arXiv:hep-ph/0609282 v2 5 Oct 2006

UV-divergent parts of one-loop tensor integrals in dimensional regularisation

G. Sulyok

Institut für Hochenergiephysik der Österreichischen Akademie der Wissenschaften A-1050 Wien, Austria

Abstract

Starting from the general definition of a 1-loop tensor N-point function, we use its Feynman parametrization in order to calculate the UV-divergent part of an arbitrary tensor coefficient in the framework of dimensional regularization. After presenting the general result in closed form, we also provide less complex formulae for certain special cases and explicit expressions for some B-, C-, and D-functions.

1 Introduction

For the calculation of elementary particle processes at one loop level, ’t Hooft and Veltman introduced the basic one loop integrals, namely the scalar 1-point, 2-point, 3-point and 4- point integrals [1]. Passarino and Veltman then provided a systematic method which allows to reduce all tensor integrals with up to four internal propagators to these basic scalar integrals [2]. One important step in this reduction scheme is the inversion of the kinematic Gram matrix. Therefore, configurations where the kinematic matrix becomes singular can not be treated with this method. Such configurations appear, for example, in processes where the four momenta of the incoming particles are linearly dependent. In a recent paper [3], reduction schemes for vanishing Gram determinants for one loop tensor integrals were presented. These schemes provide recursive formulae that converge in principle. To get reasonable approximations of higher orders for a certain tensor coefficient, one needs lower order expressions of tensor coefficients of higher rank. In particular, the divergent parts of these high rank tensor coefficients are necessary as well. Dittmaier and

Denner provide recursive formulae for the divergent parts of B -, C -, and D - functions and explicit expressions for all A-functions and for B -, C -, D - and E - functions up to a specific rank.

In this work, we want to present a method that allows the extraction of the divergent part of an arbitrary 1-loop tensor N-point coefficient. This can be done directly from its Feynman parametrisation leading to a closed formula for all 1-loop tensor N-point coefficients. In addition we explore some special cases in more detail and give the explicit formulae for some B-,C- and D-functions.

2 Definitions and notation

A one-loop tensor N-point integral in its general form reads T^{N, μ1 ...μP} (p_1, . . . , p_{N −1}, m_0, . . . , m_{N −1}) := (2πμ)^{4−D} iπ^2 ∫ d^Dq q^{μ1} . . . q^{μP} N_0N_1 . . . N_{N −1} (1) with the denominators

N_k = (q + p_k )^2 − m^2_k + iη, (p_0 = 0) (2)

where iη (η > 0) denotes a infinitesimally small imaginary part, μ is a mass parameter and D the non-integer dimension of the spacetime defined as D = 4 − ε. For the decomposition of the tensor integral in its Lorentz-covariant structures we use the same notation as in [3]. T^{N,μ1...μP} = N −1∑

i_1 ,...,i_P =1 p^{μ1}_{i1} . . . p^{μP}_{iP} T^N_{i1...iP} + N −1∑

i_3,...,i_P =1 {gp . . . p}^{μ1 ...μP}_{i3 ...iP} T^N_{00i3...iP}

+ N −1∑

i_5 ,...,i_P =1 {ggp . . . p}^{μ1 ...μP}_{i5 ...iP} T^N_{0000i5...iP} + . . .

+ N −1∑

i_P =1 {g . . . gp}^{μ1 ...μP}_{iP} T^N_{0...0} P_{−1}^{iP} , for P odd, {g . . . g}^{μ1...μP} T^N_{0...0} P , for P even, (3)

where the curly brackets stand for symmetrization with respect to Lorentz indices in such a way that all non-equivalent permutations of the Lorentz indices on metric tensors g and a generic momentum p contribute with weight one. In covariants with n momenta p^{μj}_{ij} (j = 1, . . . , n) only one representative out of the n! permutations of the indices i_j is kept. This means for example {gg}^{μνρσ} = g^{μν} g^{ρσ} + g^{νρ}g^{μσ} + g^{ρμ}g^{νσ} , {gp}^{μνρ}_{i1} = g^{μν} p^ρ_{i1} + g^{νρ}p^μ_{i1} + g^{ρμ}p^ν_{i1} , {gpp}^{μνρσ}_{i1 i2} = g^{μν} p^ρ_{i1} p^σ_{i2} + g^{μρ}p^σ_{i1} p^ν_{i2} + g^{μσ} p^ν_{i1} p^ρ_{i2} + g^{νρ}p^σ_{i1} p^μ_{i2} + g^{ρσ} p^ν_{i1} p^μ_{i2} + g^{σν} p^ρ_{i1} p^μ_{i2} . (4)

For illustrtation we write down the tensor composition of C^{μνρσ} ∼ T^{3,μνρσ} C^{μνρσ} = 2∑ i_1,i_2,i_3,i_4=1

p^μ_{i1} p^ν_{i2} p^ρ_{i2} p^σ_{i2} C_{i1 i2i3i4} + 2∑ i_1,i_2=1 {gpp}^{μνρσ}_{i1 ,i2} C_{00i1i2} + {gg}^{μνρσ} C_{0000} (5) The main difference of this composition to other common conventions is that terms like

C^{μνρσ} = . . . + p^μ_1 p^ν_1 p^ρ_1p^σ_2 C_{1112} + p^μ_1 p^ν_1 p^ρ_2p^σ_1 C_{1121} + p^μ_1 p^ν_2 p^ρ_1p^σ_1 C_{1211} + p^μ_2 p^ν_1 p^ρ_1p^σ_1 C_{2111} + . . . . . . + {gpp}^{μνρσ}_{1,2} C_{0012} + {gpp}^{μνρσ}_{2,1} C_{0021} + . . . are occurring. These are often put together because of the symmetry of the tensor coefficients in all indices, but then it is not possible to write down the general tensor coefficient in a closed form with the sums like in eq. (3).

3 Feynman parametrisation

The investigation of the divergent behaviour is most easily done with the help of the Feynman parametrisation. From its most general form 1 A^{m1}_1 A^{m2}_2 . . . A^{mn}_n = ∫_1 0 dx_1dx_2..dx_n δ ( 1 − n∑ i=1 x_i ) ∏ xmi−1_i ( ∑ i A_ix_i)^n Γ(m_1 + ..m_n) Γ(m_1)..Γ(m_n) (6) we obtain for our purpose 1 N_0 . . . N_{N −1} = ∫_1 0 dx_0dx_1..dx_{N −1} δ ( 1 − N −1∑

i=0 x_i ) Γ(N) ( ∑_{N −1} i=0 N_ix_i)^N (7) = (N − 1)!

