arXiv:hep-ph/0702034v2 28 Mar 2007

A model for fermion masses and lepton mixing in SO(10) × A_4

Stefano Morisi^∗ Instituto de Fisica Corpuscular (IFIC) - Centro Mixto CSIC-UVEG - Valencia, Spain

Marco Picariello^† Dipartimento di Fisica - Università di Lecce and INFN - Lecce, Italia and CFTP - Dep. de Física - Instituto Superior Técnico - Lisboa, Portugal

Emilio Torrente-Lujan^‡ Dep. de Fisica, Grupo de Fisica Teorica, Univ. de Murcia - Murcia, Spain. (Dated: February 2nd, 2007)

The discrete flavor symmetry A_4 explains very well neutrino data at low energy, but it seems difficult to extend it to grand unified models since in general left-handed and righthanded fields belong to different A_4 representations. Recently it has been proposed a model where all the fermions equally transform under A_4. We study here a concrete SO(10) realization of such a model providing small neutrino masses through the seesaw mechanism. We fit at tree level the charged fermion masses run up to the unification scale. Some fermion masses properties come from the SO(10) symmetry while lepton mixing angles are consequence of the A_4 properties. Moreover, our model predicts the absolute value of the neutrino masses, these ones are in the range m_ν ≃ 0.005 − 0.052 eV .

PACS numbers: 11.30.Hv, 12.10.-g, 14.60.Pq, 12.15.Ff Keywords: Flavor symmetries, Unified field theories and models, Neutrino mass and mixing, Quark and lepton masses and mixing

I. INTRODUCTION

The existence of a Grand Unified Theory (GUT) [1, 2] has continued to be an attractive idea for physics beyond the Standard Model (SM) since the 70’s. Among indications toward GUTs

∗Electronic address: stefano.morisi@mi.infn.it †Electronic address: Marco.Picariello@le.infn.it ‡Electronic address: torrente@cern.ch

are the phenomenological tendency to unify of the gauge couplings, and the theoretical implicit possibility to explain charge quantization and anomaly cancellation. One of the main features of GUTs is their potentiality to unify the particle representations and the fundamental parameters in a hopefully predictive framework. There are many gauge group that can accommodate the SM (SU(5), SU(6), SO(10), E_6, etc). Among them SO(10) is the smallest simple Lie group for which a single anomaly-free irreducible representation (namely the spinor 16 representation) can accommodate the entire SM fermion content of each generation.

Once we fix the unification group, we deal with the flavor physics. The introduction of an extra horizontal symmetry acting on the fermion families may further constrain the neutrino mixing parameters and hopefully explain large mixing angles. After the recent neutrino evidence [3]-[13] we know very well almost all the parameters both in the quark [14] and lepton [15]-[33] sectors. We know all the quark and charged lepton masses, and the value of the difference between the square of the neutrino masses: δm^2_{12} = m^2_1 − m^2 and δm^2_3 = |m^2_3 − m^2|. We also know the value of the quark mixing angles and phases, and the two mixing angles θ_{12} and θ_{23} in the lepton sector. Moreover we have an upper bound for the θ_{13} mixing angle in the lepton sector. All these experimental informations seem to indicate a discrete flavor symmetry such as 2-3 [34]-[36], S3[37]-[40], S4[41]- [42], D_3, D_4 [43], A_4 [44]-[51], T^′ [52], etc, in the lepton sector. In particular, models with A_4 flavor symmetry, the case studied here, very easily give the tri-bi-maximal mixing matrix [53] that fits well the neutrino data. Non Abelian discrete symmetries could arise from superstring theory, in particular from the compactification of heterotic orbifolds [54], the case for A_4 is reported in [55]. Models with SU(5) × A_4 [50] and SU_L(2) × SU_R(2) × SU(4) × A_4 [51] symmetries have already been studied in literature. In these previous studies, fermion singlets and SU_L(2) doublets do not equally transform under A_4. Thus this family symmetry seems not to be not compatible with SO(10) models where all the matter fields belong to the same representation. Only recently it has been proposed a generic phenomenological model with A_4 [56] which is suitable, as we will see in this work, for a SO(10) GUT generalization.

