arXiv:hep-ph/0703148v1 14 Mar 2007

DESY-07-032 hep-ph/0703148

Exclusive electroproduction of pion pairs

N. Warkentin^1, M. Diehl^2, D.Yu. Ivanov^3 and A. Schäfer^1

1 Institut für Theoretische Physik, Universität Regensburg, 93040 Regensburg, Germany 2 Deutsches Elektronen-Synchrotron DESY, 22603 Hamburg, Germany 3 Sobolev Institute of Mathematics, 630090 Novosibirsk, Russia

Abstract

We investigate electroproduction of pion pairs on the nucleon in the framework of QCD factorization for hard exclusive processes. We extend previous analyses by taking the hardscattering coefficients at next-to-leading order in α_s. The dynamics of the produced pion pair is described by two-pion distribution amplitudes, for which we perform a detailed theoretical and phenomenological analysis. In particular, we obtain constraints on these quantities by comparing our results with measurements of angular observables that are sensitive to the interference between two-pion production in the isoscalar and isovector channels.

1 Introduction

The theoretical treatment of hard exclusive processes has been a challenge in QCD for many years. With the advent of the generalized parton distribution (GPD) formalism a large class of such processes, all involving some hard scale Q^2, can now be treated on a firm basis, with all non-perturbative physics described by suitable generalized parton distributions and similar quantities. GPDs allow one to relate the information from many different processes within an overall QCD description, including aspects that cannot be deduced directly from experiment, like the transverse spatial distribution of partons and their orbital angular momentum. Pioneering papers of this field are [1, 2, 3, 4], and extensive reviews are given in [5, 6, 7].

The large amount of information contained in GPDs implies that much and diverse data is needed to reliably determine their functional form with respect to the three variables x, ξ, and t (see below). One of the channels for which data is available is exclusive electroproduction of pion pairs [8]. This process has already been studied by some of us [9, 10] at leading order (LO) in α_s, and will be analyzed here at next-to-leading order (NLO). For this we can use various results [11, 12] obtained earlier for similar processes, which greatly simplifies our task. Apart from GPDs, a second nonperturbative input in the description of pion pair production are two-pion distribution amplitudes (2πDAs), introduced in [1, 13]. Building on earlier work in [14, 15, 16] we will elaborate on the properties and phenomenological description of these quantities, which can be regarded as crossedchannel analogs of GPDs.

The paper is organized as follows. In the following two subsections we define the kinematics and the observables for the process which we will investigate, and recall its factorization property in Bjorken kinematics. In Section 2 we describe the model for GPDs used in our work, and in Section 3 we give a detailed discussion of two-pion distribution amplitudes and their representation in terms of dispersion integrals. The analytic form of the scattering amplitude at NLO in α_s is given in Section 4. In Section 5 we develop a number of model scenarios for 2πDAs, and in Section 6 we present our results for observables in two-pion production and their comparison with the HERMES data from [8]. We summarize our findings in Section 7.

1.1 Kinematics and observables

We describe exclusive two-pion electroproduction on a nucleon using the following momentum variables:

e(l) + N(p) → e(l^′) + π^+(k) + π^−(k^′) + N(p^′) . (1)

In the one-photon exchange approximation we can reduce our analysis to the hadronic subprocess

γ^∗(q) + N(p) → π^+(k) + π^−(k^′) + N(p^′) . (2)

We specialize here to the case where the baryon is the same in the initial and final state, but the theory description can be easily extended to the case of a different outgoing baryon. In addition, results for the production of two neutral pions can readily be obtained from (1) using isospin symmetry. We use the conventional variables

q = l − l^′ , q^2 = −Q^2 , y = q · p l · p , W^2 = (q + p)^2 , x_B =

Q^2 2p · q (3) for deep inelastic scattering, and in addition define the momentum transfer

Δ = p^′ − p , Δ^2 = t (4)

to the nucleon. We denote the nucleon and pion mass by m_N and m_π, respectively, introduce the invariant mass of the two-pion system,

(k + k^′)^2 = m^2_{ππ} = s_π , (5)

and neglect the lepton mass throughout. We also write q^′ = k + k^′ for the total momentum of the pion pair. Finally, we define the polar and azimuthal angles θ and φ of the π^+ in the rest frame of the two pions, as shown in Fig. 1.

An important set of observables for analyzing the two-pion system are the Legendre moments

⟨P_l(cos θ)⟩ = 1∫ −1 d cos θ P_l(cos θ) dσ d cos θ 1∫ −1 d cos θ dσ d cos θ

, (6)

Figure 1: Definition of the angles θ and φ in the two-pion system.

where P_l is a Legendre polynomial. To make their content explicit, we decompose the cross section into partial waves of the produced two-pion system, 1 σ dσ d cos θ dφ = ∑ JJ^′λλ^′ ρ^{JJ ′}_{λλ}′ Y_{Jλ}(θ, φ) Y^∗_J ′_λ′ (θ, φ) , ∑ Jλ ρ^{JJ}_{λλ} = 1 , (7)

where ρ is the spin density matrix of the pion pair. Its diagonal elements ρ^{JJ}_{λλ} give the probability that the two pions are in the state with total angular momentum J and angular momentum component λ along the z-axis in Fig. 1, whereas the off-diagonal terms describe the corresponding interference terms. Neglecting J > 2 contributions we have in particular [17, 6]

⟨P_1⟩ = 1 √ 15 Re [ 4 √ 3 ρ^{21}_{11} + 4ρ^{21}_{00} + 2 √ 5 ρ^{10}_{00} ] , ⟨P_3⟩ = 6 7 √ 5 Re [ −2ρ^{21}_{11} + √ 3 ρ^{21}_{00} ] . (8)

Note that the combination ⟨ P_1(cos θ) +^7_3 P_3(cos θ) ⟩ = 2 √ 3 Re [√ 5 ρ^{21}_{00} + ρ^{10}_{00} ] (9) projects out the state with zero total helicity of the final two pions, whereas ⟨ P_1(cos θ) −^{14}_9 P_3(cos θ) ⟩ = 2 3 Re [ 2 √ 5 ρ^{21}_{11} + √ 3 ρ^{10}_{00} ] (10)

involves the helicity-one but not the helicity-zero state of the two pions in the J = 2 partial wave.

1.2 Factorization of the hadronic process

We consider the hadronic process (2) in the Bjorken limit, where the scattering energy and the virtuality of the exchanged photon are much larger than √ −t, the nucleon mass, and the invariant mass of the produced two-pion system,

W^2, Q^2 ≫ −t, m^2_N , m^2_{ππ} . (11)

Figure 2: Factorization of hard exclusive pion pair production by a virtual photon. x, ξ and z, ζ are momentum fractions as explained in Sections 2 and 3.

According to the factorization theorem from [18, 19] the scattering amplitude in this limit can be written as the convolution of coefficient functions C^{ij} with nucleon matrix elements F^i parameterized by GPDs and with two-pion distribution amplitudes Φ^j, T = 1 Q ∑ ij ∫_1 −1 dx ∫_1 0 dz F^i(x, ξ, t; μ_F ) C^{ij}(x, ξ, z; Q, μ_F , μ_R) Φ^j(z, ζ, s_π; μ_F ) + O ( 1 Q^2 ) , (12)

where i and j stand for quarks or gluons, and μ_F and μ_R denote the factorization and renormalization scales. More details on F^i and Φ^j and on their arguments ξ and ζ will be given in the following two sections. The amplitude (12) refers to longitudinal polarization of the virtual photon and of the pion pair, i.e. to λ = 0 in (7). The amplitudes involving a transverse photon or nonzero λ decrease at least like 1/Q^2 and are hence power suppressed in Bjorken kinematics. The factorization formula (12) is illustrated in Fig. 2.

We caution that the power corrections in (12) need not be numerically small for Q^2 of a few GeV^2. Phenomenological estimates based on transverse parton momentum effects in the hard scattering [20, 21] or on renormalon calculations [22, 23] have indeed found substantial power corrections to the amplitude. On the other hand, the fair agreement of the leading-order calculation for π^+π^− production in [10] with the experimental results [8] for the Legendre moments (8) gives hope that power corrections to these observables may be not too large in the kinematics of the HERMES measurement.

2 Modeling the GPDs

Generalized parton distributions parameterize matrix elements of light-cone separated quark or gluon operators. The distributions relevant for our process (2) are given by F^q(x, ξ, t) = 1 2 ∫ dλ 2π e^{ixλ(P ·n)} ⟨ p^′ | | q̄(−^1_2 λn) /nq(^1_2 λn) | |p⟩ = 1 2P · n [ H^q(x, ξ, t) ū(p^′) /nu(p) + E^q(x, ξ, t) ū(p^′) iσ^{αβ} n_αΔ_β 2m_N u(p) ] , F^g(x, ξ, t) = 1 P · n ∫ dλ 2π e^{ixλ(P ·n)} n_αn_β ⟨ p^′ | |G^{αμ}(−^1_2 λn)G_μ^β(^1_2 λn) | |p⟩ = 1 2P · n [ H^g(x, ξ, t) ū(p^′) /nu(p) + E^g(x, ξ, t) ū(p^′) iσ^{αβ} n_αΔ_β 2m_N u(p) ] , (13) where n is a lightlike auxiliary vector and we have omitted the dependence on μ_F for simplicity. For definiteness we consider proton distributions in this section, the corresponding expressions for a neutron target are readily obtained from isospin symmetry. The insertion of a Wilson line between the field operators is implied in (13). The light-cone momentum fractions of the partons with respect to the average nucleon momentum P =^1_2 (p + p^′) are parameterized by x and ξ as shown in Fig. 2. The skewness ξ = −2(Δ · n)/(P · n) is related to the Bjorken variable in our process (2) by ξ = x_B 2 − x_B . (14)

In the forward limit, p^′ = p, the distributions E^q(x, ξ, t) and E^g(x, ξ, t) decouple in the matrix elements (13), whereas H^q(x, ξ, t) and H^g(x, ξ, t) reduce to the ordinary parton densities

H^q(x, 0, 0) = q(x) for x > 0 , H^q(x, 0, 0) = −q̄(−x) for x < 0 , H^g(x, 0, 0) = xg(x) for x > 0 . (15)

Following the notation in [6] we also use combinations F^{q(C)} of quark GPDs corresponding to t-channel exchange with definite charge conjugation parity C, F^{q(+)}(x, ξ, t) = F^q(x, ξ, t) − F^q(−x, ξ, t) , F^{q(−)}(x, ξ, t) = F^q(x, ξ, t) + F^q(−x, ξ, t) , (16) with analogous decompositions for the distributions H and E. The gluon GPDs are even functions of x, i.e. F^g(x, ξ, t) = F^g(−x, ξ, t), and of course correspond to C = +1 exchange.

