arXiv:hep-ph/0608164v3 9 Feb 2007

Analysis of the vector form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) with light-cone QCD sum rules

Zhi-Gang Wang^{1 1}, Shao-Long Wan^2 1 Department of Physics, North China Electric Power University, Baoding 071003, P. R. China 2 Department of Modern Physics, University of Science and Technology of China, Hefei 230026, P. R. China

Abstract

In this article, we calculate the vector form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) within the framework of the light-cone QCD sum rules approach. The numerical values of the f^+_{Kπ}(Q^2) are compatible with the existing theoretical calculations, the central value of the f^+_{Kπ}(0) (f^+_{Kπ}(0) = 0.97) is in excellent agreement with the values from the chiral perturbation theory and lattice QCD. The values of the |f^−_{Kπ}(0)| are very large comparing with the theoretical calculations and experimental data, and can not give any reliable prediction. At large momentum transfers with Q^2 > 5GeV^2, the form factors f^+_{Kπ}(Q^2) and |f^−_{Kπ}(Q^2)| can either take up the asymptotic behavior of^1_{Q2} or decrease more quickly than^1_{Q2} , more experimental data are needed to select the ideal sum rules.

PACS numbers: 12.38.Lg; 12.38.Bx; 12.15.Hh Key Words: Vector form factor, CKM matrix element, light-cone QCD sum rules

1 Introduction

Semileptonic K → πℓν (K_{ℓ3}) decays provide the most precise determination of the Cabibbo-Kobayashi-Maskawa (CKM) matrix element |V_{us}| [1]. The experimental input parameters are the semileptonic decay widths and the vector form factors f^+_{Kπ}(q^2) and f^−_{Kπ}(q^2), which are necessary in calculating the phase space integrals. The main uncertainty in the quantity |V_{us}f^+_{Kπ}(0)| comes from the unknown shape of the hadronic form factor f^+_{Kπ}(q^2), which is measurable at m^2_l < q^2 < (m_K − m_π)^2 in the K_{ℓ3} decays or (m_K +m_π)^2 < q^2 < m^2_τ in the τ → Kπν decays. The experimental data can be fitted to the functions with either pole models or series expansions, however, systematic errors are introduced due to the different parameterizations. The conservation of the vector current implies f^+_{Kπ}(0) = 1 at zero momentum transfer [2] , another powerful theoretical constraint on the f^+_{Kπ}(0) is provided by the SU(3) symmetry of the light pseudoscalar mesons and the Ademollo-Gatto theorem [3], the SU(3) symmetry breaking effects f^+_{Kπ}(0) − 1 start at second order in m_s − m_q. Chiral perturbation theory (ChPT) provides a natural and powerful tool to take

1Corresponding author; E-mail,wangzgyiti@yahoo.com.cn.

into account the SU(3) symmetry breaking effects due to the masses of the light quarks, the f^+_{Kπ}(q^2) is usually calculated by the ChPT [4]. Presently, the comparison between theory and experiment, and among different experiments, is complicated by the uncertainties in the form factor f^+_{Kπ}(q^2) with zero momentum transfer.

In this article, we calculate the values of the vector form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) within the framework of the light-cone QCD sum rules approach. The lightcone QCD sum rules approach carries out the operator product expansion near the light-cone x^2 ≈ 0 instead of the short distance x ≈ 0 while the non-perturbative matrix elements are parameterized by the light-cone distribution amplitudes which classified according to their twists instead of the vacuum condensates [5, 6]. The non-perturbative parameters in the light-cone distribution amplitudes are calculated by the conventional QCD sum rules and the values are universal [7].

The article is arranged as: in Section 2, we derive the vector form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) with the light-cone QCD sum rules approach; in Section 3, the numerical results and discussions; and in Section 4, conclusion.

2 Vector form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) with light-cone QCD sum rules

In the following, we write down the definitions for the vector form factors f^+_{Kπ}(q^2) and f^−_{Kπ}(q^2),

⟨π(q + p)|J_μ(0)|K(p)⟩ = 2f^+_{Kπ}(q^2)p_μ + { f^+_{Kπ}(q^2) − f^−_{Kπ}(q^2) } q_μ , (1)

where the J_μ(x) is the vector current. We study the vector form factors f^+_{Kπ}(q^2) and f^−_{Kπ}(q^2) with the two-point correlation functions Π^A_μ (p, q) and Π^B_μ (p, q),

Π^A_μ (p, q) = i ∫ d^4x e^{−iq·x} ⟨0|T { J_K (0)J^A_μ (x) } |π(p)⟩ , (2) Π^B_μ (p, q) = i ∫ d^4x e^{−iq·x} ⟨0|T { J_π(0)J^B_μ (x) } |K(p)⟩ , (3) J^A_μ (x) = s̄(x)γ_μu(x) , J^B_μ (x) = d̄(x)γ_μs(x) , J_K (x) = d̄(x)iγ_5s(x) , J_π(x) = ū(x)iγ_5d(x) , (4)

where the J_K (x) and J_π(x) interpolate the K and π mesons respectively, we choose the pseudoscalar currents to avoid the possible contaminations from the axial-vector mesons. The correlation functions Π^{A(B)}μ (p, q) can be decomposed as

Π^{A(B)}_μ (p, q) = Π^{A(B)}_p ( q^2, (q + p)^2 ) p_μ + Π^{A(B)}_q ( q^2, (q + p)^2 ) q_μ, (5)

due to the Lorentz covariance. In this article, we derive the sum rules with the tensor structures p_μ and q_μ respectively.

