arXiv:hep-ph/0608304 v2 17 Nov 2006

HU-EP-06/25

Mesons and diquarks in neutral color superconducting quark matter with β-equilibrium

D. Ebert^1, K. G. Klimenko^2, and V. L. Yudichev^3 1 Institut für Physik, Humboldt-Universität zu Berlin, 10115 Berlin, Germany 2 Institute of High Energy Physics, 142281, Protvino, Moscow Region, Russia and 3 Joint Institute for Nuclear Research, 141980, Dubna, Moscow Region, Russia

The spectrum of meson and diquark excitations in cold color-superconducting (2SC) quark matter is investigated under local color and electric neutrality constraints with β-equilibrium. A 2-flavored Nambu–Jona-Lasinio type model including a baryon μB , color μ8, and electric μQ chemical potentials is used. The contribution from free electrons to the free energy is added to take into account the β-equilibrium. The sensitivity of the model to the tuning of the interaction constants in the diquark (H) and quark–antiquark (G) channels is examined for two different parameterization schemes by choosing the ratio H/G to be 3/4 and 1, respectively. At H = 3G/4 the gapless- and at H = G the gapped neutral color superconductivity is realized. It is shown that color and electrical neutrality together with β-equilibrium lead to a strong mass splitting within the pion isotriplet in the 2SC phase (both gapped and gapless), in contrast with non–neutral matter. The π- and σ-meson masses are evaluated to be ∼ 300 MeV. It is also shown that the properties of the physical SU(2)c-singlet diquark excitation in the 2SC ground state varies for different parameterization schemes. Thus, for H = 3G/4 one finds a heavy resonance with mass ∼ 1100 MeV in the non–neutral (gapped) case, whereas, if neutrality is imposed, a stable diquark with mass ∼ |μQ| ∼ 200 MeV appears in the gapless 2SC environment. For a stronger attraction in the diquark channel (H = G), there is again a resonance (with the mass ∼ 300 MeV) in the neutral gapped 2SC phase. Hence, the existence of the stable massive SU(2)c-singlet diquark excitation is a new peculiarity of the gapless 2SC. In addition, the behaviour of the diquark mass in vacuum, i. e. , at μB = 0, as a function of H has been investigated.

PACS numbers: 11.30.Qc, 12.39.-x, 21.65.+f Keywords: Nambu–Jona-Lasinio model; Color superconductivity; Mesons and diquarks; Dense quark matter

I. INTRODUCTION

According to modern theoretical observations made in the framework of perturbative QCD, at asymptotically high baryonic densities and low temperatures the strongly interacting quark matter is expected to undergo a phase transition to the color superconducting state [1, 2]. Unfortunately, a perturbative QCD analysis is not applicable at moderate baryon densities (which might exist inside compact stars or in heavy ion collision experiments) and a study is usually done with the help of effective theories, such as the Nambu–Jona-Lasinio (NJL) model [3, 4, 5].

In spite of the lack of quark confinement in NJL, it successfully describes low-energy pseudoscalar and vector mesons in the hadronic phase (see, e. g., [6, 7]). This success is provided by the fact that many of light meson properties, e. g., masses, are driven by chiral symmetry, rather than by confinement. Moreover, the chiral phase transition at high temperatures and/or density expected in QCD, is naturally described by the NJL model [7, 8]. The NJL model is also well-suited for the consideration of a hot and/or dense medium under the influence of external conditions [9, 10] as well as for the investigation of different physical processes in it [11, 12].

In the earlier studies of color superconductivity [13, 14, 15] for the case of two-flavor quark matter (u and d quarks), only the influence of baryonic density was taken into account. From these investigations, it became evident that the two-flavor color superconducting phase (2SC) might be yet present at rather small values of μ_B ∼ 1 GeV, i. e., at baryon densities only several times larger than the density of ordinary nuclear matter (see reviews [14, 16, 17]). This is just the density of compact star cores.

The quark matter inside compact stars is considered to be electrically and color neutral in a bulk. Moreover, there must be an equilibrium between the gain and loss in the β-decay d → u + e + ν̄_e (here e is the electron and ν_e is the electron neutrino), the so-called β-equilibrium. All these physical constraints must be taken into account when studying the equation of states for a compact star. To do this in the NJL model, additional chemical potentials related to the electric charge density of quarks and electrons as well as to color charges must be introduced. Recently, an intensive theoretical study of neutral color superconducting quark matter has been given (see, e. g., [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]), which revealed a new possible ground state of the 2SC phase, where some additional number of quasiparticles with a gapless dispersion law is appeared [19] (it is the so-called gapless color superconductivity g2SC, an antipode to the usual, gapped 2SC).

There is a great interest in the study of different excitations of the 2SC phase, as the application of its results in some related investigations, e. g. in astrophysics and heavy-ion collision experiments it may help to reveal some observable effects evidencing the formation of a quark-gluon plasma. In particular, the bosonic excitations of the 2SC phase ground state, such as π- and σ-mesons as well as diquarks, are expected to be copiously produced in dense medium with rather strong correlations between quarks and antiquarks (just this thing is realized at moderate baryonic densities) and affect some scattering and decay processes to a visible effect. Diquarks on their own are also of great interest in hadron physics because of their importance in determining baryon properties [27]. As to the compact stars, one may find an influence of these particles on the equation of state and on the cooling process. Moreover, in dense matter, the deconfinement phase transition might be accompanied by the appearance of Bose–Einstein condensed diquark matter [28] etc.

In our recent papers [29, 30], we have studied the masses of mesons and diquarks that are formed in cold (T = 0) and dense quark matter in the framework of a 2-flavored NJL model with baryon chemical potential μ_B . In particular, it was shown that in the 2SC phase the meson masses lie in the interval 330÷500 MeV, depending on the values of μ_B ∈ (1050, 1200) MeV. Since the original SU(3)_c color symmetry of the model is spontaneously broken down in this phase to SU(2)_c, one may expect the appearance of five Nambu–Goldstone bosons. However, we have proved that the abnormal number of three, instead of five, massless bosons is allowed for the diquark sector of the model. In addition, there are two light diquarks as well as a heavy diquark resonance that is an SU(2)_c-singlet with the mass ∼ 1100 MeV. Qualitatively, the local color neutrality constraint does not affect the masses of mesons and the SU(2)_c-singlet diquark. However, in this case only one Nambu–Goldstone boson and four light diquarks are present in the 2SC phase in the NJL model [31] (see also the discussion at the end of the paper). At nonzero temperature some of the properties of mesons and diquaks in a strongly interacting quark matter were discussed in [32, 33].

In the present paper, we continue our investigation of mass spectra for mesons and diquarks, imposing the local electrical neutrality and β-equilibrium to the cold 2SC medium, in addition to the color neutrality. As in our previous papers, we use a 2-flavored NJL, where additional color (μ_8) and electric (μ_Q) chemical potentials are introduced. It will be shown that in the 2SC phase, the color neutrality constraint supplemented by the electrical neutrality and β-equilibrium drastically changes the mass spectrum of the π-, σ- and diquark, in comparison with non–neutral quark matter.

The paper is organized as follows. In Section II, the thermodynamic potential as well as the effective action of the NJL model, extended with baryon (μ_B ), color (μ_8), and electric (μ_Q) chemical potentials, are obtained in the one-loop approximation in β-equilibrium. Further, in Section III, the gap equations and the phase diagram of quark matter are investigated under the local color and electrical neutrality constraints. Here, the behaviour of μ_8 and μ_Q vs μ_B are obtained for neutral quark matter with 2SC type color superconductivity within two different parameterization schemes: H = 3G/4 and H = G. In the first case, H = 3G/4, a gapless 2SC phase revealed itself, whereas for H = G a gapped phase is preferred. In Sections IV and V, some peculiarities of the mass spectra of the π, σ mesons and scalar diquarks are investigated both in the gapless and gapped neutral 2SC phases. (In addition, the influence of the diquark channel coupling constant on the diquark mass in the vacuum, i. e. at μ_B = 0, is also considered.) Finally, in the Appendix, the expression for the quark propagator in the Nambu–Gorkov representation is obtained.

II. THE MODEL AND THE EFFECTIVE ACTION

Our investigation is based on the NJL type model with two quark flavors. Its Lagrangian describes the interaction in the quark–antiquark as well as scalar diquark channels:

L_q = q̄ [ γ^ν i∂_ν − m ] q + G [ (q̄q)^2 + (q̄iγ^5⃗τ q)^2 ] + H ∑ A=2,5,7 [q̄^C iγ^5τ_2λ_Aq][q̄iγ^5τ_2λ_Aq^C ], (1)

where the quark field q ≡ q_{iα} is a flavor doublet (i = 1, 2 or i = u, d) and color triplet (α = 1, 2, 3 or α = r, g, b) as well as a four-component Dirac spinor; q^C = Cq̄^t and q̄^C = q^tC are charge-conjugated spinors, and C = iγ^2γ^0 is the charge conjugation matrix (the symbol t denotes the transposition operation). It is supposed that up and down quarks have an equal current (bare) mass m. Furthermore, τ_a stands for Pauli matrices, and λ_A for Gell- Mann matrices in flavor and color space, respectively. Clearly, the Lagrangian L_q is invariant under transformations from color SU(3)_c as well as baryon U(1)_B groups. In addition, at m = 0 this Lagrangian is invariant under the chiral SU(2)_L×SU(2)_R group. At m ≠ 0 the chiral symmetry is broken to the diagonal isospin subgroup SU(2)_I with the generators I_k = τ_k/2 (k = 1, 2, 3). Moreover, in our system the electric charge is conserved, too, since Q = I_3 + B/2, where I_3 is the third generator of the isospin group SU(2)_I , Q is the electric charge generator, and B is the baryon charge generator (evidently, these quantities are unit matrices in color space, but in flavor space they are Q = diag(2/3, −1/3), I_3 = diag(1/2, −1/2) and B = diag(1/3, 1/3)). If the Lagrangian (1) is obtained from the QCD one-gluon exchange approximation, then H = 3G/4. In addition, we find it interesting to deal with another relation between coupling constants, H = G, which results in qualitatively different model properties (see below).

