arXiv:hep-ph/0703158v3 8 Dec 2007

Construction of Lorentz-Invariant Amplitudes from Rest-Frame Wave Functions in HQET – Application to the Isgur-Wise Function –

Takayuki Matsuki,^{1,∗)} and Kohichi Seo^{2,∗∗)}

1Tokyo Kasei University, Tokyo 173-8602, Japan 2Gifu City Women’s College, Gifu 501-0192, Japan

(Received May 28, 2007)

Succeeding in predicting 0^+ and 1^+ states of D and Ds heavy mesons with our semirelativistic quark potential model, we examine a method for constructing Lorentz-invariant scattering amplitudes and/or decay widths and develop a formulation to calculate Lorentzboosted ones given the rest-frame wave functions in our model.

To illustrate the effectiveness of our method, we apply the formulation to the problem of calculating the semileptonic weak form factors from the rest-frame wave functions of heavy mesons and numerically calculate the dynamical 1/mQ corrections to those for the process B̄ → D^{(∗)}ℓν̄ based on our model of heavy mesons. It is shown that nonvanishing expressions for ρ1(ω) = ρ2(ω) and ρ3(ω) = ρ4(ω) = 0 are obtained in a special Lorentz frame, where ρi(ω) are the parameters used in the Neubert-Rieckert decomposition of form factors. Various values of form factors are estimated. These values are compatible with recent experimental data as well as other theoretical calculations.

§1. Introduction

The discovery of the narrow meson states D_{s0}(2317) by BaBar^{1)} and D_{s1}(2460) by CLEO^{2)} and the following confirmation by Belle^{3), 5)} has motivated many theorists to explain these states, as previous studies of these states (Refs. 6) and 7)) using quark potential model apparently fail to reproduce these mass values. More recent experiments have found many other heavy-light mesons : broad D^∗_0(2308) and D^′_1(2427) mesons found by the Belle collaboration,^{8)} which are identified as cq̄ (q = u/d) excited (ℓ = 1) bound states and have the same quantum numbers, j^P = 0^+ and 1^+, as D_{sJ} , respectively (The masses of these mesons have been reported with quite different values in the CLEO and FOCUS experiments, and hence are not yet determined with definiteness.^{4), 5)}); narrow B and B_s states of ℓ = 1, B_1(5720), B^∗_2 (5745), and B^∗_{s2}(5839) found by CDF and D0,^{9)} whose decay widths are also narrow because of their decay through the D-waves; and seemingly radial excitations (n = 2) of the 0^+ D_{s0}(2860) state found by BaBar^{10)} and the 1^− Ds^∗(2715) state found by Belle.^{11)} Furthermore several cc̄ quarkonium-like states have been discovered : X(3872), X(3940), Y (3940), Z(3930), and Y (4260).

The discovery of these mesons triggered a series of studies of the spectroscopy of heavy-light and/or heavy-heavy hadrons using many kinds of ideas, including our semirelativistic quark patential model. Because we do not discuss these ideas in this

∗) E-mail: matsuki@tokyo-kasei.ac.jp ∗∗) E-mail: seo@gifu-cwc.ac.jp

2 T. Matsuki and K. Seo

paper, we refer the reader to the review articles.^{12), 13), 14)} In previous papers,^{15)} we formulated a method for calculating the spectrum of heavy-light mesons in order to construct the Schrödinger equation for a bound state. In that method, the mass is expressed as an eigenvalue of the Hamiltonian of the heavy-light system, in which a bound state consists of a heavy quark and a light antiquark, and negative energy states of a heavy quark appear in the intermediate states when calculating an energy eigenvalue. In oder to make our formulation more reliable, we attempt to reproduce narrow B and B_s states of ℓ = 1, B_1(5720), B^∗_2 (5745) and B^∗_{s2}(5839), together with higher states of J^P for D, D_s, B and B_s,^{16)} and also to reproduce radial excitations of the 0^+ state of D_{s0}(2860) and the 1^− state of Ds^∗(2715).^{17)} These calculations show our model’s reliability, as these results fit well with experiments. What we need to do next is to show that our approach can also produce a method for calculating scattering amplitudes and decay widths using the rest-frame wave functions. Here, we concentrate on the construction of such a formulation, and therefore we refer readers the review paper Ref. 18) for explanations of other methods and their results, because there are many papers that give estimates of widths of many decay modes of heavy mesons.

The heavy quark effective theory (HQET) is a very convenient tool for studying heavy mesons/baryons, including at least one heavy quark.^{19), 20)} In particular, there are many studies on the Isgur-Wise function,^{21)}–^{32)} but most of the calculations in those works use a simple-minded Gaussian form for the meson wave function or a solution to a single-particle Dirac equation in a potential. Some other people have used the Bethe-Salpeter solution for a meson wave function, but it seems there has been no systematically developed way to calculate the higher-order terms in 1/m_Q,^{25), 30)} although some papers^{31)} claim to have done so. Other people^{32)} used the light-front formalism to calculate the scattering amplitudes, so that in the heavy quark limit they obtained the Isgur-Wise function, in which they adopted the Gaussian-type wave function for the heavy mesons. There is a recent paper^{33)} in which the authors use a ”relativistic” formulation to calculate the masses of heavy mesons and apply it to calculate the Isgur-Wise functions for semileptonic B decays. Although that paper adopts an approach that is different from ours, they present a method for calculating higher-order corrections in 1/m_Q to form factors, which is one of the purposes of this paper.

Most of the other calculations of form factors used the so-called trace formalism developed by Falk et al.,^{19)} which assumes the Lorentz covariance of the final form and fits it to the experimental data, or the QCD sum rule^{34)} was used to obtain the relation with the quark/gluon condensates. In previous papers,^{15)} we developed a semi-relativistic formulation for calculating the meson masses and wave functions for the heavy-light Qq̄ system with one heavy quark, Q, and one light antiquark, q̄, introducing phenomenological dynamics. That is, assuming a Coulomb-like vector potential as well as a confining scalar potential to Qq̄ bound states, we expanded the effective Hamiltonian and then perturbatively solved the Schrödinger equation as an expansion in 1/m_Q. The meson wave functions thereby obtained and expanded in 1/m_Q can be used in principle to calculate ordinary form factors or Isgur-Wise functions and their corrections higher-order in 1/m_Q for semileptonic weak or other decay

Construction of Lorentz-Invariant Amplitudes in HQET 3

processes. However, what we have obtained are wave functions in the rest-frame, and therefore we need to develop a method to obtain Lorentz-invariant amplitudes or Lorentz-boosted wave functions. In this paper we would like to address the problem of how accurately we can calculate scattering amplitudes and/or decay widths of heavy-light systems using the rest-frame wave functions. In the following, explaining the results obtained in Ref. 15), we show how to calculate the Lorentz-invariant amplitudes by taking the Isgur-Wise function as an example. This calculation is general enough to apply our formulation to other scattering/decay amplitudes.

Following a previous study,^{35)} in which we derived the zeroth-order form of the Isgur-Wise function expanded in 1/m_Q, we develop a formulation for calculating higher-order corrections to the semi-leptonic weak form factors in 1/m_Q from our semi-relativistic wave functions for heavy mesons in the rest-frame obtained in Ref. 15). The problem involved in constructing a Lorentz-boosted wave function is that there is ambiguity in determining the space-time coordinates of two composite particles from information regarding one bound state, in this case a heavy meson. We study four cases for the reference frames of composite particles and then give a prescription for calculating matrix elements of currents using the rest-frame wave functions in §2. In §3, we give the form factors at zeroth order for four reference frames, show that they agree with each other in the HQET limit, and then obtain them at first-order for one special reference frame. The calculation to lowest order in 1/m_Q gives the numerical value of the slope for the Isgur-Wise function at the origin, and the semi-leptonic weak form factors are calculated up to first-order in 1/m_Q in §4. It is found that there are no dynamical contributions to the form factors; i.e., the first-order corrections to the wave functions do not contribute to the form factors. In §4, studying B̄ → Dℓν and B̄ → D^∗ℓν processes, physical quantities related to the CKM matrix elements are obtained. Finally, §5 is devoted to summary and discussions of the results obtained in this paper. All the details associated with calculations of the form factors are given in the appendices.