According to the basic assumption of current-hadron duality in the QCD sum rules approach [7], we can insert a complete series of intermediate states with the same quantum numbers as the current operators J_K (x) and J_π(x) into the correlation functions Π^A_μ and Π^B_μ to obtain the hadronic representation. After isolating the ground state contributions from the pole terms of the K and π mesons, the correlation functions Π^A_μ and Π^B_μ can be expressed in the following forms,

Π^A_μ (p, q) =

2f_K m^2_K f^+_{Kπ}(q^2) (m_d + m_s) {m^2_K − (q + p)^2} p_μ + f_K m^2_K { f^+_{Kπ}(q^2) − f^−_{Kπ}(q^2) } (m_d + m_s) {m^2_K − (q + p)^2} q_μ + · · · , (6)

Π^B_μ (p, q) =

2f_πm^2_πf^+_{Kπ}(q^2) (m_d + m_u) {m^2_π − (q + p)^2} p_μ + f_πm^2_π { f^+_{Kπ}(q^2) − f^−_{Kπ}(q^2) } (m_d + m_u) {m^2_π − (q + p)^2} q_μ + · · · , (7)

here we have not shown the contributions from the high resonances and continuum states explicitly, they are suppressed after the Borel transformation and subtraction. We use the standard definitions for the weak decay constants f_K and f_π, ⟨0|J_K(0)|K(q)⟩ = f_K m^2_K m_s + m_d , ⟨0|J_π(0)|π(q)⟩ = f_πm^2_π m_u + m_d . In the following, we briefly outline the operator product expansion for the correlation functions Π^A_μ and Π^B_μ in perturbative QCD theory. The calculations are performed at the large space-like momentum regions P^2 = −(q + p)^2 ≫ 0 and Q^2 = −q^2 ≫ 0, which correspond to the small light-cone distance x^2 ≈ 0 required by the validity of the operator product expansion approach. We write down the propagator of a massive quark in the external gluon field in the Fock-Schwinger gauge firstly [8],

⟨0|T {q_i(x_1) q̄_j(x_2)}|0⟩ = i ∫ d^4k (2π)^4 e^{−ik(x1−x2)} k̸ + m k^2 − m^2 δ_{ij} − 1∫ 0 dv g_s G^{μν}_{ij} (vx_1 + (1 − v)x_2) [1 2 k̸ + m (k^2 − m^2)^2 σ_{μν} − 1 k^2 − m^2 v(x_1 − x_2)_μγ_ν ]} , (8)

where the G_{μν} is the gluonic field strength, the g_s denotes the strong coupling constant. Substituting the above s, d quark propagators and the corresponding π,

K mesons light-cone distribution amplitudes into the correlation functions Π^A_μ and Π^B_μ in Eqs.(2-3) and completing the integrals over the variables x and k, finally we obtain the representations at the level of quark-gluon degrees of freedom,

Π^A_p = f_πm^2_π m_u + m_d

∫_1 0 du uϕ_p(u) m^2_s − (q + up)^2 − m_sf_πm^2_π ∫_1 0 du ∫_u 0 dt uB(t) {m^2_s − (q + up)^2}^2 + 1 6 f_πm^2_π m_u + m_d

∫_1 0 duϕ_σ(u) {[ 1 − u d du ] 1 m^2_s − (q + up)^2 + 2m^2_s [m^2_s − (q + up)^2]^2 }

+m_sf_π ∫_1 0 du { ϕ_π(u) m^2_s − (q + up)^2 − m^2_πm^2_s 2 A(u) [m^2_s − (q + up)^2]^3 }

−f_{3π} ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_uT (α_d, α_g, α_u) { (1 + 2v)um^2_π [m^2_s − (q + up)^2]^2

− 2(1 − v) d du 1 m^2_s − (q + up)^2 } |_{u=(1−v)αg +αu} +4m_sf_πm^4_π

∫_1 0 dvv ∫_1 0 dα_g ∫_{αg} 0 dβ ∫_{1−β} 0 dα uΦ(1 − α − β, β, α) {m^2_s − (q + up)^2}^3 |_{1−vαg} −4m_sf_πm^4_π ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_u ∫_{αu} 0 dα uΦ(1 − α − α_g, α_g, α) {m^2_s − (q + up)^2}^3 |_{u=(1−v)αg +αu} +m_sf_πm^2_π

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_u Ψ(α_d, α_g, α_u) {m^2_s − (q + up)^2}^2 |_{u=(1−v)αg +αu} , (9)

Π^B_p = f_K m^2_K m_u + m_s

∫_1 0 du uϕ_p(u) m^2_d − (q + up)^2

− m_df_K m^2_K

∫_1 0 du ∫_u 0 dt uB(t) {m^2_d − (q + up)^2}^2 + 1 6 f_K m^2_K m_u + m_s

∫_1 0 duϕ_σ(u) {[ 1 − u d du ] 1 m^2_d − (q + up)^2 + 2m^2_d [m^2_d − (q + up)^2]^2 }

+m_df_K ∫_1 0 du { ϕ_K (u) m^2_d − (q + up)^2 − m^2_K m^2_d 2 A(u) [m^2_d − (q + up)^2]^3 }

−f_{3K} ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_sT (α_u, α_g, α_s) { (1 + 2v)um^2_K [m^2_d − (q + up)^2]^2

− 2(1 − v) d du 1 m^2_d − (q + up)^2 } |_{u=(1−v)αg +αs} +4m_df_K m^4_K

∫_1 0 dvv ∫_1 0 dα_g ∫_{αg} 0 dβ ∫_{1−β} 0 dα uΦ(1 − α − β, β, α) {m^2_d − (q + up)^2}^3 |_{1−vαg} −4m_df_K m^4_K

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_s ∫_{αs} 0 dα uΦ(1 − α − α_g, α_g, α) {m^2_d − (q + up)^2}^3 |_{u=(1−v)αg +αs} +m_df_K m^2_K

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_s Ψ(α_u, α_g, α_s) {m^2_d − (q + up)^2}^2 |_{u=(1−v)αg +αs} , (10)

Π^A_q = f_πm^2_π m_u + m_d

∫_1 0 du ϕ_p(u) m^2_s − (q + up)^2 − m_sf_πm^2_π ∫_1 0 du ∫_u 0 dt B(t) {m^2_s − (q + up)^2}^2 − 1 6 f_πm^2_π m_u + m_d

∫_1 0 duϕ_σ(u) d du 1 m^2_s − (q + up)^2 −f_{3π}m^2_π ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_uT (α_d, α_g, α_u) 1 + 2v {m^2_s − (q + up)^2}^2 |_{u=(1−v)αg +αu} +4m_sf_πm^4_π

