arXiv:hep-ph/0612255v2 21 Mar 2007

Shear viscosity of pion gas

Eiji Nakano

Department of Physics and Center for Theoretical Sciences, National Taiwan University, Taipei 10617,Taiwan.

enakano@ntu.edu.tw

1 Introduction

Shear viscosity η is one of transport coefficients in fluid dynamics, which characterizes how viscous the system is in the presence of flow gradient [1]. Since, in general, shear viscosity is inversely proportional to scattering cross-section, strongly interacting systems have smaller viscosity than weakly interacting ones. Recently a universal minimum bound for the ratio of η to entropy density s has been proposed by Kovtun, Son, and Starinets (KSS) [2]. The bound, η/s ≥^1_{4π} , is conjectured to be satisfied for a large class of strongly interacting quantum field theories whose dual descriptions in string theory involve black holes in anti-de Sitter space [3, 4, 5, 6]. Note that η/s is more physical quantity than η itself because the ratio appears as a diffusion constant of fluid equations.

In experiments, η/s close to the minimum bound were found in relativistic heavy ion collisions (RHIC) [7, 8, 9]. This discovery came as a surprise. Traditionally, quark gluon plasma (QGP), a phase of the quantum chromodynamics (QCD) above the deconfinement temperature T_c ∼ 170 MeV at zero baryon density [10], had been thought to be in weak interaction regime. Partly because lattice QCD simulations of the QGP equation of state above 2T_c are not inconsistent with that of an ideal gas of massless particles, e = 3p, where e is the the energy density and p is the pressure of the system [10]. However, recent analyses of the elliptic flow generated by non-central collisions in RHIC [8, 9] and lattice simulations of a gluon plasma [11] yielded η/s close to the the minimum bound at just above T_c. This suggests QGP is strongly interacting at this temperature.^1 Other implications for strong coupling can be seen in sharp peaks of mesonic correlators [12, 13, 14], and in discussions of the possible microscopic structure of such a state [16, 17, 18, 19, 20].

Given this situation, one naturally gets interested in how η/s behaves as temperature approaches T_c from below, supposing that η/s of QCD was

1 See Ref. [15] for other possibility to yield a small viscosity in expanding QGP.

2 Eiji Nakano

already close to the minimum bound at just above T_c, and how it relates to change of the effective degrees of freedom through a phase transition or cross over.

To explore these issues, we use chiral perturbation theory (ChPT) and the linearized Boltzmann equation to perform a model independent calculation to the η/s of QCD in the confinement phase. Earlier attempts to compute meson matter viscosity using the Boltzmann equation and phenomenological phase shifts in the context of RHIC hydrodynamical evolution after freeze out can be found in Refs. [26, 27, 28]. In the deconfinement phase, state of the art perturbative QCD calculations of η can be found in Refs. [29, 30].

1.1 Shear viscosity in Fluid dynamics

For later understanding it might be worth mentioning basic properties of shear viscosity. Fluid dynamics describes non-equilibrium system where evolution in space and time occurs in macroscopic scale. η appears as a phenomenological parameter in this scale. Usually we can select suitable theory corresponding to the characteristic evolution scale of our interest, as listed in table 1.

Table 1. Hierarchy of theories in space-time scales

Scale Theory Micro (range of interaction) Quantum theory, e.g., Linear response theory Meso (mean-free path) Kinetic theory, e.g., Boltzmann eq. Macro (sound wave) Fluid dynamics, e.g., Navier-Stokes eq. with η

Fluid dynamics in relativistic framework is consist of two basic equations, that is, conservation laws of the energy-momentum T^{μν} (x) and the number density (or charge) n(x):

∂_μT^{μν} (x) = 0, (1) ∂_μn(x)V^μ(x) = 0, (2)

where V^μ(x) is a normalized four velocity of elementary volume, V^μ(x)V_μ(x) = 1. In what follows, we will not care the second equation in treating pion gas, because pion does not carry any conserved charge. The energy-momentum tensor in viscous system is decomposed as

