arXiv:hep-ph/0701215v2 24 Oct 2007

A simple evolution equation for rapidity distributions in nucleus-nucleus collisions

J. Dias de Deus and J. G. Milhano

CENTRA, Instituto Superior Técnico (IST), Av. Rovisco Pais, P-1049-001 Lisboa, Portugal

Abstract

We explore the relationship between the Glasma framework and the String Percolation Model by introducing a simple model for the rapidity distributions in nucleusnucleus collisions. The model is solved for both symmetrical and asymmetrical collisions. The phenomenon of limiting fragmentation is briefly discussed.

1 Introduction

The String Percolation Model (SPM) [1] for high energy hadronic collisions has a long history of successfully describing experimental observations [2,3,4,5]. As with any efficacious phenomenological model, one would wish, if not to fully derive it from first principles, to comprehensively understand its relationship with more fundamentally motivated approaches.

The Glasma, a highly coherent configuration of classical longitudinal chromoelectric and chromo-magnetic fields, has been proposed [6,7,8,9,10,12,11] as an adequate description of the matter formed immediately after a high energy hadronic collision. Further, it may provide [7,8,9,12,11] the necessary physical mechanism for the rapid thermalization observed at RHIC and thus for the eventual creation of the Quark Gluon Plasma. The Glasma hypothesis follows from the Colour Glass Condensate (CGC) approach to high energy hadronic processes [13,14,15,16,17,18,19,20,21,22,23,24,25], which in turn provides a theoretically sound and phenomenologically successful description for the infinite momentum wavefunction of a hadronic object. The CGC/Glasma framework tackles the same physical issues as those addressed by the SPM. The relationship between the CGC/Glasma and the SPM has been hinted at repeatedly, but it is only recently that efforts have been made to understand and explore such a connection [12,26,27].

Preprint submitted to Elsevier 25 October 2007

In the CGC/Glasma framework, a nucleus-nucleus collision, viewed in the reference frame of the centre of mass of the collision, is to be thought of as that of two Lorentz contracted to the transverse plane sheets of coloured glass [28,29,30,31,32,33,34]. The CGC description of the infinite momentum hadronic wavefunction relies on the introduction of a longitudinal momentum separation scale. The small-x component of the wavefunction, a system of non-perturbatively large colour fields, can be described in terms of a classical Weizsäcker-Williams field radiated by the large-x components of the wavefunction. Such an effective description, in which the relevant dynamical degrees of freedom (small-x gluons) are described by a classical field with the large-x constituents playing the role of a classical static (in light-cone time) source, holds for modes with longitudinal momentum close to the separation scale. The separation scale is, however, arbitrary and can be lowered in successive steps towards increasingly smaller x. This renormalization group procedure is encoded in the B-JIMWLK evolution equations [16,17,18,19,20,21,22,23,24,35,36,37,38] for the CGC. The small-x part of the wavefunction is characterized by a transverse momentum scale — the saturation momentum Q_s — arising from finite density induced non-linear interactions between the wee partons (gluons). Modes with transverse momentum below Q_s are saturated and cannot be further populated. Any additional gluon emission will thus result in an increase of the saturation momentum.

Immediately after the collision, the hadron-hadron system is described by the highly coherent state of the two CGC sheets. The original transverse fields, associated with the large-x components of the hadronic wavefunctions, remain intact and, as the sheets pass through each other, add to themselves a distribution of colour electric and colour magnetic charge. These charge densities, which are of equal magnitude but opposite sign, act as sources for longitudinal fields living in the region between the parting CGC sheets.

The physical situation described by the Glasma, the system of purely longitudinal fields in the region between the parting hadrons, is analogous to that underlying the SPM. As the effective number of strings, including percolation effects, is directly related to the rapidity particle density, we thus have the ‘equations’

[Glasma] ∼ [Effective Strings] ∼ [Particle density] .

It can thus be argued that once the Glasma is created through the mechanism outlined above and carefully detailed in [6,11], its evolution can be phenomenologically described in the framework of the SPM. In this paper we follow such a line of thought and address the question of the rapidity evolution of a system of longitudinal fields/strings.

In Sec. 2 we introduce our simple model and compute the density distribution in rapidity for both symmetrical and asymmetrical nucleus-nucleus collisions.