In order to take into account β-equilibrium, we include electrons into our consideration, extending the Lagrangian as follows

L_{qe} = L_q + ēγ^ν i∂_ν e. (2)

Here e is the electron spinor field (for simplicity, electrons are taken to be massless). Clearly, the Lagrangian (2) is well-suited for the description of different processes in the vacuum, i. e. in the empty space. Since the prime object of the present paper is the consideration of dense medium properties, we extend the Lagrangian (2) by including terms with charge densities and chemical potentials as it is usually done in statistical physics

L = L_{qe} + μ_B N_B + μ_QN_Q + μ_8N_8. (3)

In (3), N_B , N_Q, N_8 are baryon, electric and 8th-color charge density expressions, respectively; μ_B , μ_Q, μ_8 are the corresponding chemical potentials. Recall that

N_B = q̄Bγ^0q, N_Q = q̄Qγ^0q − ēγ^0e, N_8 = q̄T_8γ^0q, (4)

where T_8 ≡ √ 3λ_8 = diag(1, 1, −2) is a matrix in the color space. From equations (4), we have

μ_B N_B + μ_QN_Q + μ_8N_8 = μ_eēγ^0e + ∑ i,α μ_{iα}q̄_{iα}γ^0q_{iα} ≡ μ_eēγ^0e + q̄μ̂γ^0q, (5)

where μ_e is the electron number chemical potential, and μ_{iα} is the chemical potential for the number of quarks with color α and flavor i. Obviously, one has

μ_{ur} = μ_{ug} = μ_B 3 + 2μ_Q 3 + μ_8, μ_{dr} = μ_{dg} = μ_B 3 − μ_Q 3 + μ_8, μ_{ub} = μ_B 3 + 2μ_Q 3 − 2μ_8, μ_{db} = μ_B 3 − μ_Q 3 − 2μ_8, μ_e = −μ_Q, (6)

μ̂ = μ_B /3 + μ_QQ + μ_8T_8 = μ̃ + δμτ_3 + μ_8T_8, (7)

where the last equality in (7) is obtained due to the above mentioned relation Q = I_3+B/2; moreover μ̃ = μ_B /3+μ_Q/6, δμ = μ_Q/2. It follows from (6) that μ_{dα} = μ_{uα} + μ_e for each color α. The matrix μ̂ is diagonal in the six-dimensional (color)×(flavor) space, and its matrix elements are just the quantities μ_{iα} from (6).

If all chemical potentials in (3) are nonzero and independent quantities, then SU(3)_c and SU(2)_I are not the symmetry groups of this Lagrangian. Instead, due to the μ_8- and μ_Q-terms, it is symmetric under the reduced color SU(2)_c×U(1)_{λ8} and flavor U(1)_{I3} groups. With the local neutrality imposed, the chemical potentials in (3) are, however, no more independent quantities of the model. Equating further ⟨N_Q⟩ and ⟨N_8⟩ to zero, the chemical potentials are subjected to two constraints, thereby fixing two of them. As a result, μ_Q and μ_8 become dependent on μ_B . It turns out (see below) that there exists a critical value of the baryon chemical potential μ^c_B in the locally neutral matter which separates two phases: if μ_B < μ^c_B the normal quark matter phase with μ_Q = 0 and μ_8 = 0 is formed, and the Lagrangian (3) is an SU(3)_c×SU(2)_I invariant one; if μ_B > μ^c_B (2SC phase), the μ_Q and μ_8 are not already equal to zero and have a nontrivial μ_B -dependence. It means that at μ_B = μ^c_B the SU(3)_c×SU(2)_I symmetry of the Lagrangian (3) is explicitly (not spontaneously) broken by the chemical potential terms (i. e. no Nambu–Goldstone bosons must appear) to the color SU(2)_c×U(1)_{λ8} and flavor U(1)_{I3} groups. (Note that the color U(1)_{λ8} group is broken spontaneously in the 2SC phase, see below.) Due to the above–mentioned flavor symmetry transformation in the critical point μ^c_B , one could expect that all pions would have equal masses for μ_B < μ^c_B , whereas at larger μ_B (μ_B > μ^c_B ) the pion mass splitting should occur in neutral matter.

To study the phase diagram of the system and the mass spectra of meson and diquark excitations, we need to get the thermodynamic potential as well as an effective action up to second order for the bosonic degrees of freedom. Since electrons and quarks are not mixing, the total thermodynamic potential Ω of the system is the sum of its electronic Ω_e and quark Ω_q parts: Ω = Ω_q + Ω_e. It is well-known that Ω_e = −μ^4_e/12π^2. To obtain Ω_q , we start from the Lagrangian describing the quark contribution only (see (3)),

L = L_q + q̄μ̂γ^0q, (8)

where μ̂ is the quark number chemical potential matrix, defined in (7). The linearized version of Lagrangian (8) that contains auxiliary bosonic fields has the following form L̃ = q̄ [ γ^ν i∂_ν + μ̂γ^0 − σ − m − iγ^5π_aτ_a ] q − 1 4G [ σσ + π_aπ_a ]

− 1 4H Δ^∗_AΔ_A −

Δ^∗_A 2 [q̄^C iγ^5τ_2λ_Aq] −

Δ_A 2 [q̄iγ^5τ_2λ_Aq^C ], (9)

where here and later, a summation over repeated indices a = 1, 2, 3 and A, A^′ = 2, 5, 7 is implied. Clearly, the Lagrangians (8) and (9) are equivalent, as can be seen by using the equations of motion for bosonic fields, which take the form

σ(x) = −2G(q̄q), π_a(x) = −2G(q̄iγ^5τ_aq), Δ_A(x) = −2H(q̄^C iγ^5τ_2λ_Aq), Δ^∗_A(x) = −2H(q̄iγ^5τ_2λ_Aq^C ). (10)

One can easily see from (10) that the mesonic fields σ(x), π_a(x) are real quantities, i. e. (σ(x))^† = σ(x), (π_a(x))^† = π_a(x) (the superscript symbol † denotes the hermitian conjugation), but all diquark fields Δ_A(x) are complex scalars, so (Δ_A(x))^† = Δ^∗_A(x). Clearly, the real σ(x) and π_a(x) fields are color singlets, whereas scalar diquarks Δ_A(x) form a color antitriplet ¯3_c of the SU(3)_c group. If some of the scalar diquark fields have a nonzero ground state expectation value, i. e. ⟨Δ_A(x)⟩ ≠ 0, the color symmetry of the model (8) is spontaneously broken down.

It is more convenient to perform our investigations in terms of the semi-bosonized Lagrangian (9), since in this case we have a common footing for obtaining both the thermodynamic potential and the effective action of the model. Indeed, in the one fermion-loop approximation, the effective action S_{eff} (σ, π_a, Δ_A, Δ^∗_A′ ) of the model (9) is expressed by means of the path integral over quark fields:

exp(iS_{eff} (σ, π_a, Δ_A, Δ^∗_A′ )) = N^′ ∫ [dq̄][dq] exp ( i ∫ L̃ d^4x ) , where

S_{eff} (σ, π_a, Δ_A, Δ^∗_A′ ) = − ∫ d^4x [ σ^2 + π^2_a 4G + Δ_AΔ^∗_A 4H ] + S̃_{eff} , (11)

and N^′ is a normalization constant. The quark contribution to the effective action, i. e. the term S̃_{eff} in (11), is given by: exp(iS̃_{eff} ) = N^′ ∫ [dq̄][dq] exp ( i 2 ∫ [ q̄D^+q + q̄^C D^−q^C − q̄Kq^C − q̄^C K^∗q ] d^4x ) . (12)

In (12) we have used the following notations

D^+ = iγ^ν ∂_ν − m + μ̂γ^0 − Σ, D^− = iγ^ν ∂_ν − m − μ̂γ^0 − Σ^t, Σ = σ(x) + iγ^5π_a(x)τ_a, Σ^t = σ(x) + iγ^5π_a(x)τ^t_a, K^∗ = iΔ^∗_A(x)γ^5τ_2λ_A, K = iΔ_A(x)γ^5τ_2λ_A, (13)

where D^± are nontrivial operators in coordinate, spinor, color and flavor spaces.^1 In the following, it is very convenient to use the Nambu–Gorkov formalism, in which quarks are composed into a bispinor Ψ such that Ψ = ( q q^C ) , Ψ^t = (q^t, q̄C^t); Ψ̄ = (q̄, q̄^C ) = (q̄, q^tC) = Ψ^t ( 0 , C C , 0 ) ≡ Ψ^tY. (14)

Furthermore, by introducing the matrix-valued operator Z = ( D^+, −K −K^∗, D^− ) , (15)

one can rewrite the functional gaussian integral in (12) in terms of Ψ and Z and then evaluate it as follows (clearly, in this case [dq̄][dq] = [dq^C ][dq] = [dΨ]):

exp(iS̃_{eff} ) = ∫ [dΨ] exp { i 2 ∫ Ψ̄ZΨd^4x } = ∫ [dΨ] exp { i 2 ∫ Ψ^t(Y Z)Ψd^4x } = det^{1/2}(Y Z) = det^{1/2}(Z),

where the last equality is valid due to the evident relation det Y = 1. Then, using the general formula det O = exp Tr ln O, one obtains the expression for the effective action:

S_{eff} (σ, π_a, Δ_A, Δ^∗_A′ ) = − ∫ d^4x [ σ^2 + π^2_a 4G + Δ_AΔ^∗_A 4H ] − i 2 Tr_{sf cxNG} ln Z. (16) Besides of an evident trace over the two-dimensional Nambu – Gorkov (NG) matrix, the trace in (16) is calculated in spinor (s), flavor (f), color (c) and four-dimensional coordinate (x) spaces, respectively.

Starting from (16), one can define the quark contribution Ω_q (σ, π_a, Δ_A, Δ^∗_A′ ) to the thermodynamic potential (TDP) of the model (8). In the mean-field approximation one has

S_{eff} | | |_{σ,πa,ΔA,Δ∗A′ =const} = −Ω^q(σ, π^a, Δ^A, Δ^∗A^′ ) ∫ d^4x. (17)

1 In order to bring the quark sector of the Lagrangian (9) to the expression, given in the square brackets of (12), we use the following well-known relations: ∂^t_ν = −∂_ν , Cγ^ν C^{−1} = −(γ^ν )^t, Cγ^5C^{−1} = (γ^5 )^t = γ^5, τ^2⃗ττ^2 = −(⃗τ )^t, τ^2 = ( 0 , −i i , 0 ) .

The ground state expectation values (mean values) of the fields: ⟨σ_a(x)⟩ ≡ σ^o, ⟨π_a(x)⟩ ≡ π^o_a, ⟨Δ_A(x)⟩ ≡ Δ^o_A, ⟨Δ^∗_A′ (x)⟩ ≡ Δ^{∗o}_A′ , are solutions of the gap equations for the TDP Ω_q (in our approach all ground state expectation values do not depend on coordinates x): ∂Ω_q ∂π_a = 0, ∂Ω_q ∂σ = 0, ∂Ω_q ∂Δ_A = 0, ∂Ω_q ∂Δ^∗_A′ = 0. (18)

Next, let us perform the following shift of bosonic fields in (16): σ(x) → σ(x) + σ^o, π_a(x) → π_a(x) + π^o_a, Δ^∗_A(x) → Δ^∗_A(x) + Δ^{∗o}_A , Δ_A(x) → Δ_A(x) + Δ^o_A. (Obviously, the new shifted bosonic fields σ(x), π_a(x), Δ_A(x), Δ^∗_A(x) now denote the small quantum fluctuations around the mean values σ^o, π^o_a, Δ^o_A, Δ^{∗o}_A of mesons and diquarks rather than the original fields (10)). In this case Z = ( D^+_o , −K_o −K^∗_o , D^−_o ) − ( Σ , K K^∗ , Σ^t ) ≡ S^{−1}_0 − ( Σ , K K^∗ , Σ^t ) , (19)

where S_0 is the quark propagator matrix in the Nambu – Gorkov representation (its matrix elements S_{ij} are given in the Appendix B), and

(K_o, K^∗_o , D^±_o , Σ_o, Σ^t_o) = (K, K^∗, D^±, Σ, Σ^t) | | | σ=σ^o ,π_a=π^o_a ,... Then, expanding the obtained expression into a Taylor-series up to second order of small bosonic fluctuations, we have

