arXiv:hep-ph/0608196 v1 18 Aug 2006

Preprint typeset in JHEP style - HYPER VERSION IFT-12-2006

Towards more reliable perturbative QCD predictions at moderate energies

Piotr A. Ra̧czka

Institute of Theoretical Physics, Department of Physics, Warsaw University ul. Hoża 69, 00-681 Warsaw, Poland E-mail: piotr.raczka@fuw.edu.pl

Abstract: The problem of improving the reliability of perturbative QCD predictions at moderate energies is considered. These predictions suffer from substantial renormalization scheme dependence, which is illustrated using as an example the QCD effective charge appearing in the static interquark potential and the QCD corrections to the Gross-Llewellyn- Smith sum rule in the deep inelastic neutrino-nucleon scattering. To reduce this scheme dependence, it is proposed to use a modified perturbation expansion, based on a modified couplant, which is perturbatively consistent with the conventional running coupling parameter, but is free from Landau singularity and has smaller renormalization scheme dependence. The modified couplant is obtained by integrating the renormalization group equation with an appropriately constructed nonpolynomial generator. The renormalization scheme dependence of the perturbative predictions in the modified expansion is discussed in detail, including the predictions selected by the Principle of Minimal Sensitivity. It is shown that the modified predictions are much more stable with respect to change of the renormalization scheme parameters than the predictions obtained in the conventional approach. It is also found that the modified predictions display somewhat weaker energy dependence than the predictions obtained with the conventional expansion, which may be interesting from the point of view of comparing the low energy and high energy determinations of the strong coupling parameter.

Keywords: QCD, Renormalization Group, Asymptotic Freedom, Sum Rules.

Contents

1. Introduction 2

2. Renormalization scheme dependence of the perturbative QCD predictions 4 2.1 General form of the perturbative approximants in various renormalization schemes 4 2.2 Propositions for the optimized choice of the renormalization scheme 6 2.3 Renormalization scheme dependence of δ_V 9 2.4 The problem of reasonable scheme parameters 10 2.5 Renormalization scheme dependence of δ_{GLS} 12 2.6 Possible significance of large scheme dependence at moderate Q^2 14 2.7 Previous attempts to modify the renormalization group improved expansion 16

3. The modified couplant 18 3.1 Strong scheme dependence of the conventional couplant 18 3.2 General properties of the modified couplant 19 3.3 Concrete model of the modified couplant 21

4. Modified perturbation expansion 25 4.1 Perturbative predictions with a modified couplant 25 4.2 PMS scheme in the modified expansion 27 4.3 Choosing the value of η 29 4.4 δ_V and δ_{GLS} in the modified expansion 32 4.5 PMS predictions in the modified expansion 32

5. Modified expansion with a different couplant 33 5.1 Alternative definitions of the modified couplant 33 5.2 Choosing η for the alternative modified couplant 40 5.3 δ_V and δ_{GLS} for alternative modified couplant 40

6. Consequences for phenomenology 41 6.1 Reduced Q^2-dependence of the modified predictions 41 6.2 Some fits for the GLS sum rule 44

7. Summary and outlook 46

A. Parameterization of the renormalization scheme dependence of perturbative approximants 49

B. Principle of Minimal Sensitivity scheme for conventional expansion 52

– 1 –

C. Solution of the inequality σ_2(r_1, c_2) ≤ l|ρ_2| 54

1. Introduction

In most phenomenological applications the perturbative QCD predictions are usually evaluated using the renormalization group improved perturbation expansion. This expansion works very well at high energies, because of the asymptotic freedom property of the QCD running coupling parameter [1, 2]. There are however many QCD effects of considerable interest, for wich the characteristic energy scale is not very high. Unfortunately, at low and moderate energies the predictions obtained from the conventional renormalization group improved expansion are not so reliable. This is partially related to the fact that in QCD there are many viable definitions of the coupling parameter, corresponding to different choices of the renormalization scheme; each choice gives (numerically) a slightly different perturbative prediction, as was discussed in [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. In a given order of perturbation expansion this renormalization scheme (RS) dependence of perturbative predictions is formally a higher order effect, and its significance diminishes at very large energies, where the running coupling parameter becomes small. It turns out, however, that in the region of moderate energies — say, of the order of few GeV — the renormalization scheme dependence becomes numerically quite large, even with a conservative choice of the scheme parameters, as has been pointed out by the author of this article in [17, 18, 19, 20]. Another problem, which plagues the conventional renormalization group improved perturbation expansion at low and moderate energies, is the presence of the so called Landau singularity — the running coupling parameter may become infinite at some nonzero energy and then below this energy the perturbative predictions simply do not exist.

Various attempts have been made to improve the reliability of the QCD predictions at moderate energies. In the case of physical quantities defined at timelike momenta it was observed in [21] that one may reduce the renormalization scheme dependence of the predictions by resumming some higher order corrections with the contour integral technique in the complex momentum space [22, 23]; this was verified in detail in [24, 25, 26, 27]. Other propositions included a resummation of the series expansion for physical quantities via the Padé approximants [28, 29, 30, 31]; modification of the expansion by enforcing certain analyticity properties in the complex energy plane [32, 33, 34, 35, 36, 37, 38, 39, 40]; and application of more complicated resummation methods [41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52]. It appears, however, that neither of the proposed methods provides a complete and satisfactory solution of the problem.

The aim of this article is to present an alternative approach. Our starting point is the observation that strong RS dependence of perturbative predictions obtained in the conventional approach is largely a consequence of the very strong RS dependence of the conventional running coupling parameter. We propose therefore to introduce a modified running coupling parameter, obtained by integrating the renormalization group equation

– 2 – with a modified, nonpolynomial β-function. The sequence of modified β-function is a generalization of the sequence of polynomial β-function approximants used in the conventional expansion. This sequence is constructed in such a way so that the nonpolynomial approximants for each order satisfy certain general constraints and ensure the reduced renormalization scheme dependence of the effective coupling parameter. In particular, they are chose to ensure the absence of singularity at nonzero positive energy. The modified perturbation expansion for physical quantities is then constructed by replacing the conventional coupling parameter by the modified running coupling parameter. Using as an example the QCD effective charge appearing in the static interquark potential and the corrections to the Gross-Llewellyn-Smith (GLS) sum rule in deep inelastic neutrino-nucleon scattering, we show that perturbative predictions obtained at moderate energies in such a modified expansion are much more stable with respect to change of the renormalization scheme. We also find that the predictions obtained from the modified expansion have a weaker dependence on the characteristic energy scale than the predictions obtained form the conventional expansion. Making some fits to the experimental data for the GLS sum rule we show that this effect might have interesting consequences for the QCD phenomenology.

This article is organized as follows: to prepare the stage for further discussion, we briefly summarize in Section 2 the main facts about the renormalization scheme dependence of the conventional perturbative predictions in QCD. As a concrete example, we discuss in detail the RS dependence of the perturbative expression for two quantities, the QCD effective charge related to the static interquark potential, and the QCD correction to the GLS sum rule, in order to show explicitly that at moderate energies the RS dependence is indeed quite substantial. We then briefly discuss previous attempts to improve the reliability of perturbative QCD predictions. In Section 3 we describe the construction of an improved running coupling parameter that has much weaker RS dependence than the conventional coupling parameters. We first give some general constraints that such a modified coupling parameter should satisfy in order to give more stable predictions, and then we present a concrete model of the modified β-function. In Section 4 we discuss perturbative predictions for physical quantities, obtained with the modified coupling parameter in various renormalization schemes. In particular, we consider the defining equations for the so called Principle of Minimal Sensitivity (PMS) scheme in the modified expansion, which plays important role in our approach. An interesting aspect of our approach is that the sequence of the modified β-functions contains a free parameter, which gives us a natural way of utilizing the information of nonperturbative or phenomenological character to improve the accuracy of perturbative predictions in low orders of perturbations expansion. We propose certain procedure for fixing this parameter, involving phenomenological expression for the effective charge related to the interquark potential. In Section 5 we discuss the problem of uniqueness of the predictions obtained in the modified expansion: we consider an alternative model of the modified running coupling parameter and we evaluate perturbative predictions with this coupling parameter. We argue that predictions obtained in the modified expansion should be insensitive to the choice of the concrete form of the modified coupling parameter even in low orders of the perturbation expansion, provided that the PMS scheme is used. In Section 6 we examine, how the use of the modified expansion might affect the QCD

– 3 – phenomenology. We give an argument that for all physical quantities (that belong to the general class discussed in this article) the modified predictions obtained in the PMS scheme lie below the conventional PMS predictions and evolve less rapidly as a function of the characteristic energy scale. Using the QCD correction to the GLS sum rule we illustrate that this might be a welcome trend, improving the consistency between low and high energy determinations of the strong coupling parameter. In Appendix A we collect some facts concerning the renormalization scheme dependence of perturbative QCD predictions; in Appendix B we describe the equations for the Principle of Minimal Sensitivity scheme in the conventional expansion, using our parameterization of the scheme dependence; in Appendix C we give a solution of certain inequality, which is used to select ”reasonable” scheme parameters in the discussion of the renormalization scheme dependence in Section 2. Basic ideas presented in this article have been previously communicated briefly by the author in [53] and [54].

All the symbolic and numerical calculations reported here have been performed with Mathematica.

2. Renormalization scheme dependence of the perturbative QCD predictions

2.1 General form of the perturbative approximants in various renormalization schemes

In order to prepare the stage for further discussion and introduce appropriate notation let us briefly recall some basic facts about the renormalization scheme dependence of perturbative QCD predictions in finite order of the perturbation expansion. (More details are given in the Appendix A.) We shall concentrate on the class of simplest QCD predictions that may be expressed in the form of a dimensionless quantity δ depending on a single variable with dimension of (energy)^2, which we shall further denote as Q^2. We shall also assume that the effects of nonzero quark masses are approximated by the step-function Q^2-dependence of the number n_f of the “active” quark flavors, and we shall restrict our attention to the class of mass and gauge parameter independent renormalization schemes. Under these assumptions the N-th order renormalization group improved perturbative expression for δ may be written — apart from a multiplicative constant — in the form:

δ^{(N )}(Q^2) = a_{(N )}(Q^2) [ 1 + r_1a_{(N )}(Q^2) + r_2a^2_{(N )}(Q^2) + ... + r_{(N )}a^N_{(N )}(Q^2) ] , (2.1)

where a_{(N )}(Q^2) is the N-th order effective coupling parameter (the ”couplant”), related to the gauge coupling parameter g and the strong coupling constant α_s via the relation a_{(N )}(Q^2) = g^2_{(N )}(Q^2)/4π^2 = α^{(N )}_s (Q^2)/π. The couplant a_{(N )}(Q^2) satisfies the N-th order renormalization group (RG) equation:

Q^2 da_{(N )} dQ^2 = β^{(N )}(a_{(N )}) = − b 2 a^2_{(N )} [ 1 + c_1 a_{(N )} + c_2 a^2_{(N )} + ... + c_N a^N_{(N )} ] . (2.2)

– 4 –

Under the assumptions listed above the coefficients b and c_k in the β-function are ordinary numbers, and the coefficients r_i are independent of Q^2, so the whole Q^2-dependence of δ comes then from the Q^2-dependence of the couplant a_{(N )}(Q^2).

In Equation (2.1) we assumed that the expansion for δ starts with the couplant a in the first power, which is the most common case. The expansion for δ may of course begin with a^p, where p ≠ 1; it is straightforward to generalize our discussion to include this case, but we may also note that our considerations could be directly applied to δ^{1/p}. In the following we shall usually omit the index N in a_{(N )}, assuming that δ^{(N )} is always evaluated with the couplant satisfying the N-th order RG equation.

The results of perturbative QCD calculations are usually expressed in the modified minimal subtraction (MS) renormalization scheme [3], but there exists a continuum of other renormalization schemes, which correspond to different choices of the finite parts of the renormalization constants. If we change the renormalization scheme, then in general the expansion coefficients r_i would change, too. In the new scheme also the coefficients in the β-function may be different. Under our assumptions the coefficients b and c_1 are independent of the renormalization scheme, but the coefficients c_i for i ≥ 2 are in general scheme dependent. The change in the coefficients r_i compensates for the finite renormalization of the coupling parameter, but in finite order of the perturbation expansion such a compensation may be of course only approximate, so the actual numerical value obtained for δ^{(N )} in any given order does depend on the choice of the renormalization scheme. The differences between values of δ^{(N )} calculated in various renormalization schemes are formally of the order a^{N +2}(Q^2), but numerically for Q^2 of the order of few GeV^2 they may become quite significant, which creates a practical problem when we want to confront theoretical predictions with the experimental data. This is the problem that we want to address in this article.

In order to study the renormalization scheme dependence of the perturbative predictions we need a convenient parameterization of the available degrees of freedom in choosing the perturbative approximants. The freedom of choice of the RS in the N-th order of the expansion may be parameterized (in the class of mass and gauge independent schemes) by N real parameters. As was discussed for example in [19] (see also Appendix A), it is convenient to choose as one of these free parameters the coefficient r_1; it is the only free parameter in the NL order. For N ≥ 2, following [12], we shall use as the additional free parameters the coefficients c_2, ...c_N in the β-function. The coefficients r_2, ...r_N are then determined from the RS-invariant combinations ρ_2, ...ρ_N of the expansion coefficients r_i and c_i [11, 9, 13, 14, 15], beginning with

ρ_2 = c_2 + r_2 − c_1r_1 − r^2_1. (2.3)

The couplant a_{(N )}(Q^2) in each scheme is determined by the implicit equation of the form: b 2 ln Q^2 Λ^2_{MS}

= r^{(0)MS}

1 − r_1 + c_1 ln b 2 + 1 a_{(N )}

+ c_1 ln a_{(N )} + F^{(N )}(a_{(N )}, c_2, ..., c_N), (2.4)

– 5 – where F^{(N )}(a, c_2, ..., c_N) = ∫_a 0 da^′ [ b 2β^{(N )}(a^′) + 1 a^{′2} − c_1 a^′ ] . (2.5)

This equation is obtained by integrating the renormalization group equation (2.2) with an appropriate boundary condition. (See Appendix A for more details.) The role of subtractions introduced in the definition of the function F^{(N )} is to make the integrand finite in the limit a → 0, which simplifies both analytic and numerical evaluation of the integral in various cases. The presence of Λ_{MS} and r^{MS}_1 in this general expression may at first seem surprising, but it results from the fact that we have explicitly taken into account the exact relation (A.10) between Λ parameters in various schemes, thus choosing Λ_{MS} as a reference phenomenological parameter.

2.2 Propositions for the optimized choice of the renormalization scheme

In order to resolve the RS ambiguity in finite order perturbative predictions, several methods were proposed for making an “optimal” choice of the RS, which we shall now briefly review.

Conceptually the simplest method was to define the renormalized coupling constant in such a way, so as to absorb the radiative corrections to some vertex functions at certain configurations of the momenta; in this way one obtains a class of momentum subtraction schemes [4, 5, 6, 7]. Unfortunately, the vertex functions are in general gauge dependent, so instead of the renormalization scheme ambiguity one obtains a gauge parameter ambiguity.

Another proposition directly referring to diagrammatic calculations and motivated by analogy with QED was formulated in [16]: it was proposed to choose the renormalization scale in the NL order expression in such a way that the contribution to the physical quantity from the vacuum polarization effects due to quarks (represented in the coefficient r^{(0)MS}_1 in the formula (A.5) by the term depending on the number n_f of ”active” quarks) are absorbed into the definition of the renormalized coupling constant (via the n_f -dependent term in the coefficient b). Extensions of this so called BLM procedure to the case of scale fixing in the presence of some higher order corrections were discussed in [55, 56, 57, 58, 59, 60]. Unfortunately, it proved difficult to extend the BLM method to higher orders in such a way that it would lead to a unique choice of all the renormalization scheme parameters relevant in the given order of the perturbation expansion, as was discussed in [61, 62, 63, 64, 65].

A more radical proposition, originating from the work of [8], was to choose scheme (by adjusting the constants A_k in the Equation (A.7)) in such a way that all the expansion coefficients r_i in the N-th order approximant δ^{(N )} for the physical quantity δ are identically zero, r_i ≡ 0, without any reference to any explicit subtraction procedure. In other words, in this scheme the renormalized couplant coincides with the physical quantity δ. In our parameterization this corresponds to the choice of the scheme parameters r_1 = 0, c_k = ρ_k. This choice was dubbed in [11] the Fastest Apparent Convergence (FAC) scheme.

Another interesting proposition was to choose the scheme parameters according to the so called Principle of Minimal Sensitivity [10, 11, 12] (for a more recent discussion see [66]): since the physical predictions of the theory should in principle be independent of the choice of the renormalization scheme, we should give preference to those values of the scheme parameters, for which the finite order perturbative predictions are least sensitive to the

– 6 – local changes in these parameters. In the NL order the scheme parameter r̄_1 corresponding to the PMS scheme is a solution of the equation: ∂ ∂r_1 δ^{(1)}(a(Q^2, r_1), r_1) |_{r1=r̄1} = 0, (2.6)

where we emphasized the fact that δ^{(1)} depends on r_1 both explicitly and implicitly via the r_1-dependence of a(Q^2). In the NNL order the parameters r̄_1 and c̄_2 corresponding to the PMS scheme are solutions of the system of two equations: ∂ ∂r_1 δ^{(2)}(a(Q^2, r_1, c_2), r_1, c_2) |_{r1=r̄1, c2 =c̄2} = 0, (2.7) and ∂ ∂c_2 δ^{(2)}(a(Q^2, r_1, c_2), r_1, c_2) |_{r1=r̄1 , c2=c̄2} = 0, (2.8)

where it is understood that in performing partial differentiation of δ^{(2)} over r_1 and c_2 also of the implicit dependence of a(Q^2, r_1, c_2) on these parameters is taken into account. A more explicit form of the NL and NNL equations for the PMS parameters is given in the Appendix B (it should be noted, that the parameterization of the RS dependence and the form of the NNL order scheme invariatn ρ_2 adopted in this article are different from those assumed in the original paper [11]).

