arXiv:hep-ph/0702015v1 1 Feb 2007

Pion form factor at very large Q^2

Bing An Li Department of Physics and Astronomy, University of Kentucky Lexington, KY 40506, USA

Abstract The pion form factor at very large Q^2 is obtained by using a new pion wave function.

It shows that when Q^2 >> (1.8GeV )^2 the pion form factor reaches the asymptotic limit

α_s(Q^2) Q^2 .

Pion form factor is a very important quantity in hadron physics. The current matrix element of pion is written as

< π^+|j_μ(0)|π^+ >= ∫ d^4k_2 ∫ d^4k_1T r{ϕ_π(k_1, p_f )T_H (k_1, k_2, p_f , p_i)_μϕ_π(k_2, p_i)} = F_π(Q^2)P_μ, (1) where ϕ_π is the wave function of pion, k_1, k_2 are internal momenta of pion, p_i and p_f are the momenta of initial and final pion respectively, T_H is the kernel of the matrix element, Q^2 = (p_f − p_i)^2, P_μ = (p_f + p_i)_μ. In Refs.[1] the pion form factor at large momentum transfer has been studied by perturbative QCD. The perturbative QCD predicts that one gluon exchange dominates T_H and at large Q^2

F_π(Q^2) ∼ α_s(Q^2) Q^2

. (2)

Using a set of pion wave function, in Refs.[1] it is obtained

F_π(Q^2) → 4πα_s(Q^2)f^2_π /Q^2, (3)

where the pion decay constant f_π = 0.186GeV is taken.

It is known that the wave function of pion is determined by nonperturbative QCD[2]. As a matter of fact, in Ref.[3] three different wave functions are chosen to calculate F_π(Q^2). Another wave function of pion is discussed in Ref.[4]. In this short note a new wave function of pion is introduced to calculate F_π(Q^2) at large Q^2. Eq.(2) is valid at large Q^2. The range of F_π(Q^2) in which the behavior(2) is valid is another issue. We try to find the range in this note.

A proper wave function of pion determined by nonperturbative QCD should at least satisfy two criteria: determining the pion decay constant f_π and the form factor at lower Q^2 in both space-like and time-like regions. Nonperturbative QCD is not solved analytically. It is well known that current algebra is successful in studying hadron physics at lower energies. The vector and axial-vector currents are constructed by quark fields. Chiral symmetry is one of the features of QCD. Therefore, current algebra has close relation with nonperturbative QCD. In Ref.[5] based on current algebra and chiral symmetry an effective chiral Lagrangian of pseudoscalar, vector, and axial-vector mesons is constructed as

L = ψ̄(x)(iγ · ∂ + γ · v + γ · aγ_5 − mu(x))ψ(x) − ψ̄(x)Mψ(x) + 1 2 m^2_0(ρ^μ_i ρ_{μi} + ω^μω_μ + a^μ_i a_{μi} + f^μf_μ) (4)

where a_μ = τ_ia^i_μ + f_μ, v_μ = τ_iρ^i_μ + ω_μ, u = exp{iγ_5(τ_iπ_i + η)}, and M is the matrix of current quark masses. m is the constituent quark mass and it originates in quark condensation. Therefore, this theory has dynamical chiral symmetry breaking. Integrating out the quark fields, the Lagrangian of mesons is obtained. The tree diagrams are at leading order in N_C expansion and loop diagrams of mesons are at higher order. It is known that quark condensation and N_C expansion are from nonperturbative QCD. Therefore, the effects of nonperturbative QCD are embedded in the Lagrangian(4). Meson physics has been extensively studied by this Lagrangian. Theory agrees with data very well. Details can be found in Ref.[5]. By normalizing the kinetic term of pion to^1_2 ∂_μπ^i∂_μπ^i, the pion decay constant is defined f^2_π = F^2(1 − 2c g ), (5) where F^2 16 = N_C (4π)^2 D 4 ∫ d^4k m^2 (k^2 + m^2)^2

