arXiv:hep-ph/0610130 v2 20 Nov 2006

Power-law in a gauge-invariant cut-off regularisation

T. Varin, J. Welzel, A. Deandrea, D. Davesne^1 1Université de Lyon, Villeurbanne, F-69622, France; Université Lyon 1, Institut de Physique Nucléaire de Lyon, 4 rue Enrico Fermi, F-69622 Villeurbanne, France

We study one-loop quantum corrections of a compactified Abelian 5d gauge field theory. We use a cut-off regularisation procedure which respects the symmetries of the model, i.e. gauge invariance, exhibits the expected power-like divergences and therefore allows the derivation of powerlaw behavior of the effective 4d gauge coupling in a coherent manner.

PACS numbers: 11.10.Kk,12.38.Bx

I. INTRODUCTION

Since a decade, it has been realized that large and/or universal extra-dimensions could be included in models beyond the Standard Model (SM) without being in conflict with experimental data [1, 2, 3]. The SM can then be thought as a low-energy limit of a higher-dimensional theory. This kind of scenario offers new insights to challenging problems, like gauge hierarchy problem [2, 4], supersymmetry breaking [5], electroweak symmetry breaking [6], dark matter [7], etc.

Higher-dimensional gauge field theories are nonrenormalisable and by dimensional analysis, power-like divergences will appear in the loop integrations. A wellknown feature of these theories is the power-like quantum corrections of effective four-dimensional gauge couplings [8]. For the purpose of computing loop corrections, it is of fundamental importance to respect the symmetries of the theory. On the one hand, dimensional regularisation [9] is well-known to preserve gauge invariance but hides power-like divergences. Extensions to extradimensional theories are given in [10]. On the other hand, a naive proper-time cut-off regularisation provides the expected power-like divergences but breaks gauge symmetry (see for example [11]). Other approaches, preserving the symmetries of the theory are possible, for example Pauli-Villars regularisation (see [12] for an application to extra-dimensions).

In this paper we study a compactified five-dimensional Abelian gauge theory with a cut-off regularisation which preserves gauge invariance and exhibits power-like divergences (details and applications to other subjects are given in [13]). We present briefly the model in section II and introduce the regularisation to study Wardidentities in section III. We then focus on the calculation of the vacuum polarization function, section IV, to deduce the power-law behavior of the effective fourdimensional gauge coupling with respect to the cut-off, section V. We end with a discussion on the results.

II. A BRIEF PRESENTATION OF THE MODEL

The action of quantum electrodynamics (QED) in 5 dimensions, or a generic 5d Abelian gauge theory, is :

S = ∫ d^5x ( − 1 4 F^{MN} F_{MN} + Ψ(iγ^M D_M − m_e)Ψ ) (1)

with the capital indices M, N = (0, 1, 2, 3, 5) = (μ, 5). The gamma matrices are γ^M = (γ^μ, iγ^5) and the fivedimensional covariant derivative is defined by :

D_M = (∂_μ − iẽA_μ, ∂_5 − iẽA_5).

The compactification on a circle S^1 implies the following Fourier decomposition of the fields:

Ψ(x^M ) = 1 √ 2πR +∞∑ n=−∞ ψ^{(n)}(x^μ)e^{inx5 /R} (2)

A_μ(x^M ) = 1 √ 2πR +∞∑ n=−∞ A^{(n)}_μ (x^μ)e^{inx5 /R} (3)

A_5(x^M ) = 1 √ 2πR +∞∑ n=−∞ A^{(n)}_5 (x^μ)e^{inx5 /R} . (4)

The four-dimensional fields ψ^{(n)}, A^{(n)}_μ , A^{(n)}_5 are the Kaluza-Klein (KK) excitations (or modes) of the original five-dimensional fields Ψ, A_μ and A_5 respectively. Other compactifications are possible and indeed widely studied in the literature, depending on the precise field content and masses one wants to obtain in the four-dimensional theory. In the following we shall consider S^1, but the method can be easily applied to other cases (if one introduces an additional Z_2 symmetry for example).

