arXiv:hep-ph/0607226 v1 20 Jul 2006

The Possible Heavy Tetraquarks qQq̄Q̄, qqQ̄Q̄ and qQQ̄Q̄

Ying Cui, Xiao-Lin Chen, Wei-Zhen Deng,^∗ and Shi-Lin Zhu^† Department of Physics, Peking University, Beijing 100871, China (Dated: July 20, 2006)

Assuming X(3872) is a qcq̄c̄ tetraquark and using its mass as input, we perform a schematic study of the masses of possible heavy tetraquarks using the color-magnetic interaction with the flavor symmetry breaking corrections.

PACS numbers: 12.39.Mk, 12.39.Jh Keywords: heavy tetraquarks, color-magnetic interaction

I. INTRODUCTION

The past several years have witnessed a renaissance of charmonium spectroscopy. A few charmonium-like new resonances X(3872) [1], X(3940) [2], Y(3940) [3] and Y(4260) [4] were discovered experimentally. Because of its very narrow width, proximity to DD̄^∗ threshold and special decay patterns, Swanson proposed that X(3872) is mainly a D^0D̄^{0∗} molecular state with some admixture of ρJ/ψ and ωJ/ψ components [5, 6]. But the possibility of X(3872) as a conventional 1^{++} charmonium is still not excluded although its mass is smaller than the quark model prediction [7]. Li suggested that X(3872) could be a charmonium hybrid meson [8]. However, both lattice QCD simulation [9] and flux tube mode [10] indicated that the hybrid charmonium lies in the range 4200-4400 MeV.

Maiani et al. argued that the X(3872) is a bound state of a pair of diquark and anti-diquark [11]. With the spin-spin interaction and X(3872) mass as input, they predicted a 2^+ cqc̄q̄ tetraquark around 3952 MeV, which might be identified to the X(3940) [11]. This 2^+ tetraquark state can decay to J/ψ plus a light vector meson, and DD̄ via D-wave.

The multi-quark system was studied many years ago using a quark model with color-magnetic (CM) interaction [12, 13, 14, 15]. Recently, Richard and Stancu used the model to estimate masses of qcq̄c̄ tetraquarks [16, 17, 18]. In the complete qcq̄c̄ configuration space, they diagonalized the 6×6 Hamiltonian matrix. The CM interaction parameter was determined by the charmed baryon masses. They found the mass of the isoscalar state is around 3910 MeV, which lies well above X(3872) and DD̄^∗ threshold.

In a previous work on light tetraquarks [19], we found that the strength of CM interaction in tetraquarks is quite different from that in conventional qq̄ mesons. The strength of CM interaction in charmed baryons is also different from that in the tetraquark system because tetraquarks and charmed baryons have different spatial size. Hence the extraction of the CM interaction parameter in the tetraquark system from the charmed baryon is not justified.

In this work, we identify X(3872) as a tetraquark and use its mass as input to fix the CM strength in the cqc̄q̄ system. In Section II we present the simple model Hamiltonian with the color-magnetic interaction for the tetraquark system and construct the color-spin-flavor wave functions of 0^+, 1^+ and 2^+ tetraquarks. Section III is the numerical analysis. The last section is a short summary.

II. HEAVY TETRAQUARK MASSES

For the tetraquark, the model Hamiltonian reads H = ∑ i m_i + H_{CM} (1)

where m_i is the i-th constituent quark mass. H_{CM} is the color-spin interaction Hamiltonian which is derived from one-gluon exchange in MIT bag model [12, 13, 20, 21]: H_{CM} = − ∑ i>j v_{ij} ⃗λ_i · ⃗λ_j ⃗σ_i · ⃗σ_j (2)