S_{eff} (σ, π_a, Δ_A, Δ^∗_A′ ) = S^{(0)}_{eff} + S^{(2)}_{eff} (σ, π_a, Δ_A, Δ^∗_A′ ) + · · · , (20)

where (due to the gap equations, the linear term in meson and diquark fields is absent in (20))

S^{(0)}_{eff} = − ∫ d^4x [ σ^oσ^o + π^o_aπ^o_a 4G + Δ^o_AΔ^{∗o}_A 4H ] − i 2 Tr_{scf xNG} ln ( S^{−1}_0 )

≡ −Ω_q (σ^o, π^o_a, Δ^o_A, Δ^{∗o}_A′ ) ∫ d^4x, (21)

S^{(2)}_{eff} (σ, π_a, Δ_A, Δ^∗_A′ ) = − ∫ d^4x [ σ^2 + π^2_a 4G + Δ_AΔ^∗_A 4H ]

+ i 4 Tr_{scf xNG} { S_0 ( Σ , K K^∗ , Σ^t ) S_0 ( Σ , K K^∗ , Σ^t )} . (22)

In the following we will study the spectrum of meson/diquark excitations in the color superconducting phase of the NJL model on the basis of the effective action S^{(2)}_{eff} . The effective action (22) can be presented in the explicit form:

S^{(2)}_{eff} = S^{(2)}_{mesons} + S^{(2)}_{diquarks} + S^{(2)}_{mixed}, (23)

where

S^{(2)}_{mesons} = − ∫ d^4x σ^2 + π^2_a 4G + i 4 Tr_{scf x} { S_{11}ΣS_{11}Σ + 2S_{12}Σ^tS_{21}Σ + S_{22}Σ^tS_{22}Σ^t } , (24)

S^{(2)}_{diquarks} = − ∫ d^4x

Δ_AΔ^∗_A 4H + i 4 Tr_{scf x} {S_{12}K^∗S_{12}K^∗ + 2S_{11}KS_{22}K^∗ + S_{21}KS_{21}K} , (25)

S^{(2)}_{mixed} = i 2 Tr_{scf x} { S_{11}ΣS_{12}K^∗ + S_{21}ΣS_{11}K + S_{12}Σ^tS_{22}K^∗ + S_{21}KS_{22}Σ^t } , (26)

and S_{ij} are the matrix elements of the quark propagator matrix S_0 defined in (19) (see also Appendix B). Moreover, some necessary explanations concerning the trace-operation over coordinate space in the expressions (24)-(26) are given in Appendix A (see (A4)). It follows from these formulae that the effective action (24) is a functional of the meson fields σ(x), π_i(x) only, the effective action (25) is composed from diquark fields only, and the mixing between mesons and diquarks might occur because of the effective action (26).

III. GAP EQUATIONS AND NEUTRALITY CONDITIONS

Earlier (see, e.g., the papers [19, 20, 21]), it was shown that for electrically and color neutral cold dense matter, described in the framework of the model (3), only two phases are allowed to exist. In the first one, the symmetric phase that is usually called the normal quark matter phase, only the mean value of the σ-field, ⟨σ(x)⟩ ≡ σ^o, is nonzero. In the second one which is just the 2SC phase of dense matter the mean value of the diquark field Δ_2(x) is nonzero in addition, i. e. ⟨Δ_2(x)⟩ ≡ Δ^o_2 ≠ 0. Hence, without loss of generality, it is convenient to deal with TDP Ω_q (σ^o, π^o_a, Δ^o_A, Δ^{∗o}_A′ ) (note, A, A^′ = 2, 5, 7), in which all arguments, except σ^o ≡ M − m (m is a bare quark mass, whereas the parameter M is usually called constituent or dynamical quark mass) and Δ^o_2 ≡ Δ, are identically equal to zero. In this case the calculation of the total TDP Ω of the system (3) (recall, Ω = Ω_e + Ω_q) is significantly simplified [19, 20], and we have

Ω(μ_B , μ_Q, μ_8; M, Δ) = − μ^4_Q 12π^2 + (M − m)^2 4G + |Δ|^2 4H −2 ∑ ± ∫ d^3q (2π)^3 { |E^±_Δ + δμ| + |E^±_Δ − δμ| } − ∑ ± ∫ d^3q (2π)^3 { |E ± μ_{ub}| + |E ± μ_{db}| } , (27)

where E^±_Δ = √ (E^±)^2 + |Δ|^2, E^± = E ± μ̄, E = √ ⃗q^2 + M^2, μ̄ = (μ_{ur} + μ_{dg})/2 =(μ_{ug} + μ_{dr})/2 =μ̃ + μ_8 =μ_B /3 + μ_Q/6 + μ_8, μ_{ub} = μ_B /3 + 2μ_Q/3 − 2μ_8, μ_{db} = μ_B /3 − μ_Q/3 − 2μ_8, δμ = μ_Q/2 (see also the notations, used in (7)). Note that, apart from the order parameters M and Δ, the TDP Ω really depends on the chemical potentials, which is indicated in (27) in an explicit form. Since the integrals in the right hand side of (27) are ultraviolet divergent, we regularize them as well as the other three-dimensional divergent integrals below by implementing a cutoff in the integration regions, |⃗q| < Λ. Starting from (27), one can find the gap equations ∂Ω/∂Δ^∗ = 0 and ∂Ω/∂M = 0, which supply us with the values of M, Δ in the ground state of the system: ∂Ω ∂Δ^∗ ≡ Δ 4H − 2Δ ∫ d^3q (2π)^3 [ θ(E^+_Δ − |δμ|) E^+_Δ + θ(E^−_Δ − |δμ|) E^−_Δ ] = 0, (28) ∂Ω ∂M ≡ M − m 2G − 2M ∫ d^3q (2π)^3E [ θ(E − |μ_{ub}|) + θ(E − |μ_{db}|) ]

− 4M ∫ d^3p (2π)^3E [ θ(E^+_Δ − |δμ|)E^+ E^+_Δ + θ(E^−_Δ − |δμ|)E^− E^−_Δ ] = 0. (29)

Next, let us impose the local color- as well as electric charge neutrality requirements on the ground state of the model (3). It means that the quantities μ_8 and μ_Q take such values that the densities of the 8-th color charge N_8 and electric charge N_Q are equal to zero in the ground state for arbitrary fixed values of other model parameters, i. e. ⟨N_8⟩ = −∂Ω/∂μ_8 ≡ 0, ⟨N_Q⟩ = −∂Ω/∂μ_Q ≡ 0. These neutrality constraints look like: ⟨N_8⟩ ≡ 4 ∫ d^3q (2π)^3 [ θ(E+_Δ − |δμ|)E+ E^+_Δ − θ(E^−_Δ − |δμ|)E^− E^−_Δ ]

− 4 ∫ d^3p (2π)^3 [ sign(μ_{ub})θ(|μ_{ub}| − E) + sign(μ_{db})θ(|μ_{db}| − E) ] = 0, (30) ⟨N_Q⟩ ≡ μ^3_Q 3π^2 + ⟨N_8⟩ 6 + 2 ∫ d^3q (2π)^3 [ sign(μ_{ub})θ(|μ_{ub}| − E) + sign(δμ)θ(|δμ| − E^+_Δ) + sign(δμ)θ(|δμ| − E^−_Δ) ] = 0, (31)

In the following we suppose, for simplicity, that Δ is a real quantity. Of course, the solution of the common system of gap equations (28)-(29) and neutrality relations (30)-(31) is possible only numerically. In all numerical calculations of the present paper we use the following parameter set

G = 5.86 GeV^{−2}, Λ = 618 MeV, m = 5.67 MeV (32)

that leads in the framework of the NJL model to the well-known vacuum phenomenological values of the pion weakdecay constant F_π = 92.4 MeV, pion mass M_π = 140 MeV, and chiral quark condensate ⟨q̄q⟩ = −(245 MeV)^3. Moreover, we use two different values for the coupling constant H in the diquark channel, H = 3G/4 and H = G, for which two qualitatively different 2SC phases are realized in the model (see below). The numerical analysis shows that for the parameter set (32) and both relations H = 3G/4 and H = G the system of equations (28)-(31) has only two solutions. As was already discussed after (7), the first one (with M ≠ 0, Δ = 0, μ_8 = 0 and μ_Q = 0) corresponds to the SU(3)_c×SU(2)_I symmetry of the model (normal phase), whereas the second one (with M ≠ 0, Δ ≠ 0, μ_8 ≠ 0 and μ_Q ≠ 0) corresponds to the 2SC phase. As usual, solutions of these equations give local extrema of the thermodynamic potential Ω(μ_B , μ_Q, μ_8; M, Δ) (27). Clearly, one should also check in which of them the TDP takes the least value (for each fixed value of μ_B ). Just this solution of the system of equations (28)-(31) corresponds to the genuine neutral

FIG. 1: The behaviour of M vs μB in the neutral matter. FIG. 2: The behaviour of Δ vs μB in the neutral matter.

ground state of the model. In particular, for each fixed μ_B it supplies us with mean values (gaps) M, Δ (see Figs 1,2) as well as with values μ_8 and μ_Q (see Figs 3,4), at which the ground state has zero charges.^2

It is clear from Figs 1,2 that there is a critical value of the baryon chemical potential μ^c_B (for the case H = 3G/4 one has μ^c_B = 1.08 GeV, whereas for the case H = G one gets μ^c_B = 1.04 GeV^3) such that at μ_B < μ^c_B the normal SU(3)_c×SU(2)_I -symmetric phase of the model occurs. However, at μ_B > μ^c_B the 2SC phase is realized. Since in this case μ_Q ≠ 0 (see Fig. 4), the isospin SU(2)_I -symmetry of the normal phase is broken in the critical point rather by hand than dynamically, down to the U(1)_{I3} group. Furthermore, in the 2SC phase we have ⟨Δ_2(x)⟩ = Δ ≠ 0, ⟨Δ_{5,7}(x)⟩ ≡ 0. So in the critical point μ^c_B the color SU(3)_c-symmetry is broken down to the SU(2)_c subgroup. Since at μ_B > μ^c_B the μ_8-term of the Lagrangian (3) is nonzero (see Fig. 3), the initial color symmetry of the model is also broken by hand down to the SU(2)_c×U(1)_{λ8} subgroup, which is further broken dynamically (spontaneously) down to SU(2)_c. Hence, one may expect the appearance of only one Nambu – Goldstone boson in the mass spectrum of the 2SC phase (see the discussion below). Finally, remark that in the critical point μ^c_B the transition between these two phases is of the first-order which is characterized by a discontinuity in the behavior of M and Δ vs. μ_B (see Figs 1,2).