The choice of the PMS scheme has nice conceptual motivation, but it may be also advantageous from the point of view of resummation of the perturbation series. As is well known, the perturbation series in QCD is only asymptotic (i.e. its radius of convergence is equal to zero) and a straightforward summation of successive corrections in any fixed renormalization scheme must inevitably give infinite result. One may nevertheless give meaning to the sum of such divergent series by applying various summation methods, such as the method based on the Borel transform. (The problem of large order behaviour in various field theory models and appropriate summation methods has been reviewed for example in [67, 68].) In [69] it was conjectured that the PMS method — which involves a ”floating” choice of the scheme parameters, depending on the energy and the order of the expansion — could provide an ”automatic” resummation method, which would convert a divergent series expansion into a convergent sequence of nonpolynomial approximants. This idea was further discussed in [70, 71, 72, 73, 74]. Although in the case of realistic QCD series this conjecture is far from being proved or disproved, it has been known for a long time that re-expansion procedures based on the introduction of some auxiliary parameters, which are ”floating”, i.e. they are fixed in an order dependent way, could indeed provide an effective resummation method for divergent series. For example in [75] a rigorous proof has been given that a method based on an order dependent mapping gives convergent results in the case of the factorially divergent expansion of a one dimensional non-Gaussian integral, and a compelling numerical evidence has been obtained that the same is true in the case of the divergent perturbation expansion for the ground state of the anharmonic oscillator; in a numerical study of the anharmonic oscillator presented in [76] it has been shown, that a sequence of approximants constructed according to the minimal sensitivity criteria seems

– 7 – to be convergent; finally, in [77, 78] a method for improving the perturbation series for the anharmonic oscillator has been proposed, which involves order dependent choice of certain parameters, and it has been proved, that it results in a convergent sequence. For all these model divergent series rigorous proofs have been obtained, that the resummation methods based on the PMS criteria do indeed give convergent results [79, 80, 81, 82]. (A more general approach to the problem of resumming the divergent series with a nonpolynomial sequence of approximants with auxiliary parameters has been presented in [83, 84, 85, 86]. The author is grateful to Prof. Yukalov for bringing these references to his attention.)

Regardless of the ingenuity of various propositions for the optimal choice of the renormalization scheme one cannot escape the fact that they are (at least so far) of heuristic character. In the scheme parameter space in the vicinity of the ”optimal” schemes we have many other schemes, which a priori look equally reasonable; predictions in such schemes also should be somehow taken into account. Unfortunately, even if we restrict ourselves to ”reasonably” looking schemes, the variation of the predictions obtained from the conventional perturbation expansion at moderate energies appears to be quite large. We illustrate this problem in the following subsections.

Before we move on, let us comment on a completely different strategy of evaluating perturbative QCD predictions, i.e. the so called method of effective charges, originating from the works of [8, 9, 13, 14, 15] and recently further developed in [87, 88]. In its simplest form this approach is based on the manifestly RS independent evolution equation for δ(Q^2),

Q^2 dδ(Q^2) dQ^2 = − b 2 δ^2 [ 1 + c_1δ + ∑ k=2 ρ_kδ^k ] . (2.9)

which is obtained by taking the limit N → ∞ in the equation (A.12). The great advantage of this approach is that the generator of the evolution for δ(Q^2) is a scheme independent object, so all the scheme dependence of perturbative predictions is apparently absent in this formulation from the very beginning. Let us note, however, that if we use as an expression for the generator a simple truncated series in the given order, we end up with the expression coinciding with the formula obtained in the FAC scheme; this expression cannot be considered completely satisfactory, for example because it suffers from the Landau singularity problem (at least for physical quantities with positive ρ_k). On the other hand, if we try to improve the series expansion for the generator via some sequence of nonpolynomial approximants, then in the low orders we encounter the problem of arbitrariness in the choice of these approximants, which has a similar effect on the predictions as the effect of arbitrariness in the choice of the renormalization scheme in the usual expansion in terms of the effective couplant. Another drawback of this approach is that there are physical quantities, which cannot be easily expressed in terms of simple effective charges. It seems, therefore, that this approach cannot compete at present with the commonly used expansion in terms of an effective couplant.

Another interesting manifestly scheme independent approach has been developed in [89, 90, 91], where authors propose to make a direct comparison of physical quantities. The attractive feature of this approach is that by expanding one physical quantity in terms of

– 8 – another physical quantity one may avoid to some extent the complications arising from the scheme dependence. It was also observed that relating physical quantities at appropriately chosen energy scales — called by authors ”commensurate scales” — one may eliminate large contributions to the expansion coefficients that arise from the terms that explicitly depend on the β-function coefficients. Unfortunately, results obtained with commensurate scale relations cannot be easily combined with the results obtained in the more conventional approaches to the QCD phenomenology. In particular, in order to achieve their goals, authors of [89] adopt a somewhat unusual multi-scale method, evaluating each term of the series expansion at a different energy scale.

2.3 Renormalization scheme dependence of δ_V

The fact that finite order perturbative predictions obtained with the conventional perturbation expansion exhibit at moderate energies a strong dependence on the choice of the renormalization scheme, despite a conservative choice of the scheme parameters, has been demonstrated in several articles [17, 18, 19, 20, 25, 28, 29]. As a preparation for further discussion we illustrate this effect once again, using as an example the perturbative QCD expression for the effective charge δ_V, appearing in the static interquark interaction potential [92]. To our knowledge, a complete analysis of the RS dependence of δ_V has not been performed so far. This effective charge is very important for the study of heavy quarkonia, and it would play an important role in our construction of an improved perturbation expansion. (The present status of the theory and phenomenology of heavy quarkonia has been reviewed in [93].)

The static interquark potential may be defined in a nonperturbative and gauge invariant way via the vacuum expectation of rectangular Wilson loop of size r in spatial dimensions and size τ along temporal axis [92]:

V (r) = − lim_{τ → ∞} 1 iτ ln < 0 | Tr P exp ( ig ∮ dx^μ A^a_μT^a ) | 0 >, (2.10)

where P denotes a path ordering prescription. The effective charge δ_V enters the Fourier transform V (Q^2) of V (r) in the following way:

V (Q^2) = −4π^2C_F δ_V(Q^2) Q^2

, (2.11)

where in the SU(N) gauge theory with fermions in the fundamental representation C_F = T_F(N^2 − 1)/N, with T_F defined by the normalization of the gauge group generators, Tr(T^aT^b) = T_F δ^{ab}. Perturbative expression for δ_V has the form (2.1) and is presently completely known up to and including the NNL order [94, 95, 96, 97, 98, 99, 100, 101], and some terms in the expansion are known even beyond this order [102, 103]. (Recent theoretical studies of various contributions to δ_V have been summarized in [104].) For n_f = 3, which is the most interesting case from the phenomenological point of view, we have in the MS scheme r^{(0)MS}_1 = 1.75 and r^{(0)MS}_2 = 16.7998, as well as b = 9/2, c_1 = 16/9 and c^{MS}_2 = 4.471, which implies ρ^V_2 = 15.0973.

– 9 –

In Figure 1 we show δ_V as a function of r_1, for several values of c_2, at Q^2 = 3 GeV^2; the NL order prediction is also shown for comparison. (Here and in all other numerical calculations described in this article we assume — unless stated otherwise — Λ^{(3)}_{MS} = 0.35 GeV. If we accept the world average α_s(M^2_Z ) = 0.1182 ± 0.0027 obtained in [105] and convert this parameter into Λ^{(3)}_{MS}, using the procedure described in detail in Section 6, we obtain Λ^{(3)}_{MS} = 0.35 GeV±^{0.05}_{0.04}.) As we see, the differences between predictions obtained for different values of the scheme parameters r_1 and c_2 are quite substantial. In Figure 2 we show the NNL order predictions for δ_V as a function of Q^2, in several renormalization schemes, including the MS scheme and the PMS scheme. As we see, for Q^2 of the order of few GeV^2 the differences between predictions in various schemes are quite large, although they of course rapidly decrease with increasing Q^2.

Figure 1: δ_V at Q^2 = 3 GeV^2 (n_f = 3), as a function of r_1, for several values of c_2, as given by the conventional perturbation expansion with Λ^{(3)}_{MS} = 0.35 GeV. Dashed line indicates the NL order contribution.

2.4 The problem of reasonable scheme parameters

One could of course raise an objection that large differences between predictions obtained in different schemes are a result of a wrong choice of the scheme parameters. One could argue that if we would choose ”reasonable”, ”natural” scheme parameters, then the differences between the schemes would not be very big. In order to verify, whether this indeed might be the case we need to give more precise meaning to the intuitive notion of a “reasonable”

– 10 –

Figure 2: δ_V as a function of Q^2 (for n_f = 3), as given by the conventional NNL order expansion in several renormalization schemes, including the MS scheme (dash-dotted line) and the PMS scheme (solid line).

or “natural” renormalization scheme parameters. Intuitively, a reasonable renormalization scheme is a scheme in which the expansion coefficients for the physical quantity δ and the β-function are not unnaturally large. It was observed in [17, 19, 20], that one could assess the ”naturalness” of the renormalization scheme by comparing the expansion coefficients in this scheme with their scheme invariant combinations ρ_k, relevant for the considered physical quantity in the given order of perturbation theory: a scheme could be considered ”natural”, if the expansion coefficients are such that in the expression for the invariants ρ_k we do not have extensive cancellations. The degree of cancellation in ρ_k may be measured by introducing a specific function of the scheme parameters, which in the simplest variant may be chosen to be the sum of the absolute values of the terms contributing to ρ_k. In the NNL order we have:

σ_2(r_1, c_2) = |c_2| + |r_2| + c_1|r_1| + r^2_1. (2.12)

If we choose a scheme which corresponds to the scheme parameters that give rise to extensive cancellations between various terms contributing to ρ_2, then the sum of the absolute values of the terms contributing to ρ_2 would be much larger than |ρ_2|. The idea is then to estimate the magnitude of RS dependence by comparing the predictions evaluated for the schemes

– 11 – that have comparable degree of ”naturalness” — i.e. that involve comparable degree of cancellation in ρ_2. The problem of selecting natural schemes is in this way reduced to the problem of deciding, what degree of cancellation is still acceptable. As was pointed out in [19], one may answer this question by referring to the PMS scheme. Using the approximate expressions (B.14) and (B.15) for the parameters in the PMS scheme we find that in the weak coupling approximation σ_2(PMS) ≈ 2|ρ_2|. Therefore, if we accept the PMS scheme as a “reasonable” scheme — which seems to be a sensible condition — then we should also take into account predictions in the whole set of schemes, for which the scheme parameters satisfy the condition σ_2 ≤ 2|ρ_2|. (2.13)

An explicit description of the set of scheme parameters satisfying the condition σ_2 ≤ l|ρ_2|, where l is some constant (l ≥ 1) is given in the Appendix C. (Incidentally, this shows, why it is important to calculate the NNL order corrections to physical quantities — this is the first order, in which we may introduce a constraint on the scheme parameters based on the scheme invariant combination!)

In Figure 3 we show the contour plot of the NNL order prediction for δ_V at Q^2 = 9 GeV^2 as a function of the scheme parameters r_1 and c_2. The boundary of the set of the scheme parameters satisfying the condition (2.13) is indicated with a dashed line. One may easily verify that scheme parameters for all the curves shown in Figure 2 lie within this region. This suggests that strong renormalization scheme dependence of the NNL order perturbative predictions for δ_V cannot be simply attributed to the improper, ”unnatural” choice of the renormalization scheme.

Let us comment at this point that the frequently used procedure of estimating the scheme dependence by varying the renormalization scale parameter μ^2 in some range, say Q^2/4 < μ^2 < 4Q^2, may give misleading results, as has been pointed out for example in [17]. This is explained in more detail in Appendix A.

2.5 Renormalization scheme dependence of δ_{GLS}

As an another example of a physical quantity of considerable interest at moderate energies let us consider the QCD correction to the Gross-Llewellyn-Smith (GLS) sum rule for the non-singlet structure function xF_3(x, Q^2) in the ν(ν̄)-nucleon deep inelastic scattering [106]:

∫_1 0 dx 1 2 [ F^{νp}_3 (x, Q^2) + F^{νp}_3 (x, Q^2) ] = 3 − 3 [ δ_{GLS}(Q^2) + Δ^{HT}_{GLS}(Q^2) ] , (2.14)

where Δ^{HT}_{GLS} is the nonperturbative (higher twist) contribution, and δ_{GLS} denotes the perturbative QCD correction. The GLS integral is interesting, because it proved possible to measure it directly over large range of Q^2, without performing any extrapolation of xF_3(x, Q^2) over Q^2. The latest comprehensive analysis of the experimental data for the GLS sum rule has been reported in [107]. The perturbative correction δ_{GLS} has the form (A.1) and is presently known up to the NNL order [3, 108, 109, 110]: for n_f = 3 we have in the MS scheme r^{(0)MS}_1 = 43/12 and r^{(0)MS}_2 = 18.9757, which implies ρ^{GLS}_2 = 4.2361. The comparison of the conventional predictions for δ_{GLS} in the MS, PMS and EC schemes has

– 12 –

Figure 3: Contour plot of the conventional NNL order predictions for δ_V at Q^2 = 9 GeV^2 (for n_f = 3), as a function of the scheme parameters r_1 and c_2. The dashed line indicates the boundary of the set of parameters satisfying the condition (2.13).

been presented in [111], and the problem of improving the perturbation expansion for this quantity has been discussed in [112, 113].

We begin our discussion of the RS dependence of δ_{GLS} by considering the the contour plot of the NNL order prediction for δ_{GLS} at Q^2 = 5 GeV^2 as a function of the scheme parameters r_1 and c_2, as shown in the Figure 4. The boundary of the set of the scheme parameters satisfying the condition (2.13) is indicated with a dashed line. This set is of course smaller than the corresponding set for δ_V, because ρ^{GLS}_2 is smaller than ρ^V_2 . Let us also observe that in the case of δ_{GLS} the parameters of the MS scheme fall well outside the set singled out by the condition (2.13), since σ_2(r^{MS}_1 , c^{MS}_2 )/|ρ^{GLS}_2 | = 10.07; nevertheless the predictions in this scheme do not show any pathological behaviour.

In Figure 5 we show the dependence of δ_{GLS} on the parameter r_1 at fixed value of Q^2 = 3 GeV^2, for several values of c_2.

In Figure 6 we show the NNL order predictions for δ_{GLS} as a function of Q^2 (for n_f = 3) in several renormalization schemes. Since the set of the scheme parameters satisfying the condition (2.13) is in the case of δ_{GLS} relatively small, we have included in Figure 6 also the predictions for scheme parameters lying slightly outside this set, in order to obtain a better picture of the scheme dependence. As we see, also for this physical quantity the differences

– 13 –

Figure 4: Contour plot of the conventional NNL order predictions for δ_{GLS} at Q^2 = 5 GeV^2 (for n_f = 3), as a function of the scheme parameters r_1 and c_2. The dashed line indicates the boundary of the set of parameters satisfying the condition (2.13).

between the predictions in various schemes satisfying the condition (2.13) become quite substantial for Q^2 of the order of few GeV^2.

It is of some interest to compare the perturbative contribution δ_{GLS} at various Q^2 with the estimate of the nonperturbative contribution Δ^{HT}_{GLS}(Q^2), which has been discussed in several papers [114, 115, 116]. Following [107] we shall assume:

Δ^{HT}_{GLS}(Q^2) =

(0.05 ± 0.05) Q^2

GeV^2. (2.15)

As we see, the differences between predictions in various schemes become large even at those values of Q^2, for which the nonperturbative contribution is estimated to be small.

2.6 Possible significance of large scheme dependence at moderate Q^2 The discussion of δ_V and δ_{GLS} shows that for Q^2 of the order of few GeV^2 the predictions obtained with the conventional renormalization group improved perturbative approximants are surprisingly sensitive to the choice of the renormalization scheme, even with a conservative choice of the scheme parameters. The question is now of a proper interpretation of this fact. A ”pragmatic” point of view — assumed in many phenomenological analyses — is to dismiss this fact as some technical ”oddity” and continue to use the MS scheme. This

– 14 –

Figure 5: δ_{GLS} at Q^2 = 3 GeV^2 (for n_f = 3), as a function of r_1, for several values of c_2, as given by the conventional perturbation expansion with Λ^{(3)}_{MS} = 0.35 GeV. Dashed line indicates the NL order prediction.

is presumably a healthy practical approach, justified to some extent by the experience that variation the scheme parameters in the immediate vicinity of the MS parameters does not lead to dramatic scheme dependence — at least in those cases, for which the radiative corrections have been evaluated, because there is no proof that this would be true for arbitrary physical quantity. (However, the important question for the applications in phenomenology is not only what is the value of the prediction, but also what is the estimated accuracy of the prediction — the plots we have shown suggest that perturbative results obtained in the MS scheme are less precise than commonly thought.) However, from a theoretical point of view such an approach cannot be considered completely satisfactory.

A different and a rather extreme point of view would be that the observed scheme dependence is a signal of a genuine breakdown of perturbation expansion, which indicates the need for a fully nonperturbative approach already at the moderate energies. Fortunately, this seems unlikely to be the case. We see — for example in the case of the GLS sum rule — that the energies, at which the differences between predictions in various schemes start to become large are higher than the energies, for which — according to the available estimates — the essentially nonperturbative corrections may become very important. This suggests, that strong renormalization scheme dependence has little to do with the unavoidable breakdown of perturbation expansion at very low energies.

– 15 –

Figure 6: δ_{GLS} as a function of Q^2 (for n_f = 3), as given by the conventional NNL order expansion in several renormalization schemes, including the MS scheme (long-dash-dotted line) and the PMS scheme (solid line). The estimate of nonperturbative contribution is shown for comparison (shortdash-dotted line).

There is then a third possibility that the strong renormalization scheme dependence indicates the need to abandon the conventional perturbative approach in favor of an improved, less scheme dependent formulation, more suitable for moderate energies. One should keep in mind that the conventional renormalization group improved expansion is after all just a specific resummation of the original, ”non-improved” expansion. The substantial RS dependence of the conventional approximants may simply show that this resummation, despite being extremely useful at high energies, is not very well suited for moderate energies. This is the point of view that we want to pursue in this article.