∗Electronic address: dwz@th.phy.pku.edu.cn †Electronic address: zhusl@th.phy.pku.edu.cn

where ⃗σ_i is the quark spin operator and ⃗λ_i the color operator. For the anti-quark, ⃗λ_{q̄} = −⃗λ^∗ and ⃗σ_{q̄} = −⃗σ^∗. The values of the coefficients v_{ij} depend on the multiquark system and specific models. In general, v_{ij} takes different values for qq̄, qqq and qq̄qq̄ systems [19]. Here we discuss the heavy tetraquarks, the v_{ij} in the heavy quark system are also different from the light quark system. We use the following convention v_{ij} = v̄ m^2_u m_im_j (3) where v̄ depends on the wave function of the multiquark system. With given flavor context q_1q_2q̄_3q̄_4, the expression of the CM matrix element between two states |k⟩ and |l⟩ reads

V_{CM} (q_1q_2q̄_3q̄_4) = V_{12}(q_1q_2) + V_{13}(q_1q̄_3) + V_{14}(q_1q̄_4) + V_{23}(q_2q̄_3) + V_{24}(q_2q̄_4) + V_{34}(q̄_3q̄_4) , (4)

where V_{ij} = ⟨k | ⃗λ_i ⃗λ_j ⃗σ_i ⃗σ_j | l⟩. The base states |k⟩ and |l⟩ are chosen to be the eigenstates of SU (6)_{cs}. Since the |k⟩ and |l⟩ are not eigenstates of the CM interaction, we need calculate every individual term in Eq. (4) and diagonalize the ⟨k | V_{CM} | l⟩ matrix in the base space in order to obtain the physics mass.

We use the qq ⊗ q̄q̄ to construct the color-spin wave function of 0^+, 1^+ and 2^+ heavy tetraquarks. A particular multiquark configuration is denoted as |D_6, D_{3c}, S, N ⟩, where D_6 and D_{3c} are SU (6)_{cs} color-spin and SU (3)_c color representations of the multiquark system respectively. S is the spin of the system and N is the total number of quarks and antiquarks. The SU (6)_{cs} eigenstates of the 0^+, 1^+ and 2^+ heavy tetraquark are listed below:

|1, 1_c, 0, 4⟩ = √ 6 7 |21, 6_c, 1, 2⟩ ⊗ |21, 6_c, 1, 2⟩ + √ 1 7 |21, 3_c, 0, 2⟩ ⊗ |21, 3_c, 0, 2⟩ (5)

|405, 1_c, 0, 4⟩ = √ 1 7 |21, 6_c, 1, 2⟩ ⊗ |21, 6_c, 1, 2⟩ − √ 6 7 |21, 3_c, 0, 2⟩ ⊗ |21, 3_c, 0, 2⟩ (6)

|1, 1_c, 0, 4⟩ = √ 3 5 |15, 3_c, 1, 2⟩ ⊗ |15, 3, 1, 2⟩ + √ 2 5 |15, 6_c, 0, 2⟩ ⊗ |15, 6_c, 0, 2⟩ (7)

|189, 1_c, 0, 4⟩ = √ 2 5 |15, 3_c, 1, 2⟩ ⊗ |15, 3, 1, 2, ⟩ − √ 3 5 |15, 6_c, 0, 2⟩ ⊗ |15, 6_c, 0, 2⟩ (8)

|35, 1_c, 1, 4, ⟩ = |21, 6_c, 1, 2, ⟩ ⊗ |21, 6_c, 1, 2, ⟩ (9) |35, 1_c, 1, 4⟩ = |15, 3_c, 1, 2, 6_f⟩ ⊗ |15, 3_c, 1, 2⟩ (10)

|35, 1_c, 1, 4⟩ = √ 1 3 |21, 3_c, 0, 2⟩ ⊗ |15, 3_c, 1, 2⟩ − √ 2 3 |21, 6_c, 1, 2⟩ ⊗ |15, 6_c, 0, 2⟩ (11)

|280, 1_c, 1, 4⟩ = √ 2 3 |21, 3_c, 0, 2⟩ ⊗ |15, 3_c, 1, 2, ⟩ + √ 1 3 |21, 6_c, 1, 2, ⟩ ⊗ |15, 6_c, 0, 2, ⟩ (12)

|35, 1_c, 1, 4⟩ = √ 1 3 |15, 3_c, 1, 2⟩ ⊗ |21, 3_c, 0, 2⟩ − √ 2 3 |15, 6_c, 0, 2⟩ ⊗ |21, 6_c, 1, 2⟩ (13)