∫_1 0 dx_1 ∫_{1−x1} 0 dx_2 . . . ∫_{1−x1−...−xN −2} 0 dx_{N −1} × { N_0(1 − x_1 − . . . − x_{N −1}) + N −1∑

i=1 x_iN_i }_{−N} (8) By denoting ∫ dS_N = ∫_1 0 dx_1 ∫_{1−x1} 0 dx_2 . . . ∫_{1−x1−...−xN −1} 0 dx_N (9)

for the multiple integration we can now write the general one loop tensor N-point integral (1) as T^{N, μ1...μP} = (2πμ)^{4−D} iπ^2 (N − 1)! ∫ d^Dq q^{μ1} . . . q^{μP} ∫ dS_{N −1} { N_0(1 − x_1 − . . . − x_{N −1}) + N −1∑

i=1 x_iN_i }_{−N} (10)

By inserting the explicit forms of the N_i’s, the term in the curly brackets can be rewritten as { N_0(1 − N −1∑

i=1 x_i) + N −1∑

i=1 x_iN_i } = q^2 + 2 N −1∑

i=1 p_ix_i q + N −1∑

i=1 x_i(p^2_i − m^2_i + m^2_0) − m^2_0 + iη

By completing the square this yields ( q + N −1∑

i=1 p_ix_i )_2 + N −1∑

i=1 x_i(p^2_i − m^2_i + m^2_0) − m^2_0 + iη − N −1∑

i=1 (p_ix_i)^2 − N −1∑

i=1

N −1∑

j≠i=1 p_ip_j x_ix_j Inserting this result into the tensor coefficient gives T^{N, μ1...μP} = (2πμ)^{4−D} iπ^2 (N − 1)! ∫ d^Dq q^{μ1} . . . q^{μP} ∫ dS_{N −1} {( q + N −1∑

i=1 p_ix_i )_2 − A^{(N )}(x_i, (p_ip_j ), m^2_i ) + iη }_{−N} (11)

with

A^{(N )}(x_i, (p_ip_j ), m^2_i ) = N −1∑

i=1 (p_ix_i)^2 + N −1∑

i=1

N −1∑

j≠i=1 p_ip_j x_ix_j − N −1∑

i=1 x_i(p^2_i − m^2_i + m^2_0) + m^2_0 (12)

By performing a shift in the integration variable q we obtain T^{N, μ1...μP} = (2πμ)^{4−D} iπ^2 (N − 1)! ∫ d^D q (q − ∑ x_ip_i)^{μ1} . . . (q − ∑ x_ip_i)^{μP} ∫ dS_{N −1} { q^2 − A^{(N )}(x_i, (p_ip_j ), m^2_i ) + iη }_{−N} (13)

as the result that we want to use for the further calculation of the divergent parts.

4 Calculation of the UV-divergent parts

Regularisation of loop integrals can be done with the help of various techniques. Dimensional regularisation has become the standard scheme to deal with UV divergences. One could in principle also handle IR divergences in dimensional regularisation, but then both are parameterized by^1_ε -terms and one can not distinguish between them anymore. To separate them we assume the introduction of small regulator masses λ_i which guarantee IR finiteness. Thus we need not to worry about the infra-red behaviour in the following calculation. At first we want to investigate the UV-divergent part of a tensor coefficient proportional only to the metric tensors. Later on we will see that the other coefficients belonging to momenta and metric tensors can be reduced to the upper case. In order to extract the coefficient proportional only to metric tensors from the Feynmann parametrisation of a general one loop tensor integral (with an even number of indices) one has just to leave out all momenta in formula (13). This means { g..g n }^{μ1 ..μ2n} T^N_{0..0} 2_n = (2πμ)^{4−D} iπ^2 (N −1)! ∫ d^D q q^{μ1} . . . q^{μ2n} ∫ dS_{N −1} { q^2 −A^{(N )}+iη }_{−N} (14)

Now we have to contract with the metric tensors. Some examples with only a few metric tensors will help to see the general formula more easily. g_{μν} {g}^{μν} = g_{μν} g^{μν} = D g_{μν} {gg}^{μνρσ} = g_{μν} (g^{μν} g^{ρσ} + g^{μσ} g^{νρ} + g^{μρ}g^{νσ} ) = (D + 2)g^{ρσ} g_{μν} {ggg}^{μνρσλϵ} = g_{μν} (g^{μν} {gg}^{ρσλϵ} + g^{μρ}{gg}^{νσλϵ} + g^{μσ} {gg}^{νρλϵ} +g^{μλ}{gg}^{νρσϵ} + g^{μϵ}{gg}^{νρσλ}) = (D + 4){gg}^{ρσλϵ} . . . . g_{μ1 μ2} {g..g}^{μ1..μ2n} = (D + 2(n − 1)){g..g}^{μ3..μ2n} Contraction with all n metric tensors therefore yields g_{μ1 μ2} . . . g_{μ2n−1 μ2n} {g..g}^{μ1..μ2n} = D(D + 2) . . . (D + 2(n − 1)) (15) On the left side of equation (14) the contraction generates n times q^2. After the contraction one has to divide with the expression (15) on both sides. We rewrite this prefactor in the following way n∏ i=1 1 D + 2(i − 1) = n∏ i=1 1 2(i + 1) − ε = n∏ i=1 1 2(i + 1)

(1 + O(ε)) = 2^{−n} (n + 1)!

(1 + O(ε)) (16)

With (16) and (2πμ)^{4−D} = (2πμ)^ε = e^{ε ln 2πμ} = 1 + ε ln 2πμ + . . . (17) equation (14) now reads T^N_{0..0} 2_n = 2^{−n} (n + 1)!

(1 + O(ε)) iπ^2 (N − 1)! ∫ dS_{N −1} ∫ d^D q ( q^2 )_n { q^2 − A^{(N )} + iη }_{−N} (18)

The next step consists of carrying out the q integration. Therefore we transform the integrand with the help of the binomial theorem ( q^2 )_n {q^2 − A + iη}^{−N} = (q^2 − A + iη + A − iη)^n {q^2 − A + iη}^{−N} = n∑ k=0 ( n k ) (A − iη)^k { q^2 − A + iη }_{n−k} {q^2 − A + iη}^{−N} (19)

which yields a new expression for the tensor coefficient T^N_{0..0} 2_n = 2^{−n} (n + 1)!

(1 + O(ε)) iπ^2 (N −1)! ∫ dS_{N −1} n∑ k=0 ( n k ) (A−iη)^k ∫ d^Dq { q^2 −A+iη }_{−N −k+n}

(20)

To perform the q-integration we distinguish between two cases

1.Case: − N − k + n = β ≥ 0

The pole prescription becomes unnecessary in this case and we use the rules for integration over a D-dimensional space, that can be found for example in [4]. ∫ d^D q { q^2 − A }_β = ∫ d^Dq β∑ α=0 c_α(A) (q^2)^α = β∑ α=0 c_α(A) ∫ d^D q (q^2)^α = 0

Explicitly we exploited linearity and applied the result ∫ d^Dq (q^2)^α = 0, ∀α.

2.Case: − N − k + n = −β < 0

In this case we deal with the standard integral I_β(A) given by ∫ d^D q 1 (q^2 − A + iη)^β

= I_β(A) = iπ^{D2} (−1)^β

Γ(β −^D_2 )

Γ(β) (A − iη)^{D2 −β} A detailed calculation of this integral is executed in most standard books on quantum field theory that use dimensional regularisation, for example in [5].

After omitting the vanishing parts with the positive exponent our tensor coefficient reads T^N_{0..0} 2_n = 2^{−n} (n + 1)!