2.7 Previous attempts to modify the renormalization group improved expansion The problem of improving the stability of perturbative predictions was considered by many authors. It turned out that in the case of physical quantities evaluated at timelike momenta — such as the QCD corrections to total cross section for the e^+e^− annihilation into hadrons or the total hadronic decay width of the τ lepton — surprisingly good results may be obtained by resumming to all orders some of the so called π^2 corrections, arising from the analytic continuation from spacelike to timelike region [21, 24, 25, 26, 27]. Such

– 16 – resummation is conveniently performed by expressing these physical quantities as contour integrals in the complex-Q^2 space, which are then evaluated numerically [22, 23, 21]. For example in the case of the e^+e^− annihilation into hadrons the ratio R_e+_e− of the hadronic and leptonic cross sections

R_e+_e− (s) = σ_{tot}(e^+e^− → hadrons) σ_{tot}(e^+e^− → μ^+μ^−)

, (2.16)

may be expressed as

R_e+_e− (s) = 12πImΠ(s + iϵ) = − 1 2πi ∫ C dσ D(σ) σ , (2.17)

where Π(q^2) is the transverse part of the correlator of electromagnetic currents and D(q^2) is defined as D(q^2) = −12π^2q^2 d dq^2 Π(q^2) = 3 ∑ f Q^2_f [ 1 + δ_D (−q^2) ] . (2.18)

(Q_f are the charges of the ”active” quarks and δ_D denotes the perturbative QCD correction, which has the form (A.1).) The contour C runs clockwise from σ = s − iϵ, around σ = 0 to σ = s + iϵ.

However, the case of physical quantities evaluated at spacelike momenta — such as the QCD corrections to the deep inelastic sum rules — proved to be a more difficult problem. Some authors [28, 29, 30, 31] advocated the use of Padé approximants to resum the series expansion (2.1) for the physical quantity δ, observing some reduction of the RS dependence. Another group of authors pursued an approach stressing the importance of ensuring the correct analyticity properties of perturbative approximants in the complex Q^2-plane. The basic idea of this so called Analytic Perturbation Theory (APT) is to modify the perturbative predictions by expressing them as dispersion integrals over the timelike momenta, with the spectral density chosen in such a way so as to ensure the consistency with the weak coupling perturbation expansion [32]. In the leading order this is equivalent to the ”analytization” of the running coupling constant [34, 35, 36], i.e. replacing the lowest order expression a(Q^2) = 2/(b ln Q^2/Λ^2) by an ”analytic” couplant

a_{an}(Q^2) = 2 b [ 1 ln Q^2/Λ^2 + Λ^2 Λ^2 − Q^2 ] , (2.19)

which is nonsingular for Q^2 = Λ^2. It was shown that using this approach one obtains substantial reduction of the RS dependence in the case of the Bjorken sum rule [37] and the GLS sum rule [112]. Within APT one may also obtain some improvement for quantities evaluated at timelike momenta [38, 39, 40]. (The APT approach has been summarized in [33], and it has been extended to a more general type of physical quantities in [117, 118, 119, 120].) The problem of reducing the RS dependence was also discussed within a somewhat involved approach formulated in [41, 42, 43].

Unfortunately, none of these approaches is completely satisfactory. (Besides the efforts mentioned above there were also other works, in which authors studied how the application of various resummation methods affects the stability of perturbative predictions

– 17 –

[44, 50, 113, 51, 52, 45, 46, 47], but these attempts concentrated only on the renormalization scale dependence. Unfortunately, such an analysis does not give a proper picture of the full renormalization scheme ambiguity of perturbative predictions at higher orders, as we tried to explain in the previous subsections.) The Padé approximants, being rational functions, tend to develop singularities for some particular values of the scheme parameters. It also seems that the character of divergence of the QCD perturbation expansion at high orders is such that it cannot be resummed by approximants of this type [67, 68]. On the other hand, the ”analytization” procedure introduces some essentially nonperturbative contributions (required to cancel the unphysical singularities of the conventional perturbative approximants — as may be seen in the formula shown above), which generate 1/Q^2 corrections at moderately large Q^2. These corrections are troublesome, because for some physical quantities — such as the R_e+_e− ratio — they are incompatible with the operator product expansion, and for other quantities — like δ_{GLS} — such corrections interfere with the available estimates of nonperturbative contributions, causing a double counting problem. The ”analytization” procedure also introduces a very strong modification of the low-Q^2 behaviour, making all the expressions finite at Q^2 = 0 — and this modification is very ”rigid”, i.e. it is uniquely defined by the weak coupling properties of the theory, which is slightly suspicious. Finally, if we decide to apply the „analytization” procedure directly to physical quantities, then we effectively abandon the concept of expressing all the predictions of the theory in terms of one universal effective coupling parameter.

In this note we make an attempt to formulate an alternative method for improving perturbative QCD approximants, which gives more reliable results than the conventional expansion and yet at the same time does not depart too far from the standard perturbative framework.

3. The modified couplant

3.1 Strong scheme dependence of the conventional couplant

A closer look at the conventional RG improved expansion immediately reveals that one of the main reasons for the significant RS dependence of finite order predictions is the very strong RS dependence of the running coupling parameter itself. An extreme manifestation of this scheme dependence is the fact that in a large class of schemes the couplant becomes singular at finite nonzero Q^2, with the location and the character of the singularity depending on the choice of the scheme. In the NL order the running coupling parameter becomes singular at Q^2 = (Q^⋆_{NL})^2, where:

Q^⋆_{NL} = Λ_{MS} ( b 2c_1

)^c1_b exp [ r^{MS}_1 − r_1 b ] , (3.1)

and for Q^2 close to (Q^⋆_{NL})^2 it behaves as

a_{(1)}(Q^2) ∼ ... ( bc_1 ln

Q^2 (Q^⋆_{NL})^2

)_− 1_2 . (3.2)

– 18 –

In the NNL order the running coupling parameter has an infrared stable fixed point for c_2 < 0, while for c_2 ≥ 0 it becomes singular at Q^2 = (Q^⋆_{NNL})^2; for example, for 4c_2 − c^2_1 > 0 the location of singularity is given by:

Q^⋆_{NNL} = Λ_{MS} exp [ 1 b ( r^{MS}_1 − r_1 + c_1 ln b 2 √ c_2 + 2c_2 − c^2_1 √ 4c_2 − c^2_1 arctan √ 4c_2 − c^2_1 c_1 )] , (3.3)

and for Q^2 close to (Q^⋆_{NNL})^2 the couplant behaves as

a_{(2)}(Q^2) ∼ .... ( bc_2 ln

Q^2 (Q^⋆_{NNL})^2

)_− 1_3 . (3.4)

In higher orders we find similar type of behavior, depending on the signs of c_i, i.e. either the infrared stable fixed point or a singularity at nonzero (positive) Q^2, with the character of the singularity determined by the highest order term retained in the β-function. Although the singularity itself occurs in the range of Q^2 which is normally thought to belong to the nonperturbative regime, its strong RS dependence affects also the behaviour of the couplant at Q^2 above the singularity, resulting in a strong RS dependence of the running coupling parameter for those values of Q^2 that lie in the perturbative domain, which cannot be properly compensated by the corresponding changes in the expansion coefficients r_i. It seems unlikely that one would be able to improve stability of the perturbative predictions in a significant way without somehow solving this problem.

Fortunately, within the perturbative approach we have some freedom in defining the actual expansion parameter. The idea is then to exploit this freedom and try to construct an alternative couplant, which would be much less scheme dependent than the conventional couplant, hopefully giving also much less RS dependent predictions for physical quantities. From the preceding discussion it is obvious that first of all we would like this modified couplant to be free from the Landau singularity.

3.2 General properties of the modified couplant The idea of modifying the effective coupling parameter a(Q^2) in order to remove the Landau singularity has of course a long history, dating back to the early days of QCD [121, 122, 123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 34, 35, 36]. It turns out, however, that various proposed models — although very inspiring — are not directly useful from our point of view. Let us formulate more explicitly the conditions that the modified couplant should satisfy in order to be suitable for our approach. (The ideas presented here have been first formulated briefly by the present author in [53].)

Our first constraints are related to our assumption that we want to stay as close as possible to the usual perturbative framework. This means in particular that we want to retain the concept of an effective coupling parameter satisfying the renormalization group equation, although the conventional, polynomial generator β^{(N )} in this equation would have to be replaced by an appropriately chosen nonpolynomial function β̃^{(N )}. First of all, in order to ensure the perturbative consistency of the modified perturbation expansion with the conventional expansion in the N-th order we shall require

– 19 –

(I) β̃^{(N )}(a) − β^{(N )}(a) = O(a^{N +3}).

If this condition is satisfied, then the expression obtained by replacing the conventional couplant a_{(N )}(Q^2) in the expansion for δ^{(N )} by the modified couplant ã_{(N )}(Q^2) (we may temporarily denote such an expression as δ̃^{(N )}) differs from the original expression only by terms that are formally of higher order than the highest order term retained in the conventional approximant.

Secondly, in order to ensure that the modified running coupling parameter remains nonsingular for all real positive Q^2, we shall require that:

(IIa) β̃^{(N )}(a) is negative and nonsingular for all real positive a and for a → +∞ it behaves like β̃^{(N )}(a) ∼ −ξa^k , where ξ is a positive constant and k ≤ 1, or (IIb) β̃^{(N )}(a) has zero for real positive a_0 and is negative and nonsingular for 0 < a < a_0.

Solving explicitly the RG equation in the case (IIa) with the asymptotic form of the generator, we find in the limit Q^2 → 0 for k < 1:

a(Q^2) ∼ ( ln Λ^2 Q^2 ) 1_{1−k} , (3.5)

while for k = 1 we obtain

a(Q^2) ∼ ( Λ^2 Q^2 )_{ξ/2} . (3.6)

We could have formulated the condition (IIa) in a much stronger way, strictly enforcing some type of low-Q^2 behavior of the couplant. However, our aim is to improve the QCD predictions at moderate energies, where the perturbation expansion is still meaningful and gives dominant contribution, although its application may be nontrivial; we do not intend to make any claims about the predictions at very low Q^2, where noperturbative effects dominate and a proper treatment requires much more than just an improved running expansion parameter. Therefore the exact asymptotic behaviour of the couplant a(Q^2) at very low energies is not very important for our considerations; what we basically need is that the modified coupling parameter does not become singular at nonzero positive Q^2.

Our next condition is related to the observation that in general it is not difficult to obtain a running coupling parameter without the Landau singularity by introducing essentially nonperturbative (i.e. exponentially small in the limit a → 0) terms in the β-function; indeed, several models of this sort have been discussed in the literature [127, 129, 133, 34, 35, 36, 151]. Unfortunately, such models usually generate 1/Q^{2n} corrections at large Q^2, which are unwelcome. As we have already mentioned, if such corrections are present, the existing estimates of nonperturbative effects based on the operator product expansion become useless because of the risk of double counting. The 1/Q^2 correction in the large-Q^2 expansion is particularly unwelcome, because for many physical quantities there is no room for such a term in the operator product expansion. It seems therefore desirable to consider only those nonpolynomial functions β̃^{(N )} that satisfy the condition:

– 20 –

(III) β̃^{(N )}(a) is analytic in some neighborhood of a = 0.

Analytic β-functions are preferable also from another point of view: the sequence of perturbative approximants in the modified perturbation expansion with such a generator may always be interpreted as a pure resummation of the original expansion, without any terms being added by hand.

Our next constraint is related to the following observation: the finiteness of a(Q^2) for all real positive Q^2 does not automatically guarantee that at moderate (but not very low) Q^2 — corresponding to moderately large a — the couplant would grow less rapidly compared to the conventional couplant and that it would be less RS dependent in this range. (It is easy to construct explicit counterexamples.) To ensure such a behaviour we shall impose an additional constraint on β̃^{(N )}(a), which may be loosely formulated in the following form:

(IV) β̃^{(N )}(a) − β^{(N )}(a) = K^{(N )}(c_1, c_2, ..., c_N)a^{N +2+p} + O(a^{N +3+p}), where p is some positive integer and the coefficient K^{(N )} is positive for N = 1 and for N ≥ 2 it is a slowly varying function of its parameters, with the property that K^{(N )} > 0 when the coefficients c_2,...c_N are large and positive and K^{(N )} < 0 for c_2,...c_N large negative.

The conditions (I)-(IV) are rather general, so that at any given order there are many functions satisfying these criteria. Concrete models of β̃^{(N )}(a) would typically contain some arbitrary parameters (this is the price we have to pay for getting rid of Landau singularity). One may restrict this freedom by fixing these parameters with help of some information coming from outside of perturbation theory. However, if in every order of perturbation expansion there would appear new, uncorrelated free parameters, the predictive power of such an approach would be very limited. For this reason we shall further restrict the class of possible functions β̃^{(N )}(a). We shall require, that:

(V) β̃^{(N )}(a) should not contain free parameters specific to some particular order of the expansion (i.e. N).

In other words, the free parameters appearing in the modified β-function should characterize the whole sequence of functions β̃^{(N )}(a), not just a model β-function at some particular order.

3.3 Concrete model of the modified couplant

Nonpolynomial β-functions that do not involve exponentially small contributions and which lead to the expressions for a(Q^2) that are nonsingular for real positive Q^2 have been considered before [121, 122, 123, 124, 125, 126, 156]. The simplest idea is to use the Padé approximant. In the NL order we then obtain

β̃^{(1)}(a) = − b 2 a^2 1 1 − c_1a

. (3.7)

Unfortunately, this expression becomes singular for real positive a, so there would not be much of an improvement in the behaviour of a. In higher orders the situation becomes

– 21 – even worse — not only the Padé approximants develop singularities for real positive a, but also the locations of these singularities are scheme dependent. For example, the [1/1] approximant in the NNL order has the form:

β̃^{(2)}(a) = − b 2 a^2 1 + ( c_1 −^{c2}_{c1} ) a 1 −^{c2}_{c1} a

. (3.8)

This shows that in order to obtain a satisfactory model β-function one has to go beyond the straightforward Padé approximants or their simple modifications.

Let us therefore construct a completely new model β-function. Looking for a systematic method to produce nonpolynomial functions with the correct weak-coupling expansion coefficients and appropriate asymptotic behavior we choose an approach inspired by the so called method of conformal mapping [157, 158, 159, 160, 161]. This method is essentially a convenient procedure for performing an analytic continuation of the series expansion beyond its radius of convergence and it has been a popular tool in resumming the divergent series via the Borel transform [159, 160, 161]. (However, our use of the conformal mapping would be closer to the attempts to resum the divergent series by an order dependent mapping [75].) The basic idea of the mapping method is very simple: we take a function u(a), which maps the complex-a plane onto some neighborhood of u = 0 in the complex-u plane and which has the following properties: (a) it is analytic in some neighborhood of a = 0, with the expansion around a = 0 of the form u(a) = a + O(a^2); (b) it is positive and nonsingular for real positive a, with an inverse a(u); (c) in the limit a → ∞ it goes to a real positive constant. In the following we shall use a very simple mapping u(a) = a 1 + ηa , (3.9)

where η is a real positive parameter, but of course other choices are possible.

Let us now apply the mapping method to obtain β̃(a) with the asymptotics corresponding to k = 1 in the condition (III). We take the expression

a^2 + c_1a^3 + c_2a^4 + ... + c_N a^{N +2}

and rewrite it as κa − κa + a^2 + c_1a^3 + c_2a^4 + ... + c_N a^{N +2}.

Then we omit the first term

−κa + a^2 + c_1a^3 + c_2a^4 + ... + c_N a^{N +2},

and we substitute everywhere in this expression a = a(u); expanding the resulting function in powers of u, we obtain

−κu + c̃_0u^2 + c̃_1u^3 + c̃_2u^4 + ... + c̃_N u^{N +2} + ...

It is easy to see that the function

β̃^{(N )}(a) = − b 2 [ κa − κu(a) + c̃_0u(a)^2 + c̃_1u(a)^3 + c̃_2u(a)^4 + ... + c̃_N u(a)^{N +2} ] . (3.10)

– 22 – does indeed satisfy the conditions (I)–(III) and (V) described in the previous subsection. For the concrete mapping (3.9) we have

c̃_0 = 1 − ηκ, c̃_1 = c_1 + 2η − η^2κ, (3.11) and c̃_2 = c_2 + 3c_1η + 3η^2 − η^3κ. (3.12)

More explicitly, the modified β-function that we propose to use has in the NNL order the form

β̃^{(2)}(a) = − b 2 [ κa − κa 1 + ηa + (1 − ηκ) a^2 (1 + ηa)^2

+ (3.13)

+ (c_1 + 2η − η^2κ) a^3 (1 + ηa)^3

+ (c_2 + 3c_1η + 3η^2 − η^3κ) a^4 (1 + ηa)^4 ]

It remains to verify that the function (3.13) satisfies also the condition (IV). Expanding β̃(N )(a) in terms of a we find

β̃^{(1)}(a) − β^{(1)}(a) = b 2 η [ 3c_1 + 3η − η^2κ ] a^4 + O(a^5), (3.14) and β̃^{(2)}(a) − β^{(2)}(a) = b 2 η [ 4c_2 + 6c_1η + 4η^2 − η^3κ ] a^5 + O(a^6), (3.15)

which shows that our simple model β-function does indeed satisfy also the condition (IV), at least in the NL and NNL order. (This is to some extent a lucky coincidence — there does not seem to be any simple constructive method to satisfy the condition (IV).)

Our candidate for the modified β-function contains two free parameters: the parameter κ, which determines the exponent in the low-Q^2 behaviour of the couplant a(Q^2), and the parameter η, the inverse of which characterizes the range of values of a, for which the nonpolynomial character of the β̃^{(N )}(a) becomes essential. For any values of these parameters the function β̃^{(N )}(a) is a viable replacement for β^{(N )}(a). However, by a proper choice of these parameters we may improve the quality of the modified perturbation expansion in low orders. As a first try, we shall assume in further calculations reported in the following subsections the value κ = 2/b, which ensures ξ = 2 in the Equation (3.6), implying 1/Q^2 behaviour of a(Q^2) at low Q^2, as is suggested by some theoretical approaches [162]. In a more precise approach one could consider adjusting this parameter in some range, together with the parameter η. The procedure for choosing a preferred value for η is described further in the text.