The purpose of the paper is to construct an explicit SO(10) × A_4 GUT model and to fit, at tree level, fermion masses and mixing. We propose here a non-SUSY GUT model with a Lagrangian invariant under SO(10) × A_4. The matter fields are in a 16, triplet of A_4. In the Higgs sector, we introduce a 10, a 126_s and three 45s singlets of A_4, a 45 and a 126_t triplets of A_4. The A_4 symmetry is dynamically broken by the vacuum expectation value (vev) of the Higgs A_4-triplets. The study of the problem of the vacuum alignment in A_4 just studied in the context of extra dimensions [48] and the MSSM [57] is beyond the scope of this work. The direction of the four

SO(10) 16 10 45_{T3R} 45_Y 45_C 45_D 126_s 126_t A_4 3 1 1 1 3 1 1 3 TABLE I: Matter and Higgs field representations

vevs of the 45s in the SO(10) are simply assumed to be T_{3R}, Y and two other combinations of them. The 10 gives contributions to the Dirac mass matrices proportional to the identity. Because of the chosen vev directions and the fact that the 45s appear only in a given combination, we get contributions to M^u, M^d, M^l, but not to M^ν_{Dirac} from higher dimension operators. The 126 gives contributions only to the Majorana neutrino mass matrix. The low energy neutrino mass matrix is obtained with the see-saw mechanism (for a phenomenological realization in A_4 see [49]).

The paper is organized as follows. In Sec II we define the matter and Higgs fields transformations under the SO(10) and A_4 groups. In Sec III we write the Lagrangian of our model. In Sec IV we show the relations between the Dirac mass matrices and the Higgs vevs. We show similar relations for the Majorana mass matrix of the neutrinos. In Sec V we write the mixing matrices and masses as function of the Higgs vevs. In Sec VI we show how the experimental data constraint our model. In Sec VI A, we perform a numerical analysis of the experimental data by using a Monte Carlo minimization fit. In Sec VI B we investigate some predictions of our model. Sec VII is devoted to conclusions. We list some relevant, well known, A_4 group and representation properties in the Appendix A.

II. MATTER AND HIGGS FIELDS

The smaller spinorial representation of SO(10) is the 16 dimensional one. All the fermionic matter fields of one family can be accommodated within the 16, by including the right-handed neutrino. The Higgs electroweak doublet can be taken in the 10 as well as one of the 126 representations. For simplicity we assume that the electroweak doublet Higgs belongs to the 10 representation. Since leptons and quarks mass matrices cannot be symmetric, we need to break the SO(10) left-right symmetry at the unification scale. We perform this job by introducing sets of fields in the 45 representation. The scalar 45 representations can get vev in any combination of the extra abelian factors Y and T_{3R} directions. The matter fields and scalar fields transform under A_4 as in the table I where the index of the 45s reefers to the vevs direction. C and D are linear combinations of Y and T_{3R}. We will determine these combinations latter, by using the experimental constraints.

III. THE LAGRANGIAN

Let us write our Lagrangian, it reads

L_Y = h^{ij}_0 16^i 10 16^j + h^{′ ij}_0 16^i 10 45_{T3R} 45_Y 16^j + h^{ijk}16^i 10 45_{T3R} 45_Y 45^j_C 45_D 16^k (1) +σ^{il}16^i 45_{T3R} 126_s 45_{T3R} 16^j + λ^{ijk}16^i 45_{T3R} 126^j_t 45_{T3R} 16^k ≡ L_{Dirac} + L_{Majo} (2)

where the indices {i, j, k, l} are A_4 indeces and the sum over the gauge indices is understood. As shown in [58] any Lagrangian of the form in eq. (1) can be easily obtained from a renormalizable Lagrangian, by including a set of heavy spinor fields, with the inclusion of an U(1) charge and/or super-symmetry. We reserve to a further investigation the question of how general is our Lagrangian, and how it can be obtained in a renormalizable theory.

As we will better clarify in the Appendix A, in the second and in the last terms of eq.(1) there are two ways of contracting the three A_4 indices in an invariant way. We have to choose to which representation of A_4 the 10 scalar field belongs. Because we want only one Higgs, we excluded the triplet possibility but we have still three possibilities that correspond to how the 10 transforms with respect to A_4: as 1, 1^′, 1^{′′}. The fermion mass matrices M_f (with f = u, d, l, ν) coming from the first term in L_Y will be, respectively:

1 0 0 0 1 0 0 0 1 , 1 0 0 0 ω^2 0 0 0 ω , 1 0 0 0 ω 0 0 0 ω^2

. (3)

In any case we have three degenerate eigenvalues, namely m_u = m_c = m_t, that are corrected by the additional terms in eq.(1). Let us assume that the A_4 triplets 45_C and 126_t get vevs, respectively, in the following directions of A_4

⟨45_C ⟩ = v_{45C} (1, 1, 1), ⟨126_t⟩ = v_{126t} (1, 0, 0) (4)

where the SO(10) indices are understood on both left and right sides. After symmetry breaking, once the Higgs acquire vevs, the quadratic part for the fermions of the Lagrangian in eq.(1) can

X Y B − L T_{3R} q 1 1/3 1 0 u^c 1 -4/3 -1 1/2 d^c -3 2/3 -1 -1/2 l -3 -1 -3 0 e^c 1 2 3 -1/2 ν^c 5 0 3 1/2 TABLE II: Quantum numbers for the low energy matter fields.