In our calculations we use the same model for the functions H^q and H^g as in [10]. It is based on Radyushkin’s double distribution ansatz [24, 25], supplemented by the Polyakov-Weiss term [26]. For the quark GPD at t = 0 we write

H^q(x, ξ, 0) = H^q_{DD}(x, ξ, 0) + 1 3 θ ( ξ − |x| ) D ( x ξ ) (17)

and use for the Polyakov-Weiss term the estimate [27] obtained in the chiral quark-soliton model,

D(x) = −4.0 (1 − x^2) [ C^{3/2}_1 (x) + 0.3 C^{3/2}_3 (x) + 0.1 C^{3/2}_5 (x) ] , (18)

where C^{3/2}_1 (x) are Gegenbauer polynomials. An analogous representation holds for H^g(x, ξ, 0), where we set the Polyakov-Weiss term to zero since there is no phenomenological estimate available for it in the literature. The double distribution parts are written as

H^q_{DD}(x, ξ, 0) =

∫_1 −1 dβ ∫_{1−|β|} −1+|β| dα δ(x − β − ξα) [ θ(β) q(β) − θ(−β) q̄(−β) ] h(β, α), H^g_{DD}(x, ξ, 0) =

∫_1 −1 dβ ∫_{1−|β|} −1+|β| dα δ(x − β − ξα) β [ θ(β) g(β) − θ(−β) g(−β) ] h(β, α) (19) with a so-called profile function h(β, α) = Γ(2b + 2) 2^{2b+1} [Γ(b + 1)]^2

[(1 − |β|)^2 − α^2]^b (1 − |β|)^{2b+1} , (20) where we take b = 1 for quarks and b = 2 for gluons. For the ordinary parton densities we will use the MRST 2004 NLO parameterization [28] at scale Q^2 = 3.2 GeV^2 or Q^2 = 7 GeV^2, depending on the value of Q^2 in the experimental observable to be described.

For the t-dependence of the GPDs we use a factorized ansatz [29, 30]. This is known to be oversimplified, both from general considerations [31] and from lattice calculations [32, 33]. In the present paper we will however concentrate on observables such as the Legendre moments (8), where the bulk of the t-dependence in the GPDs drops out and only details of this dependence matter that are currently not well constrained by phenomenology. For our purpose, a factorized ansatz should hence be sufficient, and for the C = −1 quark combination we write H^{q(−)}(x, ξ, t) = H^{q(−)}(x, ξ, 0) F^q_1 (t) F^q_1 (0)

, (21)

where F^q_1 (t) is the contribution from quark flavor q to the proton Dirac form factor. This ansatz ensures the sum rule ∫_1 −1 dx H^q(x, ξ, t) = F^q_1 (t) . (22)

The input needed in (21) can be obtained from the measured electromagnetic nucleon form factors F^p_1 =^2_3 F^u_1 −^1_3 F^d_1 −^1_3 F^s_1 and F^n_1 =^2_3 F^d_1 −^1_3 F^u_1 −^1_3 F^s_1 combined with lattice calculations of the strangeness form factors. We have taken the parameterizations from [34] and [35], which should be sufficiently reliable given the limitations of the factorized form (21). For the gluon GPD we make an analogous ansatz H^g(x, ξ, t) = H^g(x, ξ, 0) F_θ(t) F_θ(0)

, (23)

where F_θ(t) is a form factor of the gluon part of the energy-momentum tensor, for which we use the model from [36], F_θ(t) = F_θ(0) [ 1 − t/(3M^2_θ ) ]_{−3} (24)

with M^2_θ = 2.6 GeV^2. The C = +1 quark combination (which is not constrained by the Dirac form factors) is modeled by a corresponding ansatz with the same form factor F_θ(t), motivated by the fact that H^{q(+)}(x, ξ, t) and H^g(x, ξ, t) mix under evolution.

We do not attempt to model E^q and E^g here and will neglect their contribution when calculating observables. This should be good enough for our purposes, because for an unpolarized target they enter with prefactors t/(4m^2_N ) or ξ^2, which are small in the kinematics we will consider.

3 Two-pion distribution amplitudes

A central ingredient for the description of the process (1) are the two-pion distribution amplitudes. For the π^+π^− system they are defined as [6]

Φ^q(z, ζ, s_π) = ∫ dλ 2π e^{−izλ(q′·n)} ⟨ π^+(k)π^−(k^′) | |q̄(λn)/nq(0) | |0⟩ , Φ^g(z, ζ, s_π) = 1 q^′ · n ∫ dλ 2π e^{−izλ(q′·n)} n_αn_β ⟨ π^+(k)π^−(k^′) | |G^{αμ}(λn)G_μ^β(0) | |0⟩ , (25)

where n is a lightlike auxiliary vector and we have suppressed the dependence on the factorization scale μ_F as before. As in the case of GPDs, the insertion of an appropriate Wilson line between the field operators is implied. The 2πDAs describe the exclusive fragmentation of a pair of quarks or gluons into the final pion pair [13]. The variable z is the light-cone momentum fraction of one of the two partons with respect to the total momentum q^′ of the pion pair. The variable ζ characterizes the distribution of the total momentum q^′ among the two pions, ζ = k · n q^′ · n , (26)

and is related to the polar angle θ and the relativistic velocity of the π^+ in the c.m. of the pair by

β cos θ = 2ζ − 1 , β = √ 1 − 4m^2_π s_π . (27)

It is useful to project out the combinations

Φ^{q(±)}(z, ζ, s_π) =^1_2 [ Φ^q(z, ζ, s_π) ± Φ^q(z, 1 − ζ, s_π) ] (28)

describing a two-pion system with definite charge conjugation parity C = ±1. Charge conjugation and isospin symmetry imply that

Φ^{I=0} = Φ^{u(+)} = Φ^{d(+)} , Φ^{I=1} = Φ^{u(−)} = −Φ^{d(−)} , (29)

where the combinations Φ^I associated with definite isospin I of the pion pair have been introduced in [14]. The 2πDAs for gluons and for strange quarks are of course pure isosinglet. We also remark that the distribution amplitude for u or for d quarks in a π^0π^0 pair is equal to Φ^{I=0} by isospin invariance.

Following [14, 15] we expand the distribution amplitudes in Gegenbauer polynomials C^m_n (2z − 1) and Legendre polynomials P_l(2ζ − 1),

Φ^{q(−)}(z, ζ, s_π) = 6z(1 − z) ∞∑ n=0 even n+1∑ l=1 odd B^{q(−)}_{nl} (s_π) C^{3/2}_n (2z − 1) P_l(2ζ − 1) ,

Φ^{q(+)}(z, ζ, s_π) = 6z(1 − z) ∞∑ n=1 odd n+1∑ l=0 even

B^{q(+)}_{nl} (s_π) C^{3/2}_n (2z − 1) P_l(2ζ − 1) ,

Φ^g(z, ζ, s_π) = 9z^2(1 − z)^2 ∞∑ n=1 odd n+1∑ l=0 even

B^g_{nl}(s_π) C^{5/2}_{n−1}(2z − 1) P_l(2ζ − 1) , (30)

where the restrictions to even or odd n and l follow from charge conjugation invariance.^1 We will also use the notation

B^{I=0} = B^{u(+)} = B^{d(+)} , B^{I=1} = B^{u(−)} = −B^{d(−)} (31)

corresponding to (29). The expansion of the z-dependence in Gegenbauer polynomials is chosen such that to leading order in α_s the coefficients B_{nl} evolve multiplicatively in the factorization scale μ_F , with mixing occurring only between B^g_{nl} and the quark singlet combination ∑ q B^{q(+)}_{nl} , see e.g. [16].

1The coefficients B^g_{nl} follow the convention of [6] and are related to the coefficients A^G_{nl} in [15] by 3B^g_{nl} = 10A^G_{n−1,l}.

The expansion of the ζ-dependence in Legendre polynomials is rather directly related to the partial wave expansion of the two-pion system, as we shall see shortly.