|280, 1_c, 1, 4⟩ = √ 2 3 |15, 3_c, 1, 2⟩ ⊗ |21, 3_c, 0, 2⟩ + √ 1 3 |15, 6_c, 0, 2⟩ ⊗ |21, 6_c, 1, 2⟩ (14)

|405, 1_c, 2, 4⟩ = |21, 6, 1, 2⟩ ⊗ |21, ¯6, 1, 2⟩ (15) |189, 1_c, 2, 4⟩ = |15, ¯3, 1, 2⟩ ⊗ |15, 3, 1, 2⟩ (16)

Here we focus on the 0^+, 1^+ and 2^+ states without radial and orbital excitations. Their spatial wave functions are symmetric. Therefore their color-spin wave functions of flavor-symmetric diquark {qq} or {q̄q̄} inside tetraquarks are antisymmetric. Those flavor-antisymmetric diquarks [qq] or [q̄q̄] have symmetric color-spin wave functions. We do not assume that quarks in the tetraquark really form diquarks with strong correlation. Instead we simply use the qq ⊗ q̄q̄ to construct the convenient base wave functions. On the other hand, one can also start from the qq̄ ⊗ qq̄ basis. In order to calculate the V_{CM} (qq̄), we must do some recoupling from the |qq, D_6, D_{3c}, S, 2⟩ ⊗ |q̄q̄, D_6, D_{3c}, S, 2⟩ basis to the |qq̄, D_6, D_{3c}, S, 2⟩ ⊗ |qq̄, D_6, D_{3c}, S, 2⟩ basis. Details can be found in Ref. [19]. The recoupling coefficients are listed in the Appendix.

III. NUMERICAL RESULTS

In order to estimate the heavy tetraquark mass, we need determine the constituent quark mass and the value of the parameter v̄ in Eq. (3) for the heavy tetraquark system. Using the experimental values of J/ψ, η_c, D^∗, D, D^∗_s , D_s, Υ masses, we use Eq. (1) to extract the constituent quark mass:

M (J/ψ) = 2m_c +^{16}_3 v_{cc̄}(^{mu}_{mc} )^2 M (η_c) = 2m_c − 16v_{cc̄}(^{mu}_{mc} )^2 M (D^∗) = m_u + m_c +^{16}_3 v_{cū}(^{mu}_{mc} ) M (D) = m_u + m_c − 16v_{cū}(^{mu}_{mc} ) M (D^∗_s ) = m_s + m_c +^{16}_3 v_{cs̄}(^{mu}_{mc} )(^{mu}_{ms} ) M (D_s) = m_s + m_c − 16v_{cs̄}(^{mu}_{mc} )(^{mu}_{ms} ) M (Υ) = 2m_b +^{16}_3 v_b¯_b(^{mu}_{mb} )^2

⇒ m_c = 1534MeV m_u = 437MeV m_s = 542MeV m_b = 4730MeV v_{cū} = 23.4MeV v_{cs̄} = 29.3MeV v_{cc̄} = 67.7MeV

(17)

where v_{cū}, v_{cs̄} and v_{cc̄} are merely the CM interaction parameters in Eq. (2) for the cc̄, cū, cs̄ meson system respectively.

With the assumption that X(3872) is a qcq̄c̄ tetraquark, the V_{CM} (qcq̄c̄) reads

V_{CM} (qcq̄c̄) = ζ_cV_{12} + V_{13} + ζ_cV_{14} + ζ_cV_{23} + ζ^2_c V_{24} + ζ_cV_{34} (18)