be rewritten as

L_{Dirac} = h_0 (16_116_1 + 16_216_2 + 16_316_3) v_{10} + (5a) + h^′_0 (16_116^′_1 + 16_216^′_2 + 16_316^′_3) v_{10} + (5b) + h_1 (16_116^{′′}_2 + 16_216^{′′}_3 + 16_316^{′′}_1 ) v_{10} + (5c) + h_2 (16_116^{′′}_3 + 16_216^{′′}_1 + 16_316^{′′}_2 ) v_{10} (5d) L_{Majo} = σ(16^{′′′}_1 16^{′′′}_1 + 16^{′′′}_2 16^{′′′}_2 + 16^{′′′}_3 16^{′′′}_3 ) v_{126s} + λ16^{′′′}_2 16^{′′′}_3 v_{126t} (5e)

where

16^{′′}_i ≡ v_{45T3R} v_{45Y} v_{45C} v_{45D} 16_i 16^{′′′}_i ≡ v_{45T3R} 16_i (6) 16^′_i ≡ v_{45T3R} v_{45Y} 16_i with i = 1, 2, 3

We obtain the following expression by absorbing the vevs of the 45s into the coupling constants

16^′ = ( x_{qL} q, x_{uR} u^c, x_{dR} d^c, x_{lL} l, x_{eR} e^c, x_{ν R} ν_R )_T , (7a) 16^{′′} = ( x^′_{qL} q, x^′_{uR} u^c, x^′_{dR} d^c, x^′_{lL} l, x^′_{eR} e^c, x^′_{ν R} ν_R )_T , (7b) 16^{′′′} = ( x^{′′}_{q L} q, x^{′′}_{uR} u^c, x^{′′}_{dR} d^c, x^{′′}_{l L} l, x^{′′}_{e R} e^c, x^{′′}_{ν R} ν_R )_T (7c)

where x_{f L,R}, x^′_{f L,R}, and x^{′′}_{f L,R} are the quantum numbers respectively of the product of the charges T_{3R} with Y , of the product of the charges T_{3R}, Y , C, and D, and of the charge T_{3R} reported in Table (II) [58].

IV. FROM VEVS TO MASS MATRICES

From Table II we observe that x^′_{ν R} = 0 (because Y of the right handed neutrino is zero) and x^′_{lL} = 0 (because T_{3R} of the lepton doublet is zero). These two conditions imply that the terms 16_i 16^{′′}_j v_{10} in the Lagrangian L_{Dirac} do not contribute to the Dirac neutrino mass term. Therefore, once the 45s get a vev, from eq.(5b) we have that the Dirac neutrino mass matrix M^ν_{Dirac} is proportional to the identity.

M^ν_{Dirac} = h_0 v^u I , (8)

where I is the identity matrix and v^u is the vev of the up component of the 10 [61]. The fact that the M^ν_{Dirac} is proportional to the identity will be important in order to realize the see-saw mechanism and not spoiling the main consequence of the A_4 symmetry: the explanation of the appearence of a tri-bi-maximal mixing matrix in the lepton sector. With the conventions x_{uL} = x_{dL} ≡ x_{qL}, x_{eL} = x_{ν L} ≡ x_{lL}, and v^e = v^d, the interactions h_1 16_1 16^{′′}_2 and h_2 16_2 16^{′′}_1 in eqs.(5c) and (5d) give the following mass terms

h_1v^f (x^′_{fL} ψ_{L1} ψ_{R2} + x^′_{fR} ψ_{L2} ψ_{R1}) + h_2v^f (x^′_{fL} ψ_{L2} ψ_{R1} + x^′_{fR} ψ_{L1} ψ_{R2}) +h.c. (9)

namely,

v^f 0 h_1 x^′_{fL} + h_2 x^′_{fR} h_1 x^′_{fR} + h_2 x^′_{fL} 0 12 and so on for the other interactions (in the flavor planes 31 and 23). If we introduce

A^f = (h_1 x^′_{fL} + h_2 x^′_{fR}) and B^f = (h_1 x^′_{fR} + h_2 x^′_{fL}) (10)

the full contribution to the Dirac mass matrices, coming from the operators proportional to the 45 representations, is

v^f 0 A^f B^f B^f 0 A^f A^f B^f 0

(11)

The charged fermion mass matrices are then

M^u = v^u h^u_0 A^u B^u B^u h^u_0 A^u A^u B^u h^u_0

; M^d = v^d h^d_0 A^{d,l} B^{d,l} B^{d,l} h^d_0 A^{d,l} A^{d,l} B^{d,l} h^d_0 ; M^l = v^d h^l_0 A^{d,l} B^{d,l} B^{d,l} h^l_0 A^{d,l} A^{d,l} B^{d,l} h^l_0 (12)

where v^u and v^d are the vevs of the up and down components of the 10, while the A and B coefficients are defined in eq.(10). The h^f_0 are defined by the combinations of h_0 and h^′_0 with the weight corresponding to the charge x_{fR}:

h^u_0 = h_0 + x_{uR} h^′_0, (13a) h^d_0 = h_0 + x_{dR} h^′_0, (13b) h^l_0 = h_0 + x_{eR} h^′_0. (13c)

We observe that the general form of the mass matrices M^{u,d,l}, are of the same type of the one reported in Ref. [59] (see eq.20). Moreover the Majorana mass matrix for the right-handed neutrino is given by

M_R = a 0 0 0 a b 0 b a (14)

where a = σ v_{126s} and b = λ v_{126t} . The Dirac neutrino mass matrix has been previously given in eq. (8).

