arXiv:hep-ph/0606203 v2 30 Aug 2006

Fall-apart decays of polyquark hadrons

Dmitri Melikhov^{a,b} and Berthold Stech^c a Institut für Hochenergie Physik, Nikolsdorfer Gasse 18, A-1050, Wien, Austria b Nuclear Physics Institute, Moscow State University, 119992, Moscow, Russia c Institut für Theoretische Physik, Philosophenweg 16, 69120, Heidelberg, Germany (Dated: August 30, 2006)

We analyse fall-apart decays of polyquark (tetra, penta and molecule type) hadrons within the constituent quark picture. For processes in which a polyquark hadron goes to final states containing a light pseudoscalar meson the constraints given by chiral symmetry are implemented. As an application of the approach developed, fall-apart decays of a(980) and X(3872) are studied, assuming these mesons are polyquark hadrons. Two extreme options - confined diquark-diquark states and molecular states - are considered. For a^0(980), the observed width can be obtained assuming that this meson is a diquark-diquark composite with a relatively large size of around 1÷1.5 fm. The pure KK̄ molecular-type state, however, can be excluded. For the X(3872), a sufficiently small width can be obtained if it is a dominantly isospin-0 diquark-diquark composite with a very large size of ≥ 2.5 fm. The pure molecular option appears possible if the binding energy is tiny, Eb ≲ 0.2 MeV, corresponding to a huge size.

1. INTRODUCTION

We define polyquark hadrons to be tetra, penta and molecule type hadrons which can be viewed as composites of massive constituent quarks together with antiquarks. If occuring at all, such states can only exist at low excitations and with masses close to the sum of the masses of their constituents. The question of the possible existence of such states have recently received much attention. In spite of the great activity in this sector [1, 2, 3] many experimental and theoretical issues still remain open. Let us recall some of them. The theoretical understanding of the light scalar mesons a^0(980) and f^0(980) is still contradictory: Following earlier suggestions [4] the authors of Ref. [5] give arguments in favour of the diquark-antidiquark picture of these states. However, the authors of Ref. [6], find agreement with the data by using the ordinary qq̄ composition of these scalar mesons if taken together with only a small four-quark admixture in form of a loosely bound KK̄ component. The newly discovered heavy meson X(3872) [1] has properties which make it unlikely to be an exited charmonium cc̄ state. Instead, it could be a diquark-antidiquark system or may have an important four-quark component in the form of a DD^∗ molecule [7]. Also, several newly found states with open charm [3] may find their explanation as admixtures of usual hadronic states with four-quark composites [8]. On the other hand, the existence of a five-quark exotic composite at 1530 MeV, the pentaquark Θ, appears now less probable according to the negative results of new high statistic experiments [9].

Polyquark hadrons with a composition of four or more constituent quarks are worthwhile to study even if they appear only as components of otherwise conventional hadron resonances: These states or component of states have an interesting structure and their hadronic decays proceed by a fall-apart mechanism. A characteristic feature of fallapart processes is that the number of constituent quarks contained in the initial hadron is equal to the total number of constituents in the final hadrons. The decay proceeds by a rearrangement of the quarks in the initial state. For instance, a quark and an antiquark from different clusters composing the initial polyquark state can combine to form a meson which then leaves the interaction region. This is quite different from the decays of usual hadrons, in which at least one new pair of light quarks is generated. One can expect that the amplitude of fall-apart processes depend strongly on structural details of the polyquark hadron, in particular, on the spatial distribution of the constituent quarks.

In this article we will set up the formulas for the fall-apart decay amplitudes. These are approximate equations because of the approximate nature of the concept of constituent quarks. The approximation allows a convenient Fockspace representation of the hadrons involved where all soft gluon effects and the effects of virtual meson exchanges can be viewed as being incorporated into the masses and wave functions of the constituent quarks. We discuss decays of polyquarks to light pseudoscalar and vector mesons. Chiral symmetry and the connection of vector currents with the vector mesons allow to reduce the decay amplitudes to current matrix elements between the polyquark particle and the final hadron which has two quarks less than the polyquark. The dependence of the decay widths on the form and size of the quark distributions inside the polyquarks provides useful insights. Following our previous work [10], we first assume that diquarks play an essential role for the structure of polyquark states [11, 12]. They are known to be important for low energy processes [13]. According to the results of [13], the size of the diquarks made of light quarks is taken to be close to the pion size. As in our previous analysis of the hypothetical pentaquark [10], we show that the decay widths of polyquark states are generally quite large. However, the widths can be suppressed by assuming a large spatial separation between the diquarks, which then corresponds to an almost molecular type structure. Alternatively, we consider another extreme, namely polyquark hadrons as bound systems of conventional hadrons, i.e. truly molecule like states. Also in this case it is found, that a small decay width can only be obtained for a relatively large separation of the constituents equivalent to a small binding energy.

2. THE EMISSION OF PSEUDOSCALAR MESONS AND THE AXIAL CURRENT

For processes containing a light pseudoscalar meson in the final state one can take advantage of chiral symmetry by using the divergence of the almost conserved axial vector current as an interpolating field for this meson. The problem of calculating decay amplitudes then reduces to the calculation of matrix elements of this current between an initial and a final hadron.

A. The axial current for constituent quarks

In QCD hadrons consist of a multitude of almost massless quarks and gluons. However, in the region of low energy, hadrons can be described as consisting of only few but massive constituent quarks. Hypothetically, we take this simplified picture, with sea quarks and soft gluons considered to be integrated out, also for the polyquark hadrons. Because of chiral symmetry, the light mesons - the Goldstone particles of this symmetry - play a dual role: Since they have small masses they are tightly bound states of constituent quarks but can, just because of this strong binding, be counted as additional degrees of freedom [14]. The axial vector current obtained from the corresponding Lagrangian for consituent quarks and light mesons is well known (see e.g. Eqs. (12), (13) of Refs. [15]). To perform actual calculations of matrix elements of this current using the constituent quark picture for initial and final states one still has to go one step further: For the hadron matrix elements we are considering, the effects of virtual meson exchanges should be incorporated into the wave functions of the constituent quarks. The mesonic part of this axial current must then be replaced by the constituent quark field operators with the help of the equation of motion of the meson fields. In doing this, we will stick to a bilinear form in the constituent quark fields only. The axial vector current in terms of constituent fields is easily seen to be a nonlocal one. We write it in form of an operator equation with the understanding that it is to be sandwiched between hadron states formed of constituent quarks only. For the example of a strangeness-changing transition u → s, the axial vector current operator reads

j^μ_A = g^Q_A ( S̄γ_μγ^5U − (m_S + m_U ) i∂^μ □ + m^2_K S̄γ_5U ) . (2.1)

Here S and U are constituent quark fields with constituent masses m_S and m_U , respectively. g^Q_A ≃ 0.7 ÷ 1 [16] is the axial coupling relevant for constituent quarks. The divergence equation for the first part of this axial current obeys ∂_μ (¯ Sγ^μγ_5U ) = (m_S + m_U )S̄iγ_5U. (2.2)

It holds in the subspace of hadrons formed from constituent quarks, because the effective interaction part of the Lagrangian for these quarks should still be chirally symmetric. In the chiral limit (m_K → 0) the axial vector current (2.1) is conserved by virtue of (2.2).

The divergence of j^μ_A provides an expression for the interpolating field of the pseudoscalar meson:

Φ_K = g^Q_A m_U + m_S f_K 1 □ + m^2_K

S̄iγ_5U. (2.3)

The amplitude for a decay with the emission of a K meson is therefore obtained by sandwiching the constituent quark field operator T = g^Q_A m_U + m_S f_K S̄iγ_5U (2.4)

between initial and final Fock states formed by constituent quarks.

In usual form factor calculations (e.g. for quasi elastic transitions) the current operator annihilates a quark and creates another. In fall-apart transitions, however, the same current annihilates a quark and an antiquark. For the latter process it is therefore convenient to reexpress one quark field by its charge conjugate field. In our example with constituent up and strange quarks we obtain

S̄γ^μγ_5U = iŜ^T γ^0γ^2γ^μγ_5U, (2.5)

S̄γ_5U = iŜ^T γ^0γ^2γ_5U.

Here Ŝ denotes the charge conjugate field Ŝ = CS̄^T with C = iγ^2γ^0.