§2. Formulation

2.1. Schrödinger equation

In Ref. 15), we calculated the mass spectrum of heavy mesons in a so-called Cornell potential model, which includes both scalar and vector potentials. Although we needed only a stationary system, or rest-frame wave function there, we must now treat a moving frame of a heavy meson to calculate weak form factors. Although we cannot work in a fully relativistic system as far as the Hamiltonian formulation is concerned, we adopt the notation of the Nambu-Bethe-Salpeter equation as much as possible. First, we define a heavy meson (X) wave function composed of a light anti-quark, q^c(x), and a heavy quark, Q(y), as ⟨0| q^c_α(t, ⃗x) Q_β(t, ⃗y) |X; P_X {ℓ}⟩ = ψ^ℓ_{X α β} ((0, ⃗x − ⃗y) ; P_X ) e^{−iPX ·y}, (1) where α and β are Dirac indices of four-spinors, P_{X μ} is the heavy meson fourmomentum, {ℓ} is a set of quantum numbers, and P_X · y = P_{X μ} y^μ. Note that this

4 T. Matsuki and K. Seo

definition of the wave function, ψ^ℓ_X , equals to that used in Ref. 15) multiplied by -1. The heavy meson state is an eigenstate of the four-momentum operator P_μ given by P_μ |X; P_X {ℓ}⟩ = P_{X μ} |X; P_X {ℓ}⟩ , P_{X 0} = √ M^2_X + ⃗P^2_X , (2)

with M_X a heavy meson mass. In this case, the Schrödinger equation in the X moving frame is given by

H ψ^ℓ_X ((0, ⃗x − ⃗y) ; P_X ) = √ M^2_X + ⃗P^2_X ψ^ℓ_X ((0, ⃗x − ⃗y) ; P_X ) , (3)

where the Hamiltonian is given by

H = (⃗α_q · ⃗p + β_qm_q) + [ ⃗α_Q · ( ⃗P_X − ⃗p) + β_Qm_Q ] + ∑ i, j β_qO_{q i}V_{i j} (⃗x − ⃗y)β_QO_{Q j} . (4)

Here, ⃗p = −i⃗∇_x and ⃗P_X is the heavy meson momentum. In our case, Eq. (4) gives O_{q i} = O_{Q i} = 1 for the scalar potential, V_{i j} (⃗x − ⃗y) = S(r) and O_{q i} = γ_{qμ} and O_{Q j} = γ_Q^μ for the vector potential, V_{i j} (⃗x − ⃗y) = V (r) with r = |⃗x − ⃗y|. Actually, we have included the transverse part of the vector potential and the total potential in Eq. (4) is given by

β_qβ_Q S(r) + { 1 − 1 2 [ ⃗α_q · ⃗α_Q + (⃗α_q · ⃗n) (⃗α_Q · ⃗n) ] } V (r), (5)

with S(r) = r a^2 + b, V (r) = − 4 3 α_s r , ⃗n = ⃗r r . (6)

In Ref. 15), we solved the Schrödinger equation given by Eq. (3) with ⃗P_X = ⃗0 order by order in 1/m_Q by expanding H, ψ^ℓ_X , and M_X in 1/m_Q, in order to numerically calculate the mass spectrum, i.e., an eigenvalue, M_X , in each order of perturbation, and then to relate the results to those of HQET.

2.2. Lorentz boost

In order to calculate the decay rate, we need to Lorentz boost the rest-frame wave function that we obtained in previous papers. To explain the idea, we consider the B̄ → D^{(∗)}ℓν decay process as an example and express the wave function in the moving frame in terms of that in the rest-frame.

Assume that the heavy meson is moving in the +z direction with a velocity β. Below, we consider two cases of composite particles, i.e., q^c and Q. In the following, for the initial state of a heavy meson, we adopt the notation q^c(x^0, ⃗x) and Q(y^0, ⃗y) and for the final state, q^c(x^{′0}, ⃗x^′) and Q(y^{′0}, ⃗y^′). The relation between the constituent particles in the rest and moving frames is given by

G q^c_α(x^0, ⃗x) G^{−1} = G^{−1}_{α β} q^c_β(x^{′0}, ⃗x^′), (7) G Q_α(y^0, ⃗y) G^{−1} = G^{−1}_{α β} Q_β(y^{′0}, ⃗y^′), (8)

Construction of Lorentz-Invariant Amplitudes in HQET 5

where G is the Lorentz-boost operator, G is its spinor representation, and their definitions are given by G | |X; ( M_X ,⃗0 ) {ℓ} ⟩ = |X; P_X {ℓ}⟩ (9) G = cosh φ 2 + α^3 sinh φ 2 , β = tanh φ, γ = 1 √ 1 − β^2

= cosh φ. (10)

We have assumed that the heavy meson is boosted in the +z direction. Here, we have ⃗α = γ^0⃗γ, and β and γ are the velocity and Lorentz factor of the heavy meson, respectively, which can be expressed in terms of one parameter, φ.

Even if two constituent quarks have equal times in one frame, they have different times in another frame. In order to pull back the time of the heavy quark to that of the light quark, we make an approximation that the heavy quark propagates freely over a short time interval, assuming Q_β (t + δt, ⃗y) ≃ exp (−im_Qγδt) Q_β (t, ⃗y) . (11) Below we consider two cases. In the first case, the two constituent quarks have equal time in the rest-frame of the meson, and we apply the above approximation to the heavy quark in the moving frame. In the second case, the two constituents have equal times in the moving frame of the meson, and we apply the approximation to the heavy quark in the rest-frame. In these cases, different relations are derived between the wave function of the meson with finite momentum and that of the meson at rest. These are as follows :

i) t = x^0 = y^0 and x^{′0} ≠ y^{′0} (equal time in the rest-frame)

x^{′3} = x^3 cosh φ + t sinh φ, x^{′0} = t cosh φ + x^3 sinh φ, y^{′3} = y^3 cosh φ + t sinh φ, y^{′0} = t cosh φ + y^3 sinh φ. (12)

In this case, an approximate relation between the rest and moving frame wave functions is given by ψ^ℓ_{X α β} ((0, ⃗x) ; P_X ) ≃ G_{α γ} G_{β δ} ψ^ℓ_{X γ δ} (( 0, ⃗x_⊥, γ^{−1}x^3 ) ; ( M_X ,⃗0 )) e^i(^{MX −mQ})^{γ β x3} . (13) ii) t^′ = x^{′0} = y^{′0} and x^0 ≠ y^0 (equal time in the moving frame)

x^3 = x^{′3} cosh φ − t^′ sinh φ, x^0 = t^′ cosh φ − x^{′3} sinh φ, y^3 = y^{′3} cosh φ − t^′ sinh φ, y^0 = t^′ cosh φ − y^{′3} sinh φ. (14)

In this case, an approximate relation between the rest and moving frame wave functions is given by ψ^ℓ_{X α β} ((0, ⃗x) ; P_X ) ≃ G_{α γ} G_{β δ} ψ^ℓ_{X γ δ} (( 0, ⃗x_⊥, γx^3 ) ; ( M_X ,⃗0 )) e^i(^{MX −mQ})^{γ β x3} . (15)

The derivation of the Lorentz boosted wave functions given by Eqs. (13) and (15) is given in Appendix B.

6 T. Matsuki and K. Seo

2.3. Wave function

The explicit form of the wave function we obtained in the previous paper has the form

U_X (p)ψ^ℓ_X (⃗x) = ψ^ℓ_{X FWT}(⃗x), (16a)

U_X (p) ≡ U_cU_{FWT}(p), ψ^ℓ_X (⃗x) ≡ ψ^ℓ_X ( (0, ⃗x) ; ( M_X ,⃗0 )) , (16b)

ψ^ℓ_{X FWT}(⃗x) = ψ^ℓ_{X 0}(⃗x) + ψ^ℓ_{X 1}(⃗x) + . . . , (16c)

ψ^ℓ_{X 0}(⃗x) = Ψ^+_ℓ (⃗x) ≡ √ M_X ( 0 Ψ^k_{j m} ) . (16d)

We have solved the Schrödinger equation in terms of the wave function ψ^ℓ_{X FWT}, not ψ^ℓ_X . Here, the 4 × 4 wave function, ψ^ℓ_X , is transformed just once with the Foldy- Wouthuysen-Tani transformation, U_{FWT}, acting on the heavy quark and with the charge conjugation operator, U_c, into ψ^ℓ_{X FWT}, and its i-th order term in 1/m_Q is given by ψ^ℓ_{X i}. Higher-order corrections depend on the positive and negative components of the heavy quark, Ψ^±_ℓ , which are given by

Ψ^+_ℓ (⃗x) ≡ √ M_X ( 0 Ψ^k_{j m}(⃗x) ) , Ψ^−_ℓ (⃗x) ≡ √ M_X ( Ψ^k_{j m}(⃗x) 0 ) . (17)

Here, ⃗p = ⃗p_Q appearing in the argument of U_X (p) above is the initial momentum of the heavy quark, and henceforth, the color index (N_c = 3) is omitted, because the form of the wave function is the same for all colors, ℓ stands for the set of quantum numbers, j, m, and k, and the positive/negative component wave functions, Ψ^±_ℓ , are given in terms of a 4 × 2 wave function, Ψ^k_{j m}(⃗x), as Ψ^k_{j m}(⃗x) = 1 r ( u_k(r) −i v_k(r) (⃗n · ⃗σ) ) y^k_{j m}(Ω), (18)

where r = |⃗x|, ⃗n = ⃗x/r, j is the total angular momentum of the meson, m is its z component, k is a quantum number that takes only the values k = ±j, ±(j + 1) and ≠ 0. (More details are given in Appendix C.)

