arXiv:hep-ph/0703108v2 12 Mar 2007

DESY 05-066

Analytically derived limits on short-range fifth forces

from quantum states of neutrons in the Earth’s gravitational field

A. Westphal^∗ Deutsches Elektronen-Synchrotron, Notkestraße 85, D-22607 Hamburg, Germany

H. Abele Physikalisches Institut der Universität Heidelberg Philosophenweg 12 69120 Heidelberg, Germany

S. Baeßler Institut für Physik, Universität Mainz Staudinger Weg 7 55128 Mainz, Germany

(Dated: March 9, 2007)

Recently, quantum states of ultra-cold neutrons in the Earth’s gravitational field have been observed for the first time. From the fact that they are consistent with Newtonian gravity on the 10%-level, analytical limits on α and λ of short-range Yukawa-like additional interactions are derived between λ = 1 μm and 1 mm. We arrive for λ ≥ 10 μm at α < 2 · 10^{11} at 90% confidence level. This translates into a limit gsgp/ℏc < 2 · 10^{−15} on the pseudo-scalar coupling of axions in the previously experimentally unaccessible astrophysical axion window.

PACS numbers: 03.65.Ge,03.65.Ta,04.50.+h,04.80.Cc,11.10.Kk,14.80.Mz,61.12.Ex

I. INTRODUCTION

A gravitational bound quantum system has been realized experimentally. In this experiment, ultra-cold neutrons (UCN) are confined in between a bottom mirror and the gravitational potential of the Earth [1, 2, 3]. The neutrons are slow enough that they are reflected from the mirror at all angles of incidence. Therefore, the mirror can be modeled by an infinite high potential step. The neutrons are found in discrete quantum states of the gravity potential. Between the UCN source and a UCN detector one places a quantum state absorber at a certain hight above the mirror. No neutrons except those in sufficiently low

FIG. 1:

Experimental setup: Neutrons pass through the mirrorabsorber system. The Airy functions for the first two bound quantum states are shown. The absorber is at variable height.

∗Corresponding author.

Present address: SISSA & INFN, Via Beirut 2-4, I-34014 Trieste Email: westphal@sissa.it

quantum states as given by the absorber height can pass through the slit between the mirror and absorber, and higher, unwanted states are removed and scattered out of the experiment (see Fig. 1).

A side-effect of this experiment is its sensitivity to additional short ranged forces at length scales below 10 μm [4, 5], while all electromagnetic effects are extremely suppressed compared to gravity [4]. The quantum states probe Newtonian gravity between 10^{−9} and 10^{−3} m and the experiment places limits for gravity-like forces there. So far, significant limits on hypothetical forces from this experiment are mainly obtained from measurements of the ground state or from a fit to the data [4, 5]. Other experimental limits on extra forces are derived from mechanical experiments and can be found, e.g., in [6, 7, 8, 9, 10]. In the light of recent theoretical developments in higher dimensional field theory [11, 12, 13, 14, 15], gauge fields could mediate forces that are 10^6 to 10^{12} times stronger than gravity at sub-millimeter distances (depending on the size of the extra dimensions), exactly in the interesting range of this experiment and might give a signal in an improved setup. Recent theoretical developments support this original idea of strong forces with bulk gauge fields. Burgess et al. [16] predict deviations from Newton’s law on the micron scale on the basis of supersymmetric large extra dimensions (SLED). The basic idea behind this proposal is to modify gravity at small distances in such a way as to explain the smallness of the observed cosmological constant. A radius R of 10 microns as well as the necessary interaction strength may turn out to be well-motivated. We presents limits for additional interactions using an elementary particle, the neutron. The limits are derived in regions of the parameter space, where these interactions can be treated perturbatively.

II. ADDITIONAL SHORT RANGE FORCES

We begin with recalling the standard parametrization of a fifth force by means of a Yukawa potential describing the low energy limit of the exchange of massive particles, proceeding then to the action of a perturbatively weak Yukawa-like fifth force on the gravitational bound states in different regimes of its range λ. On the assumption that the form of the non-Newtonian potential is given by the Yukawa expression, for a source mass m and distance r the modified Newtonian potential ϕ(r) has the form ϕ(r) = −G_4 m r (1 + α · e^{−r/λ}), (1) where λ is the range over which the corresponding force acts and α is the strength normalized relative to Newtonian gravity. G_4 is the gravitational constant. The mass of this extended source will modify the Newtonian potential if strong non-Newtonian forces are present, and this can be seen if neutrons are present. For small distances z from the mirror, say several micrometers, we consider the mirror as an infinite half-space with mass density ρ. By replacing the source mass m by ∫ ρdV , the Yukawamodification of the potential ϕ(r) has the form Δϕ(z, λ) = −2π · ραλ^2G_4 · e^{−z/λ}. (2) Thus, the effective gravitational potential close above the mirror (close means: heights z << D, D: diameter of the mirror) is given as: ϕ(z) = g · z ϕ 0 −2π · α · λ^2 · G_4 · ρ · e^{−z/λ} Δϕ , (3)

where ρ denotes the mass density of the mirror material (glass in our experiment).

The absorber has (besides its Fermi pseudopotential) in presence of a fifth force a Yukawa-like additional potential attached to it just like the bottom mirror. Then Δϕ becomes Δϕ(z) = −2π·α·λ^2 ·G_4 · ( ρ_1 · e^{−z/λ} + ρ_2 · e^{−(h−z)/λ} ) (4) where h denotes as before the absorber height and ρ_1, ρ_2 the mass densities of the bottom mirror and the absorber, respectively. In some parts of this paper, we can ignore the absorber.