T_{μν} (x) = T^{(0)}_{μν} (x) + δT_{ij} (x), (3)

where the first term describes the perfect fluid (local equilibrium; frictionless processes) with local pressure P(x) and energy density ϵ(x)

T^{(0)}_{μν} (x) = {P(x) + ϵ(x)} V_μ(x)V_ν (x) − P(x)δ_{μν} , (4)

Shear viscosity of pion gas 3

2 , and the second term corresponds to a small deviation from local equilibrium, which defines shear and bulk viscosities, η and ζ, δT_{ij} (x) = −η ( ∇_iV_j (x) + ∇_j V_i(x) − 2 3 δ_{ij} ∇ · V(x) ) + ζδ_{ij} ∇ · V(x). (5) One can see that η (ζ) is in traceless (trace) part of spatial components. These transport coefficients, which also includes thermal conductivity in the presence of conserved charge, are determined by experiments, or can be derived from more microscopic theories in principle. In general, it becomes more difficult to derive them as one begins with smaller scale.

We shall estimate η by considering two dimensional case depicted in Fig. 1, where x-component of flow velocity V_x(y) varies along y direction. In other

Fig. 1. Shear flow on x-y plane.

words, shear viscosity is an anisotropic pressure defined by the momentum transfer of x-component per unit time across unit area normal to y direction, in which the force is facing negative x direction. Since the momentum transfer occurs within the mean-free path λ, δT^{μν} = −η ∂V_x(y) ∂y ≃ −nV_y ∂p_x ∂y λ = − p_y σ ∂V_x(y) ∂y , (6)

where we have used λ = 1/(nσ) with σ and n being scattering cross-section and density. Thus, we can roughly estimate it by dimensional analysis up to a numerical factor, η ≃ T σ ≃ T^3 |T |^2 , (7)

where we have reduced momentum to temperature p ∼ T , and T is the scattering amplitude. It shows that strong interaction (small λ) causes quick and local equilibrium, implying that the system can be well described by hydrodynamics. In the case of weak interaction (large λ), on the other hand, a large number of particles (thermal excitations) included in λ join to relax the gradient of flow velocity, so that, it makes η finite.

2 In general, in broken phases such as superfluid or chiral condensed phase, there might be an another term attributed to the superfluid mode independent from the above T^{(0)}_{μν} in (4). For details, see Refs. [31, 32, 33].

4 Eiji Nakano

1.2 Shear viscosity in Kubo formula

If one would like to evaluate η in field theoretical way with Lagrangian, the linear response theory gives a formulation. Since η is a response of the system to the external stimulation δT_{ij} , it is given by Kubo formula η = − 1 5 ∫_0 −∞ dt^′ ∫_t′ −∞ dt ∫ dx^3⟨ [ T^{ij} (0), T^{ij} (x, t) ] ⟩, (8) where T^{ij} the spatial off-diagonal part of energy-momentum tensor, and is operator derived from Lagrangian of the system. This formula gives the strict definition of η derived from microscopic Lagrangian. One might think a perturbative calculation of the above correlator will give an answer for η. But this is not true even for weak coupling theory. Indeed, the Kubo formula involves, for instance in λϕ^4 theory, an infinite number of diagrams at the leading order (LO) [24]. This is due to an infrared singularity (remember that η appears in macroscopic scale). However, it is proven that the summation of LO diagrams is equivalent to solving the linearized Boltzmann equation (for mesoscopic scale) with temperature dependent particle masses and scattering amplitudes [24]. The result shows η ∼ T^3/λ^2. This proof extended the applicable range of the Boltzmann equation to higher temperature, but is restricted to weak coupling theories. In the case we are interested (QCD with T < 140 MeV), the pion mean free path is always greater than the range of interaction (∼ 1 fm) by a factor of 10^3. Thus, even though the coupling in ChPT is too strong to use the result of λϕ^4 theory in [24], the temperature is still low enough that the use of the Boltzmann equation is justified. In the following sections, we will show shear viscosity of pion gas evaluated from the linearized Boltzmann equation to LO in ChPT, and develop arguments on results, which is all based on our recent paper Ref. [25].