In Sec. 3 we address the issue of limiting fragmentation. Our conclusions are presented in Sec. 4.

2 Rapidity distributions

2.1 The model

The simplest model that can be imagined to describe the generation of lower centre of mass rapidity objects from higher rapidity ones with asymptotic saturation is the nineteenth century logistic equation for the dynamics of populations [39,40] ∂ρ ∂(−Δ) = 1 δ (ρ − Aρ^2) , (1)

where ρ ≡ ρ(Δ, Y ) is the particle density, Y is the beam rapidity, and Δ ≡ |y| − Y . (2) The variable −Δ plays the role of evolution time. The parameter δ controls the low density ρ evolution and must therefore depend on intrinsic parameters of the theory. The parameter A, responsible for saturation, will naturally depend on the nature of the target and on the energy e^Y .

The Y -dependent limiting value of ρ, determined by the saturation condition ∂ρ ∂(−Δ) = 0, is given by

ρ_Y = 1 A . (3)

The condition^{∂2ρ}_{∂(−Δ)2} | | |_{Δ0} = 0, defining the separation between the region Δ >

Δ_0 of low density and positive curvature and the region Δ < Δ_0 of high density and negative curvature, gives

ρ_0 ≡ ρ(Δ_0, Y ) = ρ_Y 2 . (4)

Integrating (1) between ρ_0 and some ρ(Δ), and using (3) and (4), we obtain

ρ(Δ, Y ) = ρ_Y e^{Δ−Δ0}δ + 1

. (5)

Eq. (5), illustrated in Fig. 1, is nothing but a generalization of the Fermi distribution, and is known to fit RHIC data for rapidity distributions in the case of central nucleus-nucleus colisions [41,42]. There are three parameters in (5): two from the original differential equation, ρ_Y and δ, and an additional one, Δ_0, from the integration of (1). The parameters ρ_Y and Δ_0 are expected to be energy (or Y ) dependent, but δ can be taken, at least approximately, as a constant. In the real Fermi distribution one has ρ_Y = 1, but here we are not dealing with a dominantly fermionic system.

The separation, at Δ_0, between a dilute region (Δ > Δ_0) of objects with rapidity close to the beam rapidity and a dense region (Δ < Δ_0) of low rapidity objects is a close analogue of that underlying the CGC framework. There, one distinguishes between a dilute set of objects (partons) carrying a large fraction of the hadronic wave function total longitudinal momentum — the source — and a dense region of partons with small longitudinal momentum. A further dense-dilute separation, that set by the saturation momentum Q_s, is considered in the CGC. Such a separation is absent from our simple model since all dependence on tranverse dimensions has been neglected.

Fig. 1. The distribution (5) showing saturation at large −Δ, the change of curvature at the point Δ_0 which separates between the dense (Δ < Δ_0) and the dilute (Δ > Δ_0) regions.

2.2 Symmetrical nucleus-nucleus collision

So far we have concentrated on following a single nucleon pair. In a nucleusnucleus collision there is a number N_{part} of nucleons that take part in the collision. In the symmetrical situation of a AA collision we have

N_{part} = 2N_A , (6)

where N_A is the average number of participants from each nucleus. Both in the CGC approach and in the SPM the particle density is proportional to N_A and we can write ρ(Δ, Y, N_A) = N_A ρ_Y e^{Δ−Δ0}δ + 1

. (7)

In order to justify (7) we shall look in more detail at the SPM. The particle density is directly related to the effective number of strings ρ(Δ) ≡ dn dy ∼ N^{eff}_s ∼ F (η)N_s(Δ) , (8)

where N_s(Δ) is the number of strings contributing in a given Δ, F (η) is the colour summation reduction factor [43] F (η) ≡ √ 1 − e^{−η} η , (9)

and η is the percolation transverse density parameter η ≡ ( r R )_2

N_s(Δ) . (10)

Here, r is the transverse radius of the string and R is the radius of the overlapping area which can be obtained from simple geometrical arguments R ≃ R_pN^{1/3}_A , (11)

where R_p is the proton radius.

The percolation transition occurs for [44] η = η_c ≃ (1.15 − 1.5).