Within an unchanged Newtonian gravitational potential

ϕ_0(z) = g · z (5)

the bound eigenstates of the UCN are given by Airy functions Ai(z). This function behaves similar to a sine wave below h^{(0)}_0 and approaches zero exponentially above this classical turning point height. With

h^{(0)}_n = R · [ 3π 2 · ( n + 3 4 )]_{2/3} (6)

R = ( ℏ^2 2m^2_ng )_{1/3} , C_n = ⟨ n^{(0)}_g | | |n^{(0)}_g ⟩_{−1/2}

one finds | |n^{(0)}_g ⟩ = ∫ dz · ψ^{(0)}_{n,g} (z) |z⟩ , ⟨z^′ |z⟩ = 2π · δ(z^′ − z) ψ^{(0)}_{n,g} (z) = C_n · Ai((z − h^{(0)}_n )/R) , C_n =: C̃_n √ R (7) = C_n · dAi dz (−h^{(0)}_n /R) · z R + O((z/R)^2) ≃ C_n · 1 2 ( h^{(0)}_n R )_{1/4} · z R + O((z/R)^2) (8)

Here, h^{(0)}_n denotes the position of the last turning point of the bound state ψ^{(0)}_{n,g}(z), which coincides with the turning point height of the classical motion of a particle with energy E^{(0)}_n = mgh^{(0)}_n . h^{(0)}_n has been determined [5] for the first two states to be

h^{exp}_0 = 12.2 ± 0.7_{stat} ± 1.8_{syst} (9) h^{exp}_1 = 21.6 ± 0.7_{stat} ± 2.2_{syst}. (10)

With this analogy in mind, h^0_n is considered as the height of the wave function. The ground state is opaque for neutrons as long as it sufficiently overlaps with the absorber above the mirror. This is not the case when the absorber position exceeds the height h^{(0)}n following the exponentially decaying tail of the bound state’s Airy function, and neutrons in that state are transmitted to the detector, see Fig. 1. In the WKB approximation the ψ^{(0)}n,g are: ψ^{(0)}_{n,g}(z) ≃ C_n · 1 2 · ( h^{(0)}n − z R )_{−1/4}

· sin { 1 R · ∫_z 0 du √ 1 R [ h^{(0)}_m − u ] } . (11)

III. OUR METHOD

We start from the observation that at macroscopic absorber heights of several microns, where light is easily transmitted, no neutrons pass through the gap between the mirror and the absorber [3]. A neutron in state n is only transmitted as long the absorber height is higher than h^{(0)}_n .

Taking additional gravity-like forces into account, first order perturbation theory predicts a shift of the energy eigenvalue of the ground state. The effect of the Yukawa term in eq. (3) in first order is

ΔE^{(1)}_n = m · ⟨ n^{(0)}_g | | | Δϕ(z) | | |n^{(0)}_g ⟩ . (12)

This energy shift is accompanied by a shift of the turning point h^0_n by some additional height δh, in this way changing the onset of the transmission in the experiment. Our measurement follows the Newtonian expectation.

The absorber consists of glass material, where the surface has an approximate gaussian roughness of 0.75 μm. The height of the absorber has been calibrated with wirespacers of known thickness, a mechanical comparator, and a long focus microscope. An absolute height calibration of better than 0.5 μm has been achieved. Next, we recall that the absorber forms a hard wall for the very slow neutrons. This results in a squeezing of the bound states [17, 20] and a small energy shift, which is considered in the following way: The squeezing increases the bound state energy eigenvalue by an amount ΔE_{squeez} = m · g · Δ_{Sq}, where Δ_{Sq} ≈ 0.8 μm denotes the corresponding shift of the turning point of the squeezed wave function. As a result, the turning point of the squeezed bound states in presence of a real absorber is given by h_n = h^{(0)}_n +Δ_{Sq}. We now calculate the influence of a hypothetical fifth force on the turning points of the first two states (Eq.6) and compare them with the experimental results given in Eq.9. The actual neutron transmission of the n^{th} bound state is observed at a mean absorber height h_n + Δ_T . Δ_T has been chosen to be 3μm, since 3μm above the turning point, the slope of the transmission curve shows that state n is transmitted. Summarizing both effects, a bound state n transmits neutrons, which are clearly visible in the detector if the absorber is at a height h_n + Δ_T = h^{(0)}_n + Δ_T + Δ_{Sq} .

In this paper, we derive limits on 5th forces, which are largely independent from a precise knowledge of the absorber height and unaffected by the features of the absorber. The limits are obtained from the fact that the ground state and the first excited state wave functions are differently affected by non-Newtonian forces. The fifth force would introduce the height shift δh, so that we measure h = h^{(0)}_n +Δ_T +Δ_{Sq} +δh. In particular, the difference of the turning point heights of the ground state and the first excited state

Δh^{(0)} := h^{(0)}_0 − h^{(0)}_1 ≈ 10.3 μm (13)

is consistent with the measurement Δh^{exp} = 9.4 ± 1.2 μm. This error includes in addition to the statistical uncertainty a 0.5μm calibration uncertainty [3] and a 30% uncertainty due to model dependence. (N.B.: Only the relative error of a height measurement enters.) Since this relative quantity is mostly insensitive to absolute offsets of the measurement process of h, we will use it to derive limits on the presence of additional short-range fifth forces, i.e., we can exclude a fifth force induced shift |δΔh| > 1.64 · σ_{Δh} = 2.0 μm (14) at 90% confidence level. In the case of Eq. (29), the choice of Δ_T and Δ_{Sq} enters, but our limits are largely independent from these quantities.