2 Linearized Boltzmann Equation for Low Energy QCD

In the hadronic phase of QCD with zero baryon-number density, the dominant degrees of freedom are the lightest hadrons—the pions. The pion mass m_π = 139 MeV is much lighter than the mass of the next lightest hadron—the kaon whose mass is 495 MeV. Given that T_c is only ∼ 170 MeV, it is sufficient to just consider the pions in the calculation of thermodynamical quantities and transport coefficients for T ≪ T_c.

The interaction between pions can be described by chiral perturbation theory (ChPT) in a systematic expansion in energy and quark (u and d quark) masses [21, 22, 23]. ChPT is a low energy effective field theory of QCD. It describes pions as Nambu-Goldstone bosons of the spontaneously broken chiral symmetry. At T ≪ T_c, the temperature dependence in ππ scattering can be

Shear viscosity of pion gas 5

calculated systematically. At T = T_c, however, the theory breaks down due to the restoration of chiral symmetry.^3

Since unlike the Kubo formula the Boltzmann equation requires semiclassical descriptions of particles with definite position, energy and momentum except during brief collisions, the mean-free path is required to be much greater than the range of interaction. Thus the Boltzmann equation is usually limited to low temperature systems. The Boltzmann equation describes the evolution of the isospin averaged pion distribution function f = f(x, p, t) ≡ f_p(x) (a function of space, time and momentum) as p^μ E_p ∂_μf_p(x) = g_π 2 ∫ 123 dΓ_{12;3p} {f_1f_2(1 + f_3)(1 + f_p) − (1 + f_1)(1 + f_2)f_3f_p} (9) where E_p = √ p^2 + m^2_π and g_π = 3 is the degeneracy factor for three pions,

dΓ_{12;3p} ≡ 1 2E_p |T |^2 3∏ i=1 d^3k_i (2π)^3(2E_i)

× (2π)^4δ^4(k_1 + k_2 − k_3 − p) , (10)

and where T is the scattering amplitude for particles with momenta 1, 2 → 3, p. LHS of (9) gives temporal change of f_p(x), and it should be equal to change by collision (RHS) in which the first (second) term corresponds to gain (loss) of particles of momentum p by the collision.

In ChPT, the LO isospin averaged ππ scattering amplitude in terms of Mandelstam variables (s, t, and u) is given by

|T |^2 = 1 9 ∑ I=0,1,2 (2I + 1)|T^{(I)}|^2 = 1 9f^4_π { 21m^4_π + 9s^2 − 24m^2_πs + 3(t − u)^2 } . (11) The temperature dependence in pion mass and pion scattering amplitudes can be treated as higher order corrections.

The distribution function can be decomposed into the local equilibrium f^{(0)}_p (x) and a deviation from it,

f_p(x) = f^{(0)}_p (x) + δf_p(x), (12)

where f^{(0)}p (x) = ( e^{β(x)Vμ(x)pμ} − 1 )_{−1} with β(x) being the inverse temperature and V^μ(x) the four velocity at the space-time point x. A small deviation δf_p(x) from the local equilibrium is parameterized as

f_p(x) = f^{(0)}_p (x) [ 1 − { 1 + f^{(0)}_p (x) } χ_p(x) ] , (13)

while the energy momentum tensor is

3 The QCD chiral restoration happens almost as soon as the deconfinement transition at zero baryon density. We do not distinguish their critical temperatures.