where ζ_c =^{mu}_{mc} . After diagonalizing the full matrix ⟨k | V_{CM} (qcq̄c̄) | l⟩, we obtain CM interaction eigenvalue and mass. The lowest eigenvalue is V_{CM} = −15.9v_Q , where v_Q = v̄_{qcq̄c̄}. In the heavy quark limit ζ_c =^{mu}_{mc} → 0, the CM energy of qcq̄c̄ system is dominated by the qq̄ subsystem V_{CM} (qcq̄c̄) → V_{13} = −16v_Q. The wave function of this lowest-lying tetraquark state will be |cc̄35, 1_c, 1, 2⟩⊗ |qq̄1, 1_c, 0, 2⟩ with charge conjugate parity C = −. This state is strongly coupled to J/ψ and a light pesudoscalar. Therefore it fall parts very easily and has a very broad decay width. Thus it is unlikely to observe it experimentally. The second lowest-lying tetraquark state will be |cc̄35, 8_c, 1, 2⟩ ⊗ |qq̄35, 8_c, 1, 2⟩ with C = +. We identify it to the observed X(3872) state:

V_{CM} (X(3872)) = −4.1v_Q , M (X(3872)) = 2m_c + 2m_u − 4.1v_Q .

In the heavy quark limit ζ_c =^{mu}_{mc} → 0, V_{CM} (qcq̄c̄) → V_{13} = −4v_Q. Using the experimental value of X(3872) mass as input, we get

v_Q ≈ 17.1MeV .

We will use this v_Q to estimate the mass of other qqQ̄Q̄ and qQq̄Q̄ tetraquarks.

The CM strength parameter (v) depends on the constituent quark mass and spatial wave function of quark model. Since we consider only the 0^+, 1^+ and 2^+ heavy tetraquarks without radial and orbital excitations, their spatial wave functions are expected to be roughly the same for qcq̄c̄ and qqc̄c̄ systems. Hence, we use the same parameter v_Q to estimate the CM interaction of 0^+, 1^+ and 2^+ states of all qQq̄Q̄ and qqQ̄Q̄ tetraquark systems with Q = c or b. We also use the same v_Q to estimate the qQQ̄Q̄ heavy tetraquarks. The masses are collected in Table I–III. As pointed above, the lowest-lying tetraquark state of each qQq̄Q̄ system will be |QQ̄35, 1_c, 1, 2⟩ ⊗ |qq̄1, 1_c, 0, 2⟩ in the heavy quark limit, which will be too broad to be observed experimentally. Thus in Table I we only list the masses of the second lowest-lying tetraquark states. The neutral ones of these states have positive C-parity.

flavor (0^+ )VCM (vQ) (0^+)M(MeV) (1^+ )VCM (vQ) (1^+ )M(MeV) (2^+ )VCM (vQ) (2^+ )M(MeV) qcq̄c̄ −7.4 3816 −4.1 3872 2.7 3988 qcs̄c̄ −6.5 3936 −3.8 3982 2.5 4090 scs̄c̄ −5.6 4056 −3.2 4097 2.3 4191 qbq̄b̄ −3.0 10283 −1.8 10303 0.4 10341 qbs̄b̄ −2.6 10395 −1.6 10412 0.5 10448 sbs̄b̄ −2.3 10505 −1.3 10522 0.5 10553 qcq̄b̄ −5.4 7046 −3.9 7071 1.6 7165 qcs̄b̄ −4.5 7166 −3.1 7190 1.4 7267 scs̄b̄ −4.1 7278 −3.0 7297 1.4 7371

TABLE I: The CM energy and masses of 0^+, 1^+ and 2^+ of qQq̄Q̄. The CM energy is in unit vQ.

flavor (0^+ )VCM (vQ) (0^+ )M(MeV) (1^+ )VCM (vQ) (1^+ )M(MeV) (2^+ )VCM (vQ) (2^+ )M(MeV) {qq}c̄c̄ −3.9 3875 1.4 3966 4.4 4017 {ss}c̄c̄ −3.6 4090 0.7 4164 3.2 4207 [qq]c̄c̄ −9.1 3786 qsc̄c̄ −3.8 3982 −7.5 3919 3.7 4110 {qq}b̄b̄ 0.7 10346 2.2 10372 3.2 10389 {ss}b̄b̄ 0.1 10546 1.4 10568 2.2 10582 [qq]b̄b̄ −8.1 10195 usb̄b̄ 0.4 10446 −6.6 10326 2.6 10483 {qq}c̄b̄ −1.6 7111 −0.2 7135 3.7 7201 {ss}c̄b̄ −1.8 7317 −0.7 7336 2.6 7392 [qq]c̄b̄ −11.1 6948 −9.3 6979 1.1 7157 usc̄b̄ −9.5 7081 −7.8 7110 1.2 7264