To apply this method it is essential to derive the connection between the perturbative correction to the energy eigenvalue of a given bound state, which is induced by the additional force, and a possible accompanying shift δh_n of the turning point of the n^{th} state’s wave function. The stationary Schrödinger equation for the bound states

∂^2 ∂z^2 ψ_{n,g} (z) = − 2m ℏ^2 · [E_n − m · ϕ(z)] ψ_{n,g} (z), (15) implies a turning point condition given by ∂^2ψ_{n,g} (z) ∂z^2 | | | |_{z=hn} = 0 = − 2m_n ℏ^2 · [E_n − m · ϕ(h_n)] ψ_{n,g} (h_n) ⇒ E_n − m · ϕ(z) = 0 for z = h_n . (16)

Write now for the height of the wave function under the presence of the additional force h_n = h^{(0)}_n + δh_n + Δ_{Sq}, E_n = E^{(0)}_n +ΔE^{(1)}_n +ΔE_{squeez} and use the fact that E^{(0)}_n = mg · h^{(0)}n . Then one arrives at

ΔE^{(1)}_n | |_{h=hn+ΔT} −m· [ g · δh_n + Δϕ(h^{(0)}_n + δh + Δ_{Sq}) ] = 0 (17) with Δϕ(z) given by eq. (3). Note, that the piece linear in Δ_{Sq} from the squeezing of the bound states between absorber and mirror cancels against the corresponding energy shift ΔE_{squeez}. It is immediately clear from here that concerning the situation with just a bottom mirror for λ << h^{(0)}n one has Δϕ(h^{(0)}n ) ≈ 0 and eq. (17) simplifies in this regime to

δh_n = 1 g ⟨ n^{(0)}_g | | | Δϕ(z) | | |n^{(0)}_g ⟩ . (18)

In the opposite case λ >∼ h^{(0)}_n one may linearize Δϕ(z) in z/λ, which approximation then has to be used simultaneously in exploiting eq. (17) and eq. (12) to calculate ΔE^{(1)}n .

For later use, let us note one further property of the above turning point condition. Δϕ(z) may contain a constant, position-independent part (for instance, the above linear approximation in the case λ >∼ h^{(0)}n generically produces such a constant piece). Now, from considering the general behaviour of the exact solution it is clear, that changing the potential by an arbitrary constant must leave the whole bound state as well as its turning point unchanged though it does change the energy eigenvalue of the state. This fact is clearly contained in eq. (17): Imagine adding a constant Δϕ_{const} to Δϕ(z). Then its contribution to ΔE^{(1)}_n is given by Δϕ_{const} and thus cancels out against the same term in Δϕ(z). Thus one may expand Δϕ(z) around any given convenient point z and drop the constant piece.

In either case we proceed then by extracting the turning point shifts δh_{0,1} from eq. (17) for the ground state and the first excited state, respectively. Forming the difference

δΔh = δh_0 − δh_1 (19)

allows us then to extract limits on the strength α of the additional fifth force as a function of its range λ by demanding eq. (14), the experimental constraint at 90% C.L.

IV. BOTTOM MIRROR AND NO ABSORBER - CASE I: SMALL λ ≪ h^{(0)}_0

Consider now the first case λ << h^{(0)}_0 . Here, for a perfect absorber as said above, eq. (18) provides a good description of the shift of the ground state turning point (see the general discussion of Sect. III). Then the linear approximation of the bound states given in Sect. II suffices to calculate eq. (18) since Δϕ then is confined to a region ≃ λ << h^{(0)}_0 . Since it is the ground state which defines the non-penetration region and thus that feature of the measured neutron transmission function which responds most sensitively to energy or equivalently h_n-shifts, we evaluate eq. (18) for n = 0: δh_n = 1 g ⟨ n^{(0)}_g | | | Δϕ | | |n^{(0)}_g ⟩

≃ −C̃^2_n · π · α · λ^2 · G_4 · ρ 2 · g · R^3 · √ h^{(0)}_n R ∫_∞ 0 dz · z^2e^{−z/λ}

≃ −C̃^2_n √ h^{(0)}_n R · π · α · λ^5 · G_4 · ρ g · R^3 . (20)

Forming δΔh according to eq. (19) we demand the experimental constraint eq. (14). Therefore we arrive at an exclusion limit in α-λ-space given by |α| ≤ 1 |C̃^2_0

√_{h(0)} 0 R − C̃^2_1

√_{h(0)} 1 R | · g · R^3 π · λ^5 · G_4 · ρ · δΔh ∼ λ^{−5} (21) which behaves symmetrical for attractive and repulsive forces.