6 Eiji Nakano

T_{μν} (x) = T^{(0)}_{μν} (x) + δT_{μν} (x) = g_π ∫ d^3p (2π)^3 p_μp_ν E_p [ f^{(0)}_p (x) + δf_p(x) ] . (14)

We will choose the V(x) = 0 frame for the point x. This implies ∂_ν V^0 = 0 after taking a derivative on V_μ(x)V^μ(x) = 1. Furthermore, the conservation law at equilibrium ∂_μT^{μν} |_{χp=0} = 0 allows us to replace ∂_tβ(x) and ∂_tV(x) by terms proportional to ∇ · V(x) and ∇β(x). Thus, to the first order in a derivative expansion, χ_p(x) can be parameterized as χ_p(x) β(x) = A(p)∇ · V(x) + B_{ij} (p) ( ∇_iV_j (x) + ∇_j V_i(x) 2 − δ_{ij} ∇ · V(x) 3 ) , (15)

where B_{ij} (p) ≡ B(p) ( p̂_ip̂_j −^1_3 δ_{ij} ) , and i and j are spatial indexes.^4 Substituting (15) into the Boltzmann equation, one obtains a linearized equation for B(p), ( p_ip_j − 1 3 δ_{ij} p^2 ) = g_πE_p 2 ∫ 123 dΓ_{12;3p}(1 + n_1)(1 + n_2)n_3(1 + n_p)^{−1}

× [B_{ij} (p) + B_{ij} (k_3) − B_{ij} (k_2) − B_{ij} (k_1)] ≡ g_πF̂_{ij} [B] , (16)

where we have dropped the factor (∇_iV_j (x) + ∇_j V_i(x) − trace) contracting both sides of the equation and write f^{(0)}_i (x) at this point as n_i = ( e^{βEi} − 1 )_{−1} . There is another integral equation associated with ∇·V(x) which is related to the bulk viscosity ζ that will not be discussed here. The ∇ · β and ∂_tV terms in p^μ∂_μf^{(0)}p will cancel each other by the energy momentum conservation in local equilibrium mentioned above.

After putting everything together and comparing the energy-momentum tensor (5) in fluid dynamics and (14) in kinetic theory, we obtain η = g_πβ 10 ∫ d^3p (2π)^3 1 E_p n_p (1 + n_p) B_{ij} (p) ( p_ip_j − 1 3 δ_{ij} p^2 ) (17) = g^2_πβ 10 ∫ d^3p (2π)^3 1 E_p n_p (1 + n_p) B_{ij} (p)F̂_{ij} [B] ≡ g^2_π⟨B|F̂ [B]⟩ . (18)

Here one can see immediately that if the scattering cross section is scaled by a factor α, dΓ_{12;3p} → α (dΓ_{12;3p}) , (19) then Eqs. (16) and (18) imply the following scaling

4 A non-derivative term is not allowed since fp should be reduced to f^{(0)}_p when β and V^μ become independent of x. There is no term with single spatial derivative on β(x) either. The only possible term (V · ∇) β(x) vanishes in the V(x) = 0 frame.

Shear viscosity of pion gas 7

B_{ij} (p) → α^{−1}B_{ij} (p) , (20) η → α^{−1}η , (21)

with η proportional to the inverse of scattering cross-section. This nonperturbative result is a general feature for the linearized Boltzmann equation with two-body elastic scattering.

To find a solution for B(p), one can just solve Eq. (16). But here we follow the approach outlined in Refs. [27, 28] to assume that B(p) is a smooth function which can be expanded using a specific set of orthogonal polynomials B(p) = |p|^y ∞∑ r=0 b_rB^{(r)}(z(p)), (22)

where B^{(r)}(z) is a polynomial up to z^r and b_r is its coefficient. The overall factor |p|^y will be chosen by trial and error to get the fastest convergence. The orthogonality condition ∫ d^3p (2π)^3 p^2 E_p n_p (1 + n_p) |p|^yB^{(r)}(z)B^{(s)}(z) ∝ δ_{r,s} (23)

can be used to construct the B^{(r)}(z) polynomials up to normalization constants. For simplicity, we will choose B^{(0)}(z) = 1.