We showed in the previous paper that Ψ^+_ℓ (⃗x) is an eigenstate of the operator K ≡ −β_q( ⃗Σ_q · ⃗ℓ + 1), with eigenvalue k, and we classified the spectra in terms of k. People normally classify the spectra in terms of s^P_ℓ , which is defined to be an eigenvalue s_ℓ (s_ℓ + 1) of the operator (⃗s_ℓ)^2,^{36)} together with parity, P . We can show the following direct relation among k, s_ℓ, and P ; i.e., s_ℓ and P can be explicitly written only in terms of k as^{37)} k = ± ( s_ℓ + 1 2 ) or s_ℓ = |k| − 1 2 , (19a) P = k |k| (−1)^{|k|+1}, (19b)

where we have definitions ⃗s_ℓ ≡ ⃗ℓ + 1 2 ⃗Σ_q, (⃗s_ℓ)^2 = ⃗ℓ^2 + ⃗ℓ · Σ_q + 3 4 , ⃗ℓ = −i⃗r × ⃗∇, ⃗Σ_q = ( ⃗σ 0 0 ⃗σ ) . (20)

Construction of Lorentz-Invariant Amplitudes in HQET 7

The corresponding physical quantities between k and s_ℓ and the first few states are listed in Tables I and II, respectively.

Table I. Corresponding values for k, s_ℓ, and P .

P (−)^{j+1} (−)^j (−)^j (−)^{j+1} k −(j + 1) j + 1 −j j s_ℓ j +^1_2 j +^1_2 j −^1_2 j −^1_2 Ψ^k_j Ψ^{−(j+1)} j Ψ^{j+1}_j Ψ^{−j}_j Ψ^j_j

Table II. States classified with respect to various quantum numbers.

j^P 0^− 1^− 0^+ 1^+ 1^+ 2^+ 1^− 2^− 2^− 2^+ k -1 -1 1 1 -2 -2 2 2 -3 3 s^P_ℓ^1_2^{− 1}_2^{− 1}_2^{+ 1}_2^{+ 3}_2^{+ 3}_2^{+ 3}_2^{− 3}_2^{− 5}_2^{− 5}_2^+ Ψ^k_j Ψ^{−1}_0 Ψ^{−1}_1 Ψ^1_0 Ψ^1_1 Ψ^{−2}_1 Ψ^{−2}_2 Ψ^2_1 Ψ^2_2 Ψ^{−3}_2 Ψ^3_2

From Tables I and II, it is seen that there are both advantages and disadvantages of using these quantities to classify the heavy mesons. The quantity s^P_ℓ has an intuitive meaning that it represents the total angular momentum of the light degrees of freedom, while k does not. However, k includes information concerning parity, while s_ℓ does not. Hence we need to add P , writing it as s^P_ℓ . Certainly either one can be used to classify the heavy meson spectra equally well; i.e., they are equivalent.

2.4. Normalization

Normalization of the state |X; P_X {ℓ}⟩ is formally given by ⟨ X; P^′_X {ℓ^′} |X; P_X {ℓ}⟩ = (2π)^3 2P_{X 0} δ^3 ( ⃗P_X − ⃗P^′_X ) δ_ℓ′_{,ℓ} (21)

or ∫ d^3z tr [ ψ^{ℓ′}_X^† ((0, ⃗z) ; P_X ) ψ^ℓ_X ((0, ⃗z) ; P_X ) ] ≃ 2P_{X 0} δ_{ℓ ℓ}′ , (22)

whose derivation is given in Appendix B. Actually, the normalization given by Eq. (22) does not hold, because of approximations adopted in the previous subsection, and hence, instead of Eq. (22), we define the normalization in the rest-frame as follows : ∫ d^3z tr [ ψ^{ℓ′}_X^† ( (0, ⃗z) ; ( M_X ,⃗0 )) ψ^ℓ_X ( (0, ⃗z) ; ( M_X ,⃗0 ))] = 2M_X δ_{ℓ ℓ}′ . (23)

In order to calculate the normalization in a moving frame, we have to specify the quantum numbers in which we are interested. Because we would like to compute the Isgur-Wise function and its higher orders, the cases of the pseudoscalar state 0^− and vector state 1^− are calculated in the following.

The normalization condition given by Eq. (23) can be rewritten in terms of ψ^ℓ_{X FWT}(⃗x) as ∫ d^3x tr [ ψ^{ℓ′}_{X FWT}^† (⃗x) ψ^ℓ_{X FWT} (⃗x) ] = 2M_X δ_{ℓ ℓ}′ . (24)

8 T. Matsuki and K. Seo

All the details concerning the wave functions are given in Appendix C.

In order to calculate the normalization of the wave function in a moving frame and/or the matrix elements of the semi-leptonic decay processes, we need to develop a formulation of their calculations in terms of the rest-frame wave functions. Let us assume that a physical quantity is already given in terms of the rest-frame wave functions and rewrite them in terms of the FWT-transformed ones as ∫ d^3x (O_q)_{α α′} (O_Q)_{β β′} A^{′ ∗}_{α γ} B^{′ ∗}_{β δ}ψ^{ℓ ′ ∗}_X′_{γ δ}A_α′_γ′ B_{β δ}′ ψ^ℓ_{X γ}′_δ′ = ∫ d^3x tr ( ψ^{ℓ ′ †}_{X′} A^{′ †}O_qAψ^ℓ_X B^TO^T_QB^{′ ∗} )

= ∫ d^3x tr [ ψ^{ℓ ′ †}_{X′ FWT}A^{′ †}O_qAψ^ℓ_{X FWT}U^{−1}_X (p_Q)B^TO^T_QB^{′ ∗} U_X′ (p^′_Q) ] , (25)

where (O_q)_{α α}′ , A^′_{α γ} , and A_{α γ}′ act on light quarks, while (O_Q)_{β β}′ , B^′_{β δ} and B_{β δ}′ act on heavy quarks, and use has been made of

ψ^ℓ_X = U^{−1}_X (p_Q) ⊗ ψ^ℓ_{X FWT}(p_Q) = ψ^ℓ_{X FWT} U^{−1}_X (p_Q), ψ^ℓ_X′ = ψ^ℓ_X ′_{FWT} U^{−1}_X (p^′_Q),

U^{−1}_X (p_Q)B^TO^T_QB^{′ ∗} U_X′ (p^′_Q) = U^{−1}_{X FWT}(p_Q)U^{−1}_c B^TO^T_QB^{′ ∗} U_cU_X ′_{FWT}(p^′_Q). (26)

In the course of obtaining relativistic results from the rest-frame wave functions, we calculate the normalization of the wave function in a moving frame in two extreme cases, i) t = x^0 = y^0 and ii) t^′ = x^{′0} = y^{′0}. The FWT-transformed rest-frame wave function is given by, to first order in 1/m_Q,^{15)}

ψ^ℓ_{X FWT}(0^−) = Ψ^+_{−1} + c^{−1, 1}_{1−} Ψ^−_1 + O ( 1/m^2_Q ) , (27a)

ψ^ℓ_{X FWT}(1^−) = Ψ^+_{−1} + c^{−1, 2}_{1+} Ψ^+_2 + c^{−1, 1}_{1−} Ψ^−_1 + c^{−1, −2}_{1−} Ψ^−_{−2} + O ( 1/m^2_Q ) , (27b)

where only the value of the k quantum number is written as a subscript of Ψ^±_ℓ . The total angular momentum, j, though not given explicitly, should be the same on both sides of the equations and the coefficients, c^{k, k′}_{1±} , are given in 15). Their explicit expressions are not necessary here, since we show that the higher-order corrections do not contribute to the physical quantities at this order, O(1/m_Q). Actually, Eq. (27) can be derived from the conservation of total angular momentum and parity alone, without explicit interaction terms specified, since we know the complete set of eigenfunctions with j, m, and k quantum numbers. (Details are given in Appendix C.)

We calculate the normalizatio up to first-order in 1/m_Q below. i) t = x^0 = y^0 and x^{′0} ≠ y^{′0} (equal time in the rest-frame) Using Eqs. (13), (24) and (25), we obtain, to first-order in 1/m_Q and both for 0^− and 1^− states given by Eq. (27), ∫ d^3x tr [ ψ^{ℓ′ †}_X ((0, ⃗x) ; P_X ) ψ^ℓ_X ((0, ⃗x) ; P_X ) ] = 2M_X γ^3 + O ( 1/m^2_Q ) . (28)

ii) t^′ = x^{′0} = y^{′0} and x^0 ≠ y^0 (equal time in the moving frame)

Construction of Lorentz-Invariant Amplitudes in HQET 9

Similarly using Eq. (15), (24) and (25), we obtain ∫ d^3x tr [ ψ^{ℓ′ †}_X ((0, ⃗x) ; P_X ) ψ^ℓ_X ((0, ⃗x) ; P_X ) ] = 2M_X γ + O ( 1/m^2_Q ) . (29)

Only this case agrees with the relativistic normalization given by Eq. (22).