Performing the integration over the extra-coordinate x^5 in eq. (1) leads to the effective 4d action :

S_4 = +∞∑ n=−∞ ∫ d^4x − 1 4 F^{μν(−n)}F^{(n)}_{μν}

+ +∞∑ n=−∞ ∫ d^4x ψ^{(−n)}(i ̸∂ − M_n)ψ^{(n)}

+ +∞∑ n,m=−∞ ∫ d^4x e ψ^{(−n)}γ^μA^{(n−m)}_μ ψ^{(m)}

+ +∞∑ n,m=−∞ ∫ d^4x ie ψ^{(−n)}γ^5A^{(n−m)}_5 ψ^{(m)}

+ +∞∑ n=−∞ ∫ d^4x − 1 2 ∂_μA^{(−n)}_5 ∂^μA^{(n)}_5

+ +∞∑ n=−∞ ∫ d^4x −in R A^{μ(−n)}∂_μA^{(n)}_5

+ +∞∑ n=−∞ ∫ d^4x − 1 2 n^2 R^2 A^{(−n)}_μ A^{μ(n)} + ∫ d^4x L_{gauge−f ixing} (5) The effective four-dimensional gauge coupling and the mass matrices of the fermions are respectively e = ẽ √ 2πR and M_n = m_e + iγ^5n/R.

The 4d sub-Lagrangian with zero-mode bosons and n fermions is invariant under the following 4d U(1) gauge transformations :

A^{(0)}_μ → A^{(0)}_μ + 1 e ∂_μθ(x^μ) A^{(0)}_5 → A^{(0)}_5 ψ^{(n)} → e^{iθ(xμ)}ψ^{(n)} (6) This sector is the relevant one for the purpose of this paper. It will be shown that the U(1) gauge symmetry is preserved in the regularisation procedure. The gauge-fixing term of this sector is taken to be the usual Stückelberg Lagrangian: L_{gauge−f ixing} = − λ 2 (∂^μA^{(0)}_μ )^2 . (7)

We will limit our study to renormalisation in the effective four-dimensional theory obtained after compactification. For a comparison of the one-loop renormalisation of the full extra dimensional theory with the four-dimensional effective one see [14].

III. REGULARISATION AND WARD IDENTITIES

Since we want to generate explicitly the high-energy dependence of the correlations functions at one-loop in our extra-dimensional model, we have to choose a cutoff regularisation procedure that fulfills the necessity of preserving the U(1) gauge symmetry. Such procedure has been developed in detail in [13]. The strategy is to deduce all the integrals encountered during the regularisation procedure from only one single integral. More precisely, starting from : I(α, β) ≡ ∫ d^dk i(2π)^d 1 [αk^2 − βm^2] (8) we can deduce all the integrals of the general form (obtained after partial traces on gamma matrices and introduction of Feynman parameters) : ∫ d^dk i(2π)^d k^a [k^2 − m^2]^b (9) by derivations of (8) with respect to α and β.

The starting integral can be computed with the Schwinger proper-time method (for example, see [11]), and reads : I(1, 1)_{div} = − 1 4π^2

(Λ^2 − m^2 log Λ^2) (10)

where Λ is the cut-off. The identification of the cutoff with a physical mass scale and the running with respect to the scale are discussed in detail in [15].

It is worthwhile to mention that a key-point for the consistency of the method is to take a special care of the dimension d, which has be taken equal to 4 (resp. 2) for logarithmic (resp. quadratic) terms (for further details, see [13]).