Up to now we have discussed the properties of the 2SC phase in neutral and β-equilibrated matter which are common for the two particular cases H = 3G/4 and H = G. However, there exist, at least two, qualitative distinctions between these neutral 2SC phases. (Both of them are based on the fact that in the neutral 2SC matter the relation Δ < |δμ| is valid for the case of H = 3G/4, whereas at H = G the opposite one Δ > |δμ| is true.) The first one lies in the diquark mass spectrum and will be discussed below. Just now we would like to present the second one which is provided by the quasiparticle dispersion relations, i. e. the momentum dependence of energy. In condensed matter physics quasiparticles are simply the one-fermion excitations of the ground state. In our case the quasiparticle spectrum of the 2SC matter is defined by singularities of the quark propagator S_0 (see Appendix B). Clearly, there are twelve (6 quark and 6 antiquark) quasiparticles in the 2SC matter. Four of them, blue quasiparticles, have the energies E ± μ_{ub} and E ± μ_{db}. The energy spectrum of the other eight, red and green quasiparticles, consists of four values E^±_Δ ± |δμ|, each is doubly degenerate. Evidently, for both relations between coupling constants H and G there are momentum values at which the energies of two blue quasiparticles must turn into zero, i. e. there are no energy costs to create these quasiparticles (their energies are E − μ_{ub} and E − μ_{db}). Due to this reason, these excitations are called gapless ones. Similarly, at H = 3G/4 there are in addition also two gapless red and green fermionic excitations (with energies E^−_Δ − |δμ|) of neutral 2SC matter, since in this case the relation Δ < |δμ| is true. However, in the neutral 2SC matter of the case H = G there are no additional gapless red and green quasiparticles. Hence, at H = 3G/4 the quasiparticle spectrum of the neutral 2SC matter consists of four gapless excitations (it is a so-called gapless color superconductivity). In contrast, at H = G there are only two gapless quasiparticles in the neutral 2SC matter, and color superconductivity is called as gapped one. Thus, our results corroborate the conclusion, made, e.g., in [19, 23], that the gapless 2SC may exist for a rather narrow interval of the coupling constant H values.

In the next sections we will calculate the inverse two-point (unnormalized) correlators of meson and diquark fluctu-

2 In the literature, the zero value of the current quark mass m is of frequent use in the 2SC investigation. In this case the constituent quark mass M is identically equal to zero in the 2SC phase of neutral matter (see, e.g., in [19, 22]).

3 The tendency, the greater H the smaller μ^c_B , is indeed supported by earlier investigations of the 2SC phenomenon in the framework of NJL models [34, 35]. In particular, it was shown that at sufficiently large values of the coupling constant H the 2SC phase may be realized in the model even at zero baryon chemical potential μ_B [35].

FIG. 3: The behaviour of μ8 vs μB in the neutral matter. FIG. 4: The behaviour of μQ vs μB in the neutral matter.

ations over the ground state of neutral 2SC matter in the one-loop (mean-field) approximation and find their masses in the two cases, H = 3G/4 and H = G.

IV. MESON MASSES

After a more detailed study of the S^{(2)}_{mixed} -part (26) of the effective action, it turns out that it is composed from σ(x), Δ_2(x) and Δ^∗_2(x) fields only, i. e. the π-mesons are not mixed with diquarks (this property is justified by the parity conservation both in the normal- and 2SC phases of our model). So to find the π-meson masses it is enough to deal with the effective action S^{(2)}mesons (24), which is a generating functional of the one-particle irreducible (1PI) Green functions of σ- and π-meson fields. In this case, instead of π_i(x)-fields (10), we will use the new fields π^0(x) ≡ π_3(x), π^±(x) ≡ (π_1(x) ± π_2(x))/ √ 2, so that the quantities Σ, Σ^t from (13) look like:

Σ = σ(x) + iγ^5[π^0(x)τ_3 + π^−(x)τ_+ + π^+(x)τ_−], Σ^t = σ(x) + iγ^5[π^0(x)τ_3 + π^−(x)τ_− + π^+(x)τ_+], (33)

where τ_± ≡ (τ_1 ± τ_2)/ √ 2. Then, the 1PI Green functions of σ- and π^±, π^0-meson fields can be generated through the relation:

Γ_{XY} (x − y) = − δ^2S^{(2)}_{mesons} δY (y)δX(x) , (34)

where X, Y = σ, π^±, π^0 (to take the variational derivatives in (34), it is very instructive to refer to the relations (A4)-(A5)). In momentum space the zeros of the Fourier transformations of these functions are connected with meson masses.

A. The π^±-meson masses

Using the relation (34), it is possible to define the 1PI Green functions of the π^±-fields. In particular,

Γ_π+_π− (x − y) = δ(z) 2G + 2iTr_{sc} [ 2A_{11}(z)γ^5B_{11}(−z)γ^5 + 2B_{22}(z)γ^5A_{22}(−z)γ^5

+A_{12}(z)γ^5A_{21}(−z)γ^5 + B_{21}(z)γ^5B_{12}(−z)γ^5 ] (35)

(in this expression all traces over flavor indices are calculated, and z = x − y), where operators A_{ij} (z) and B_{kl}(z) are defined in Appendix B. Moreover, Γ_π−_π+ (x − y) = Γ_π+_π− (y − x) and Γ_π+_π+ (x − y) = Γ_π−_π− (x − y) = 0. Due to the traces, containing an odd number of γ^5, all the mixed Green functions of the form Γ_{σπ}0,± (x − y) = −^{δ2S(2)mesons}_{δπ0,±(y)δσ(x)} are zero. Moreover, since the traces containing an odd number of τ_±-matrices equal zero, all the 1PI Green functions of the form Γ_π0_π± (x − y) are also zero. Hence, in the framework of our model there is no any mixing between π^±-fields on the one hand, and σ, π^0-fields on the other. After taking the trace over color indices, the Fourier transform of (35) has the following form:

Γ_π+_π− (p) = 1 2G + 4iTr_s ∫ d^4q (2π)^4 [ 2a^{(12)}_{11} (p + q)γ^5b^{(12)}_{11} (q)γ^5 + a^{(3)}_{11} (p + q)γ^5b^{(3)}_{11} (q)γ^5+

2b^{(12)}_{22} (p + q)γ^5a^{(12)}_{22} (q)γ^5 + b^{(3)}_{22} (p + q)γ^5a^{(3)}_{22} (q)γ^5 + a_{12}(p + q)γ^5a_{21}(q)γ^5 + b_{21}(p + q)γ^5b_{12}(q)γ^5 ] , (36)

where the quantities a^{(12)}_{11} (q), b^{(12)}_{11} (q) etc are the corresponding Fourier transformations of a^{(12)}_{11} (z), b^{(12)}_{11} (z) etc, presented in Appendix B. Clearly, Γ_π−_π+ (p) =Γ_π+_π− (−p). The zeros of these functions determine the π^±-meson dispersion laws, i. e. the relations between their energy and three-momenta. In the present paper, we are mainly interested in the investigation of the modification of meson and diquark masses in dense and cold color- and electrically neutral matter. Since in this case a particle mass is defined as the value of its energy in the rest frame, ⃗p = 0 (see, e.g., [30, 31, 36]), we put p = (p_0, 0, 0, 0) in the following. As a result, the calculation of 1PI Green functions is significantly simplified. Indeed, in the rest frame one can easily perform all the trace calculations over spinor indices in (36) (see the auxiliary relations (B10)) and gets

Γ_π+_π− (p_0) = 1 2G − 16i ∫ d^4q (2π)^4

(q_0 − δμ)(p_0 + q_0 + δμ) − E^+E^− − |Δ|^2 [(q_0 − δμ)^2 − (E^−_Δ)^2][(p_0 + q_0 + δμ)^2 − (E^+_Δ)^2] −4i ∫ d^4q (2π)^4 [ 1 (p_0 + q_0 + μ_{ub} + E)(q_0 + μ_{db} − E) + 1 (p_0 + q_0 + μ_{ub} − E)(q_0 + μ_{db} + E) ] , (37)

where we have used the same notations as in (27). Note also that in (37) q_0 is a shorthand notation for q_0 +iε·sign(q_0) and (p_0 + q_0) is a shorthand notation for (p_0 + q_0) + iε · sign(p_0 + q_0), where ε → 0_+ (see also the remark after (B9) and [37]). The q_0-integration in (37) is performed along the real axis in the complex q_0-plane. We will close this contour by an infinite arc in the upper half of the complex q_0-plane. Inside the obtained closed contour the integrand of the first integral in (37) has four simple poles which are located in the following points:

(q_0)_1 = δμ − E^−_Δ + iε · θ(E^−_Δ − δμ), (q_0)_2 = δμ + E^−_Δ + iε · θ(−E^−_Δ − δμ), (q_0)_3 = E^+_Δ − δμ − p_0 + iε · θ(δμ − E^+_Δ), (q_0)_4 = −E^+_Δ − δμ − p_0 + iε · θ(δμ + E^+_Δ),

whereas the integrand in the second line of (37) has the following four poles in the upper half of the q_0-plane:

(q̆_0)_1 = E − μ_{db} + iε · θ(μ_{db} − E), (q̆_0)_2 = −μ_{db} − E + iε · θ(μ_{db} + E), (q̆_0)_3 = −E − μ_{ub} − p_0 + iε · θ(E + μ_{ub}), (q̆_0)_4 = E − μ_{ub} − p_0 + iε · θ(μ_{ub} − E).

Summing the residues of the integrand function in these poles, we can perform the q_0-integration in (37) and obtain:

Γ_π+_π− (p_0) = 1 2G + 8 ∫ d^3q (2π)^3 [ θ(−δμ − E^−_Δ) E^−_Δ · (p_0 + E^−_Δ + 2δμ)E^−_Δ − E^+E^− − |Δ|^2 (p_0 + E^−_Δ + 2δμ)^2 − (E^+_Δ)^2 + θ(E^−_Δ − δμ) E^−_Δ · (p_0 − E^−_Δ + 2δμ)E^−_Δ + E^+E^− + |Δ|^2

(p_0 − E^−_Δ + 2δμ)^2 − (E^+_Δ)^2 − θ(δμ − E^+_Δ)

E^+_Δ · (p_0 − E^+_Δ + 2δμ)E^+_Δ + E^+E^− + |Δ|^2 (p_0 − E^+_Δ + 2δμ)^2 − (E^−_Δ)^2 − θ(δμ + E^+_Δ)

E^+_Δ · (p_0 + E^+_Δ + 2δμ)E^+_Δ − E^+E^− − |Δ|^2 (p_0 + E^+_Δ + 2δμ)^2 − (E^−_Δ)^2 ] + 4 ∫ d^3q (2π)^3 [ θ(μ_{db} − E) p_0 + 2δμ + 2E − θ(μ_{ub} + E) p_0 + 2δμ + 2E + θ(E + μ_{db}) p_0 + 2δμ − 2E − θ(μ_{ub} − E) p_0 + 2δμ − 2E ] . (38)

Clearly, the matrix element Γ_π+_π− (p_0) depends effectively on the variable z = (p_0 + 2δμ). It follows from our numerical analysis that for both values of the coupling constant H (H = G and H = 3G/4) the expression (38) has only two zeros, z_1(μ_B ) and z_2(μ_B ). Hence, for each fixed value of μ_B > μ^c_B , i. e. in the 2SC phase, we have Γ_π+_π− (p_0) ∼ (p_0 +2δμ−z_1)(p_0 +2δμ−z_2). Since Γ_π−_π+ (p_0) = Γ_π+_π− (−p_0), the determinant of the inverse propagator matrix of the π^±-mesons has the following form:

Γ_π+_π− (p_0) · Γ_π−_π+ (p_0) ∼ (p^2_0 − (2δμ − z_1)^2)(p^2_0 − (2δμ − z_2)^2). (39)

Evidently, in the p^2_0-plane it turns into zero in two points, which are the mass squared of the π^±-mesons. Hence, in the 2SC neutral dense matter the π^±-mesons have different masses:

M^2_π+ = (2δμ − z_1)^2, M^2_π− = (2δμ − z_2)^2. (40)

The behaviour of M_π+ and M_π− vs μ_B in the color superconducting and neutral matter is depicted in Figs 5,6 for the cases H = 3G/4 and H = G, respectively.