The coefficients B_{nl}(s_π) parameterize matrix elements of local operators between a π^+π^− state and the vacuum, i.e. they are form factors in the time-like region. By analytic continuation they are related to the spacelike form factors A_{nk}(t_π) defined by ⟨ π^+(p^′) | |q̄(0) S γ_{μ1} iD^↔_{μ2} . . . iD^↔_{μn} q(0) | |π^+(p)⟩ = 2 n∑ k=0 even

A^q_{nk}(t_π) S Δ_{μ1} . . . Δ_{μk} P_{μk+1} . . . P_{μn} , ⟨ π^+(p^′) | S G_{μ1 ν} (0)iD^↔_{μ2} . . . iD^↔_{μn−1} G^ν_{μn} (0) | π^+(p) ⟩ = 2 n∑ k=0 even

A^g_{nk}(t_π) S Δ_{μ1} . . . Δ_{μk} P_{μk+1} . . . P_{μn} , (32)

where D^↔ =^1_2 ( D^→ − D^← ) , P =^1_2 (p + p^′), Δ = p^′ − p, t_π = Δ^2, and S denotes symmetrization in all uncontracted Lorentz indices and subtraction of trace terms. These form factors are related to the Mellin moments of pion GPDs. For t_π = 0 they reduce to the moments of the usual quark and gluon densities in the pion, and one finds in particular B^q_{n−1,n}(0) = 2 3 2n + 1 n + 1

A^q_{n0}(0) = 2 3 2n + 1 n + 1

∫_1 0 dx x^{n−1} [ q_π(x) + (−1)^n q̄_π(x) ] , B^g_{n−1,n}(0) = 8 3 2n + 1 (n + 1)(n + 2)

A^g_{n0}(0) = 8 3 2n + 1 (n + 1)(n + 2)

∫_1 0 dx x^{n−1} g_π(x) . (33)

Phenomenological experience with the distribution amplitudes of single mesons suggests that the coefficients of the expansion in Gegenbauer polynomials decrease reasonably fast with n, see e.g. [37, 38, 39]. This trend is enhanced for larger factorization scales since the Gegenbauer coefficients decrease faster with μ_F for increasing moment index n. Only the coefficient for n = 0 and a linear combination of the n = 1 quark and gluon coefficients are independent of μ_F and hence remain nonzero at asymptotically large μ_F . In our phenomenological application we will only retain the n = 0 and n = 1 terms in (30), keeping in mind that at moderately large scales this may not be a very accurate approximation. We then have

Φ^{I=1}(z, ζ, s_π) = 6z(1 − z)(2ζ − 1)F_π(s_π) , (34)

where we have identified B^{I=1}_{01} (s_π) with the electromagnetic pion form factor F_π(s_π), and

Φ^{I=0}(z, ζ, s_π) = 18z(1 − z)(2z − 1) [ B^{I=0}_{10} (s_π) + B^{I=0}_{12} (s_π) P_2(2ζ − 1) ] , Φ^g(z, ζ, s_π) = 9z^2(1 − z)^2 [ B^g_{10}(s_π) + B^g_{12}(s_π) P_2(2ζ − 1) ] . (35)

Notice that F_π(s_π) is independent of the factorization scale since it is associated with the conserved quark vector current. The coefficients B^q_{1l} and B^g_{1l} depend on μ_F in the same way as the quark and gluon momentum fractions

∫_1 0 dx x [ q_π(x) + q̄_π(x) ] and ∫_1 0 dx xg_π(x), in accordance with (33). The sum B^g_{1l} + ∑ q B^q_{1l} is again μ_F independent since it is associated with the total energy-momentum tensor. The coefficients in (35) are related to the form factors in (32) by^2

B_{10}(s_π) =^5_9 A_{20}(s_π) +^{20}_3 A_{22}(s_π) , B_{12}(s_π) =^{10}_9 A_{20}(s_π) (36)

2We remark that the coefficients in eq. (90) of [6] should read^{10}_9 and not^9_{10} .

for both quarks and gluons. Chiral dynamics constrains these form factors for |s_π| ≪ Λ_χ, where Λ_χ = 4πf_π ≈ 1.16 GeV is the characteristic scale of chiral symmetry breaking [14, 40, 10]. From the one-loop calculation [41] in chiral perturbation theory we obtain

B_{10}(s_π) = −B^{(0)}_{12} { 1 + c^{(m)}_{10} m^2_π + c^{(s)}_{10} s_π + m^2_π − 2s_π 2Λ^2_χ [ ln m^2_π μ^2_χ + 4 3 − s_π + 2m^2_π s_π J(β) ]} + O ( Λ^{−4}_χ ) , B_{12}(s_π) = B^{(0)}_{12} { 1 + c^{(m)}_{12} m^2_π + c^{(s)}_{12} s_π } + O ( Λ^{−4}_χ ) , (37)

where J(β) = 2 + β ln [ (β − 1)/(β + 1) ] with β defined in (27), and c^{(m)}_{1l} , c^{(s)}_{1l} are unknown low-energy constants, whose natural size is Λ^{−2}_χ . We have not displayed the dependence of c^{(m)}_{10} and c^{(s)}_{10} on the renormalization scale μ_χ, which cancels against the explicit logarithm in (37). We recover the soft-pion theorem B_{10}(0) ≈ −B_{12}(0) from [14] and obtain the leading chiral correction to it:

B_{10}(0) = −B_{12}(0) { 1 + m^2_π 2Λ^2_χ [ ln m^2_π μ^2_χ + 1 ] + m^2_π [ c^{(m)}_{10} − c^{(m)}_{12} ]} + O ( Λ^{−4}_χ ) . (38)

3.1 Partial wave decomposition and Omnès representation

The expansion (30) of the ζ dependence in Legendre polynomials resembles a partial wave decomposition of the two-pion system, which expands in P_l(cos θ). Indeed one can readily rewrite the polynomials P_l(2ζ − 1) = P_l(β cos θ) in terms of P_k(cos θ) with k ≤ l. For n = 2 one obtains [16]

B_{10}(s_π) + B_{12}(s_π) P_2(2ζ − 1) = B̃_{10}(s_π) + B̃_{12}(s_π) P_2(cos θ) , (39)

where the new coefficients

B̃_{10}(s_π) = B_{10}(s_π) − 1 − β^2 2 B_{12}(s_π) = B_{10}(s_π) −

2m^2_π s_π B_{12}(s_π), B̃_{12}(s_π) = β^2 B_{12}(s_π) (40)

describe the two pions in an S and a D wave, respectively. This holds for both quark and gluon coefficients, and we drop the corresponding superscript in the present subsection. The phase of B̃_{nl}(s_π) reflects the interaction of two pions in the partial wave l. For values of s_π where ππ scattering is elastic, one can apply Watson’s theorem and finds [14]

B̃^∗_{nl}(s_π) = B̃_{nl}(s_π) exp[−2iδ_l(s_π)] , (41)

where δ_l(s_π) is the phase shift for elastic ππ scattering in the appropriate isospin channel (I = 0 for even l and I = 1 for odd l). This relation determines the phase of B̃_{nl} up to a multiple of π.

The form factors B_{nl}(s_π) satisfy the usual analyticity properties in s_π, i.e. they have a branch cut on the real axis above threshold (s_π ≥ 4m^2_π) and are real-valued for real s_π below threshold. Together with the phase information from Watson’s theorem, one can write down an Omnès representation for the form factors, as was first pointed out in [14]. We need to review this issue here and start with a derivation of the Omnès representation in a form adapted to our purpose. Let F (s_π) be a form factor which is nonzero at s_π = 0 and at s_π = 4m^2_π and has the following properties:

1. F (s_π) is analytic in the s_π plane except for a cut along the real axis for s_π ≥ 4m^2_π, and it is real-valued for real s_π < 4m^2_π.

2. The complex phase of F (s_π)/F (4m^2_π) is δ_F (s_π). With Watson’s theorem we will have δ_F (s_π) = δ_l(s_π) for s_π in the region above threshold where ππ scattering is elastic.

3. δ_F (s_π) tends to a constant for |s_π| → ∞.

4. F (s_π) has a finite number of simple zeroes at s_π = s_1, s_π = s_2, . . . , s_π = s_n, where n may also be zero. Because of property 1 the s_i are either real-valued or come in complex conjugate pairs s^∗_{i+1} = s_i.

We now consider G(s_π) = ln

F (s_π) F (0) (1 − s_π/s_1)(1 − s_π/s_2) . . . (1 − s_π/s_n)

, (42)

where the Riemann sheet of the complex logarithm is chosen such that G(s_π) is continuous and that G(0) = 0. Then G(s_π) has the same analyticity properties as F (s_π). Note that for this it was necessary to divide out possible zeroes of F (s_π) before taking the logarithm. One can now write down a dispersion relation with N ≥ 1 subtractions,

G(s_π) = N−1∑ k=1 s^k_π k! d^k ds^k_π G(0) + s^N_π π ∫_∞ 4m^2_π ds δ_F (s) s^N (s − s_π − iε) , (43)

where we have used that Im G(s_π) = δ_F (s_π) for real s_π ≥ 4m^2_π. A term with k = 0 does not appear in the sum because G(0) = 0. The term iε implements the usual prescription for handling the singularity at s = s_π. We thus have

F (s_π) = F (0) (1 − s_π/s_1)(1 − s_π/s_2) . . . (1 − s_π/s_n)

× exp [_{N−1} ∑ k=1 s^k_π k! d^k ds^k_π G(0) + s^N_π π ∫_∞ 4m^2_π ds δ_F (s) s^N (s − s_π − iε) ] . (44)

This representation can readily be used for F (s_π) = B_{12}(s_π). Assuming that B_{12}(s_π) has no zero, we recover the representation of this form factor already given in [14],

B̃_{12}(s_π) = β^2B_{12}(0)f_2(s_π) (45)

with the Omnès function

f_2(s_π) = exp [ s_π π ∫_∞ 4m^2_π ds δ̃_2(s) s(s − s_π − iε) ]

= exp [ s_π d ds_π ln B_{12}(0) + s^2_π π ∫_∞ 4m^2_π ds δ̃_2(s) s^2(s − s_π − iε) ] , (46)

where δ̃_2(s_π) is the phase of B_{12}(s_π)/B_{12}(4m^2_π) and the forms with N = 1 and N = 2 subtractions are simultaneously valid. At small enough s_π one has δ̃_2(s_π) = δ_2(s_π).