V. BOTTOM MIRROR AND NO ABSORBER - CASE II: LARGE λ >> h^{(0)}_0

In the second case λ >> h^{(0)}_0 . Then Δϕ ≃ const. over the whole range where ψ^{(0)}_{n,g} is sizable. However, since constant pieces of the potential drop out from the turning point condition one has to apply it now in its precise form carefully expanding the fifth force potential to linear order in z and h_0, respectively. This yields

Δϕ(z) = 2π · α · λ^2 · G_4 · ρ · ( 1 − z λ ) + O ( z^2/λ^2 ) . Instead of Δϕ we plug its contribution linear in z into eq. (12) (recall that constant pieces of Δϕ later will drop out of the turning point condition anyway)

ΔE^{(1)}_n = m · ⟨ n^{(0)}_g | | | Δϕ | | |n^{(0)}_g ⟩ ≃ −C^2_n · m · 2π · α · λ^2 · G_4 · ρ · ∫_∞ 0 dz · | |ψ^{(0)}_{n,g}(z) | |^2 (−z/λ) ≃ m · 2π · α · λ · G_4 · ρ · ⟨z⟩_n (22) where eq. (17) allows to compute the turning point shift δh of the ground state given by 2π · α · λ · G_4 · ρ ( ⟨z⟩_n − (h^{(0)}_n + Δ_{Sq}) ) − (g + 2π · α · λ · G_4 · ρ) · δh_n = 0 . From this follows - via forming the quantity δΔh again - a limit in the case of a repulsive interaction (α < 0) given by α ≥ − g 2π · G_4 · ρ · 1 1 +^{Δh(0) −(⟨z⟩0−⟨z⟩1)} δΔh · 1 λ ∼ λ^{−1} . (23)

For the attractive case (α > 0) a smooth solution of eq. (17) exists for all 0 ≥ δΔh > −(Δh^{(0)} − (⟨z⟩_0 − ⟨z⟩_1)) which yields a limit α ≤ g 2π · G_4 · ρ · 1 Δh^{(0)} −(⟨z⟩_0−⟨z⟩_1) |δΔh| − 1 · 1 λ ∼ λ^{−1} . (24)

Here it is ⟨z⟩_0 ≈ 1.56 · R ≈ 9.15 μm and ⟨z⟩_1 ≈ 2.73 · R ≈ 16.0 μm. The transition between the two regimes of small and large λ takes place just around λ ≈ 5 . . . 7 μm as it can be seen by comparing eq.s (21) and (23).

VI. BOTTOM MIRROR AND REAL ABSORBER - LARGE λ

A real absorber now has (besides its Fermi pseudopotential) in presence of a fifth force a Yukawa-like additional potential attached to it just like the bottom mirror. Then Δϕ becomes

Δϕ(z) = −2π · α · λ^2 · G_4 · ( ρ_1 · e^{−z/λ} + ρ_2 · e^{−(h−z)/λ} ) (25) where h denotes as before the absorber height and ρ_1, ρ_2 the mass densities of the bottom mirror and the absorber, respectively. For large λ it makes sense to expand eq. (25) in (z − h/2)/λ around z = h/2: Δϕ(z) ≃ −2π · α · λ^2 · G_4 · e^{−h/2λ} · ( ρ_1 + ρ_2

− (ρ_1 − ρ_2) · z − h/2 λ + (ρ_1 + ρ_2) · (z − h/2)^2 2 · λ^2

+ O( z^3 λ^3 ) )

= const. − π α G_4 · e^{−h/2λ} · [ − 2λ · (ρ_1 − ρ_2) · z

+ (ρ_1 + ρ_2) · (z^2 − z · h) ] + λ^2 O( z^3 λ^3

) . (26)

A. Special case ρ1 = ρ2

Now in our case both mirror and absorber are made from glass, so ρ_1 = ρ_2 = ρ. Then the direct linear term in the former expansion vanishes - and thus all terms containing positive powers of λ! For large λ thus just the quadratic term remains since it is independent of λ, all higher terms are suppressed by negative powers of λ and vanish in this limit. As an immediate consequence this means that for large λ the presence of an absorber with a density equal to that of the mirror leads to a λ-independent limit on the strength α of an additional Yukawa-like interaction.

To determine this limit one computes the energy correction eq. (12) induced by the potential eq. (26) now to first order in perturbation theory ΔE^{(1)}_n = −m · 2πα · G_4 · ρ · e^{−h/2λ} · ⟨ z^2 − z · h ⟩ n , (27)

where ⟨z^2 − zh⟩_n = ⟨z^2 − zh^{(0)}_n ⟩_n − ⟨z⟩_n (Δ_T + Δ_{Sq} + δh_n) for h = h^{(0)}_n + δh_n + Δ_T + Δ_{Sq} denotes the expectation value of the z-dependent part of the correction (for the z-independent part dropping out of the turning point condition eq. (17) see the general discussion above) to the potential with respect to the ground state ψ^{(0)}_{0,g} . Then one inserts eq. (26) into the turning point condition eq. (17) carefully evaluating to linear order in δh_n, uses the value of the turning point h_n = h^{(0)}_n + δh_n + Δ_{Sq} in the experiment, and obtains

ΔE^{(1)}_n | | h=h_n+Δ_T − m · g · δh_n (28) − m · Δϕ ( h^{(0)}_n + δh_n + Δ_{Sq} )

m·2πα·G_4·ρ·e^{−h/2λ}·Δ_T (h^{(0)}_n +δh_n+Δ_{Sq})

= 0 .