Constituent quarks do not move fast inside hadrons. Since we will always work in the rest system of the polyquark and since the transition operator acts exclusively on the polyquark hadron one can use nonrelativistic expressions to rewrite (2.5) provided the velocity of the final hadron in the current matrix element is also not large. For simplicity we take for the nonrelativistic two component fields the same particle name as in the relativistic version and denote by σ_k the two by two Pauli matrices. The current components for conventional and fall-apart processes are now different. We denote them by J^μ_A and J̃^μ_A, respectively. For the conventional case one has

J^0_A = 1 2im_U S^†σ_k∂_kU − 1 2im_S ∂_kS^†σ_kU, (2.6) ⃗J_A = S^†⃗σU, J_5 = 1 2im_U S^†σ_k∂_kU + 1 2im_S ∂_kS^†σ_kU. For the fall-apart processes the following structures are relevant: J̃^0_A = −iŜ^T σ_2U, (2.7) ⃗J̃_A = − 1 2m_U Ŝ^T σ_2⃗σσ_k∂_kU − 1 2m_S ∂_kŜ^T σ_2σ_k⃗σ U, J̃_5 = iŜ^T σ_2U.

In the expressions for J̃^0 and J̃_5 the products of the lower components of Dirac spinors of order ∂^2/m^2_Q are neglected in this nonrelativistic approach for the transition operator. To this accuracy we have J̃^0_A = −J̃_5. With the help of these formulas we can now express all current matrix elements and thus all axial form factors in terms of matrix elements calculable in nonrelativistic constituent quark models. We note that the matrix elements of ⃗J_A, J̃^0_A and J̃_5 do not involve small Dirac components. In the Fock space representation of the hadron states they are obtained from the overlap of the wave functions with no derivatives.

It is seen that the fall-apart transition amplitudes for the emission of pseudoscalar mesons can simply be calculated from (2.4) using J̃_5. Nevertheless, because the calculation involves the constituent quark masses and model hadron wave functions, also other form factors should be calculated in a given model. They can provide a consistency check for the analysis. As an immediate consequence of the divergence equation (2.2) and Eq. (2.7) one finds a constraint on the masses of the constituent quarks: The effective quark masses have to match the difference beween the mass of the initial polyquark hadron and the mass of the final hadron

M_i − M_f ≃ m_U + m_S . (2.8)

This follows by observing that in the center of mass system one has for the energy transfer q^0 ≃ M_i − M_f , and the spatial divergence for slowly moving constituent quarks is small in comparision.

B. Fall-apart amplitudes for scalar polyquark mesons

Let us consider the M_i(0^+) → M_f (0^−) transitions with the emission of a K^+ meson induced by the strangenesschanging axial vector current s̄γ^μγ_5u. A possible application could be the decay of the a^+(980) to K^+K^0 and to ηπ in case the dominant part of the a^+ is a (us)(d̄s̄) state formed of two scalar diquarks or a molecule or cusp type (us̄)(d̄s) state formed of two K mesons.

We start by defining the form factors of the axial vector current

⟨M_f (p^′)|s̄γ^μγ_5u|M_i(p)⟩ = g_1(q^2) (p + p^′)^μ + g_2(q^2) q^μ, (2.9)

q = p − p^′. Since the K meson pole occurs in the form factor g_2 we define the residuum function r(q^2) by setting

g_2(q^2) = r(q^2) −q^2 + m^2_K

. (2.10)

The M_i → M_f K^+ decay amplitude can then be expressed in terms of r(m^2_K ) [17] A(M_i → M_f K) = −i r(m^2_K ) f_K . (2.11)

By rewriting now the strangeness-changing axial vector current s̄γ_μγ_5u, by virtue of Eq. (2.1), in terms of the constituent quark field operators S and U , we obtain

⟨M_f (p^′)|s̄γ^μγ_5u|M_i(p)⟩ = g^Q_A ⟨M_f (p^′)|S̄γ^μγ_5U |M_i(p)⟩ − (m_S + m_U ) q^μ −q^2 + m^2_K g^Q_A ⟨M_f (p^′)|S̄γ_5U |M_i(p)⟩. (2.12)

The matrix elements on the right-hand side can be expressed in terms of invariant functions:

⟨M_f (p^′)|S̄γ^μγ_5U |M_i(p)⟩ = G_1(q^2)(p + p^′)^μ + G_2(q^2)q^μ, (2.13) ⟨M_f (p^′)|S̄γ_5U |M_i(p)⟩ = G_5(q^2).

In the q^2-region of interest these form factors G_i are now regular functions without poles. The connections between g^′s and G^′s are

g_1(q^2) = g^Q_A G_1(q^2), (2.14) r(q^2) −q^2 + m^2_K = g^Q_A ( G_2(q^2) − m_S + m_U −q^2 + m^2_K

G_5(q^2) ) . At the pole one finds

r(m^2_K ) = −g^Q_A (m_S + m_U ) G_5(m^2_K ). (2.15)

The divergence equation for the first part of the axial-vector current for constituent quarks (2.2) gives

G_1(q^2)(M^2_i − M^2_f ) + q^2G_2(q^2) = −(m_S + m_U )G_5(q^2). (2.16)

At q^2 = m^2_K we have

r(m^2_K ) = g^Q_A ( G_1(q^2)(M^2_i − M^2_f ) + m^2_K G_2(m^2_K ) ) . (2.17)

G_1, G_2 and G_5 can be calculated from specific components of the left-hand side of (2.13):

B^0 = ⟨M_f (−⃗q)|S̄γ^0γ_5U |M_i⟩, (2.18)

B_L = M_i |⃗q| ⟨M_f (−⃗q)|S̄γ^3γ_5U |M_i⟩, B_5 = ⟨M_f (−⃗q)|S̄γ_5U |M_i⟩. One finds

G_1 = 1 2M_i ( B_0 − q^0 M_i B_L ) , (2.19)

G_2 = 1 2M_i ( B_0 +

(2M_i − q^0) M_i B_L ) , G_5 = B_5.

For the decay amplitude one gets A = g^Q_A (m_S + m_U ) f_K iG_5, (2.20)

in accordance with (2.11). Alternatively, the decay amplitude can also be obtained taking r(m^2_K ) from (2.17) and calculating G_1 and G_2 from (2.19). As long as the divergence equation (2.16) is respected in our model, the equivalence of Eqs. (2.15) and (2.17) is evident by taking q^2G_2 from (2.16). The divergence equation itself expressed in terms of G_1, G_2 and G_5 requires for its validity m^2_K = (m_U + m_S )^2 = (M_i − M_f )^2 together with the nonrelativistic relation B_0 = −B_5 (in the rest system of the tetraquark).

C. Fall-apart decay of the scalar tetraquark a(980)

As an application of the above formalism, we discuss the decays a(980) → πη and a(980) → KK̄. We consider only two extreme options for the composition of this particle.

A: a(980) is a confined composite system of two spin-zero diquarks in an S-state. Then the a^+ meson has the structure

a^+ = (S^T iσ_2U )(Ŝ^T iσ_2D̂). (2.21)

B: a(980) is a weakly bound S-state of two K-mesons:

a^+ = (Ŝ^T iσ_2U )(S^T iσ_2D̂). (2.22)

The transition amplitude is obtained by calculating the form factor G_5 defined in (2.13) using the expression for the pseudoscalar current as given in (2.7). Changing now to a nonrelativistic normalization of the state vectors, we introduce the dimensionless form factor g_a+_{→P} (⃗q^2):

g_a+_{→P} (⃗q^2) = g^Q_A ⟨P (−⃗q|Q̂^T iσ_2U |a^+(⃗p = 0)⟩, (2.23)

where Q̂ = D̂, P = η_s for the a^+(980) → π^+η decay, and Q̂ = Ŝ, P = K^0 for the a^+(980) → K^+K^0 decay. This form factor determines the a^+ decay amplitudes and the corresponding decay rates. The Fock-space representations for the tetraquark and the final meson states, as well as the formulas for the corresponding transition amplitudes and decay rates, are given in Appendix A. Since we work within a nonrelativistic approach, we set g^Q_A = 1.

For numerical estimates we parametrize the radial wave functions of K, η, π, and the diquarks by a simple Gaussian ψ(r) ∼ exp(−r^2/2α^2) with the size parameters α_π = α_D = 0.9 fm [13], α_K/α_π = 0.9, α_{ηs} /α_π = 0.8 [18]. These parameters lead to a good description of the elastic form factors of pseudoscalar mesons at small momentum transfers. Because the nonrelativistic approach is used, these wave functions do not provide correct values for the decay constants of pseudoscalar mesons. For the decay constants which appear in the interpolating currents (2.3), we therefore use their empirical values. We believe this is the right way to proceed since the key quantity calculated in our approach is the form factor g(⃗q^2).^1

For the case A in which the a(980) meson is a diquark composite we use a Gaussian form also for the motion of the two diquarks:

ψ_a(r) ∼ exp (−r^2/2α^2_a). (2.24)

The corresponding size parameter α_a determines the mean distance between the center-of-mass positions of diquark and antidiquark. In the option B in which the a(980) is a KK̄ molecule a Gaussian form for the motion of these particles is not appropriate. In this case we take ψ_a(r) ∼ 1 r exp (−μr), μ = √ E_bm_K , (2.25)

where E_b stands for the ”binding energy” of the system.^2 This radial wave function is valid at large distanances where the interaction between the two mesons can be neglected. To take it also for small distances is certainly an oversimplification. It will nevertheless give us a qualitatively correct picture since at small distances of the center of masses of the mesons the constituent quarks are still distributed over the range of ≈ 1 fm.