The plot of this model β̃ in NL and NNL order for a particular value of η is shown in Figure 7. It is easy to guess from this figure, what the plots for smaller values of η would look like, since in the limit η → 0 the function β̃^{(N )}(a) coincides with the conventional β-function.

In order to determine the Q^2-dependence of the modified couplant we have to calculate the function F^{(N )}(a, c_2, ..., c_N, ...) defined by Equation (2.5), with β^{(N )}(a) replaced by

– 23 –

Figure 7: The modified β-function, as given by Equation (3.13) with κ = 2/b and η = 4.1, in the NL order (dash-dotted line) and the NNL order for three values of c_2 (solid lines), compared with the conventional β-function (dashed lines).

β̃(N )(a). The relevant integral in the NL order may be calculated in closed form. The function F^{(1)}(a, η, κ) in the Equation (A.3) takes the form:

F^{(1)}(a, η, κ) = −E_2 ln [ 1 + (c_1 + 3η)a + η^3κa^2 ] + +E_3 arctan [ c_1 + 3η √ −c^2_1 − 6c_1η − 9η^2 + 4η^3κ ] −

−E_3 arctan [ c_1 + 3η + 2η^3κa √ −c^2_1 − 6c_1η − 9η^2 + 4η^3κ ] , (3.16)

where

E_2 =

1 + c_1κ 2κ E_3 =

−c_1 − 3η + c^2_1κ + 3c_1ηκ + 6η^2κ − 2η^3κ^2 κ √ −c^2_1 − 6c_1η − 9η^2 + 4η^3κ . Strictly speaking, this expression is valid for

−c^2_1 − 6c_1η − 9η^2 + 4η^3κ > 0.

– 24 –

Figure 8: The modified couplant a(Q^2), corresponding to the β-function (3.13), in the NL order (dash-dotted line) and NNL order (solid lines) for three values of c_2, as given by Equation (A.3) with appropriate functions F^{(N)}, for r_1 = r^{MS}_1 , Λ^{(3)}_{MS} = 0.35 GeV, κ = 2/b and η = 4.1.

The expression for F^{(1)}(a, η, κ) for other values of the parameters is obtained by analytic continuation. The integrals in the NNL order are more complicated, but still may be handled by Mathematica.

Examples of the plots of the modified couplant ã(Q^2) in the NL and NNL order for a particular value of η are shown in Figure 8; these plots should be compared with the corresponding plots for the conventional couplant, shown in Figure 9. We clearly see that the modified couplant is much less scheme and order dependent than the conventional couplant.

4. Modified perturbation expansion

4.1 Perturbative predictions with a modified couplant

In the previous section we constructed a modified couplant ã(Q^2) that is free from Landau singularity and is much less RS dependent than the conventional couplant. The modified

– 25 –

Figure 9: The conventional couplant a(Q^2) in the NNL order, as given by Equation (A.3) with appropriate functions F^{(N)}, r_1 = r^{MS}_1 and Λ^{(3)}_{MS} = 0.35 GeV, for three values of c_2.

couplant is determined in the implicit way by the Equation (2.5) b 2 ln Q^2 Λ^2_{MS}

= r^{(0)MS}

1 − r_1 + c_1 ln b 2 + 1 ã + c_1 ln ã + F^{(N )}(ã, c_2, ..., c_N, η, κ), (4.1)

which is obtained by integrating (with an appropriate boundary condition) the modified renormalization group equation (2.2)

Q^2 dã dQ^2 = β̃^{(N )}(ã), (4.2)

with a modified generator β̃^{(N )} given by Equation (3.13).

We shall now use this new couplant to construct modified perturbative expressions for some physical quantities. We will show that the predictions obtained in the modified expansion are much less RS dependent than the predictions in the conventional expansion.

The simplest way to obtain an improved perturbative expression for a physical quantity δ is to replace the conventional couplant a(Q^2) in the usual RG improved expansion for δ^{(N )} by the modified couplant:

δ̃^{(N )}(Q^2) = ã(Q^2) [1 + r_1 ã(Q^2) + r_2 ã^2(Q^2) + r_{(N )} ã^N (Q^2)] . (4.3)

– 26 –

The coefficients r_i in the improved approximant are constrained by the requirement of the consistency with the conventional expansion. In fact, they may be taken to be the same as in the conventional approximant. This follows from the fact that the function β̃^{(N )} satisfies the condition (I) from Subsection 3.2, which in turn implies, that the difference between ã_{(N )}(Q^2) and a_{(N )}(Q^2) is of the order a^{N +2}, so expanding the improved approximant δ̃^{(N )} given by (4.3) up to and including the order a^{N +1} we recover the conventional N-th order approximant δ^{(N )}. This means, that we may characterize the RS dependence of the modified perturbative results using the same scheme parameters as in the case of the conventional approximants.

In the following we shall usually omit the tildas, when there is no doubt that we are dealing with the modified couplant and the modified expression for the physical quantity.

4.2 PMS scheme in the modified expansion

In our analysis of the RS dependence of conventional approximants in Section 2 the PMS scheme played an important role. The PMS scheme may be defined also for the modified approximants, as we describe below.

To obtain the modified PMS approximant in the NL order we apply the PMS condition (B.2) to the modified NL order approximant δ̃^{(1)}. In this way we obtain an equation, which has the same general form as the corresponding equation for the the conventional expansion, except that the β^{(1)} is replaced by β̃^{(1)}:

ā^2 + (1 + 2r̄_1ā) 2 b β̃^{(1)}(ā) = 0 (4.4)

Solving this for r̄_1 we find

r̄_1(ā) = − bā^2 + 2β̃^{(1)}(ā) 4āβ̃^{(1)}(ā)

. (4.5)

For β̃^{(1)} defined by Equation (3.13), with the mapping (3.9) and the coefficients (3.11), this implies r̄_1(ā) =

−c_1 + η^2(3 − ηκ)ā + η^3ā^2 2 [1 + (c_1 + 3η)ā + η^3κā^2]

. (4.6)

Inserting this into the Equation (2.4) for the NL order modified couplant (with the function F^{(1)} given by (3.16)) we obtain certain transcendental equation for ā; solving this equation and inserting the relevant values of ā and r̄_1 into the expression (4.3) for δ^{(1)} we then obtain the NL order PMS prediction for δ in the modified expansion.

For larger values of Q^2 we may obtain an approximate expression for r̄_1 in the form of expansion in powers of ā. It is interesting that the leading order term in this expansion is independent of the concrete form of β̃^{(1)} and coincides with the value (B.4) obtained in the case of the conventional NL order PMS approximant:

r̄_1 = − c_1 2 + O(ā), (4.7)

as may be easily verified by inserting β̃^{(1)}(a) = β^{(1)}(a)+O(a^4) into (4.5). This approximate solution does not have much practical value for our considerations, since we are interested

– 27 – in the region of moderate Q^2. However, it is interesting from the theoretical point of view and may serve as a cross check for various numerical procedures.

The PMS conditions (2.7) and (2.8) for the NNL order approximant in the modified expansion generate equations, which in the general appearance are similar to the equations obtained for the conventional expansion, although of course they are more complicated. The partial derivative needed for the PMS equation (2.7) has the form: ∂ ∂r_1 δ̃^{(2)} = a^2 + (c_1 + 2r_1)a^3 + (1 + 2r_1a + 3r_2a^2)2 b β̃^{(2)}(a), (4.8)

where we used the notation δ̃^{(2)} to emphasize that we are dealing with the modified expression for δ^{(2)}. A more explicit form of this derivative is not very instructive, except for the leading term in the expansion in powers of a, which is important for further considerations: ∂ ∂r_1 δ̃^{(2)} = −(3ρ_2 − 2c_2 + 5c_1r_1 + 3r^2_1)a^4 + O(a^5), (4.9)

It is interesting that this term is independent of the concrete form of β̃^{(2)} and has the same form as the corresponding term in the case of the conventional expansion (Equations (B.7) and (B.8)). This may be easily verified by inserting β̃^{(2)}(a) = β^{(2)}(a) + O(a^5) into the Equation (4.8).

The partial derivative needed for the PMS equation (2.8) has the form ∂ ∂c_2 δ̃^{(2)} = −a^3 + (1 + 2r_1a + 3r_2a^2)β̃^{(2)} ∫_a 0 1 (β̃^{(2)})^2

∂β̃^{(2)} ∂c_2 , (4.10)

which coincides with the Equation (B.9), except that β^{(2)} is replaced by β̃^{(2)}. Again, the explicit form of this derivative is not very illuminating, except for the leading order term in the expansion in powers of a. This term depends on the leading order difference between β̃(2) and β(2), which we shall write in the following form:

β̃^{(2)}(a) = β^{(2)} − b 2 d_3a^5 + O(a^6). (4.11)

Using this notation we obtain:

∂δ̃^{(2)} ∂c_2 = (2r_1 + 1 2 ∂d_3 ∂c_2 )a^4 + O(a^5). (4.12)

In the concrete case of β̃^{(2)} given by (3.13), (3.9), (3.11) and (3.12) we have

∂δ̃^{(2)} ∂c_2 = (2r_1 − 2η)a^4 + O(a^5). (4.13)

The PMS prediction for δ^{(2)} in the modified expansion is obtained in the same way, as in the conventional expansion: solving the PMS equations (B.8) and (B.13) and the implicit equation for the NNL order couplant (2.4) (with function F^{(2)} appropriate for the modified expansion) for the chosen value of Q^2 we obtain the parameters ā, r̄_1 and c̄_2 singled out

– 28 – by the PMS method; inserting these values into the expression (4.3) for δ^{(2)} we obtain the modified PMS prediction for δ^{(2)} at this value of Q^2.

Similarly as in the case of the conventional PMS approximant, for small ā (i.e. large Q^2) we may obtain an approximate solutions of the PMS equations in the leading order in the expansion in powers of ā, using the formulas (4.9) and (4.12). Taking into account (4.13) we immediately obtain from Equation (2.8) that

r̄_1 = η + O(ā). (4.14)

Inserting this into the Equation (2.7) and taking into account (4.9) we then find:

c̄_2 = 3 2 ρ_2 + 5 2 c_1η + 3 2 η^2 + O(ā). (4.15)

In the limit η → 0 these approximate solutions coincide with the corresponding approximate expressions for the NNL order PMS parameters in the conventional expansion (see Appendix B). As we already mentioned in the case of the NL order approximant, these approximate solutions are of little practical significance at moderate Q^2, where ā is rather large, but they serve as a useful cross check for various numerical routines. They are also interesting from the theoretical point of view, because they show that — at least in the weak coupling limit — the solutions of the PMS equations for the modified expansion indeed exist and are unique.

Let us note that the PMS scheme for the modified expansion stands theoretically on a better footing than in the case of the conventional expansion, because in the modified expansion the perturbative approximants remain finite for all scheme parameters and all positive values of Q^2.

4.3 Choosing the value of η

By introducing the modified couplant we obtained an improved perturbation expansion that does not suffer from the Landau singularity and (as we shall see in the following subsections) is much less sensitive to the choice of the renormalization scheme. However, in this new expansion the finite order perturbative predictions acquire a dependence on the parameter η. (They depend also on the parameter κ, but to simplify the analysis we have initially assumed κ = 2/b.) From the way we introduced the modified couplant it is clear that the sum of the perturbation series should be independent of η, but this statement requires some comments. First of all, the perturbation expansion in QCD is divergent, so in order to achieve the η-independence we would have to use an appropriate summation method. As mentioned in Subsection 2.2, there is a possibility, that in the case of QCD such a summation method may be provided by the PMS approach, which motivates us to give some preference to the modified PMS approximants when considering phenomenological applications of the the modified expansion. Secondly, in fact we do expect some η-dependence even if the perturbation series is resummed to all orders. This is because for η = 0, i.e. in the conventional expansion, there are whole classes of schemes, for which resummation of the perturbation series for the physical quantity cannot give a satisfactory result, because it is unlikely that it would remove the Landau singularity in

– 29 – the Q^2-dependence of the couplant; one example of such a scheme is the so called ’t Hooft scheme, in which all the β-function coefficients beyond the NL order are chosen to be identically equal to zero: c_i = 0 for i ≥ 2. On the other hand, if η ≠ 0, then perturbative predictions are finite for all positive values of Q^2, and one may reasonably expect that the resummed series would give an expression that does not suffer from the Landau singularity problem.

Even if we use some resummation procedure, the low order approximants do depend on η. It should be stressed that such dependence may be in fact seen as an advantage of the modified expansion, because it may be used to improve the accuracy of the predictions by incorporating some information outside of perturbation theory. This may be achieved for example by adjusting η to match some phenomenological or nonperturbative results for some important physical quantity. Ideally one would want to use some results obtained from first principles, for example in the lattice approach, but this is a complicated subject, so as a first try we use in this article a much simpler condition that relies on a phenomenological formula for δ_V [129, 130] that has had some success in correlating the experimental data for heavy quarkonia. This formula has the form of an implicit equation for δ_V (denoted as δ_{BGT}): b 2 ln Q^2 (Λ^{ef f}_{MS} )^2

= r^{MS,V}_1 + b 2 ln [ exp ( 2 bδ_{BGT} ) − 1 ] + c_1 [ ln 2b λ − γ_E − E_1( λδ_{BGT} 4 ) ] , (4.16)

where γ_E is the Euler constant, E_1(x) denotes the exponential integral function, b and c_1 are the usual renormalization group coefficients for n_f = 3 and r^{MS,V}_1 is the first expansion coefficient for δ_V in the MS scheme. The recommended values of the parameters in this expression are λ = 24 and Λ^{ef f}_{MS} = 500 MeV. The expression (4.16) is very convenient from our point of view, because it refers directly to the Q^2 space and by construction it is consistent with the NL order perturbative asymptotic behaviour of δ_V(Q^2) at large Q^2. We propose to choose η in such a way that at moderate Q^2 the modified predictions for δ_V would match the phenomenological expression (4.16) as closely as possible. (It should be noted that a generalization of the expression (4.16) was recently discussed in [132]. However, authors of [132] incorporate in their formula a large NNL order correction and use as a constraint in the fit a rather large value of α_s(M^2_z ), so we decided to use the older expression (4.16). In any case, we have verified that the fitted value of η is not affected in a significant way.)

The concrete procedure that we use to fix η is the following: we assume that the modified predictions for δ^{(N )}_V coincide with the value given by the phenomenological expression (4.16) at Q^2 = 9 GeV^2, i.e. at the upper boundary of the n_f = 3 region (which is achieved by adjusting the parameter Λ_{MS} in the expression for δ_V) and we adjust η so as to obtain the best possible agreement between these two expressions at lower Q^2, down to Q^2 = 1 GeV^2. To perform this matching procedure we use the predictions for δ_V in the PMS scheme. (We justified our preference for this scheme above.) Putting aside the problems of resummation, we could of course fix η using predictions in other renormalization schemes, and the resulting value would of course depend to some extent on the scheme; however, this dependence would be very small, because the scheme dependence of the modified predictions is small

– 30 –

(as we shall see), and the difference to large extent would cancel away, if we would calculate the predictions for other physical quantities in the same renormalization scheme.

The curves illustrating the relative deviation of the modified PMS predictions for δ_V in the NNL order from the phenomenological expression (4.16) are shown in Figure 10 for three values of η. It appears that the best fit is obtained for η ≈ 4.1 — for this value of η the relative deviation is less than 1% down to Q^2 = 1 GeV^2. This is the value that we shall use in further analysis.

Figure 10: The relative difference between the modified NNL order PMS prediction for δ_V and the value obtained from the phenomenological expression (4.16), as a function of Q^2, for three values of η. In this calculation the parameter Λ_{MS} in the expression for δ_V is adjusted in such a way that it coincides with δ_{BGT} at Q^2 = 9 GeV^2.

Fixing the value of η we should take into account the fact that the phenomenological expression (4.16) has limited precision. In order to estimate, how this might affect the preferred value of η we repeated the fitting procedure, using Λ^{ef f}_{MS} = 400 MeV in the phenomenological expression (4.16). (This value has been quoted in [129] as a lower limit on this effective parameter.) We found that this change has only slight effect on the fitted value of η — the general picture is unchanged and a good match is obtained for η = 4.0. This indicates that the uncertainty in the fitted value of η arising from the uncertainty in the phenomenological expression is of the order of ±0.1.

– 31 –

4.4 δ_V and δ_{GLS} in the modified expansion

Having fixed η we may now verify, whether the use of the modified couplant indeed results in a better stability of the predictions. In Figure 11 we show the modified predictions for δ_V as a function of r_1, for Q^2 = 3 GeV^2 and η = 4.1. In Figure 12 we show the modified predictions for the same quantity, in the NNL approximation, as a function of Q^2, for several values of r_1 and c_2. In Figure 13 and Figure 14 we show the corresponding plots for δ_{GLS}. Comparing these figures with Figures 1, 2, 5 and 6, respectively, we may clearly see that the scheme dependence of the modified predictions is substantially smaller (at least for this value of η) than the scheme dependence of the predictions obtained from the conventional expansion. This means that our initial hypothesis concerning the origin of the strong RS dependence of conventional approximants (that it is due to strong RS dependence of the conventional couplant itself) was correct.

Let us note, that strictly speaking, in our comparison of the RS dependence of the modified and conventional perturbative predictions the modified predictions should be plotted with a slightly different value of Λ_{MS}. Indeed, if we take the world average of α_s(M^2_Z ) = 0.1182 ± 0.0027 found in [105] and calculate the value of Λ^{(3)}_{MS}, for which the same value is obtained for the modified strong coupling constant in the MS scheme at the M_Z scale (calculated with η = 4.1, using the matching procedure described in detail in Section 6), we get Λ^{(3)}_{MS} = 0.37 GeV±^{0.05}_{0.04}. However, changing from Λ^{(3)}_{MS} = 0.35 GeV to 0.37 GeV does not affect the plots shown in this subsection in any significant way, so for the sake of simplicity we use Λ^{(3)}_{MS} = 0.35 GeV in all the plots throughout this article.