Determining δh_n from these equations for n = 0, 1 allows us to form subsequently δΔh = δh_0 − δh_1. Demanding then −1.64σ_{Δh} < δΔh < 1.64σ_{Δh} yields then a limit on the interaction strength α given by

|α| ≤ g |δΔh| · | | | | | { π ( e^{− h02λ} [ ⟨z^2⟩_0 + Δ_T(h^{(0)}_0 + Δ_{Sq}) − ⟨z⟩_0(h^{(0)}_0 + Δ_T + Δ_{Sq}) ]

−e^{− h12λ} [ ⟨z^2⟩_1 + Δ_T(h^{(0)}_1 + Δ_{Sq}) − ⟨z⟩_1(h^{(0)}_1 + Δ_T + Δ_{Sq}) ]

+δΔh ( e^{− h02λ} (Δ_T − ⟨z⟩_0) + e^{− h12λ} (Δ_T − ⟨z⟩_1) ) + √ D ) ρ G_4 }_{−1}| | | | (29)

D = { e^{− h02λ} [ ⟨z^2⟩_0 + Δ_T(h^{(0)}_0 + Δ_{Sq}) − ⟨z⟩_0(h^{(0)}_0 + Δ_T + Δ_{Sq}) ] − e^{− h12λ} [ ⟨z^2⟩_1 + Δ_T(h^{(0)}_1 + Δ_{Sq})

−⟨z⟩_1(h^{(0)}_1 + Δ_T + Δ_{Sq}) ] + e^{− h02λ} (Δ_T − ⟨z⟩_0)δΔh + e^{− h12λ} (Δ_T − ⟨z⟩_1)δΔh

}_2

−4e^{− h0 +h12λ} δΔh { (Δ_T − ⟨z⟩_1) [ ⟨z^2⟩_0 + Δ_T(h^{(0)}_0 + Δ_{Sq}) − ⟨z⟩_0(h^{(0)}_0 + Δ_T + Δ_{Sq})

+(Δ_T − ⟨z⟩_0)δΔh] − (Δ_T − ⟨z⟩_0) [ ⟨z^2⟩_1 + Δ_T(h^{(0)}_1 + Δ_{Sq}) − ⟨z⟩_1(h^{(0)}_1 + Δ_T + Δ_{Sq}) ]} ,

which is plotted in Fig. 2 These limits become essentially independent of λ for λ > h ≈ h^{(0)}_1 . The result for the repulsive case contains a pole, which in the worst case, e.g.for λ = 500 μm is at δΔh ≈ 2.2 μm , (30) and signals a breakdown of the perturbative approach. The pole in the attractive case above corresponds to the fact that for an attractive Yukawa potential at the mirror there is a |δh|, above which the wave function begins to get sucked into the Yukawa potential. However, once the attractive potential gets strong enough for this to happen, the perturbative expansion around the original states ceases to be a good approximation, which explains such a pole: If one added the higher orders of perturbation theory to the above constraint, the above pole would occur at just that δh, where the corresponding wave function becomes non-perturbatively deformed, which would then coincide with validity boundary of perturbation theory derived below in eq. (43).

Finally, for really large λ the constant term in the potential eq. (26) eventually becomes energetically dominant. Since this term in any case has to stay significantly smaller than the total kinetic energy E_{UCN} of the ultracold neutrons (velocity of ∼ 5 m/s) entering the waveguide (otherwise they cease to be transmitted entirely, which is not observed), the condition

Δϕ(z) ≃ −2π · α · λ^2 · G_4 · ρ <∼ 0.1 · E_{UCN} limits in the case of an attractive interaction the validity of eq. (29) to λ <∼ 10 mm. For the case of a repulsive interaction this leads to a further decrease of the bound of the strength α above λ ∼ 10 mm of the 5th force like

|α| ≤ 3.8 · 10^{12} · ( 10 mm λ )_2

. (31)

B. General case ρ1 ≠ ρ2

Let us now discuss what happens if ρ_1 ≠ ρ_2. In this case the linear term in eq. (26) reappears. Since this term is ∼ λ it will dominate the quadratic term considered so far for large λ. Thus, if ρ_1−ρ_2 is not tuned to be very small, the limit on the Yukawa interaction is again given through calculating δΔh by the eq.s (23) and (24), however, with ρ replaced by ρ_1 − ρ_2 and Δϕ given by the piece linear in z of eq. (26) |α| <∼ g 2π · G_4 · (ρ_1 − ρ_2) · 1 Δh^{(0)} −(⟨z⟩_0−⟨z⟩_1)

δΔh + 1 · e^{h̄/2λ} λ (32) ∼ λ^{−1} , λ > h̄ . Here we have defined h̄ = (h_1 + h_0)/2 ≈ 18.9 μ and neglected factors exp(±Δh/2λ) which are suppressed for λ > Δh = −Δh_0/2 ≈ 5.2 μ. This treatment is perturbative.

We can cross-check this result by looking again at the potential eq. (26), and add its linear piece to the earth’s gravitational potential ϕ_0 = g · z

ϕ(z) = g · z + 2π · α · λ · G_4 · (ρ_1 − ρ_2) · z .

Clearly, the case ρ_1 − ρ_2 amounts to a renormalization of g given by

g → g^′ = g + δg (33) δg = 2π · α · λ · G_4 · (ρ_1 − ρ_2) .

Since the turning points of the bound state Airy functiosn are given by eq. (7) the turning point shifts in this situation, where g renormalizes, using eq. (33) write as δh_n = [ 3π 2 · ( n + 3 4 )]_{2/3} · ∂R ∂g · δg = − [ 3π 2 · ( n + 3 4 )]_{2/3} · R · δg 3g = −h^{(0)}_n ·

2π · α · λ · G_4 · (ρ_1 − ρ_2) 3 · g . (34)

This relation then implies after forming δΔ_h = δh_0 − δh_1 through the experimental constraint eq. (14) |δΔh| < 1.6 μm a symmetrical limit on the strength of the Yukawa interaction |α| ≤ 3 · g 2π · G_4 · (ρ_1 − ρ_2) · |δΔh| Δh^{(0)} · 1 λ ∼ λ^{−1} (35)

which is the same functional dependence as given in eq. (32) (Δh^{(0)} − (⟨z⟩_0 − ⟨z⟩_n) ≈ Δh^{(0)}/3) for large λ > h̄.

