpretation of neutral Higgs boson searches at LEP”, Eur. Phys. J. C 40 (2005) 317 [arXiv:hep-ex/0408097].

[43] LEP Higgs Working Group for Higgs boson searches Collaboration, “Search for Charged Higgs Bosons: Preliminary Combined Results Using LEP Data Collected at Energies up to 209 GeV”, arXiv:hep-ex/0107031.

[44] LEP Higgs Working Group Collaboration, “Searches for the Neutral Higgs Bosons of the MSSM: Preliminary Combined Results Using LEP Data Collected at Energies up to 209 GeV”, arXiv:hep-ex/0107030.

[45] P. Skands et al., JHEP 0407 (2004) 036 [arXiv:hep-ph/0311123].

[46] B. C. Allanach et al., in Proc. of the APS/DPF/DPB Summer Study on the Future of Particle Physics (Snowmass 2001) ed. N. Graf, Eur. Phys. J. C 25 (2002) 113 [arXiv:hep-ph/0202233].