4.5 PMS predictions in the modified expansion

In Subsections 2.2 and 4.3 we mentioned some arguments in favor of the PMS scheme, so it is of some interest to discuss the PMS predictions for δ_V and δ_{GLS} in more detail. Looking at the Figures 4.2 and 4.3, which show the reduced RS dependence of the predictions in the modified expansion, we make an interesting observation concerning the predictions in the PMS scheme. In the case of the conventional expansion at moderate Q^2 the variation of predictions for finite (i.e. not infinitesimal) deviations of the scheme parameters from the PMS values is quite strong, as may be seen in Figures 2.1 and 2.5, which could raise doubts about validity of this prescription to choose the scheme. In the case of the modified expansion the scheme dependence in the vicinity of PMS parameters much weaker, simply because the modified predictions are generally much less sensitive to the choice of the scheme parameters. This further supports our conclusion at the end of Subsection 4.2 that the PMS scheme in the modified expansion stands on a better footing than in the conventional expansion.

In Figure 15 we show the curves representing the modified NL and NNL order predictions for δ_V in the PMS scheme, compared with the conventional PMS predictions for this quantity. Strictly speaking, the NNL order curve for δ_V is not a pure prediction, because we used this quantity to fix the value of the parameter η (although this fitting had a rather indirect character — we fitted only the energy dependence, not the numerical values of the predictions themselves). However, having done that, we are in position to make some gen-

– 32 –

Figure 11: δ_V at Q^2 = 3 GeV^2 (for n_f = 3) as a function of r_1, for several values of c_2, obtained in the NNL order in the modified perturbation expansion with the β-function (3.13) and η = 4.1. Dashed line indicates the NL order prediction.

uine improved predictions for any other physical quantity, for example δ_{GLS}. In Figure 16 we show the NL and NNL order modified predictions for δ_{GLS} in the PMS scheme, compared with the PMS predictions for this quantity obtained in the conventional expansion.

One characteristic feature shown by these figures is that the PMS predictions in the modified expansion lie below the PMS predictions in the conventional expansion, both in the NL and NNL order. This effect is perhaps not very surprising, given the way we constructed the modified couplant, but a moment of thought shows, that it is also nontrivial, since we are dealing with ”floating” optimal scheme parameters that in the modified expansion have different value than in conventional expansion, as shown for example by the Equations (4.14) and (4.15). We discuss this issue in greater detail in Subsection 6.1.

5. Modified expansion with a different couplant

5.1 Alternative definitions of the modified couplant

Before we apply the modified expansion to any phenomenological problems, we have to address an important question, to what extent the predictions obtained in the modified expansion depend on the exact form of the chosen modified β-function, since the set of functions satisfying the conditions (I)-(V) from Subsection 3.2 is still rather large. In order

– 33 –

Figure 12: δ_V as a function of Q^2 (for n_f = 3), obtained in the NNL order in the modified perturbation expansion with the β-function (3.13) and η = 4.1 in several renormalization schemes, including the MS scheme (dash-dotted line) and the PMS scheme (solid line).

to investigate this problem in a quantitative way let us consider an alternative class of the modified β-functions, resulting from a different application of the mapping method, as described in Subsection 3.3. We start with the expression

a^{2−k} (1 + c_1a + ... + c_N a^N ), (5.1)

where k ≤ 1; we then substitute a(u), extract the factor u^{2−k} in front of the expression (because for general k it would give an essential singularity) and expand the rest in the powers of u. This gives u^{2−k}(1 + c̃_1u + ... + c̃_N u^N + ...) (5.2) where c̃_n are appropriately modified expansion coefficients. As a modified β-function we now take the following expression:

β̃^{(N )}(a) = − b 2 a^k (u(a))^{2−k} [ 1 + c̃_1u(a) + ... + c̃_N (u(a))^N ] (5.3)

To make further progress we have to specify explicitly the form of u(a). If we use the same mapping as previously (Equation (3.9)), we find

c̃_1 = c_1 + (2 − k)η, c̃_2 = c_2 + 1 2 η(3 − k) [(2 − k)η + 2c_1] . (5.4)

– 34 –

Figure 13: δ_{GLS} at Q^2 = 3 GeV^2 (for n_f = 3), as a function of r_1, for several values of c_2, obtained in the NNL order in the modified perturbation expansion with β-function (3.13) and η = 4.1. Dashed line indicates the NL order prediction.

In this way for any chosen k ≤ 1 we obtain a very simple modification of β^{(N )}(a) that in contrast to (3.13) contains only one free parameter η. It is obvious from the above construction that β-functions constructed in this way indeed satisfy the conditions (I)–(III) and (V), formulated in Subsection 3.2.

Re-expanding β̃(a) in powers of a we find in the NL order

β̃^{(1)}(a) − β^{(1)}(a) = b 4 [ 2c_1(3 − k)η + (3 − k)(2 − k)η^2 ] a^4 + O(a^5), (5.5)

and in the NNL order

β̃^{(2)}(a)−β^{(2)}(a) = b 12 (4−k)η [ 6c_2 + 3c_1(3 − k)η + (3 − k)(2 − k)η^2 ] a^5 + O(a^6) (5.6)

As we see, the condition (IV) is also satisfied, at least up to the NNL order.

There is a price we must pay for the simplicity of these models for β̃^{(N )}(a), namely that the coefficient in the large-a behaviour of β̃^{(N )} cannot be freely adjusted and is uniquely fixed by η and the coefficients of the small-a expansion. This is however perfectly consistent with our general approach, since our goal is only to improve the predictions at moderate Q^2, and from this point of view the exact behaviour of the couplant at very low Q^2 is not very important.

– 35 –

Figure 14: δ_{GLS} as a function of Q^2 (for n_f = 3), obtained in the NNL order in the modified perturbation expansion with β-function (3.13) and η = 4.1, in several renormalization schemes, including the PMS scheme (solid line). The curve corresponding to the MS scheme is indistinguishable from the PMS curve in the scale of this figure.

For concrete numerical calculations we choose β̃^{(N )}(a) of the form (5.3) with k = 0 (the β-function of this form has been first discussed by the present author in [53]):

β̃^{(2)}(a) = − b 2 a^2 (1 + ηa)^2 [ 1 + (c_1 + 2η) a 1 + ηa + (c_2 + 3c_1η + 3η^2) ( a 1 + ηa )_2] . (5.7)

The plot of this β-function in the NL and NNL order for a particular value of η is shown in Figure 17 (in this plot we assumed η = 3.8, which is justified in Subsection 5.2). It is interesting that although this β-function has different large-a asymptotics than the function given by Equation (3.13), the qualitative behaviour of these functions in the range of a which is important at moderate Q^2 is quite similar.

The corresponding function F^{(N )} in the Equation (2.4), determining the Q^2-dependence of the couplant, has in this case in the NL order a very simple form:

F^{(1)}(a, c_1, η) = −

(c_1 + 2η)^3 (c_1 + 3η)^2 ln [1 + (c_1 + 3η)a] − η^3 c_1 + 3η a. (5.8)

– 36 –

Figure 15: The NL and NNL order PMS predictions for δ_V, as a function of Q^2, obtained in the modified expansion with β-function (3.13) and η = 4.1 (solid lines), and in the conventional RG improved expansion (dash-dotted lines).

The expression for F^{(2)} in the NNL order for this β-function is lengthy, but more manageable than the corresponding formula for the function (3.13):

F^{(2)}(a, c_2, η) = − a η^4 c_2 + 4 c_1 η + 6 η^2 − − E_2 ln [ 1 + a (c_1 + 4 η) + a^2 ( c_2 + 4 c_1 η + 6 η^2 )] + + E_3 arctan ( c_1 + 2 η √ −c^2_1 + 4 c_2 + 8 c_1 η + 8 η^2 ) −

− E_3 arctan ( c_1 + 2 η + a ( 2 c_2 + 7 c_1 η + 8 η^2 ) (1 + a η) √ −c^2_1 + 4 c_2 + 8 c_1 η + 8 η^2 ) (5.9)

where

E_2 = c_1 c^2 + 8 c^2_1 c_2 η + ( 16 c^3_1 + 12 c_1 c_2 ) η^2 2 (c_2 + 4 c_1 η + 6 η^2)^2 + + ( 48 c^2_1 + 4 c_2 ) η^3 + 51 c_1 η^4 + 20 η^5 2 (c_2 + 4 c_1 η + 6 η^2)^2

, (5.10)

– 37 –

Figure 16: The NL and NNL order PMS predictions for δ_{GLS}, as a function of Q^2, obtained in the modified expansion with β-function (3.13) and η = 4.1 (solid lines), and in the conventional RG improved expansion (dash-dotted lines). and E_3 = ( c^2_1 − 2 c_2 ) c^2 + 4 c_1 ( 2 c^2_1 − 5 c_2 ) c_2 η + 4 ( 4 c^4_1 − 13 c^2_1 c_2 − 6 c^2 ) η^2 (c_2 + 4 c_1 η + 6 η^2)^2 √ −c^2_1 + 4 c_2 + 8 c_1 η + 8 η^2 −

− 4 ( 4 c^3_1 + 37 c_1 c_2 ) η^3 + 9 ( 19 c^2_1 + 10 c_2 ) η^4 + 232 c_1 η^5 + 92 η^6 (c_2 + 4 c_1 η + 6 η^2)^2 √ −c^2_1 + 4 c_2 + 8 c_1 η + 8 η^2

(5.11)

Strictly speaking, this form is valid for a, c_2 and η satisfying the condition

−c^2_1 + 4 c_2 + 8 c_1 η + 8 η^2 > 0 ,

which also guarantees that

1 + (c_1 + 4η)a + (c_2 + 4c_1η + 6η^2)a^2 > 0.

For other values of the parameters c_2 and η the function F^{(2)} is obtained via analytic continuation.

Similarly as in the previous case we define the modified expansion for a physical quantity δ by replacing the conventional couplant in the series expansion for δ with the modified

– 38 –

Figure 17: Alternative model of a modified β-function, as given by Equation (5.7) with η = 3.8, in the NL order (dash-dotted line) and the NNL order for three values of c_2 (solid lines), compared with the conventional β-function (dashed lines).

couplant determined by (5.7). The PMS approximants are also defined in a similar way as in Subsection 4.2. The NL order approximant is defined by the equation (4.4), where β̃^{(1)} is now given by (5.7). Solving this equation with respect to r̄_1 we obtain:

r̄_1(ā) =

−c_1 + 3η^2ā + η^3ā^2 2(1 + (c_1 + 3η)ā)

(5.12)

The PMS prediction for δ^{(1)} in this modified expansion is then obtained in the same way as in Subsection 4.2.

The NNL order PMS approximant for this model of the modified couplant is defined by the Equations (2.7) and (2.8), with the relevant partial derivatives given by (4.8) and (4.10), where β̃^{(2)} is now given by (5.7). Similarly as in the previous case, these equations are too cumbersome to be reproduced here in the full form, but it is easy to obtain an explicit approximate solution for them in the leading order of expansion in ā. Using (4.12) and taking into account the form of the coefficient d_3, which follows from the expansion (5.6), we find: ∂δ̃^{(2)} ∂c_2 = (2r_1 − 2η)a^4 + O(a^5). (5.13)

Somewhat surprisingly, this coincides with the expression (4.13), obtained for the previous model of the modified couplant. This means that in the leading order in ā the approximate

– 39 – values of the PMS parameters for the coupling defined by (5.7) are the same as the approximate PMS parameters (4.14) and (4.15), obtained for the couplant defined by (3.13). However, looking at the Equation (4.12) for the approximate value of the derivative of δ̃^{(2)} over c_2 and taking into account the form of the relevant coefficient in the Equation (5.6) we immediately see that this is just a coincidence, i.e. for other values of k in the modified β-function (5.3) the approximate values of PMS parameters would be different. As mentioned previously, this approximate solution does not have much practical importance for our discussion, but it shows that also for this type of the modified couplant the solutions of the PMS equations in the NNL order exist and are unique, at least in the weak coupling limit.

5.2 Choosing η for the alternative modified couplant

Similarly as in the previous case, the modified predictions in low orders of the expansion depend on the value of the parameter η, and in order to obtain meaningful predictions we have to fix somehow this parameter. We use exactly the same procedure as described in Subsection 4.3. The value giving the best fit appears to be approximately η = 3.8; for this value the relative deviation is within 1% down to Q^2 = 1 GeV^2.

5.3 δ_V and δ_{GLS} for alternative modified couplant In Figure 18 we show δ_V at Q^2 = 3 GeV^2, as a function of r_1, for several values of c_2, obtained with an alternative couplant defined by the β-function (5.7). As we see, this figure is very similar to the corresponding Figure 11, obtained with the previous model of the β-function. The same is true with respect to r_1 dependence of the NNL order predictions for δ_{GLS} at fixed Q^2 and the Q^2 dependence of the NNL order predictions for both quantities for various (fixed) scheme parameters.

In Figure 19 we show the PMS predictions for δ_{GLS}, obtained in the modified expansion with the couplant defined by Equation (5.7). This figure should be compared with Figure 16, representing PMS predictions for the same quantity, obtained with the modified couplant defined by the Equation (3.13). We find that the NNL order predictions obtained in both cases are practically identical. However, the NL order modified predictions do not agree so well, which is not surprising; they are nevertheless consistent, provided we take into account the fact, that one should assign to those predictions the theoretical error of the order of the difference between NL and NNL order predictions in each case. Let us note that the couplant defined by Equation (5.7) leads to larger NL/NNL difference, which means that the modified expansion in this case is less precise.

The consistency of the predictions obtained with different modified couplants is rather encouraging, because it shows, that despite some freedom in choosing the modified βfunction our approach leads to consistent physical predictions even in low orders of perturbation expansion. We see two factors that might be responsible for this ”universality” of the predictions. One is that we have an adjustable parameter η, which to some extent absorbs possible differences. Second factor is the use of the PMS approximant for physical predictions: using PMS we no longer choose the RS parameters by hand — the values of these parameters “adjust themselves” in an “automatic” way; presumably the exact behavior

– 40 –

Figure 18: δ_V at Q^2 = 3 GeV^2 (for n_f = 3), as a function of r_1, for several values of c_2, obtained using the alternative modified couplant defined by Equation (5.7) with η = 3.8. Dashed line indicates the NL order prediction.

of the running couplant at low energies is not so important, as long as it stays finite for all positive Q^2. This gives additional motivation for using PMS in the modified approach.

We might expect that this behaviour would be a general feature of the modified perturbation expansion, i.e. concretely if we use the NNL order expression for some physical quantity to fix the adjustable parameters in β̃, then the NNL order predictions for all other physical quantities should not be significantly altered by changing the form of the modified β-function, at least when the predictions are evaluated in the PMS scheme. However, the differences between predictions in successive orders for the same physical quantity may vary, depending on β̃.

6. Consequences for phenomenology

6.1 Reduced Q^2-dependence of the modified predictions

Our analysis of the perturbative predictions for δ_V and δ_{GLS} has shown an interesting effect: the PMS predictions in the modified expansion lie below the PMS predictions in the conventional expansion. This effect is of course not unexpected, since the initial motivation for our construction of the modified expansion was exactly to reduce the rate of growth of the couplant with decreasing Q^2 in some schemes and to eliminate the singularity at positive

– 41 –

Figure 19: The NL and NNL order PMS predictions for δ_{GLS}, as a function of Q^2, obtained with the alternative modified couplant defined by Equation (5.7) with η = 3.8 (solid lines), compared with the conventional PMS predictions (dash-dotted lines).

Q^2. On the other hand, this effect is not entirely trivial, because there is no immediate relation between the low-Q^2 behaviour of the couplant in any particular scheme and the low-Q^2 behaviour of the PMS approximants: firstly, in some renormalization schemes the modified predictions lie above the conventional predictions, as may be seen for example in Figure 11, and secondly, the PMS scheme parameters for the modified approximants are different from the PMS parameters of the conventional approximants. If such a pattern would be observed for all physical quantities, it might have important consequences for phenomenology. It is therefore of some interest to investigate, whether we may support our observation by some general arguments.

An ideal solution would be to give some rigorous bounds on the PMS predictions in the modified expansion, but this seems to be a rather difficult problem. We shall therefore adopt a less ambitious approach: in order to compare the modified PMS predictions with the conventional PMS predictions in a given order we shall expand both expressions in terms of a new couplant a_0, defined by the implicit equation: b 2 ln Q^2 Λ^2_{MS}

= r^{(0)MS}

1 + c_1 ln b 2 + 1 a_0

+ c_1 ln a_0 − c^2_1a_0, (6.1)

– 42 – where r^{(0)MS}_1 denotes as usual the first expansion coefficient for the considered physical quantity in the MS scheme. The usefulness of the couplant a_0 lies in the fact that it is nonsingular for all real positive Q^2 and at the same time it has correct weak coupling behaviour up to NL order. It satisfies the renormalization group equation of the form

Q^2 da_0 dQ^2 = − b 2 a^2_0 1 − c_1 a_0 + c^2_1 a^2_0

(6.2)

For the N-th order modified PMS approximants the first N correction terms in the expansion in terms of a_0 must coincide with the corresponding terms in the expansion of the conventional PMS approximants (this follows from the general properties of our modified expansion), so in order to make an estimate of the difference between these two types of approximants we have to compare the first correction terms beyond the formal order of the approximants.

Let us first consider the modified NL order PMS approximant, defined by the Equation (4.6). We want to calculate the O(a^3_0) term in the expansion of this approximant in powers of a_0. To this end we insert (4.6) into (2.4) and we assume that the modified couplant ā(Q^2) in the PMS scheme is related to a_0(Q^2) via the relation

ā = a_0 [ 1 + A_1 a_0 + A_2 a^2_0 + A_3 a^3_0 + ... ] . (6.3)

Making use of the defining equation (6.1) for a_0(Q^2) we find:

A_1 = 1 2 c_1, A_2 = 1 4 c^2_1 − 9 2 c_1 η − 9 2 η^2 + 3 2 κη^3. (6.4)

Taking this into account and expanding the expression for δ̄^{(1)} in terms of a_0 we obtain:

δ̄^{(1)} = a_0 + ( 1 4 c^2_1 − 3c_1 η − 3η^2 + κη^3 ) a^3_0 + O(a^4_0). (6.5)

The relevant expansion for the conventional NL order PMS approximant is obtained from this result by setting η = 0. We see therefore that the difference between the NL order PMS approximants in the modified expansion and the conventional expansion is given by

δ̄^{(1)}_{mod} − δ̄^{(1)}_{con} = (−3c_1 η − 3η^2 + κη^3) a^3_0 + O(a^4_0). (6.6)

In our calculations we assumed κ = 2/b = 4/9; for this value of κ the coefficient of the leading term in this difference is negative for η < 8.21. This shows, that the modified NL order PMS predictions would indeed lie below the conventional PMS predictions for all physical quantities that may be written in the form (A.1), at least for small a_0.

