arXiv:hep-ph/0703141v1 13 Mar 2007

What atomic liquids can teach us about quark liquids

Thomas Schäfer^{∗)}

Department of Physics, North Carolina State University, Raleigh, NC 27695

We discuss some aspects of cold atomic Fermi gases in the unitarity limit that are of interest in connection with the physics of quark matter and the quark gluon plasma. We consider, in particular, the equation of state, transport properties, the critical temperature for pair condensation, and the response to a pair breaking stress.

§1. Introduction

Over the last ten years there has been truly remarkable progress in the study of cold, dilute gases of fermionic atoms in which the scattering length a of the atoms can be controlled experimentally. These systems can be realized in the laboratory using Feshbach resonances, see^{1)} for a review. A small negative scattering length corresponds to a weak attractive interaction between the atoms. This case is known as the BCS (Bardeen-Cooper-Schrieffer) limit. As the strength of the interaction increases the scattering length becomes larger. It diverges at the point where a bound state is formed. The point a = ∞ is called the unitarity limit, because the scattering cross section saturates the s-wave unitarity bound σ = 4π/k^2. On the other side of the resonance the scattering length is positive. In the BEC (Bose- Einstein condensation) limit the interaction is strongly attractive and the fermions form deeply bound molecules.

The unitarity limit is of particular interest. In this limit the atoms form a strongly coupled quantum liquid which exhibits universal behavior. In the BCS limit the atomic gas is characterized by the small parameter (k_F a), where k_F is the Fermi momentum. In the unitarity limit this parameter is infinite and the system is strongly coupled. Universality arises from the fact that short distance effects are suppressed by the small parameter (k_F r), where r is the effective range. In the experiments performed to date (k_F r) ≪ 1, and we expect that the theoretical limit (k_F a) → ∞, (k_F r) → 0 is well defined. Dilute fermions in the unitarity limit provide an interesting model system in which a number of questions regarding the behavior of strongly coupled quantum liquids can be studied. In this contribution we shall study a number of issues that are of relevance to the phase diagram of QCD:

• What is the equation of state at strong coupling? Is the transition from weak to strong coupling smooth?

• What are the transport properties at strong coupling? Are transport properties more sensitive to the coupling than thermodynamic quantities? Do atomic liquids respect the proposed bound on the ratio of shear viscosity to entropy density?

∗) e-mail address: thomas schaefer@ncsu.edu

typeset using PTPTEX.cls ⟨Ver.0.9⟩

• What is the critical temperature for pairing? Is there a universal upper bound on T_c/E_F , where T_c is the critical temperature and E_F is the Fermi energy.

• How does the paired state below T_c respond to a pair breaking stress? Are there any intermediate states that separate the fully paired state from the normal state?

§2. Equation of State

Asymptotic freedom implies that the equation of state of a quark gluon plasma at T ≫ Λ_{QCD} is that of a free gas of quarks and gluons. Numerical results from lattice QCD calculations show that at T ∼ 2T_c, which is relevant to the early stages of heavy ion collisions at RHIC, the pressure and energy density reach about 85% of the free gas limit. This is consistent with the first order perturbative correction. Higher order terms in the perturbative expansion are very poorly convergent, but this problem can be addressed using resummation techniques.^{2)} In this framework the degrees of freedom are dressed quasi-quarks and quasi-gluons, and these quasiparticles are weakly interacting.

Transport properties of the plasma indicate that this may not be correct. Experiments at RHIC indicate that the viscosity of the plasma is very small, and that the opacity for high energy jets is very large. An interesting perspective on this issue is provided by a strong coupling calculation performed in the large N_c limit of N = 4 SUSY Yang Mills theory. The calculation is based on the duality between the strongly coupled gauge theory and weakly coupled string theory on AdS_5 × S_5 discovered by Maldacena.^{3)} The correspondence can be extended to finite temperature. In this case the relevant configurations is an AdS_5 black hole. The temperature of the gauge theory is given by the Hawking temperature of the black hole, and the entropy is given by the Hawking-Beckenstein formula. The result is that the entropy density of the strongly coupled field theory is equal to 3/4 of the free field theory value.^{4)} This implies that thermodynamics is not drastically effected in going from weak to strong coupling.