V. MASSES AND MIXING

It has been recently shown in [59] that, if the Dirac mass matrices are given by eq.(12), the charged fermion mass matrices are diagonalized by

U = 1 √ 3 1 1 1 1 ω ω^2 1 ω^2 ω

(15)

and then we have

M^f = U

(h^f_0 + A^f + B^f ) v^f 0 0 0 (h^f_0 + ωA^f + ω^2B^f ) v^f 0 0 0 (h^f_0 + ωB^f + ω^2A^f ) v^f

U^† (16)

where f = u, d, l, v^l = v^d, and h^f_0 , A^f and B^f are complex parameters.

From the Lagrangian in eq. (1), the light neutrino mass matrix comes from a type-I seesaw mechanism as below M^ν = M^ν_{Dirac} 1 M_R (M^ν_{Dirac})^T (17)

where the Dirac neutrino mass matrix M^ν_{Dirac} is proportional to the identity (see eq. 8), while M_R is the right handed Majorana neutrino matrix. We observe that our Lagrangian does not give the left handed M_L Majorana neutrino mass matrix since we have introduced the T_{3R} fields. In the basis where the charged leptons are diagonal, the mass matrix of the low energy neutrino M_ν is given by M_ν = U^T M_ν U = M^ν_{Dirac} 1 U^†M_RU^⋆ (M^ν_{Dirac})^T (18)

where we used the fact that M^ν_{Dirac} is proportional to the identity. We have

U^†M_RU^⋆ = a + 2b/3 −b/3 −b/3 −b/3 2b/3 a − b/3 −b/3 a − b/3 2b/3 (19)

and it is diagonalized by a tri-bi-maximal mixing matrix. Consequently M_ν is diagonalized by the same tri-bi-maximal mixing matrix too. The eigenvalues of M^ν are

m_1 =

(h_0v^u)^2 a + b , (20a)

m_2 =

(h_0v^u)^2 a , (20b)

m_3 =

(h_0v^u)^2 b − a . (20c)

VI. NUMERICAL FITTING AND MODEL PREDICTIONS

In the following subsection VI A, we analyze how to translate all the informations from the experimental data into constraints for the parameters of our theory. Then, in the subsection VI B we will show how well the charged fermion mass matrices in eq. (16) can be fitted. We also include some theoretical predictions of our model about the absolute neutrino masses.

A. Experimental constraints

From eq.(16) we have that the tree mass eigenvalues for the charged fermions are of the form

(h^f_0 + A^f + B^f ) v^f = m^f_1 , (21a) (h^f_0 + ωA^f + ω^2B^f ) v^f = m^f_2 , (21b) (h^f_0 + ω^2A^f + ωB^f ) v^f = m^f_3 . (21c)

where the masses m^f_i are in general complex and their phases are unphysical. The parameters h^f_0 , A^f , and B^f are complex. The v^f are the vevs of the scalar Higgs doublets in the 10 and v^l = v^d.

The most general solution of the system in eq. (21) is

h^f_0 = 1 v^f m^f_1 + m^f_2 + m^f_3 3 (22a)

A^f = 1 v^f m^f_2 ω^2 + m^f_1 + m^f_3 ω 3 (22b)

B^f = 1 v^f m^f_3 ω^2 + m^f_1 + m^f_2 ω 3 (22c)

The numerical values of h^f_0 , A^f and B^f in eq. (22) are then fixed, up to phases, by the fermion

masses. The absolute value of h^f_0 can be written as

|h^f_0 |^2 = ( 1 3v^f )_2 [( m^f_1 + m^f_2 + m^f_3

)_2

−2 ( m^f_1 m^f_3 (1 − cos ϕ_1) + m^f_1 m^f_2 (1 − cos(ϕ_1 − ϕ_2)) + m^f_2 m^f_3 (1 − cos ϕ_2) )] (23)

where ϕ_1 and ϕ_2 are the relative phases between m_1 and m_3 and between m_2 and m_3 respectively.