FIG. 5: The behaviour of meson masses vs μB in the gapless (H = 3G/4) color superconducting neutral matter (μB > μ^c_B = 1.08 GeV).

FIG. 6: The behaviour of meson masses vs μB in the gapped (H = G) color superconducting neutral matter (μB > μ^c_B = 1.04 GeV).

B. The π^0, σ-meson masses

As it was already discussed after (35), π^0-mesons are not mixed with other fields in the framework of the NJL model (3), i. e. the 1PI Green functions of the form Γ_π0_X (x − y), where X(x) = σ(x), π^±(x), Δ_A(x), Δ^∗_A′ (x), are equal to zero. In this case the 1PI Green function Γ_π0_π0 (x − y) is just the inverse π^0-propagator, which can be found from (34). To get the π^0-mass we need the expression Γ_π0_π0 (p), i. e. the Fourier transform of Γ_π0_π0 (x − y), in the rest frame. Using the technique presented in the previous section, one can obtain after tedious but straightforward calculations at p = (p_0, 0, 0, 0):

Γ_π0_π0 (p_0) = 1 2G + 8 ∫ d^3q (2π)^3

E^+_ΔE^−_Δ + E^+E^− + Δ^2 E^+_ΔE^−_Δ

E^+_Δ + E^−_Δ p^2_0 − (E^+_Δ + E^−_Δ)^2 + 4 ∫ d^3q (2π)^3 { θ(δμ − E^−_Δ) + θ(−δμ − E^−_Δ) E^−_Δ [ (p_0 + E^−_Δ)E^−_Δ − E^+E^− − |Δ|^2 (p_0 + E^−_Δ)^2 − (E^+_Δ)^2 + (E^−_Δ − p_0)E^−_Δ − E^+E^− − |Δ|^2 (E^−_Δ − p_0)^2 − (E^+_Δ)^2 ]

+ θ(δμ − E^+_Δ) + θ(−δμ − E^+_Δ) E^+_Δ [ (E^+_Δ − p_0)E^+_Δ − E^+E^− − |Δ|^2 (E^+_Δ − p_0)^2 − (E^−_Δ)^2 + (E^+_Δ + p_0)E^+_Δ − E^+E^− − |Δ|^2 (E^+_Δ + p_0)^2 − (E^−_Δ)^2 ]}

+8 ∫ d^3q (2π)^3 E p^2_0 − 4E^2 [θ(E − μ_{db}) + θ(E − μ_{ub}) − θ(−μ_{ub} − E) − θ(−μ_{db} − E)] . (41) The function (41) is an even one, i. e. Γ_π0_π0 (p_0) =Γ_π0_π0 (−p_0). Hence, it effectively depends on the variable p^2_0. Numerical investigations, performed both at H = 3G/4 and H = G, show that for each fixed value of μ_B > μ^c_B the 1PI Green function (41) has a single zero on the positive p^2_0-semi-axis, which is just the mass squared of the π^0-meson. Its mass in the 2SC phase of the dense and neutral matter is presented graphically in Figs 5,6.

The situation with the σ-meson mass is much more involved. Indeed, as it follows from the previous section, in the model under consideration the σ-meson is mixed with Δ_2(x), Δ^∗_2 (x)-diquarks (see also [29, 30, 31]). So to get the particle masses in this case, one should find the zeros of the 3×3-matrix determinant, whose matrix elements are nothing but the 1PI Green functions Γ_{XY} (p_0) (we use the rest frame in the momentum space representation), where X(x), Y (x) = σ(x), Δ_2(x), Δ^∗_2(x). In general, it is a rather hard task, which however can be significantly simplified due to some reasons. It turns out that 1PI Green functions of the form Γ_{σX} (X(x) = Δ_2(x), Δ^∗_2(x)) are proportional to the gap Δ (see Fig. 2) and constituent quark mass M (see Fig.1) as well. Hence, in the normal color symmetric phase (where Δ = 0) there is no mixing between the σ-meson and diquarks Δ_2(x), Δ^∗_2 (x) at all. The similar is true for the 2SC phase, if the current quark mass m is zero (in this case, as was pointed out in the footnote 2, the parameter M is also equal to zero in the 2SC phase). In our consideration the parameter M is a rather small quantity in comparison to the gap Δ in the 2SC phase (see Figs 1,2). So to have a grasp of the order of magnitude of the σ-meson mass, we ignore for simplicity the σ − Δ_2 mixing effect in this case, too. As a result, we see that both for H = 3G/4 and H = G the σ-meson mass is defined by the 1PI Green function Γ_{σσ} (x − y) which is approximately the 1PI Green function Γ_π0_π0 (x − y). Hence, for both above mentioned values of the coupling constant H the σ-meson mass is approximately equal to the π^0-meson mass in the 2SC neutral matter (see Figs 5,6).

Now some comments, concerning the behaviour of the π-meson masses in the neutral dense matter, are in order. First of all, note that in the normal phase (where μ_B < μ^c_B ) the μ_Q-term of the Lagrangian (3) is zero. As a result, the ground state of this phase is an SU(2)_I -invariant one. Due to this symmetry, in the normal phase all π-mesons have a common mass that is approximately 140 MeV for all μ_B < μ^c_B both for H = 3G/4 and H = G (the σ-meson mass is approximately equal to 700 MeV in the normal phase). Above the critical point, i. e. at μ_B > μ^c_B , the isotopic SU(2)_I symmetry of the system is broken due to the appearance in (3) of a nonzero μ_Q-term. So in the 2SC phase of electrically neutral matter the meson masses are allowed to have different values. Just this conclusion was supported by our numerical investigations (see Figs. 5,6), where a rather strong splitting of π-meson masses is observed. In contrast, if the electric charge neutrality is not imposed on the NJL-system, then all mesons have a common mass in the 2SC phase [30, 31].

Finally, note that in [38] a rather strong splitting of π-meson masses was shown to exist in electrically neutral and noncolor–superconducting dense quark matter both with or without pion condensation phenomenon.

V. DIQUARK MASSES

As in the previous section, we will ignore, for simplicity, the mixture between diquarks Δ_2(x), Δ^∗_2(x) and σ-meson (this is justified by moderately small values of the parameter M in the 2SC phase). In this case, in order to obtain the masses of diquarks, we need to analyze the 1PI Green functions, generated by the effective action S^{(2)}_{diquarks} (25):

Γ_{XY} (x − y) = − δ^2S^{(2)}_{diquarks} δY (y)δX(x) , (42)

where X(x), Y (x) = Δ_A(x), Δ^∗_A′ (x).

A. Diquark masses in the 2SC phase

Due to the structure of (25), the diquarks, as such, are not mixed to one another in the framework of our model. So it is reasonable to study step-by-step the diquark excitations of the 2SC neutral matter in the Δ_2(x), Δ^∗_2(x)-, Δ_5(x), Δ^∗_5 (x)-, and finally in the Δ_7(x), Δ^∗_7(x) sectors of the model.

The investigations of the 1PI Green functions (42) in the Δ_5(x) and Δ_7(x) sectors of the model supply us with four excitations of the 2SC phase ground state. All of them have the common mass 3|μ_8| both for H = 3G/4 and H = G, when color- and electric charge neutrality constraints are imposed [22, 31]. Evidently, these excitations form two real (or one complex) doublets of the SU(2)_c ground state symmetry group of the 2SC phase.

To study the masses of the SU(2)_c-singlet diquark excitations, we should consider the 1PI Green functions in the Δ_2(x), Δ^∗_2 (x) sector of the model. It can be shown in the usual way that in the 2SC phase these quantities take the following form (here again the rest frame, i. e. ⃗p = 0, in the momentum space representation is used):

Γ_{Δ2Δ2} (p_0) = Γ_Δ∗_{2 Δ}∗_2 (p_0) = 4Δ^2I_0(p^2_0), Γ_Δ∗_{2 Δ2} (p_0) = Γ_{Δ2Δ}∗_2 (−p_0) = (4Δ^2 − 2p^2_0)I_0(p^2_0) + 4p_0I_1(p^2_0), (43)

where

I_0(p^2_0) = ∫ d^3q (2π)^3 θ(E^+_Δ − |δμ|) E^+_Δ[4(E^+_Δ)^2 − p^2_0] + ∫ d^3q (2π)^3 θ(E^−_Δ − |δμ|) E^−_Δ[4(E^−_Δ)^2 − p^2_0] , I_1(p^2_0) = ∫ d^3q (2π)^3 θ(E^+_Δ − |δμ|)E^+ E^+_Δ[4(E^+_Δ)^2 − p^2_0] − ∫ d^3q (2π)^3 θ(E^−_Δ − |δμ|)E^− E^−_Δ[4(E^−_Δ)^2 − p^2_0]

. (44)

From the expressions (43) it is possible to compose the inverse propagator matrix G^{−1}(p_0) for the diquarks Δ_2(x), Δ^∗_2 (x) moving in neutral 2SC matter:

G^{−1}(p_0) = − ( Γ_{Δ2Δ2} (p_0), Γ_{Δ2Δ}∗_2 (p_0) Γ_Δ∗_{2 Δ2} (p_0), Γ_Δ∗_{2 Δ}∗_2 (p_0) ) . (45)

Then, the mass spectrum in the Δ_2(x), Δ^∗_2(x) sector of the model is defined by the equation

detG^{−1}(p_0) ≡ 4p^2_0 { (p^2_0 − 4Δ^2)I^2_0 (p^2_0) − 4I^2_1 (p^2_0) } ≡ 4p^2_0F (p^2_0) = 0. (46)

In the p^2_0-plane this equation has an evident zero, corresponding to a Nambu–Goldstone boson (NG), p^2_0 = 0. (Since

FIG. 7: The sketch of the SU(2)c-singlet diquark resonance in the gapped (H = G) 2SC neutral matter (μB > μ^c_B = 1.04 GeV). The solid line is for its mass MD vs μB , whereas the width of the strip between dashed lines MD ± Γ/2 is its width Γ vs μB .

FIG. 8: The behaviour of the stable SU(2)c-singlet diquark mass MD vs μB in the gapless (H = 3G/4) color superconducting neutral matter (μB > μ^c_B = 1.08 GeV).

F (0) ≠ 0, it does not have another zeros of the form p^2_0 = 0.)^4 Since in the 2SC phase the chemical potential μ_8 is nonzero, it is clear that in this phase the initial color SU(2)_c×U(1)_{λ8} symmetry of the Lagrangian (3) is spontaneously broken down to SU(2)_c group. So, there is only one broken symmetry generator, corresponding to the above mentioned NG-boson solution of the equation (46). Hence, it is possible to assert that in the 2SC phase of color- and electrically neutral matter, described by the NJL model (3), there appears a normal number of NG-bosons, corresponding to a spontaneous breaking of the color symmetry. In contrast, if neutrality requirements are not imposed and only the baryon chemical potential is taken into account, then in the NJL model there is an abnormal number of NG-bosons in the mass spectrum of the 2SC phase [29]. (Note, an abnormal number of NG-bosons is not a quite unexpected phenomenon. It is inherent to a variety of quantum models with broken Lorentz symmetry, which is provided by chemical potentials [28, 39].)