The crossover from weak to strong coupling can also be studied in the context of cold atomic gases. In the non-interacting limit the energy per particle is given by E/N = 3E_F /5. The Fermi energy E_F = k^2_F /(2m) is related to the density N/V = k^3_F /(3π^2). In the BCS limit interactions reduce the energy per particle. To leading order in (k_F a) we have E N = 3E_F 5 { 1 + 10 9π (k_F a) + . . . } . (2.1)

In the unitarity limit (k_F a) → ∞ the energy per particle must be a universal constant times the free Fermi gas result, E/N = ξ(3E_F /5). The calculation of the dimensionless quantity ξ is a non-perturbative problem. The most accurate results for ξ are believed to come from Green Function Monte Carlo (GFMC) calculations. Carlson et al. find^{5)} ξ = 0.44. This value is consistent with recent experimental determinations. GFMC calculations also show that the crossover from weak to strong coupling is smooth.

It is interesting to find analytical approaches to the equation of state in the unitarity limit. We have recently summarized this subject in.^{6)} There are a number of methods that can be systematically improved:

• An expansion in the number of species.^{7)} At leading order this is essentially the BCS approximation, and higher orders take into account fluctuations around the BCS mean field. The result is ξ = 0.59 + O(1/N).

• An epsilon expansion^{8), 9)} around d = 4 or d = 2. The 4 − ϵ expansion involves weakly coupled bosons and fermions, while the 2 + ϵ̄ expansion is related to the perturbative (k_F a) expansion. The most reliable results are obtained by combining the two methods. Arnold^{10)} et al. conclude that ξ = (0.30 − 0.37).

• An expansion in one over the number of spatial dimensions.^{11), 12)} This method corresponds to the hole line expansion of Bethe and Brueckner. The pair condensation energy is formally suppressed by 1/d. The leading order result is ξ = 1/2 + O(1/d).

The various methods emphasize different aspects of the physics of a cold fermion gas, and they all have their advantages and disadvantages. None of them appear to converge rapidly.

§3. Transport Properties

The matter produced at RHIC is characterized by strong radial and elliptic flow.^{13)} This observation has lead to the conclusion that the shear viscosity to entropy density ratio of the quark gluon plasma at temperatures near T_c must be very small,^{14)} η/s ≪ 1. In the weak coupling limit the shear viscosity can be computed in perturbative QCD. The result is^{15)} η s = 5.12 g^4 log(2.42g^{−1})

. (3.1)

In a weakly coupled (g ∼ 1) QGP η/s is very large. The shear viscosity to entropy density ratio decreases as the coupling increases, but it is hard to extrapolate the weak coupling result to the strong coupling domain. Kovtun et al. conjectured that there is a universal lower bound^{16)} η/s ≥ ℏ/(4πk_B ). The bound is saturated in the case of strongly coupled gauge theories that have a gravity dual, like the N = 4 SUSY gauge theory discussed in Sect. 2.

In cold atomic gases we can reliably compute η/s in the BCS limit. The ratio is temperature dependent and has a minimum at T ∼ T_F , where T_F = E_F /k_B is the Fermi temperature. The shear viscosity is proportional to 1/a^2, and η/s is very large in the weak coupling limit. As in the QCD case, there are no controlled strong coupling calculations. It is possible, however, to reliably extract η/s from experimental data on the damping of collective oscillations.^{17)} Collective modes have been studied in a number of experiments.^{18)} In the unitarity limit the frequency of collective modes is well described by ideal hydrodynamics.^{19)} The energy dissipated due to viscous effects is

Ė = −1 2 ∫ d^3x η ( ∂_iv_j + ∂_j v_i − 2 3 δ_{ij} ∂_kv_k )_2 − ∫ d^3x ζ ( ∂_iv_i )_2 , (3.2)

Fig. 1. Viscosity to entropy density ratio of a cold atomic gas in the unitarity limit. This plot is based on the damping data published in^{20)} and the thermodynamic data in.^{21), 22)} The dashed line shows the conjectured viscosity bound η/s = 1/(4π).

where v_i is the flow velocity, η is the shear viscosity and ζ is the bulk viscosity. In the unitarity limit the system is scale invariant and the bulk viscosity in the normal phase vanishes.