From eq.(23) and by assuming that m_3 > m_1 + m_2, we obtain 1 3v^f ( m^f_1 + m^f_2 + m^f_3 ) ≥ |h^f_0 | ≥ 1 3v^f ( m^f_3 − m^f_1 − m^f_2 ) (24a)

In the same manner we get 1 3v^f ( m^f_1 + m^f_2 + m^f_3 ) ≥ |A^f | ≥ 1 3v^f ( m^f_3 − m^f_1 − m^f_2 ) (24b) 1 3v^f ( m^f_1 + m^f_2 + m^f_3 ) ≥ |B^f | ≥ 1 3v^f ( m^f_3 − m^f_1 − m^f_2 ) (24c)

Under the condition that m_3 ≫ m_1, m_2, the phases among h^f_0 , A^f and B^f are strongly constrained

by the last equation in eq.(21). From the solutions in eq.(22) we get A^f h_0

≃ ω and B^f h_0

≃ ω^2 (25)

From the solution in eq.(22) and by using the definitions of A^f , B^f in eq.(10) we obtain

x^′_+^f = 1 3v^f m^f_3 + m^f_2 − 2m^f_1 h_1 + h_2 and x^′_−^f = i √ 3v^f m^f_3 − m^f_2 h_1 − h_2

(26)

where we have introduced the notation x^′_±^f ≡ x^′_L^f ± x^′_R^f . In eq. (26) we must remember that each

mass includes an undetermined phase. We notice that the ratios x^′_+^f /x^′_+^{f ′} and x^′_−^f /x^′_−^{f ′} do not

depend on h_i, then they are experimentally determined (up to the undetermined phases). In fact we have x^′_+^u x^′_+^d = v^d v^u m_t + m_c − 2m_u m_b + m_s − 2m_d

, (27a) x^′_−^u x^′_−^d = v^d v^u m_t − m_c m_b − m_s , (27b)

x^′_+^u x^′_+^e = v^d v^u m_t + m_c − 2m_u m_μ + m_τ − 2m_e

, (27c) x^′_−^u x^′_−^e = v^d v^u m_t − m_c m_τ − m_μ . (27d)

By using the masses run up to the 2 · 10^{16}GeV scale in the (non SUSY) Standard Model given in Table III, we performed a Monte Carlo analysis of eq. (27). For the masses we took two sided Gaussian distributions with central values and standard deviations taken from Table III. For the unknown phases we took flat random distributions in the interval [0, 2π]. Our results can be summarized as x^′_+^u x^′_+^d

= 0.972^{+0.073}_{−0.013} x^′_−^u x^′_−^d = 1.034^{+0.007}_{−0.072} (28a)

x^′_+^u x^′_+^e

= 0.573^{+0.079}_{−0.011} x^′_−^u x^′_−^e = 0.640^{+0.011}_{−0.077} (28b)

x^′_+^d x^′_+^e

= 0.590^{+0.085}_{−0.048} x^′_−^d x^′_−^e = 0.619^{+0.054}_{−0.075} (28c)

Notice that, if we neglect the undetermined phases in the masses, we get similar central values but wrong errors in the constraints. For example we would obtain in such a case: x^′_+^u x^′_+^d

= 0.972 ± 0.005, x^′_−^u x^′_−^d = 1.034 ± 0.006. (29)

B. The theoretical prediction

In our model we are able to fit all the masses of quarks and leptons. Moreover we obtain, thanks to the A_4 structure of the model, a tri-bi-maximal lepton mixing matrix. Let us investigate the fermion masses. As obtained in the previous section, the quantities to be fitted are the ratios in eq. (28). The theoretical result for the ratios x^f_+/x^{f ′}_+ and x^f_−/x^{f ′}_− are determined from Table I and the definitions of x^f_±. By using for example the direction C = (28X − 249Y ) and D = (238X − 9Y ) we get x^′_+^u x^′_+^d

= 1 and x^′_−^u x^′_−^d = 1 ; (30a)

x^′_+^u x^′_+^e = 300 517 and x^′_−^u x^′_−^e = 300 517 . (30b) m_u(MeV) 0.8351^{+0.1636}_{−0.1700} m_c(MeV) 242.6476^{+23.5536}_{−24.7026} m_t(GeV) 75.4348^{+9.9647}_{−8.5401} m_d(MeV) 1.7372^{+0.4846}_{−0.2636} m_s(MeV) 34.5971^{+4.8857}_{−5.1971} m_b(GeV) 0.9574^{+0.0037}_{−0.0169} m_e(MeV) 0.4414^{+0.0001}_{−0.0001} m_μ(MeV) 93.1431^{+0.0136}_{−0.0101} m_τ (GeV) 1.5834^{+10.4664}_{−13.6336} TABLE III: Quark masses run at the 2 · 10^{16}Gev scale in non SUSY standard model (see Ref. [60]).