, (6) k is in Euclidean space. In this theory the pion fields have two sources: u = exp{iγ_5π} = 1 + iγ_5π + ... and the shifting a_μ → a_μ(physical) −^c_g ∂_μπ. The shifting is caused by the mixing term a^i_μ∂_μπ^i. c is determined to be c = f^2_π 2gm^2_ρ (7) and g is obtained from normalizing the kinetic term of the vector fields and determined to be 0.39 by fitting the decay rate of ρ → ee^+. After normalization the pion field of Eq.(4) is redefined as^2_{fπ} π. Combining these two sources together, the vertex related to pion is obtained as L_π = − 2im f_π ψ̄τ_iγ_5(1 + i c g γ · ∂ m )ψπ_i, (8) where the differential operator only acts on pion field. It is worth to mention that the second term of Eq.(8) is very important in understanding the meson physics related to pion[5]. Pion form factor is derived[6] |F_π(q^2)|^2 = f^2_{ρππ}(q^2) m^4_ρ + q^2Γ^2_ρ(q^2) (q^2 − m^2_ρ)^2 + q^2Γ^2_ρ(q^2) , f_{ρππ}(q^2) = 1 + q^2 2π^2f^2_π

[(1 − 2c g )^2 − 4π^2c^2]. (9) The radius of charged pion is obtained from Eq.(9) < r^2 >_π= 6 m^2_ρ + 3 π^2f^2_π {(1 − 2c g )^2 − 4π^2c^2}. (10) The second term of Eq.(10) is the new result obtained from this theory[5] and it makes significant contribution to < r^2 >_π. Both the form factor and the radius agree with data very well. In Refs.[6] the vertices are derived up to the 4^{th} order in derivative and the agreement between the theory and the experiments in both space-like and time-like regions up to |Q|^2 ∼ (1.2GeV )^2. In Eqs.(9,10) the terms obtained from the shifting of a_μ field plays an essential role. Without these terms theoretical results do not fit the data.

Using the vertex(8), the wave function of pion is derived as ϕ(z, p) = < 0|{ψ( z 2 )ψ̄(− z 2 )}|π(p) > = 2 √ 2m f_π 1 (2π)^4 ∫ d^4k e^{−ikz} (k^2 − m^2)(k − p)^2 − m^2)

(γ · k + m)γ_5(1 + c g γ · p m )(γ · k − γ · p + m). (11) As mentioned above, f_π is defined by normalizing the kinetic term of pion fields. On the other hand, f_π can be derived by the pion wave function(11) T rϕ(0, p)γ_μγ_5 = i √ 2 f_πp_μ. (12)

Substituting Eq.(11) into Eq.(12), Eq.(5) is revealed. In the study of pion form factor(9)

the Vector Meson Dominance(VMD) is used. The VMD is a natural result of Eq.(4)[5]. It

is equivalent to reexpress F_π(Q^2) done in Refs.[6] by pion wave function(11). Therefore, the

pion wave function obtained from Eq.(11) passes the two tests: determinations of f_π and

F_π(Q^2) at lower values of Q^2.

At large Q^2 perturbative QCD is working[1]. Using the pion wave function(11) and T_H

with one gluon exchange as given in Res.[1], the matrix element of current of pion(1) is

written as

< π^+|j_μ|π^+ >=

2m^2 f^2_π T rλ^aλ^ag^2_s ∫ d^4k_1d^4k_2 { 1 (k_1 − k_2 + p_i − p_f )^2 1 (k_1 + p_i − p_f )^2

T rγ_νϕ_π(k_1, p_f )γ_μγ · (k_1 + p_i − p_2)γ_ν ϕ_π(k_2, p_i) + 1 (k_1 − k_2 + p_i − p_f )^2 1 (k_2 + p_f − p_i)^2