1. a → ηπ By using Gaussian wave functions to describe the internal structure of the clusters inside the a-meson (i.e. diquarks in the genuine tetraquark option and kaons in the molecular option) we find explicitly the form factor g_a+_{→ηs} (⃗q^2) by

1 We notice that relativistic quark models do not face such a problem. They provide a good description simultaneously of form factors and decay constants [18].

2 The binding energy of a bound state built up of several constituents is the difference between its mass and the sum of the constituent masses. For a bound state in a two-channel problem (e.g. the K^0K̄^0 and K^+K̄^− channels) one cannot define a binding energy since the constituent masses are different in different channels. Nevertheless, we can speak also in this case about ”binding energy” through the relation with the fall-off of the wave function at large values of r.

integrating Eq. (A.12)

g_a+_{→ηs} (⃗q^2) = g exp(−⃗q^2α^2_D/4), (2.26)

where g is a ⃗q^2-independent constant and α_D is the diquark/kaon size parameter. Thus, the ⃗q^2-dependence of the form factor g(⃗q^2) is fully determined by a single parameter - the diquark/kaon size. The quantity g = g(⃗q^2 = 0), on the other hand, is a function of all the size parameters α_a, α_D, and α_{ηs} .

Strictly speaking, for the decay a(980) → πη a relativistic treatment is necessary because the velocity of the outgoing η meson is not small. Thus, our nonrelativistic calculation for the a(980) → πη decay is not precise, but still qualitatively acceptable.

Numerically, we find for the amplitude of the isovector I = 1 a-meson

A(a^+ → ηπ^+) = 3g sin θ ( m_U + m_D M_a − m_η ) MeV, (2.27)

where θ is the η-meson mixing angle, see Appendix A for details. Respectively, the partial width reads

Γ(a^0 → ηπ^0) = Γ(a^+ → ηπ^+) = 54 ( m_U + m_D M_a − m_η )_2 g^2 MeV. (2.28)

In [5], the value Γ(a^0 → ηπ^0) = 60 ± 13 MeV was obtained making use of the measurements of the full a-width [19] and the branching ratio quoted by Particle Data Group [20].

Our result for the partial width now depends on the values of the constituent quark masses: If we make use of the relation (2.8), m_U + m_D = M_a − m_η, which gives m_U = m_D = 220 MeV, then g ≃ 1 is needed to be compatible with ≃ 60 MeV for the width. For the values of the constituent quark mass m_U = m_D = 330 MeV, sometimes used in nonrelativistic quark models, one would need g ≃ 0.65. Fig.1 exhibits the form factor g for the two scenarios as functions of the tetraquark size parameter d - the root mean square distance between the centers of mass of the diquarks/K-mesons in the tetraquark. For the Gaussian wave function with the parameter α, one obtains d = √ 3/2 α; for the molecular wave function (2.25) one finds d = 1/( √ 2μ). We note that the form factor g does not depend on the quark masses.

In scenario A, the magnitude of the form factor depends strongly on the average separation of the diquarks. Since a full overlap of the diquarks would require an unphysically large binding energy we need only to consider the behaviour of the amplitude to the right of the maximum. To have g ≃ 0.65 ÷ 1 requires therefore a relatively large distance between the diquarks of about ≃ 1 ÷ 1.5 fm. Since the diquarks are extented objects themself this implies that only a tetraquark of a large size can explain the width.

For the KK̄-molecule scenario the dashed curve in Fig. 1 applies. Constituent quarks satisfying (2.8) lead to a width below 30 MeV for any value of the molecule size. The value for the a^0 → ηπ^0 decay rate of 60 MeV can only be obtained for constituent quark masses around 330 MeV, and requires a molecule with a size of about 0.5 ÷ 1 fm. This corresponds to an equivalent ”binding energy” E_b (d = 1/ √ 2E_bm_K ) in the range 40 ≤ E_b ≤ 150 MeV. The mass values M_a0 = 985.1 ± 1.3 MeV [20], M_K+_K− = 987.4 MeV, and M_K0¯_K0 = 995.2 MeV show that an interpretation of the a^0 as a K^0K̄^0 molecule of mixed isospin has the largest but still too small binding energy. In this case, however, the Γ given by (2.28) has to be reduced by a factor 2, leading to the values incompatible with the observed width of ≈ 60 MeV. This makes the molecular interpretation of the a^0 unlikely. A measurement of the decay of the a^+ is needed to shed more light on this question. On the other hand, on the basis of our results, we cannot exclude an a(980) structure, in which the K mesons form a molecule at the surface region only, while the interior has a different, perhaps two-quark, composition (cf. [21]).

2. a → KK̄ For this reaction we consider the decay of the a^0 particle within the diquark option only. It proceeds via rearrangements of the constituent quarks. The decay of a KK̄-molecule into two kaons would require knowledge about the formation process of this particle and will not be treated here.

Within the genuine tetraquark scenario, it turns out to a good accuracy that

g_a+_{→K} (⃗q^2) ≃ 0.9 g_a+_{→ηs} (⃗q^2). (2.29)

However, different values of ⃗q^2 have to be applied in the different reactions. For the a → KK̄ amplitude, we set the momentum transfer equal to zero and find

A(a^+ → K^0K^+) = 3.9 g ( m_U + m_S M_a − m_K ) MeV. (2.30)

Fig. 1: The a → ηπ transition: The form factor g defined by (2.26) for P = ηs vs the size d of the a(980) for the two scenarios: genuine tetraquark (solid line) and molecular (dashed line).

For the ratio of the amplitudes, this gives

A(a^+ → ηπ^+) A(a^+ → K^0K^+)

≃ 0.9 sin θ ( m_U + m_D m_U + m_S ) ≃ 0.72 sin θ, (2.31)

since the ratio of the quark masses (m_U + m_D)/(m_U + m_S ) ≃ 1/1.25 is weakly sensitive to their specific values.

The a-meson is below the KK̄ threshold, and the decay a → KK̄ proceeds through the finite a-width. Therefore, the determination of the branching ratio a → KK̄ is involved: one must fit the data making use of the coupled-channel formula [6].

3. THE EMISSION OF VECTOR MESONS AND THE VECTOR CURRENT

A. The vector current for constituent quarks

A proper vector current can interpolate vector meson fields. In the example of an isovector current one has for the ρ meson field operator Φ^μ_ρ =^1_{mρ fV} ūγ^μd. As in the case of the pseudoscalar current, the current for constituent quarks should no more contain the ρ-meson pole which occurs in the current formed by the current quarks of QCD. In the q^2 region around and below the ρ meson resonance one can write ūγ^μd = m^2_ρ □ + m^2_ρ

Ū γ^μD. (3.1)

The normalization of the right hand side is simpler than in the pseudoscalar meson case since it must be fixed to be one at momentum transfer q^2 = 0. Thus, the interpolating ρ-meson field becomes

Φ^μ_ρ = m_ρ f_V 1 □ + m^2_ρ

Ūγ^μD. (3.2)

The amplitude for a decay proceeding by the emission of a ρ^− meson can thus be obtained by sandwiching the constituent quark operator T = m_ρ f_V ϵ^∗_μ(q) Ū γ^μD (3.3)

between hadrons formed by constituent quarks. Considering now the vector analogue of (2.5)

Ū γ^μD = iÛ^T γ^0γ^2γ^μD, (3.4) Ū D = iÛ^T γ^0γ^2D, one gets for conventional transitions in nonrelativistic approximation

J^0_V = U^†D, (3.5) ⃗J_V = 1 2m_Qi (U^†⃗σσ_k∂_kD − ∂_kU^†σ_k⃗σD). For the fall-apart operators one finds on the other hand

J̃^0_V = − 1 2m_Q ∂_k(Û^T σ_2σ_kD), (3.6) ⃗J̃_V = −i(Û T σ_2⃗σD). It is seen, that the current operators for fall-apart transitions are particularly simple. The corresponding matrix elements can be expressed by overlap integrals without derivatives. The divergence of J̃^μ has to vanish and gives immediately the constraint for the effective quark masses

M_i − M_f ≃ 2m_Q. (3.7)

B. Fall-apart amplitude for spin-1 polyquark mesons

We consider the fall-apart process X(1^+) → V (1^−) with the emission of a vector meson. The case in point here are the decays X^0(3872) → J/ψ ππ and X^0(3872) → J/ψ πππ, mediated by the ρ^0 and ω meson, respectively. Clearly, the isovector component of X^0 contributes to the first reaction, while the isoscalar component contributes to the second one.