With this expansion, the consistency condition for B(p) in Eq. (18) yields η = g_π ∑ r b_rL^{(r)} = g^2_π ∑ r,s b_r⟨B^{(r)}|F̂ [B^{(s)}]⟩b_s , (24)

where L^{(r)} = β 15 ∫ d^3p (2π)^3 p^2 E_p n_p (1 + n_p) |p|^yB^{(r)}(p) ∝ δ_{0,r}. (25)

Since b_r is a function of m_π, f_π and T , the b_r’s in Eq. (24) are in general independent functions, such that L^{(r)} = g_π ∑ s⟨B^{(r)}|F̂ [B^{(s)}]⟩b_s [one can show that this solution of b_s gives a unique solution of η], or equivalently

δ_{0,r}L^{(0)} = g_π ∑ s ⟨B^{(r)}|F̂ [B^{(s)}]⟩b_s . (26)

This will allow us to solve for the b_s and obtain the shear viscosity

η = g_πb_0L^{(0)}. (27)

In the next section, we will show that this expansion converges well, such that one does not need to keep many terms on the right hand side of Eq. (26). If only the s = 0 term was kept, then η ≃ ( L^{(0)}

)_2

⟨B^{(0)}|F̂ [B^{(0)}]⟩

. (28)

8 Eiji Nakano

This resultant formula clearly shows that η does not depend on the degeneracy factor g_π.

The calculation of the entropy density s is more straightforward since s, unlike η, does not diverge in a free theory. In ChPT, the interaction contributions are all higher order in our LO calculation. Thus we just compute the s for a free pion gas: s = −g_πβ^2 ∂ ∂β log Z β , (29)

where the partition function Z for free pions is

log Z β = − 1 β ∫ d^3p (2π)^3 log { 1 − e^{−βE(p)} } , (30)

up to temperature independent terms.

3 Results and Discussion

3.1 Shear viscosity of Pion gas

We present the results for η and η/s of QCD at zero baryon number density. Fig. 2(a) shows the LO ChPT result of η using the linearized Boltzmann equation. For comparison, we also added results for a π-π scattering of empirical phase shifts (PS), in which values of parameters were employed from Refs. [26, 27, 28, 34]. Characteristically, the PS scattering amplitude does not reflect the phase transition so much to be less dependent on momentum than ChPT at high energy region, and incorporates resonance effect which is absent in ChPT. The lines with circles, squares and triangles correspond to keeping the first one, two and three polynomials on the right hand side of Eq. (26), respectively. We have used y = 0 and z(p) = |p| for ChPT and y = 2 and z(p) = |p|^2 for PS to construct the polynomials. The figure shows the polynomial expansion converges rapidly.

As a test of the calculation, we also show the shear viscosity result for a constant scattering amplitude |T |^2 =^{23m4π}_{9f 4π} in Fig. 2(b) (ChPT SH), which corresponds to the low energy limit of ChPT and can be mapped onto λϕ^4 theory of Ref. [24] where the scattering amplitude is a constant |T |^2 = λ^2. In λϕ^4 theory, η is monotonically increasing in T . If T ≫ m_ϕ, η ∝ T^3/λ^2 with T^3 given by dimensional analysis and λ^{−2} by the scaling of coupling, as shown in Eq. (7) and in Eqs. (19) and (21). In ChPT, however, η is not monotonic in T . At T ≪ m_π, the scattering amplitude is close to a constant, thus ChPT behaves like a λϕ^4 theory. But as temperature gets higher to T ≫ m_π, T ∝ T^2/f^2_π and thus η ∝ f^4_π/T . At what temperature the transition from η ∝ T^3 to η ∝ 1/T takes place depends on the detail of dynamics. In ChPT, this temperature is around 20 MeV.