For the further investigation of the equation (46) some additional information about the functions I_0, I_1 (44), and consequently about the function F in (46), is required. It turns out that these functions are analytical in the complex p^2_0-plane, except for the cut κ < p^2_0 along the real axis (the first Riemann sheet). It is easy to verify that κ = 4Δ^2 in the case of the gapped 2SC phase, i. e. at H = G, where Δ > |δμ|. However, κ = 4|δμ|^2 ≡ μ^2_Q > 4Δ^2 in the case of the gapless 2SC phase, i. e. at H = 3G/4, where Δ < |δμ|. The quantity F (p^2_0) is a complex-valued function in the whole first Riemann sheet, except for points on the real axis which do not belong to a cut, where F (p^2_0) is a real-valued function.

Notice that in the case of the gapless 2SC phase, the cut of the p^2_0-plane originates to the right of the point 4Δ^2, whereas in the case of the gapped 2SC phase it just starts in the point 4Δ^2. This circumstance is of decisive importance for the appearance of the diquark mass difference in the two types of color superconductivity. Indeed, at H = G we did not manage to find any solution of the equation F (p^2_0) = 0 in the first Riemann sheet of the variable p^2_0. (In particular, it is evident from (46) that in the real points such that p^2_0 < 4Δ^2 the function F (p^2_0) is an exactly negative quantity.) So using the procedure, presented in the appendix of our previous paper [30], we continue the function F (p^2_0) to the second Riemann sheet, where it takes a zero value in some complex point. It means that an SU(2)_c-singlet diquark resonance appeared in the mass spectrum of the neutral gapped 2SC phase. Its mass M_D and width Γ are presented in Fig. 7 as functions of μ_B . For the gapless 2SC phase (at H = 3G/4) the situation is quite different. In this case the first Riemann sheet of the function F (p^2_0) contains in addition the set of real points p^2_0 such that 4Δ^2 ≤ p^2_0 < μ^2_Q. Just among these points the zero M^2_D of F (p^2_0) is located. It means that the existence of an SU(2)_c-singlet stable diquark excitation with mass M_D such that 2Δ ≤ M_D < |μ_Q| (see Fig. 8) is typical for the neutral gapless 2SC phase (at H = 3G/4), in contrast to the neutral gapped one (at H = G), where it is a resonance (see Fig. 7). In addition, it is easily concluded that for the same relation H = 3G/4 the SU(2)_c-singlet diquark is a heavy resonance in the 2SC (gapped) phase without neutrality requirement [30, 31], whereas it is a stable particle in

4 It might seem that the appearance of the NG-boson in the mass spectrum of the model is strongly connected with the disregarding of the mixing between σ-meson and Δ_2(x), Δ^∗_2 (x) diquarks. However, as it was shown in [30], this NG-boson is a native property of the model, since it exists in the mass spectrum even in the case, when the mixing is taken into account.

the gapless neutral 2SC phase, if the neutrality constraints are fulfilled.^5

Notice that in the present paper actually the dispersion relations of mesons and diquarks, i. e. the momentum dependence of their energies, are investigated for the particular value of the three-momentum, ⃗p = 0. Contrary, in the recent papers [24, 25] the diquark dispersion relations were studied at ⃗p ≠ 0, and a conclusion about the Higgs instability of the NJL gapless 2SC phase was made. In this case the g2SC phase is unstable vs fluctuations of the Nambu – Goldstone diquark fields and, as a result some of the diquarks acquire a non-physical negative velocity squared [24]. (In addition, the g2SC phase of a gauged NJL model suffers also from a chromomagnetic instability [26].) In particular, it was shown that a sufficient condition for the Higgs instability in the gapped 2SC phase is the relation √ 2|δμ| > Δ. Since in the case G = H this relation is not fulfilled, one may conclude that in the gapped neutral 2SC phase considered above the Higgs instability is absent.

Finally, it is necessary to note that in the physical SU(2)_c-singlet diquark channel, we have found a stable massive mode in the case of the g2SC phase (H = 3G/4), whereas in [24] it was claimed that a gapless tachyon emerges in this channel. Actually, there is no contradiction between our result and that paper. Indeed, in our case the diquark mass M_D obeys the relation 2Δ < M_D = p_0. In contrast, in [24] those solutions for the diquark dispersion relation were investigated that are constrained by |p_0|, |⃗p| ≪ Δ. It means that in the gapless color superconductor there are two branches for the dispersion relation of the physical SU(2)_c-singlet diquark mode at small values of |⃗p|. The first is the massive heavy excitation with 2Δ < p_0 (see Fig. 8 of the present paper), the other one corresponds to a gapless tachyon, located in a quite different kinematic region with |p_0| ≪ Δ. In addition, it was shown in [24] that the singularity p_0/|⃗p| appears in the diquark two-point 1PI Green function in the gapless 2SC phase. In this case, owing to this singularity, it is quite possible to get at |⃗p| → 0 a result (gapless tachyon) that does not coincide with the diquark mass, directly calculated at ⃗p = 0.

B. Diquarks in the normal phase (Δ = 0, μ8 = 0, μQ = 0)

At Δ = 0 the three complex diquark fields Δ_A(x) (A = 2, 5, 7) are not mixed with other fields in the second order effective action (23) of the model. Since in addition the quantities μ_8, μ_Q are equal to zero in the normal phase, there is an SU(3)_c symmetry of the ground state of this phase. So, in order to study the diquark masses at μ_B < μ^c_B , it is enough to consider, e.g., the Δ_2-diquark sector only. In this phase the inverse propagator matrix G^{−1}(p_0) for the diquarks Δ_2(x), Δ^∗_2(x) looks, in contrast to the inverse propagator (45) of these fields in the 2SC phase, more simpler [30, 31] (again, we use the rest frame, ⃗p = 0, in the momentum space representation):

G^{−1}(p_0) = − ( 0 , Γ_{Δ2Δ}∗_2 (p_0) Γ_Δ∗_{2 Δ2} (p_0), 0 ) , (47)

where Γ_{Δ2Δ}∗_2 (p_0) =Γ_Δ∗_{2 Δ2} (−p_0),

Γ_Δ∗_{2 Δ2} (p_0) = 1 4H − 16 ∫ d^3q (2π)^3 E 4E^2 − (p_0 + 2μ_B /3)^2 ≡ 1 4H − Φ(ϵ), (48)

and ϵ = (p_0 + 2μ_B/3)^2. Since the determinant of the inverse propagator matrix (47) takes the form

detG^{−1}(p_0) ≡ Γ_Δ∗_{2 Δ2} (p_0)Γ_{Δ2 Δ}∗_2 (p_0) = Γ_Δ∗_{2 Δ2} (p_0)Γ_Δ∗_{2 Δ2} (−p_0), (49)

it is clear that the mass spectrum is defined by the zeros of the 1PI Green function (48). Note, the function Φ(ϵ) is analytical in the whole complex ϵ-plane, except for the cut 4M^2 < ϵ along the real axis. (In general, this function is defined on a complex Riemann surface which is to be described by several sheets. The integral representation for Φ(ϵ), given in (48), defines its values on the first sheet only. To find a value of Φ(ϵ) on the rest of the Riemann surface, a special procedure of analytical continuation is needed (see, e.g., in [30]).) It turns out that for the model parameter set (32) and a wide set of the coupling constant H values (see below), the equation

Φ(ϵ) = 1 4H (50)

5 Let us quote also another less rigorous, but more physical argument in favour of the stability of the SU(2)_c-singlet diquark excitation in the g2SC phase (H = 3G/4). Namely, the decay of the above mentioned diquark excitation with mass M_D into a pair of u- and d quark quasiparticles is forbidden due to the energy disbalance. Indeed, the total energy E(p) of this quark pair in their center-of-mass system takes the form E(p) = E_u(p) + E_d(p), where p = |⃗p| ≥ 0 and E_u(p) = E^−_Δ + |δμ|, E_d(p) = |E^−_Δ − |δμ||. One can easily show that E(p) ≥ |μ_Q|. Since the mass M_D of the SU(2)_c-singlet diquark excitation in the g2SC phase is smaller than |μ_Q|, we conclude that the decay of this excitation into a pair of u- and d quasiparticles is forbidden.

FIG. 9: The behavior of the stable diquark mass M^o_D vs η ≡ H/G in the vacuum (at μB = 0). Here η^∗ = H^∗/G ≈ 0.698, η^{∗∗} = H^{∗∗}/G ≈ 1.525, M ≈ 0.350 GeV. At η < η^∗ there are no stable diquarks in the normal phase, and these particles are resonances. At η > η^{∗∗} an SU(3)c symmetric ground state of the normal phase (including the vacuum) is unstable in favor of color superconducting phases.

has on the first Riemann sheet of the variable ϵ a single root ϵ_0 on the real axis such that 0 < ϵ_0 < 4M^2. In this case the physical meaning of ϵ_0 is that ϵ_0 = (M^o_D)^2, where M^o_D is the mass of a stable diquark at μ_B = 0. Having a root ϵ_0, one can find two zeros of the 1PI Green function Γ_Δ∗_{2 Δ2} (p_0) as well as four zeros of the determinant (49). They provide us with the following mass squared in the Δ^∗_2, Δ_2 sector of the model:

(M_Δ)^2 = (M^o_D − 2μ_B /3)^2, (M_Δ∗ )^2 = (M^o_D + 2μ_B/3)^2. (51)

In particular, if H = 3G/4, then M^o_D ≈ 1.988M, if H = G, then M^o_D ≈ 1.746M (here M is the constituent quark mass, or gap, in the normal phase (see Fig. 1), i. e. M ≈ 0.350 GeV). We relate M_Δ in (51) to the mass of the diquark with the baryon number B = 2/3 and M_Δ∗ to the mass of the antidiquark with B = −2/3. The difference between diquark and antidiquark masses in (51) is explained by the absence of a charge conjugation symmetry in the presence of a chemical potential μ_B .

Finally, due to the underlying color SU(3)_c symmetry, the previous statement is valid also for Δ^∗_5, Δ_5 and Δ^∗_7, Δ_7. As a result, we have a color antitriplet of diquarks with the mass M_Δ (51) as well as a color triplet of antidiquarks with the mass M_Δ∗ in the mass spectrum of the normal phase, i. e. at μ_B < μ^c_B .