The vacuum polarization function of the 4d photon, A^{(0)}μ , is the infinite sum of vacuum polarization in which massive Kaluza-Klein excitations run in the loop :

iΠ^{μν} (p) = −e^2 +∞∑ n=−∞ ∫ d^4k (2π)^4 T r [ γ^μ 1 k/ − m_n γ^ν 1 k/ − p/ − m_n ]

(11)

Neglecting for the moment the sum over the Kaluza-Klein modes, eq.(11) is then formally equivalent to the standard 4-dimensional QED for a fermion of mass m_n. Thus, the polarization tensor reads :

iΠ^{μν} (p) = −4e^2 ∫ d^4k (2π)^4 N^{μν} (k^2 − m^2_n)((k − p)^2 − m^2_n) (12) with

N^{μν} = k^μ(k^ν − p^ν ) + k^ν (k^μ − p^μ) − g^{μν} k(k − p) + g^{μν} m^2_n

After the regularisation procedure, the divergent part of Π^{μν} (p) is : Π^{μν}_{div} (p) = − e^2 12π^2

(p^2g^{μν} − p^μp^ν ) ln ( Λ^2 m^2_n ) (13)

As it should be, Π^{μν}_{div}(p) is transverse (independently of the value of the Kaluza-Klein number n in the loop). Moreover, it behaves logarithmically, in total agreement with what is expected for gauge theories.

A complementary test of our regularisation procedure is the fact that the Ward identity between the three-point function Γ_μ(p, p) and the n^{th} ‘electron’ self-energy Σ(p) is satisfied. This test can also be worked out in standard 4d QED using our regularisation procedure. In our effective model, one has to check that the two above quantities, depicted diagrammatically below (we consider here the diagrams for the zero-mode photon A^{(0)}μ stemming from the effective four-dimensional action we have described in section 2), satisfy the following relation :

Γ_μ(p, p) = − ∂ ∂p^μ Σ(p) (14)

where the contributions to Γ_μ(p, p) can be decomposed into two parts Γ^{(1)}_μ (p, p) and Γ^{(2)}_μ (p, p), respectively represented by:

Likewise, the contributions Σ^{(1)}(p) and Σ^{(2)}(p) to the n^{th} mode ‘electron’ self-energy are:

Following our regularisation procedure, it is straightforward to obtain :

− iΣ^{(1)}(p) = i(−ie)^2 16π^2 log Λ^2 ( ( 1 λ + 3)M_n − 1 λ p/ )

−iΣ^{(2)}(p) = i(ie^2) 32π^2 log Λ^2 (2M_n − p/)

−ieΓ^{(1)}_μ (p, p) = −(−ie)^3 16π^2λ γ_μ log Λ^2

−ieΓ^{(2)}_μ (p, p) = −(−ie)^3 32π^2 γ_μ log Λ^2 (15)

where λ is the parameter of the Stückelberg gauge fixing term, eq. (7). We see explicitly that (14) is satisfied, the gauge-invariance of the sector with the zero-mode A^{(0)}μ is preserved.

IV. VACUUM POLARIZATION

The aim of this section is to apply our regularisation procedure to the vacuum polarization function of A^{(0)}_μ in the effective theory obtained by compactifying on S^1 the original 5-dimensional QED Lagrangian. Taking into account the sum over the Kaluza-Klein modes, one obtains : Π^{μν}_{div} (p) = − ∞∑ n=−∞ e^2 12π^2

(p^2g^{μν} −p^μp^ν ) ln ( Λ^2 m^2_e + n^2/R^2 )

(16) Our strategy is then to separate the standard 4- dimensional part (n = 0) from the extra dimension contributions (n ≠ 0). Then, we have: ln (_∞∏ n=−∞ Λ^2 m^2_e + n^2/R^2 ) = ln ( Λ^2 m^2_e )

+2 ln (_∞∏ n=1 Λ^2 m^2_e + n^2/R^2

) (17)

Some approximations can be done in order to simplify the calculation of the previous expression (for an alternative analytical approach see the appendix of [16]) :

1. m^2_e ≪ 1/R^2

This can be justified by the fact that we assume the first Kaluza-Klein resonance to be far above the fundamental mass, which is the case in phenomenological applications [3].