T rγ_νϕ_π(k_1, p_f )γ_ν γ · (k_2 + p_f − p_i)γ_μϕ_π(k_2, p_i)},(13)

where ϕ_π(k, p) is the pion wave function in momentum space, k is the internal momentum

and p is the momentum of the pion,

ϕ_π(k_1, p_f ) = 1 (2π)^4 1 (k^2_1 − m^2)[(k_1 − p_f )^2 − m^2]

[γ · (k_1 − p_f ) + m]γ_5(1 − c g γ · p_f m )(γ · k_1 + m),

ϕ_π(k_2, p_i) = 1 (2π)^4 1 (k^2_1 − m^2)[(k_2 − p_i)^2 − m^2]

(γ · k_2 + m)γ_5(1 + c g γ · p_i m )[γ · (k_2 − p_i) + m].(14)

In Ref.[5] the universal coupling constant g is defined as

g^2 = 2 3 N_C (4π)^4 ∫ d^4k 1 (k^2 + m^2)^2

. (15)

The integral is in Euclidean space. As mentioned above g takes finite value, therefore, a cut-

off Λ of the integral has to be introduced and is determined by the value of g as Λ = 1.8GeV .

For Q^2 >> (1.8GeV )^2 Eq.(13) is rewritten as

< π^+|j_μ|π^+ >=

2m^2 f^2_π T rλ^aλ^ag^2_s 1 Q^4 ∫ d^4k_1d^4k_2

{T rγ_νϕ_π(k_1, p_f )γ_μγ · (k_1 + p_i − p_2)γ_ν ϕ_π(k_2, p_i)

+T rγ_νϕ_π(k_1, p_f )γ_νγ · (k_2 + p_f − p_i)γ_μϕ_π(k_2, p_i)}, (16)

The pion form factor at Q^2 >> (1.8GeV )^2 is obtained

F_π(Q^2) = 4πα_s(Q^2)f^2_π 1 Q^2 1 18 (1 − 2c g )^{−2}{

2c^2 g^2

+ (1 − c g )(1 − 4c g ) − 1 4π^2g^2

(1 − c g )(1 − 2c g )}. (17)

The numerical result is

F_π(Q^2) = 2.65 × 10^{−2}4πα_s(Q^2)f^2_π 1 Q^2

. (18)

In summary, a new wave function of pion which is successful in obtaining f_π and the

pion form factor at lower Q^2 is used to calculate the pion form factor at very large Q^2. The

F_π(Q^2) obtained in this short note is much smaller than the one presented in Refs.[1]. The

Eq.(17) is valid in the range Q^2 >> (1.8GeV )^2.

References

[1] G.R.Farrar and D.R.Jackson, Phys.Rev.Lett., 43, 246(1979); G.P.Lepage and S.J.Brodsky, Phys. Lett., B87,359(1979).

[2] N.Isgur and C.H.Llewellyn Smith, Nucl. Phys. B317,526(1989); N.Isgur and C.H.Llewellyn Smith, Phys.Rev.Lett., 52,1080(1984); A.V.Radyushkin, Acta Phys.Polonica, B15,403(1984); A.P.Bakulev and A.P.Radyushkin, Phys.Lett.B271,223(1991); T.Huang and Q.X.Shen, Z.Phys.C50,139(1990); H.N.Li and G.Sterman, Nucl.Phys. B381,129(1992).

[3] G.P.Lepage and S.J.Brodsky, Phys.Rev.D22,2157(1980). [4] V.L.Chernyak and A.R.Zhitnisky, Phys.Report 112,173(1984).

[5] B.A.Li, Phys.Rev.D52,5165-5183(1995); D52,5184-5193(1995); see review article B.A.Li, Inern. J of Modern Physics, A21, 9509(2006).

[6] J.Gao and B.A.Li, Phys.Rev.D61, 113006(2000); B.A.Li and J.X.Wang, Phys.Lett.

B543,48 (2002).