Let us briefly outline the procedure for the isovector X^0 transition. We start with the meson transition amplitude induced by the conserved vector current j^μ_V =^{1√}_2 (ūγ^μu − d̄γ^μd), and write its decomposition as follows

⟨V (p^′)|j^V_μ |X(p)⟩ = ϵ_{μqεε}′ f_1(q^2) + (p_μ · q^2 − q_μ · qp)ϵ_{pp}′_{εε}′ f_2(q^2) + (εp^′)ϵ_{μpp}′_ε′ f_3(q^2) + (ε^′p)ϵ_{μpp}′_εf_4(q^2). (3.8)

The main contribution to the decay rate of the reaction X^0(3872) → J/ψππ comes from the region where the intermediate ρ^0-meson is nearly on-shell. In the X-rest frame, the intermediate ρ^0 is almost at rest. Therefore, we can neglect the form factors f_2, f_3, and f_4 in Eq. (3.8) and keep only the form factor f_1. The form factor f_1 contains the ρ^0-pole so we may write

f_1(q^2) = m^2_ρ −q^2 + m^2_ρ

F_1(q^2). (3.9)

The amplitude of the X^0 → J/ψ ρ^0 transition then takes the form

A(X^0 → J/ψ ρ^0) = m_ρ f_V ϵ^∗_μ(q)ϵ^∗_ν (p^′)ϵ_λ(p) q_σϵ^{μνλσ}F_1(m^2_ρ). (3.10)

Making use of the relation (3.1), the form factor F_1 may be obtained from the amplitude of the constituent-quark vector current ⟨V (p^′)| 1 √ 2 (Ū γ_μU − D̄γ_μD)|X(p)⟩ = ϵ^{μνλσ}ϵ^∗_ν(p^′)ϵ_λ(p) q_σF_1(q^2) + · · · , (3.11)

where · · · denote small terms containing higher powers of the small momentum ⃗q. The z-component of this equation is sufficient for calculating F_1(q^2):

F_1 = 1 q^0 ⟨V (⃗p^′ = −⃗q, ±)| 1 √ 2 (Ū γ^3U − D̄γ^3D)|X(⃗p = 0, ±)⟩. (3.12) The ± signs in the state vectors refer to the particle polarisations. In the X-rest frame, the J/ψ is moving slow, and a nonrelativistic approach may be used for the calculation of the form factor. Further details of the calculation are given in Appendix A.

C. Fall-apart decay of the axial-vector polyquark X(3872)

The recently observed charmonium-like X(3872) particle [1] is likely a J^{P C} = 1^{++} state. Its mass M_X = 3871.3 ± 0.7 ± 0.4 [7], its small width Γ(X) ≤ 2.3 MeV and its decay properties make it a good candidate for a polyquark hadron. Like in the case of the a^0 particle we consider two options for this state:

A: X is a confined tetraquark consisting of two color-triplet diquarks in a relative S-state, one diquark (anti-diquark) with spin 0 and the anti-diquark (diquark) with spin 1.

⃗X_q = (Q^T iσ_2 C) (Q̂^T iσ_2⃗σ Ĉ) + (Q^T iσ_2⃗σ C) (Q̂^T iσ_2 Ĉ). (3.13)

B: X is a four-quark molecular state: a weakly bound S-state of a pseudoscalar D meson and a vector D^∗ meson

⃗X_q = (C^T iσ_2 Q̂) (Ĉ^T iσ_2⃗σ Q) + (C^T iσ_2⃗σ Q̂) (Ĉ^T iσ_2 Q). (3.14)

For the transition X^0(3872) → J/ψ ρ^0 mainly the isovector component X^{I=1} =^{1√}_2 (X_u − X_d) contributes, whereas for the tranition X^0(3872) → J/ψ ω it is the isoscalar component X^{I=0} =^{1√}_2 (X_u + X_d). The physical X will in general be a combination of X^{I=1} and X^{I=0}. The Fock state representations of the X and of the J/ψ are given in Appendix A. For the wave function of the confined diquark-antidiquark system we take a Gaussian form

Φ_X (r) ∼ exp ( −r^2/2α^2_X ) , (3.15)

with r the distance between the center of masses of the diquarks.

In case B, we have a bound state of two colorless objects. Since the properties of a weakly-bound state are largely determined by its binding energy E_b, we take for the relative motion of the two constituents the wave function

Φ_X (r) ∼ 1 r exp (−μr), μ = √ 2E_bM_DM_D∗ /(M_D + M_D∗ ). (3.16)

The X meson mass is close to the D^0D^{∗0} threshold at 3871.6 MeV, and around 7 MeV below the D^+D^{∗−} threshold at 3879.4 MeV). Thus, the X binding energy is restricted to the range E_b ≤ 7.5 MeV.

It is convenient to express the decay rates via the transition form factor (using nonrelativistic normalization of the states) g_{X→J/ψ} = F_1^{MX −EJ/ψ} √_{4EJ/ψ MX} :

g_{X→J/ψ} (⃗q^2) = ⟨J/ψ^{J=1,Jz =1}(−⃗q)| 1 √ 2 ((Û^T iσ_2σ_3 U ) − (D̂^T iσ_2σ_3 D))|X^{J=1,Jz =1}(0)⟩. (3.17)

It turns out that the result for g_{X→J/ψ} expressed in terms of the radial wave functions of the composites, for the diquark-antidiquark option is √ 3 times larger than the analogue result for the molecular option. In other words, if the spatial distributions would be the same in the two options, the widths would differ by the colour factor 3.

For numerical estimates we use the following inputs: The U C scalar and vector diquarks, as well as the D and D^∗ mesons are described by Gaussian wave functions with the same size parameter α_D = 0.6 fm. For J/ψ we take α_{J/ψ} = 0.5 fm and set M_X = 3872 MeV and M_{J/ψ} = 3097 MeV. The values of other relevant parameters, as well as the equations related to the finite widths of the ρ and ω, are given in Appendix A.

With Gaussian wave functions for the structure of the U C-diquarks/D-mesons forming the polyquark X, the transition form factor has the form

g_{X→J/ψ} (⃗q^2) = g exp(−⃗q^2α^2_D/4), (3.18)

where α_D is the U C diquark/D-meson size parameter. Then the rates obtained are

Γ(X^{I=1} → J/ψ π^+π^−) = 5.2 ( g 0.2 )_2 MeV,

Γ(X^{I=0} → J/ψ π^+π^−π^0) = 1.4 ( g 0.2 )_2 MeV. (3.19)

Taking into account that the branching ratios of the two decay modes seem to be close to each other [22] Br(X → J/ψ π^+π^−π^0) Br(X → J/ψ π^+π^−) = 1.0 ± 0.4 ± 0.3, (3.20)

Fig. 2: The X → J/ψ transition: The form factor g defined in (3.18) vs the X size parameter d for the genuine tetraquark (solid line) and the molecule (dashed line).

we conclude that X(3872) should be dominantly an isosinglet particle

X = cos θ_X X^{I=0} + sin θ_X X^{I=1}, sin θ_X ≃ 0.46 ± 0.3. (3.21)

For the central value of the mixing angle θ_X we find

Γ(X → J/ψπ^+π^−) ≃ Γ(X → J/ψπ^+π^−π^0) = 1.1 ( g 0.2 )_2 MeV. (3.22)

The dependence of the coupling g on the X-size parameter d - the root mean square distance between the center of masses of the two clusters inside X - is plotted in Fig. 2. We only need to consider the regions for d to the right of the maximum. Lower values are very unlikely: they would correspond to a strong overlapping of the diquarks/D mesons and consequently to an unobserved large binding energy. Thus, only a large separation can reasonably well explain the small width, which must be below the total width of ≃ 2.3 MeV. In the diquark-antidiquark scenario the necessary small width can be obtained for an averadge distance of the two clusters equal or larger than d ≥ 2.5 fm.

A pure molecular picture would require an even much larger size corresponding to an extremely small effective binding energy E_b ≲ 0.2 MeV (related to d according to d = 1/ √ 2M_D E_b). Such a state is not likely, but still conceivable in principle, since the sum of the masses of D^0 and D^{∗0} coincides with the mass of the X within error limits. We can exclude X mesons composed purely of charged D mesons (D^+D^{∗−} + D^−D^{∗+}). The corresponding binding energy obtained from the mass values is ≃ 5 MeV which would lead to a much too large width Γ ≃ 10 MeV.

We therefore conclude that the diquark picture is preferred. In any case, a polyquark hadron must possess an unusually large spatial extention in order to have a small decay width.