2. n_{max} = ΛR ≫ 1 In the spirit of a Wilsonian effective theory [17], Λ is the typical scale that enables to select the relevant degrees of freedom present in the theory : thus the sum over n is truncated at some value n_{max} ≃ ΛR. Moreover since we are interested in the high-energy behavior of the theory, we will make the assumption n_{max} ≫ 1 in the following.

The limits of the truncation of KK sums have been discussed by Ghilencea [20]. It has been shown that, when one performs the infinite KK sums, higher derivative operators of higher dimension are generated as one-loop counterterms describing a non-decoupling effect of the very massive KK states. However, this effect appears only in six dimensions or when one sums over 2 KK numbers, which is not our case.

Using these two approximations, we can then rewrite the second term of eq. (17) as : ln (_{nmax}∏ n=1 Λ^2R^2 n^2 ) = ln ( (Λ^2R^2)^{ΛR} (ΛR)!^2 ) ∼ 2ΛR − ln ΛR

(18) where the Stirling formula has been used in the last step.

Finally, the total contribution for the divergent part of the vacuum polarization function reads : Π^{μν}_{div} (p) = − e^2 12π^2

(p^2g^{μν} − p^μp^ν )(4ΛR) (19)

In agreement with the results obtained in the literature [8], the divergence is linear in the cut-off. We see by the preceding manipulations that the power-law is the result of the sum of the individual logarithmic contributions.

V. RENORMALISATION OF THE 4d EFFECTIVE COUPLING CONSTANT

In an Abelian theory, due to Ward identities, the beta function of the 4d effective coupling e can be calculated directly :

β_e = − e 2 Λ ∂Π_Λ ∂Λ (20)

where Π_Λ is the divergent part of scalar vacuum polarization function defined by :

Π_Λ = 1 3 g_{μν} Π^{μν}_{div} = −e^2 3π^2

ΛR (21)

We obtain :

β_e = e^3 6π^2

ΛR (22)

which gives the following asymptotic behavior of e(Λ) with respect to the cut-off, between the scale μ = R^{−1} and μ = Λ :

e(Λ) = ( e(R^{−1})^2

1 −^{e(R−1 )2}_{3π2} (ΛR − 1) )_{1/2} (23)

This expression shows the expected power-law running of e, figure (1). It admits a Landau pole at Λ_L = (1 + 3π^2 e(R^{−1})^2 )R^{−1}. Equivalently, we can write :

α^{−1}_e (Λ) = α^{−1}_e (R^{−1}) − b 2π X(ΛR − 1) (24)

with α_e =^{e2}_{4π} , b = 4/3 and X = 2. We found the same result for α^{−1}(Λ) as in [8] but with the fundamental difference that we do not need any final rescaling of the cut-off.

VI. DISCUSSION AND CONCLUSIONS

Regularisation dependence of quantum corrections in higher-dimensional field theory has been extensively discussed. It is of fundamental importance for all phenomenological applications such as the study of divergences in a given model (gauge couplings, yukawas etc).

FIG. 1: Cut-off dependence of e in the model discussed (upper curve) and in the standard 4d QED (lower curve), as a function of ΛR. The radius is arbitrarily chosen at (100 GeV)^{−1}. The Landau pole is at Λ = 300 R^{−1}.

Indeed, at the end of the regularisation process, one would like to identify the cut-off Λ with the mass scale M at which our effective theory breaks down. However, the identification cannot be done with the knowledge of the effective theory only. One needs a matching with the theory taking place at M to fix the coefficient of the power-like quantum corrections. For an example of this type of calculations see [18].