In a similar way we obtain the expansion of the NNL order modified PMS predictions up to the O(a^4_0) term. We first look for the solutions of the system of two equations ∂ ∂r_1 δ^{(2)}(a(Q^2, r_1, c_2), r_1, c_2) |_{r1=r̄1 , c2=c̄2} = 0, (6.7) and ∂ ∂c_2 δ^{(2)}(a(Q^2, r_1, c_2), r_1, c_2) |_{r1=r̄1 , c2 =c̄2} = 0, (6.8)

– 43 – in the form of the power series in a_0. We find:

r̄_1 = η + B_1 a_0 + B_2 a^2_0 + ..., (6.9)

where

B_1 = 1 2 ρ_2 + 3 2 c_1 η + 5 6 η^2

B_2 = −ρ_2 η − 27 8 c_1 η^2 − 29 12 η^3 + 3 8 κη^4, (6.10) and c̄_2 = 3 2 ρ_2 + 5 2 c_1 η + 3 2 η^2 + D_1 a_0 + ..., (6.11)

where D_1 = 1 2 c_1 ρ_2 + 3 2 c^2_1 η + 1 3 c_1 η^2 − η^3 + 1 2 κη^4. (6.12)

We then insert these values of r̄_1 and c̄_2 into the defining equation (4.1) for the NNL order modified PMS couplant ā, and we look for the solution for ā in the form of the expansion (6.3). Taking into account the defining equation for a_0 we now find:

A_1 = −η

A_2 = ρ_2 + 5 3 η^2

A_3 = 1 2 c^3_1 − 11 2 ρ_2 η − 57 8 c_1 η^2 − 89 12 η^3 + 5 8 κη^4 (6.13)

Inserting the expressions for r̄_1, c̄_2 and ā into the expression for δ̄^{(2)} we find:

δ̄^{(2)} = a_0 + ρ_2 a^3_0 + ( 1 2 c^3_1 − 3ρ_2 η − 11 2 c_1 η^2 − 3η^3 + 1 2 κη^4 ) a^4_0 + O(a^5_0). (6.14)

Again, the relevant expansion for the conventional NNL order PMS approximant is obtained from this expression by setting η = 0. We see therefore that the difference between the NNL order PMS predictions in the modified expansion and the conventional expansion is equal to δ̄^{(2)}_{mod} − δ̄^{(2)}_{con} = ( −3ρ_2η − 11 2 c_1 η^2 − 3η^3 + 1 2 κη^4 ) a^4_0 + O(a^5_0). (6.15)

For κ = 2/b the coefficient in the leading term is negative for η < 16.40. This shows that (at least for small a_0) also in the NNL order the modified PMS predictions would lie below the conventional PMS predictions for all physical quantities that may be expressed in the form (A.1).

6.2 Some fits for the GLS sum rule

The fact that the predictions for physical quantities obtained in the modified expansion lie below the predictions obtained in conventional expansion and evolve less rapidly with Q^2 may have interesting consequences for phenomenology. To illustrate this, let us again consider the GLS sum rule and let us see, how the use of the modified expansion affects

– 44 – the results of the fits to experimental data. We shall rely on the result reported in [107], where it was found that measurements of deep inelastic neutrino-nucleon scattering for 1 < Q^2 < 15 GeV^2 imply

α^{MS}_s (3 GeV^2) = 0.23 ± 0.035(stat) ± 0.05(sys). (6.16)

Using the n_f = 3 NNL order formula for δ_{GLS} we may interpret this result as δ^{exp}_{GLS}(3 GeV^2) = 0.131 ± 0.40, where we have added the statistical and systematic errors in quadrature. This would be the starting point of our phenomenological analysis. (To be precise, one should take into account at each value of Q^2 the contributions from different values of n_f , as discussed in [111], but this makes the whole discussion much more complicated. In order to see clearly possible effects associated with the use of the modified couplant instead of the conventional couplant we limit our discussion to the case of n_f = 3.) We fit Λ^{(3)}_{MS} to this number using various theoretical expressions for δ_{GLS}, and then we convert the result into the corresponding value of α^{MS}_s (M^2_Z ). To relate the values of the couplant a = α_s/π for different numbers of quark flavors we use the matching formula [163, 164, 165, 166, 167, 168]:

a(μ^2, n_f ) = a(μ^2, n_f − 1) [ 1 + 1 3 ln μ m_q a(μ^2, n_f − 1) + + 1 9 ( ln^2 μ m_q + 57 4 ln μ m_q − 11 8 ) a^2(μ^2, n_f − 1) ] (6.17)

where m_q is the running mass of the decoupled quark, evaluated at the scale μ^2 = m^2_q . (For evolution of the couplant in the NL order we use the above formula restricted to the first two terms.) We use m_c = 1.3 GeV and m_b = 4.3 GeV and choose as the matching points μ^2 = 4m^2_q. We use the same matching formula both in the conventional and the modified expansion (which is justified, because the difference between the modified perturbative expression and the conventional perturbative expression at given order is formally of higher order).

As a consistency check of our approach we first perform the fit in the MS scheme. Using the conventional NNL order expression we find α_s(M^2_Z ) = 0.1126±^{0.0072}_{0.0116}. (We keep an extra digit in the quoted numbers and present asymmetric errors in order to minimize the roundoff errors and illustrate the sensitivity of the fitted values in a better way.) This number is slightly smaller than the result quoted in the original paper [107]; the difference may be presumably attributed to the different method of matching the couplant across the thresholds and/or different way of calculating the Q^2-evolution of the couplant. If we use the conventional NL order approximant, we find α_s(M^2_Z ) = 0.1162±^{0.0081}_{0.0127}, which in turn is slightly higher than the value quoted in [107]. Note that both numbers are below the world average α_s(M^2_Z ) = 0.1176 ± 0.0020 obtained in [169] and the world average α_s(M^2_Z ) = 0.1182±0.0027 calculated in [105], and in the case of the NNL order approximant the difference is significant.

Now if we perform the same fit in the MS scheme, using the modified perturbative expression with the coupling defined by the Equation (3.13) with η = 4.1, we find in the NNL order α̃_s(M^2_Z ) = 0.1147±^{0.0084}_{0.0126}. (This is the modified coupling at the scale μ^2 = M^2_Z ,

– 45 – and we used the modified renormalization group equation to evolve from μ^2 = 3 GeV^2 to μ^2 = M^2_Z ; it is meaningful to compare this value with α_s(M^2_Z ) from other sources, because it is exactly this value that we would insert for example into the expression for the QCD corrections to Γ(Z → hadrons), if we would want to make a direct comparison with experimental data at μ^2 = M^2_Z .) When the NL order approximant is used, the result is α̃_s(M^2_Z ) = 0.1224±^{0.0108}_{0.0154}. As we see, if the modified expansion is used in the fit, then somewhat higher values of α_s(M^2_Z ) are obtained.

If we perform the same fits using the conventional PMS approximants, we obtain α_s(M^2_Z ) = 0.1097±^{0.0058}_{0.0102} in the NNL order and α_s(M^2_Z ) = 0.1099 ±^{0.0061}_{0.0104} in the NL order. Note that these values are smaller than values obtained from the fit in the MS scheme and much smaller than the world average quoted above. However, if we use the PMS approximants in the modified expansion with the β-function (3.13) and η = 4.1, we obtain α̃_s(M^2_Z ) = 0.1150±^{0.0084}_{0.0127} in the NNL order and α̃_s(M^2_Z ) = 0.1156±^{0.0089}_{0.0132} in the NL order. Similarly as in the case of the MS scheme, the use of the modified expansion gives higher values of α_s(M^2_Z ), that is close to the present world average. In the case of the PMS approximants this effect is much more pronounced than in the case of the approximants in the MS scheme. Interestingly, the difference between the NL and NNL order results, which may be taken as an estimate of the theoretical error, is in this case much smaller in the PMS scheme than in the MS scheme, both in the conventional and the modified expansion.

Both in the MS scheme and the PMS scheme we find that the value of α_s(M^2_Z ) arising from the fit to the experimental data is higher when the modified expansion is used. This is a welcome effect, because it makes the low and high energy determinations of the strong coupling parameter more consistent. (The world averages for α_s(M^2_Z ) quoted above are dominated by measurements at higher energies, corresponding to n_f = 4, 5.) The shift in the central value is not very big in comparison with the experimental error for the GLS sum rule; however, for other physical quantities measured at moderate energies the experimental errors may be much smaller, while the shift in central value would remain the same.

We see therefore that within the modified perturbative approach it could be easier to accommodate in a consistent way some measurements giving relatively small value of the strong coupling parameter at moderate energies, as compared with the measurements of the strong coupling parameter at high energies. It would be interesting for example to analyze in detail within the modified approach the QCD corrections to the decay rates of the heavy quarkonia, which tend to give rather low values of the strong coupling constant, as has been recently discussed for example in [170].

7. Summary and outlook

In this article we considered the problem of reliability of perturbative QCD predictions at moderate values of Q^2 (i.e. of the order of few GeV^2). Using as an example the nextto-leading and next-to-next-to-leading expressions for the effective charge δ_V, related to the static interquark potential, and the QCD correction δ_{GLS} to the Gross-Llewellyn-Smith sum rule in the deep inelastic neutrino-nucleon scattering, we have shown that QCD predictions at moderate energies obtained with conventional renormalization group improved

– 46 – perturbation expansion depend strongly on the choice of the renormalization scheme (Subsections 2.3–2.5), even for a conservative choice of the renormalization scheme parameters (condition (2.13)). This casts doubt on the reliability of the commonly used perturbative expressions in this energy range. Taking closer look at the conventional expansion we observed that one of the possible sources of the strong renormalization scheme dependence of perturbative predictions may be the strong scheme dependence of the conventionally used running QCD coupling parameter (the couplant) itself; an extreme manifestation of the scheme dependence of the conventional couplant is the presence of a scheme dependent singularity (Landau singularity) at nonzero value of Q^2 (Subsection 3.1).

As a step towards improving the reliability of perturbative predictions we proposed to replace the conventional couplant in the perturbative approximant of a given order by the modified couplant, obtained by integrating the renormalization group equation with a modified, nonpolynomial β-function that in each order is a generalization of the polynomial expression for the β-function used in the conventional expansion. We formulated some general criteria that the sequence of modified β-functions has to satisfy in order to generate a useful modification of the conventional perturbation expansion (Subsection 3.2). We constructed a concrete model sequence of the modified β-functions that satisfies our criteria, using the so called mapping method (Equation (3.13)). One of the properties of our model is that in each order of perturbation expansion the modified couplant is free from the Landau singularity, despite the fact that the β-function does not contain any essentially nonperturbative terms. We then performed a detailed analysis of the modified NL and NNL order predictions for δ_V and δ_{GLS} in various renormalization schemes. In particular, we generalized to the case of the modified perturbation expansion the equations defining the renormalization scheme distinguished by the Principle of Minimal Sensitivity (Subsection 4.2). The sequence of modified β-functions in our approach contains two parameters: parameter κ, related to the asymptotic behaviour of the modified couplant in the limit Q^2 → 0, and the parameter η, which characterizes the value of the modified couplant, for which the nonpolynomial character of the modified β-function becomes important. The presence of these parameters gives us the opportunity to improve the accuracy of low order perturbative approximants by using use some information from outside of the perturbation theory. We proposed to fix the parameter κ in such a way that the modified couplant in every order has a 1/Q^2 behaviour in the limit Q^2 → 0, and to adjust the parameter η so that the modified NNL order PMS predictions for δ_V would match certain phenomenological expression for this effective charge (Subsection 4.3). We have then shown that for the chosen values of the these parameters the modified perturbative predictions for δ_V and δ_{GLS} are much less sensitive to the choice of the renormalization scheme than the predictions obtained in the conventional expansion (Subsection 4.4). The observed pattern of the scheme dependence of the modified expansion indicates in particular that the PMS predictions in this expansion stand on a better footing than in the conventional expansion.

The general conditions on the sequence of the modified β-functions in our approach leave some freedom in choosing the concrete form of these functions. In order to see, how this freedom might affect the modified predictions in low orders of the expansion we considered an alternative model sequence of β-functions (Equation (5.7)) and we repeated

– 47 – the whole analysis of δ_V and δ_{GLS} for this new model (Subsection 5.3). We found that the results agree quite well with the predictions obtained in the previous model. We argued that in the PMS scheme this is likely to be true for any other β-function satisfying our criteria.

The modified predictions for δ_V and δ_{GLS} considered in this article have an interesting property that their evolution with Q^2 is less rapid than that of the conventional predictions. In the case of the NL and NNL order PMS predictions we have given a general argument, that this would be true for all physical quantities in QCD of the form considered in this article, at least for relatively large values of Q^2 (i.e. small values of the modified couplant). This has been achieved by expanding the PMS approximants in terms of certain regular couplant to one order beyond the formal order of the approximant (Subsection 6.1). To see, what might be the phenomenological significance of this effect we made a simple fit to the experimental data for δ_{GLS} (Subsection 6.2). After extrapolation to the energy scale of M_Z we found that the obtained values of α_s(M^2_Z ) are shifted upwards (by about 5%) and are closer the world average (dominated by measurements at higher energies) than the values obtained with the conventional expansion. This suggests that within the modified expansion it might be easier to accommodate in a consistent way the relatively low values of the couplant obtained from some low-Q^2 experiments and relatively large values of the couplant from some experiments at high Q^2.

In our discussion we have given explicit formulas describing the Q^2 dependence of the modified couplant for various model β-functions that are perturbatively consistent with the conventional expansion, but are free from Landau singularity (Equations (3.16), (5.9), (6.1)). These very simple expression are interesting in their own right and might be useful in other theoretical considerations, unrelated to the concepts presented in this article.

Our considerations in this article had exploratory character — they should be regarded more as a ”feasibility study” of certain idea for the modification of the QCD perturbation expansion, than a very precise quantitative analysis of concrete predictions. It seems however that the results are sufficiently encouraging to justify a comprehensive study of various perturbative QCD predictions at moderate energies within the modified perturbation expansion approach. Such study could include the perturbative QCD effects in the physics of heavy quarkonia, in hadronic decays of the τ leptons and in the deep inelastic lepton-nucleon scattering at the lower end of the energy scale. It would be then interesting to compare the results of such comprehensive analysis with the high energy measurements of the strong coupling parameter α_s. As a first step towards such an analysis one should perform a more detailed study of possible methods to constrain the parameters η and κ in the proposed sequence of the modified β-functions, generalizing the very simple approach adopted in this article. Another interesting line of research would be to study the resummation of the QCD perturbation expansion in the modified approach — the stability of the modified couplant with respect to change of the renormalization scheme should have favorable effect on the stability and the rate of convergence of the results obtained with various summation methods. In this context it would be interesting to investigate, whether the PMS prescription applied to the modified expansion does indeed act as an automatic resummation procedure for divergent perturbation series.

– 48 –

A. Parameterization of the renormalization scheme dependence of perturbative approximants

In this Appendix we give some more details on the renormalization scheme dependence of finite order perturbative QCD predictions. Let us begin with a non-RG-improved expression for the physical quantity δ in the N-th order of the expansion:

δ^{(N )}(Q^2, μ^2) = â_{(N )}(μ^2) [ 1 + r̂_1(μ^2, Q^2) â_{(N )}(μ^2) +

+ r̂_2(μ^2, Q^2) â^2_{(N )}(μ^2) + ... + r̂_N (μ^2, Q^2) â^N_{(N )}(μ^2) ] , (A.1)

where μ is the undetermined scale appearing in the process of renormalization and â_{(N )}(μ^2) = ĝ^2_{(N )}(μ^2)/4π^2 is the couplant at the scale μ. The couplant satisfies satisfying the N-th order renormalization group equation:

μ^2 dâ_{(N )} dμ^2 = β^{(N )}(â_{(N )}), (A.2)

where β^{(N )}(â_{(N )}) has the same form as in Equation (2.2). We introduced here the ”hat” notation in order to distinguish the parameters r̂_i(μ^2, Q^2) and â(μ^2) from the corresponding parameters r_i and a(Q^2) in the renormalization group improved expression for δ.

The differential equation (A.2) is equivalent to the following transcendental equation b 2 ln μ^2 Λ^2

= c_1 ln b 2 + 1 â_{(N )}

+ c_1 ln â_{(N )} + F^{(N )}(â_{(N )}, c_2, ..., c_N), (A.3)

where the function F^{(N )}(a, c_2, ..., c_N) is given by (2.5). The parameter Λ appearing in Equation (A.3) and the arbitrary integration constant have been chosen according to the conventions set by [3].

The form of the coefficients r̂_i is constrained by the fact that physical predictions of the theory should be (at least formally) independent of μ, i.e.

μ^2 dδ^{(N )} dμ^2 = O(a^{N +2}). (A.4)

Under our assumptions the coefficients r̂_i may be written in the form

r̂_1(μ^2, Q^2) = r^{(0)}_1 + b 2 ln μ^2 Q^2

, (A.5)

r̂_2(μ^2, Q^2) = r^{(0)}_2 + (c_1 + 2r^{(0)}_1 ) b 2 ln μ^2 Q^2 + ( b 2 ln μ^2 Q^2

)_2 , etc. (A.6)

where the parameters r^{(0)}_i are ordinary numbers.