4. FALL-APART DECAYS OF POLYQUARK BARYONS

The observation of a pentaquark at 1530 MeV could not be confirmed. However, exotic baryons of higher mass and pentaquarks containing heavy quarks could still exist. For a decay into a conventional baryon under the emission of a pseudoscalar or a vector meson a treatment analogous to the one given in Sections 2 and 3 can be performed. The calculations for the pentaquark Θ(1530) given in Refs. [10, 23, 24] are not repeated here. It was found, that a small width of the order of 1 MeV requires a large spatial extention (molecule like) of the pentaquark, similar to what we found here for polyquark mesons. We collect in appendix B formulas for pentaquark decay amplitudes which are more detailed than the ones contained in the mentioned references. These equations may become applicable in the future.

5. CONCLUSION

We studied fall-apart decays of polyquark (tetra, penta) hadrons within the constituent quark picture. By making use of chiral symmetry the axial current for constituent quarks is shown to contain a local part Q̄γ_μγ_5Q and a nonlocal contribution proportional to the pseudoscalar density Q̄γ_5Q. Using also the close connection between vector currents and vector mesons it turns out that fall-apart processes with the emission of pseudoscalar mesons and vector mesons can be calculated from simple overlap matrix elements. The transition amplitudes depend then little on the relative velocities of the constituent quarks, but rather decisively on the size of their spatial distribution. These facts can help to study the states suspected to be polyquarks and the problem of the clusters they are made of.

We applied the developed formalism to the analysis of the decays a^0 → ηπ, KK̄ and X → J/ψπ^+π^−, J/ψπ^+π^−π^0, assuming that a^0 and X have a polyquark structure. We tested two extreme scenarios, namely: (A) a^0 and X are confined diquark-antidiquark states (genuine tetraquarks) and (B) these states are bound states of two K-mesons and two D-mesons, respectively, i.e. molecule like particles. We calculated the decay rate for both scenarios as a function of the averadge distance between the center of masses of the two clusters.

I. For the a^0(980) we found:

• Within the scenario (A) one can reproduce the transition rates correctly, if the averadge distance between the two diquarks is taken to be relatively large, around 1÷1.5 fm. Since both diquarks are extented objects themself, the a^0 will be a relatively large-size tetraquark object.

• The situation for the a^0, if described as a KK̄ molecule, is more complex: If the two K-mesons essentially keep their identity in the bound state, the a^0 would have to be of the isospin mixed form K^0K̄^0. The calculated width for the process a^0 → ηπ then disagrees with the observed decay rate making this picture for the a^0 unlikely. On the other hand, if the KK̄ structure refers only to the outer part of the particle, and the molecule description is not valid for the inner region, the experimental transition rate can be accomodated for the average distance between the clusters around 0.5 ÷ 1 fm. The behavior of the wave function in the outer region would then correspond to a (fictitious) ”binding energy” larger than 40 MeV.

II. For the X^0(3872) meson we found:

• Within the scenario (A) (X consisting of two charmed diquarks) we managed to obtain the desired small decay widths which are compatible with the experimental limits. Necessarily, the X(3872) must be mainly an isoscalar I = 0 particle:

X = cos θ_X X^{I=0} + sin θ_X X^{I=1}, sin θ_X ≃ 0.46 ± 0.3. (5.1)

This conclusion is based on our estimate for the X^{I=1} → J/ψ ππ and X^{I=0} → J/ψ πππ decay rates and the measured ratio of the Γ(X → J/ψ ππ)/Γ(X → J/ψ πππ), which has so far a rather large error. To obtain sufficiently small widths the X^0 must be a large size particle. The distance parameter d has to be around or larger than 2.5 fm.

• For the DD^∗-molecule scenario our finding is again somewhat involved. In case the D mesons keep essentially their identity in the bound state, this X meson would be a particle of mixed isospin (i.e. made of zero charged D mesons only). Then, the binding energy would have to be very small, smaller than about 0.2 MeV corresponding to a huge radius. This makes this case unlikely, but still conceivable in principle, since the sum of the masses of D^0 and D^{∗0} coincides with the mass of the X within error limits.

Evidently, if polyquark hadrons exist, these particles should be rather large-size objects. A similar result was obtained in the earlier discussion of the exotic baryon where we also found that a small width for fall-apart processes is correlated with a large particle size.

Acknowledgments. We thank V. V. Anisovich, P. F. Ermolov, D. Gromes, W. Lucha, O. Nachtmann, and S. Simula for useful discussions on this subject. D.M. is grateful for hospitality and financial support from the Institute of Theoretical Physics of the Heidelberg University during his stay in Heidelberg. D.M. was supported by the Austrian Science Fund (FWF) under project P17692.

APPENDIX A: NONRELATIVISTIC FOCK STATES AND TRANSITION AMPLITUDES

Note: In this appendix A all quark fields refer to constituent quarks. For a convenient and lucid presentation we will use here small letters to denote them (in contrast to our notation in the main part of the paper where we had to distinguish between current and constituent quarks).

1. Decay of scalar tetraquarks to two pseudoscalars

a. The light mesons

The η and η^′ mesons are mixtures of strange and nonstrange components [26] |η⟩ = cos θ|η_n⟩ − sin θ|η_s⟩, |η^′⟩ = sin θ|η_n⟩ + cos θ|η_s⟩, (A.1)

where η_n = (ūu + d̄d)/ √ 2, η_s = s̄s and sin θ = −0.65. For the amplitude ⟨η|d̂^T iσ_2 u|a^+⟩ only the strange component of the η-meson contributes. Thus one has ⟨η|d̂^T iσ_2u|a^+⟩ = − sin θ ⟨η_s|(d̂^T iσ_2 u)|a^+⟩.

The η_s component has the structure (summation over colour is implied) ⟨η_s(⃗p)| = 1 √ 6 ∫ d⃗r_1d⃗r_2 exp ( −i⃗p m_1⃗r_1 + m_2⃗r_2

m_1 + m_2 ) Φ_{ηs} (⃗r_1 − ⃗r_2)⟨0| ( ŝ^T (⃗r_1) iσ_2 s(⃗r_2) ) . (A.2)

The radial wave function Φ_{ηs} (⃗r) is normalized according to ∫ d⃗r|Φ_{ηs} (⃗r)|^2 = 1. (A.3)

We shall use the Gaussian parametrization Φ(⃗r) ∼ exp ( −^{⃗r2}_{2α2ηs} ) . For the η_s state one has to take m_1 = m_2 = m_s.

The wave function of the K^0-meson has the same form. Here one has to put m_1 = m_s and m_2 = m_d and to replace α_{ηs} by α_K . For the pion one should set m_1 = m_2 = m_d and α_{ηs} → α_π.

b. The scalar tetraquark a^+

We consider at first the scalar tetraquark meson a^+ as consisting of a spin-zero diquark us and an anti-diquark ŝd̂ in a relative L = 0 angular momentum state. This tetraquark Fock state has then the following form |a^+(⃗p)⟩ = √ 3 ∫ d⃗r_1d⃗r_2d⃗r_3d⃗r_4 exp ( i⃗p m_s⃗r_1 + m⃗r_2 + m_s⃗r_3 + m⃗r_4 2(m_s + m) ) Ψ_a+ (⃗r_1, ⃗r_2|⃗r_3, ⃗r_4)

×D^{a†}(⃗r_1, ⃗r_2)D̂^†_a(⃗r_3, ⃗r_4)|0⟩. (A.4)

D^a denotes the bilocal diquark annihilation operator

D^a(⃗r_1, ⃗r_2) = 1 √ 12 ϵ^{aa1a2} ( s^{a1 T} (⃗r_1) iσ_2 q^{a2} (⃗r_2) ) , (A.5)

and D̂_a the corresponding anti-diquark operator. The diquark picture requires the coordinate wave function of the tetraquark to have the factorized form

Ψ_a+ (⃗r_1, ⃗r_2|⃗r_3, ⃗r_4) = Φ_D(⃗r_{12})Φ_D(⃗r_{34})Φ_{a+} (⃗ρ), (A.6)

where

⃗r_{12} = ⃗r_1 − ⃗r_2, ⃗R_{12} = m_s⃗r_1 + m_d⃗r_2 m_s + m_d , ⃗r_{34} = ⃗r_3 − ⃗r_4, ⃗R_{34} = m_s⃗r_3 + m_d⃗r_4 m_s + m_d , ⃗ρ = ⃗R_{12} − ⃗R_{34}, (A.7) and ∫ |Φ_D(r)|^2 d⃗r = 1, ∫ |Φ_a+ (ρ)|^2 d⃗ρ = 1. (A.8)

Again a Gaussian parameterization for the wave functions is used: Φ_D(⃗r) ∼ exp ( −^{⃗r2}_{2α2D} ) and Φ_a+ (⃗ρ) ∼ exp ( −^{⃗ρ2}_{2α2a+} ) . As an alternative, we take a^+ to be a KK̄ molecule. In this case, (A.4) has to be replaced by |a^+(⃗p)⟩ = ∫ d⃗r_1d⃗r_2d⃗r_3d⃗r_4 exp ( i⃗p m_s⃗r_1 + m⃗r_2 + m_s⃗r_3 + m⃗r_4 2(m_s + m) ) Ψ_a+ (⃗r_1, ⃗r_2|⃗r_3, ⃗r_4)