For the S wave the situation is more involved. To make use of the phase information from Watson’s theorem one has to consider B̃_{10}(s_π), which has a pole at s_π = 0 according to (40). We can however use the representation (44) for

F (s_π) = s_πB̃_{10}(s_π) = s_πB_{10}(s_π) − 2m^2_πB_{12}(s_π) . (47)

According to the result (37) from chiral perturbation theory, this form factor has a zero for s_1 ≈ −2m^2_π. For the following it is convenient to write

s_1 =

2m^2_π 1 + ϵ

B_{12}(0) B_{10}(0)

, (48)

so that F (0) (1 − s_π/s_1) = −2m^2_πB_{12}(0) + (1 + ϵ)s_π B_{10}(0). If we assume that s_πB̃_{10}(s_π) only has the zero just discussed, we have d ds_π G(0) = d ds_π ln B_{12}(0) + ϵ 2m^2_π

B_{10}(0) B_{12}(0)

, (49)

where both terms are of order Λ^{−2}_χ . The Omnès representation (44) for F (s_π) = s_πB̃_{10}(s_π) now gives

B̃_{10}(s_π) = −B_{12}(0) 3C − β^2 2 f_0(s_π) (50)

with C = 1 3 − 2(1 + ϵ) 3 B_{10}(0) B_{12}(0)

(51) and f_0(s_π) = exp [ s_π π ∫_∞ 4m^2_π ds δ̃_0(s) s(s − s_π − iε) ]

= exp [ s_π { d ds_π ln B_{12}(0) + ϵ 2m^2_π

B_{10}(0) B_{12}(0) } + s^2_π π ∫_∞ 4m^2_π ds δ̃_0(s) s^2(s − s_π − iε) ] , (52)

where δ̃_0(s_π) is the phase of B̃_{10}(s_π)/B̃_{10}(4m^2_π). With (37) the constants appearing in the Omnès representation can be expressed as d ds_π G(0) = − 1 Λ^2_χ [ ln m^2_π μ^2_χ + 17 12 ] + c^{(s)}_{10} + O ( Λ^{−4}_χ ) , (53)

C = 1 +

5m^2_π 3Λ^2_χ [ ln m^2_π μ^2_χ + 4 3 ] + 2m^2_π 3 [ c^{(m)}_{10} − c^{(m)}_{12} − 2c^{(s)}_{10} + 2c^{(s)}_{12} ] + O ( Λ^{−4}_χ ) . (54)

If we take μ_χ = m_ρ then the first term in (53) gives −1.5 GeV^{−2} and the first two terms in (54) give 0.95. Without further dynamical input we can of course not estimate the values of the low-energy constants.

Inserting (45) and (50) into (39), we obtain

B_{10}(s_π) + B_{12}(s_π) P_2(2ζ − 1) = −B_{12}(0) [ 3C − β^2 2 f_0(s_π) − β^2 f_2(s_π) P_2(cos θ) ] (55)

with the Omnès functions f_0 and f_2 given in (52) and (46) and C specified by (51) and (48). This coincides with the representation given without derivation in [15] and used in [9, 10]. The paper [15] did not explicitly define the coefficient C, but for the quark isosinglet case it quoted an estimate

C = 1 − bm^2_π + O(m^4_π) with b ≈ −1.7 GeV^{−2} from an instanton model calculation, which results in C ≈ 0.97. The Omnès functions used in [15, 9, 10] were for N = 1 subtraction and coincide with the first lines of (52) and (46). For N > 1 subtractions our result differs from the dispersion relation for B_{10}(s_π) given in these papers, where the transformation from B_{10}(s_π) to B̃_{10}(s_π) and the zero of B̃_{10}(s_π) at s_π ≈ −2m2_π is not discussed. In the Omnès function f_0(s_π) this would result in a term s_π^d_{dsπ} ln B_{10}(0) instead of s_π^d_{dsπ} G(0) specified by (49). Using the result (37) from chiral perturbation theory we find that d ds_π ln B_{10}(0) = d ds_π G(0) + 19 60 1 Λ^2_χ + O ( Λ^{−4}_χ ) (56)

with^d_{ds} G(0) given in (53). Numerically, the second term on the r.h.s. is 0.23 GeV^{−2}.

The results of this subsection can be applied to both the isosinglet quark and to the gluon form factors, where the forward limits B^{I=0}_{12} (0) =^{10}_9 A^u_{20}(0) =^{10}_9 A^d_{20}(0) B^g_{12}(0) =^{10}_9 A^g_{20}(0) (57)

with

A^q_{20}(0) =

∫_1 0 dx x [ q_π(x) + q̄_π(x) ] , A^g_{20}(0) =

∫_1 0 dx xg_π(x) (58)

are of order one. In contrast, B^s_{12}(0) is 10/9 times the momentum fraction carried by strange quarks and antiquarks in a pion and therefore quite small. This calls for a careful analysis of the size of different terms in the chiral expansion of B^s_{12}(s_π). We shall not pursue this issue here since we will not include the 2πDA for strangeness in our phenomenological application.

4 The scattering amplitude at NLO

In this section we give the expression of the scattering amplitude for two-pion production to leading power in 1/Q and to NLO in α_s. We decompose the amplitude for γ^∗N → π^+π^−N into terms T^{(C)} describing a two-pion state with definite charge conjugation parity C = −1 or C = +1, T = T^{(−)} + T^{(+)} . (59) We note that the corresponding amplitude for γ^∗N → π^0π^0N is simply given by T^{(+)}. To leading power in 1/Q we have

T^{(−)} = 2π √ 4πα N_c ξQ ∫_1 −1 dx ∫_1 0 dz ∑ q=u,d e_qΦ^{q(−)}(z, ζ, s_π) [ Q^{(+)}(z, x/ξ) F^{q(+)}(x, ξ, t)

+ G^{(+)}(z, x/ξ) 1 2ξ F^g(x, ξ, t) + R^{(+)}(z, x/ξ) ∑ q^′ =u,d,s F^{q′(+)}(x, ξ, t) ] , (60) and T^{(+)} = 2π √ 4πα N_c ξQ ∫_1 −1 dx ∫_1 0 dz ∑ q=u,d,s e_qF^{q(−)}(x, ξ, t) [ Q^{(−)}(z, x/ξ) Φ^{q(+)}(z, ζ, s_π)

+ G^{(−)}(z, x/ξ) Φ^g (z, ζ, s_π) + R^{(−)}(z, x/ξ) ∑ q^′ =u,d,s Φ^{q′(+)}(z, ζ, s_π) ] , (61) where N_c = 3 denotes the number of colors, α the fine structure constant, and e_q the quark charge in units of the positron charge. As discussed in Section 1.2, these leading amplitudes in 1/Q are for longitudinal photon polarization.

The coefficient functions R^{(±)}, G^{(±)} and Q^{(±)} represent the amplitudes for the scattering of collinear partons, with the appropriate subtraction of ultraviolet and collinear singularities performed in the MS scheme. R^{(+)} and G^{(+)} were calculated in [12], where electroproduction of light vector mesons was studied at NLO. The coefficient function Q^{(+)} for singlet quark exchange in the t-channel (a typical diagram is shown in Fig. 3(c)) can be obtained from the known result for the pion electromagnetic form factor as [11] Q^{(+)}(z, x/ξ) = { Q ( z, ξ + x 2ξ ) − Q ( z̄, ξ − x 2ξ )} + { z −→ z̄ } , (62)

where here and in the following we use the notation z̄ = 1 − z. We have Q(v, u) = α_s(μ_R) C_F 4vu ( 1 + α_s(μ_R) 4π Q^{(1)}(v, u) ) , Q^{(1)}(v, u) = c_1 [ 2[3 + ln(vu)] ln ( Q^2 μ^2_F ) + ln^2(vu) + 6 ln(vu) − ln(v) v̄ − ln(u) ū − 28 3 ]

+ c_2 [ 2 v̄v^2 + ūu^2 (v − u)^3 [ Li_2(ū) − Li_2(v̄) − Li_2(u) + Li_2(v) + ln(v̄) ln(u) − ln(ū) ln(v) ]

+ 2 [ Li_2(ū) + Li_2(v̄) − Li_2(u) − Li_2(v) + ln(v̄) ln(u) + ln(ū) ln(v) ]

+2 (v + u − 2vu) ln(v̄ū) (v − u)^2 + 4 vu ln(vu) (v − u)^2

− 4 ln(v̄) ln(ū) − 20 3 ]

+ β_0 [ 5 3 − ln(vu) − ln ( Q^2 μ^2_R ) ] , (63)

where μ_R and μ_F denote the renormalization and factorization scales and

β_0 = 11 3 N_c − 2 3 n_f , Li_2(z) = − z∫ 0 dt t ln(1 − t),

c_1 = C_F =

N^2_c − 1 2N_c , c_2 = C_F − C_A 2 = − 1 2N_c . (64)

Starting at NLO there is a contribution from diagrams with the topology shown in Fig. 3(e), R^{(+)}(z, x/ξ) = α^2_s(μ_R) C_F 8πzz̄ R ( z, x − ξ 2ξ ) , (65)

where R(z, y) = { 2y + 1 y(y + 1) [ y 2 ln^2(−y) − y + 1 2 ln^2(y + 1) + [ y ln(−y) − (y + 1) ln(y + 1) ] ( ln ( Q^2z μ^2_F ) − 1 ) ]