(1 + O(ε)) iπ^2 (N − 1)! ∫ dS_{N −1} n∑ k=n−N +1 ( n k ) (A − iη)^k I_{N +k−n}(A) (21) In dimensions close to 4, UV divergences only occur for I_1 and I_2, i.e for k = n − N + 1 and k = n − N + 2, the other I_j ’s are finite. Thus, we are left with T^N_{0..0} 2_n = 2^{−n} (n + 1)! 1 iπ^2 (N − 1)! ∫ dS_{N −1} [( n n − N + 1 ) (A − iη)^{n−N +1} I_1(A) ( n n − N + 2 ) (A − iη)^{n−N +2} I_2(A) ] + UV-finite terms

After inserting the explicit forms of I_1 and I_2, using π^{ε2} = 1 + O(ε) and Γ(z + 1) = zΓ(z) we arrive at T^N_{0..0} 2_n = 2^{−n} (n + 1)! [ n! (n − N + 1)! 1 1 −^ε_2 + n!(N − 1) (n − N + 2)! ] ∫ dS_{N −1}(A − iη)^{n−N +2− ε2} Γ ( ε 2 ) + UV-finite terms

By leaving out terms of order ε and reducing to the common denominator the factor in front of the integral, we can further simplify to T^N_{0..0} 2_n = 2^{−n} (n − N + 2)! ∫ dS_{N −1} (A − iη)^{n−N +2− ε2} Γ ( ε 2 ) + UV-finite terms (22)

By taking into account that (A − iη)^{− ε2} = 1 − ε 2 ln(A − iη) + . . . and using Γ ( ε 2 ) = 2 ε − γ_E + O (ε 2 ) , for ε → 0, γ_E = 0, 5722..(Euler’s constant) (23) we get T^N_{0..0} 2_n = 2^{−n} (n − N + 2)! 2 ε ∫ dS_{N −1} (A − iη)^{n−N +2} + UV-finite terms (24)

and finally for the UV-divergent part (we can omit the iη now, because for all one loop N-point tensor functions that are UV-divergent the relation n − N + 2 ≥ 0 holds )

(D − 4) T^N_{0..0} 2_n = − 2^{−(n−1)} (n − N + 2)! ∫ dS_{N −1} A^{(N )}(x_i, p_ip_j , m^2_i )^{n−N +2} (25)

With the help of this special result we can now investigate the divergence of a general tensor coefficient that we extract from equation (13). { g..g n }^{μ1 ..μ2n} p^{μ2n+1}_1 ..p^{μ2n+m1}_1 m_1 . . . p^{μ2n+m1 +..+mN −2 +1} N −1 ..p μ_{2n+m1 +..+mN −1} N −1 m_{N −1} T^N_{0..0} 2_n^{1..1}_{m1}^{.. N −1..N −1} mN −1 = (2πμ)^{4−D} iπ^2 (N − 1)! ∫ d^Dq ∫ dS_{N −1} q^{μ1} . . . q^{μ2n} ( − x_1p_1)^{μ2n+1} ..( − x_1p_1)^{μ2n+m1} . . . ( − x_{N −1}p_{N −1})^{μ2n+m1 +..+mN −2 +1} ..( − x_{N −1}p_{N −1})^{μ2n+m1 +..+mN −1} { q^2 − A^{(N )} + iη }_{−N} The external momenta only determine the form of the polynomial in the x_i’s. By comparing both sides one gets { g..g n }^{μ1..μ2n} T^N_{0..0} 2_n^{1..1}_{m1}^{.. N −1..N −1} mN −1 = (2πμ)^{4−D} iπ^2 (N − 1)! ∫ dS_{N −1} N −1∏

i=1 (−x_i)^{mi} ∫ d^Dq q^{μ1} . . . q^{μ2n} { q^2 − A^{(N )} + iη }_{−N}

Now the calculation is the same as for the coefficient of the metric tensors only. To obtain the final result for the general IR-finite one loop tensor N-point integrals one just has to include the product over the x_i’s leading to

(D − 4) T^N_{0..0} 2_n^{1..1}_{m1}^{.. N −1..N −1} mN −1 = − 2^{−(n−1)} (n − N + 2)! (−1)^{∑N −1i=1 mi} ∫ dS_{N −1} N −1∏

i=1 x^{mi}_i (A^{(N )})^{n−N +2}

(26) For reasons of completeness we show A^{(N )} again explicitly

A^{(N )}(x_i, (p_ip_j ), m^2_i ) = N −1∑

i=1 (p_ix_i)^2 + N −1∑

i=1

N −1∑

j≠i=1 p_ip_j x_ix_j − N −1∑

i=1 x_i(p^2_i − m^2_i + m^2_0) + m^2_0 (27)

At this place we want to point out that eq.(26) is only valid for tensor coefficients that are indeed UV-divergent (i.e. where n ≥ N − 2).

5 Special Cases

The result (26) is very compact and can be applied to all one loop N-point tensor integrals, but for practical purpose the explicit formulae for the A-,B-,.. functions are more useful.

5.1 A-functions

For the 1-point tensor integrals N = 1 and the expressions become very simply,because all sums, products and external momenta vanish and A^{(1)} = m^2_0.

(D − 4) T^1_{0..0} 2_n = − 2^{−(n−1)} (n + 1)! ∫ dS_0 (m^2_0)^{n+1} (28)

From the general definition (7) the integral ∫ dS_0 can be interpreted as ∫ dS_0 =

∫_1 0 dx_0δ(1 − x_0) = 1 (29)

and we arrive at (D − 4) A_{0....0} 2n = − 2^{−(n−1)} (n + 1)!

(m^2_0)^{n+1} (30)

5.2 B-functions

Things become more complicated now and useful formulae are only found for B-functions with small n. The general formula reads (D − 4) B_{0..0} 2n 1..1 m = − 2^{−(n−1)} (n)!

(−1)^m

∫_1 0 dx x^m ( p_1x^2 + x(p^2_1 − m^2_1 + m^2_0) + m^2_0 )_n (31)

For n = 0 this becomes (D − 4) B_{1..1} m = 2(−1)^{m+1} m + 1

(32)

Setting m = 0 gives the UV-divergent part of B_0 ((D − 4)B_0 = −2). For n = 1 we get (D − 4) B_{00 1..1} m = (−1)^{m+1} [ − p^2_1 1 (m + 3)(m + 2)

+ m^2_1 1 m + 2

+ m^2_0 1 (m + 1)(m + 2) ] (33)

Higher n’s lead to impractical expressions.

5.3 C-functions

The general formula explicitly reads (D − 4) C_{0..0} 2n 1..1 m 2..2 k = − 2^{−(n−1)} (n − 1)!

(−1)^{m+k+1}

∫_1 0 dx ∫_{1−x} 0 dy x^my^k (A^{(3)}(x, y))^{n−1} (34)

With

A^{(3)}(x, y) = p^2_1 x^2 + p^2 y^2 − ( p_{12} − p^2_1 − p^2 ) x y − ( m^2_0 − m^2_1 + p^2_1 ) x − ( m^2_0 − m^2 + p^2 ) y + m^2_0 (35)

where p_{12} = (p_1 − p_2)^2. For n = 1, the integration simplifies leading to the expression (D − 4) C_{00 1..1} m 2..2 k = (−1)^{m+k+1} m! k! (m + k + 2)!