We recently analyzed the experimental data of the Duke group.^{23)} Kinast et al. measure the damping rate of the radial breathing mode in an elongated, axially symmetric trap.^{20)} They report measurements of the damping rate Γ in units of the radial trap frequency as a function of T/T_F . The shear viscosity to entropy density ratio is given by η s = 3 4 ξ^{1/2}(3N)^{1/3} ( Γ ω_⊥ ) ( ω̄ ω_⊥ ) ( N S ) , (3.3)

where ω̄ = (ω^2_⊥ω_z)^{1/3} is the geometric mean of the trap frequencies, N is the number of atoms, and S/N is the entropy per particle. Our results are shown in Fig. 1. We observe that η/s has a shallow minimum near T_c ∼ T_F /3. The value at the minimum is η/s ∼ 1/3, roughly four times bigger than the proposed bound.

§4. Critical Temperature

In the limit of high baryon density and low temperature the QCD phase diagram contains a number of color superconducting phases. Color superconductivity is characterized by the formation of quark Cooper pairs. At asymptotically large density the attraction is due to one-gluon exchange. In this limit the pairing gap is given by^{24)}

Δ = 2Λ_{BCS} exp ( − π^2 + 4 8 ) exp ( − 3π^2 √ 2g ) . (4.1)

where g is the running coupling constant evaluated at the scale μ and Λ_{BCS} = 256π^4(2/N_f )^{5/2}g^{−5}μ. Here, μ is the baryon chemical potential and N_F is the number of flavors. This result exhibits a non-BCS like dependence on the coupling constant which is related to the presence of unscreened magnetic gluon exchanges. The critical temperature is nevertheless given by the BCS result T_c = e^γ Δ/π.

In the weak coupling limit the gap and the critical temperature are exponentially small. The ratio T_c/E_F increases with g and reaches a maximum of T_c = 0.025E_F at g = 4.2. The maximum occurs at strong coupling and the result is not reliable. Using phenomenological interactions, or extrapolating the QCD Dyson-Schwinger equations into the strong coupling domain,^{25)} one finds critical temperatures as large as T_c = 0.15E_F .

At low temperature the atomic gas becomes superfluid. If the coupling is weak then the gap and the critical temperature can be calculated using BCS theory. The result is Δ = 8E_F (4e)^{1/3}e^2 exp ( − π 2k_F |a| ) , (4.2)

where the factor (4e)^{1/3} is the screening correction first computed by Gorkov et al.^{26)} Higher order corrections are suppressed by powers of (k_F a). In BCS theory the critical temperature is given by T_c = e^γ Δ/π. Clearly, the critical temperature grows with the scattering length. Naively extrapolating equ. (4.2) to the unitarity limit gives T_c ≃ 0.28E_F . The value of T_c has been determined in a number of Monte Carlo calculations. Burovski et al. find^{27)} T_c = 0.152(7)E_F , while Bulgac et al. obtain^{28)} T_c = 0.23(2)E_F and Akkinei et al. quote^{29)} T_c = 0.25E_F . The larger values of T_c are in better agreement with the transition observed in trapped systems.^{30)}

§5. Stressed Pairing

The exact nature of the color superconducting phase in QCD depends on the baryon chemical potential, the number of quark flavors and on their masses. If the baryon chemical is much larger than the quark masses then the ground state of QCD with three flavors is the color-flavor-locked (CFL) phase. The CFL phase is characterized by the pair condensate^{31)}

⟨ψ^a_i Cγ_5ψ^b_j ⟩ = (δ^a_i δ^b_j − δ^a_j δ^b_i )ϕ. (5.1)

This condensate leads to a gap in the excitation spectrum of all fermions and completely screens the gluonic interaction. Both the chiral SU(3)_L × SU(3)_R and color SU(3) symmetry are broken, but a vector-like SU(3) flavor symmetry remains unbroken. In the real world the strange quark mass is not equal to the masses of the up and down quark and flavor symmetry is broken. At high baryon density the effect of the strange quark mass is governed by the shift μ_s = m^2_s/(2μ) of the strange quark Fermi energy.