2.5. Matrix elements

The light anti-quark is treated as a spectator; that is, it does not interact with other particles, except for gluons represented by potentials in our model. The heavy quark has a weak vertex, and its current is in general given by j(t, ⃗x) = Q^†_{X′ α}(t, ⃗x) O_{α β} Q_{X β}(t, ⃗x), (30) where O is a 4 × 4 matrix. By inserting the number operator of the anti-quark and by assuming vacuum dominance among intermediate states, we obtain the formula for the matrix element of the above current, Eq. (30), between heavy mesons : ⟨ X^′; P_X′ {ℓ^′} |j(t, ⃗x)| X; P_X {ℓ} ⟩ ≃ ∫ d^3y tr [ ψ^{ℓ′}_X′^† ((0, ⃗y − ⃗x) ; P_X′ ) ( O ⊗ ψ^ℓ_X ((0, ⃗y − ⃗x) ; P_X ) )]

× e^{−i(PX −PX′ )·x} (31) or ⟨ X^′; P_X′ {ℓ^′} | |j(0,⃗0) | | X; P_X {ℓ}⟩ ≃ ∫ d^3x tr [ ψ^{ℓ′}_X′^† ((0, ⃗x) ; P_X′ ) ψ^ℓ_X ((0, ⃗x) ; P_X ) O^T ] . (32)

Now we would like to evaluate the matrix element of the process B̄ → D^{(∗)}ℓν̄_ℓ in two frames, the B̄ rest-frame and the Breit frame. (The velocities of B̄ and D have the same magnitude and have the opposite directions.) In each frame, we apply two approximate relations, Eqs. (12) and (14). As mentioned in the previous subsection, the normalization condition Eq. (22) of the wave function holds in the approximation ii) (equal time in the moving frame) but not in the approximation i) (equal time in the rest-frame). In the approximation i), we need to renormalize the matrix elements by normalizing the wave function, and we redefine the matrix elements of the current as follows : ⟨ D^{(∗)} | |j(0,⃗0) | | B̄ ⟩

= √ 2P¯_{B0} 2P_D(∗)_0 ∫ d^3x tr [ ψ^{ℓ′ †}_{D(∗)} ((0, ⃗x) ; P_D(∗) ) ψ^ℓ_{B̄} ((0, ⃗x) ; P¯_B )O^T ] √ ∫ d^3x tr | |ψ_ℓ′_{D(∗)} ((0, ⃗x) ; P_{D(∗)} ) | |^2 ∫ d_3x tr | |ψ_{ℓ̄B} ((0, ⃗x) ; P_{B̄} ) | |^2 . (33)

The numerator here is calculated below using the results of §2.2, while the denominator is calculated in §2.4 and given by Eqs. (28) and (29).

10 T. Matsuki and K. Seo

1) B̄ rest-frame 1-i) t = x^0 = y^0 for the D^{(∗)} meson In this case, the matrix element is given by, with our approximations, ∫ d^3x tr [ ψ^{ℓ′ †}_{D(∗)} ((0, ⃗x) ; P_D(∗) ) ψ^ℓ_{B̄}((0, ⃗x) ; P¯_B )O^T ]

= ∫ d^3x G^∗_{γ δ}G^∗_{α ϵ} ψ^{ℓ′}_{D(∗)}^∗_{δ ϵ} (( 0, ⃗x_⊥, γ^{−1}x^3 ) ; ( M_D(∗) ,⃗0 )) O_{α β} ψ^ℓ_{B̄ γ β} (⃗x) × e^{−i}(^MD^{(∗) −mc})^{γ β x3} . (34) 1-ii) t^′ = x^{′0} = y^{′0} for the D^{(∗)} meson In this case, the matrix element is given by ∫ d^3x tr [ ψ^{ℓ′ †}_{D(∗)} ((0, ⃗x) ; P_D(∗) ) ψ^ℓ_{B̄} ((0, ⃗x) ; P¯_B )O^T ]

= ∫ d^3x G^∗_{γ δ}G^∗_{α ϵ} ψ^{ℓ′}_{D(∗)}^∗_{δ ϵ} (( 0, ⃗x_⊥, γx^3 ) ; ( M_D(∗) ,⃗0 )) O_{α β} ψ^ℓ_{B̄ γ β} (⃗x) × e^{−i}(^MD^{(∗) −mc})^{γ β x3} . (35) 2) Breit frame 2-i) t = x^0 = y^0 for the B̄ and D^{(∗)} mesons In this case, the matrix element is given by, with our approximations, ∫ d^3x tr [ ψ^{ℓ′ †}_{D(∗)} ((0, ⃗x) ; P_D(∗) ) ψ^ℓ_{B̄} ((0, ⃗x) ; P¯_B )O^T ]

= γ ∫ d^3x ψ^{ℓ′}_{D(∗)}^∗_{γ α} (⃗x) ( G^†OG^{−1} ) α β ψ^ℓ_{B̄ γ β} (⃗x) × exp [ − i 2 (M_D(∗) − m_c + M_B − m_b) γ^2 β x^3 ] . (36)

2-ii) t^′ = x^{′0} = y^{′0} for the B̄ and D^{(∗)} mesons In this case, the matrix element is given by ∫ d^3x tr [ ψ^{ℓ′ †}_{D(∗)} ((0, ⃗x) ; P_D(∗) ) ψ^ℓ_{B̄} ((0, ⃗x) ; P¯_B )O^T ]

= γ^{−1} ∫ d^3x ψ^{ℓ′}_{D(∗)}^∗_{γ α} (⃗x) ( G^†OG^{−1} ) α β ψ^ℓ_{B̄ γ β} (⃗x) × exp [ − i 2 (M_D(∗) − m_c + M_B − m_b) β x^3 ] . (37)

§3. Semi-Leptonic weak form factor

Using the results derived in the previous section, we can now calculate semileptonic weak form factors including the Isgur-Wise function. In this case the currents are given by j_μ = c^†(t, ⃗x) γ^0γ_μ b (t, ⃗x), (38a) j^5_μ = c^†(t, ⃗x) γ^0γ_μγ_5 b (t, ⃗x). (38b)

Construction of Lorentz-Invariant Amplitudes in HQET 11

Define the six independent semi-leptonic weak form factors as^{21)} ⟨D| j_μ(0,⃗0) |¯ B ⟩ = √ M_BM_D (ξ_+(ω)(v¯_B + v_D)_μ + ξ_−(ω)(v¯_B − v_D)_μ) , (39a) ⟨D^∗| j_μ(0,⃗0) | |B̄⟩ = i √ M_B M_D∗ ξ_V (ω) ϵ_{μνρσ}ϵ^{∗ ν} v^ρ_D∗ v^σ_{B̄}, (39b) ⟨D^∗| j^5_μ(0,⃗0) | |B̄⟩ = √ M_BM_D∗ ( (1 + ω)ξ_{A1} (ω) ϵ^∗_μ

−ξ_{A2} (ω) (ϵ^∗ · v¯_B ) v¯_{B μ} − ξ_{A3} (ω) (ϵ^∗ · v¯_B ) v_D∗_μ ) , (39c)

with v^μ_X = P^μ_X /M_X , for X = B̄, D^{(∗)}, ω = v¯_B · v_D. (40)

3.1. Zeroth order (Isgur-Wise function)

After some calculations, all the above form factors are found to be proportional to the Isgur-Wise function, ξ(ω), or vanish and are given by

ξ_+(ω) = ξ_V (ω) = ξ_{A1} (ω) = ξ_{A3} (ω) = ξ(ω), (41a)

ξ_−(ω) = ξ_{A2} (ω) = 0. (41b)

Below we only briefly show how to calculate ξ_+(ω) = ξ(ω) from Eq. (39a), since the other functions are obtained similarly. All the details are given in Appendix E. We define the Isgur-Wise function as ⟨ D | |j_0(0,⃗0) | | B̄⟩ = √ 2P¯_{B 0}2P_{D 0} ∫ d^3x tr [ ψ^{ℓ′ †}_{D 0} ((0, ⃗x) ; P_D) ψ^ℓ_{B̄ 0} ((0, ⃗x) ; P¯_B ) ] √ ∫ d^3x tr | |ψℓ^′_{D 0}((0, ⃗x) ; P_D) | |^2 ∫ d3x tr | |ψ_{ℓ̄B 0}((0, ⃗x) ; P_{B̄} ) | |^2 = √ M_B M_Dξ(ω)(v¯_B + v_D)_0. (42)