We distinguish two regimes:

i) High density regime [Δ < Δ_0, η ≡ η_{NANA} > η_c] In the dense regime physics is dominated by gluons and sea quarks and the number of strings contributing is proportional to the number of collisions [45,46,47], that is N_s ∼ N^{4/3}_A . (12) Further, η is large such that F (η) → η^{−1/2} and (see (9)): F (η) ∼ 1 N^{1/3}_A

, (13)

so that we obtain ρ(Δ) ∼ N_A . (14) ii) Low density regime [Δ > Δ_0, η ≡ η_{pp} < η_c] In the dilute region physics is dominated by the valence strings and thus N_s ∼ N_A, F (η) is independent of N_A and we obtain [46,47,48]

ρ(Δ) ∼ N_A . (15)

We find that, at least approximately, the relation ρ ∼ N_A holds in both limits thus justifying (7).

2.3 Asymmetrical collision

We consider next the asymmetrical situation of AB collisions. In what follows we shall always assume that A ⩽ B and that A moves from left to right. Let us start by making a simple estimate, based on geometrical arguments, of the number N_{coll} of nucleon-nucleon collisions resulting from a given number of participant nucleons (see Fig. 2). If a tube of N^{1/3}_A nucleons from nucleus A interacts with N^{1/3}_B nucleons from nucleus B along the collision axis then, as the overlapping area of interaction is N^{2/3}_A , we have N_{coll} ≃ ( N^{1/3}_A N^{1/3}_B ) N^{2/3}_A = N_AN^{1/3}_B . (16)

Clearly, the well known result from Glauber calculus N_{coll} ≃ N^{4/3}_A is recovered for a symmetrical situation.

Fig. 2. Estimate of number of collisions for an asymmetrical AB collision (see text).

The quantities N^{1/3}_A and N^{1/3}_B depend on impact parameter: for b ≃ 0, N^{1/3}_A ≃ A^{1/3} and N^{1/3}_B ≃ B^{1/3}; for very large b, N^{1/3}_A ≃ N^{1/3}_B ≃ 1. In general, N^{1/3}_A and N^{1/3}_B can be theoretically calculated or experimentally determined, by using forward/backward calorimeters to detect the non-interacting nucleons: (A − N_A) in the forward direction and (B − N^{2/3}_A N^{1/3}_B ) in the backward direction.

We distinguish again two regimes:

i) High density regime [Δ < Δ_0]

In this case all the strings (valence and sea) contribute, their numbers being proportional to the number of collisions N̄_s ∼ N_{coll} ∼ N_AN^{1/3}_B , (17) and we obtain, from (8), ρ(Δ ∼ −Y ) ∼ N^{5/6}_A N^{1/6}_B . (18) ii) Low density regime [Δ > Δ_0] The number of strings is essentially proportional to the number of valence strings, which is in turn proportional to the number of participating — forward or backward — nucleons, N̄_s(Δ ∼ 0) ∼ N_{part} (Forward/Backward) , (19) We obtain, see (8), ρ(Δ ∼ 0) ∼ N_A (Forward) , (20) and ρ(Δ ∼ 0) ∼ N^{2/3}_A N^{1/3}_B (Backward) . (21) Bearing in mind (7), (18), (20) and(21) we arrive at

ρ(Δ) =

N^{5/6}_A N^{1/6}_B ρ_Y (_N B N_A )_{1/6} e^{Δ−Δ0}δ + 1

(Forward) , (22)

ρ(Δ) =

N^{5/6}_A N^{1/6}_B ρ_Y (_N A N_B )_{1/6} e^{Δ−Δ0}δ + 1

(Backward) . (23)

If we impose, in (22) and (23), the condition N_B = N_A (i.e., a symmetric situation) we recover (7) and the forward (22) and backward (23) distributions become mirror images. Let us see, in this simple situation, how the forward and backward distributions can be matched. The variable Δ starts, for y = ±Y , at zero and decreases towards the mid-rapidity region reaching a minumum value. We thus have the constraint − Δ^B_{MIN} − Δ^F_{MIN} = 2Y . (24) In the symmetric case Δ^B_{MIN} = Δ^F_{MIN} and Δ_{MIN} = −Y , (25) corresponding to y = 0 and the distribution is centred around the centre of mass of the nucleon-nucleon system.