(36)

Mind that for n = 0 no UV divergences arise.

5.4 D-functions

For the four point functions we have the general expression (D − 4) D_{0..0} 2n 1..1 m 2..2 k 3..3 l = − 2^{−(n−1)} (n − 2)!

(−1)^{m+k+l+1}

∫_1 0 dx ∫_{1−x} 0 dy ∫_{1−x−y} 0 dz x^m y^k z^l (A^{(4)}(x, y, z))^{n−2} (37)

with

A^{(4)}(x, y, z) = m_0^2 − ( m_0^2 − m_1^2 + p_1^2 ) x + p_1^2 x^2 − ( m_0^2 − m_2^2 + p_2^2 ) y + ( p_1^2 − p_{12} + p_2^2 ) x y + p_2^2 y^2 − ( m_0^2 − m_3^2 + p_3^2 ) z + ( p_1^2 − p_{13} + p_3^2 ) x z + ( p_2^2 − p_{23} + p_3^2 ) y z + p_3^2 z^2 (38)

where p_{12} = (p_1 − p_2)^2, p_{13} = (p_1 − p_3)^2, and p_{23} = (p_2 − p_3)^2. UV divergences exist for n ≥ 2. A simple expression can be found for n = 2: (D − 4) D_{0000 1..1} m 2..2 k 3..3 l = (−1)^{m+k+l+1} 1 2 m! k! l! (m + k + l + 3)!

(39)

5.5 Tensor coefficients with n = N − 2

As seen in the previous sections, one always obtains convenient expressions if the exponent of A^{(N )} vanishes, i.e. if n − N + 2 = 0 The general formula (26) reads in this case

(D − 4) T^N_{0..0}

2(N −2) 1..1 k1 .. N −1..N −1 kN −1 = −2^{−(N −3)} (−1)^{∑N −1i=1 ki} ∫ dS_{N −1} N −1∏

i=1 x^{ki}_i (40)

For the cases N = 2, N = 3, and N = 4 the integration was carried through and the results suggest the following generalization ∫ dS_{N −1} N −1∏

i=1 x^{ki}_i = N −1∏

i=1 ∫_{1−}^∑i−1_{j=1 xj} 0 dx_i x^{ki}_i = ∏_{N −1} i=1 k_i! ( ∑_{N −1} i=1 (k_i + 1))!

(41)

The proof of this equation is done by complete induction. ∫ dS_1 1∏ i=1 x^{ki}_i = ∫_1 0 dx_1 x^{k1}_1 = 1 k_1 + 1 = k_1!

(k_1 + 1)! = ∏_1

i=1 k_i! ( ∑_1

i=1(k_i + 1))!

(42)

Now we trace back the integral over the S_N to S_{N −1} ∫ dS_N N∏ i=1 x^{ki}_i = ∫_1 0 dx_1 x^{k1}_1 (_N ∏ i=2 ∫_{1−x1−}^∑i−1_{j=2 xj} 0 dx_i x^{ki}_i )

with the help of the substitution

x_i = (1 − x_1)t_{i−1}

and some index transformations we arrive at ∫_1 0 dx_1 x^{k1}_1 (1 − x_1)^{N −1+∑Ni=2 ki} (_{N −1} ∏ i=1 ∫_{1−}^∑i−1_{j=1 tj} 0 dt_i t^{ki+1}_i )

The term in the big brackets denotes exactly our induction hypothesis (41) and the integration over x_1 is a Beta-function

k_1!( ∑_N i=2 k_i + 1)! ( ∑_N i=1(k_i + 1))! ∏_{N −1} i=1 (k_{i+1})! ( ∑_{N −1} i=1 (k_{i+1} + 1))! = ∏_N i=1 k_i! ( ∑_N i=1(k_i + 1))! , q.e.d The resulting formula for the UV-divergent part of the tensor coefficient thus reads

(D − 4) T^N_{0..0}

2(N −2) 1..1 k1 .. N −1..N −1 kN −1 = 2^{(3−N )} (−1)^{1+∑N −1i=1 ki} ∏_{N −1} i=1 k_i! ( ∑_{N −1} i=1 (k_i + 1))!

(43)

6 Summary

It has been shown that with the help of the Feynman parametrisation it is possible to extract the UV-divergent term from a general one-loop tensor coefficient. The resulting formula is very compact and can be easily evaluated with a symbolic programming language (a short mathematica notebook is available at http://wwwhephy.oeaw.ac.at/u3w/s/sulyok/www/uv). For special cases where the multi-dimensional integration can be performed one obtains rather simple expressions.

As an application our result can be used in the reduction schemes presented in [3].

Acknowledgements

The author is grateful to Prof. W. Majerotto for his support in writing and publishing this work. Further he wants to thank H. Eberl and R. Schöfbeck for helpful discussions on the topic of dimensional regularisation.

Appendix

In the appendix we want to give the explicit expressions for the UV-divergent parts of the B-, C-, and D-functions up to such a rank that clarity is maintained. For higher ranks we refer to the general formula.

A Explicit UV-parts of B-functions up to rank 10

(D − 4)B_0 = −2, (D − 4)B_1 = 1

(D − 4)B_{00} = 1 6 ( −3 m_0^2 − 3 m_1^2 + p_1^2 ) , (D − 4)B_{11} = − 2 3 (D − 4)B_{001} =

2 m_0^2 + 4 m_1^2 − p_1^2 12 , (D − 4)B_{111} = 1 2 (D − 4)B_{0000} =

−10 m_0^4 − 10 m_1^4 + 5 m_1^2 p_1^2 − p_1^4 + 5 m_0^2 (−2 m_1^2 + p_1^2) 120 (D − 4)B_{0011} =

−5 m_0^2 + 3 (−5 m_1^2 + p_1^2) 60 , (D − 4)B_{1111} = − 2 5 (D − 4)B_{00001} =

5 m_0^4 + 15 m_1^4 − 6 m_1^2 p_1^2 + p_1^4 + 2 m_0^2 (5 m_1^2 − 2 p_1^2) 240 (D − 4)B_{00111} =

3 m_0^2 + 12 m_1^2 − 2 p_1^2 60 , (D − 4)B_{11111} = 1 3 (D − 4)B_{000000} =

−35 m_0^6 − 35 m_1^6 + 21 m_1^4 p_1^2 − 7 m_1^2 p_1^4 + p_1^6 3360 + −7 m_0^4 (5 m_1^2 − 3 p_1^2) − 7 m_0^2 (5 m_1^4 − 4 m_1^2 p_1^2 + p_1^4) 3360 (D − 4)B_{000011} =

−7 m_0^4 + 7 m_0^2 (−3 m_1^2 + p_1^2) − 2 (21 m_1^4 − 7 m_1^2 p_1^2 + p_1^4) 840 (D − 4)B_{001111} =

−7 m_0^2 + 5 (−7 m_1^2 + p_1^2) 210 , (D − 4)B_{111111} = − 2 7 (D − 4)B_{0000001} =