The expression Eq. (42) can be further reduced in two cases of the B̄ frame as follows. 1) B̄ rest-frame In this frame, B̄ is at rest, D is moving in the +z direction with velocity β and ξ(ω) is given by ξ(ω) = √ 2ω ∫ d^3x tr [ ψ^{ℓ′ †}_{D 0} ((0, ⃗x) ; P_D) ψ^ℓ_{B̄ 0} (⃗x) ] √ M_B (1 + ω) √ ∫ d^3x tr | |ψℓ^′ †_{D 0} ((0, ⃗x) ; P_D) | |^2 , (43)

with the relations

P¯_{B 0} = M_B , P_{D 0} = M_Dv_{D 0} = M_Dω, v¯_{B 0} = 1,

v_{D 0} = v¯_B · v_D = γ = 1 √ 1 − β^2 = ω, β = √ ω^2 − 1 ω . (44)

2) Breit frame In this frame, B̄ is moving in the +z direction, D in the −z with the same velocity β/2, and ξ(ω) is given by ξ(ω) = ∫ d^3x tr [ ψ^{ℓ′ †}_{D 0} ((0, ⃗x) ; P_D) ψ^ℓ_{B̄ 0} ((0, ⃗x) ; P¯_B ) ] √ ∫ d^3x tr | |ψℓ^′_{D 0} ((0, ⃗x) ; P_D) | |^2 ∫ d3x tr | |ψ_{ℓ̄B 0} ((0, ⃗x) ; P_{B̄} ) | |^2 , (45)

12 T. Matsuki and K. Seo

with the relations

P¯_{B 0} = M¯_B γ, P_{D 0} = M_Dγ, v¯_{B 0} = v_{D 0} = γ = 1 √ 1 − (β/2)^2 , v¯_B · v_D = γ^2 ( 1 + β^2 4 ) = ω, γ = √ ω + 1 2 , β 2 = √ ω − 1 ω + 1

. (46)

We note that here and below we have used the same notation for the velocity and Lorentz factor both in the B̄ rest-frame and the Breit frame, although they are different quantities, as one can see from Eqs. (44) and (46).

We calculate this Isgur-Wise function in four cases below. The details are given in Appendix E.1.

1-i) B̄ rest-frame and t = x^0 = y^0. In this case, we have ξ(ω) = 1 ω − 1 6 β^2ωẼ^2_D ⟨ r^2 ⟩ + β^2 4 + O(β^4), (47) where ⟨ r^2 ⟩ ≡ ∫ d^3x tr [ ψ^ℓ_{X 0}^†(⃗x)r^2ψ^ℓ_{X 0}(⃗x) ] , for X = D, or B̄, (48)

both of which give the same result, since this is the lowest-order calculation. 1-ii) B̄ rest-frame and t^′ = x^{′0} = y^{′0} :

ξ(ω) = 1 − 1 6 β^2ωẼ^2_D ⟨ r^2 ⟩ − β^2 4 + O(β^4). (49)

2-i) Breit frame and t = x^0 = y^0 :

ξ(ω) = γ^{−2} − 1 6 ( β 2 )_2 γ^2(Ẽ¯_B + Ẽ_D)^2 ⟨ r^2 ⟩ + O(β^4). (50)

2-ii) Breit frame and t^′ = x^{′0} = y^{′0} :

ξ(ω) = γ^{−2} − 1 6 ( β 2 )_2

γ^{−2}(Ẽ¯_B + Ẽ_D)^2 ⟨ r^2 ⟩ + O(β^4). (51)

In the above we have used Ẽ_D ≡ M_D − m_c, Ẽ_{B̄} ≡ M_B − m_b. (52)

The rhs of Eq. (52) can be expanded in 1/m_Q as

Ẽ_X = M_X − m_Q = ( m_Q + ∑ i=0 C^i_X (m_Q)^i ) − m_Q = ∑ i=0 C^i_X (m_Q)^i

, (53)

where the i-th order in 1/m_Q of M_X is given by C^i_X /(m_Q)^i, and it is shown in Ref. 15) that C^i_X depends only on the light quark mass m_q, and hence C^i_D = C^i_B = C^i(m_q) in our case, since light quarks are either u or d, and we have set m_u = m_d. Equation (53) is for the 0^− state. When it is written for the 1^− state, the coefficients are given by C^i_X^′. All the expressions obtained above have the same form, up to first-order in ω in the vicinity of ω = 1, and up to the zeroth-order in 1/m_Q, as given by

ξ(ω) = 1 − ( 1 2 + 1 3 Λ̄^2 ⟨r^2⟩ ) (ω − 1) , (54)

Λ̄ = lim_{mQ→∞} Ẽ_D = lim_{mQ→∞} Ẽ_{B̄} = C^0, (55)

Construction of Lorentz-Invariant Amplitudes in HQET 13

that is,

ξ(1) = 1, ξ^′(1) = − 1 2 − 1 3 Λ̄^2 ⟨r^2⟩ . (56)

The form for ξ(ω) given by Eq. (54) is derived from our semi-relativistic formulation and coincides with those derived from other considerations,^{24), 27), 29)} but we believe that our derivation is the most general and does not depend on any specific model. This form gives the lower bound −1/2 for ξ^′(1) or the upper bound 1/2 for −ξ^′(1), as shown in Refs. 24), 27) and 29). All the other form factors, ξ_−(ω), ξ_V (ω), and ξ_{Ai} (ω) for i = 1 − 3, are similarly calculated and given by Eq. (41) up to this order, (1/m_Q)^0.

Using the values for the parameters obtained in Ref. 15) to calculate the mass spectra of heavy mesons, we can calculate ξ^′(1) to first and second orders in 1/m_Q as ξ^′(1) = −1.44, (57)

where we have used the values Λ̄ = 0.752 GeV and ⟨ r^2 ⟩ = 5.009 GeV^{−2}, taken from Ref. 16). The values of ξ^′(1) given in references are listed in Ref. 27).

3.2. First order

There is only one kind of the first-order correction, i.e., that from the wave functions. The first-order corrections to the form factors defined by Eq. (39) from the wave functions are straightforwardly calculated, although the calculation is cumbersome. Hence, here we do not repeat calculations similar to §3.1 and give only the final results below.

We have calculated all four cases, 1-i) - 2-ii). The results show that there are no contributions from the first-order corrections of the wave functions to the form factors. Although we attempted to obtain relativistically invariant results from knowledge of the rest frame by applying four different Lorentz-boost frames, the first-order corrections in all cases are not invariant, except one, the case 2-ii). The Breit frame with t^′ = x^{′0} = y^{′0} gives relativistic results that coincide with those of Ref. 21). Hence, the following results could be a conjecture from our model, but we believe that our results are very plausible, since they agree with relativistic results which come from a semi-relativistic potential model. Brief derivations of these form factors are given in Appendix E.2.

As stressed in the Introduction, our approach does not use fields, and hence there is no other kind of first order, i.e., the currents cannot be expanded in 1/m_Q in terms of the effective velocity-dependent fields, as in the HQET given in many papers as

j_μ = c^†_vγ^0γ_μb_v + c^†_v ( −i 2m_c γ^0 ←− D/ γ_μ + i 2m_b γ^0γ_μ −→ D/ ) b_v. Six form factors including zeroth-order terms for completeness with the decomposition of Neubert and Rieckert^{21)} are given by

ξ_+(ω) = [ 1 + ( 1 m_c + 1 m_b ) ρ_1(ω) ] ξ(ω), (58a)

14 T. Matsuki and K. Seo

ξ_−(ω) = [ − Λ̄ 2 + ρ_4(ω) ] ( 1 m_c − 1 m_b ) ξ(ω), (58b)

ξ_V (ω) = [ 1 + Λ̄ 2 ( 1 m_c + 1 m_b ) + 1 m_c ρ_2(ω) + 1 m_b (ρ_1(ω) − ρ_4(ω)) ] ξ(ω), (58c)

ξ_{A1} (ω) = [ 1 + Λ̄ 2 ω − 1 ω + 1 ( 1 m_c + 1 m_b ) + 1 m_c ρ_2(ω) + 1 m_b ( ρ_1(ω) − ω − 1 ω + 1 ρ_4(ω) )] ξ(ω), (58d)

ξ_{A2} (ω) = 1 ω + 1 1 m_c [ −Λ̄ + (ω + 1)ρ_3(ω) − ρ_4(ω) ] ξ(ω), (58e)

ξ_{A3} (ω) = [ 1 + Λ̄ 2 ( ω − 1 ω + 1 1 m_c + 1 m_b ) + 1 m_c ( ρ_2(ω) − ρ_3(ω) − 1 ω + 1 ρ_4(ω) )

+ 1 m_b (ρ_1(ω) − ρ_4(ω)) ] ξ(ω), (58f)

where ξ(ω) is given by Eq. (54) and

ρ_1(ω) = ρ_2(ω) = − 1 3 C^1Λ̄ ⟨ r^2 ⟩ (ω − 1) , (59a) ρ_3(ω) = ρ_4(ω) = 0. (59b)

Thus, there are 1/m_Q corrections to ρ_1 and ρ_2 coming from phase factors of the wave functions, together with kinetic terms. (See Appendix E.2.)