In the asymmetric case the denominators in (22) and (23) are different, and the condition (24) is not sufficient to match the distributions. Further requiring Δ^B_{MIN} − δ 6 ln N_B N_A = Δ^F_{MIN} + δ 6 ln N_B N_A , (26)

we obtain, after combining (24) and (26), −Δ^F_{MIN} = Y + δ 6 ln N_B N_A , (27) −Δ^B_{MIN} = Y − δ 6 ln N_B N_A . (28)

The conclusion is simple: the maximum of the distribution ρ(Δ) is displaced towards the backward region (higher nucleonic density) and for the same Δ, ρ_B (Δ) > ρ_A(Δ). These facts are qualitatively seen in the data [49].

We shall now be more specific regarding the quantities δ, ρ_Y and Δ_0. We expect δ to not have a strong dependence on Y , being essentially a constant. The parameter ρ_Y is the normalized particle density at mid-rapidity and thus should be related to the gluon distribution at small x,

ρ_Y ≃ e^{λY} , (29)

with λ ≃ 0.25 − 0.3 [50,51]. From energy-momentum conservation λ was also estimated: λ ≃ 2/7 − 1/3 [42,52]. Regarding Δ_0 we cannot assume it to be constant, as in the Feynman-Wilson gas model. As ρ_Y increases with rapidity Y (29), energy conservation arguments give that Δ_0 has to decrease linearly with Y . We write Δ_0 = −αY , (30) with 0 < α < 1.

Eq. (7) can be rewritten as 1 N_A ρ(Δ, Y ) ≡ 2 N_{part} dn dy = e^{λY} e^{Δ+αY}δ + 1

. (31)

In fact, (31) was used in [41] as a suitable parametrization of RHIC Au − Au data from [53].

3 Limiting fragmentation

Recently, the phenomenon of limiting fragmentation [54] has received renewed attention [42,53,55,56,57]. The particle density ρ is, in general, a function of both Δ and the beam rapidity Y . The limiting fragmentation hypothesis essentially states that for Δ larger than some Y -dependent threshold, the density ρ becomes a function of Δ only. Since Δ_0 is a decreasing function of Y (30), limiting fragmentation can be recast, in the framework of our model, as ρ(Δ, Y ) −−−−−−−−→ Y →∞ , Δ>Δ_0 f(Δ) . (32)

From (31) we can write ρ(Δ, Y ) −−−−−−−−→ Y →∞ , Δ>Δ_0 e −Δ/δe(λ−α/δ)Y , (33) so that limiting fragmentation will hold if, for δ > 0, one has α λδ = 1 . (34)

RHIC data [53] does not seem to favour (34) as recently observed in [42], the tendency being for the curve, as the energy increases, to approach a step function. However, the BRAHMS collaboration [58] points out that the net baryon rapidity loss seems to saturate between SPS and RHIC energies, which certainly is an indication for the limiting fragmentation regime. In our opinion, no strong statements should be made as the considered range in Y is small and QCD corrections most certainly introduce some weak violation of limiting fragmentation.

If we assume (34) to hold, that is that limiting fragmentation should hold in some limit, we arrive at the conclusion that the evolution of ρ(Δ, Y ) with Y is governed by the same evolution equation as its evolution with Δ (1).

In fact, from (31) and (34), one easily arrives at 1 N_A ρ(Δ, Y ) = e^{−Δ/δ} e^{−λY} e^{−Δ/δ} + 1 , (35)

which can be obtained from (31) through the change λY ←→ −Δ/δ . (36) Eq. (36) means that the evolution equation in Y is, see (1) and (3), ∂ρ(Δ, Y ) ∂Y = λ ( ρ − 1 ρ_Δ ρ^2 ) , (37)

where ρ_Δ = e^{−Δ/δ} (obtained from ρ_Y (29) by using (36)) is the maximum value of ρ. If one rescales ρ to a function with maximum value 1, i.e. perform the transformation ρ −→ ρ_Δ ρ, then (37) can be rewritten as ∂ρ(Δ, Y ) ∂Y = λρ ( 1 − ρ ) , (38) which is formally equivalent to the Balitsky-Kovchegov (BK) equation [35,59] for the Y evolution of the scattering amplitude of a colour dipole once the dependence on transverse coordinates has been neglected.

4 Conclusions

We explored the connection between the Glasma and an effective description in terms of the SPM by introducing a simple model for the distribution in centre of mass rapidity of the particle density.