∫_1 0 dvv ∫_1 0 dα_g ∫_{αg} 0 dβ ∫_{1−β} 0 dα Φ(1 − α − β, β, α) {m^2_s − (q + up)^2}^3 |_{1−vαg} −4m_sf_πm^4_π ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_u ∫_{αu} 0 dα Φ(1 − α − α_g, α_g, α) {m^2_s − (q + up)^2}^3 |_{u=(1−v)αg +αu} , (11)

Π^B_q = f_K m^2_K m_u + m_s

∫_1 0 du ϕ_p(u) m^2_d − (q + up)^2

− m_df_K m^2_K

∫_1 0 du ∫_u 0 dt B(t) {m^2_d − (q + up)^2}^2 − 1 6 f_K m^2_K m_u + m_s

∫_1 0 duϕ_σ(u) d du 1 m^2_d − (q + up)^2

−f_{3K} m^2_K

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_sT (α_u, α_g, α_s) 1 + 2v {m^2_d − (q + up)^2}^2 |_{u=(1−v)αg +αs} +4m_df_K m^4_K

∫_1 0 dvv ∫_1 0 dα_g ∫_{αg} 0 dβ ∫_{1−β} 0 dα Φ(1 − α − β, β, α) {m^2_d − (q + up)^2}^3 |_{1−vαg} −4m_df_K m^4_K

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_s ∫_{αs} 0 dα Φ(1 − α − α_g, α_g, α) {m^2_d − (q + up)^2}^3 |_{u=(1−v)αg +αs} , (12)

where Φ = A_‖ + A_⊥ − V_⊥ − V_‖ and Ψ = 2A_⊥ − 2V_⊥ − A_‖ + V_‖. In calculation, we have used the two-particle and three-particle K and π mesons light-cone distribution amplitudes [5, 6, 8, 9, 10], the explicit expressions of the K meson light-cone distribution amplitudes are presented in the appendix, the corresponding ones for the π meson can be obtained by simple substitution of the non-perturbative parameters. The parameters in the light-cone distribution amplitudes are scale dependent and can be estimated with the QCD sum rules approach [5, 6, 8, 9, 10]. In this article, the energy scale μ is chosen to be μ = 1GeV .

We take the Borel transformation with respect to the variable P^2 = −(q +p)^2 for the correlation functions Π^{A(B)}p and Π^{A(B)}q , and obtain the analytical expressions for those invariant functions. After matching with the hadronic representations below the thresholds, we obtain the following four sum rules for the form factors f^+_{Kπ}(q^2) and f^−_{Kπ}(q^2),

2f_K m^2_K m_d + m_s f^+_{Kπ}(q^2)e^{− m} 2 K M2 = f_πm^2_π m_u + m_d

∫_1

Δ_A duϕ_p(u)e^{−DD} − m_sf_πm^2_π ∫_1

Δ_A du ∫_u 0 dt B(t) uM^2 e^{−DD} + 1 6 f_πm^2_π m_u + m_d

∫_1

Δ_A duϕ_σ(u) {[ 1 − u d du ] 1 u + 2m^2_s u^2M^2 } e^{−DD} +m_sf_π ∫_1

Δ_A du { ϕ_π(u) u − m^2_πm^2_sA(u)

4u^3M^4 } e^{−DD} −f_{3π} ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_uT (α_d, α_g, α_u)Θ(u − Δ_A) { (1 + 2v)m^2_π uM^2 − 2(1 − v) d du 1 u } e^{−DD} |_{u=(1−v)αg +αu} +2m_sf_πm^4_π

∫_1 0 dvv ∫_1 0 dα_g ∫_{αg} 0 dβ ∫_{1−β} 0 dα Φ(1 − α − β, β, α)Θ(u − Δ_A) u^2M^4 e^{−DD} |_{u=1−vαg} −2m_sf_πm^4_π ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_u ∫_{αu} 0 dα Φ(1 − α − α_g, α_g, α)Θ(u − Δ_A) u^2M^4 e^{−DD} |_{u=(1−v)αg +αu} +m_sf_πm^2_π

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_u Ψ(α_d, α_g, α_u)Θ(u − Δ_A)

u^2M^2 e^{−DD} |_{u=(1−v)αg +αu} , (13)

2f_πm^2_π m_u + m_d f^+_{Kπ}(q^2)e^{− m} 2 π M2 = f_K m^2_K m_u + m_s

∫_1

Δ_B duϕ_p(u)e^{−EE} − m_df_K m^2_K ∫_1

Δ_B du ∫_u 0 dt B(t) uM^2 e^{−EE} + 1 6 f_K m^2_K m_u + m_s

∫_1

Δ_B duϕ_σ(u) {[ 1 − u d du ] 1 u + 2m^2_d u^2M^2 } e^{−EE} +m_df_K ∫_1

Δ_B du { ϕ_K (u) u − m^2_K m^2_dA(u)

4u^3M^4 } e^{−EE} −f_{3K} ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_sT (α_u, α_g, α_s)Θ(u − Δ_B ) { (1 + 2v)m^2_K uM^2 − 2(1 − v) d du 1 u } e^{−EE} |_{u=(1−v)αg +αs} +2m_df_K m^4_K

∫_1 0 dvv ∫_1 0 dα_g ∫_{αg} 0 dβ ∫_{1−β} 0 dα Φ(1 − α − β, β, α)Θ(u − Δ_B ) u^2M^4 e^{−EE} |_{u=1−vαg} −2m_df_K m^4_K

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_s ∫_{αs} 0 dα Φ(1 − α − α_g, α_g, α)Θ(u − Δ_B ) u^2M^4 e^{−EE} |_{u=(1−v)αg +αs} +m_df_K m^2_K

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_s Ψ(α_u, α_g, α_s)Θ(u − Δ_B )

u^2M^2 e^{−EE} |_{u=(1−v)αg +αs} , (14) f_K m^2_K m_d + m_s { f^+_{Kπ}(q^2) − f^−_{Kπ}(q^2) } e^{− m} 2 K M2 = f_πm^2_π m_u + m_d