14 m_0^6 + 56 m_1^6 − 28 m_1^4 p_1^2 + 8 m_1^2 p_1^4 − p_1^6 6720 + 14 m_0^4 (2 m_1^2 − p_1^2) + m_0^2 (42 m_1^4 − 28 m_1^2 p_1^2 + 6 p_1^4 ) 6720 (D − 4)B_{0000111} =

14 m_0^4 + 8 m_0^2 (7 m_1^2 − 2 p_1^2) + 5 (28 m_1^4 − 8 m_1^2 p_1^2 + p_1^4) 3360 (D − 4)B_{0011111} =

4 m_0^2 + 24 m_1^2 − 3 p_1^2 168 , (D − 4)B_{1111111} = 1 4 (D − 4)B_{00000000} =

−126 m_0^8 − 126 m_1^8 + 84 m_1^6 p_1^2 − 36 m_1^4 p_1^4 + 9 m_1^2 p_1^6 − p_1^8 120960 + −42 m_0^6 (3 m_1^2 − 2 p_1^2) − 18 m_0^4 (7 m_1^4 − 7 m_1^2 p_1^2 + 2 p_1^4) 120960 + −9 m_0^2 (14 m_1^6 − 14 m_1^4 p_1^2 + 6 m_1^2 p_1^4 − p_1^6) 120960

(D − 4)B_{00000011} =

−42 m_0^6 − 18 m_0^4 (7 m_1^2 − 3 p_1^2) 60480 + −9 m_0^2 (28 m_1^4 − 16 m_1^2 p_1^2 + 3 p_1^4) 60480 + 5 (−84 m_1^6 + 36 m_1^4 p_1^2 − 9 m_1^2 p_1^4 + p_1^6) 60480 (D − 4)B_{00001111} =

−12 m_0^4 + 15 m_0^2 (−4 m_1^2 + p_1^2) − 5 (36 m_1^4 − 9 m_1^2 p_1^2 + p_1^4) 5040 (D − 4)B_{00111111} =

−9 m_0^2 + 7 (−9 m_1^2 + p_1^2) 504 , (D − 4)B_{11111111} = − 2 9 (D − 4)B_{000000001} =

42 m_0^8 + 210 m_1^8 − 120 m_1^6 p_1^2 + 45 m_1^4 p_1^4 − 10 m_1^2 p_1^6 + p_1^8 241920 + 12 m_0^6 (7 m_1^2 − 4 p_1^2) + 9 m_0^4 (14 m_1^4 − 12 m_1^2 p_1^2 + 3 p_1^4) 241920 + 2 m_0^2 (84 m_1^6 − 72 m_1^4 p_1^2 + 27 m_1^2 p_1^4 − 4 p_1^6) 241920 (D − 4)B_{000000111} =

6 m_0^6 + 120 m_1^6 − 45 m_1^4 p_1^2 + 10 m_1^2 p_1^4 − p_1^6 20160 + 3 m_0^4 (8 m_1^2 − 3 p_1^2) + 5 m_0^2 (12 m_1^4 − 6 m_1^2 p_1^2 + p_1^4 ) 20160 (D − 4)B_{000011111} =

15 m_0^4 + 10 m_0^2 (9 m_1^2 − 2 p_1^2) + 7 (45 m_1^4 − 10 m_1^2 p_1^2 + p_1^4) 10080 (D − 4)B_{001111111} =

5 m_0^2 + 40 m_1^2 − 4 p_1^2 360 , (D − 4)B_{111111111} = 1 5 (D − 4)B_{0000000000} =

−462 m_0^{10} − 462 m_1^{10} + 330 m_1^8 p_1^2 − 165 m_1^6 p_1^4 + 55 m_1^4 p_1^6 5322240 + −11 m_1^2 p_1^8 + p_1^{10} − 66 m_0^8 (7 m_1^2 − 5 p_1^2) 5322240 + −33 m_0^6 (14 m_1^4 − 16 m_1^2 p_1^2 + 5 p_1^4) 5322240 + −11 m_0^4 (42 m_1^6 − 54 m_1^4 p_1^2 + 27 m_1^2 p_1^4 − 5 p_1^6) 5322240 + −11 m_0^2 (42 m_1^8 − 48 m_1^6 p_1^2 + 27 m_1^4 p_1^4 − 8 m_1^2 p_1^6 + p_1^8) 5322240 (D − 4)B_{0000000011} =

−66 m_0^8 − 99 m_0^6 (2 m_1^2 − p_1^2) 1330560 + −33 m_0^4 (12 m_1^4 − 9 m_1^2 p_1^2 + 2 p_1^4) 1330560 + −11 m_0^2 (60 m_1^6 − 45 m_1^4 p_1^2 + 15 m_1^2 p_1^4 − 2 p_1^6) 1330560 + −3 (330 m_1^8 − 165 m_1^6 p_1^2 + 55 m_1^4 p_1^4 − 11 m_1^2 p_1^6 + p_1^8) 1330560 (D − 4)B_{0000001111} =

−33 m_0^6 − 55 m_0^4 (3 m_1^2 − p_1^2) 221760 +

−11 m_0^2 (45 m_1^4 − 20 m_1^2 p_1^2 + 3 p_1^4) 221760 + 7 (−165 m_1^6 + 55 m_1^4 p_1^2 − 11 m_1^2 p_1^4 + p_1^6) 221760 (D − 4)B_{0000111111} =

−55 m_0^4 − 77m_0^2 (5 m_1^2 − p_1^2) − 28 (55 m_1^4 − 11m_1^2 p_1^2 + p_1^4) 55440 (D − 4)B_{0011111111} =

−11 m_0^2 − 99 m_1^2 + 9 p_1^2 990 , (D − 4)B_{1111111111} = − 2 11 B Explicit UV-parts of C-functions up to rank 8

C_{00} = − 1 2 , C_{00i} = 1 6 , C_{0000} =

−4 m_0^2 − 4 m_1^2 − 4 m_2^2 + p_1^2 + p_{12} + p_2^2 48 C_{00ii} = − 1 12 , C_{00ij} = − 1 24 C_{00001} =

5 m_0^2 + 10 m_1^2 + 5 m_2^2 − 2 p_1^2 − 2 p_{12} − p_2^2 240 C_{00002} =

5 m_0^2 + 5 m_1^2 + 10 m_2^2 − p_1^2 − 2 p_{12} − 2 p_2^2 240 C_{00iii} = 1 20 , C_{00iij} = 1 60 C_{000000} =

−15 m_0^4 − 15 m_1^4 − 15 m_2^4 + 3 m_2^2 p_1^2 − p_1^4 + 6 m_2^2 p_{12} − p_1^2 p_{12} − p_{12}^2 1440 + 6 m_2^2 p_2^2 − p_1^2 p_2^2 − p_{12} p_2^2 − p_2^4 + 3 m_1^2 (−5 m_2^2 + 2 p_1^2 + 2 p_{12} + p_2^2) 1440 + 3 m_0^2 (−5 m_1^2 − 5 m_2^2 + 2 p_1^2 + p_{12} + 2 p_2^2) 1440 C_{000011} =