§4. CKM matrix element 4.1. B̄ → Dℓν̄ With the results given in §§3.1 and 3.2, we now calculate the CKM matrix element, |V_{c b}|. We first evaluate the differential decay rate of the process B̄ → Dℓν̄ to extract the value |V_{c b}|. Note that since we have neglected the isospin invariance in our formulation, there is no distinction between B̄_0 and B^− in the following. Similarly, D^{(∗)} means either D or D^∗, which is equal to D^0 and D^+ or D^{∗0} and D^{∗+}, respectively, in our formulation. The expression for this differential decay rate is given by dΓ dω = G^2_F 48π^3

|V_{cb}|^2 M^3_D (M_B + M_D)^2 (ω^2 − 1)^{3/2}F_D(ω)^2, (60)

where we have defined

F_D(ω) = ξ_+(ω) − 1 − r 1 + r ξ_−(ω), r = M_D M_B . (61)

Using the above expressions and the form factors obtained in the previous subsections, we can evaluate values of the form factor F_D(ω) at zero recoil and its first derivative.

Construction of Lorentz-Invariant Amplitudes in HQET 15

i) Zeroth-order in 1/m_Q In this case, since ξ_+(ω) = ξ_V (ω) = ξ_{A1} (ω) = ξ_{A3} (ω) = ξ(ω) and ξ_−(ω) = ξ_{A2} (ω) = 0, given by Eq. (41), we have

F_D(1) = ξ(1) = 1, F_D^′(1) = ξ^′(1) = −1.44. (62)

ii) First-order in 1/m_Q In this case, Eq. (58), together with Eq. (59) gives

F_D(1) = ξ_+(1) − 1 − r 1 + r ξ_−(1) = 1.07, F_D^′(1) = −0.875. (63)

The combined recent experimental data of CLEO^{38)} and Belle^{39)} lead to the following value of the product of the form factor and the CKM matrix element :

F_D(1) |V_{cb}| = 0.0414 ± 0.0064.

Using our prediction Eq. (63), we find the value of CKM matrix element to be

|V_{cb}| = 0.0387 ± 0.0060. (64) 4.2. B̄ → D^∗ℓν̄ As noted by Neubert,^{40)} the differential decay rate of the process B̄ → D^∗ℓν̄ is the best quantity to extract the value |V_{c b}|. The expression for this differential decay rate is given by dΓ dω = G^2_F 48π^3

|V_{cb}|^2 M^3_D∗ (M_B − M_D∗ )^2 √ ω^2 − 1(ω + 1)^2 × [ 1 + 4ω ω + 1

1 − 2ωr^∗ + r^{∗2}

(1 − r^∗)^2 ] F_D∗ (ω)^2, (65)

where we have defined

(1 − r^∗)^2 [ 1 + 4ω ω + 1

1 − 2ωr^∗ + r^{∗2} (1 − r^∗)^2 ] F_D∗ (ω)^2

= 2(1 − 2ωr^∗ + r^{∗2}) ( ξ_{A1} (ω)^2 + ω − 1 ω + 1 ξ_V (ω)^2 ) + { (ω − r^∗)ξ_{A1} (ω)

−(ω − 1) [ξ_{A3} (ω) + r^∗ξ_{A2} (ω)]

}_2

= { 2(1 − 2ωr^∗ + r^{∗2}) ( 1 + ω − 1 ω + 1

R_1(ω)^2 ) + [(ω − r^∗) − (ω − 1)R_2(ω)]^2 }

× ξ_{A1} (ω)^2, (66) and r^∗ = M_D∗ M_B , R_1(ω) = ξ_V (ω) ξ_{A1} (ω)

, R_2(ω) = ξ_{A3} (ω) + r^∗ξ_{A2} (ω) ξ_{A1} (ω)

. (67)

Similarly to §4.1, one can evaluate values of the form factor F_D∗ (ω) at zero recoil and its first derivative.

16 T. Matsuki and K. Seo

Table III. Comparison of our model predictions for the values of the product FD∗ (1)|V_{cb}| with theoretical predictions and experimental data.^{33)}

param. our Ref. 33) FD∗ |V_{cb}| 0.0380(21) 0.0343(12)

params. CLEO^{41)} BaBar^{42)} Belle^{43)} DELPHI^{44)} FD∗ |V_{cb}| { 0.0376(3)(16)^a 0.0328(5)^b { 0.0431(13)(18)^a 0.0360(20)^b { 0.0354(19)(18)^a 0.0315(12)^b

0.0377(11)(19)^a

a fit using the form factor ξ_{A1} parameterization of the model.^{45)} b fit using the form factor predictions of the model.^{33)}

i) Zeroth-order in 1/m_Q In this case, we have

F_D∗ (1) = ξ(1) = 1, F_D∗^′(1) = ξ^′(1) = −1.44. (68)

ii) First-order in 1/m_Q In this case, we have

F_D∗ (1) = ξ(1) = 1, F_D∗^′(1) = −1.09, (69a) R_1(1) = 1.45, R^′_1(1) = −0.222, R_2(1) = 0.942, R^′_2(1) = 0.0286, (69b)

where the first equation is consistent with the so-called Luke theorem,^{21)} and we have used m_c = 1.032 GeV, m_b = 4.639 GeV, and r^∗ = M_D∗ /M_B = 0.3804 used in Ref. 17) and C^1 = 0.19022 in Eq. (59a). The estimated values given by Eqs. (63) and (69) in our paper are consistent with other theoretical values, except for R^′_2(1), whose values are given in Ref. 33). The value of R^′_2(1) is one order of magnitude smaller than the other theoretical values, and there is yet no experimental data for it. The combined fit of the experimental data from CLEO,^{41)} Belle,^{43)} and BaBar^{42)} gives F_D∗ (1) |V_{cb}| = 0.0380 ± 0.0021.

Using our value of F_D∗ (1) = 1, we have

|V_{cb}| = 0.0380 ± 0.0021. (70)

§5. Summary and discussion

In this paper, we have formulated a method for constructing Lorentz-invariant amplitudes by examining four kinds of Lorentz-boosted systems after normalizing their amplitudes. Although all four are not always consistent for higher orders in 1/m_Q, they may be corrected by comparing with other methods, for instance, relativistic and kinematic results. Despite of this defect, we believe that this formulation certainly provides a method to calculate reliable amplitudes from wave functions in the rest frame.

Construction of Lorentz-Invariant Amplitudes in HQET 17

Table IV. Comparison of theoretical predictions of for the ratios R1(1) and R2(1) and their derivatives, R^′_1(1) and R^′_2(1).

Ref. R1(1) R2(1) R^′_1(1) R^′_2(1) our 1.45 -0.22 0.94 0.029 33) 1.39 -0.23 0.92 0.12 46) 1.25 -0.10 0.81 0.11 47) 1.27 -0.12 0.80 0.11 20), 48) 1.35 -0.22 0.79 0.15 49) 1.15 0.94 50) 1.01(2) 1.04(1)

As an example of this formulation, we have calculated the semi-leptonic weak form factors up to first-order in 1/m_Q following a previous study,^{35)} and using the results obtained in that paper. In this paper, we have found the following results.

1. The Isgur-Wise function has the following form, up to first-order in 1/m_Q and in (ω − 1) :

ξ(ω) = 1 − ( 1 2 + 1 3 Λ̄^2 ⟨r^2⟩ ) (ω − 1) , Λ̄ = Λ̄_u = lim_{mQ→∞} Ẽ_D = lim_{mQ→∞} Ẽ_B.

Hence, we have ξ(1) = 1, ξ^′(1) = − 1 2 − 1 3 Λ̄^2 ⟨r^2⟩ .

Here, since Λ̄ depends only on the light quark mass and we treat only the heavy mesons D, D^∗, and B, which include only u and d light quarks with m_u = m_d, the subscript of Λ̄_u expresses this fact.

2. We find that there is no contribution to the six form factors from correction terms at first-order in m_Q for the rest-frame wave functions. That is, no terms, except for the first in Eq. (27), which include negative and positive energy states of a heavy quark contribute to the physical quantities.

3. The first-order corrections are derived from phase factors of the wave functions and also given by kinetic terms, and there are no contributions from the firstorder corrections to the wave functions. They are explicitly given by Eqs. (58) and (59). That is, in the terminology of Neubert and Rieckert in Ref. 21), we have

ρ_1(ω) = ρ_2(ω) = − 1 3 C^1Λ̄ ⟨ r^2 ⟩ (ω − 1) , ρ_3(ω) = ρ_4(ω) = 0.

4. We have calculated the values for the form factor F(ω) at zero recoil and/or their first derivatives up to first-order in 1/m_Q as

F_D(1) = 1.07, F_D^′(1) = −0.875, F_D∗ (1) = ξ(1) = 1, F_D∗^′(1) = −1.09, R_1(1) = 1.45, R_1(1) = −0.222, R_2(1) = 0.942, R^′_2(1) = 0.0286.