The response of the CFL state to a non-zero μ_s is a difficult problem that has not been fully resolved, even in the weak coupling limit. There are three energy scales that are important

• m_K ∼ (m_um_s)^{1/2}(Δ/μ) ≪ Δ is the mass of the neutral strange Goldstone boson, the K^0. When μ_s > m_K the CFL phase undergoes a transition to a phase with kaon condensation.^{32)} • μ^{(1)}_s ∼ Δ is the critical value of μ_s at which the first fermion mode becomes

Fig. 2. Conjectured phase diagram for a polarized cold atomic Fermi gas as a function of the scattering length a and the difference in the chemical potentials δμ = μ_↑ − μ_↓, from Son & Stephanov (2005).

gapless. For μ_s > μ^{(1)}_s the CFL phase (with or without kaon condensation) is a gapless superfluid.^{33)} • μ^{(2)}_s ∼ 2Δ is the critical value of μ_s beyond which CFL pairing breaks down completely. For μ_s > μ^{(2)}_s the CFL phase is replaced by a less symmetric phase, like the 2SC phase or single flavor pairing in the spin-one channel. The most difficult part of the phase diagram is the region μ^{(1)}_s < μ_s < μ^{(2)}_s .

Gapless fermion modes cause instabilities in the superfluid density and the magnetic screening masses.^{34)} Near μ^{(1)}_s this instability can be resolved by a small Goldstone boson current.^{35)} Closer to μ^{(2)}_s the Goldstone boson current may become large, and multiple currents can appear. In this limit the ground state is more appropriately described as a LOFF phase.^{36)} We shall describe the LOFF state in more detail below.

The atomic superfluid involves equal numbers of spin up and spin down fermions. The physical situation which is analogous to the response of the CFL phase to m_s is the response of the atomic superfluid to a non-zero chemical potential coupled to the third component of spin, δμ = μ_↑ − μ_↓. A conjectured (and, most likely, oversimplified) phase diagram for a polarized gas is shown in Fig. 2. In the BEC limit the gas consists of tightly bound spin singlet molecules. Adding an extra up or down spin requires energy Δ. For |δμ| > Δ the system is a homogeneous mixture of a Bose condensate and a fully polarized Fermi gas. This mixture is stable with respect to phase separation.

In the BCS limit the problem was first analyzed by Larkin, Ovchninikov, Fulde and Ferell (LOFF).^{37)} Consider the homogeneous solutions to the BCS gap equation for δμ ≠ 0. In the regime δμ < Δ_0 where Δ_0 = Δ(δμ = 0) the gap equation has a solution with gap parameter Δ = Δ_0. This solution is stable if δμ < Δ_0/ √ 2 but only meta-stable in the regime Δ_0/ √ 2 < δμ < Δ_0. The BCS solution has vanishing polarization. The transition to a polarized normal phase is first order, and systems at intermediate polarization correspond to mixed phases.

LOFF studied whether it is possible to find a stable solution in which the gap has a spatially varying phase Δ(⃗x) = Δe^{2i⃗q·⃗x}. (5.2) This solution exists in the LOFF window δμ_1 < δμ < δμ_2 with δμ_1 = Δ_0/ √ 2 ≃ 0.71Δ_0 and δμ_2 ≃ 0.754Δ_0. The LOFF momentum q depends on δμ. Near δμ_2 we have qv_F ≃ 1.2δμ, where v_F is the Fermi velocity. The gap Δ goes to zero near δμ_2 and reaches Δ ≃ 0.25Δ_0 at δμ_1.