∫_1

Δ_A du ϕ_p(u) u e^{−DD} − m_sf_πm^2_π ∫_1

Δ_A du ∫_u 0 dt B(t) u^2M^2 e^{−DD} − 1 6 f_πm^2_π m_u + m_d

∫_1

Δ_A duϕ_σ(u) d du 1 u e^{−DD} −f_{3π}m^2_π ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_uT (α_d, α_g, α_u) Θ(u − Δ_A)

1 + 2v u^2M^2 e^{−DD} |_{u=(1−v)αg +αu} +2m_sf_πm^4_π

∫_1 0 dvv ∫_1 0 dα_g ∫_{αg} 0 dβ ∫_{1−β} 0 dα Φ(1 − α − β, β, α)Θ(u − Δ_A) u^3M^4 e^{−DD} |_{1−vαg} −2m_sf_πm^4_π ∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_u ∫_{αu} 0 dα Φ(1 − α − α_g, α_g, α)Θ(u − Δ_A) u^3M^4 e^{−DD} |_{u=(1−v)αg +αu} , (15)

f_πm^2_π m_u + m_d { f^+_{Kπ}(q^2) − f^−_{Kπ}(q^2) } e^{− m} 2 π M2 = f_K m^2_K m_u + m_s

∫_1

Δ_B du ϕ_p(u) u e^{−EE} − m_df_K m^2_K ∫_1

Δ_B du ∫_u 0 dt B(t) u^2M^2 e^{−EE} − 1 6 f_K m^2_K m_u + m_s

∫_1

Δ_B duϕ_σ(u) d du 1 u e^{−EE} −f_{3K} m^2_K

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_sT (α_u, α_g, α_s) Θ(u − Δ_B )

1 + 2v u^2M^2 e^{−EE} |_{u=(1−v)αg +αs} +2m_df_K m^4_K

∫_1 0 dvv ∫_1 0 dα_g ∫_{αg} 0 dβ ∫_{1−β} 0 dα Φ(1 − α − β, β, α)Θ(u − Δ_B) u^3M^4 e^{−EE} |_{1−vαg} −2m_df_K m^4_K

∫_1 0 dv ∫_1 0 dα_g ∫_{1−αg} 0 dα_s ∫_{αs} 0 dα Φ(1 − α − α_g, α_g, α)Θ(u − Δ_B ) u^3M^4 e^{−EE} |_{u=(1−v)αg +αs} , (16) where DD = m^2_s + u(1 − u)m^2_π − (1 − u)q^2 uM^2 , EE = m^2_d + u(1 − u)m^2_K − (1 − u)q^2 uM^2 , Δ_A = m^2_s − q^2 s^0_K − q^2 , Δ_B = m^2_d − q^2 s^0_π − q^2

, (17)

here the s^0_K and s^0_π are threshold parameters for the interpolating currents J_K (x) and J_π(x) respectively.

3 Numerical results and discussions

The input parameters of the light-cone distribution amplitudes are taken as λ_3 = 1.6 ± 0.4, f_{3K} = (0.45 ± 0.15) × 10^{−2}GeV^2, ω_3 = −1.2 ± 0.7, ω_4 = 0.2 ± 0.1, a_2 = 0.25 ± 0.15, a_1 = 0.06 ± 0.03, η_4 = 0.6 ± 0.2 for the K meson; λ_3 = 0.0, f_{3π} = (0.45 ± 0.15) × 10^{−2}GeV^2, ω_3 = −1.5 ± 0.7, ω_4 = 0.2 ± 0.1, a_2 = 0.25 ± 0.15, a_1 = 0.0, η_4 = 10.0 ± 3.0 for the π meson [5, 6, 8, 9, 10]; and m_s = (137 ± 27)MeV , m_u = m_d = (5.6 ± 1.6)MeV , f_K = 0.160GeV , f_π = 0.130GeV , m_K = 498MeV , m_π = 135MeV . The threshold parameters are chosen to be s^0_K = 1.1GeV^2 and s^0_π = 0.8GeV^2, which can reproduce the values of the decay constants f_K = 160MeV and f_π = 130MeV in the QCD sum rules.

The Borel parameters in the four sum rules (see Eqs.(13-16)) are taken as M^2 = (1 − 2)GeV^2, in this region, the values of the form factors f^+_{Kπ}(Q^2) from Eqs.(13- 14) and the f^+_{Kπ}(Q^2) − f^−_{Kπ}(Q^2) from Eq.(15) are rather stable, the values of the f^+_{Kπ}(Q^2)−f^−_{Kπ}(Q^2) from Eq.(16) are not as stable as the ones from Eqs.(13-15), which are shown, for example, in Fig.1 and Fig.2 respectively. In this article, we take the special value M^2 = 1.5GeV^2 in numerical calculations, although such a definite Borel parameter can not take into account some uncertainties, the predictive power can not be impaired qualitatively.

The uncertainties of the seven parameters f_{3K} (f_{3π}), a_2, a_1, λ_3, ω_3, ω_4 and η_4 can only result in small uncertainties for the numerical values. The main uncertainties come from the two parameters m_s and m_q(= m_u = m_d), the variations of those parameters can lead to large changes for the numerical values, which are shown, for example, in Fig.3 and Fig.4, respectively.

From the two sum rules in Eqs.(13-14), we can see that due to the pseudoscalar currents we choose to interpolate the K and π mesons, the main contributions come from the two-particle twist-3 light-cone distribution amplitudes, not the twist-2 light-cone distribution amplitudes, those channels can be used to evaluate the nonperturbative parameters in the twist-3 light-cone distribution amplitudes with the

Figure 1: The f^+_{Kπ}(Q^2) with the parameter M^2, A from Eq.(13) and B from Eq.(14).

Figure 2: The f^+_{Kπ}(Q^2) − f^−_{Kπ}(Q^2) with the parameter M^2, A from Eq.(15) and B from Eq.(16).