TABLE II: The CM energy and masses of 0^+, 1^+ and 2^+ of qqQ̄Q̄. The CM energy is in unit vQ. [qq] is the antisymmetrical representation in SU(3)f , {qq} is the symmetrical representation.

flavor (0^+ )VCM (vQ) (0^+)M(MeV) (1^+ )VCM (vQ) (1^+ )M(MeV) (2^+ )VCM (vQ) (2^+ )M(MeV) qcc̄c̄ −3.5 4979 −4.0 4971 2.0 5073 scc̄c̄ −3.0 5093 −3.1 5091 1.7 5173 qbc̄c̄ −3.4 8177 −3.4 8177 1.3 8257 sbc̄c̄ −2.8 8292 −2.7 8294 1.1 8359 qbb̄b̄ −1.0 14610 −1.4 14603 0.5 14636 sbb̄b̄ −0.8 14718 −1.1 14713 0.4 14739 qcb̄b̄ −0.6 11421 −2.5 11388 1.1 11450 scb̄b̄ −0.6 11526 −2.0 11502 0.9 11551 qcc̄b̄ −5.8 8136 −4.8 8153 0.9 8250 scc̄b̄ −4.8 8258 −3.9 8273 0.8 8354 qbc̄b̄ −4.9 11347 −4.6 11352 0.5 11440 sbc̄b̄ −4.0 11468 −3.7 11473 0.4 11543

TABLE III: The CM energy and masses of 0^+ , 1^+ and 2^+ of qQQ̄Q̄. The CM energy is in unit vQ. [qq] is antisymmetrical representation in SU(3)f , {qq} is symmetrical representation.

IV. DISCUSSIONS

In short summary, we have performed a schematic study of the masses of possible heavy tetraquarks using the color-magnetic interaction with the flavor symmetry breaking corrections. Treating X(3872) as a qcq̄c̄ tetraquark and using its mass as input, we extract the CM interaction parameter v_Q for the heavy tetraquark system. With the same v_Q, we have estimated other heavy tetraquark masses. It’s interesting to note from the above tables that the CM interaction is repulsive for 2^+ heavy tetraquarks. From Table I, it’s clear that 0^+ qcq̄c̄ states will also exist if X(3872) is really a 1^+ tetraquark.

V. ACKNOWLEDGMENTS

This project was supported by the National Natural Science Foundation of China under Grants 10375003 and 10421503, Key Grant Project of Chinese Ministry of Education (NO 305001). C.Y. thanks Y. R. Liu and W. Wei for helpful discussions.

[1] S. K. Choi et al., Phys. Rev. Lett. 91, 262001 (2003). [2] K. Abe et al., Phys. Rev. Lett. 94, 182002 (2005). [3] S. K. Choi et al., Phys. Rev. Lett. 94, 182002 (2005). [4] B. Aubert et al., Phys. Rev. Lett. 95, 142001 (2005).

[5] E. Swanson, Phys. Lett. B 598, 197 (2004). [6] E. Swanson, hep-ph/0410284.

[7] T. Branes and S. Godfrey, Phys. Rev. D 69, 054008 (2004). [8] B. A. Li, Phys. Lett. B 605, 306 (2005). [9] X. Liao and T. Manke, hep-lat/0210030.

[10] T. Branes, F. E. Close and S. Swanson, Phys. Rev. D 52, 5242 (1995). [11] L. Maiani, F. Piccinini, A. D. Polosa and V. Riquer, Phys. Rev. D 71, 014028 (2005). [12] R. L. Jaffe, Phys. Rev. D 15, 267 (1977). [13] R. L. Jaffe, Phys. Rev. D 15, 281 (1977). [14] K. T. Chao, Nucl. Phys. B169, 281 (1980). [15] K. T. Chao, Nucl. Phys. B183, 435 (1981).