The couplant â_X(μ^2) in some general renormalization scheme X is related to the MS couplant by a finite renormalization:

â_{MS}(μ^2) = â_X(μ^2) [ 1 + A_1â_X(μ^2) + A_2â^2_X(μ^2) + ... ] , (A.7)

– 49 – where the constants A_i are related to the finite parts of the renormalization constants and in principle may take arbitrary values. If the physical quantity δ is expanded in terms of a_X, the expansion coefficients take the form:

r̂^X_1 = r̂^{MS}_1 + A_1, r̂^X_2 = r̂^{MS}_2 + 2A_1r̂^{MS}_1 + A_2, etc. (A.8)

In general in the new scheme also the coefficients in the β-function would be different; for example in the NNL order we have

c_2 = c^{MS}_2 + A_1c_1 + A^2_1 − A_2 . (A.9)

The change of the renormalization scheme affects also the parameter Λ [5]:

Λ_X = Λ_{MS} exp ( − A_1 b ) . (A.10)

This relation is exact to all orders of the perturbation expansion.

In the N-th order of the perturbation expansion we have N parameters (A_i) characterizing the freedom of choice of the renormalization scheme and 2N − 1 expansion coefficients (r_i and c_k), which depend on these parameters. It is clear therefore that the expansion coefficients are not totally independent — for N ≥ 2 there must be N − 1 combinations of these coefficients, which are independent of the renormalization scheme [11, 9, 13, 14, 15]. For N = 2 the relevant scheme invariant combination may be written in the form:

ρ_2 = c_2 + r̂_2 − c_1r̂_1 − r̂^2_1. (A.11)

It should be noted that the invariant shown above corresponds to the definition adopted in [9, 13, 14, 15], which is slightly different from the definition introduced in [11]. It is not surprising that we have some freedom in defining the scheme invariant combinations of the expansion parameters, because any combination of the scheme invariants is of course itself a scheme invariant. It seems, however, that the invariants defined by [9, 13, 14, 15] give a more natural measure of the magnitude of the higher order radiative corrections. This may be seen in the following way: Let us take for example the NNL order approximant δ^{(2)}, calculate the derivative Q^2dδ^{(2)}(Q^2)/dQ^2 and expand the result in terms of δ^{(2)} itself. We obtain

Q^2 dδ^{(2)}(Q^2) dQ^2 = − b 2 (δ^{(2)})^2 [ 1 + c_1δ^{(2)} + ρ_2(δ^{(2)})^2 + ∑ k=3 ρ̂_k(δ^{(2)})^k ] . (A.12)

This looks very much like the renormalization group equation (2.2), except that instead of the coefficient c_2 we have the scheme invariant combination ρ_2 (exactly in the form proposed in [9, 13, 14, 15]), while the higher order expansion coefficients ρ̂_k in this expression are — of course — scheme dependent. If we would do the same calculation with δ^{(3)}, we would obtain a similar equation, where the coefficients up to and including the order N = 3 would be the scheme invariants ρ_i defined by [9, 13, 14, 15], while the coefficients of higher order

– 50 – would be scheme dependent. This shows that the invariants proposed in [9, 13, 14, 15] have indeed some universal meaning.

In phenomenological applications it is usually assumed that renormalization scale μ is proportional to the characteristic energy scale of the process: μ^2 = λ^2Q^2, where λ is some constant. In this way we obtain the renormalization group improved expression (2.1) for the physical quantity δ, where the coefficients r_i are now independent of Q^2 and in the arbitrary scheme X they take the form

r_1 = r^{(0)MS}_1 + b ln λ + A_1, (A.13)

r_2 = r^{(0)MS}_2 + (c_1 + 2r^{(0)MS}_1 ) b ln λ + (b ln λ)^2 +

+ 2A_1(r^{(0)MS}_1 + b ln λ) + A_2 , etc. (A.14)

The whole Q^2-dependence of δ comes then from the Q^2-dependence of the couplant a_{(N )}(Q^2) = â_{(N )}(λ^2Q^2), which is determined by the implicit equation b 2 ln Q^2 Λ^2_{MS}

= −A_1 − b ln λ + c_1 ln b 2 + + 1 a_{(N )}

+ c_1 ln a_{(N )} + F^{(N )}(a_{(N )}, c_2, ..., c_N), (A.15)

where we used the exact relation (A.10) to introduce Λ_{MS} as a reference phenomenological parameter. The use of a(Q^2) instead of â(μ^2) in (2.1) is equivalent to resummation of some of the (ln^{μ2}_{Q2} )^k terms appearing in r̂_k(μ^2, Q^2) to all orders. Of course a_{(N )}(Q^2) satisfies Equation (2.2).

To obtain a convenient parameterization of the available degrees of freedom in choosing the perturbative approximants we first note, that the next-to-leading order approximants contain in principle two arbitrary parameters, A_1 and λ, which however appear in the expression for δ^{(1)} and in the Equation (2.4) in the combination A_1 + b ln λ. This means that in the NL order the freedom of choice of the approximants may be characterized by only one parameter; we found it convenient to choose as such a parameter the coefficient r_1 in the renormalization group improved expression for δ. Thus in the NL order we have:

δ^{(1)}(Q^2, r_1) = a(Q^2, r_1) [ 1 + r_1a(Q^2, r_1) ] , (A.16)

with a(Q^2, r_1) determined by the equation (2.4) with

F^{(1)}(a) = −c_1 ln(1 + c_1a). (A.17)

It should be emphasized, however, that although under our assumptions the parameters A_1 and λ have the same effect on δ^{(1)}, they have in fact a completely different character. For example, in a more general class of renormalization schemes the coefficient A_1 may depend on quark masses and the gauge parameter. The procedure of fixing the choice of the renormalization scheme (i.e. A_1) differs from the procedure of fixing the renormalization scale (λ), even in the NL order. This observation has important consequences for the discussion of the ”reasonable” schemes for NL order approximants. For example, it shows

– 51 – that one should be very careful discussing ”reasonable” value of the scale parameter; as has been emphasized for example in [17], a given value of r_1 — which provides a unique specification of the NL order approximant — may correspond to a ”reasonable” value of λ with one subtraction procedure (say, MS), and a completely ”unreasonable” value of λ in a scheme defined by some other subtraction procedure (for example momentum subtraction).

In the next-to-next-to-leading (NNL) order there appears an additional degree of freedom in choosing the renormalization scheme, corresponding the freedom of choice of the parameter A_2. Following [11] we shall parameterize this degree of freedom by the coefficient c_2 in the NNL order β-function. If the parameters r_1 and c_2 are fixed, the value of the coefficient r_2 may be determined from the scheme invariant combination ρ_2:

r_2(r_1, c_2) = ρ_2 − c_2 + c_1r_1 + r^2_1. (A.18)

Thus in the NNL order we have:

δ^{(2)}(Q^2, r_1, c_2) = a(Q^2, r_1, c_2) [ 1 + r_1a(Q^2, r_1, c_2) + r_2(r_1, c_2) a^2(Q^2, r_1, c_2) ] , (A.19)

where a(Q^2, r_1, c_2) is determined by Equation (2.4) with F^{(2)}(a, c_2) of the form (for c_2 > c^2_1/4)

F^{(2)}(a, c_2) = − c_1 2 ln(1 + c_1a + c_2a^2) +

2c_2 − c^2_1 √ 4c_2 − c^2_1 arctan ( a √ 4c_2 − c^2_1 2 + c_1a ) . (A.20)

The expression for F^{(2)}(a, c_2) for other values of c_2 may obtained via analytic continuation in c_2. The coefficients of the β-function have the following values: b = (33 − 2n_f )/6 [1, 2], c_1 = (153 − 19n_f )/(66 − 4n_f ) [171, 172, 173] and [174, 175]

c^{MS}_2 =

77139 − 15099 n_f + 325 n^2_f 288(33 − 2 n_f )

B. Principle of Minimal Sensitivity scheme for conventional expansion

In this Appendix we discuss explicit formulas for the PMS parameters in the conventional expansion. It should be noted, that the parameterization of the RS dependence and the form of the NNL order scheme invariant ρ_2 adopted in this article are different from those assumed in the original paper [11].

In the NL order the scheme parameter r̄_1 corresponding to the PMS scheme is a solution of the Equation (2.6. Performing the differentiation and taking into account that in the NL order we have ∂a ∂r_1 = 2 b β^{(1)}(a), (B.1)

we obtain ā^2 + (1 + 2r̄_1ā) 2 b β^{(1)}(ā) = 0 (B.2)

Solving this equation for r̄_1 we find

r̄_1 = − c_1 2(1 + c_1ā)

. (B.3)

– 52 –

Inserting this expression into the Equation (2.4) for the NL order couplant we obtain a transcendental equation for ā. Solving this equation we obtain the numerical value of ā for the chosen value of Q^2, which then allows us to determine the numerical value of r̄_1, and hence the numerical value of δ^{(1)} in the PMS scheme for this Q^2. For small ā (i.e. for large Q^2) we may use an approximate expression for r̄_1:

r̄_1 = − c_1 2 + O(ā). (B.4)

In the NNL order the parameters r̄_1 and c̄_2 corresponding to the PMS scheme are solutions of the system of two equations (2.7) and (2.8). In the NNL order we have ∂a ∂r_1 = 2 b β^{(2)}(a), (B.5)

so the partial derivative over r_1 has the form: ∂ ∂r_1 δ^{(2)} = a^2 + (c_1 + 2r_1)a^3 + (1 + 2r_1a + 3r_2a^2) 2 b β^{(2)}(a) (B.6)

= −(2c_1r_1 + c_2 + 3r_2)a^4 − (2r_1c_2 + 3c_1r_2)a^5 − 3r_2c_2a^6. (B.7)

The equation (2.7) is therefore equivalent to:

3ρ_2 − 2c̄_2 + 5c_1r̄_1 + 3r̄^2_1 + (2r̄_1c̄_2 + 3r̄_2c̄_1)ā + 3r̄_2c̄_2ā^2 = 0, (B.8)

where in the O(ā^0) term we expressed r̄_2 in terms of r̄_1 and c̄_2. The partial derivative of δ^{(2)} over c_2 has the form: ∂ ∂c_2 δ^{(2)} = −a^3 + (1 + 2r_1a + 3r_2a^2) ∂a ∂c_2 , (B.9)

where ∂a ∂c_2 = − 2 b β^{(2)}(a)

∂F^{(2)} ∂c_2 = β^{(2)} ∫_a 0 1 (β^{(2)})^2

∂β^{(2)} ∂c_2 . (B.10)

More explicitly ∂a ∂c_2 = a^3 + H(a, c_2), (B.11)

where for c_2 >^{c21}_4 we have

H(a, c_2) =

4c_2 (4c_2 − c^2_1)^{3/2} [ a^2(1 + c_1a + c_2a^2) arctan a √ 4c_2 − c^2_1 2 + c_1a −

− √ 4c_2 − c^2_1 2 a^3(1 + c_1 2 a) ] . (B.12)

For other values of c_2 the relevant expression is obtained via analytic continuation in c_2. It is easy to verify that H(a, c_2) = O(a^5). The equation (2.8) for the PMS parameters may be therefore written in the form

2r̄_1 + 3r̄_2ā +

H(ā, c̄_2) ā^4 ( 1 + 2r̄_1ā + 3r̄_2ā^2 ) = 0. (B.13)

– 53 –

Solving the PMS equations (B.8) and (B.13) we obtain the parameters r̄_1 and c̄_2 singled out by the PMS method, expressed in terms of ā. Inserting this solution into the implicit equation for the NNL order couplant (2.4) we obtain the parameter ā for the chosen value of Q^2. Inserting these values into the expression (A.19) we then obtain the PMS prediction for δ^{(2)} at this Q^2.

The equations (B.8) and (B.13) are quite complicated, but for small ā (i.e. for large Q^2) it is easy to solve them in an approximate way [176, 177, 178, 179]. If we look for r̄_1 and c̄_2 in the form of a series expansion in ā, then from (B.13) we see, that

r̄_1 = O(ā). (B.14) From (B.8) we then immediately find that

c̄_2 = 3 2 ρ_2 + O(ā). (B.15)

C. Solution of the inequality σ_2(r_1, c_2) ≤ l|ρ_2| In this Appendix we give a detailed description of the sets of the NNL order renormalization scheme parameters r_1 and c_2) that satisfy the condition (2.13) σ_2(r_1, c_2) ≤ l|ρ_2|, (C.1)

where l ≥ 1. Let us recall, that ρ_2 is given by the Equation (2.3) ρ_2 = c_2 + r_2 − c_1r_1 − r^2_1, and σ_2(r_1, c_2) is given by the Equation (2.12)

σ_2(r_1, c_2) = |c_2| + |r_2(r_1, c_2)| + c_1|r_1| + r^2_1.

We assume of course ρ_2 ≠ 0. We have to consider several cases, depending on the value of ρ_2 and l.

1. For ρ_2 ≥ c^2_1/4 we first define the following parameters:

r^{min}_1 = − √ ρ_2(l − 1)/2, (C.2) r^{max}_1 = 1 2 ( −c_1 + √ c^2_1 + 2(l − 1)ρ_2 ) , (C.3) c^{min}_2 = −ρ_2(l − 1)/2, (C.4) c^{max}_2 = ρ_2(l + 1)/2, (C.5) c^{int}_2 = c_1r^{min}_1 + c^{max}_2 . (C.6) For c_2 > 0 the set of scheme parameters in the (r_1, c_2) plane satisfying the condition (C.1) is bounded by the segments joining points (r^{min}_1 , 0), (r^{min}_1 , c^{int}_2 ), (0, c^{max}_2 ), (r^{max}_1 , c^{max}_2 ), (r^{max}_1 , 0). For c_2 < 0 this set is bounded by the curves

c_2(r_1) = r^2_1 + c^{min}_2 for r^{min}_1 ≤ r_1 ≤ 0, (C.7)

– 54 – c_2(r_1) = r^2_1 + c_1r_1 + c^{min}_2 for 0 ≤ r_1 ≤ r^{max}_1 . (C.8)

2. In the case 0 < ρ_2 < c^2_1/4 and l /∈<^{4−d−4√1−d}_d ,^{4−d+4√1−d}_d >, where d = 4ρ_2/c^2_1, the description of the relevant set of parameters is the same as in the case ρ_2 ≥ c^2_1/4. For l ∈<^{4−d−4} √ 1−d d ,^{4−d+4} √ 1−d d > we have to redefine the parameters r^{min}_1 and c^{int}_2 :

r^{min}_1 = −ρ_2(l + 1)/2c_1 (C.9) c^{int}_2 = (r^{min}_1 )^2 + c^{min}_2 . (C.10)

For c_2 > 0 the set of parameters satisfying the condition (C.1) is bounded by the segments joining points (r^{min}_1 , 0), (0, c^{max}_2 ), (r^{max}_1 , c^{max}_2 ), (r^{max}_1 , 0). For c_2 < 0 this set is bounded by the curves c_2(r_1) = r^2_1 + c^{min}_2 for r^{min}_1 ≤ r_1 ≤ 0, (C.11) c_2(r_1) = r^2_1 + c_1r_1 + c^{min}_2 for 0 ≤ r_1 ≤ r^{max}_1 , (C.12) supplemented by a segment joining points (r^{min}_1 , 0) and (r^{min}_1 , c^{int}_2 ).

3. For ρ_2 < 0 and |ρ_2| ≥ 2c^2_1(l + 1)/(l − 1)^2 we define the parameters

r^{min}_1 = − √ |ρ_2|(l + 1)/2, (C.13) r^{max}_1 = 1 2 ( −c_1 + √ c^2_1 + 2(l + 1)|ρ_2| ) , (C.14)

c^{min}_2 = −|ρ_2|(l + 1)/2, (C.15) c^{max}_2 = |ρ_2|(l − 1)/2, (C.16) c^{int}_2 = c_1r^{min}_1 + c^{max}_2 . (C.17)

For c_2 > 0 the set of scheme parameters in the (r_1, c_2) plane satisfying the condition (C.1) is bounded by the segments joining points (r^{min}_1 , 0), (r^{min}_1 , c^{int}_2 ), (0, c^{max}_2 ), (r^{max}_1 , c^{max}_2 ), (r^{max}_1 , 0). For c_2 < 0 this set is bounded by the curves

c_2(r_1) = r^2_1 + c^{min}_2 for r^{min}_1 ≤ r_1 ≤ 0, (C.18)

c_2(r_1) = r^2_1 + c_1r_1 + c^{min}_2 for 0 ≤ r_1 ≤ r^{max}_1 . (C.19)

4. For ρ_2 < 0 and |ρ_2| < 2c^2_1(l + 1)/(l − 1)^2 we have to redefine again some parameters:

r^{min}_1 = −|ρ_2|(l − 1)/2c_1, (C.20) c^{int}_2 = (r^{min}_1 )^2 + c^{min}_2 . (C.21)

For c_2 > 0 the set of scheme parameters in the (r_1, c_2) plane satisfying the condition(C.1) is bounded by the segments joining points (r^{min}_1 , 0), (0, c^{max}_2 ), (r^{max}_1 , c^{max}_2 ), (r^{max}_1 , 0). For c_2 < 0 this set is bounded by the segment joining points (r^{min}_1 , 0) and (r^{min}_1 , c^{int}_2 ) and the curves c_2(r_1) = r^2_1 + c^{min}_2 for r^{min}_1 ≤ r_1 ≤ 0, (C.22)

– 55 – c_2(r_1) = r^2_1 + c_1r_1 + c^{min}_2 for 0 ≤ r_1 ≤ r^{max}_1 . (C.23)

One way to obtain these solutions is to consider a three dimensional space (r_1, c_2, r_2) and carefully analyze all possible intersections of a (closed) surface defined by the equation |c_2| + |r_2| + c_1|r_1| + r^2_1 = 2|ρ_2| (C.24) with the surface r_2 = ρ_2 − c_2 + c_1r_1 + r^2_1. (C.25) Calculations are straightforward, but tedious. References

[1] D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30 (1973) 1343. [2] H. D. Politzer, Phys. Rev. Lett. 30 (1973) 1346.

[3] W. A. Bardeen, A. J. Buras, D. W. Duke, and T. Muta, Phys. Rev. D 18 (1978) 3998. [4] W. Celmaster and R. J. Gonsalves, Phys. Rev. Lett. 42 (1979) 1435. [5] W. Celmaster and R. J. Gonsalves, Phys. Rev. D 20 (1979) 1426. [6] W. Celmaster and D. Sivers, Phys. Rev. D 23 (1981) 227. [7] A. Dhar and V. Gupta, Phys. Lett. 101B (1981) 432.