Shear viscosity of pion gas 9

Fig. 2. Shear viscosity as a function of temperature. (a) for the LO ChPT (ChPT) and for an empirical phase-shift scattering amplitude (PS) [34]. mπ = 139 MeV and fπ = 93 MeV. (b) for the LO ChPT in the massless limit (ChPT ML) where fπ = 87 MeV, and for a constant scattering amplitude in low-energy limit, |T |^2 =^{23m4π}_{9f 4π} (ChPT SH). 1st- 3_{rd} show results up to the three polynomials in Eq. (26).

It is also interesting to observe the result of ChPT in massless limit, Fig. 2(b) (ChPT ML). η blows up at T = 0. It reflects the derivative coupling typical for NG modes, see Ref. [38] for η of phonon in CFL phase.

3.2 η/s and error estimation

The radius of convergence in momentum for ChPT is typically 4πf_π ∼ 1 GeV. To translate this radius into temperature, we compute the averaged

center of mass momentum ⟨|p|⟩ = √ ⟨B|p^2|F̂ [B]⟩/⟨B|F̂ [B]⟩. We found that for T = 120 and 140 MeV, ⟨|p|⟩ ≃ 460 and 530 MeV < 4πf_π. However, ChPT is supposed to break down at the chiral restoration temperature (∼ 170 MeV). Thus our LO ChPT result can only be trusted up to T ∼ 120 MeV. At the next-to-leading order (NLO), it is known that the isoscalar ππ scattering length will be increased by ∼ 40% [23]. This will increase the cross section by ∼ 100% and reduce η by ∼ 50% near threshold. This is an unusually large NLO correction since a typical NLO correction at threshold is ≤ 20%. The large chiral corrections does not persist at the higher order. At the next-to-next-to-leading order (NNLO), the correction is ∼ 10% [23]. Thus, to compute η to 10% accuracy, a NLO ChPT calculation is needed.

The LO ChPT result for η/s is shown in Fig. 3 (line with rectangles). The error is estimated to be ∼ 50% up to 120 MeV. η/s is monotonically decreasing and reaches 0.6 at T = 120 MeV. This is similar to the behavior in the m_π = 0 case (shown as the line with rectangles) where η/s ∝ f^4_π /T^4 with s ∝ T^3 from dimensional analysis and f_π = 87 MeV in the chiral limit [22, 23]. For comparison, we also show the result using phenomenological ππ phase shifts [34] for η but free pions for s. (Our result for η is in good

10 Eiji Nakano

Fig. 3. Shear viscosity to entropy density ratios as functions of temperature. Line with circles (rectangles) is the LO ChPT result with mπ = 139 (0) MeV and fπ = 93(87) MeV. Line with triangles is the result using ππ phase shifts (PS). Dashed line is the conjectured KSS bound 1/4π ≃ 0.08.

agreement with that of [28] for T between 60 and 120 MeV. For an earlier calculation using the Chapman-Enskog approximation, see Ref. [35].) This amounts to taking into account part of the NLO ππ scattering effects but ignoring its temperature dependence and the interaction in s. Since not all the NLO effects are accounted for, this η/s is not necessarily more accurate than that using the LO ChPT. The comparison, however, gives us some feeling of the size of error for the LO result we present here. Thus, an error of ∼ 100% at T = 120 MeV to the LO result might be more realistic.

3.3 Relation between T_c and η/s

Naive extrapolations of the three η/s curves show that the 1/4π = 0.08 minimum bound conjectured from string theory might never be reached as in phase shift result [36, 37] (the first scenario), or more interestingly, be reached at T ≃ 210 MeV, as in the LO ChPT result (the second scenario). In both scenarios, we see no sign of violation of the universal minimum bound for η/s below T_c. But to really make sure the bound is valid from 120 MeV to T_c, a lattice computation as was performed to gluon plasma above T_c [11] is needed. In the second scenario, assuming the bound is valid for QCD, then either a phase transition or cross over should occur before the minimum bound is reached at T ∼ 200 MeV. Also, in this scenario, it seems natural for η/s to stay close to the minimum bound around T_c as was recently found in heavy ion collisions.