Let us shortly note now, that this limit for large λ > 20 μm can be relatively easily converted into bounds of the strength of the matter couplings of axions. Axion interactions with a range within 20 μm < λ < 200 mm (corresponding to axion masses 10^{−6} eV < m_a < 10^{−2} eV), the ’axion window’, are still allowed by the otherwise stringent constraints posed by cosmological data (see e.g. [21, 22]). They lead to a potential which is proportional to the 5th force potential eq. (2), however, the axion-induced potential changes sign with the direction of the neutron spin polarization relative to the mirror. Thus, the relevant limit is again given by eq. (35) with, however, one small but significant change induced by this pseudoscalar nature of the axion interaction, namely, that ρ_2 → −ρ_2 (see [23]). This, in turn, implies that the bound on the scalar-pseudoscalar axion interaction could be derived using just eq. (35), however, with ρ_2 replaced as ρ_2 → −ρ_2 (or the perturbative limit eq. (32), with again the replacement ρ_2 → −ρ_2).

C. ρ2 → −ρ2 - axion limits in the astrophysical axion window

To make the last statement more precise, note that an axion would feel a CP-violating spin-dependent interaction in presence of matter given by [23] V (⃗r) = ℏg_sg_p ⃗σ · ⃗n 8πmc ( 1 λr + 1 r^2 ) e^{−r/λ} . (36) Here, ⃗σ denotes the neutron spin and ⃗n is a unit vector presumably related to the geometry of the macroscopic matter configuration. Integrating this potential over the geometry of our mirror-absorber-system gives a Yukawapotential contribution of the form [24] Δϕ(z) = −α_a · ℏ^2ρ_1λ 8m^3 e^{−z/λ} + α_a · ℏ^2ρ_2λ 8m^3 e^{−(h−z)/λ} (37) = −2πα_{eff.} · λ^2 · G_4 · (ρ_1 e^{−z/λ} − ρ_2 e^{−(h−z)/λ}) ,

where we have used that

α_{eff.} = α_a · ℏ^2 16πG_4 · m^3

· λ^{−1} , α_a := g_sg_p ℏc . (38)

Note, how the switch in the sign of the two terms in eq. (38) arises from the fact that ⃗σ · ⃗n/|⃗σ · ⃗n| = +1 for ⃗n the unit normal on the mirror but ⃗σ · ⃗n/|⃗σ · ⃗n| = −1 for ⃗n the unit normal on the absorber. Plugging now eq. (38) into eq. (32) we arrive at a limit for the dimensionless axion coupling strength α_a given by |α_a| <∼ 4 m^3g ℏ^2 ρ · 1 Δh^{(0)}−(⟨z⟩_0−⟨z⟩_1)

δΔh + 1

· e^{h̄/2λ} (39)

where we used that ρ_1 = ρ_2 = ρ in our case. For λ >∼ h̄ this leads at 90% confidence level to a λ-independent upper limit on the axion interaction strength g_sg_p ℏc <∼ 2 · 10^{−15} . (40)

VII. BOTTOM MIRROR AND REAL ABSORBER - SMALL λ

This situation is similar to that of Sect. VI, except for two crucial differences: Firstly, due to λ ≪ h we have to use full potential of eq. (25) instead of its expansion in eq. (26). Secondly, the presence of the absorber at h = h_n + Δ_T, the turning point, yields a relatively large contribution to Δϕ(h_n) since there the exponential factor in the Yukawa potential is e^{(hn−h)/λ} = e^{−ΔT/λ}. This inserted into eq. (17) and using eq. (20) to compute ΔE^{(1)}n yields an equation for δh given by ΔE^{(1)}_n − m · g · δh_n − m · Δϕ_{Abs.}(h_n) =−m·2π·G_4·ρ·α·λ^2 ·e^{−ΔT/λ} = 0

with: ΔE^{(1)}_n = −C̃^2_n √ h^{(0)}_n R · π · m α G_4 ρ · λ^5 R^3

Here it has been made use of the exponentially decaying tail of a bound state Airy function for z > h_n that suppresses the contribution of the absorber attached Yukawa potential to ΔE^{(1)}n . Therefore we neglect the absorber for the calculation of the energy shift. Calculating for the first two states δΔh = δh_0 − δh_1 and reshuffling of this equation to extract α then writes as a limit symmetrical in its sign which reads exactly the same as the simple one of eq. (21) (!)

|α| ≤ 1 |C̃^2_0

√_{h(0)} 0 R − C̃^2_1

√_{h(0)} 1 R | · g · R^3 · δΔh π · λ^5 · G_4 · ρ

(41)

∼ λ^{−5} for small λ, λ <∼ 5 μm .

The fact that the limit is symmetrical rests on neglecting the absorber in the calculation of the energy shift. Were this taken into account it would render the limit asymmetrical. Thus, this limit is shown for the attractive case in Fig. 2 (thick red long-dashed line) for λ ≥ 1.2 μm. For λ < 1.2 μm this limit violates the general perturbativity bound discussed in the next Section. As we expect the limit - as before - for the repulsive case to be weaker than for the attractive case, it would be completely outside the general perturbativity bound for λ < h, which is why we do not display it.