in good agreement with the experimental values in eq. (28). The absolute neutrino mass scale is fixed, because the presence of, essentially, only two free parameters, a and b, in the neutrino sector. If we impose the experimental constraints on δm^2_{12} = 7.92 (1 ± 0.09) × 10^{−5}eV^2 and |δm^2_{13}| = 2.4 ( 1^{+0.21} −0.26 ) × 10^{−3}eV^2 we get the following neutrino masses:

m_1 = 0.052 ± 0.005 eV , m_2 = 0.052 ± 0.005 eV , m_3 = 0.017 ± 0.002 eV (31) m_1 = 0.0051 ± 0.0005 eV , m_2 = 0.0102 ± 0.0005 eV , m_3 = 0.049 ± 0.004 eV (32)

where the first results correspond to a Inverted Hierarchy case, while the second ones would correspond to the Normal Hierarchy. It is easily possible to see that these masses are independent of the phases of the complex parameters a, b

VII. CONCLUSIONS

Neutrino data at low energy are well explained by a A_4 symmetry, nevertheless it is difficult to include this symmetry in grand unified theories. In this paper we investigate the possibility to construct an explicit model with a Lagrangian invariant under SO(10) × A_4. We assumed that the matter fields are in a 16 dimensional SO(10) representation, triplet of A_4. In the Higgs sector, we introduced a 10, a 126 and three 45s singlets of A_4, a 45 and a 126 triplets of A_4. The A_4 symmetry is dynamically broken by the vevs of the Higgs A_4-triplets. The direction of the vevs of the 45s in the SO(10) are assumed to be T_{3R}, Y and two other combinations of them, C and D. The Lagrangian contains three terms with the 10 that give contributions to the Dirac mass matrices, and two terms with the 126s that determine the Majorana neutrino mass matrix.

The first two terms containing the 10 give a contribution to the Dirac mass matrices which is proportional to the identity (the second term is used to avoid the τ bottom unification). The third term, because of the fact that the 45s appear only in the given combination, provides contributions to M^u, M^d, M^l, but not to M^ν_{Dirac}. For these reasons M^ν_{Dirac} results to be proportional to the identity. Finally the 126 terms give contribution only to the right handed neutrino Majorana mass matrix M_R. The low energy neutrino mass matrix is then obtained with the see-saw mechanism.

The mixing angle structure of the charged fermion mass matrices are fixed by the A_4 structure of the model. They are diagonalized by the mixing matrix in eq. (15). The A_4 direction of the vev of the triplet 126 implies a particular form for M_R. This particular form of M_R and the fact that M^ν_{Dirac} is proportional to the identity, imply that the low energy neutrino mass matrix, in the base with diagonal charged lepton, is diagonalized by the tri-bi-maximal mixing matrix.

We show that at tree level our model fits with great precision (within one standard deviation) the values of the fermion masses, run at 2 · 10^{16}GeV scale in the (non SUSY) Standard Model, if particular directions of the vevs of the 45_C and 45_D are assumed (C = (28X − 249Y ) and D = (238X − 9Y )).

One important consequence of the structure of this model is the prediction of an absolute scale for low mass neutrinos. We predict the absolute scale of the neutrino mass to be close to ∼ 0.05 eV . Normal or inverted hierarchies are allowed by the model.

In the model presented here, both up and down sector are diagonalized by the same mixing matrix. For this reason the resulting quark mixing matrix, the CKM matrix is proportional to the identity, in agreement with evidence only at first order. The explanation of the correct CKM matrix is beyond the scope of this work. However a deeper study of radiative corrections to the potential could posibly shed light on the right CKM structure.

Acknowledgments

S.M. thanks Guido Altarelli for the encouragement and for clarifications about A_4 and Francesco Caravaglios for the clarifications about unified theories. We acknowledge a MEC-INFN grant, Fundacion Seneca (Comunidad Autonoma de Murcia) grant, a CYCIT-Ministerio of Educacion (Spain) grant and to the Fundação para a Ciência e a Tecnologia for the grant SFRH/BPD/25019/2005. We acknowledge the kind hospitality of the Dipartimento di Fisica dell’Università degli Studi di Milano where part of this work was done.

APPENDIX A: THE A_4 PROPERTIES

The group A_4 is the finite group of the even permutations of four object and contains 12 elements. Every finite group can be generated by a subset of elements, called generators. A set of elements is independent if none of them can be expressed in terms of the other. The group A_4 has two independent generators denoted as S and T , which can be chosen to to verify the following defining relations: S^2 = T^3 = (ST )^3 = I.

There are four irreducible representations for the A_4 group: denoted as 1, 1^′, 1^{′′} and the 3. In each of these representations the generators are explicitly written as follows 1 : S = 1, T = 1, 1^′ : S = 1, T = ω, 1^{′′} : S = 1, T = ω^2,

3 : S =

1 0 0 0 −1 0 0 0 −1 , T = 0 1 0 0 0 1 1 0 0

, (A1)

where ω = e^{2πi/3} and then ω^3 = 1 and 1+ω +ω^2 = 0. If a = (a_1, a_2, a_3) is a triplet, then the action of the S and T operators is Sa = (a_1, −a_2, −a_3) and T a = (a_2, a_3, a_1). If b is another analogous A_4 triplet, their tensorial product decomposes in irreducible representations as 3 × 3 = 1 + 1^′ + 1^{′′} + 3 + 3.