[16] H. Høgaasen , J.-M. Richard and P.Sorba, hep-ph/0511039. [17] J.-M. Richard and Fl.Stancu, hep-ph/0511043. [18] D. M. Brink and Fl.Stancu, Phys. Rev. D 57, 6778 (1998). [19] Y. Cui, X-l. Chen, W-z. Deng and S.-L. Zhu, Phys. Rev. D. 73, 014018 (2006). [20] R. L. Jaffe, Phys. Rev. Lett. 38, 195 (1977).

[21] T. DeGrand, R. L. Jaffe, K. Johnson and J. Kiskis, Phys. Rev. D 12, 2060 (1975). [22] D. Strottman, J. Math. Phys. 20, 1643 (1976). [23] S. I. So and D. Strottman, J. Math. Phys. 20, 153 (1976).

APPENDIX A: THE RECOUPLING COEFFICIENTS

In order to calculate the terms of V (qq̄), we need do the following recouplings [22, 23]

{|q_1q_2D_6(Q)D_3(Q)S(Q)⟩ ⊗ |q̄_3q̄_4D_6(Q̄)D_3(Q̄)S(Q̄)⟩}_{(D3,S)} = ∑ R(D_3(Q)D_3(Q̄); D_3(13)D_3(24); D)R(S(Q)S(Q̄); S(13)S(24); S)

×{|q_1q̄_3D_6(13)D_3(13)S(13)⟩ ⊗ |q_2q̄_4D_6(24)D_3(24)S(24)⟩}_{(D3,S)} , (A1)

where the recoupling coeffiecients are:

R(S(Q)S(Q̄); S(13)S(24); S)

= √ (2S(Q) + 1)(2S(Q̄) + 1)(2S(13) + 1)(2S(24) + 1) 1 2 1 2 S(Q) 1 2 1 2 S(Q̄) S(13) S(24) S , (A2) R((λ_Qμ_Q)(λ¯_Qμ¯_Q); (λ_{13}μ_{13})(λ_{24}μ_{24}))

= (−1)^{λQ +μQ +λ13 +μ13} U ((10)(10)(10)(01); (λ_Qμ_Q)(λ_{13}μ_{13})) . (A3)

We will list the recoupling coefficients of 0^+, 1^+ and 2^+ heavy tetraquarks below. With q_1q_2 ⊗ q̄_3q̄_4 construction, the 0^+ heavy tetraquarks are:

|1, 1_c, S = 0, 4⟩ = √ 6 7 |21, 6_c, 1, 2; 21, 6_c, 1, 2⟩ + √ 1 7 |21, 3_c, 0, 2; 21, 3_c, 0, 2⟩

|405, 1_c, 0, 4⟩ = √ 1 7 |21, 6_c, 1, 2; 21, 6_c, 1, 2⟩ − √ 6 7 |21, 3_c, 0, 2; 21, 3_c, 0, 2⟩

|1, 1_c, 0, 4⟩ = √ 3 5 |15, 3_c, 1, 2; 15, 3, 1, 2⟩ + √ 2 5 |15, 6_c, 0, 2; 15, 6_c, 0, 2⟩

|189, 1_c, 0, 4⟩ = √ 2 5 |15, 3_c, 1, 2; 15, 3, 1, 2, ⟩ − √ 3 5 |15, 6_c, 0, 2; 15, 6_c, 0, 2⟩ (A4)

For 0^+ tetraquarks, the basis states of the q_1q_2 ⊗ q̄_3q̄_4 construction are:

a^0_1 = |q_1q_221, 6_c, S = 1; q̄_3q̄_421, 6_c, 1⟩; a^0_2 = |q_1q_221, 3_c, 0; q̄_3q̄_421, 3_c, 0⟩ a^0_3 = |q_1q_215, 3_c, 1; q̄_3q̄_415, 3, 1⟩; a^0_4 = |q_1q_215, 6_c, 0; q̄_3q̄_415, 6_c, 0⟩ (A5)