Δh^{(2)}_0 = 1 m_n · g ∑ m>0

| | | ⟨ m^{(0)}g | | | mn · Δϕ | | |0^{(0)}g ⟩| |^2

m_n · g · (h^{(0)}_0

=E^{(0)}_0

−h^{(0)}_m )

≃ − ∑ m>0 C^2_0 C^2_m · π^2 · α^2 · λ^4 · G^2_4 · ρ^2

2 · g^2 · R^3 · √ h^{(0)}_0 h^{(0)}m · [∫_∞ 0 dz · sin(ϕ_0(z)) sin(ϕ_m(z)) · e^{−z/λ}

]_2

with: C_m ≃ e^{κ0} √ R · m^{−1/3} , κ_0 ≃ 0.71 and ϕ_m(z) = 1 R · ∫_z 0 du √ 1 R [ h^{(0)}_m − u ] (use eq. (11) around z = 0 )

≃ 48^{1/3}

2 · π^2 · α^2 · λ^{10} · G^2_4 · ρ^2 g^2 · R^7 · ∑ m>0 1 [ (m + 3/4)^{2/3} ·^{λ2}_{R2} + 1

]_4 ·

(1 + 3/4m)^{1/3} (m + 3/4)^{2/3} − (3/4)^{2/3} =: σ(λ) ≃ ζ(3) : convergent . (42)

VIII. VALIDITY OF PERTURBATION THEORY

There remains now the question of the range of validity of perturbation theory. The limit of eq. (21) for small λ in principle might lead to values of α and λ where Δϕ < E_0/m does not hold any more at least for z = 0. To estimate the validity of perturbation theory we will resort to comparing the 2^{nd} order perturbation theory to the 1^{st} order (see e.g. [25]). Then ΔE^{(2)}_0 < ΔE^{(1)}_0 will provide us with a validity limit of perturbation theory. The 2^{nd} order perturbation theory is given as seen in eq. (42). The sum σ(λ) is convergent and can be evaluated numerically via integral approximations. This, in turn, then yields the validity range of perturbation theory for small and large λ, respectively, as:

α ≤ 3^{2/3}·π^{4/3}·g·R^4 4·π^2·48^{1/3}·G_4·ρ · 1 λ^5 · 1 σ(λ) ∼ 1/λ 4 , λ small g·R^7 π·48^{1/3}·G_4·ρ · 1 λ^8 · 1 σ(λ) ≈ 5 · 10 13 , λ >∼ 10 μm (43)

which is plotted in Fig. 2 (green dash-dotted line). The matrix elements above have been calculated using the WKB approximation for the states. It can be shown, however, that using the exact Airy functions for the bound states in numerically calculating the matrix elements produces results, that agree with the ones derived from the above approximate matrix elements to within 10% on the whole range of λ. One should note that we have been using here the Yukawa potential Δϕ including its constant pieces to yield the full contributions to ΔE^{(2)}_0 and ΔE^{(1)}_0 (which for ΔE^{(1)}_0 at large λ leads to a behaviour of ΔE^{(1)}_0 ∼ λ^{−2} instead of λ^{−1}, see eq. (22) and the one before).

IX. CONCLUSION

The recent observation of quantum states of ultracold neutrons in the Earth’s gravitational field allows one to derive bounds on the strength and range of an additional force from the experimental fact, that the crucial measured parameters of the ground state and the first excited state, their vertical extensions (which in turn are related to their energy eigenvalues), have been determined to be consistent with Newtonian gravity to within a differential positioning uncertainty of δΔh = 2.0 μm at 90% confidence level. Such an analysis is interesting from the point of view of systematic errors. Since the absence of electric charge and the weakness of its magnetic moment extremely suppresses the electromagnetic false effects a neutron is exposed to, bounds on additional force derived from neutron experiments can be given in a systematically quite clean way.

The analytical bounds derived here and shown in Fig. 2 form a consistency check for numerical analyses like the one of [4]. Following from the turning point shift criterion developed here, our limits are valid for λ >∼ 1 μm because of breakdown of the perturbation expansion for Yukawa-like forces of smaller range. Within a range of λ = 3 . . . 10 μm we observe a change in the negative power of the λ-dependency of the limit from -2 towards -1. This invokes the interesting fact that the expectation of a turning point shift δh ∼ ΔE holding for small λ fails for longer ranges of the interaction. For even larger λ the presence of the absorber leads to a λ-independent upper limit on α of about 2 · 10^{11} in the attractive case for λ >∼ 10 μm, which for this case above λ ∼ 10 mm further decreases like λ^{−2}.

Furthermore, note that the bound at large λ > 5 μm translates into a bound on the strength of CP-violating pseudoscalar couplings of the axion within the (previously experimentally unaccessible) astrophysical axion window which is g_pg_s/ℏc < 2 · 10^{−15} for 5 μm < λ < 500 μm.

The analytical limit on α and λ for very small λ < 1 μm given by the analysis of [5] is beyond the scope of our analysis due to its non-perturbative nature. Other experimental limits on extra forces are derived from mechanical experiments and can be found, e.g., in [6, 7, 8, 9, 10]. Those limits are derived from Casimir-force measurements or mechanical pendulum experiments. They are significantly better in numbers than the one derived here, however, one should stress the completely different nature of possible systematical effects present in these micro-mechanical experiments compared to the systematics at work in our

FIG. 2: Red thick solid:

Limit for large λ with real absorber, attractive case eq.s (29) and (31).

Red thick long-dash:

Limit for small λ in presence of a real absorber, attractive case eq. (41).