Figure 3: The f^+_{Kπ}(Q^2) with the parameter m_s, A from Eq.(13) and B from Eq.(14).

Figure 4: The f^+_{Kπ}(Q^2) with the parameter m_q, A from Eq.(13) and B from Eq.(14).

experimental data. The dominating contributions to the nucleons light-cone distribution amplitudes come from the three valence quarks, additional contributions from the gluons and quark-antiquark pairs are very small [11], the main contributions to the pseudoscalar mesons light-cone distribution amplitudes come from the two valence quarks, the two cases are analogous. In the light-cone QCD sum rules, we can neglect the contributions from the light-cone distribution amplitudes with additional valence gluon (or quark-antiquark pair) and make relatively rough estimations. For the heavy-light form factors B → π, K, we use the pseudoscalar current to interpolate the B meson in the framework of the light-cone QCD sum rules, the current mass of the b quark is very large, we can take the chiral limit for the masses of the K and π mesons [12], the contributions from the two-particle twist-3 light-cone distribution amplitudes are very small and can be safely neglected, the analytical expressions are simple. If we use the axial-vector currents to interpolate the K and π mesons, the tensor structures are more complex, some structures will get dominating contributions from the twist-2 light-cone distribution amplitudes^2.

We obtain the values of the f^+_{Kπ}(Q^2) from the two sum rules in Eqs.(13-14), then take those values as input parameters, we can obtain the f^−_{Kπ}(Q^2) from the two sum rules in Eqs.(15-16).

Taking into account all the uncertainties, finally we obtain the numerical values of the form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2), which are shown in the Fig.5, at zero momentum transfer,

f^+_{Kπ}(0) = 0.69^{+0.30}_{−0.20} , f^+_{Kπ}(0) = 0.97^{+0.35}_{−0.31} , |f^−_{Kπ}(0)| = 5.15^{+1.59}_{−0.91} , |f^−_{Kπ}(0)| = 11.47^{+4.98}_{−4.44} , (18)

from Eq.(13), Eq.(14), Eq.(15) and Eq.(16) respectively. From the Fig.5, we can see that the uncertainties are rather large, we should refine the input parameters m_s and m_q especially the m_q to improve the predictive ability.

The form factors f^+_{Kπ}(q^2) and f^0_{Kπ}(q^2)^3 are measured in the K_{ℓ3} decays with the squared momentum q^2 > m^2_l transfer to the leptons. The curves (or shapes) of the form factors are always parameterized by the linear model, quadratic model and pole models to carry out the integrals in the phase space, the normalization is always chosen to be f^+_{Kπ}(0), i.e. f^+_{Kπ}(q^2) = f^+_{Kπ}(0) {1 + λ_1q^2 + λ_2q^4 + · · · }, etc, the parameters λ_1, λ_2, · · · can be fitted by the χ^2, etc [14]. From the experimental data, we can obtain the values of the f^+_{Kπ}(0)|V_{us}|, the basic parameter f^+_{Kπ}(0) has to be calculated with some theoretical approaches to extract the CKM matrix element |V_{us}|. 2The results with the axial-vector currents will be presented elsewhere. 3f^0_{Kπ}(q^2) = f^+_{Kπ}(q^2) +^{q2}_{m2K −m2π} f^−_{Kπ}(q^2), the current algebra predicts the value of the scalar form factor f^0_{Kπ}(Δ) be f^0_{Kπ}(Δ) = −f_K /f_π at the Callan-Treiman point Δ = m^2_K − m^2_π [13].

Figure 5: The values of the f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2), A from Eq.(13), B from Eq.(14), C from Eq.(15) and Eq.(13) , D from Eq.(16) and Eq.(14).

Comparing with the theoretical calculations from the ChPT [4] and lattice QCD [15], the central value of the f^+_{Kπ}(0) (f^+_{Kπ}(0) = 0.97) from Eq.(14) is excellent while the value f^+_{Kπ}(0) = 0.70 from Eq.(13) is somewhat smaller. The vector form factor f^+_{Kπ}(Q^2) has been calculated by the ChPT [4], lattice QCD [15], QCD sum rules [16], the Bethe-Salpeter equation [17], etc. The numerical values f^+_{Kπ}(0) = 0.97^{+0.35}_{−0.31} from Eq.(14) are more reasonable than the ones from Eq.(13).

In Figs.6-7, we plot the form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) at the momentum range Q^2 = (0 − 12)GeV^2, from the figures, we can see that the curve (or shape) of the Q^2f^+_{Kπ}(Q^2) from Eq.(13) is rather flat at Q^2 > 5GeV^2, which means that at large momentum transfers, the f^+_{Kπ}(Q^2) takes the asymptotic behavior f^+_{Kπ}(Q^2) ∼^1_{Q2} , it is expected from the naive power counting rules [18], the terms proportional to^1_{Q2n} with n ≥ 2 are canceled out with each other. The scalar form factor, axial form factor and induced pseudoscalar form factor of the nucleons take up the behavior^1_{Q4} at large Q^2 [19], which are also expected from the naive power counting rules [18]. The curve (or shape) of the Q^2f^+_{Kπ}(Q^2) from Eq.(14) at Q^2 < 5GeV^2 is analogous to the electromagnetic form factors of the K and π mesons [20]^4. Because of the SU(3) symmetry of the light flavor quarks, we expect the vector form factor f^+_{Kπ}(Q^2) will not have much difference from the electromagnetic form factors of the K and π mesons [21, 22], the results from Eq.(14) at low Q^2 are more reasonable than the ones from Eq.(13). The electromagnetic form factors of the K and π mesons have been calculated with the Bethe-Salpeter equation [22], ChPT [24], QCD sum rules[16, 21], perturbative QCD [23, 25], etc, our numerical values are compatible with those theoretical calculations. At large momentum transfers with Q^2 > 5GeV^2, the terms of the f^+_{Kπ}(Q^2) proportional to^1_{Q2n} with n ≥ 2 from Eq.(14) manifest themselves, which result in the curve (or shape) of the Q^2f^+_{Kπ}(Q^2) decreases with the increase of the Q^2. The curve (or shape) of the form factor f^+_{Kπ}(Q^2) from Eq.(14) decreases more quickly than the one from Eq.(13) with the increase of the Q^2.