−6 m_0^2 − 18 m_1^2 − 6 m_2^2 + 3 p_1^2 + 3 p_{12} + p_2^2 720 C_{000012} =

−3 m_0^2 − 6 m_1^2 − 6 m_2^2 + p_1^2 + 2 p_{12} + p_2^2 720 C_{000022} =

−6 m_0^2 − 6 m_1^2 − 18 m_2^2 + p_1^2 + 3 p_{12} + 3 p_2^2 720 C_{00iiii} = − 1 30 , C_{00iiij} = − 1 120 , C_{00iijj} = − 1 180 C_{0000001} =

21 m_0^4 + 63 m_1^4 + 21 m_2^4 − 7 m_2^2 p_1^2 + 3 p_1^4 − 14 m_2^2 p_{12} + 3 p_1^2 p_{12} 10080 + 3 p_{12}^2 − 7 m_2^2 p_2^2 + 2 p_1^2 p_2^2 + 2 p_{12} p_2^2 + p_2^4 10080 + 7 m_1^2 (6 m_2^2 − 3 p_1^2 − 3 p_{12} − p_2^2) 10080 + 7 m_0^2 (6 m_1^2 + 3 m_2^2 − 2 p_1^2 − p_{12} − p_2^2) 10080

C_{0000002} =

21 m_0^4 + 21 m_1^4 + 63 m_2^4 − 7 m_2^2 p_1^2 + p_1^4 − 21 m_2^2 p_{12} + 2 p_1^2 p_{12} 10080 + 3 p_{12}^2 − 21 m_2^2 p_2^2 + 2 p_1^2 p_2^2 + 3 p_{12} p_2^2 + 3 p_2^4 10080 + 7 m_0^2 (3 m_1^2 + 6 m_2^2 − p_1^2 − p_{12} − 2 p_2^2) + 7 m_1^2 (6 m_2^2 − p_1^2 − 2 p_{12} − p_2^2) 10080 C_{0000111} =

7 m_0^2 + 28 m_1^2 + 7 m_2^2 − 4 p_1^2 − 4 p_{12} − p_2^2 1680 C_{0000112} =

7 m_0^2 + 21 m_1^2 + 14 m_2^2 − 3 p_1^2 − 6 p_{12} − 2 p_2^2 5040 C_{0000122} =

7 m_0^2 + 14 m_1^2 + 21 m_2^2 − 2 p_1^2 − 6 p_{12} − 3 p_2^2 5040 C_{0000222} =

7 m_0^2 + 7 m_1^2 + 28 m_2^2 − p_1^2 − 4 p_{12} − 4 p_2^2 1680 C_{00iiiii} = 1 42 , C_{00iiiij} = 1 210 , C_{00iiijj} = 1 420 C_{00000000} =

−168 m_0^6 − 168 m_1^6 − 168 m_2^6 + 28 m_2^4 p_1^2 − 8 m_2^2 p_1^4 + 3 p_1^6 161280 + 84 m_2^4 p_{12} − 16 m_2^2 p_1^2 p_{12} + 3 p_1^4 p_{12} − 24 m_2^2 p_{12}^2 + 3 p_1^2 p_{12}^2 161280 + 3 p_{12}^3 + 84 m_2^4 p_2^2 − 16 m_2^2 p_1^2 p_2^2 + 3 p_1^4 p_2^2 − 24 m_2^2 p_{12} p_2^2 161280 + 4 p_1^2 p_{12} p_2^2 + 3 p_{12}^2 p_2^2 − 24 m_2^2 p_2^4 + 3 p_1^2 p_2^4 + 3 p_{12} p_2^4 + 3 p_2^6 161280 + −28 m_0^4 (6 m_1^2 + 6 m_2^2 − 3 p_1^2 − p_{12} − 3 p_2^2) 161280 + −28 m_1^4 (6 m_2^2 − 3 p_1^2 − 3 p_{12} − p_2^2) 161280 + −8 m_0^2 (21 m_1^4 + 21 m_2^4 + 3 p_1^4 + 2 p_1^2 p_{12} + p_{12}^2 + 3 p_1^2 p_2^2 + 2 p_{12} p_2^2 161280 + + 3 p_2^4 − 7 m_1^2 (3 m_2^2 − 2 p_1^2 − p_{12} − p_2^2) − 7 m_2^2 (p_1^2 + p_{12} + 2 p_2^2)) 161280 + −8 m_1^2 (21 m_2^4 + 3 p_1^4 + 3 p_{12}^2 + 2 p_{12} p_2^2 161280 + p_2^4 − 7 m_2^2 (p_1^2 + 2 p_{12} + p_2^2) + p_1^2 (3 p_{12} + 2 p_2^2)) 161280 C_{00000011} =

−28 m_0^4 − 168 m_1^4 − 28 m_2^4 + 12 m_2^2 p_1^2 − 6 p_1^4 + 24 m_2^2 p_{12} 40320 + −6 p_1^2 p_{12} − 6 p_{12}^2 + 8 m_2^2 p_2^2 − 3 p_1^2 p_2^2 − 3 p_{12} p_2^2 − p_2^4 40320 + −4 m_0^2 (21 m_1^2 + 7 m_2^2 − 6 p_1^2 − 3 p_{12} − 2 p_2^2) 40320 +

12 m_1^2 (−7 m_2^2 + 4 p_1^2 + 4 p_{12} + p_2^2) 40320 C_{00000012} =

−28 m_0^4 − 84 m_1^4 − 84 m_2^4 + 16 m_2^2 p_1^2 − 3 p_1^4 + 48 m_2^2 p_{12} 80640 + −6 p_1^2 p_{12} − 9 p_{12}^2 + 24 m_2^2 p_2^2 − 4 p_1^2 p_2^2 − 6 p_{12} p_2^2 − 3 p_2^4 80640 + −8 m_0^2 (7 m_1^2 + 7 m_2^2 − 2 (p_1^2 + p_{12} + p_2^2)) 80640 + −8 m_1^2 (14 m_2^2 − 3 p_1^2 − 2 (3 p_{12} + p_2^2)) 80640 C_{00000022} =

−28 m_0^4 − 28 m_1^4 − 168 m_2^4 + 12 m_2^2 p_1^2 − p_1^4 + 48 m_2^2 p_{12} 40320 + −3 p_1^2 p_{12} − 6 p_{12}^2 + 48 m_2^2 p_2^2 − 3 p_1^2 p_2^2 − 6 p_{12} p_2^2 − 6 p_2^4 40320 + −4 m_0^2 (7 m_1^2 + 21 m_2^2 − 2 p_1^2 − 3 p_{12} − 6 p_2^2) 40320 + m_1^2 (−84 m_2^2 + 8 p_1^2 + 24 p_{12} + 12 p_2^2) 40320 C_{00001111} =

−8 m_0^2 − 40 m_1^2 − 8 m_2^2 + 5 p_1^2 + 5 p_{12} + p_2^2 3360 C_{00001112} =

−4 m_0^2 − 16 m_1^2 − 8 m_2^2 + 2 p_1^2 + 4 p_{12} + p_2^2 6720 C_{00001122} =

−8 m_0^2 + 3 (−8 m_1^2 − 8 m_2^2 + p_1^2 + 3 p_{12} + p_2^2) 20160 C_{00001222} =

−4 m_0^2 − 8 m_1^2 − 16 m_2^2 + p_1^2 + 4 p_{12} + 2 p_2^2 6720 C_{00002222} =

−8 m_0^2 − 8 m_1^2 − 40 m_2^2 + p_1^2 + 5 p_{12} + 5 p_2^2 3360 C_{00iiiiii} = − 1 56 , C_{00iiiiij} = − 1 336 , C_{00iiiijj} = − 1 840 , C_{00iiijjj} = − 1 1120

The reader may recognize that in principle one could put together all functions using the notation with i and j. For example C_{0000112} and C_{0000122} can be easily expressed as C_{0000iij} with the help of a sum and a Kronecker delta, but for higher numbers of zero index pairs this kind of notation complicates comparison.