+ y ln(−y) + (y + 1) ln(y + 1) y(y + 1) − V (z, y) y + z + y(y + 1) + (y + z)^2 (y + z)^2 W (z, y) } + { z → z̄ } (66)

(a) (b)

(c) (d)

(e) (f) Figure 3: Typical NLO diagrams for the production of two pions in a state with C = −1 (left side) or C = +1 (right side). Diagrams related to each other by crossing are displayed side by side.

with the abbreviations

V (z, y) = z ln(−y) + z̄ ln(y + 1) + z ln(z) + z̄ ln(z̄), W (z, y) = Li_2(y + 1) − Li_2(−y) + Li_2(z) − Li_2(z̄) + ln(−y) ln(z̄) − ln(y + 1) ln(z). (67)

For two-gluon exchange in the t-channel (Fig. 3(a)) we can use directly the NLO results obtained in Ref.[12], G^{(+)}(z, x/ξ) = G ( z, x − ξ 2ξ ) (68)

with G(z, y) = α_s(μ_R) 2zz̄ y(y + 1) ( 1 + α_s(μ_R) 4π G^{(1)}(z, y) ) ,

G^{(1)}(z, y) = {( ln ( Q^2 μ^2_F ) − 1 ) [ β_0 2 − 2(c_1 − c_2) [ y^2 + (y + 1)^2 ][ (y + 1) ln(y + 1) − y ln(−y) ] y(y + 1) + c_1 2 ( y ln(−y) y + 1 + (y + 1) ln(y + 1) y ) + c_1 ( 3 2 + 2z ln(z̄) )]

− β_0 2 ( ln ( Q^2 μ^2_R ) − 1 ) − c_1(2y + 1)V (z, y)

2(y + z) − 3c_1 − 4c_2 4 [ y ln^2(−y) y + 1 + (y + 1) ln^2(y + 1) y ]

+ [ ln(−y) + ln(y + 1) ] [ c_1 ( z̄ ln(z) − 1 4 ) + 2c_2 ] + c_1 [ z ln^2(z̄) + (1 + 3z) ln(z̄) − 2 ]

− (c_1 − c_2) [ ln(zz̄) − 2 ] [ y ln(−y) y + 1 + (y + 1) ln(y + 1) y ]

+ (c_1 − c_2)(2y + 1) ln ( −y y + 1 ) [ 3 2 + ln(zz̄) + ln(−y) + ln(y + 1) ]

+ ( c_1 [ y(y + 1) + (y + z)^2 ] − c_2 (2y + 1)(y + z)

) [ ln(−y) − ln(y + 1) + ln(z) − ln(z̄) 2(y + z) − V (z, y) (y + z)^2 + y(y + 1) + (y + z)^2 (y + z)^3 W (z, y) ]} + { z → z̄ } . (69)

Note that in our NLO calculation we do not consider three-gluon exchange in the t-channel, which in collinear factorization only appears at NNLO in α_s and corresponds to odderon exchange. Such a contribution is relevant only at very high energies, see [42].

Since the photon has negative charge conjugation parity, the amplitude for a pion pair produced in the C-even channel involves the C-odd GPD combinations F^{q(−)} and vice versa. The coefficient functions appearing in T^{(+)} and T^{(−)} are thus related by crossing symmetry. They coincide after the interchange of the t-channel and the s-channel parton pairs in the Feynman graphs and the corresponding interchange of the relative parton momentum fractions. One can easily convince oneself of this relationship by comparing the typical NLO diagrams on the left and right side in the Fig. 3. The prescription for the interchange of the momentum fractions in terms of variables reads z ↔ ξ + x 2ξ , z̄ ↔ ξ − x 2ξ , (70) so that we have

Q^{(−)} (z, x/ξ) = Q^{(+)} ( ξ + x 2ξ , 2z − 1 ) , R^{(−)} (z, x/ξ) = R^{(+)} ( ξ + x 2ξ , 2z − 1 ) , G^{(−)} (z, x/ξ) = G^{(+)} ( ξ + x 2ξ , 2z − 1 ) . (71)

In (62) to (71) we have omitted the iε prescription, which reads (ξ +x)/(2ξ)−iε and (ξ −x)/(2ξ)−iε. Before giving more explicit expressions for the amplitude we make a number of simplifications:

1. We restrict ourselves to the asymptotic forms (34) and (35) for the z-dependence of the 2πDAs.

2. We take the Omnès functions f_l(s_π) and the constant C in the representations (45), (50) to be equal for the quark isosinglet and for the gluon coefficients B̃^{I=0}_{1l} (s_π) and B̃^g_{1l}(s_π). For the Omnès functions this approximation should be good at least for low enough s_π, where the integrands in the first lines of (46) and (52) are determined by the ππ phase shifts in the dominant integration region. According to (54) we have C ≈ 1 from chiral perturbation theory for both quarks and gluons.

3. We neglect the C-odd combination F^{s(−)}(x, ξ, t) of nucleon GPDs. Its forward limit s(x) − s̄(x) is known to be very small, and we assume that the same holds for finite ξ and t.

4. We neglect the 2πDA for strangeness, Φ^{s(+)}. Note that compared with Φ^{u(+)} = Φ^{d(+)} this quantity appears in the amplitude (61) with a suppression factor of either F^{s(−)}(x, ξ, t) or α_s. As discussed in Section 3, the coefficients B^s_{12}(s_π) and B^s_{10}(s_π) are small at the unphysical point s_π = 0, and we expect that at larger s_π they are at least not significantly larger than the corresponding coefficients for u and d quarks (and hence cannot compensate the suppression just mentioned).

As a compact notation we introduce

I^{(+)}_Q (ξ, t) =

∫_1 −1 dx ∫_1 0 dz φ_0(z) Q^{(+)}(z, x/ξ)

[_2 3 F^{u(+)}(x, ξ, t) +^1_3 F^{d(+)}(x, ξ, t) ] , I^{(+)}_G (ξ, t) =

∫_1 −1 dx ∫_1 0 dz φ_0(z) G^{(+)}(z, x/ξ) 1 2ξ F^g(x, ξ, t) , I^{(+)}_R (ξ, t) =

∫_1 −1 dx ∫_1 0 dz φ_0(z) R^{(+)}(z, x/ξ) [ F^{u(+)}(x, ξ, t) + F^{d(+)}(x, ξ, t) + F^{s(+)}(x, ξ, t) ] (72) and I^{(−)}_Q (ξ, t) =

∫_1 −1 dx ∫_1 0 dz φ_1(z) Q^{(−)}(z, x/ξ) [_2 3 F^{u(−)}(x, ξ, t) −^1_3 F^{d(−)}(x, ξ, t) ] , I^{(−)}_G (ξ, t) =

∫_1 −1 dx ∫_1 0 dz φ_G(z) G^{(−)}(z, x/ξ) [_2 3 F^{u(−)}(x, ξ, t) −^1_3 F^{d(−)}(x, ξ, t) ] , I^{(−)}_R (ξ, t) =

∫_1 −1 dx ∫_1 0 dz φ_1(z) R^{(−)}(z, x/ξ) [_4 3 F^{u(−)}(x, ξ, t) −^2_3 F^{d(−)}(x, ξ, t) ] (73) with

φ_0(z) = z(1 − z), φ_1(z) = z(1 − z)(2z − 1), φ_G(z) = z^2(1 − z)^2. (74)

The integrals over z can be performed analytically, whereas the x integral was evaluated numerically. The amplitudes for γ^∗p → π^+π^−p then take the simple form

T^{(−)} = 2π √ 4πα 3ξQ 6βF_π(s_π) P_1(cos θ) I^{(+)}(ξ, t) ,

T^{(+)} = 2π √ 4πα 3ξQ [ 3C − β^2 2 f_0(s_π) P_0(cos θ) − β^2f_2(s_π) P_2(cos θ) ] I^{(−)}(ξ, t) (75)

with

I^{(+)}(ξ, t) = I^{(+)}_Q (ξ, t) + I^{(+)}_G (ξ, t) + I^{(+)}_R (ξ, t) ,

I^{(−)}(ξ, t) = −10 [ A^u_{20}(0) + A^d_{20}(0) ] ( I^{(−)}_Q (ξ, t) + I^{(−)}_R (ξ, t) ) − 10A^g_{20}(0) I^{(−)}_G (ξ, t) (76)

The corresponding expressions for γ^∗n → π^+π^−n are readily obtained by interchanging F^{u(±)} and F^{d(±)} in (72) and (73), where the quark flavor label in the GPDs always refers to a proton target. Explicitly we have

I^{(−)}(ξ, t) =^{40}_{27} [ A^u_{20}(0) + A^d_{20}(0) +^3_4 A^g_{20}(0) ]

× α_s(μ_R)

∫_1 −1 dx ξ^2 (ξ + x)(ξ − x) [ 2F^{u(−)}(x, ξ, t) − F^{d(−)}(x, ξ, t) ] + O(α^2_s ) . (77)

The momentum fraction integrals in the pion fulfill A^u_{20}(0)+A^d_{20}(0)+^3_4 A^g_{20}(0) = 1−A^s_{20}(0)−^1_4 A^g_{20}(0), so that I^{(−)}(ξ, t) depends rather weakly on the precise values of these integrals, as was already reported in [10].