In order to explicitly construct a singlet from these quantities we first impose the invariance under S, the most generic term will be x a_1b_1 + y a_2b_2 + z a_3b_3 + t a_2b_3 + r a_3b_2 where x, y, z, r and t are parameters. If we impose also the invariance under T, we have that the above term transforms like a 1 single, if and only if x = y = z and r = t = 0. Then we have 1 = (ab) = (a_1 b_1 + a_2 b_2 + a_3 b_3) Similarly one can check that 1^′ = (ab)^′ = (a_1 b_1 + ω^2a_2 b_2 + ωa_3 b_3), 1^{′′} = (ab)^{′′} = (a_1 b_1 + ωa_2 b_2 + ω^2a_3 b_3).

Let us go now to construct the triplet. By imposing S invariance, the most generic triplet in the product of a and b is

(x a_1b_1 + y a_2b_2 + z a_3b_3 + t a_2b_3 + ra_3b_2, x̃ a_1b_2 + ỹ a_1b_3 + z̃ a_2b_1 + t̃ a_3b_1, ...) applying T we have (x a_2b_2 + y a_3b_3 + z a_1b_1 + t a_3b_1 + ra_1b_3, ..., ...)

from which we have the relation

x a_2b_2 + y a_3b_3 + z a_1b_1 + t a_3b_1 + ra_1b_3 = x̃ a_1b_2 + ỹ a_1b_3 + z̃ a_2b_1 + t̃ a_3b_1 from which we get x = y = x̃ = z̃ = z = 0, t = t̃, r = ỹ The final result is 3 = (a_2b_3, a_3b_1, a_1b_2) and 3 = (a_3b_2, a_1b_3, a_2b_1) where the first line comes from terms proportional to t while the second line is proportional to r. In summary, with this notation, if v = (v_1, v_2, v_3) is an additional triplet, the product of the three triplet a, b and v that transform as a singlet 1 in A_4 is given by h_1(a_2b_3v_1 + a_3b_1v_2 + a_1b_2v_3) + h_2(a_3b_2v_1 + a_1b_3v_2 + a_2b_1v_3) (A2) where h_1 and h_2 are arbitrary parameters. The term in eq.(A2) is invariant under A_4.

[1] J. C. Pati and A. Salam, Phys. Rev. D 8 (1973) 1240. [2] H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32 (1974) 438. [3] B. Aharmim et al. [SNO Collaboration], Phys. Rev. C 72 (2005) 055502 [4] C. B. Krauss [SNO Collaboration], J. Phys. Conf. Ser. 39 (2006) 275. [5] [Super-Kamiokande Collaboration], arXiv:hep-ex/0607059. [6] M. Altmann et al. [GNO Collaboration], Phys. Lett. B 616 (2005) 174 [7] W. Hampel et al. [GALLEX Collaboration], Phys. Lett. B 447 (1999) 127.

[8] B. T. Cleveland et al. [HOMESTAKE], Astrophys. J. 496 (1998) 505. [9] J.N. Abdurashitov et al. [SAGE Collaboration] Phys. Rev. Lett. 83(23) (1999)4686. [10] T. Araki et al. [KamLAND Collaboration], Phys. Rev. Lett. 94 (2005) 081801 [11] M. Apollonio et al. [CHOOZ Collaboration], Phys. Lett. B 466 (1999) 415 [12] Y. F. Wang [Palo Verde Collaboration], Int. J. Mod. Phys. A 16S1B, 739 (2001); [13] D. G. Michael et al. [MINOS Collaboration], Phys. Rev. Lett. 97 (2006) 191801 [14] J. Charles et al. [CKMfitter Group], Eur. Phys. J. C 41 (2005) 1 [15] G. L. Fogli, E. Lisi, A. Marrone, A. Palazzo and A. M. Rotunno, arXiv:hep-ph/0506307. [16] P. Aliani, V. Antonelli, M. Picariello and E. Torrente-Lujan, Phys. Rev. D 69 (2004) 013005 [17] A. B. Balantekin, V. Barger, D. Marfatia, S. Pakvasa and H. Yuksel, arXiv:hep-ph/0405019. [18] P. Aliani, V. Antonelli, M. Picariello and E. Torrente-Lujan, arXiv:hep-ph/0309156. [19] L. Oberauer, Mod. Phys. Lett. A 19 (2004) 337 [20] W. Rodejohann, Phys. Scripta T127 (2006) 35.