C Explicit UV-parts of D-functions up to rank 9

D_{0000} = − 1 12 , D_{0000i} = 1 48 D_{000000} =

−5 m_0^2 − 5 m_1^2 − 5 m_2^2 − 5 m_3^2 + p_1^2 + p_{12} + p_{13} + p_2^2 + p_{23} + p_3^2 480 D_{0000ii} = − 1 120 , D_{0000ij} = − 1 240

D_{0000001} =

6 m_0^2 + 12 m_1^2 + 6 m_2^2 + 6 m_3^2 − 2 p_1^2 − 2 p_{12} − 2 p_{13} − p_2^2 − p_{23} − p_3^2 2880 D_{0000002} =

6 m_0^2 + 6 m_1^2 + 12 m_2^2 + 6 m_3^2 − p_1^2 − 2 p_{12} − p_{13} − 2 p_2^2 − 2 p_{23} − p_3^2 2880 D_{0000003} =

6 m_0^2 + 6 m_1^2 + 6 m_2^2 + 12 m_3^2 − p_1^2 − p_{12} − 2 p_{13} − p_2^2 − 2 p_{23} − 2 p_3^2 2880 D_{0000iii} = 1 240 , D_{0000iij} = 1 720 , D_{0000ijk} = 1 1440 D_{00000000} =

−42 m_0^4 − 42 m_1^4 − 42 m_2^4 − 42 m_2^2 m_3^2 − 42 m_3^4 + 7 m_2^2 p_1^2 40320 + 7 m_3^2 p_1^2 − 2 p_1^4 + 14 m_2^2 p_{12} + 7 m_3^2 p_{12} − 2 p_1^2 p_{12} − 2 p_{12}^2 40320 + 7 m_2^2 p_{13} + 14 m_3^2 p_{13} − 2 p_1^2 p_{13} − 2 p_{12} p_{13} − 2 p_{13}^2 + 14 m_2^2 p_2^2 40320 + 7 m_3^2 p_2^2 − 2 p_1^2 p_2^2 − 2 p_{12} p_2^2 − p_{13} p_2^2 − 2 p_2^4 + 14 m_2^2 p_{23} 40320 + 14 m_3^2 p_{23} − p_1^2 p_{23} − 2 p_{12} p_{23} − 2 p_{13} p_{23} − 2 p_2^2 p_{23} − 2 p_{23}^2 40320 + 7 m_2^2 p_3^2 + 14 m_3^2 p_3^2 − 2 p_1^2 p_3^2 − p_{12} p_3^2 − 2 p_{13} p_3^2 − 2 p_2^2 p_3^2 40320 + −2 p_{23} p_3^2 − 2 p_3^4 − 7 m_0^2 (6 m_1^2 + 6 m_2^2 + 6 m_3^2 40320 + −2 p_1^2 − p_{12} − p_{13} − 2 p_2^2 − p_{23} − 2 p_3^2) 40320 + 7 m_1^2 (−6 m_2^2 − 6 m_3^2 + 2 p_1^2 + 2 p_{12} + 2 p_{13} + p_2^2 + p_{23} + p_3^2) 40320 D_{00000011} =

−7 m_0^2 − 21 m_1^2 − 7 m_2^2 − 7 m_3^2 10080 + 3 p_1^2 + 3 p_{12} + 3 p_{13} + p_2^2 + p_{23} + p_3^2 10080 D_{00000012} =

−7 m_0^2 − 14 m_1^2 − 14 m_2^2 − 7 m_3^2 20160 + 2 p_1^2 + 4 p_{12} + 2 p_{13} + 2 p_2^2 + 2 p_{23} + p_3^2 20160 D_{00000013} =

−7 m_0^2 − 14 m_1^2 − 7 m_2^2 − 14 m_3^2 20160 + 2 p_1^2 + 2 p_{12} + 4 p_{13} + p_2^2 + 2 p_{23} + 2 p_3^2 20160 D_{00000022} =

−7 m_0^2 − 7 m_1^2 − 21 m_2^2 − 7 m_3^2 10080 + p_1^2 + 3 p_{12} + p_{13} + 3 p_2^2 + 3 p_{23} + p_3^2 10080 D_{00000023} =

−7 m_0^2 − 7 m_1^2 − 14 m_2^2 − 14 m_3^2 20160 + p_1^2 + 2 p_{12} + 2 p_{13} + 2 p_2^2 + 4 p_{23} + 2 p_3^2 20160 D_{00000033} =

−7 m_0^2 − 7 m_1^2 − 7 m_2^2 − 21 m_3^2 10080 + p_1^2 + p_{12} + 3 p_{13} + p_2^2 + 3 p_{23} + 3 p_3^2 10080 D_{0000iiii} = − 1 420 , D_{0000iiij} = − 1 1680 , D_{0000iijj} = − 1 2520 , D_{0000iijk} = − 1 5040 D_{000000001} =

28 m_0^4 + 84 m_1^4 + 28 m_2^4 + 28 m_2^2 m_3^2 + 28 m_3^4 − 8 m_2^2 p_1^2 161280 + −8 m_3^2 p_1^2 + 3 p_1^4 − 16 m_2^2 p_{12} − 8 m_3^2 p_{12} + 3 p_1^2 p_{12} + 3 p_{12}^2 161280 + − 8 m_2^2 p_{13} − 16 m_3^2 p_{13} + 3 p_1^2 p_{13} + 3 p_{12} p_{13} + 3 p_{13}^2 − 8 m_2^2 p_2^2 161280 + −4 m_3^2 p_2^2 + 2 p_1^2 p_2^2 + 2 p_{12} p_2^2 + p_{13} p_2^2 + p_2^4 − 8 m_2^2 p_{23} 161280 + −8 m_3^2 p_{23} + p_1^2 p_{23} + 2 p_{12} p_{23} + 2 p_{13} p_{23} + p_2^2 p_{23} + p_{23}^2 − 4 m_2^2 p_3^2 161280 + − 8 m_3^2 p_3^2 + 2 p_1^2 p_3^2 + p_{12} p_3^2 + 2 p_{13} p_3^2 + p_2^2 p_3^2 + p_{23} p_3^2 + p_3^4 161280 + 4 m_0^2 (14 m_1^2 + 7 m_2^2 + 7 m_3^2 − 4 p_1^2 − 2 p_{12} − 2 p_{13} − 2 p_2^2 − p_{23} 161280 + −2 p_3^2) + 8 m_1^2 (7 m_2^2 + 7 m_3^2 − 3 p_1^2 − 3 p_{12} − 3 p_{13} − p_2^2 − p_{23} − p_3^2) 161280 D_{000000002} =