In terms of the amplitude T = T^{(−)} + T^{(+)}, the Legendre moments (6) take the form

⟨P_l(cos θ)⟩ = ∑ pol ∫ dy dx_B dt ds_π (1 − y)β y^3x_B

∫_1 −1 d cos θ P_l(cos θ) |T |^2 ∑ pol ∫ dy dx_B dt ds_π (1 − y)β y^3x_B

∫_1 −1 d cos θ |T |^2

, (78)

where ∑ pol denotes summation over the polarizations of the incoming and outgoing nucleon. With (75) and (76) we have

∫_1 −1 d cos θ |T |^2 = ( 2π √ 4πα 3ξQ )_2 {( (3C − β^2)^2 2 | |f_0(s_π) | |^2 + 2β^4 5 | |f_2(s_π) | |^2 ) | |I^{(−)}(ξ, t) | |^2

+ 24β^2 | |F_π(s_π) | |^2 | |I^{(+)}(ξ, t) | |^2 } (79)

Figure 4: Phase shifts δ_l of ππ scattering in the isoscalar channel obtained by Kamiński et al. [43] and by Bugg [44]. For the parameterization [43] we also show the phase δ_{T,l} of the T -matrix (81).

for the denominator and

∫_1 −1 d cos θ P_1(cos θ) |T |^2 = ( 2π √ 4πα 3ξQ )_2

12β Re { [ F_π(s_π) ]_∗ [ 3C − β^2 3 f_0(s_π) − 4 15 β^2f_2(s_π) ]

× [ I^{(+)}(ξ, t) ]_∗ I^{(−)}(ξ, t) } , ∫_1 −1 d cos θ P_3(cos θ) |T |^2 = − ( 2π √ 4πα 3ξQ )_2 12β^3 35 Re { [ F_π(s_π) ]_∗ f_2(s_π) [ I^{(+)}(ξ, t) ]_∗ I^{(−)}(ξ, t) } (80)

for the numerator of (78).

5 Modeling the two-pion distribution amplitudes

In Section 3.1 we have represented the coefficients B̃_{10}(s_π) and B̃_{12}(s_π) of the 2πDAs as integrals involving the phases δ̃_l(s_π). With Watson’s theorem (41) these phases are equal to the isoscalar phase shifts δ_l(s_π) from s_π = 4m^2_π up to the value where ππ scattering in the appropriate partial wave becomes inelastic. Phenomenological analyses find that for the S and D waves ππ scattering is approximately elastic up to the two-kaon threshold at s_π ∼ 1 GeV^2. The S wave then becomes inelastic rather abruptly, whereas in the D wave inelasticity sets in more smoothly. The phases of the form factors we are interested in then differ from the corresponding phase shifts. In Fig. 4 we show the S and D wave phase shifts from the recent parameterization of Kamiński et al. [43], and for comparison also the result of the analysis of the S wave by Bugg [44].

As long as a small number of channels are relevant, one can attempt an explicit multi-channel analysis, say for the ππ and KK̄ channels. For a local operator O with appropriate symmetry properties, time reversal relates the matrix element_{out}⟨ππ|O|0⟩ with_{in}⟨ππ|O|0⟩^∗ and_{out}⟨KK̄|O|0⟩ with_{in}⟨KK̄|O|0⟩^∗. In the region of s_π where the scattering matrix provides a closed relation between the states |ππ⟩_{out}, |KK̄⟩_{out} and |ππ⟩_{in}, |KK̄⟩_{in}, one can then relate the phases of the operator matrix elements with those in the S-matrix. Combining this information with a dispersion relation leads from the Omnès representation discussed in Section 3.1 to the Omnès-Muskhelishvili problem, whose solution is considerably more involved. Such analyses have for instance be performed for the trace of the energy-momentum tensor in [45] and for the scalar quark current in [45, 46, 47, 48]. We shall not attempt to do the same here for the twist-two part of the energy-momentum tensor, which is associated with the form factors B_{10}(s_π) and B_{12}(s_π). Instead we wish to point out salient results of the analysis in [48]. There it was found that just above the KK̄ threshold the phase of the form factor Γ(s_π) = ⟨ππ|m_uūu + m_d d̄d|0⟩ starts to deviate very strongly from the S wave phase shift, and instead is rather close to the phase of the corresponding T -matrix element in the ππ channel. With the S-matrix element in the two-pion channel parameterized as η_l exp[2iδ_l], where η_l is the elasticity parameter, the corresponding T -matrix element is

η_l exp[2iδ_l] − 1 2i (81)

up to a normalization factor. Clearly, the phase δ_{T,l} of the T -matrix element differs from the phase shift δ_l as soon as the elasticity deviates from η_l = 1. This is seen in Fig. 4, which shows both phases as obtained from the parameterization [43].

While the phase of Γ(s_π) found in [48] is well approximated by δ_{T,0}(s_π), the phase of Δ(s_π) = ⟨ππ|m_ss̄s|0⟩ was found to be closer to δ_0(s_π). This difference is perhaps not too surprising since the solution of the Omnès-Muskhelishvili problem depends not only on the S-matrix in the pion and kaon channels but also on the relevant form factors for pions and for kaons at the subtraction point of the dispersion relation (typically s_π = 0). In the present analysis we will investigate the assumptions that the phases δ̃_l(s_π) are equal to either δ_l(s_π) or δ_{T,l}(s_π) for s_π above the KK̄ threshold. We do this in the sense of exploring two rather extreme cases, keeping in mind that the true phases could be far from either of them. The phases δ̃_l can of course be different for B̃^{I=0}_{1l} and for B̃^g_{1l}, but given our simple model ansatz we take them to be the same.

The Omnès representations (45) and (50) depend on the phases δ̃_l(s_π) at values of s_π above the point where the Omnès functions are evaluated. Clearly, the dependence on large s_π under the integrals is reduced for N = 2 subtractions as given in the second lines of (46) and (52), where the uncertainty due to the unknown behavior of the phases at large s_π is reduced at the expense of introducing an additional subtraction constant. In the following we shall work with the N = 2 Omnès functions, which permits a convenient estimate of uncertainties by varying these constants. The dynamical content of the representations with N = 1 and N = 2 is of course the same, and the simultaneous validity of the first and second lines in (46) and (52) implies sum rules

I_0 = 1 π ∫_∞ 4m^2_π ds δ̃_0(s) s^2 = d ds_π ln B_{12}(0) + ϵ 2m^2_π

B_{10}(0) B_{12}(0) , I_2 = 1 π ∫_∞ 4m^2_π ds δ̃_2(s) s^2 = d ds_π ln B_{12}(0) . (82)

Using the parameterization of [43] we have evaluated the corresponding integrals in the range 4m^2_π ≤ s_π ≤ 4m^2_K , where the integrands are determined by the phase shifts. Under the rather weak assumption that above the KK̄ threshold the phases δ̃_l(s_π) remain positive (even when dropping below

Table 1: The integrals I_0 (left) and I_2 (right) defined in (82), evaluated with different upper cutoffs s_{max} on s_π. The phases δ_l(s_π) and δ_{T,l}(s_π) are taken from the parameterization in [43]. All integrals are given in units of GeV^{−2}.

s_{max} 4m^2_K (1.8 GeV)^2 ∞ δ̃_0 = δ_0 2.02 3.13 3.74 δ̃_0 = δ_{T,0} 2.02 2.34 2.55 s_{max} 4m^2_K (1.8 GeV)^2 ∞ δ̃_2 = δ_2 0.04 0.37 0.67 δ̃_2 = δ_{T,2} 0.04 0.33 0.48

δ_l(s_π)), this gives a lower bound on the quantities in (82). We have further evaluated the integrals with an upper cutoff at s_π = (1.8 GeV)^2 and up to s_π = ∞, assuming either δ̃_l = δ_l or δ̃_l = δ_{T,l}. The results are collected in Table 1 and provide an estimate of the possible contribution to the integrals (82) from the region s_π ≥ 4m^2_K . For the S wave the contribution from s_π ≤ 4m^2_K gives an important part of the total result. In contrast, the D wave is strongly suppressed in that region, and practically the entire contribution to the integral I_2 comes from s_π above the two-kaon threshold. We note that the instanton model calculation reported in [14] obtained d ds_π ln B^{I=0}_{12} (0) = d ds_π ln B^{I=0}_{10} (0) = N_c 3 1 (4πf_π)^2

≈ 0.73 GeV^{−2} , (83)

which together with the relation (56) from chiral perturbation theory gives d ds_π ln B^{I=0}_{12} (0) + ϵ 2m^2_π

B^{I=0}_{10} (0) B^{I=0}_{12} (0) ≈ d ds_π ln B^{I=0}_{10} (0) − 19 60 1 (4πf_π)^2

≈ 0.50 GeV^{−2} . (84)

For^d_{dsπ} ln B^{I=0}_{12} (0) the value in (83) is not very different from our estimates for I_2 in Table 1, but for I_0 even our result from the region s_π ≤ 4m^2_K is significantly higher than (84). Since in that region the pion phase shifts are reasonably well known and equal to δ̃_0, we must conclude that the result for d ds_π ln B I=0 10 (0) in [14] is implausibly small—it would only be consistent with the sum rule (82) if δ̃_0 became significantly negative for s_π ≥ 4m^2_K or if the relation (56) from one-loop chiral perturbation theory were invalidated by huge corrections from higher orders.

In Fig. 5 we show the absolute values of the Omnès functions evaluated with N = 2 subtractions, obtained with either δ̃_l = δ_l or δ̃_l = δ_{T,l} taken from the parameterization in [43]. To explore the dependence on the subtraction constants, we take as central values I^{cen}_l those obtained with s_{max} = ∞ in Table 1. For the S wave we take as a lowest value I^{low}_0 the one obtained with s_{max} = 4m^2_K and as highest value I^{hi}_0 = I^{cen}_0 + (I^{cen}_0 − I^{low}_0 ). For the D wave we take instead I^{low}_2 = 0.5 I^{cen}_2 and I^{hi}_2 = 1.5 I^{cen}_2 . For the S wave and the assumption δ̃_0 = δ_0 we also show the result from the parameterization in [44]. Here the integrals in both the Omnès function (52) and in the corresponding subtraction constant (82) are taken with an upper cutoff s_{max} = (1.8 GeV)^2 since we do not have an analytic parameterization up to s_π = ∞ in this case. A corresponding truncation of the integrals with the parameterization of [43] has only a moderate effect, and we do not show the corresponding curve.