The numerical values |f^−_{Kπ}(0)| = 5.15 from Eq.(15) and |f^−_{Kπ}(0)| = 11.47 from Eq.(16) are very large comparing with the values from the experimental data [14], ChPT [4], lattice QCD [15] and the Bethe-Salpeter equation [17], they can not give any reliable predictions. It is not un-expected, from the sum rules in Eqs.(15-16), we can see the terms like ∫_1

Δ_A du ϕ_p(u) u e^{− m} 2 s +u(1−u)m 2 π −(1−u)q 2 uM2 , ∫_1

Δ_B du ϕ_p(u) u e^{− m} 2 d+u(1−u)m 2 K −(1−u)q 2 uM2 . The f^−_{Kπ}(Q^2) are greatly enhanced in the region of small Q^2 due to the extra^1_u comparing with the corresponding f^+_{Kπ}(Q^2) in Eqs.(13-14), in the limit Q^2 = 0,

4One can consult the thesis [20] for more literatures on the present states of experimentally determined electromagnetic form factors of the π, K and the proton.

Figure 6: The central values of the f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) at Q^2 = (0 − 12)GeV^2, A from Eq.(13), B from Eq.(14), C from Eq.(15) and Eq.(13) , D from Eq.(16) and Eq.(14).

Figure 7: The central values of the Q^2f^+_{Kπ}(Q^2) and Q^2f^−_{Kπ}(Q^2) at Q^2 = (0−12)GeV^2, A from Eq.(13), B from Eq.(14), C from Eq.(15) and Eq.(13) , D from Eq.(16) and Eq.(14).

Δ_A ≈ 0.017 and Δ_B ≈ 0.00004, the dominant contributions come from the endpoint of the light-cone distribution amplitudes, such a infrared behavior can spoil the extrapolation; we should introduce extra phenomenological form-factors (for example, the Sudakov factor [25]) to suppress the contribution from the end-point, that may be our next work. Our numerical values of f^−_{Kπ}(Q^2) have a negative sign to the ones of the f^+_{Kπ}(Q^2), which is consistent with the existing theoretical calculations and experimental data. In Figs.6-7, we plot the form factor f^−_{Kπ}(Q^2) at the momentum range Q^2 = (0 − 12)GeV^2, from the figures, we can see that the form factor Q^2f^−_{Kπ}(Q^2) from Eq.(15), just like the Q^2f^+_{Kπ}(Q^2) from Eq.(13), is rather flat at Q^2 > 5GeV^2, which means that at large momentum transfers, the f^−_{Kπ}(Q^2) ∼^1_{Q2} , it is also expected from the naive power counting rules [18], the terms proportional to^1_{Q2n} with n ≥ 2 canceled out with each other. At momentum transfers with Q^2 > 5GeV^2, the terms of the f^−_{Kπ}(Q^2) from Eq.(16) proportional to 1 Q^{2n} with n ≥ 2 manifest themselves, which results in the values of the Q

2f^−_{Kπ}(Q^2) (just like the Q^2f^+_{Kπ}(Q^2) from Eq.(14)) decrease with the increase of the Q^2.

In the light-cone QCD sum rules, we carry out the operator product expansion near the light-cone x^2 ≈ 0, which corresponds to the Q^2 ≫ 0 and P^2 ≫ 0. The four sum rules in Eqs.(13-16) can be taken as some functions which model the vector form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) at large momentum transfers, we extrapolate the f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) to the zero momentum transfer or beyond with the analytical continuation^5. The chosen functions may have good or bad lower Q^2 behaviors,

5We can borrow some ideas from the electromagnetic form-factor of the π-photon f_γ∗_π0 (Q^2), the value of the f_γ∗_π0 (0) is fixed by the partial conservation of the axial current and the effective anomaly lagrangian, f_γ∗_π0 (0) =^1_{πfπ} , in the limit large-Q^2, the perturbative QCD predicts that f_γ∗_π0 (Q^2) = 4πf_π/Q^2. The Brodsky-Lepage interpolation formula [26]

f_γ∗_π0 (Q^2) = 1 πf_π [1 + Q^2/(4π^2f^2_π )] = 1 πf_π(1 + Q^2/s_0)

can reproduce both the value of Q^2 = 0 and the behavior of large-Q^2, the energy scale s_0 (s_0 = 4π^2f^2_π ≈ 0.67 GeV^2) is numerically close to the squared mass of the ρ meson, m^2_ρ ≈ 0.6 GeV^2. The Brodsky-Lepage interpolation formula is similar to the result of the vector meson dominance, f_γ∗_π0 (Q^2) = 1/ { πf_π(1 + Q^2/m^2_ρ) } . In the vector meson dominance approach, the calculation is performed at the time-like energy scale q^2 < 1GeV^2 and the electromagnetic current is saturated by the vector meson ρ, where the mass m_ρ serves as a parameter determining the pion charge radius. With a slight modification of the mass parameter, m_ρ = Λ_π = 776MeV , the experimental data can be well described by the single-pole formula at the interval Q^2 = (0 − 10)GeV^2 [27]. In Ref.[28], the four form-factors of the Σ → n have satisfactory behaviors at large Q^2 which are expected by the naive power counting rules, and have finite values at Q^2 = 0, the analytical expressions of the four form factors f_1(Q^2), f_2(Q^2), g_1(Q^2) and g_2(Q^2) are taken as some Brodsky-Lepage type interpolation formulaes, although they are calculated at rather large Q^2, the extrapolation to the lower energy transfers has no solid theoretical foundation. The numerical values of the f_1(0), f_2(0), g_1(0) and g_2(0) are compatible with the experimental data and theoretical calculations (in magnitude). In this article, the vector form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) can also be taken as some Brodsky-Lepage type interpolation formulaes, the low momentum transfer Q^2 behaviors may be good or bad.

which correspond to the systematic errors, more experimental data are needed to select the ideal ones.