The first equations here were obtained by analyzing the B̄ → Dℓν̄ process, and the second by analyzing B̄ → D^∗ℓν̄. These values are consistent with

18 T. Matsuki and K. Seo

experimental data as well as other theoretical estimates listed in Tables I and II of Ref. 33).

5. The above values can be used to estimate the CKM matrix element |V_{cb}|, which we have obtained as |V_{cb}| = 0.0387 ± 0.0060

for the B̄ → Dℓν̄ process, and

|V_{cb}| = 0.0380 ± 0.0021

for the B̄ → D^∗ℓν process. These values are consistent with the value in PDG,^{51)} |V_{cb}| = 0.0409 ± 0.0018 (exclusive).

Here to obtain theoretical predictions for |V_{cb}|, we have ignored theoretical undertainties, although experimental errors are taken into account. We have developed a method to obtain relativistically invariant results using rest-frame wave functions, and to do this, four different Lorentz-boosted frames were adopted to check the validity of our results. The same form is obtained for the Isgur-Wise function in all four cases up to zeroth-order in 1/m_Q and first-order in (ω − 1). However, the first-order corrections in 1/m_Q are not the same in all four cases. Only the case denoted by 2-ii) in the main text, i.e., in the Breit frame with t^′ = x^{′0} = y^{′0} both for B̄ and D^{(∗)}, gives results consistent with the relativistic ones given in Ref. 21).

Appendix A Schrödinger Equation

The Schrödinger equation given by Eq. (3) is derived by calculating ⟨ X^′; P_X′ {ℓ^′} |H| X; P_X {ℓ} ⟩ = ⟨ X; P_X {ℓ} | P^0 | X; P_X {ℓ} ⟩ , (A.1)

with P^0 being the 0-th component of the four-momentum P^μ, and by varying with respect to ψ^{ℓ′ ∗}_X′ . Here the Hamiltonian density is given by H= ∫ d^3x {q^{c†}(⃗x)(⃗α_q · ⃗p_q + β_qm_q)q^c(⃗x) + Q^†(⃗x)(⃗α_Q · ⃗p_Q + β_Qm_Q)Q(⃗x)} + ∫ d^3xd^3y q^{c†}(⃗x)β_qO_{qi}q^c(⃗x)V_{ij} (⃗x − ⃗y)Q^†(⃗y)β_QO_{Qj} Q(⃗y). (A.2) The lhs of Eq. (A.1) can be approximated as ⟨ X^′; P_X′ {ℓ^′} |H| X; P_X {ℓ} ⟩ = ⟨ X; P_X {ℓ} | | | ∫ d^3x ∫ d^3yq^c_α^†(t, ⃗x)q^c_α(t, ⃗x)Q^†_β(t, ⃗y)Q_β(t, ⃗y)H | | | X; P_X {ℓ} ⟩

≃ ∫ d^3x ∫ d^3y ⟨ X^′; P_X′ {ℓ^′} | |Q†_β(t, ⃗y)q_{cα}†(t, ⃗x) | | 0⟩ × ⟨ 0 | |q_{cα}(t, ⃗x)Q_β (t, ⃗y)HQ†_δ(t, ⃗y)q_{c†γ} (t, ⃗x)q_{cγ} (t, ⃗x)Q_δ(t, ⃗y) | | X; P_X {ℓ}⟩

Construction of Lorentz-Invariant Amplitudes in HQET 19 ≃ ∫ d^3x ∫ d^3yψ^{ℓ′ ∗}_X′_{α β} ((0, ⃗x − ⃗y) ; P_X′ ) H_{α γ, β δ}ψ^ℓ_{X γ δ} ((0, ⃗x − ⃗y) ; P_X ) × e^{−i(PX −PX′ )·y}, (A.3) where the number operators for q^c and Q have been inserted, and the vacuum dominance has been used among the intermediate states. The rhs of Eq. (A.1) is given by ⟨ X^′; P_X′ {ℓ^′} | |P^0 | | X; P_X {ℓ}⟩ = √ M^2_X + ⃗P^2_X ⟨ X^′; P_X′ {ℓ^′} | X; P_X {ℓ} ⟩ , (A.4)

and thus we obtain the Schrödinger equation, Eq. (3).

Appendix B Lorentz Boost and Normalization

The derivations of Eqs. (13), (15) and (22) are similar to those given in §A. Setting H = 1 in Eq. (A.3), we obtain ⟨ X; P_X′ {ℓ^′} | X; P_X {ℓ} ⟩ ≃ ∫ d^3x ∫ d^3y ψ^{ℓ′ ∗}_{X α β} ((0, ⃗x − ⃗y) ; P_X′ ) ψ^ℓ_{X α β} ((0, ⃗x − ⃗y) ; P_X ) e^{−i(PX −PX′ )·y} = (2π)^3 δ^3 ( ⃗P_{X′} − ⃗P_X ) ∫ d^3z tr [ ψ^{ℓ′}_X^† ((0, ⃗z) ; P_X ) ψ^ℓ_X ((0, ⃗z) ; P_X ) ] . (B.1)

The lhs is given by ⟨ X; P^′_X {ℓ^′} | X; P_X {ℓ} ⟩ = (2π)^3 2P_{X 0} δ^3 ( ⃗P_X − ⃗P^′_X ) δ_ℓ′_ℓ, (B.2)

and hence ∫ d^3z tr [ ψ^{ℓ′}_X^† ((0, ⃗z) ; P_X ) ψ^ℓ_X ((0, ⃗z) ; P_X ) ] ≃ 2P_{X 0} δ_ℓ′_ℓ (B.3)

holds.

We have to calculate the normalization of the wave function in the moving frame in two cases, i) t = x^0 = y^0 and ii) t^′ = x^{′0} = y^{′0}. To do so, we need to have a relation between the rest-frame (RF) and Lorentz-boosted (LB) wave functions. i) t = x^0 = y^0 and x^{′0} ≠ y^{′0} (equal time in the rest frame) The relation between RF and LB is derived as follows. By definition, we have ⟨ 0 | q^c_α(t, ⃗x)Q_β (t, ⃗y)| X; ( M_X ,⃗0 ) {ℓ} ⟩ = G^{−1}_{α γ} G^{−1}_{β δ} ⟨ 0 | q^c_γ (x^{′0}, ⃗x^′)Q_δ(y^{′0}, ⃗y^′) | X; P_X {ℓ} ⟩ . (B.4)

Hence, we obtain ⟨ 0 | q^c_α(x^{′0}, ⃗x^′)Q_β (y^{′0}, ⃗y^′) | X; P_X {ℓ} ⟩ ≃ ψ^ℓ_{X αβ} ( (0, ⃗x^′ − ⃗y^′); P_X ) exp ( i[−M_X t + (M_X − m_Q)γ^2β(x^3 − y^3)] ) = G_{α γ} G_{β δ} ⟨ 0 | | q^c_γ (t, ⃗x)Q_δ(t, ⃗y) | | X; ( M_X ,⃗0 ) {ℓ} ⟩ = G_{α γ} G_{β δ} ψ^ℓ_{X γδ} (⃗x − ⃗y) e^{−iMX t}, (B.5)

20 T. Matsuki and K. Seo

where use has been made of the approximation Q_β ( y^{′0}, ⃗y^′ ) ≃ exp [ −im_Qγ ( y^{′0} − x^{′0} )] Q_β ( x^{′0}, ⃗y^′ ) . (B.6)

Rewriting Eq. (B.5), we obtain the relation ψ^ℓ_{X α β} ((0, ⃗x) ; P_X ) ≃ G_{α γ} G_{β δ} ψ^ℓ_{X γ δ} (( 0, ⃗x_⊥, γ^{−1}x^3 ) ; ( M_X ,⃗0 )) e^i(^{MX −mQ})^{γ β x3} . (B.7) Using this equation, we find ∫ d^3x ψ^{ℓ ∗}_{X αβ} ((0, ⃗x) ; P_X ) ψ^ℓ_{X αβ} ((0, ⃗x) ; P_X ) = γ ∫ d^3x ψ^{X ℓ ∗}_{αβ} (⃗x) ( G^2 ) αγ ( G^2 ) βδ ψ^ℓ_{X γδ} (⃗x) = γ ∫ d^3x tr [ ψ^{ℓ †}_X (⃗x) G^2ψ^ℓ_X (⃗x) G^{2 T} ] = 2Mγ^3. (B.8)

ii) t^′ = x^{′0} = y^{′0} and x^0 ≠ y^0 (equal time in the moving frame) Similarly to the case i), the relation between RF and LB is, in this case, given by ψ^ℓ_{X α β} ((0, ⃗x) ; P_X ) ≃ G_{α γ} G_{β δ} ψ^ℓ_{X γ δ} (( 0, ⃗x_⊥, γx^3 ) ; ( M_X ,⃗0 )) e^i(^{MX −mQ})^{γ β x3} . (B.9) Then, using Eq. (B.9) we obtain ∫ d^3x ψ^{ℓ ∗}_{X αβ} ((0, ⃗x) ; P_X ) ψ^ℓ_{X αβ} ((0, ⃗x) ; P_X )