It is clear from the equation (50) that its own solution ϵ_0 lies inside the interval 0 < ϵ_0 < 4M^2 only if H^∗ < H < H^{∗∗}, where H^∗ and H^{∗∗} are defined by H^∗ ≡ 1 4Φ(4M^2) = π^2 4 [ Λ √ M^2 + Λ^2 + M^2 ln((Λ + √ M^2 + Λ^2)/M) ], H^{∗∗} ≡ 1 4Φ(0) = π^2 4 [ Λ √ M^2 + Λ^2 − M^2 ln((Λ + √ M^2 + Λ^2)/M) ] = 3MG 2(M − m) (52)

(here the values of Λ, m and G are presented in (32), whereas M ≈ 0.350 GeV is the dynamical quark mass in the normal phase). In this case, as was noted above, ϵ_0 defines the stable diquark mass M^o_D in the vacuum, i. e. at μ_B = 0, through the relation ϵ_0 = (M^o_D)^2. The values of M^o_D are depicted in Fig. 9 as a function of the parameter η = H/G. (Note, η^∗ = H^∗/G, η^{∗∗} = H^{∗∗}/G =1.5M/(M − m).) For a rather weak interaction in the diquark channel (H < H^∗ or η < η^∗), ϵ_0 runs onto the second Riemann sheet, and unstable diquark modes (resonances) appear. Unlike this, a sufficiently strong interaction in the diquark channel (H > H^{∗∗} or η > η^{∗∗}) pushes ϵ_0 towards the negative semi-axis, i. e. (M^o_D)^2 < 0 in this case. The latter indicates a tachyon singularity in the diquark propagator, evidencing that the SU(3)_c-color symmetric ground state is not stable. Indeed, at a very large H, as it has been shown in [35], the color symmetry is spontaneously broken even at a vanishing chemical potential. The fact that at η → η^{∗∗}_− the diquark mass M^o_D tends to zero may be considered as a precursor of the spontaneous breaking of the SU(3)_c symmetry, taking part at H = H^{∗∗}.

VI. SUMMARY AND DISCUSSION

The present paper is the last in the series of our papers [29, 30, 31], devoted to the investigation of the ground state bosonic excitations (mesons and diquarks) of color superconducting quark matter. The novel features of our present consideration, performed in the framework of the two-flavored NJL model, are the local electric charge neutrality constraint as well as the β-equilibrium that is due to taking into account electrons. As a result, depending on the diquark channel coupling constant H, the gapless (H = 3G/4) or gapped (H = G) 2SC may exist in the system based on the Lagrangian (3). Since in (3) a new term with the electric charge chemical potential μ_Q appeared, we have an explicit breaking of the flavor SU(2) symmetry in both 2SC phases. So, in contrast to the non-neutral case [29, 30, 31], π-mesons acquire a rather strong mass splitting in both gapless- and gapped 2SC phases (see Figs. 5,6).

The diquark sector of the model consists of six modes. Since in the color and electrically neutral 2SC phase the chemical potential μ_8 is not equal to zero (see Fig. 3), the Lagrangian (3) is invariant under the color SU(2)_c×U(1)_{λ8} group. It turns out that in the color superconducting phase this symmetry is spontaneously broken down to SU(2)_c, so, in accordance with general theorems, one of the diquark modes takes zero mass, i. e. it is the Nambu – Goldstone boson that is an SU(2)_c-singlet. Besides, in this phase there are four very light diquark excitations that are composed into two real SU(2)_c-doublets with a common mass proportional to μ_8. In our opinion, when the NJL model is gauged, the above mentioned diquark modes should be absent in the model. Instead, due to the Anderson – Higgs mechanism, five massive gluons will appear. So we believe that five diquark excitations with zero or very small mass, observed in the 2SC phase of the nongauged model (3), are not physically interesting objects and might be ignored (see also the discussion in [32]).

The remaining one, an SU(2)_c-singlet diquark excitation of the 2SC ground state, has different properties under different external conditions. Indeed, if the electric charge neutrality requirement is not imposed, then, as it was shown in [30, 31] at H = 3G/4, this diquark mode is a heavy resonance with mass approximately equal to 1100 MeV. However, if the neutrality and β-equilibrium conditions are imposed, then, on the one hand, at H = 3G/4 the gapless 2SC phase is realized, in which the above mentioned diquark mode is already a stable particle, whose mass is evaluated around 200 MeV (see Fig. 8). Note that its mass is approximately equal to the value of |μ_Q| presented by Fig. 4. On the other hand, at H = G we have the neutral gapped 2SC phase, in which the diquark is still a resonance but with a much more smaller mass (see Fig. 7).

It was shown, e.g., in [40] that at sufficiently high baryon densities, comparable with densities inside neutron stars, the normal quark matter equation of state is significantly influenced by scalar mesons (σ-meson etc). Moreover, these mesons might change significantly the mass and radius of the neutron star as well as the role of hyperon degrees of freedom in dense matter. Since the masses of diquarks in the electrically neutral color superconducting quark matter are of the same order as those of mesons (compare Figs 5,6 and Figs 7,8), one might expect similar effects in the measurable parameters of neutron stars (e.g. their masses, radii etc), when diquarks will be taken into account properly in neutron star physics (see also [28]). So, the influence of rather light diquark excitations might in principle be checked by astrophysical observations.

In fact, in the present paper the dispersion relations for mesons and diquarks following from the NJL model (3) are investigated in the rest frame, i.e. at |⃗p| = 0. In the recent paper [24] (see also [25]) the diquark dispersion relations at small nonzero |⃗p| were studied in the same model. It was found there that in the gapless 2SC phase (H = 3G/4) Nambu – Goldstone diquark modes have a non-physical negative velocity squared, i.e. the model is unstable against fluctuations of these fields. (In contrast, as it follows from our discussion at the end of section V A, in the gapped 2SC phase (H = G) this kind of instability is absent.) Moreover, it was proved in [24] that at small |⃗p| ≠ 0 in the SU(2)_c-singlet diquark channel of the g2SC phase there is a gapless tachyon with |p_0| ≪ Δ. Our result, i. e. the existence of a stable diquark excitation with mass M_D ∼ 200 MeV (see Fig. 8) in the same channel, does not conflict with this, since p_0 = M_D belongs to a quite another kinematic region, where p_0 = M_D > 2Δ. In spite of the fact that in our calculations |⃗p| = 0, we believe that at |⃗p| ≠ 0 there is also a branch of the SU(2)_c-singlet diquark dispersion relation, which corresponds to a stable excitation of the g2SC phase with mass M_D (see Fig. 8).

Moreover, in the present paper the behaviour of the diquark mass at vanishing μ_B as a function of the coupling constant H is also obtained (see Fig. 9).

Acknowledgments

Two of the authors (K. G. K. and V. L. Yu.) acknowledge the kind hospitality of the colleagues of the Particle Theory Group at the Humboldt University, Berlin. D.E. is grateful to useful discussions with M. K. Volkov and to the kind hospitality of the colleagues in the Bogoliubov Laboratory for Theoretical Physics of JINR Dubna. This work has been supported in part by DFG-project 436 RUS 113/477/0-2, RFBR grant 05-02-16699 and the grant of the Heisenberg-Landau project. The work by V. L. Yu. was also supported in part by RFBR Grant 05-02-17695 and by a special program of the Ministry of Education and Science of the Russian Federation, Grant RNP.2.1.1.5409.

APPENDIX A: SOME FORMULAE

Appendix A contains some useful formulae employed in the text. i) Determinant: det ( A , B C , D ) = det[−CB + CAC^{−1}D] = det[DA − DBD^{−1}C]. (A1)

ii) Inverse matrix: ( A , B C , D )_{−1} = ( C^{−1}DL , −N −L , B^{−1}AN ) = (¯ L , −A^{−1}BN̄ −D^{−1}CL̄ , N̄ ) , (A2)

where

L = [AC^{−1}D − B]^{−1} , N = [DB^{−1}A − C]^{−1} , L̄ = [A − BD^{−1}C]^{−1} , N̄ = [D − CA^{−1}B]^{−1}. (A3)

iii) Variational derivatives: Let A, B are some operators in the coordinate space with matrix elements A(x, y) ≡A(x − y) and B(x, y) ≡ B(x − y), respectively. Moreover, let σ(x) and ϕ(x) are some fields. Then, Tr{AσBϕ} ≡ ∫ dxdydzduA(x, z)σ(z)δ(z − y)B(y, u)ϕ(u)δ(u − x) = ∫ dxdyA(x, y)σ(y)B(y, x)ϕ(x). (A4) It follows from (A4) that δ^2Tr{AσBϕ} δσ(y)δϕ(x) = A(x, y)B(y, x) = A(x − y)B(y − x). (A5)

APPENDIX B: QUARK PROPAGATOR IN THE NAMBU–GORKOV REPRESENTATION

In the Nambu – Gorkov representation the inverse quark propagator matrix S^{−1}_0 is defined in (19). Using the relation (A2) as well as the energy projection operator technique of [34], one can obtain the following expressions for the matrix elements S_{ij} (x − y) of the quark propagator S_0(z) (here z = x − y):

S_{11}(z) = A_{11}(z)τ_+τ_− + B_{11}(z)τ_−τ_+; S_{12}(z) = A_{12}(z)τ_+ + B_{12}(z)τ_−; S_{22}(z) = A_{22}(z)τ_+τ_− + B_{22}(z)τ_−τ_+; S_{21}(z) = A_{21}(z)τ_+ + B_{21}(z)τ_−, (B1)

where their explicit structure in the flavor space is presented with the help of τ_± ≡ (τ_1 ± τ_2)/ √ 2 matrices (recall, τ_i are the Pauli matrices) and

A_{11}(z) = 1 2 ∫ d^4q (2π)^4 e^{−iqz} { (q_0 + δμ) − E^+ (q_0 + δμ)^2 − (E^+_Δ)^2 γ^0Λ̄_+ +

(q_0 + δμ) + E^− (q_0 + δμ)^2 − (E^−_Δ)^2 γ^0Λ̄_− } P^{(c)}_{12} + 1 2 ∫ d^4q (2π)^4 e^{−iqz} { γ^0Λ̄_+ q_0 + E + μ_{ub} + γ^0Λ̄_− q_0 + μ_{ub} − E } P^{(c)}_3 ≡ a^{(12)}_{11} (z)P^{(c)}_{12} + a^{(3)}_{11} (z)P^{(c)}_3 , (B2)

B_{11}(z) = 1 2 ∫ d^4q (2π)^4 e^{−iqz} { (q_0 − δμ) − E^+ (q_0 − δμ)^2 − (E^+_Δ)^2 γ^0Λ̄_+ +

(q_0 − δμ) + E^− (q_0 − δμ)^2 − (E^−_Δ )^2 γ^0Λ̄_− } P^{(c)}_{12} + 1 2 ∫ d^4q (2π)^4 e^{−iqz} { γ^0Λ̄_+ q_0 + μ_{db} + E + γ^0Λ̄_− q_0 + μ_{db} − E } P^{(c)}_3 ≡ b^{(12)}_{11} (z)P^{(c)}_{12} + b^{(3)}_{11} (z)P^{(c)}_3 , (B3)

A_{22}(z) = 1 2 ∫ d^4q (2π)^4 e^{−iqz} { (q_0 − δμ) − E^− (q_0 − δμ)^2 − (E^−_Δ)^2 γ^0Λ̄_+ +

(q_0 − δμ) + E^+ (q_0 − δμ)^2 − (E^+_Δ)^2 γ^0Λ̄_− } P^{(c)}_{12} + 1 2 ∫ d^4q (2π)^4 e^{−iqz} { γ^0Λ̄_+ q_0 − μ_{ub} + E + γ^0Λ̄_− q_0 − μ_{ub} − E } P^{(c)}_3 ≡ a^{(12)}_{22} (z)P^{(c)}_{12} + a^{(3)}_{22} (z)P^{(c)}_3 , (B4)

B_{22}(z) = 1 2 ∫ d^4q (2π)^4 e^{−iqz} { (q_0 + δμ) − E^− (q_0 + δμ)^2 − (E^−_Δ )^2 γ^0Λ̄_+ +