[21] M. C. Gonzalez-Garcia, M. Maltoni and J. Rojo, arXiv:astro-ph/0608107. [22] J. W. F. Valle, J. Phys. Conf. Ser. 53 (2006) 473 [arXiv:hep-ph/0608101]. [23] G. L. Fogli, E. Lisi, A. Mirizzi, D. Montanino and P. D. Serpico, Phys. Rev. D 74 (2006) 093004 [24] A. Bandyopadhyay, S. Choubey, S. Goswami and S. T. Petcov, arXiv:hep-ph/0608323. [25] S. M. Bilenky, arXiv:hep-ph/0607317.

[26] M. D. Messier, eConf C060409 (2006) 018 [arXiv:hep-ex/0606013]. [27] A. Strumia and F. Vissani, arXiv:hep-ph/0606054. [28] T. Schwetz, Phys. Scripta T127 (2006) 1 [arXiv:hep-ph/0606060]. [29] M. Fukugita, K. Ichikawa, M. Kawasaki and O. Lahav, Phys. Rev. D 74 (2006) 027302 [30] B. L. Chen, H. L. Ge, C. Giunti and Q. Y. Liu, arXiv:hep-ph/0605195. [31] R. G. H. Robertson, Prog. Part. Nucl. Phys. 57 (2006) 90 [arXiv:nucl-ex/0602005]. [32] S. T. Petcov, AIP Conf. Proc. 805 (2006) 135. [33] A. B. McDonald, J. Phys. Conf. Ser. 39 (2006) 211. [34] E. Ma and M. Raidal, Phys. Rev. Lett. 87, 011802 (2001); [35] K. R. S. Balaji, W. Grimus and T. Schwetz, Phys. Lett. B 508, 301 (2001) [36] R. N. Mohapatra, JHEP 0410, 027 (2004) [arXiv:hep-ph/0408187]; [37] S. Morisi and M. Picariello, Int. J. Theor. Phys. 45, 1267 (2006) [arXiv:hep-ph/0505113]. [38] P. F. Harrison and W. G. Scott, Phys. Lett. B 557 (2003) 76; [39] M. Picariello, arXiv:hep-ph/0611189.

[40] F. Caravaglios and S. Morisi, arXiv:hep-ph/0503234. [41] E. Ma, Phys. Lett. B 632, 352 (2006);

[42] C. Hagedorn, M. Lindner and R. N. Mohapatra, arXiv:hep-ph/0602244. [43] W. Grimus, A. S. Joshipura, S. Kaneko, L. Lavoura and M. Tanimoto, JHEP 0407, 078 (2004) [44] E. Ma and G. Rajasekaran, Phys. Rev. D 64, 113012 (2001), [arXiv:hep-ph/0106291];

[45] K. S. Babu, E. Ma and J. W. F. Valle, Phys. Lett. B 552, 207 (2003) [arXiv:hep-ph/0206292]; [46] M. Hirsch, J. C. Romao, S. Skadhauge, J. W. F. Valle and A. Villanova del Moral, Phys. Rev. D 69, 093006 (2004) [arXiv:hep-ph/0312265];

[47] Y. Koide, arXiv:hep-ph/0701018.

[48] G. Altarelli and F. Feruglio, Nucl. Phys. B 720, 64 (2005) [arXiv:hep-ph/0504165]. [49] G. Altarelli, arXiv:hep-ph/0611117.

[50] E. Ma, H. Sawanaka and M. Tanimoto, Phys. Lett. B 641, 301 (2006) [arXiv:hep-ph/0606103]. [51] S. F. King and M. Malinsky, arXiv:hep-ph/0610250. [52] F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, arXiv:hep-ph/0702194.

[53] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530, 167 (2002) [arXiv:hep-ph/0202074]. [54] T. Kobayashi, H. P. Nilles, F. Ploger, S. Raby and M. Ratz, arXiv:hep-ph/0611020; [55] G. Altarelli, F. Feruglio and Y. Lin, arXiv:hep-ph/0610165. [56] E. Ma, Mod. Phys. Lett. A 21 (2006) 2931 [arXiv:hep-ph/0607190]. [57] G. Altarelli and F. Feruglio, Nucl. Phys. B 741, 215 (2006) [arXiv:hep-ph/0512103]. [58] G. Anderson, S. Raby, S. Dimopoulos, L. J. Hall and G. D. Starkman, Phys. Rev. D 49, 3660 (1994). [59] E. Ma, Mod. Phys. Lett. A 22, 101 (2007) [arXiv:hep-ph/0610342]; [60] C. R. Das and M. K. Parida, Eur. Phys. J. C 20, 121 (2001) [arXiv:hep-ph/0010004]. [61] Because the presence of the product 45_Y 45_{T3R} in the h^′_0 term, the only contribution to M^ν_{Dirac} comes from h_0.