The solution of this model for a symmetrical nucleus-nucleus collision (7), i.e. a collision of identical nuclei, reproduces (31) the form used as a parametrization of RHIC Au − Au data [41].

In the case of an asymmetrical collision the maximum of the distribution is, in qualitative agreement with RHIC data [49], displaced towards backward (higher nucleonic density) region. The expression obtained for the forward (22) and backward (23) distributions, supplemented by the matching conditions (27) and (28), can be used, since it also reduces to (31) for the limiting case of a symmetrical collision, to perform a comprehensive fit of RHIC data and to yield predictions for P b − P b collisions at the LHC [60].

Our model yields, in terms of its parameters, a necessary condition (34) for the occurrence of limiting fragmentation. This condition is not favoured by current RHIC data. The fit of RHIC data performed in [42] yields values for the parameters (λ = 0.247, α = 0.269 and δ = 0.67) that do not fulfil (34). Further, attempting to perform a fit with (34) as a constraint results in a poor description of the data. It should, however, be noted that, in the fragmentation region, (31) with parameter values obtained without enforcing limiting fragmentation (as above) results in curves [42] that are indistinguishable from a universal behaviour. Our model predicts a clear violation of this apparent universal behaviour in the fragmentation region for P b − P b collisions at the LHC.

To the best of our knowledge, (34) first written in [42] and obtained here from a physically motivated explicit model, is the only possible indication that the apparent universal behaviour of the fragmentation region in RHIC data may not correspond to limiting fragmentation.

If limiting fragmentation is enforced into our model, that is the fulfilment of (34) is imposed, than an equation (37) for the evolution of the particle density with total rapidity Y can be written. This equation can, in turn, be rescaled to an equation (38) formally identical to the BK equation with no dependence on transverse degrees of freedom. A note of caution as to the scope of this analogy is due. The equation obtained here (38) applies to the string/gluon field configuration existing immediately after the collision and describes the evolution with Y of the multiplicity of strings (i.e., particle density) of any given rapidity length Δ. CGC inspired studies of limiting fragmentation [56,57] rely on that gluon production in the fragmentation region of each of the colliding nuclei can be described, at leading order, in the framework of k_⊥-factorization such that the inclusive cross section for gluon production can be written as the convolution of the unintegrated gluon distributions of the two nuclei. The kinematical region of fragmentation is such that the relevant Bjorken-x domains of the fragmenting nucleus (projectile) and the target are very different: large Bjorken-x for the projectile and small Bjorken-x for the target. The BK equation is then used to evolve the target to small-x (large Y ), while the large-x gluon distribution of the projectile is obtained from a phenomenological extrapolation [57]. The BK dynamics guarantees that the typical transverse momentum in the projectile is much smaller than that in the target and that unitarity of the target evolution is preserved. Limiting fragmentation follows naturally from the target reaching its black disk limit and the gluon production cross section being determined by the universal large-x component of the projectile.

From the above discussion it should be clear that our formal analogue of BK (38) and the BK equation as used in CGC based studies of limiting fragmentation apply to different stages of the collision and should not be compared directly. If, however, in future works one finds an evolution equation with Y for particle density distributions which is formally analogous to the BK equation with no transverse dependence, then this will trivially lead to limiting fragmentation. Whether such a strong statement can be made for formal analogues of the full BK equation or for analogues of equations beyond the mean field approximation of BK is not clear to us and clearly merits further consideration.

Acknowledgements

The authors wish to thank Néstor Armesto for many enlightening discussions and for a critical reading of a version of the manuscript. J. G. M. acknowledges the financial support of the Fundação para a Ciência e a Tecnologia of Portugal (contract SFRH/BPD/12112/2003) and thanks the Galileo Galilei Institute for Theoretical Physics for the hospitality and INFN for partial support during the completion of this work.

References

[1] N. Armesto, M. A. Braun, E. G. Ferreiro and C. Pajares, Phys. Rev. Lett. 77 (1996) 3736 [arXiv:hep-ph/9607239].

[2] C. Pajares, Acta Phys. Polon. B 35 (2004) 153.

[3] J. Dias de Deus, E. G. Ferreiro, C. Pajares and R. Ugoccioni, Eur. Phys. J. C 40 (2005) 229 [arXiv:hep-ph/0304068].