[8] G. Grunberg, Phys. Lett. 95B (1980) 70; Phys. Lett. 110B (1982) 501(E). [9] G. Grunberg, Phys. Rev. D 29 (1984) 2315. [10] P. M. Stevenson, Phys. Lett. 100B (1981) 61. [11] P. M. Stevenson, Phys. Rev. D 23 (1981) 2916. [12] P. M. Stevenson, Nucl. Phys. B203 (1982) 472. [13] A. Dhar, Phys. Lett 128B (1983) 407. [14] A. Dhar and V. Gupta, Pramãna 21 (1983) 207. [15] A. Dhar and V. Gupta, Phys. Rev. D 29 (1984) 2822.

[16] S. J. Brodsky, G. P. Lepage, and P. Mackenzie, Phys. Rev. D 28 (1983) 228. [17] P. A. Ra̧czka, Phys. Rev. D 46 (1992) R3699.

[18] P. A. Ra̧czka, in Proceedings of the XV International Warsaw Meeting on Elementary Particle Physics, Kazimierz, Poland, 1992, edited by Z. Ajduk, S. Pokorski and A. K. Wróblewski, (World Scientific, Singapore, 1993), p. 496.

[19] P.A. Ra̧czka, Z. Phys. C 65 (1995) 481.

[20] P.A. Ra̧czka, in Proceedings of the XXXth Rencontres de Moriond Conference “’95 QCD and High Energy Hadronic Interactions”, Les Arcs, Savoie, France, 1995, edited by J. Trân Thanh Vân (Editions Frontieres, Gif-sur-Yvette, 1995), p. 279, hep-ph/9506462 [21] F. LeDiberder and A. Pich, Phys. Lett B 286, 147 (1992).

– 56 –

[22] A. V. Radyushkin, JINR-E2-159, Feb. 1982, published in JINR Rapid Commun. 78, 96 (1996) hep-ph/9907228.

[23] A. A. Pivovarov, Z. Phys. C 53, 461 (1992). [24] P. A. Ra̧czka and A. Szymacha, Z. Phys. C 70, 125 (1996). [25] P. A. Ra̧czka and A. Szymacha, Phys. Rev. D 54, 3073 (1996). [26] Acta Phys. Polon. B28 (1997) 585. [27] P. A. Ra̧czka, Phys. Rev. D 57, 6862 (1998).

[28] J. Ellis, E. Gardi, M. Karliner, and M. A. Samuel, Phys. Lett. B 366 (1996) 268. [29] J. Ellis, E. Gardi, M. Karliner, and M. A. Samuel, Phys. Rev. D 54 (1996) 6986. [30] E. Gardi, Phys. Rev. D 56 (1997) 68.

[31] S. J. Brodsky, J. Ellis, E. Gardi, M. Karliner, and M. A. Samuel, Phys. Rev. D 56 (1997) 6980.

[32] K. A. Milton, I. L. Solovtsov, and O. P. Solovtsova, Phys. Lett. B 415 (1997) 104. [33] I. L. Solovtsov and D. V. Shirkov, Teor. Mat. Fiz. 120 (1999) 482. [Math. Phys. 120 (1999) 1220.]

[34] D. V. Shirkov and I. L. Solovtsov, JINR Rapid Comm. No.2 [76]-96, 5. [35] D. V. Shirkov and I. L. Solovtsov, Phys. Rev. Lett. 79 (1997) 1209 . [36] D. V. Shirkov, Nucl. Phys. B (Proc. Suppl.) 64 (1998) 106.

[37] K. A. Milton, I. L. Solovtsov, and O. P. Solovtsova, Phys. Lett. B 439 (1998) 421. [38] I. L. Solovtsov and D. V. Shirkov, Phys. Lett. B 442 (1998) 344. [39] K. A. Milton and O. P. Solovtsova, Phys. Rev. D 57 (1998) 5402.

[40] K. A. Milton, I. L. Solovtsov, O. P. Solovtsova, and V. I. Yasnov, Eur. Phys. J. C 14 (2000) 495.

[41] G. Cvetič and R. Kögerler, Nucl. Phys. B 522 (1998) 396. [42] G. Cvetič, Phys. Lett. B 486 (2000) 100.

[43] G. Cvetič and R. Kögerler, Phys. Rev. D 63 (2000) 056013. [44] V. Elias et al., Phys. Rev. D 58 (1998) 116007. [45] M.R. Ahmady et al., Phys. Rev. D 65 (2002) 054021. [46] M.R. Ahmady et al., Phys. Rev. D 66 (2002) 014010. [47] M.R. Ahmady et al., Phys. Rev. D 67 (2003) 034017. [48] I. Caprini and J. Fischer, Phys. Rev. D 62 (2000) 054007. [49] J. Fischer and J. Chýla, Acta Phys. Slov. 52 (2002) 483. [50] G. Cvetič and T. Lee, Phys. Rev. D 64 (2001) 014030. [51] T. Lee, Phys. Rev. D 66 (2002) 0343027.

[52] C. Contreras, G. Cvetič, and P. Gaete, Phys. Rev. D 70 (2004) 034008.

– 57 –

[53] P. A. Ra̧czka, in Proceedings of Conférence Moshé Flato 1999, G. Dito and D. Sternheimer (eds.), vol. 2, 257 (Kluwer Academic Publishers, 2000) (available electronically at http://www.u-bourgogne.fr/monge/cmf/cmf1999).

[54] P. A. Ra̧czka, talk presented at the QCD’05 Conference, Monpellier, France, 4-8 July 2005, hep-ph/0512339.

[55] M. Neubert, Phys. Rev. D 51 (1995) 5924.

[56] M. Beneke and V. M. Braun, Phys. Lett. B 348 (1995) 513. [57] P. Ball, M. Beneke, and V. M. Braun, Nucl. Phys. B 452 (1995) 563. [58] S. J. Brodsky, J. Ellis, E. Gardi, M. Karliner, and M. A. Samuel, Phys. Rev. D 56 (1997) 6980.

[59] S. J. Brodsky, E. Gardi, G. Grunberg, and J. Rathsman, Phys. Rev. D 63 (2001) 094017. [60] K. Hornbostel, G. P. Lepage, and C. Morningstar, Phys. Rev. D 67 (2003) 034023. [61] G. Grunberg, Phys. Rev. D 46 (1992) 2228.

[62] G. Grunberg and A. L. Kataev, Phys. Lett. B 279 (1992) 352. [63] J. Chýla, Phys. Lett. B 356 (1995) 341. [64] J. Rathsman, Phys. Rev. D 54 (1996) 4320. [65] S. V. Mikhailov, hep-ph/0411397.

[66] A. C. Mattingly and P. M. Stevenson, Phys. Rev. D 49 (1994) 437. [67] J. Fischer, Fortsch. Phys. 42 (1994) 665. [68] J. Fischer, Int. J. Mod. Phys. A 12 (1997) 3625. [69] P. M. Stevenson, Nucl. Phys. B231 (1984) 65. [70] C. J. Maxwell, Phys. Rev. D 28 (1983) 2037. [71] C. J. Maxwell, Phys. Rev. D 29 (1984) 2884. [72] J. Chýla and Č. Burdik, Czech. J. Phys. 40 (1990) 367. [73] J. Chýla, Czech. J. Phys. 42 (1992) 263.

[74] K. Van Acoleyen and H. Verschelde, Phys. Rev. D 69 (2004) 125006. [75] R. Seznec and J. Zinn-Justin, J. Math. Phys. 20 (1979) 1398. [76] W. E. Caswell, Ann. Phys. 123 (1979) 153. [77] I. G. Halliday and P. Suranyi, Phys. Lett. 85B (1979) 421. [78] I. G. Halliday and P. Suranyi, Phys. Rev. D 21 (1981) 1529. [79] R. C. Buckley, A. Duncan, and H. F. Jones, Phys. Rev. D 47 (1993) 2554. [80] A. Duncan and H. F. Jones, Phys. Rev. D 47 (1993) 2560. [81] R. Guida, K. Konishi, and H. Suzuki, Ann. Phys. 241 (1995) 152 . [82] R. Guida, K. Konishi, and H. Suzuki, Ann. Phys. 249 (1996) 109. [83] V. I. Yukalov, Phys. Rev. A 42 (1990) 3324.

– 58 –

[84] V. I. Yukalov, J. Math. Phys. 32 (1991) 1235. [85] V. I. Yukalov, J. Math. Phys. 33 (1992) 3994. [86] V. I. Yukalov and E. P. Yukalova, Ann. Phys. 277 (1999) 219. [87] C. J. Maxwell, Phys. Lett. B 409 (1997) 450. [88] C. J. Maxwell and A. Mirjalili, Nucl. Phys. B 577 (2000) 209. [89] S. J. Brodsky and Hung Jung Lu, Phys. Rev. D 51 (1994) 3652. [90] S. J. Brodsky, G. T. Gabadadze, A. L. Kataev, and Hung Jung Lu, Phys. Lett. B 372 (1996) 133.

[91] S. J. Brodsky and J. Rathsman, in Proceedings of the 13th Les Rencontres De Physique De La Vallée D’Aoste Results And Perspectives In Particle Physics, La Thuile, Italy, 1999, edited by Mario Greco, Frascati Physics Series, Vol. 14, p. 263, hep-ph/9906339.

[92] L. Susskind, Proceedings of the Les Houches 1976, Session XXIX, Weak and electromagnetic interactions at high energy, R. Balian and C.H. Llewellyn-Smith (eds.) (North-Holland, Amsterdam, 1977), p. 207.

[93] N. Brambilla et al., CERN Yellow Report, CERN-2005-005, Geneva: CERN, 2005, hep-ph/0412158.

[94] W. Fischler, Nucl. Phys. B 129 (1977) 157.

[95] T. Appelquist, M. Dine, and I.J. Muzinich, Phys. Lett. B 69 (1977) 231; Phys. Rev. D 17 (1978) 2074.

[96] A. Billoire, Phys. Lett. B 92 (1980) 343. [97] M. Peter, Phys. Rev. Lett. 78 (1997) 602. [98] M. Peter, Nucl. Phys. B 501 (1997) 471. [99] Y. Schröder, Phys. Lett. B 447 (1999) 321. [100] M. Melles, Phys. Rev. D 58 (1998) 114004. [101] M. Melles, Phys. Rev. D 62 (2000) 074019. [102] N. Brambilla et al., Phys. Rev. D 60 (1999) 091502. [103] B. A. Kniehl and A. A. Penin, Nucl. Phys. B 563 (1999) 200. [104] Y. Sumino, hep-ph/0505034.

[105] S. Bethke, Nucl. Phys. Proc. Suppl. 135 (2004) 345. [106] D. J. Gross and C. H. Llewellyn-Smith, Nucl. Phys. B 14 (1969) 337. [107] J.H. Kim et al., Phys. Rev. Lett. 81 (1998) 3595. [108] S. G. Gorishny and S. A. Larin, Phys. Lett. B 172 (1986) 109. [109] S. A. Larin and J. A. M. Vermaseren, Phys. Lett. B 259 (1991) 345. [110] J. Blümlein and W.L. van Neerven, Phys. Lett. B 450 (1999) 417. [111] J. Chýla and A. L. Kataev, Phys. Lett B 297 (1992) 385.

[112] K. A. Milton, I. L. Solovtsov, and O. P. Solovtsova, Phys. Rev. D 60 (1999) 016001.

– 59 –

[113] C. Contreras, G. Cvetič, Kwang Sik Jeong, and T. Lee, Phys. Rev. D 66 (2002) 054006. [114] S. Fajfer and R. J. Oakes, Phys. Lett. 163B (1985) 385. [115] V. M. Braun and A. V. Kolesnichenko, Nucl. Phys. B283 (1987) 723. [116] M. Dasgupta and B. R. Webber, Phys. Lett. B 382 (1996) 273. [117] A. I. Karanikas and N. G. Stefanis, Phys. Lett. B 504 (2001) 225. [118] A. P. Bakulev et al., Phys. Rev. D 70 (2004) 033014.

[119] A. P. Bakulev, S. V. Mikhailov, and N. G. Stefanis, Phys. Rev D 72 (2005) 074014. [120] A. P. Bakulev, A. I. Karanikas, and N. G. Stefanis, Phys. Rev. D 72 (2005) 074015. [121] W. Celmaster and F. S. Henyey, Phys. Rev. D 18 (1978) 1688. [122] J. M. Cornwall, Physica 96A (1979) 189.

[123] B. A. Arbuzov, E. E. Boos, S. S. Kurennoy, and K. Sh. Turashvili, Yad. Fiz. 44 (1986) 1565.

[Sov. J. Nucl. Phys. 44 (1986) 1017 ].

[124] B. A. Arbuzov, Fiz. Elem. Chast. Atom. Yadra 19 (1988) 5. [Sov. J. Part. Nucl. 19 (1988) 1]. [125] N. V. Krasnikov and A. A. Pivovarov, Mod. Phys. Lett. A 11 (1996) 835. [126] N. V. Krasnikov and A. A. Pivovarov, Yad. Fiz. 64 (2001) 1576 [Phys. Atom. Nucl. 64 (2001) 1500].

[127] J. L. Richardson, Phys. Lett. 82B (1979) 272. [128] P. Moxhay and J. L. Rosner, Phys. Rev. D 28 (1983) 1132.

[129] W. Buchmüller, G. Grunberg, and S.-H.H.Tye, Phys. Rev. Lett. 45 (1980) 103; Erratum 45 (1980) 587.

[130] W. Buchmüller and S.-H.H.Tye, Phys. Rev. D 24 (1981) 132. [131] O. Abe, M. Haruyama, and A. Kanazawa, Phys. Rev. D 27 (1983) 675. [132] V. V. Kiselev, A. E. Kovalsky, and A. I. Onishchenko, Phys. Rev. D 64 (2001) 054009. [133] A. I. Sanda, Phys. Rev. Lett. 42 (1979) 1658. [134] B. B. Deo and B. K. Barik, Phys. Rev. D 27 (1983) 249. [135] Yu. Simonov, Pis’ma Zh. Eksp. Teor. Fiz. 57 (1993) 513. [136] Yu. Simonov, Yad. Fiz. 58 (1995) 113.

[137] A. M. Badalin and Yu. A. Simonov, Yad. Fiz. 60 (1997) 714. [138] I. L. Solovtsov, Phys. Lett. B 327 (1994) 355.

[139] A. N. Sissakian, I. L. Solovtsov, and O. P. Solovtsova, Mod. Phys. Lett. A 26 (1994) 2437. [140] I. L. Solovtsov, Phys. Lett. B 340 (1994) 245.

[141] I. L. Solovtsov and O. P. Solovtsova, Phys. Lett. B 344 (1995) 377. [142] H. F. Jones and I. L. Solovtsov, Phys. Lett. B 349 (1995) 519. [143] Yu. L. Dokshitzer, V. A. Khoze, and S. I. Troyan, Phys. Rev. D 53 (1996) 89.

– 60 –

[144] G. Grunberg, Phys. Lett. B 372 (1996) 121. [145] B. R. Webber, JHEP 10 (1998) 012.

[146] A. I. Alekseev and B. A. Arbuzov, Mod. Phys. Lett. A 13 (1998) 1747. [147] B. A. Magradze, Int. J. Mod. Phys. A 15 (2000) 2715. [148] A. I. Alekseev, Phys. Rev. D 61 (2000) 114005. [149] A. I. Alekseev, J. Phys. G 27 (2001) L117.

[150] A. I. Alekseev and B. A. Arbuzov, Mod. Phys. Lett. A 20 (2005) 103. [151] A. V. Nesterenko, Phys. Rev. D 62 (2000) 094028. [152] A. V. Nesterenko, Mod. Phys. Lett. A 15 (2000) 2401. [153] A. V. Nesterenko, Phys. Rev. D 64 (2001) 116009.

[154] A. V. Nesterenko and I. L. Solovtsov, Mod. Phys. Lett. A 16 (2001) 2517. [155] A. V. Nesterenko, Int. J. Mod. Phys. A 18 (2003) 5475. [156] E. Gardi, M. Karliner and G. Grunberg, JHEP 07 (1998) 007 . [157] S. Ciulli and J. Fischer, Nucl. Phys. 24 (1961) 465. [158] I. Ciulli, S. Ciulli, and J. Fischer, Il Nuovo Cimento 23 (1962) 1129. [159] J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. Lett. 39 (1977) 95. [160] N. N. Khuri, Phys. Rev. D 16 (1977) 1754. [161] N. N. Khuri, Phys. Lett. 82B (1979) 83. [162] J. Kogut and L. Susskind, Phys. Rev. D 11 (1975) 395. [163] W. Wetzel, Nucl. Phys. B 196 (1982) 259.

[164] W. Bernreuther and W. Wetzel, Nucl. Phys. B 197 (1982) 228 . [165] W. Bernreuther, Ann. Phys. (N.Y.) 151 (1983) 127. [166] W. Bernreuther, Z. Phys. C 20 (1983) 331.

[167] S. A. Larin, T. van Ritbergen, and J. A. M. Vermaseren, Nucl. Phys. B 438 (1995) 278. [168] K. G. Chetyrkin, B. A. Kniehl, and M. Steinhauser, Phys. Rev. Lett. 79 (1997) 2184. [169] Particle Data Group, S. Eidelman et al., Phys. Lett. B 592, (2004) 1, revised September 2005 by I. Hinchliffe.

[170] J. H. Field, Phys. Rev. D 66 (2002) 013013. [171] W. E. Caswell, Phys. Rev. Lett. 33 (1974) 244. [172] D. R. T. Jones, Nucl. Phys. B75 (1974) 531.

[173] E. S. Egorian and O. V. Tarasov, Teor. Mat. Fiz. 41 (1979) 26. [174] O. V. Tarasov, A. A. Vladimirov, and A. Yu. Zharkov, Phys. Lett. 93B (1980) 429. [175] S. A. Larin and J. A. M. Vermaseren, Phys. Lett. B303 (1993) 334. [176] M. R. Pennington, Phys. Rev. D 26 (1982) 2048. [177] J. C. Wrigley, Phys. Rev. D 27 (1983) 1965. [178] P. M. Stevenson, Phys. Rev. D 27 (1983) 1968. [179] J. A. Mignaco and I. Roditi, Phys. Lett. 126B (1983) 481.

– 61 –