×K^{+ †}(⃗r_1, ⃗r_2) K̂^{0 †}(⃗r_3, ⃗r_4)|0⟩, (A.9)

with

K^+(⃗r_1, ⃗r_2) = 1 √ 6 ( ŝ^T (⃗r_1) iσ_2 u(⃗r_2) ) , K̂^0(⃗r_3, ⃗r_4) = 1√ 6 ( d̂^T (⃗r_3) iσ_2 s(⃗r_2) ) . (A.10)

c. The a^+ → ηπ^+ and a^+ → K^+K̂ decays

We introduce the dimensionless form factor g_a+_{→P} (in nonrelativistic normalization for hadron states) where P stands for η_s or K^0:

g_a+_{→P} (⃗q^2) = g^Q_A ⟨P (−⃗q)|(q̂^T iσ_2 u)|a^+(⃗p = 0)⟩. (A.11)

Simple algebra leads to the relation

g_a+_{→P} (⃗q^2) = −g^Q_A κ ∫ d⃗r_1d⃗r_2 exp ( i⃗q m_1⃗r_1 + m_2⃗r_2 m_1 + m_2 ) Φ_P (⃗r_1 − ⃗r_2) Φ_D(⃗r_1) Φ_D(⃗r_2) Φ_a ( m_1⃗r_1 − m_2⃗r_2 m_1 + m_2 ) . (A.12)

The indices 1 and 2 correspond to the constituents of the final meson. For η in the final state these are s and ŝ, for the K^0 meson s and d̂. The value of κ is^{1√}_2 in case the a^+ is a diquark composite while one has κ =^{1√}_6 if it is a KK̄ molecule.

The transition amlitude for the process a^+ → ηπ^+ is then given by

A(a^+ → ηπ^+) = sin θ g_a+_{→ηs} (⃗q^2) m_U + m_D f_π √ 4M_aE_η. (A.13)

For the a → η transition, the equal quark masses drop out from the form factor g Eq. (A.12). So the only place where the quark masses come into the game is the factor m_U + m_D in the amplitude.

Neglecting the a^+ width, the decay rate a^+ → ηπ^+ takes the standard form

Γ(a^+ → ηπ^+) = |⃗q| 4π ( m_U + m_D f_π )_2

M^2_a + m^2_η − m^2_π M_a^2

| sin θ g_a+_{→ηs} (⃗q^2)|^2. (A.14)

In the above formulas E_η and −⃗q are the energy and the spatial momentum of η in the a^+ rest frame; m_η and m_π denote the masses of η and π, respectively. In this process the π field is used as an interpolating field.

Similarly, the amplitude of the a → KK decay reads

A(a^+ → K^+K̄^0) = g_{a→K} (⃗q^2) m_U + m_S f_K √ 4M_aE_K . (A.15)

According to our findings, to a good accuracy g_a+_{→K} (⃗q^2) ≃ 0.9 g_a+_{→ηs} (⃗q^2).

2. Decay of the axial-vector tetraquark to two vector mesons

a. The ”genuine” tetraquark Xq

For the tetraquark state, we take the following nonrelativistic representation: |X^{J=1,Jz =1} q (⃗p)⟩ = √ 3 √ 2 ∫ d⃗r_1d⃗r_2d⃗r_3d⃗r_4 exp ( i⃗p m_c⃗r_1 + m⃗r_2 + m_c⃗r_3 + m⃗r_4 2(m_c + m) ) Φ_X ( ⃗R_{12} − ⃗R_{34})

× (D^{a†}_{1,1}(r_1, r_2)D̂^{a†}_0 (r_3, r_4)Φ_{D1} (⃗r_{12})Φ_{D0} (⃗r_{34}) + D^{a†}_0 (r_1, r_2)D̂^{a†}_{1,1}(r_3, r_4)Φ_{D0} (⃗r_{12})Φ_{D1} (⃗r_{34})|0⟩ (A.16)

where the bilocal diquark annihilation operators are defined as follows:

D^a_0 (r_1, r_2) = 1 √ 12 ϵ^{aa1a2} (q^{a1T} (⃗r_1) iσ_2 c^{a2} (⃗r_2)),

D^a_{1,1}(r_3, r_4) = 1 √ 6 ϵ^{aa3a4} (q^{a3T} (⃗r_3) iσ_2 1 2 (σ_1 − iσ_2) c^{a4} (⃗r_4)). (A.17)

D̂_0, D̂_1 denote the corresponding anti-diquark annihilation operators. According to the diquark picture of the tetraquark given in (A.16), the factorized tetraquark wave function contains Φ_{D0} and Φ_{D1} , the radial wave functions of the spin-0 and spin-1 diquarks. Φ_X stands for the wave function of the confined bound state composed of the two diquarks.

b. The D̄D^∗ molecular state Xq

For the molecular state of the X_q the following nonrelativistic representation is taken |X^{J=1,Jz =1} q (⃗p)⟩ = 1 √ 2 ∫ d⃗r_1d⃗r_2d⃗r_3d⃗r_4 exp ( i⃗p m_c⃗r_1 + m⃗r_2 + m_c⃗r_3 + m⃗r_4 2(m_c + m) ) Φ_X ( ⃗R_{12} − ⃗R_{34}) × ( D^{∗†}_{1,1}(r_1, r_2)D̂^†(r_3, r_4)Φ_{D1} (⃗r_{12})Φ_{D0} (⃗r_{34}) + D^†(r_1, r_2)D̂^{∗†}_{1,1}(r_3, r_4)Φ_{D0} (⃗r_{12})Φ_{D1} (⃗r_{34}) ) |0⟩ (A.18)

where

D(r_1, r_2) = 1 √ 6 δ^{a1a2} ( c^{a1 T} (⃗r_1) iσ_2 q̂^{a2} (⃗r_2) ) , D^∗_{1,1}(r_3, r_4) = 1 √ 3 δ^{a3a4} (c^{a3T} (⃗r_3) iσ_2 1 2 (σ_1 − iσ_2) q̂^{a4} (⃗r_4)), (A.19)

Φ_{D0} and Φ_{D1} are the radial wave functions of the spin-0 and spin-1 mesons and Φ_X is the molecular wave function of the bound state composed of the two mesons.

c. The J/ψ state

⟨J/ψ^{J=1,Jz =1}(⃗p)| = δ_{aa}′ √ 3 ∫ d⃗r_1d⃗r_2 exp ( −i⃗p ⃗r_1 + ⃗r_2 2 ) Φ_{J/ψ}(⃗r_1 − ⃗r_2) ⟨0|(ĉ^{a,T} (⃗r_1) iσ_2 1 2 (σ_1 − iσ_2)c^{a′} (⃗r_2)). (A.20)

d. The X → J/ψ transition amplitude and the X → J/ψππ and X → J/ψπππ decay rates

Let us consider the fall-apart process M (1^+) → M (1^−) with the emission of a vector meson. A case in point is the decay X^0(3872) → J/ψ ρ^0 → J/ψ π^+π^− and X^0(3872) → J/ψ ω → J/ψ π^+π^−π^0.

To obtain the transition amplitude of the isovector component of X^0(3872), which we denote X^{I=1}, we start with X^{I=1} → J/ψ transition induced by the conserved isovector vector current

j^μ_V = 1 √ 2 (ūγ^μu − d̄γ^μd). (A.21) The form factor decomposition reads

⟨V (p^′)|j^V_μ |X(p)⟩ = ϵ_{μqεε}′ f_1(q^2) + (p_μ · q^2 − q_μ · qp)ϵ_{pp}′_{εε}′ f_2(q^2) + (εp^′)ϵ_{μpp}′_ε′ f_3(q^2) + (ε^′p)ϵ_{μpp}′_εf_4(q^2). (A.22)

The main contribution to the decay rate of the reaction X^0(3872) → J/ψ π^+π^− comes from the region where the intermediate ρ^0-meson is nearly on-shell. In the X-rest frame, the on-shell ρ^0 meson is produced almost at rest. Therefore, we can neglect the form factors f_2, f_3, and f_4 in Eq. (A.22) and keep only the form factor f_1. The form factor f_1 contains the ρ^0-pole so we may write

f_1(q^2) = m^2_ρ −q^2 + m^2_ρ

F_1(q^2). (A.23)

The amplitude of the X^{I=1} → J/ψ ρ^0 transition then takes the form

A(X^{I=1} → J/ψ ρ^0) = m_ρ f_V ϵ^∗_μ(q)ϵ^∗_ν (p^′)ϵ_λ(p) q_σϵ^{μνλσ}F_1(m^2_ρ), (A.24)

with f_V defined by

⟨0|j^V_μ |ρ^0⟩ = ε_μf_V m_ρ, f_V = 216 MeV. (A.25)

Treating the ρ^0 as a stable particle, one finds for the X^0 → J/ψ ρ^0 decay rate

Γ(X^{I=1} → ρ^0 J/ψ) = 1 4π m^4_ρ|F_1(m^2_ρ)|^2 M^2_X f^2_V |⃗q|, (A.26) where ⃗q is the momentum of the ρ meson in the X-rest frame, ⃗q^2 ≪ m^2_ρ. However, the ρ^0 is unstable leading to the final state π^+π^−. Taking into account the finite width of the ρ^0-meson, we obtain for the X^{I=1} → J/ψ π^+π^− amplitude

A(X^{I=1} → J/ψπ^+π^−) = A(X^{I=1} → J/ψρ^0) 1 m^2_ρ − s − B_{ρρ} A(ρ → ππ), (A.27) where B_{ρρ}(s) is the ρ-meson self-energy function, explicit expression for which is given in [25].