Without any UV completion of the higher-dimensional model, one can fix the coefficient by an external requirement. In a sense, the choice of a given regularisation procedure (and the definition of the cut-off) is a feature of the model. For example, the authors of [19], asked the gauge couplings in the 4d effective theory to recover the result of the non-compactified theory in the limit of large radius. In the calculation of [8], the cut-off was redefined in order to recover the asymptotic result of including KK states at their thresholds, between μ =^n_R and μ =^{n+1}_R and so on. As in all standard cut-off calculations, gauge invariance was explicitly broken through the appearance of a Λg_{μν} term with no compensating p_μp_ν in the vacuum polarization Π_{μν} .

In our calculation, we included all states of KK number | n |≤ ΛR at once, assuming the decoupling of the heavy states and without introducing any ad-hoc redefinition of the cut-off. Moreover, we explicitly checked in section III that our calculation of loop integrals does not break gauge-invariance. The main advantage of the method proposed in this paper is the possibility to keep the physical insight of the cut-off procedure together with symmetry conservation.

[1] I. Antoniadis, Phys. Lett. B 246, 377 (1990). [2] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys.

Lett. B 429 (1998) 263 [arXiv:hep-ph/9803315]. [3] T. Appelquist, H. C. Cheng and B. A. Dobrescu, Phys.

Rev. D 64 (2001) 035002 [arXiv:hep-ph/0012100]. [4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [arXiv:hep-ph/9905221].

[5] J. Scherk and J. H. Schwarz, Phys. Lett. B 82 (1979) 60. [6] See for example C. Csaki, J. Hubisz and P. Meade, arXiv:hep-ph/0510275 and references therein.

[7] G. Servant and T. M. P. Tait, Nucl. Phys. B 650 (2003) 391 [arXiv:hep-ph/0206071].

[8] K. R. Dienes, E. Dudas and T. Gherghetta, Nucl. Phys.

B 537 (1999) 47 [arXiv:hep-ph/9806292]; K. R. Dienes, E. Dudas and T. Gherghetta, Phys. Lett. B 436 (1998) 55 [arXiv:hep-ph/9803466].

[9] G. ’t Hooft and M. J. G. Veltman, Nucl. Phys. B 44 (1972) 189.

[10] R. Contino and A. Gambassi, J. Math. Phys. 44, 570 (2003) [arXiv:hep-th/0112161]; S. Groot Nibbelink, Nucl. Phys. B 619, 373 (2001) [arXiv:hep-th/0108185].

[11] J. Zinn-Justin, Int. Ser. Monogr. Phys. 113 (2002) 1.

[12] R. Contino and L. Pilo, Phys. Lett. B 523, 347 (2001) [arXiv:hep-ph/0104130].

[13] T. Varin, D. Davesne, M. Oertel and M. Urban, arXiv:hep-ph/0611220.

[14] E. Alvarez and A. F. Faedo, arXiv:hep-th/0606267;

E. Alvarez and A. F. Faedo, JHEP 0605, 046 (2006) [arXiv:hep-th/0602150].

[15] W. D. Goldberger and I. Z. Rothstein, Phys. Rev. D 68, 125011 (2003) [arXiv:hep-th/0208060]; A. Hebecker and A. Westphal, Nucl. Phys. B 701, 273 (2004) [arXiv:hep-th/0407014].

[16] D. M. Ghilencea, Phys. Rev. D 70, 045011 (2004) [arXiv:hep-th/0311187].

[17] H. Georgi, Ann. Rev. Nucl. Part. Sci. 43 (1993) 209. [18] R. Contino, L. Pilo, R. Rattazzi and E. Trincherini, Nucl.

Phys. B 622, 227 (2002) [arXiv:hep-ph/0108102]. [19] T. Kobayashi, J. Kubo, M. Mondragon and G. Zoupanos, Nucl. Phys. B 550 (1999) 99 [arXiv:hep-ph/9812221].

[20] D. M. Ghilencea, JHEP 0503, 009 (2005) [arXiv:hep-ph/0409214]; D. M. Ghilencea, Phys. Rev. D 70, 045018 (2004) [arXiv:hep-ph/0311264].