In the second scenario, one might argue that the existence of phase transition is already known, otherwise we will not have spontaneous symmetry breaking and the corresponding Nambu-Goldstone boson theory at low temperature in the first place. Indeed, it is true in the case of QCD. For a spontaneous symmetry breaking theory, the general feature of η/s we see here seems generic.

Shear viscosity of pion gas 11

Fig. 4. A schematic of η/s behavior around the critical temperature.

At asymptotically high T ≫ T_c in the deconfinement phase, the weak coupling nature of QCD makes η/s get higher in comparison with that near T_c. On the other hand, at very low T ≪ T_c in the symmetry breaking phase, the Nambu-Goldstone bosons are weakly interaction at low temperature, thus η/s gets lower as T approaches T_c from below. A phase transition should occur before the extrapolated η/s curve coming from high T reaches the bound at T_1. Similarly, a phase transition should occur before the extrapolated η/s curve coming from low T reaches the bound at T_2. Thus the range of phase transition is T_1 ≤ T_c ≤ T_2, see Fig. 4. There might be a discontinuity at T_c due to the change of effective degrees of freedom. Some relations between T_c and the η/s bound are also discussed in Refs. [40, 41].

3.4 Large N_f and N_c limit

It is interesting to note that the degeneracy factor g_π drops out of η while the entropy s is proportional to g_π, as shown in Eqs. (26-28) and (29), respectively. This suggests the η/s bound might be violated if a system has a large particle degeneracy factor [2]. For QCD, large g_π can be obtained by having a large number of quark flavors N_f with g_π ∼ N^2_f . However, the existence of confinement demands that the number of colors N_c should be of order N_f to have a negative QCD beta function. After using f_π ∝ √ N_c, the combined N_c and N_f scaling of η/s is η s ∝ f^4_π g_πT^4 ∝ N^2_c N^2_f

, (31)

which is of order one. Thus QCD with large N_c and N_f can still be consistent with the η/s bound below T_c.

Acknowledgement

This talk is based on works of close collaboration with Prof. J.-W. Chen at National Taiwan University, and on discussion with Prof. T. Cohen at Maryland University, especially on Sec. 3.4. The author is supported by the Taiwan’s National Science Council and in part by National Center for Theoretical Science, and also would like to thank organizers and ECT^∗ for arrangement of the talk and local support.

12 Eiji Nakano

References

1. For example, S. R. De. Groot, W. A. Van Leeuwen, and Ch. G. Van Weert, Relativistic Kinetic Theory (North-Holland, Amsterdam, 1980); R. L. Liboff. Kinetic Theory, Classical, Quantum and Relativistic Descriptions (Prentice- Hall, Englewood Cliffs, NJ, 1999).

2. P. Kovtun, D. T. Son, and A. O. Starinets, Phys. Rev. Lett. 94,111601 (2005). 3. G. Policastro, D. T. Son, and A. O. Starinets, Phys. Rev. Lett. 87, 081601 (2001).

4. G. Policastro, D. T. Son and A. O. Starinets, JHEP 0209, 043 (2002). 5. C. P. Herzog, J. High Energy Phys. 0212, 026 (2002). 6. A. Buchel and J. T. Liu, Phys. Rev. Lett. 93, 090602 (2004). 7. I. Arsene et al., Nucl. Phys. A 757, 1 (2005); B. B. Back et al., ibid. 757, 28 (2005); J. Adams et al., ibid. 757, 102 (2005); K. Adcox et al., ibid. 757, 184 (2005).

8. D. Molnar and M. Gyulassy, Nucl. Phys. A 697, 495 (2002) [Erratum ibid. 703, 893 (2002)].

9. D. Teaney, Phys. Rev. C 68, 034913 (2003).

10. F. Karsch and E. Laermann, in Quark-Gluon Plasma 3, edited by R. C. Hwa and X. -N. Wang (World Scientific, Singapore, 2004), p. 1 [arXiv:hep-lat/0305025].