The ρ^0 → π^+π^− amplitude may be parametrized as A(ρ → ππ) = 1 2 g_{ρππ} (k − k^′)_με^μ, (A.28)

ε^μ is the ρ-meson polarization vector. The corresponding decay rate for the virtual ρ-meson with the mass √ s reads

Γ_ρ(s) = g^2_{ρππ} 192π √ s ( 1 − 4m^2_π s )_{3/2} , (A.29) and Im B_{ρρ}(s) = √ sΓ_ρ(s). (A.30)

The decay rate of the reaction X^0 → J/ψπ^+π^− takes the form dΓ(X^{I=1} → J/ψπ^+π^−) ds = 1 4π^2 s^2|F_1(s)|^2 M^2_X f^2_V λ^{1/2}(M^2_X , M^2_ψ, s) 2M_X √ sΓ_ρ(s) (m^2_ρ − s − Re B_{ρρ}(s))^2 + sΓ^2_ρ(s)

, (A.31) where Re B_{ρρ}(s) can be found in [25]. Let us notice that if we take the limit Γ_ρ(s) → 0 (i.e. g_{ρππ} → 0), the decay rates satisfy the simple relation Γ(X^{I=1} → J/ψ π^+π^−) = Γ(X^{I=1} → J/ψρ^0). For numerical estimates we use the values m_ρ0 = 773.8 MeV and g_{ρππ} = 11.4 from the recent analysis [25].

We now calculate the form factor F_1 within the constituent quark picture. Making use of the relation (3.1), the form factor F_1 can be obtained from the constituent-quark vector current ⟨V (p^′)| 1 √ 2 (Ū γ_μU − D̄γ_μD)|X(p)⟩ = ϵ^{μνλσ}ϵ^∗_ν(p^′)ϵ_λ(p) q_σF_1(q^2) + · · · , (A.32)

where · · · denote small terms containing higher powers of the small momentum ⃗q. The z-component of this equation is sufficient for calculating F_1(q^2):

F_1 = 1 q^0 ⟨V (⃗p^′ = −⃗q, ±)| 1 √ 2 (Ū γ^3U − D̄γ^3D)|X(⃗p = 0, ±)⟩. (A.33) The ± signs in the state vectors refer to the particle polarisations. In the X-rest frame, the J/ψ is moving slow, and a nonrelativistic approach may be used for the calculation of the form factor.

Isolating the kinematical factor related to the normalization of hadron states, we can express F_1 by g_{X→J/ψ} (⃗q^2)

F_1(q^2) = g_{X→J/ψ} (⃗q^2) √ 4E_{J/ψ}M_X M_X − E_{J/ψ} , (A.34)

with g_{X→J/ψ} (⃗q^2) = ⟨J/ψ^{J=1,Jz =1}(−⃗q)| 1 √ 2 ((Û^T iσ_2σ_3 U ) − (D̂^T iσ_2σ_3 D))|X^{J=1,Jz =1}(0)⟩. (A.35)

Here the standard nonrelativistic normalization of states is used. Explicit calculations lead to the expression g_{X→J/ψ} (⃗q^2) = ⟨J/ψ^{J=1,Jz =1}(−⃗q)|(Q^{a,T} (⃗r = 0) σ_1 Q(⃗r = 0))|X^{J=1,Jz =1}(0)⟩ = −κ ∫ d⃗r_1d⃗r_2 exp ( i⃗q ⃗r_1 + ⃗r_2 2 ) Φ_{D1} (⃗r^2_1)Φ_{D0} (⃗r^2)Φ_X ( m_c m_c + m_u

(⃗r_1 − ⃗r_2) ) Φ_{J/ψ}(⃗r_1 − ⃗r_2),

(A.36)

where κ = 1 if X is a diquark composite, and κ =^{1√}_3 if X is a molecule formed by D and D^∗ mesons. Here ⃗q is the momentum of the outgoing J/ψ in the X-rest frame. The form factor g_{X→J/ψ} (⃗q^2) determines Γ(X^{I=1} → J/ψπ^+π^−) decay.

A similar treatment is applied to calculate the three-pion decay X^0(3872) → J/ψ πππ via the ω meson. In this case the isoscalar component X^{I=0} determines the amplitude. The corresponding width Γ(X^{I=0} → J/ψ πππ) is obtained using the same form factor g_{X→J/ψ} (⃗q^2) by a formula similar to (A.31) with Γ_ρ(s) → Γ_ω(s) and m_ρ → m_ω, and multiplying by the Br(ω → 3π) = 0.89. Because of the small width of the ω-meson, the s-dependence of Γ_ω(s) makes little difference, mainly the value Γ_ω(m^2_ω ) = 8.5 MeV is essential.

APPENDIX B: FALL-APART AMPLITUDES FOR SPIN-1/2 POLYQUARK BARYONS

In this section we discuss the baryon to baryon transition matrix elements induced by the axial-vector current and the corresponding decay amplitudes for the emission of a light pseudoscalar meson.

As an example, we consider the Θ → N transition amplitude induced by the strangeness-changing axial current s̄γ_μγ_5u, where Θ is an exotic polyquark hadron and N denotes a conventional spin 1/2 baryon. The corresponding hadronic decay is Θ → N K, The amplitude of interest has the following general decomposition in terms of invariant form factors

⟨N (p^′)|s̄γ_μγ_5u|Θ(p)⟩ = g_A(q^2)ū_N (p^′)γ_μγ_5u_Θ(p) + g_P (q^2)q_μū_N (p^′)γ_5u_Θ(p) + g_T (q^2)ū_N (p^′)σ_{μν}q^ν γ_5u_Θ(p) (B.1)

with q = p − p^′. Since the K pole of interest occurs in the form factor g_P (q^2) we can define a residuum function r(q^2) by setting

g_P (q^2) = r(q^2) −q^2 + m^2_K

. (B.2)

Taking the divergence of the axial vector current as an interpolating field for the K-meson, the decay amlitude is then given by

T (Θ → N K) = g_{ΘNK} · ū_N (p^′)iγ_5u_Θ(p), (B.3)

with

g_{ΘNK} = r(m^2_K ) f_K . (B.4)

In the chiral limit with m_K → 0 the axial vector current is conserved leading to a relation between g_A(q^2) and r(q^2)

(M_Θ + M_N ) g_A(q^2) = r(q^2). (B.5)

One expects that g_A and r do not change significantly by going to the chiral symmetry limit. Therefore, we have two possibilities to calculate g_{ΘNK} in a model for hadrons, namely from r(m^2_K ) and from g_A(m^2_K ) [10].

By expressing the axial current by virtue of eq. (2.1) in terms of the constituent quark field operators one gets ⟨N (p^′)|s̄γ^μγ_5u|Θ(p)⟩ = g^Q_A ⟨N (p^′)|S̄γ^μγ_5U |Θ(p)⟩ − (m_S + m_U ) q^μ −q^2 + m^2_K g^Q_A ⟨N (p^′)|S̄γ_5U |Θ(p)⟩. (B.6) The matrix elements on the right-hand side can be expressed in terms of invariants in the same way as done above.

⟨N (p^′)|S̄γ^μγ_5U |Θ(p)⟩ = G_A(q^2)ū_N (p^′)γ^μγ_5u_Θ(p) + G_P (q^2)q^μū_N (p^′)γ_5u_Θ(p) + G_T (q^2)ū_N (p^′)σ^{μν} q_νγ_5u_Θ(p), ⟨N (p^′)|S̄γ_5U |Θ(p)⟩ = G_5(q^2)ū_N (p^′)γ_5u_Θ(p). (B.7)

Now, however, all form factors G_i are regular functions and have no poles in q^2 in the q^2-region of interest.