[4] C. Pajares, Eur. Phys. J. C 43 (2005) 9 [arXiv:hep-ph/0501125]. [5] J. Dias de Deus and R. Ugoccioni, Eur. Phys. J. C 43 (2005) 249. [6] T. Lappi and L. McLerran, Nucl. Phys. A 772 (2006) 200 [arXiv:hep-ph/0602189].

[7] P. Romatschke and R. Venugopalan, Phys. Rev. Lett. 96 (2006) 062302 [arXiv:hep-ph/0510121].

[8] P. Romatschke and R. Venugopalan, Phys. Rev. D 74 (2006) 045011 [arXiv:hep-ph/0605045].

[9] T. Lappi, J. Phys. G 32 (2006) S179 [arXiv:hep-ph/0606090]. [10] T. Lappi, Phys. Lett. B 643 (2006) 11 [arXiv:hep-ph/0606207]. [11] F. Gelis and R. Venugopalan, arXiv:hep-ph/0611157. [12] D. Kharzeev, E. Levin and K. Tuchin, arXiv:hep-ph/0602063. [13] L. D. McLerran and R. Venugopalan, Phys. Rev. D 49 (1994) 2233 [arXiv:hep-ph/9309289].

[14] L. D. McLerran and R. Venugopalan, Phys. Rev. D 49 (1994) 3352 [arXiv:hep-ph/9311205].

[15] L. D. McLerran and R. Venugopalan, Phys. Rev. D 50 (1994) 2225 [arXiv:hep-ph/9402335].

[16] J. Jalilian-Marian, A. Kovner, L. D. McLerran and H. Weigert, Phys. Rev. D 55 (1997) 5414 [arXiv:hep-ph/9606337].

[17] J. Jalilian-Marian, A. Kovner, A. Leonidov and H. Weigert, Nucl. Phys. B 504 (1997) 415 [arXiv:hep-ph/9701284].

[18] J. Jalilian-Marian, A. Kovner, A. Leonidov and H. Weigert, Phys. Rev. D 59 (1999) 014014 [arXiv:hep-ph/9706377].

[19] J. Jalilian-Marian, A. Kovner and H. Weigert, Phys. Rev. D 59 (1999) 014015 [arXiv:hep-ph/9709432].

[20] A. Kovner and J. G. Milhano, Phys. Rev. D 61 (2000) 014012 [arXiv:hep-ph/9904420].

[21] A. Kovner, J. G. Milhano and H. Weigert, Phys. Rev. D 62 (2000) 114005 [arXiv:hep-ph/0004014].

[22] H. Weigert, Nucl. Phys. A 703 (2002) 823 [arXiv:hep-ph/0004044]. [23] E. Iancu, A. Leonidov and L. D. McLerran, Nucl. Phys. A 692 (2001) 583 [arXiv:hep-ph/0011241].

[24] E. Ferreiro, E. Iancu, A. Leonidov and L. McLerran, Nucl. Phys. A 703 (2002) 489 [arXiv:hep-ph/0109115].

[25] H. Weigert, Prog. Part. Nucl. Phys. 55 (2005) 461 [arXiv:hep-ph/0501087]. [26] J. Dias de Deus and C. Pajares, Phys. Lett. B 642 (2006) 455 [arXiv:hep-ph/0607101].

[27] N. Armesto, L. McLerran and C. Pajares, Nucl. Phys. A 781 (2007) 201 [arXiv:hep-ph/0607345].

[28] A. Kovner, L. D. McLerran and H. Weigert, Phys. Rev. D 52 (1995) 3809 [arXiv:hep-ph/9505320].

[29] A. Kovner, L. D. McLerran and H. Weigert, Phys. Rev. D 52 (1995) 6231 [arXiv:hep-ph/9502289].

[30] A. Krasnitz and R. Venugopalan, Nucl. Phys. B 557 (1999) 237 [arXiv:hep-ph/9809433].

[31] A. Krasnitz and R. Venugopalan, Phys. Rev. Lett. 84 (2000) 4309 [arXiv:hep-ph/9909203].

[32] A. Krasnitz and R. Venugopalan, Phys. Rev. Lett. 86 (2001) 1717 [arXiv:hep-ph/0007108].