11. A. Nakamura and S. Sakai, Phys. Rev. Lett. 94, 072305 (2005). 12. M. Asakawa and T. Hatsuda, Phys. Rev. Lett. 92, 012001, (2004). 13. S. Datta, F. Karsch, P. Petreczky and I. Wetzorke, Phys. Rev. D69, 094507, (2004).

14. T. Umeda, K. Nomura and H. Matsufuru, hep-lat/0211003. 15. M. Asakawa, S. A. Bass and B. Muller, arXiv:hep-ph/0603092;hep-ph/0608270. 16. E. V. Shuryak and I. Zahed, Phys. Rev. D 70, 054507 (2004). 17. V. Koch, A. Majumder and J. Randrup, Phys. Rev. Lett. 95, 182301 (2005) 18. J. Liao and E. V. Shuryak, arXiv:hep-ph/0510110.

19. G. E. Brown, C. -H. Lee, M. Rho, E.V. Shuryak, Nucl. Phys. A740, 171 (2004). 20. G. E. Brown, C. -H. Lee, M. Rho, Nucl. Phys. A747, 530 (2005). 21. S. Weinberg, Phys. Rev. Lett. 18, 188 (1967); R. Dashen and M. Weinstein, Phys. Rev. 183, 1261 (1969); L. -F. Li and H. Pagels, Phys. Rev. Lett. 26, 1204 (1971); P. Langacker and H. Pagels, Phys. Rev. D 8, 4595 (1973); S. Weinberg, Physica 96A, 327 (1979); S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177, 2239 (1969); C. Callan, S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177, 2247 (1969).

22. J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985); Annals Phys. 158, 142 (1984).

23. G. Colangelo, J. Gasser and H. Leutwyler, Nucl. Phys. B 603, 125 (2001). 24. S. Jeon, Phys. Rev. D 52, 3591 (1995); S. Jeon and L. Yaffe, Phys. Rev. D 53, 5799 (1996).

25. J. -W. Chen and E. Nakano, arXiv:hep-ph/0604138. 26. D. Davesne, Phys. Rev. C53, 3069 (1996).

27. A. Dobado and S. N. Santalla, Phys. Rev. D 65, 096011 (2002). 28. A. Dobado and F. J. Llanes-Estrada, Phys. Rev. D 69, 116004 (2004). 29. P. Arnold, G. D. Moore and L. G. Yaffe, JHEP 0011, 001 (2000). 30. P. Arnold, G. D. Moore and L. G. Yaffe, JHEP 0305, 051 (2003). 31. D. T. Son, Phys. Rev. Lett. 84, 3771 (2000) [arXiv:hep-ph/9912267].

Shear viscosity of pion gas 13

32. C. Pujol and D. Davesne, Phys. Rev. C 67, 014901 (2003) [arXiv:hep-ph/0204355].

33. Y. Lallouet, D. Davesne and C. Pujol, Phys. Rev. C 67, 057901 (2003) [arXiv:hep-ph/0207329].

34. A. Schenk, Nucl. Phys. B 363, 97 (1991). G. M. Welke, R. Venugopalan and M. Prakash, Phys. Lett. B 245, 137 (1990).

35. M. Prakash, M. Prakash, R. Venugopalan and G. M. Welke, Phys. Rev. Lett.

70 (1993) 1228; Phys. Rept. 227 (1993) 321. 36. A. Dobado and F. J. Llanes-Estrada, hep-ph/0609255. 37. D. Fernandez-Fraile, A. Gomez Nicola, hep-ph/0610197. 38. C. Manuel, A. Dobado, and F. J. Llanes-Estrada, JHEP 0509, 076 (2005). 39. S. Muroya and N. Sasaki, Prog. Theor. Phys. 113, 457 (2005). 40. T. Hirano and M. Gyulassy, Nucl. Phys. A769, 71 (2006). 41. L. P. Csernai, J. I. Kapusta and L. D. McLerran, arXiv:nucl-th/0604032.