Red thin wide-dash:

Limit for large λ with real absorber, repulsive case (eq. (29)). Black solid:

The ’no-new-state’ limit of ref. [5]. Green dash-dot:

Validity boundary of perturbation theory, eq. (43). Blue vertical dash:

PVLAS signal [26]. We display this, as an axion interaction would generate a Yukawa-like interaction with α ∼ g_sg_p [23], and the photon-axion coupling (if PVLAS sees an axion and not a scalar) is - up to a loop suppression - roughly of the same order as the direct axion-nucleon coupling we measure.

neutron experiment. Casimir-force measurements depend strongly on the geometry of the experiment and the theoretical treatment of the Casimir effect, which is a difficult task. Therefore, these limits extracted from Casimir-force measurements are not as rigorous as those shown in Fig. 2. Using an elementary and electrically neutral particle like the neutron one can provide exclusion limits on additional interactions untouched by the false effects of the mechanical experiments.

Acknowledgements: We would like to thank V. V. Nesvizhevsky, A. Voronin, K. V. Protasov, S. Nahrwold and C. Krantz for useful discussions and comments.

This work was supported by the INTAS grant 99- 705 and the German Federal Ministry for Research and Education (BMBF) under contract number 06 HD 153I. AW received additional support from a research fellowship of INFN (Italy).

[1] V. V. Nesvizhevsky, H. G. Börner, A. K. Petukhov, H. Abele, S. Baeßler, F. J. Rueß, Th. Stöferle, A. Westphal, A. M. Gagarski, G. A. Petrov, A. V. Strelkov, Nature, 415 297 (2002).

[2] V. V. Nesvizhevsky, H. G. Börner, A. M. Gagarski, A. K. Petukhov, G. A. Petrov, H. Abele, S. Baeßler, G. Divkovic, F. J. Rueß, Th, Stöferle, A. Westphal, A. V. Strelkov, K. V. Protasov and A. Yu. Voronin, Phys. Rev. D, 67 102002 (2003) [arXiv:hep-ph/0306198].

[3] V. V. Nesvizhevsky, A. K. Petukhov, H. G. Börner, T. A. Baranova, A. M. Gagarski, G. A. Petrov, K. V. Protasov, A. Yu. Voronin, S. Baeßler, H. Abele, A. Westphal and L. Lucovac, Eur. Phys. J. C 40, 479 (2005) [arXiv:hep-ph/0502081].

[4] H. Abele, S. Baeßler and A. Westphal, Lect. Notes Phys.

631 (2003) 355 [arXiv:hep-ph/0301145].

[5] V. V. Nesvizhevsky and K. V. Protasov, Class. Quant.

Grav. 21, 4557 (2004) [arXiv:hep-ph/0401179]. [6] M. Bordag, U. Mohideen and V. M. Mostepanenko, Phys.

Rept. 353, 1 (2001) [arXiv:quant-ph/0106045]. [7] E. G. Adelberger, B. R. Heckel and A. E. Nelson, Ann.

Rev. Nucl. Part. Sci. 53, 77 (2003) [arXiv:hep-ph/0307284].

[8] J. Chiaverini, S. J. Smullin, A. A. Geraci, D. M. Weld and A. Kapitulnik, Phys. Rev. Lett. 90, 151101 (2003) [arXiv:hep-ph/0209325].

[9] R. S. Decca, D. L. López, H. B. Chan, E. Fischbach, D. E. Krause & C. R. Jamell, Phys. Rev. Lett. 94, 240401 (2005) [arXiv:hep-ph/0502025].

[10] D. J. Kapner, T. S. Cook, E. G. Adelberger, J. H. Gundlach, B. R. Heckel, C. D. Hoyle & H. E. Swanson, Phys. Rev. Lett. 98, 021101 (2007) [arXiv:hep-ph/0611184].

[11] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys.

Lett. B 429, 263 (1998) [arXiv:hep-ph/9803315]. [12] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys.

Rev. D 59, 086004 (1999) [arXiv:hep-ph/9807344]. [13] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 436, 257 (1998) [arXiv:hep-ph/9804398].

[14] I. Antoniadis, Lect. Notes Phys. 631 (2003) 337. [15] S. Dimopoulos and A. A. Geraci, Phys. Rev. D 68 (2003) 124021 [arXiv:hep-ph/0306168].

[16] P. Callin and C.P. Burgess, [arXiv:hep-ph/0511216]. [17] A. Westphal, Diploma thesis, Institute of Physics, University of Heidelberg, July 2001 [arXiv:gr-qc/0208062].

[18] V. V. Nesvizhevsky, A. K. Petukhov, H. G. Börner, T. A. Baranova, A. M. Gagarski, G. A. Petrov, K. V. Protasov, A. Yu. Voronin, S. Baeßler, H. Abele, A. Westphal & L. Lucovac, J. Res. Natl. Inst. Stand. Technol. 110, 263 (2005).

[19] A. Yu. Voronin et al., Phys. Rev. D 73, 044029 (2006) [arXiv:quant-ph/0512129].

[20] A. Westphal et al. accepted by Eur. Phys. J. C [arXiv:hep-ph/0602093].

[21] E. W. Kolb and M. S. Turner, The Early Universe, Westview Press 1990.

[22] L. J. Rosenberg and K. A. van Bibber, Phys. Rept. 325, 1 (2000).

[23] J. E. Moody and F. Wilczek, Phys. Rev. D 30, 130 (1984). [24] S. Baeßler, V. V. Nesvizhevsky, K. V. Protasov & A. Yu. Voronin [arXiv:hep-ph/0610339].

[25] F. Schwabl, Quantenmechanik, Springer-Verlag 1998. [26] E. Zavattini et al. [PVLAS Collaboration], Phys. Rev.

Lett. 96, 110406 (2006) [arXiv:hep-ex/0507107].