We see that the values of the subtraction constants have a visible effect on the Omnès functions, as well as the choice of parameterization for the ππ phase shifts and elasticity parameters. The largest

Figure 5: Absolute values of the Omnès functions for N = 2 subtractions, assuming δ̃_l = δ_l (top) or δ̃_l = δ_{T,l} (bottom). The different values taken for the subtraction constants are explained in the text.

uncertainty in the Omnès functions is however due to the values of δ̃_l(s_π) for s_π above the kaon threshold, as exemplified by the two assumptions δ̃_l = δ_l and δ̃_l = δ_{T,l}. Whereas the former produces a clear peak of |f_0(s_π)| around s_π = 1 GeV^2, whose height depends on further details, the latter gives a dip at the same position. For |f_2(s_π)| the differences are less extreme but still significant. In the next section we will compare the consequences of these Omnès functions on the two-pion mass spectrum and angular distribution observed at HERMES.

6 Results for two-pion electroproduction

We have now all ingredients necessary to evaluate the invariant mass spectrum and angular distribution of the two pions produced in γ^∗ +N → π^+π^− +N. We take the factorization and renormalization scales as μ_F = μ_R = Q in the hard-scattering formulae. For the nucleon GPDs we use the model described in Section 2. The 2πDAs are calculated within the model specified above (72), based on the asymptotic z-dependence and the Omnès representations developed in Section 3.1. This leads to the expressions (75) and (76) for the scattering amplitude. We take C = 1 for the constant in (50) and expect that the chiral corrections of order m^2_π/Λ^2_χ to this quantity have a negligible effect on our results, given the other uncertainties we have to deal with. The Omnès functions are calculated with N = 2 subtractions, using the phases and subtraction constants presented in the previous section. For the quark and gluon momentum fractions appearing in (76) we take A^u_{20}(0) + A^d_{20}(0) = A^g_{20}(0) = 0.5, in line with the parton densities of the pion at moderate factorization scales [49]. A change of these values has only little effect on our results, as explained after (77).

For the timelike pion form factor F_π(m^2_{ππ}) we take the parameterization given in [50], which is in good agreement with data from e^+e^− → π^+π^− and also with the pion phase shift δ_1 in the P wave. We note that according to the analysis in [51], inelasticity has only a small effect on the difference between δ_1(m^2_{ππ}) and the phase of F_π(m^2_{ππ}) for m_{ππ} <∼ 1.3 GeV. Our results are almost unchanged if we use the parameterizations for F_π(m^2_{ππ}) from [52] or [53] instead of [50].

When giving results for a deuteron target we will assume that the production process is incoherent, γ^∗ + d → π^+π^− + p + n, with scattering either on the proton or the neutron. For the average t = −0.29 GeV^2 of the HERMES measurement [8] this should be a good approximation since elastic scattering on the deuteron is strongly suppressed at that value of t. In addition we neglect nuclear effects and treat proton and neutron as quasi-free. We then simply have

dσ(γ^∗d) = dσ(γ^∗p) + dσ(γ^∗n) , ⟨P_l⟩_d = dσ_p dσ_p + dσ_n ⟨P_l⟩_p + dσ_n dσ_p + dσ_n

⟨P_l⟩_n , (85)

where subscripts d, p, n refer to the different targets. In the following we give results for two kinematic points, which correspond to the average kinematics of the HERMES measurement [8]:

t = −0.43 GeV^2, Q^2 = 3.2 GeV^2, x_B = 0.16 for a proton target, (86) t = −0.29 GeV^2, Q^2 = 3.3 GeV^2, x_B = 0.16 for a deuteron target. (87)

Our results for the invariant mass spectrum of two pions produced from a hydrogen target are given in Fig. 6. We show them for the Omnès functions calculated from the parameterizations of Kamiński et al. [43] and of Bugg [44] with the hypothesis δ̃_l = δ_l, and in the case of [43] also for δ̃_l = δ_{T,l}. In all cases, the central values I^{cen}_l for the subtraction constants have been used. As expected from our discussion of the Omnès functions, the ansatz δ̃_0 = δ_0 produces a clearly visible peak in the mass spectrum around m_{ππ} = 1 GeV, although its height strongly depends on the phase shifts used. The HERMES measurement [8] did not find any indication of such a pronounced peak, and we conclude that these data strongly disfavor the hypothesis that the phase of B̃_{10} is given by the S wave phase shift above the two-kaon threshold. In the following we will therefore restrict the discussion to our alternative hypothesis δ̃_0 = δ_{T,0}. In the case of the D wave the assumption δ̃_2 = δ_2 produces a peak around the mass of the f_2(1270). It is however much less pronounced than the one in the S wave, and we find that the invariant mass spectrum shown in [8] does not allow a strong conclusion on the phase of B̃_{12}. The same discussion applies for a deuterium target, i.e., the assumption δ̃_0 = δ_0 produces a clear mass peak around m_{ππ} = 1 GeV, which is not seen in the data, whereas the mild peak around m_{ππ} = 1.27 GeV produced by δ̃_2 = δ_2 cannot be ruled out by the data.

We also show in Fig. 6 the result of taking the LO approximation for the hard-scattering subprocess (for one choice of Omnès functions). The effect of the NLO corrections on this observable is clearly visible, but not of a size which would make us worry about the stability of the perturbative expansion. Note that we are not giving the absolute size of the cross section here: on one hand there is no experimental measurement to compare with, and on the other hand we expect important power corrections to our leading-twist calculation of this observable, as discussed in Section 1.2. The lowest

Figure 6: Two-pion invariant mass spectrum (in arbitrary units) for γ^∗ + p → π^+π^− + p, calculated with different assumptions for the Omnès functions as explained in the text. Phases are obtained from Ref. [43] unless explicitly indicated. The plot is for the average kinematics (86) of the HERMES measurement [8].

curve in Fig. 6 shows the result we obtain when setting the gluon GPD to zero. We see that even in HERMES kinematics there is a substantial contribution from gluon exchange to the P wave production amplitude, confirming similar findings in [54, 21].

In Fig. 7 we show our results for the Legendre moments (6) as a function of m_{ππ}. Here and in the following figures we always use the phases from [43]. Given the experimental errors we find the overall agreement between data and theory fair, although clearly not perfect. The two curves correspond to the hypotheses δ̃_2 = δ_2 or δ̃_2 = δ_{T,2}. Whereas at face value the former hypothesis seems to be preferred by the data on ⟨P_1(cos θ)⟩, the opposite holds for ⟨P_3(cos θ)⟩. In Fig. 8 we compare the same two scenarios for the linear combinations (9) and (10) of Legendre moments at higher m_{ππ} values. The combination ⟨P_1 +^7_3 P_3⟩ is only sensitive to amplitudes with total helicity λ = 0 of the two pions, which are those we can calculate using the factorization theorem. For this observable, the curve obtained with δ̃_2 = δ_2 is rather disfavored by the hydrogen data. The combination ⟨P_1 −^{14}_9 P_3⟩ is sensitive to a λ = 0 contribution from the S wave, which comes out rather small in this m_{ππ} range, and to λ = ±1 in the D wave, which is absent in our leading-twist calculation (so that there is no difference between the two model curves). We also show in Fig. 7 the result obtained at LO in α_s for one choice of the Omnès functions. The effect of the NLO corrections is again found to be moderate but not negligible.

Figures 9 and 10 show our results obtained with δ̃_l = δ_{T,l} in both S and D waves as a function of the subtraction constants I_0 and I_2 discussed in Section 5, where we have taken the high, central, or low values for both constants at a time. We see that the impact of these values on the observables is not negligible but beyond the accuracy of the presently available data.

Figure 7: Legendre moments ⟨P_1⟩ and ⟨P_3⟩ for a hydrogen and deuterium target. The curves are calculated with the models specified in the text for the average kinematics (86) and (87) of the HERMES data [8]. The systematic uncertainty of the measurement is represented by the histograms.

Figure 8: Data and theory for the linear combinations (9) and (10) of Legendre moments, obtained with the same Omnès functions as in Fig. 7. Curves here and in the following figures are for NLO.

Figure 9: As Fig. 7 but for Omnès functions calculated with δ̃_l = δ_{T,l} and our high, central, or low estimates for the subtraction constants I_l specified in Sect. 5.

Figure 10: As Fig. 9 but for the linear combinations (9) and (10) of Legendre moments.

Figure 11: Predictions for the Legendre moments for a deuterium target in typical kinematics of the COMPASS experiment, x_B = 0.08, t = −0.27 GeV^2 and Q^2 = 7 GeV^2. The Omnès functions used are the same as in Fig. 7.

We finally show in Fig. 11 predictions for the Legendre moments in kinematics typical of the COMPASS experiment. In this case one can afford higher values of Q^2, which increases the reliability of the leading-twist approach we use here. We see that compared with the HERMES kinematics the overall size of the Legendre moments is decreased. This is not too surprising, since the production of two pions in the P wave is enhanced by the growth of the gluon distribution with decreasing x_B , and the Legendre moments reflect the interference of the P wave with the S or D waves (which are insensitive to the gluon distribution). Comparing with the LO results, we find that the quantitative effect of NLO corrections on the invariant mass spectrum and on the Legendre moments in the kinematics of Fig. 7 is of similar size as in the HERMES case shown above.