These results suggest that for some value of the scattering length between the BEC and BCS limits the homogeneous superfluid becomes unstable with respect to the formation of a non-zero supercurrent ⃗∇φ, where φ is the phase of the condensate. We can study the onset of the instability using the effective lagrangian L = ψ^† ( i∂_0 − ϵ(−i⃗∂) − i(⃗∂φ) · ↔ ∂ 2m ) ψ + f^2_t 2 φ̇^2 − f^2 2 (⃗∂φ)^2. (5.3)

Here, ψ describes a fermion with dispersion law ϵ(⃗p) and φ is the superfluid Goldstone mode. The low energy parameters f_t and f are related to the density and the velocity of sound. Setting up a current ⃗v_s = ⃗∂φ/m requires energy f^2m^2v^2_s /2. The fermion dispersion law in the presence of a non-zero current is ϵ_v(⃗p) = ϵ(⃗p) +⃗v_s · ⃗p− δμ, and a current can lower the energy of the fermions. The free energy functional was analyzed by Son and Stephanov.^{38)} They noticed that the stability of the homogeneous phase depends crucially on the nature of the dispersion law ϵ(p). In the BEC limit the minimum of the dispersion curve is at p = 0 and there is no current instability. In the BCS limit the minimum is at p ≠ 0, the fermion contribution is amplified by a finite density of states on the Fermi surface, and the system is unstable with respect to the formation of a non-zero current.

There is an ongoing effort dedicated to the experimental study of the phase diagram as a function of scattering length, polarization, and temperature. We cannot adequately summarize all of these experiments here. The MIT group has mapped out the superfluid-normal transition line in the (δμ, a) plane.^{39)} In the unitarity limit the transition occurs at a population imbalance (n_↑ − n_↓)/(n_↑ + n_↓) ≃ 70 %. Currently, there is no evidence for inhomogeneous or anisotropic states like the LOFF phase.

Acknowledgments: This work is supported in part by the US Department of Energy grant DE-FG02-03ER41260.

References

1) C. Regal, Ph. D. Thesis, University of Colorado (2005), cond-mat/0601054. 2) J. P. Blaizot, E. Iancu and A. Rebhan, Thermodynamics of the high-temperature quark gluon plasma, in Quark Gluon Plasma 3, R. Hwa, X.-N. Wang, eds., (2003) [hep-ph/0303185].

3) J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [hep-th/9711200]. 4) S. S. Gubser, I. R. Klebanov and A. A. Tseytlin, Nucl. Phys. B 534, 202 (1998) [hep-th/9805156].

5) J. Carlson, S.-Y. Chang, V. R. Pandharipande, and K. E. Schmidt, Phys. Rev. Lett. 91, 050401, (2003); S. Y. Chang et al., Nucl. Phys. A 746, 215 (2004) [nucl-th/0401016].

6) T. Schäfer, preprint, nucl-th/0610056. 7) P. Nikolic, S. Sachdev preprint, cond-mat/0609106.

8 Thomas Schäfer

8) Z. Nussinov and S. Nussinov, preprint, cond-mat/0410597.

9) Y. Nishida and D. T. Son, Phys. Rev. Lett. 97, 050403 (2006) [cond-mat/0604500]. 10) P. Arnold, J. E. Drut and D. T. Son, preprint, cond-mat/0608477. 11) J. V. Steele, preprint, nucl-th/0010066.

12) T. Schäfer, C. W. Kao and S. R. Cotanch, Nucl. Phys. A 762, 82 (2005) [nucl-th/0504088]. 13) I. Arsenne et al. [Brahms], B. Back et al. [Phobos], K. Adcox et al. [Phenix], J. Adams et al. [Star], “First Three Years of Operation of RHIC”, Nucl. Phys. A757, 1-183 (2005).

14) D. Teaney, Phys. Rev. C 68, 034913 (2003) [nucl-th/0301099]. 15) P. Arnold, G. D. Moore and L. G. Yaffe, JHEP 0305, 051 (2003) [hep-ph/0302165]. 16) P. Kovtun, D. T. Son and A. O. Starinets, Phys. Rev. Lett. 94, 111601 (2005) [hep-th/0405231].