By comparing (B.7) with (B.1) we find that the form factors are related to each other as follows

g_A(q^2) = g^Q_A G_A(q^2), g_T (q^2) = g^Q_A G_T (q^2), r(q^2) −q^2 + m^2_K = g^Q_A ( G_P (q^2) − m_S + m_U −q^2 + m^2_K

G_5(q^2) ) . (B.8)

At the pole one has

r(m^2_K ) = g^Q_A (m_S + m_U ) G_5(m^2_K ). (B.9)

The divergence equation for the first part of the axial-vector current of constituent quarks (2.2) leads to the following relation between the form factors

(M_Θ + M_N ) G_A(q^2) − q^2G_P (q^2) = (m_S + m_U )G_5(q^2). (B.10)

This relation is automatically satisfied in the relativistic dispersion approach of Ref. [27]. In general however, calculated with trial wave functions for initial and final hadrons, (B.10) is not automatically satisfied.

At q^2 = m^2_K we have

r(m^2_K ) = g^Q_A ( (M_Θ + M_N ) G_A(m^2_K ) − m^2_K G_P (m^2_K ) ) . (B.11)

The form factors G_i can be calculated from different components of the l.h.s. of (B.7) for different polarizations of the initial Θ. We work in the Θ rest frame p = (M_Θ,⃗0) and choose q = (q_0, 0, 0, |⃗q|). It is convenient to use now the nonrelativistic normalization of the state vectors. Then the form factors are given by the equations

G_A =

(M_N − M_Θ)(E_N + M_N ) 2M_Θ|⃗q| A^0 +

M_N + M_Θ 2M_Θ

A_L +

M^2_Θ + M^2_N − 2M_ΘE_N (E_N − M_N )2M_Θ

(A_L − A_T ),

2M_ΘG_P =

E_M + M_N |⃗q| A^0 + A_L +

M_Θ + M_N E_N − M_N (A_L − A_T ),

2M_ΘG_T = −

E_N + M_N |⃗q| A^0 − A_L +

M_Θ − M_N E_N − M_N (A_L − A_T ),

G_5 =

(E_N + M_N ) |⃗q| A_5, (B.12) with

A^0 = ⟨N^↑(⃗p^′)|S̄γ^0γ_5U |Θ^↑⟩, A_L = ⟨N^↑(⃗p^′)|S̄γ^3γ_5U |Θ^↑⟩, A_T = i⟨N^↑(⃗p^′)|S̄γ^2γ_5U |Θ^↓⟩, A_5 = ⟨N^↑(⃗p^′)|S̄γ_5U |Θ^↑⟩, (B.13)

⃗p^′ = −⃗q lies in the negative z-direction, |⃗q| = √ E^2_N − M^2_N , E_N =^1_{2MΘ} (M^2_Θ + M^2_N − q^2) with q^2 = m^2_K for the decay process. The relation A_L = A_T for ⃗q = 0 guarantees that the form factors G_i are finite at ⃗q = 0.

For a transition in which the final baryon moves nonrelativistically we start by writing the form factor decomposition appropriate for nonrelativistic motion in the Θ rest frame:

⟨N (−⃗q)|J̃^0|Θ⟩ = F_0(ξ^†_N ⃗σ⃗q ξ_Θ), (B.14) ⟨N (−⃗q)|J̃^i_A|Θ⟩ = F_1(ξ^†_N σ^i ξ_Θ) + F_2(ξ^†_N q^i⃗σ⃗q ξ_Θ),

where ξ_{N,Θ} are two-component nonrelativistic baryon spinors. This paramterization gives for the amplitudes in (B.13)

A^0 = |⃗q|F_0(q^2), (B.15) A_L = F_1(q^2) + |⃗q|^2F_2(q^2), A_T = F_1(q^2).

Taking into account the structure of the quark currents for a fall-apart process (2.7), the amplitudes A^0 and A_5 are related to 1/m^2_Q accuracy

A^0 = −A_5. (B.16)

The amplitudes A_L and A_T involve derivatives of the wave functions and may thus be sensitive to subtle details of these wave functions. The amplitude A^0 = −A_5, on the other hand, is a simple overlap matrix element.

To the accuracy of our nonrelativistic approximation, the solution (B.12) takes the form

G_A = −

M_Θ − M_N

2M_Θ

2M_N F_0 +

M_Θ + M_N 2M_Θ

F_1 +

(M_Θ − M_N )^2 2M_Θ

2M_N F_2,

G_P = 2M_N 2M_Θ

F_0 + 1 2M_Θ

F_1 +

M_Θ + M_N 2M_Θ

2M_N F_2,

G_T = − 2M_N 2M_Θ

F_0 − 1 2M_Θ

F_1 +

M_Θ − M_N 2M_Θ

2M_N F_2,

G_5 = −2M_N F_0. (B.17)

Now we can apply the divergence equation (B.10). Setting q^2 = (M_Θ − M_N )^2 −^{MΘ}_{MN} ⃗q^2, and neglecting again terms of order ⃗q^2/M^2, we see that the terms proportional to F_2 drop out from this equation. As in the meson case considered above, this equation reduces to a constraint for the constituent quark masses, namely to

M_Θ − M_N −

F_1 F_0

= m_S + m_U . (B.18)

[1] S. K. Choi et al. [Belle], Phys. Rev. Lett. 91, 262001 (2003).

[2] D. Acosta et al. [CDF], Phys. Rev. Lett. 93, 072001 (2004); V. M. Abazov et al. [D0], Phys. Rev. Lett. 93, 162002 (2004);

B. Aubert et al. [BaBar], Phys. Rev. D71, 071103 (2005). [3] J. L. Rosner et al. [CLEO], Phys. Rev. Lett. 95, 102003 (2005). [4] R. L. Jaffe, Phys. Rev. D15, 281 (1977). [5] L. Maiani et al, Phys. Rev. Lett. 93, 212002 (2004).

[6] V. V. Anisovich et al, hep-ph/0508260; V. V. Anisovich, Phys. Usp. 41, 419 (1998). [7] E. Swanson, The new heavy mesons: a status report, hep-ph/0601111. [8] J. Vijande, A. Valcarce, F. Fernandez, B. Silvestre-Brac, Phys. Rev. D72 034025 (2005). [9] M. Battaglieri et al, ”Search for pentaquarks in photoproduction from Proton”, Talk at APS Meeting, April 16, 2005. [10] D. Melikhov, S. Simula, B. Stech, Phys. Lett. B594, 265 (2004). [11] R. Jaffe, F. Wilczek, Phys. Rev. Lett. 91, 232003 (2003). [12] E.V. Shuryak, I. Zahed, Phys. Lett. B589, 21 (2004) [13] B. Stech, Phys. Rev. D36, 975 (1987); G. Dosch, M. Jamin, B. Stech, Z. Phys. C42, 167 (1989); M. Neubert, B. Stech, Phys. Rev. D44, 775 (1991); B. Stech, Mod. Phys. Lett. A6, 3113 (1991).

[14] H. Georgi, A. Manohar, Nucl. Phys B234, 189 (1984). [15] B. Stech, U. Ellwanger, Phys. Lett. B241, 409 (1990).

[16] S. Weinberg, Phys. Rev. Lett. 65, 1181 (1990), Phys. Rev. Lett. 67, 3473 (1991). [17] D. Melikhov, M. Beyer, Phys. Lett. B452, 121 (1999); D. Melikhov, O. Pene, Phys. Lett. B446, 336 (1999). [18] D. Melikhov, B. Stech, Phys. Rev. D62, 014006 (2000). [19] D. Barberis et al., Phys. Lett. B488, 225 (2000). [20] S. Eidelman et al., Phys. Lett. B592, 1 (2004). [21] M. B. Voloshin, hep-ph/0605063.

[22] K. Abe et al. [Belle], hep-ex/0505037, hep-ex/0408116. [23] A. Hosaka, M. Oka, T. Shinozaki, Phys. Rev. D71, 074021 (2005). [24] D. Melikhov, B. Stech, Phys. Lett. B608, 59 (2005).

[25] D. Melikhov, O. Nachtmann, V. Nikonov, T. Paulus, Eur. Phys. J. C34, 345 (2004).

[26] V. V. Anisovich et al, Phys. Lett. B404, 166 (1997), Phys. Rev. D55, 2918 (1997); T. Feldmann, P. Kroll, B. Stech, Phys.

Rev. D58, 114006 (1998), Phys. Lett. B449, 339 (1999).

[27] V. V. Anisovich et al, Nucl. Phys. A544, 747 (1992); D. Melikhov, Phys. Rev. D53, 2460 (1996), Phys. Rev. D56, 7089 (1997); D. Melikhov, Eur. Phys. J. direct C2, 1 (2002) [hep-ph/0110087]; D. Melikhov and S. Simula, Eur. Phys. J. C37, 437 (2004).