7 Summary

We have calculated exclusive electroproduction of π^+π^− pairs on the nucleon at NLO in α_s, focusing on the kinematics of the existing measurement at HERMES and of a possible analysis at COMPASS. We find that the effects of NLO corrections on the invariant mass spectrum are moderate, although not negligible. The same holds for NLO effects on the angular distribution of the produced pions, quantified by the Legendre moments (6). This indicates that the perturbative expansion is well behaved for the process in the kinematics we have studied.

In addition to generalized parton distributions, which appear in a number of hard exclusive processes, a crucial ingredient for the description of our reaction are two-pion distribution amplitudes, which describe the exclusive hadronization of a parton pair into π^+π^−. The lowest moments of these distribution amplitudes are form factors of the energy-momentum tensor. We have examined in detail their representation as dispersion integrals, which requires special care because of the presence of both S and D wave components. The behavior of these form factors directly influences the invariant mass and angular distribution of the pion pair in electroproduction. A salient feature of the HERMES measurement [8] is the absence of a clear peak in the S wave for m_{ππ} around the mass of the f_0(980). We take this as a strong indication that, once the two-kaon channel is opened, the phase of the relevant form factors differs strongly from the two-pion phase shift δ_0. More detailed investigation of the angular distribution suggests that a similar statement may hold in the D wave for m_{ππ} above the mass of the f_2(1270).

Considering two simple hypotheses for the phase of the two-pion distribution amplitudes we have seen that the range of model predictions is far greater than explored so far in the literature, and that the existing data can distinguish between different model assumptions. A more sophisticated treatment would be a two-channel analysis, similar to what has been done for the form factors of the scalar quark current [45, 46, 47, 48]. Such an analysis would involve further low-energy constants, and in our opinion would greatly benefit from further data with smaller statistical errors and, preferably, at higher values of Q^2.

In conclusion we find that pion electroproduction is a case for which on one hand higher-order QCD corrections are under control and on the other hand chiral perturbation theory is rather advanced and well understood. This process may therefore be seen as a show case for the interplay of both approaches. Further progress can come from the improved knowledge of GPDs and GDAs, from extended calculations in chiral perturbation theory, and from experimental analysis of the two-pion system above the kaon threshold.

Acknowledgments

We are grateful to J. Gasser, Ph. Hägler, H. Leutwyler, A. Manashov and D. Müller for helpful discussions, and to R. Fabbri and F.-H. Heinsius for providing details on the HERMES and COMPASS experiments, respectively. We thank D. Bugg for providing the values of the pion phase shift and elasticity parameter in [44]. This work has been supported by BMBF, contract number 06RY258, and by the Helmholtz Association, contract number VH-NG-004. The work of D.I. was also partially supported by grants RFBR-06-02-16064 and NSh 5362.2006.2.

References

[1] D. Müller, D. Robaschik, B. Geyer, F. M. Dittes and J. Hořejši, Fortschr. Phys. 42, 101 (1994), hep-ph/9812448.

[2] X.-D. Ji, Phys. Rev. Lett. 78, 610 (1997), hep-ph/9603249.

[3] A. V. Radyushkin, Phys. Lett. B380, 417 (1996), hep-ph/9604317.

[4] M. Burkardt, Phys. Rev. D62, 071503 (2000), hep-ph/0005108, Erratum ibid. D 66, 119903 (2002).

[5] K. Goeke, M. V. Polyakov and M. Vanderhaeghen, Prog. Part. Nucl. Phys. 47, 401 (2001), hep-ph/0106012.

[6] M. Diehl, Phys. Rept. 388, 41 (2003), hep-ph/0307382.

[7] A. V. Belitsky and A. V. Radyushkin, Phys. Rept. 418, 1 (2005), hep-ph/0504030.

[8] HERMES Collaboration, A. Airapetian et al., Phys. Lett. B599, 212 (2004), hep-ex/0406052.

[9] B. Lehmann-Dronke, P. V. Pobylitsa, M. V. Polyakov, A. Schäfer and K. Goeke, Phys. Lett.

B475, 147 (2000), hep-ph/9910310.

[10] B. Lehmann-Dronke, A. Schäfer, M. V. Polyakov and K. Goeke, Phys. Rev. D63, 114001 (2001), hep-ph/0012108.

[11] A. V. Belitsky and D. Müller, Phys. Lett. B513, 349 (2001), hep-ph/0105046. [12] D. Yu. Ivanov, L. Szymanowski and G. Krasnikov, JETP Lett. 80, 226 (2004), hep-ph/0407207. [13] M. Diehl, T. Gousset, B. Pire and O. Teryaev, Phys. Rev. Lett. 81, 1782 (1998), hep-ph/9805380. [14] M. V. Polyakov, Nucl. Phys. B555, 231 (1999), hep-ph/9809483.

[15] N. Kivel, L. Mankiewicz and M. V. Polyakov, Phys. Lett. B467, 263 (1999), hep-ph/9908334. [16] M. Diehl, T. Gousset and B. Pire, Phys. Rev. D62, 073014 (2000), hep-ph/0003233. [17] R. L. Sekulin, Nucl. Phys. B56, 227 (1973).

[18] J. C. Collins, L. Frankfurt and M. Strikman, Phys. Rev. D56, 2982 (1997), hep-ph/9611433. [19] A. Freund, Phys. Rev. D61, 074010 (2000), hep-ph/9903489.

[20] M. Vanderhaeghen, P. A. M. Guichon and M. Guidal, Phys. Rev. D60, 094017 (1999), hepph/9905372.

[21] S. V. Goloskokov and P. Kroll, (2006), hep-ph/0611290. [22] M. Vänttinen, L. Mankiewicz and E. Stein, (1998), hep-ph/9810527. [23] A. V. Belitsky, AIP Conf. Proc. 698, 607 (2004), hep-ph/0307256. [24] A. V. Radyushkin, Phys. Rev. D56, 5524 (1997), hep-ph/9704207. [25] I. V. Musatov and A. V. Radyushkin, Phys. Rev. D61, 074027 (2000), hep-ph/9905376. [26] M. V. Polyakov and C. Weiss, Phys. Rev. D60, 114017 (1999), hep-ph/9902451. [27] N. Kivel, M. V. Polyakov and M. Vanderhaeghen, Phys. Rev. D63, 114014 (2001), hepph/0012136.

[28] A. D. Martin, R. G. Roberts, W. J. Stirling and R. S. Thorne, Phys. Lett. B604, 61 (2004), hep-ph/0410230.

[29] L. Mankiewicz, G. Piller and T. Weigl, Phys. Rev. D59, 017501 (1999), hep-ph/9712508. [30] M. Vanderhaeghen, P. A. M. Guichon and M. Guidal, Phys. Rev. Lett. 80, 5064 (1998). [31] M. Burkardt, Phys. Lett. B595, 245 (2004), hep-ph/0401159. [32] M. Göckeler et al., Nucl. Phys. Proc. Suppl. 153, 146 (2006), hep-lat/0512011. [33] R. G. Edwards et al., (2006), hep-lat/0610007.

[34] T. Ericson and W. Weise, Pions and Nuclei (Oxford University Press, 1988). [35] S. J. Dong, K. F. Liu and A. G. Williams, Phys. Rev. D58, 074504 (1998), hep-ph/9712483. [36] V. M. Braun, P. Gornicki, L. Mankiewicz and A. Schäfer, Phys. Lett. B302, 291 (1993). [37] P. Ball and V. M. Braun, Phys. Rev. D54, 2182 (1996), hep-ph/9602323. [38] A. P. Bakulev, S. V. Mikhailov and N. G. Stefanis, Phys. Rev. D73, 056002 (2006), hepph/0512119.

[39] V. M. Braun et al., Phys. Rev. D74, 074501 (2006), hep-lat/0606012. [40] N. Kivel and M. V. Polyakov, (2002), hep-ph/0203264.

[41] M. Diehl, A. Manashov and A. Schäfer, Phys. Lett. B622, 69 (2005), hep-ph/0505269. [42] P. Hägler, B. Pire, L. Szymanowski and O. V. Teryaev, Eur. Phys. J. C26, 261 (2002), hepph/0207224.

[43] R. Kamiński, J. R. Peláez and F. J. Ynduráin, Phys. Rev. D74, 014001 (2006), hep-ph/0603170. [44] D. V. Bugg, Eur. Phys. J. C47, 45 (2006), hep-ex/0603023. [45] J. F. Donoghue, J. Gasser and H. Leutwyler, Nucl. Phys. B343, 341 (1990). [46] B. Moussallam, Eur. Phys. J. C14, 111 (2000), hep-ph/9909292.

[47] W. Liu, H.-Q. Zheng and X.-L. Chen, Commun. Theor. Phys. 35, 543 (2001), hep-ph/0005284. [48] B. Ananthanarayan, I. Caprini, G. Colangelo, J. Gasser and H. Leutwyler, Phys. Lett. B602, 218 (2004), hep-ph/0409222.

[49] M. Glück, E. Reya and I. Schienbein, Eur. Phys. J. C10, 313 (1999), hep-ph/9903288. [50] D. Melikhov, O. Nachtmann, V. Nikonov and T. Paulus, Eur. Phys. J. C34, 345 (2004), hepph/0311213.

[51] S. Eidelman and L. Łukaszuk, Phys. Lett. B582, 27 (2004), hep-ph/0311366. [52] A. Pich and J. Portoles, Phys. Rev. D63, 093005 (2001), hep-ph/0101194. [53] F. Guerrero and A. Pich, Phys. Lett. B412, 382 (1997), hep-ph/9707347. [54] M. Diehl and A. V. Vinnikov, Phys. Lett. B609, 286 (2005), hep-ph/0412162.