The corresponding basis states of the q_1q̄_3 ⊗ q_2q̄_4 construction are:

b^0_1 = |q_1q̄_31, 1, 0; q_2q̄_41, 1, 0⟩; b^0_2 = |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ b^0_3 = |q_1q̄_335, 8, 0; q_2q̄_435, 8, 0⟩; b^0_4 = ||q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ (A6)

The transform matrix from Eq. (A5) to Eq. (A6) is: √ 2 2 −^{√6}_6^1_2 −^{√3}_6 √ 3 6 1 2 −^{√6}_6 −^{√2}_2 1 2 −^{√3}_6 −^{√2}_2^{√6}_6 √ 6 6 √ 2 2 √ 3 6 1 2 (A7)

Then we can write the 0^+ SU (6) eigenstates in terms of two pairs of q_1q̄_3 ⊗ q_2q̄_4:

|1, 1_c, 0⟩ = √ 21 6 |q_1q̄_31, 1, 0; q_2q̄_41, 1, 0⟩ − √ 7 14 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ + √ 42 21 |q_1q̄_335, 8, 0; q_2q̄_435, 8, 0⟩ − √ 14 7 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ (A8)

|405, 1_c, 0⟩ = − 2 √ 42 21 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ + 3 √ 7 14 |q_1q̄_335, 8, 0; q_2q̄_435, 8, 0⟩ + 5 √ 21 42 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ (A9)

|1, 1_c, 0⟩ = √ 15 6 |q_1q̄_31, 1, 0; q_2q̄_41, 1, 0⟩ + √ 5 10 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ − √ 30 15 |q_1q̄_335, 8, 0; q_2q̄_435, 8, 0⟩ + √ 10 5 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ (A10)

|189, 1_c, 0⟩ = − 2 √ 30 15 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ − 3 √ 5 10 |q_1q̄_335, 8, 0; q_2q̄_435, 8, 0⟩ − √ 15 30 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ (A11)

For the 1^+ heavy tetraquarks, the states with the q_1q_2 ⊗ q̄_3q̄_4 construction are: |35, 1_c, 1, 4, ⟩ = |21, 6_c, 1, 2, ⟩ ⊗ |21, 6_c, 1, 2, ⟩ |35, 1_c, 1, 4⟩ = |15, 3_c, 1, 2, 6_f⟩ ⊗ |15, 3_c, 1, 2⟩

|35, 1_c, 1, 4⟩ = √ 1 3 |21, 3_c, 0, 2⟩ ⊗ |15, 3_c, 1, 2⟩ − √ 2 3 |21, 6_c, 1, 2⟩ ⊗ |15, 6_c, 0, 2⟩ |280, 1_c, 1, 4⟩ = √ 2 3 |21, 3_c, 0, 2⟩ ⊗ |15, 3_c, 1, 2, ⟩ + √ 1 3 |21, 6_c, 1, 2, ⟩ ⊗ |15, 6_c, 0, 2, ⟩ |35, 1_c, 1, 4⟩ = √ 1 3 |15, 3_c, 1, 2⟩ ⊗ |21, 3_c, 0, 2⟩ − √ 2 3 |15, 6_c, 0, 2⟩ ⊗ |21, 6_c, 1, 2⟩ |280, 1_c, 1, 4⟩ = √ 2 3 |15, 3_c, 1, 2⟩ ⊗ |21, 3_c, 0, 2⟩ + √ 1 3 |15, 6_c, 0, 2⟩ ⊗ |21, 6_c, 1, 2⟩ (A12)

The basis states are:

a^1 = |q_1q_221, 3_c, 0; q̄_3q̄_415, 3_c, 1⟩; a^1_2 = |q_1q_221, 6, 1; q̄_3q̄_415, 6_c, 0⟩ a^1_3 = |q_1q_221, 6, 1; q̄_3q̄_421, 6_c, 1⟩; a^1_4 = |q_1q_215, 3, 1; q̄_3q̄_415, 3, 1⟩ a^1_5 = |q_1q_215, 3, 1; q̄_3q̄_421, 3, 0⟩; a^1_6 = |q_1q_215, 6, 0; q̄_3q̄_421, 6, 1⟩ (A13)