[33] A. Krasnitz, Y. Nara and R. Venugopalan, Phys. Rev. Lett. 87 (2001) 192302 [arXiv:hep-ph/0108092].

[34] T. Lappi, Phys. Rev. C 67 (2003) 054903 [arXiv:hep-ph/0303076]. [35] I. Balitsky, Nucl. Phys. B 463 (1996) 99 [arXiv:hep-ph/9509348]. [36] I. Balitsky, Phys. Rev. D 60 (1999) 014020 [arXiv:hep-ph/9812311]. [37] A. H. Mueller, Phys. Lett. B 523 (2001) 243 [arXiv:hep-ph/0110169]. [38] J. P. Blaizot, E. Iancu and H. Weigert, Nucl. Phys. A 713 (2003) 441 [arXiv:hep-ph/0206279].

[39] P.-F. Verhulst, Nouv. mém. de l’Academie Royale des Sci. et Belles-Lettres de Bruxelles 18, 1-41, 1845.

[40] P.-F. Verhulst, Mém. de l’Academie Royale des Sci., des Lettres et des Beaux- Arts de Belgique 20, 1-32, 1847.

[41] J. Adams et al. [STAR Collaboration], Phys. Rev. C 73 (2006) 034906 [arXiv:nucl-ex/0511026].

[42] P. Brogueira, J. Dias de Deus and C. Pajares, Phys. Rev. C 75 (2007) 054908 [arXiv:hep-ph/0605148].

[43] M. A. Braun, F. Del Moral and C. Pajares, Phys. Rev. C 65 (2002) 024907 [arXiv:hep-ph/0105263].

[44] A. Rodrigues, R. Ugoccioni and J. Dias de Deus, Phys. Lett. B 458 (1999) 402 [arXiv:hep-ph/9812364].

[45] J. Dias de Deus, C. Pajares and C. A. Salgado, Phys. Lett. B 409, 474 (1997) [arXiv:hep-ph/9702397].

[46] J. Dias de Deus and R. Ugoccioni, Phys. Lett. B 491 (2000) 253 [arXiv:hep-ph/0008086].

[47] J. Dias de Deus and R. Ugoccioni, Phys. Lett. B 494 (2000) 53 [arXiv:hep-ph/0009288].

[48] A. Bialas, M. Bleszynski and W. Czyz, Nucl. Phys. B 111 (1976) 461. [49] B. B. Back et al. [PHOBOS Collaboration], Phys. Rev. C 72 (2005) 031901 [arXiv:nucl-ex/0409021].

[50] N. Armesto, C. A. Salgado and U. A. Wiedemann, Phys. Rev. Lett. 94 (2005) 022002 [arXiv:hep-ph/0407018].

[51] J. L. Albacete, N. Armesto, J. G. Milhano, C. A. Salgado and U. A. Wiedemann, Eur. Phys. J. C 43 (2005) 353 [arXiv:hep-ph/0502167].

[52] J. Dias de Deus, M. C. Espirito Santo, M. Pimenta and C. Pajares, Phys. Rev.

Lett. 96 (2006) 162001 [arXiv:hep-ph/0507227].

[53] B. B. Back et al., Nucl. Phys. A 757 (2005) 28 [arXiv:nucl-ex/0410022]. [54] J. Benecke, T. T. Chou, C. N. Yang and E. Yen, Phys. Rev. 188 (1969) 2159. [55] S. Jeon, V. Topor Pop and M. Bleicher, Phys. Rev. C 69 (2004) 044904 [arXiv:nucl-th/0309077].

[56] J. Jalilian-Marian, Phys. Rev. C 70 (2004) 027902 [arXiv:nucl-th/0212018]. [57] F. Gelis, A. M. Stasto and R. Venugopalan, Eur. Phys. J. C 48 (2006) 489 [arXiv:hep-ph/0605087].

[58] I. G. Bearden et al. [BRAHMS Collaboration], Phys. Rev. Lett. 93 (2004) 102301 [arXiv:nucl-ex/0312023].

[59] Y. V. Kovchegov, Phys. Rev. D 60 (1999) 034008 [arXiv:hep-ph/9901281]. [60] S. Abreu, J. Dias de Deus and J. G. Milhano, arXiv:0707.0178 [hep-ph].