17) G. M. Kavoulakis, C. J. Pethick, H. Smith, Phys. Rev. A 57, 2938 (1998) [cond-mat/9710130]; B. A. Gelman, E. V. Shuryak, and I. Zahed, Phys. Rev. A 72, 043601 (2005) [nucl-th/0410067].

18) J. Kinast, S. L. Hemmer, M. E. Gehm, A. Turlapov, and J. E. Thomas, Phys. Rev. Lett.

92, 150402 (2004); M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim, C. Chin, J. Hecker Denschlag, and R. Grimm, Phys. Rev. Lett. 92, 203201 (2004) [cond-mat/0412712]; A. Altmeyer, S. Riedl, C. Kohstall, M. Wright, R. Geursen, M. Bartenstein, C. Chin, J. Hecker Denschlag, R. Grimm, preprint, cond-mat/0609390.

19) H. Heiselberg, Phys. Rev. Lett. 93, 040402 (2004) [cond-mat/0403041]; S. Stringari, Europhys. Lett. 65, 749 (2004) [cond-mat/0312614].

20) J. Kinast, A. Turlapov, J. E. Thomas, Phys. Rev. Lett. 94, 170404 (2005) [cond-mat/0502507].

21) J. Kinast, A. Turlapov, J. E. Thomas, Q. Chen, J. Stajic, and K. Levin, Science 307, 1296 (2005) [cond-mat/0502087].

22) L. Luo, B. Clancy, J. Joseph, J. Kinast, J. E. Thomas, preprint, cond-mat/0611566. 23) T. Schäfer, preprint, cond-mat/0701251.

24) D. T. Son, Phys. Rev. D59, 094019 (1999) [hep-ph/9812287].

25) D. Nickel, J. Wambach and R. Alkofer, Phys. Rev. D 73, 114028 (2006) [hep-ph/0603163]. 26) L. P. Gorkov and T. K. Melik-Barkhudarov, Sov. Phys. JETP 13, 1018 (1961). 27) E. Burovski, N. Prokof’ev, B. Svistunov, M. Troyer, Phys. Rev. Lett. 96, 160402 (2006) [cond-mat/0602224].

28) A. Bulgac, J. E. Drut and P. Magierski, Phys. Rev. Lett. 96, 090404 (2006) [cond-mat/0505374].

29) V. K. Akkineni, D. M. Ceperley, N. Trivedi, preprint, cond-mat/0608154. 30) A. Bulgac, J. E. Drut and P. Magierski, preprint, cond-mat/0701786. 31) M. Alford, K. Rajagopal and F. Wilczek, Nucl. Phys. B537, 443 (1999) [hep-ph/9804403]. 32) P. F. Bedaque and T. Schäfer, Nucl. Phys. A697, 802 (2002) [hep-ph/0105150]. 33) M. Alford, C. Kouvaris and K. Rajagopal, Phys. Rev. Lett. 92, 222001 (2004) [hep-ph/0311286].

34) M. Huang and I. A. Shovkovy, Phys. Rev. D 70, 051501 (2004) [hep-ph/0407049]. 35) A. Kryjevski, preprint, hep-ph/0508180; T. Schäfer, Phys. Rev. Lett. 96, 012305 (2006) [hep-ph/0508190].

36) R. Casalbuoni, R. Gatto, N. Ippolito, G. Nardulli and M. Ruggieri, Phys. Lett. B 627, 89 (2005) [hep-ph/0507247]; M. G. Alford, J. A. Bowers and K. Rajagopal, Phys. Rev. D 63, 074016 (2001) [hep-ph/0008208].

37) A. I. Larkin and Yu. N. Ovchinikov, Sov. Phys. JETP 20, 762 (1965); P. Fulde and A. Ferrell, Phys. Rev. 145, A550 (1964).

38) D. T. Son and M. A. Stephanov, Phys. Rev. A 74 013614 (2006) [cond-mat/0507586]. 39) M. W. Zwierlein, C. H. Schunck, A. Schirotzek, W. Ketterle, Nature 442, 54 (2006) [cond-mat/0605258].