4 Conclusions

In this article, we calculate the vector form factors f^+_{Kπ}(Q^2) and f^−_{Kπ}(Q^2) within the framework of the light-cone QCD sum rules approach. The f^+_{Kπ}(0) is the basic input parameter in extracting the CKM matrix element |V_{us}| from the K_{ℓ3} decays. The numerical values of the f^+_{Kπ}(Q^2) are compatible with the existing theoretical calculations, the central value f^+_{Kπ}(0) = 0.97 is in excellent agreement with the values from the ChPT and lattice QCD. The values of the |f^−_{Kπ}(0)| are very large comparing with the theoretical calculations and experimental data, and can not give any reliable predictions. At large momentum transfers with Q^2 > 5GeV^2, the form factors f^+_{Kπ}(Q^2) and |f^−_{Kπ}(Q^2)| can either take up the asymptotic behavior of^1_{Q2} or decrease more quickly than^1_{Q2} , more experimental data are needed to select the ideal sum rules.

Appendix

The light-cone distribution amplitudes of the K meson, ⟨0|ū(0)γ_μγ_5s(x)|K(p)⟩ = if_K p_μ ∫_1 0 due^{−iup·x} { φ_K (u) + m^2_K x^2 16 A(u) }

+if_K m^2_K x_μ 2p · x ∫_1 0 due^{−iup·x}B(u) , ⟨0|ū(0)iγ_5s(x)|K(p)⟩ = f_K m^2_K m_s + m_u

∫_1 0 due^{−iup·x}φ_p(u) , ⟨0|ū(0)σ_{μν} γ_5s(x)|K(p)⟩ = i(p_μx_ν − p_ν x_μ) f_K m^2_K 6(m_s + m_u)

∫_1 0 due^{−iup·x}φ_σ(u) , ⟨0|ū(0)σ_{αβ} γ_5g_sG_{μν} (vx)s(x)|K(p)⟩ = f_{3K} { (p_μp_αg^⊥_{νβ} − p_ν p_αg^⊥_{μβ} ) − (p_μp_βg^⊥_{να} −p_ν p_βg^⊥_{μα}) } ∫ Dα_iφ_{3K} (α_i)e^{−ip·x(αs+vαg )} , ⟨0|ū(0)γ_μγ_5g_sG_{αβ}(vx)s(x)|K(p)⟩ = p_μ p_αx_β − p_βx_α p · x f_K m^2_K ∫ Dα_iA_‖(α_i)e^{−ip·x(αs+vαg )} +f_K m^2_K (p_βg_{αμ} − p_αg_{βμ}) ∫ Dα_iA_⊥(α_i)e^{−ip·x(αs+vαg )} , ⟨0|ū(0)γ_μg_sG̃_{αβ}(vx)s(x)|K(p)⟩ = p_μ p_αx_β − p_βx_α p · x f_K m^2_K ∫ Dα_iV_‖(α_i)e^{−ip·x(αs+vαg )} +f_K m^2_K (p_βg_{αμ} − p_αg_{βμ}) ∫ Dα_iV_⊥(α_i)e^{−ip·x(αs+vαg )} , (19) here the operator G̃_{αβ} is the dual of the G_{αβ}, G̃_{αβ} =^1_2 ϵ_{αβμν} G^{μν} , Dα_i is defined as Dα_i = dα_1dα_2dα_3δ(1 − α_1 − α_2 − α_3). The light-cone distribution amplitudes are parameterized as

ϕ_K (u, μ) = 6u(1 − u) { 1 + a_1C^{32}_1 (2u − 1) + a_2C^{32}_2 (2u − 1) + a_4C^{32}_4 (2u − 1) } , φ_p(u, μ) = 1 + { 30η_3 − 5 2 ρ^2 } C^{12}_2 (2u − 1) + { −3η_3ω_3 − 27 20 ρ^2 − 81 10 ρ^2a_2 } C^{12}_4 (2u − 1) , φ_σ(u, μ) = 6u(1 − u) { 1 + [ 5η_3 − 1 2 η_3ω_3 − 7 20 ρ^2 − 3 5 ρ^2a_2 ] C^{32}_2 (2u − 1) } , T (α_i, μ) = 360α_uα_sα^2_g { 1 + λ_3(α_u − α_s) + ω_3 1 2 (7α_g − 3) } , V_‖(α_i, μ) = 120α_uα_sα_g (v_{00} + v_{10}(3α_g − 1)) , A_‖(α_i, μ) = 120α_uα_sα_ga_{10}(α_s − α_u) , V_⊥(α_i, μ) = −30α^2_g {h_{00}(1 − α_g) + h_{01} [α_g(1 − α_g) − 6α_uα_s]

+h_{10} [ α_g(1 − α_g) − 3 2 ( α^2_u + α^2_s ) ]} , A_⊥(α_i, μ) = 30α^2_g(α_u − α_s) { h_{00} + h_{01}α_g + 1 2 h_{10}(5α_g − 3) } , A(u, μ) = 6u(1 − u) { 16 15 + 24 35 a_2 + 20η_3 + 20 9 η_4 + [ − 1 15 + 1 16 − 7 27 η_3ω_3 − 10 27 η_4 ] C^{32}_2 (2u − 1) + [ − 11 210 a_2 − 4 135 η_3ω_3 ] C^{32}_4 (2u − 1) } + { − 18 5 a_2 + 21η_4ω_4 } { 2u^3(10 − 15u + 6u^2) log u + 2ū^3(10 − 15ū + 6ū^2) log ū +uū(2 + 13uū)} , g_K (u, μ) = 1 + g_2C^{12}_2 (2u − 1) + g_4C^{12}_4 (2u − 1) , B(u, μ) = g_K (u, μ) − ϕ_K (u, μ) , (20) where

h_{00} = v_{00} = − η_4 3 , a_{10} = 21 8 η_4ω_4 − 9 20 a_2 ,

v_{10} = 21 8 η_4ω_4 ,

h_{01} = 7 4 η_4ω_4 − 3 20 a_2 ,

h_{10} = 7 2 η_4ω_4 + 3 20 a_2 ,

g_2 = 1 + 18 7 a_2 + 60η_3 + 20 3 η_4 ,

g_4 = − 9 28 a_2 − 6η_3ω_3 , (21)

here C^{12}_2 , C^{12}_4 and C^{32}_2 are Gegenbauer polynomials, η_3 =^{f3K}_{fK}^{mq +ms}_{M 2K} and ρ^2 =^{m2s}_{M 2K} [5, 6, 8, 9, 10].