(q_0 + δμ) + E^+ (q_0 + δμ)^2 − (E^+_Δ)^2 γ^0Λ̄_− } P^{(c)}_{12} + 1 2 ∫ d^4q (2π)^4 e^{−iqz} { γ^0Λ̄_+ q_0 − μ_{db} + E + γ^0Λ̄_− q_0 − μ_{db} − E } P^{(c)}_3 ≡ b^{(12)}_{22} (z)P^{(c)}_{12} + b^{(3)}_{22} (z)P^{(c)}_3 , (B5)

17 A_{12}(z) = −

Δλ_2 √ 2 ∫ d^4q (2π)^4 e^{−iqz} { γ^5Λ̄_+ (q_0 + δμ)^2 − (E^−_Δ)^2 + γ^5Λ̄_− (q_0 + δμ)^2 − (E^+_Δ)^2 } ≡ a_{12}(z)λ_2, (B6)

B_{12}(z) =

Δλ_2 √ 2 ∫ d^4q (2π)^4 e^{−iqz} { γ^5Λ̄_+ (q_0 − δμ)^2 − (E^−_Δ)^2 + γ^5Λ̄_− (q_0 − δμ)^2 − (E^+_Δ)^2 } ≡ b_{12}(z)λ_2, (B7)

B_{21}(z) =

Δ^∗λ_2 √ 2 ∫ d^4q (2π)^4 e^{−iqz} { γ^5Λ̄_+ (q_0 + δμ)^2 − (E^+_Δ)^2 + γ^5Λ̄_− (q_0 + δμ)^2 − (E^−_Δ )^2 } ≡ b_{21}(z)λ_2, (B8)

A_{21}(z) = −

Δ^∗λ_2 √ 2 ∫ d^4q (2π)^4 e^{−iqz} { γ^5Λ̄_+ (q_0 − δμ)^2 − (E^+_Δ)^2 + γ^5Λ̄_− (q_0 − δμ)^2 − (E^−_Δ )^2 } ≡ a_{21}(z)λ_2. (B9)

In the above formulae P^{(c)}_{12} =diag(1, 1, 0), P^{(c)}_3 =diag(0, 0, 1) are the projectors on the red-green and blue subspaces of the color space, correspondingly; λ_2 is the Gell-Mann matrix; Λ̄_± =^1_2 (1 ±^{γ0(⃗γ⃗q−M)}_E ) are projectors on the solutions of the Dirac equation with positive/negative energy. The other notations appearing in (B2)-(B9) are identical to those of (27). Note that in (B2)-(B9) and similar integrals, containing an integration over the energy variable, the symbol q_0 is a shorthand notation for q_0 + iε · sign(q_0), where ε → 0_+. This prescription correctly implements the roles of μ_B , μ_8 and μ_Q as chemical potentials and preserves the causality of the theory (see, e.g. [37]). Introducing the new projectors Λ_± =^1_2 (1 ±^{γ0(⃗γ⃗q+M)}_E ), it is very convenient to use in trace calculations the following relations

γ^5Λ̄_±γ^5 = Λ_±, γ^0Λ̄_±γ^0 = Λ_∓, Λ^2_± = Λ_±, Λ_±Λ_∓ = 0,

TrΛ_± = 2, Tr(Λ_±Λ̄_±) = 2⃗q^2 E^2

, Tr(Λ_±Λ̄_∓) =

2M^2 E^2

. (B10)

[1] B. C. Barrois, Nucl. Phys. B 129, 390 (1977); D. Bailin and A. Love, Nucl. Phys. B 190, 175 (1981). [2] D. T. Son, Phys. Rev. D 59, 094019 (1999); T. Schäfer and F. Wilczek, Phys. Rev. D 60, 114033 (1999); D. K. Hong, V. A. Miransky, I. A. Shovkovy and L. C. R. Wijewardhana, Phys. Rev. D 61, 056001 (2000); R. D. Pisarski and D. H. Rischke, Phys. Rev. D 61, 074017 (2000); W. E. Brown, J. T. Liu and H.-C. Ren, Phys. Rev. D 61, 114012 (2000).

[3] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 124, 246 (1961).

[4] T. Eguchi, Phys. Rev. D 14, 2755 (1976); K. Kikkawa, Progr. Theor. Phys. 56, 947 (1976). [5] D. Ebert and M. K. Volkov, Phys. At. Nucl.36,1265 (1982); Z. Phys. C16, 205 (1983).

[6] D. Ebert and H. Reinhardt, Nucl. Phys. B 271, 188 (1986); M. K. Volkov, Fiz. Elem. Chast. Atom. Yadra 17, 433 (1986). [7] D. Ebert, H. Reinhardt and M. K. Volkov, Prog. Part. Nucl. Phys. 33,1 (1994); S. P. Klevansky, Rev. Mod. Phys. 64, 649 (1992); T. Hatsuda and T. Kunihiro, Phys. Rept. 247, 221 (1994).

[8] V. Bernard, U.-G. Meissner and I. Zahed, Phys. Rev. D 36, 819 (1987); M. Asakawa and K. Yazaki, Nucl. Phys. A 504, 668 (1989); P. Zhuang, J. Hüfner and S. P. Klevansky, Nucl. Phys. A 576, 525 (1994); M. B. Pinto, Phys. Rev. D 50, 7673 (1994); M. Buballa, Nucl. Phys. A 611, 393 (1996); A. S. Vshivtsev, V. Ch. Zhukovsky and K. G. Klimenko, JETP 84, 1047 (1997).

[9] T. Inagaki, T. Muta and S. D. Odintsov, Prog. Theor. Phys. Suppl. 127, 93 (1997); E. V. Gorbar, Phys. Rev. D 61, 024013 (2000); Yu. I. Shilnov and V. V. Chitov, Phys. Atom. Nucl. 64, 2051 (2001); D. Ebert and K. G. Klimenko, Nucl. Phys. A 728, 203 (2003); Phys. Atom. Nucl. 68, 124 (2005); E. J. Ferrer, V. de la Incera and C. Manuel, Nucl. Phys. B 747, 88 (2006).

[10] D. K. Kim and I. G. Koh, Phys. Rev. D 51, 4573 (1995); A. S. Vshivtsev, M. A. Vdovichenko and K. G. Klimenko, J.

Exp. Theor. Phys. 87, 229 (1998); K. G. Klimenko, hep-ph/9809218; A. S. Vshivtsev et al, Phys. Atom. Nucl. 61, 479 (1998); E. J. Ferrer, V. de la Incera and V. P. Gusynin, Phys. Lett. B 455, 217 (1999); E. J. Ferrer and V. de la Incera, hep-ph/0408229.

[11] P. Costa, M. C. Ruivo, and Yu. L. Kalinovsky, J. Phys. G 31, S1171 (2005); A. E. Radzhabov, M. K. Volkov, hep-ph/0509288; A. E. Radzhabov, M. K. Volkov, and V. L. Yudichev, J. Phys. G 32, 111 (2006).

[12] D. Ebert, Yu. L. Kalinovsky, L. Münchow and M. K. Volkov, Int. J. Mod. Phys.A 8, 1295 (1993). [13] T. M. Schwarz, S. P. Klevansky and G. Papp, Phys. Rev. C 60, 055205 (1999); J. Berges and K. Rajagopal, Nucl. Phys.

B 538, 215 (1999).

[14] R. Rapp, T. Schäfer, E. V. Shuryak and M. Velkovsky, Ann. Phys. 280, 35 (2000); M. Alford, Ann. Rev. Nucl. Part. Sci.

51, 131 (2001); G. Nardulli, Riv. Nuovo Cim. 25N3, 1 (2002).

[15] D. Ebert et al., Phys. Rev. D 65, 054024 (2002); D. Blaschke, M. K. Volkov and V. L. Yudichev, Eur. Phys. J. A 17, 103 (2003).

[16] M. Buballa, Phys. Rept. 407, 205 (2005).

[17] M. Huang, Int. J. Mod. Phys. E. 14, 675 (2005); I. A. Shovkovy, Found. Phys. 35, 1309 (2005). [18] M. Alford and K. Rajagopal, JHEP 0206, 031 (2002); A. W. Steiner, S. Reddy and M. Prakash, Phys. Rev. D 66, 094007 (2002); H. J. Warringa, hep-ph/0606063.

[19] I. Shovkovy and M. Huang, Phys. Lett. B 564, 205 (2003). [20] M. Huang, P. Zhuang and W. Chao, Phys. Rev. D 67, 065015 (2003).

[21] M. Buballa and I. A. Shovkovy, Phys. Rev. D 72, 097501 (2005). [22] L. He, M. Jin and P. Zhuang, hep-ph/0504148. [23] H. Abuki and T. Kunihiro, Nucl. Phys. A 768, 118 (2006). [24] M. Hashimoto, hep-ph/0605323.

[25] I. Giannakis, D. Hou, M. Huang, and H.-C. Ren, hep-ph/0606178; hep-ph/0609098. [26] E. V. Gorbar, M. Hashimoto and V. A. Miransky, Phys. Lett. B 632, 305 (2006).

[27] W. Bentz and A. W. Thomas, Nucl. Phys. A 696, 138 (2001); S. Lawley, W. Bentz and A. W. Thomas, J. Phys. G 32, 667 (2006).

[28] A. H. Rezaeian and H. J. Pirner, nucl-th/0606043.

[29] D. Blaschke, D. Ebert, K. G. Klimenko, M. K. Volkov and V. L. Yudichev, Phys. Rev. D 70, 014006 (2004). [30] D. Ebert, K. G. Klimenko and V. L. Yudichev, Phys. Rev. C 72, 015201 (2005). [31] D. Ebert, K. G. Klimenko and V. L. Yudichev, Phys. Rev. D 72, 056007 (2005). [32] L. He, M. Jin and P. Zhuang, hep-ph/0511300.

[33] M. Kitazawa, T. Koide, T. Kunihiro and Y. Nemoto, Phys. Rev. D 65, 091504 (2002); Prog. Theor. Phys. 114, 117 (2005). [34] M. Huang, P. Zhuang and W. Chao, Phys. Rev. D 65, 076012 (2002).

[35] V. Ch. Zhukovsky, V. V. Khudyakov, K. G. Klimenko et al., JETP Lett. 74, 523 (2001); hep-ph/0108185. [36] J. B. Kogut et al, Nucl. Phys. B 582, 477 (2000); P. Costa et al, Phys. Rev. C 70, 025204 (2004). [37] A. Chodos, K. Everding and D. A. Owen, Phys. Rev. D 42, 2881 (1990). [38] D. Ebert and K. G. Klimenko, Eur. Phys. J. C 46, 771 (2006).

[39] V. A. Miransky and I. A. Shovkovy, Phys. Rev. Lett. 88, 111601 (2002); T. Schafer et al, Phys. Lett. B 522,67 (2001); T. Brauner, Phys. Rev. D 72, 076002 (2005); hep-ph/0606300; hep-ph/0607102; L. He, M. Jin and P. Zhuang, cond-mat/0604580; J. O. Andersen, hep-ph/0609020.

[40] S. S. Rocha, A. R. Taurines, C. A. Z. Vasconcellos, M. B. Pinto, and M. Dillig, Mod. Phys. Lett. A 17, 1335 (2002).