28 m_0^4 + 28 m_1^4 + 84 m_2^4 + 56 m_2^2 m_3^2 + 28 m_3^4 − 8 m_2^2 p_1^2 161280 + −4 m_3^2 p_1^2 + p_1^4 − 24 m_2^2 p_{12} − 8 m_3^2 p_{12} + 2 p_1^2 p_{12} + 3 p_{12}^2 161280 + −8 m_2^2 p_{13} − 8 m_3^2 p_{13} + p_1^2 p_{13} + 2 p_{12} p_{13} + p_{13}^2 − 24 m_2^2 p_2^2 161280 + −8 m_3^2 p_2^2 + 2 p_1^2 p_2^2 + 3 p_{12} p_2^2 + p_{13} p_2^2 + 3 p_2^4 − 24 m_2^2 p_{23} 161280 + −16 m_3^2 p_{23} + p_1^2 p_{23} + 3 p_{12} p_{23} + 2 p_{13} p_{23} + 3 p_2^2 p_{23} + 3 p_{23}^2 161280 + −8 m_2^2 p_3^2 − 8 m_3^2 p_3^2 + p_1^2 p_3^2 + p_{12} p_3^2 + p_{13} p_3^2 + 2 p_2^2 p_3^2 161280 + 2 p_{23} p_3^2 + p_3^4 + 4 m_0^2 (7 m_1^2 + 14 m_2^2 + 7 m_3^2 − 2 p_1^2 − 2 p_{12} − p_{13} 161280 + −4 p_2^2 − 2 p_{23} − 2 p_3^2) + 4 m_1^2 (14 m_2^2 + 7 m_3^2 − 2 p_1^2 − 4 p_{12} 161280 + −2 p_{13} − 2 p_2^2 − 2 p_{23} − p_3^2)

161280 D_{000000003} =

28 m_0^4 + 28 m_1^4 + 28 m_2^4 + 56 m_2^2 m_3^2 + 84 m_3^4 − 4 m_2^2 p_1^2 161280 +

−8 m_3^2 p_1^2 + p_1^4 − 8 m_2^2 p_{12} − 8 m_3^2 p_{12} + p_1^2 p_{12} + p_{12}^2 − 8 m_2^2 p_{13} 161280 + −24 m_3^2 p_{13} + 2 p_1^2 p_{13} + 2 p_{12} p_{13} + 3 p_{13}^2 − 8 m_2^2 p_2^2 − 8 m_3^2 p_2^2 161280 + p_1^2 p_2^2 + p_{12} p_2^2 + p_{13} p_2^2 + p_2^4 − 16 m_2^2 p_{23} − 24 m_3^2 p_{23} + p_1^2 p_{23} 161280 + 2 p_{12} p_{23} + 3 p_{13} p_{23} + 2 p_2^2 p_{23} + 3 p_{23}^2 − 8 m_2^2 p_3^2 − 24 m_3^2 p_3^2 161280 + 2 p_1^2 p_3^2 + p_{12} p_3^2 + 3 p_{13} p_3^2 + 2 p_2^2 p_3^2 + 3 p_{23} p_3^2 + 3 p_3^4 161280 + 4 m_0^2 (7m_1^2 + 7m_2^2 + 14 m_3^2 − 2p_1^2 − p_{12} − 2p_{13} − 2p_2^2 − 2p_{23} − 4p_3^2) 161280 + 4 m_1^2 (7 m_2^2 + 14 m_3^2 − 2 p_1^2 − 2 p_{12} − 4 p_{13} − p_2^2 − 2 p_{23} − 2 p_3^2) 161280 D_{000000111} =

8m_0^2 + 32m_1^2 + 8m_2^2 + 8m_3^2 − 4p_1^2 − 4p_{12} − 4p_{13} − p_2^2 − p_{23} − p_3^2 26880 D_{000000112} =

8m_0^2 + 24m_1^2 + 16m_2^2 + 8m_3^2 − 3p_1^2 − 6p_{12} − 3p_{13} − 2p_2^2 − 2p_{23} − p_3^2 80640 D_{000000113} =

8m_0^2 + 24m_1^2 + 8m_2^2 + 16m_3^2 − 3p_1^2 − 3p_{12} − 6p_{13} − p_2^2 − 2p_{23} − 2p_3^2 80640 D_{000000122} =

8m_0^2 + 16m_1^2 + 24m_2^2 + 8m_3^2 − 2p_1^2 − 6p_{12} − 2p_{13} − 3p_2^2 − 3p_{23} − p_3^2 80640 D_{000000123} =

4m_0^2 + 8m_1^2 + 8m_2^2 + 8m_3^2 − p_1^2 − 2p_{12} − 2p_{13} − p_2^2 − 2p_{23} − p_3^2 80640 D_{000000133} =

8m_0^2 + 16m_1^2 + 8m_2^2 + 24m_3^2 − 2p_1^2 − 2p_{12} − 6p_{13} − p_2^2 − 3p_{23} − 3p_3^2 80640 D_{000000222} =

8m_0^2 + 8m_1^2 + 32m_2^2 + 8m_3^2 − p_1^2 − 4p_{12} − p_{13} − 4p_2^2 − 4p_{23} − p_3^2 26880 D_{000000223} =

8m_0^2 + 8m_1^2 + 24m_2^2 + 16m_3^2 − p_1^2 − 3p_{12} − 2p_{13} − 3p_2^2 − 6p_{23} − 2p_3^2 80640 D_{000000233} =

8m_0^2 + 8m_1^2 + 16m_2^2 + 24m_3^2 − p_1^2 − 2p_{12} − 3p_{13} − 2p_2^2 − 6p_{23} − 3p_3^2 80640 D_{000000333} =

8m_0^2 + 8m_1^2 + 8m_2^2 + 32m_3^2 − p_1^2 − p_{12} − 4p_{13} − p_2^2 − 4p_{23} − 4p_3^2 26880 D_{0000iiiii} = 1 672 , D_{0000iiiij} = 1 3360 , D_{0000iiijj} = 1 6720 D_{0000iiijk} = 1 13440 , D_{0000iijjk} = 1 20160

References

[1] G. ’t Hooft and M. J. G. Veltman, Nucl. Phys. B 153 (1979) 365.

[2] G. Passarino und M. Veltman, Nucl. Phys. B160 (1979) 151.

[3] A. Denner and S. Dittmaier, Nucl. Phys. B 734 (2006) 62 [arXiv:hep-ph/0509141]. [4] J. Collins, Renormalization, Cambridge Univ. Press (1984).

[5] M. Böhm, A. Denner, H. Joos, ”Gauge Theory of the Strong and Electroweak Interaction”, Teubner Verlag (2001)