Acknowledgments

This work is supported by National Natural Science Foundation, Grant Number 10405009, and Key Program Foundation of NCEPU.

References

[1] E. Blucher, et al, hep-ph/0512039; and references therein.

[2] H. Leutwyler and M. Roos, Z. Phys. C25 (1984) 91.

[3] R. E. Behrends and A. Sirlin, Phys. Rev. Lett. 4 (1960) 186; M. Ademollo and R. Gatto, Phys. Rev. Lett. 13 (1964) 264 .

[4] J. Gasser and H. Leutwyler, Nucl. Phys. B250 (1985) 517; J. Bijnens, G.

Colangelo, G. Ecker, Phys. Lett. B441 (1998) 437; P. Post, K. Schilcher, Eur. Phys. J. C25 (2002) 427; J. Bijnens, P. Talavera, Nucl. Phys. B669 (2003) 341; J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, hep-ph/9411311.

[5] I. I. Balitsky, V. M. Braun and A. V. Kolesnichenko, Nucl. Phys. B312 (1989) 509; V. L. Chernyak and I. R. Zhitnitsky, Nucl. Phys. B345 (1990) 137; V. L. Chernyak and A. R. Zhitnitsky, Phys. Rept. 112 (1984) 173; V. M. Braun and I. E. Filyanov, Z. Phys. C44 (1989) 157; V. M. Braun and I. E. Filyanov, Z. Phys. C48 (1990) 239.

[6] V. M. Braun, hep-ph/9801222; P. Colangelo and A. Khodjamirian, hep-ph/0010175.

[7] M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B147 (1979) 385, 448; L. J. Reinders, H. Rubinstein and S. Yazaki, Phys. Rept. 127 (1985) 1; S. Narison, QCD Spectral Sum Rules, World Scientific Lecture Notes in Physics 26 (1989) 1.

[8] V. M. Belyaev, V. M. Braun, A. Khodjamirian and R. Rückl, Phys. Rev. D51 (1995) 6177.

[9] P. Ball, JHEP 9901 (1999) 010.

[10] P. Ball, V. M. Braun, A. Lenz, JHEP 0605 (2006) 004.

[11] M. Diehl, T. Feldmann, R. Jakob and P. Kroll, Eur. Phys. J. C8 (1999) 409.

[12] V. M. Belyaev, A. Khodjamirian, R. Ruckl, Z. Phys. C60 (1993) 349; E. Bagan, P. Ball, V. M. Braun, Phys. Lett. B417 (1998) 154; A. Khodjamirian, R. Ruckl, S. Weinzierl, C. W. Winhart, O. I. Yakovlev, Phys. Rev. D62 (2000) 114002; Z. G. Wang, M. Z. Zhou, T. Huang, Phys. Rev. D67 (2003) 094006.

[13] C. G. Callan and S. B. Treiman, Phys. Rev. Lett. 16 (1966) 153.

[14] T. Alexopoulos, et al, Phys. Rev. D70 (2004) 092007; and the references therein; W. M. Yao, et al, J. Phys. G33 (2006) 1; and the references therein.

[15] D. Becirevic, et al, Nucl. Phys. B705 (2005) 339; Eur. Phys. J. A24S1 (2005) 69;

N. Tsutsui, et al, PoS LAT2005 (2005) 357; M. Okamoto, hep-lat/0412044; C. Dawson, T. Izubuchi, T. Kaneko, S. Sasaki, A. Soni, Phys. Rev. D74 (2006) 114502.

[16] J. Bijnens, A. Khodjamirian, Eur. Phys. J. C26 (2002) 67.

[17] Y. Kalinovsky, K. L. Mitchell, C. D. Roberts, Phys. Lett. B399 (1997) 22.

[18] S. J. Brodsky, G. R. Farrar, Phys. Rev. Lett. 31 (1973) 1153; S. J. Brodsky, G.

R. Farrar, Phys. Rev. D11 (1975) 1309.

[19] Z. G. Wang, S. L. Wan, W. M. Yang, Phys. Rev. D73 (2006) 094011; Z. G.

Wang, S. L. Wan, W. M. Yang, Eur. Phys. J. C47 (2006) 375.

[20] P. Zweber, hep-ex/0605026; and the references therein.

[21] V. A. Nesterenko, A. V. Radyushkin, Phys. Lett. B115 (1982) 410; V. M.

Braun, A. Khodjamirian, M. Maul, Phys. Rev. D61 (2000) 073004; V. M. Braun, I. E. Halperin, Phys. Lett. B328 (1994) 457.

[22] P. Maris, P. C. Tandy, Phys. Rev. C65 (2002) 045211; Z. G. Wang, S. L. Wan, K. L. Wang, Commun. Theor. Phys. 35 (2001) 697; P. Maris, P. C. Tandy, Phys. Rev. C62 (2000) 055204.

[23] G. P. Lepage, S. J. Brodsky, Phys. Rev. D22 (1980) 2157; T. Gousset, B. Pire, Phys. Rev. D51 (1995) 15.

[24] J. Bijnens, P. Talavera, JHEP 0203 (2002) 046.

[25] H. n. Li, G. Sterman, Nucl. Phys. B381 (1992) 129; I. V. Musatov, A. V.

Radyushkin, Phys. Rev. D56 (1997) 2713.

[26] S. J. Brodsky, G. P. Lepage, Phys. Rev. D24 (1981) 1808. [27] J. Gronberg, et al, Phys. Rev. D57 (1998) 33; and references therein. [28] Z. G. Wang, J. Phys. G34 (2007) 493.