With q_1q̄_3 ⊗ q_2q̄_4 construction, the basis states are:

b^1 = |q_1q̄_31, 1, 0; q_2q̄_435, 1, 1⟩; b^1_2 = |q_1q̄_335, 8, 0; q_2q̄_435, 8, 1⟩ b^1_3 = |q_1q̄_335, 1, 1; q_2q̄_41, 1, 0⟩; b^1_4 = ||q_1q̄_335, 8, 1; q_2q̄_435, 8, 0⟩ b^1_5 = |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩; b^1_6 = |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ (A14)

The transform matrix from Eq. (A13) to Eq. (A14) is: √ 3 6 −^{√6}_6 −^{√3}_6^{√6}_6 −^{√3}_3^{√6}_6 −^{√6}_6 −^{√3}_6^{√6}_6^{√3}_6^{√6}_6^{√3}_3 √ 3 3 √ 6 6 √ 3 3 √ 6 6 0 0 √ 6 6 −^{√3}_3^{√6}_6 −^{√3}_3 0 0 √ 3 6 −^{√6}_6 −^{√3}_6^{√6}_6 −^{√3}_3^{√6}_6 −^{√6}_6 −^{√3}_6^{√6}_6^{√3}_6^{√6}_6^{√3}_3

(A15)

Then the 1^+ SU (6) flavor eigenstates in terms of two pairs of q_1q̄_3 ⊗ q_2q̄_4 read

|35, 1_c, 1⟩ = 1 2 |q_1q̄_31, 1, 0; q_2q̄_435, 1, 1⟩ − 1 2 |q_1q̄_335, 1, 1; q_2q̄_41, 1, 0⟩ − 2 3 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ − √ 2 6 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ (A16)

|280, 1_c, 1⟩ = − 1 2 |q_1q̄_335, 8, 0; q_2q̄_435, 8, 1⟩ + 1 2 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 0⟩ − √ 2 6 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ + 2 3 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ (A17)

|35, 1_c, 1⟩ = √ 3 3 |q_1q̄_31, 1, 0; q_2q̄_435, 1, 1⟩ + √ 6 6 |q_1q̄_335, 8, 0; q_2q̄_435, 8, 1⟩ + √ 3 3 |q_1q̄_335, 1, 1; q_2q̄_41, 1, 0⟩ + √ 6 6 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 0⟩ (A18)

|35, 1_c, 1⟩ = √ 6 6 |q_1q̄_31, 1, 0; q_2q̄_435, 1, 1⟩ − √ 3 3 |q_1q̄_335, 8, 0; q_2q̄_435, 8, 1⟩ + √ 6 6 |q_1q̄_335, 1, 1; q_2q̄_41, 1, 0⟩ − √ 3 3 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 0⟩ (A19)

|35, 1_c, 1⟩ = 1 2 |q_1q̄_31, 1, 0; q_2q̄_435, 1, 1⟩ − 1 2 |q_1q̄_335, 1, 1; q_2q̄_41, 1, 0⟩ − 2 3 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ − √ 2 6 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ (A20)

|280, 1_c, 1⟩ = − 1 2 |q_1q̄_335, 8, 0; q_2q̄_435, 8, 1⟩ + 1 2 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 0⟩ − √ 2 6 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ + 2 3 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ (A21)

For the 2^+ heavy tetraquarks,

|405, 1_c, 2⟩ = {|q_1q_221, 6, 1; q̄_3q̄_421, ¯6, S = 1⟩} = √ 1 3 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ + √ 2 3 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ (A22)

|189, 1_c, 2⟩ = {|q_1q_215, ¯3, 1; q̄_3q̄_415, 3, 1⟩} = √ 2 3 |q_1q̄_335, 8, 1; q_2q̄_435, 8, 1⟩ − √ 1 3 |q_1q̄_335, 1, 1; q_2q̄_435, 1, 1⟩ (A23)

With SU_c(3) and SU_s(2) symmetry, similar recoupling coefficients can also be obtained.