= γ^{−1} ∫ d^3x ψ^{ℓ ∗}_{X αβ} (⃗x) ( G^2 ) αγ ( G^2 ) βδ ψ^ℓ_{X γδ} (⃗x) = γ^{−1} ∫ d^3x tr [ ψ^{ℓ †}_X (⃗x) G^2ψ^ℓ_X (⃗x) G^{2 T} ] = 2Mγ. (B.10)

Here use has been made of the following : 1 2 tr [( 0 u_{−1}(r) 0 −i(⃗σ · ⃗n)v_{−1}(r) )_† G^2 ( 0 u_{−1}(r) 0 −i(⃗σ · ⃗n)v_{−1}(r) ) G^{2 T} ]

= γ^2 2 tr [( 0 0 u_{−1}(r) i(⃗σ · ⃗n)v_{−1}(r) ) ( 1 σ^3β σ^3β 1 ) ( 0 u_{−1}(r) 0 −i(⃗σ · ⃗n)v_{−1}(r) )

× ( 1 σ^3β σ^3β 1 )]

= γ^2 ( u^2_{−1} + v^2_{−1} ) . (B.11)

Appendix C Wave Functions

The wave function is generally defined as ⟨0 |q^c_α(t, ⃗x) Q_β(t, ⃗y)| X; P_X {ℓ}⟩

Construction of Lorentz-Invariant Amplitudes in HQET 21 = ⟨0 |q^c_α(0, η(⃗x − ⃗y)) Q_β (0, ζ(⃗y − ⃗x))| X; P_X {ℓ}⟩ e^{−iP 0X t} ≡ ψ^ℓ_{X α β} ((0, ⃗x − ⃗y) ; P_X ) e^{−iPX ·r}, (C.1) with r^μ = ζx^μ + ηy^μ, ζ + η = 1. (C.2) Here, without loss of generality, we adopt

ζ = 0, η = 1.

The Foldy-Wouthuysen-Tani transformation and charge conjugation are defined as

U_{FWT} (p) = exp ( W (p) ⃗γ_Q · ⃗p̂ ) = cos W + ⃗γ_Q · ⃗p̂ sin W, (C.3a) ⃗p̂ = ⃗p p , tan W (p) = p m_Q + E , E = √ ⃗p^2 + m^2_Q, (C.3b)

U_c = i γ^0_Qγ^2_Q = −U^{−1}_c . (C.3c)

Here, ⃗p = ⃗p_Q is the initial momentum of the heavy quark, and U_{FWT} (p) operates on heavy quarks. Henceforth the color, N_c = 3, is ignored since the form of the wave function is the same for all colors. The quantity ℓ stands for a set of quantum numbers, j, m, and k, and Ψ^k_{j m}(⃗x) = 1 r ( u_k(r) −i v_k(r) (⃗n · ⃗σ) ) y^k_{j m}(Ω), (C.4)

where r = |⃗x|, ⃗n = ⃗x/r, j is the total angular momentum of the meson, m is its z component, k is a quantum number which takes only values, k = ±j, ±(j +1) and ≠ 0, whose operator form is given by k̂ = −β_q ( ⃗Σ_q · ⃗ℓ + 1 ) . The scalar functions u_k(r) and v_k(r) are polynomials of the radial variable r and satisfy ∫ dr ( u^2_k(r) + v^2_k(r) ) = 1. (C.5)

Here, y^k_{j m}(Ω) are functions of angles and spinors of the total angular momentum, ⃗j = ⃗ℓ + ⃗s_q + ⃗s_Q, with ⃗ℓ = −i⃗r × ∇, whose first few explicit forms are given by

y^{−1}_{00} = 1 √ 4π , y^{−1}_{1m} = 1 √ 4π σ^m, y^2_{1m} = −1 √ 4π 3 √ 6 ( n^in^m − 1 3 δ^{i m} ) σ^i. (C.6)

These functions satisfy the follwing relation and normalization condition : y^{−k}_{j m} = − (⃗n · ⃗σ) y^k_{j m}, (C.7) 1 2 tr (∫ dΩ y^{k′}_j′_m′^†(Ω) y^k_{j m}(Ω) ) = δ^{k k′} δ_{j j}′ δ_{m m}′ . (C.8)

22 T. Matsuki and K. Seo

The relative phases among y^k_{j m} given by Eq. (C.6) are determined so that they give the correct relative phases among the form factors, which are determined by Eqs. (39a)-(39c). From this point, whenever the trace of y^k_{j m} appears, it is understood to be in the sense of Eq. (C.8).

The leading-order pseudoscalar state (0^−) corresponds to ℓ = (k = −1, j = m = 0), and hence we have the wave function

ψ^ℓ_{X 0} (⃗x) = √ M_X ( 0 Ψ^{−1}_{0 0} (⃗x) ) = √ M_X 4π 1 r ( 0 u_{−1}(r) 0 −i(⃗n · ⃗σ)v_{−1}(r) ) , (C.9)

with X = D or B. On the other hand, the leading-order vector state (1^−) has the set of quantum numbers ℓ = (k = −1, j = 1) and is given by

ψ^ℓ_{X 0} (⃗x) = √ M_X ( 0 Ψ^{−1}_{1 m}(⃗x)ϵ^m )

= √ M_X 4π 1 r ( 0 u_{−1}(r) 0 −i(⃗n · ⃗σ)v_{−1}(r) ) (⃗ϵ · ⃗σ) , (C.10) with ϵ^m being a polarization vector (⃗ϵ^2 = −1) and X = D^∗ or B^∗.

Appendix D Matrix Elements

The light anti-quark is treated as a spectator. That is, it does not interact with other particles, except for gluons represented by potentials in our model. The heavy quark has a weak vertex and its current is in general given by j(⃗x, t) = Q^†_{X′ α}(t, ⃗x) O_{α β} Q_{X β}(t, ⃗x), (D.1) where O is a 4 × 4 matrix. By inserting the number operator of the anti-quark and by assuming vacuum dominance among intermediate states, we obtain the following formula for the matrix element of the above current, i.e., Eq. (D.1), between heavy mesons : ⟨ X^′; P_X′ , {ℓ^′} | j(t, ⃗x)| X; P_X {ℓ} ⟩ = O_{α β} ⟨ X^′; P_X′ {ℓ^′} | | | Q^†X^′ α(t, ⃗x) ∫ d^3y q^c_γ^†(t, ⃗y) q^c_γ (t, ⃗y) Q_{X β}(t, ⃗x) | | | X; P^X {ℓ} ⟩

≃ ∫ d^3y O_{α β} ⟨ X^′; P_X′ {ℓ^′} | | Q^†_X′_α(t, ⃗x)q^c_γ^†(t, ⃗y) | | 0 ⟩ × ⟨ 0 | | q^c_γ (t, ⃗y) Q_{X β}(t, ⃗x) | | X; P_X {ℓ}⟩ = ∫ d^3y tr [ ψ^{ℓ′}_X′^† (⃗y − ⃗x; P_X′ ) ψ^ℓ_X (⃗y − ⃗x; P_X ) O^T ] e^{−i(PX −PX′ )·x}, (D.2) or ⟨ X^′; P_X′ {ℓ^′} | | j(0,⃗0) | | X; PX {ℓ} ⟩ = ∫ d^3x tr [ ψ^{ℓ′}_X′^† (⃗x; P_X′ ) ψ^ℓ_X (⃗x; P_X ) O^T ] , (D.3) where in Eq. (D.2) we have assumed vacuum dominance among intermediate states in order to make some approximations.

Construction of Lorentz-Invariant Amplitudes in HQET 23

Appendix E Semi-Leptonic Weak Form Factor

In this appendix, we use the Foldy-Wouthuysen-Tani transformed wave functions, ψ^ℓ_{X FWT}, instead of ψ^ℓ_X , although the subscript FWT is omitted for simplicity.

E.1. Zeroth order (Isgur-Wise function)

Here we present the derivations of the Isgur-Wise function given in the main text in four cases.

1-i) B̄ rest-frame and t = x^0 = y^0 :

ξ(ω) = 2 √ ω (1 + ω) √ 2M_B ∫ d^3x tr [ ψ^{ℓ′ †}_{D 0} ((0, ⃗x) ; P_D) ψ^ℓ_{B̄ 0} ((0, ⃗x) ; P ) ] √∫ d^3x tr | ψ^{ℓ′}_{D 0} ((0, ⃗x) ; P_D) |_2

= 2 √ ω (1 + ω) √ 2M_B 2M_Dγ^3 ∫ d^3x G^∗_{αγ} G^∗_{βδ} ψ^{ℓ′ ∗}_{D 0 γδ} (( 0, ⃗x_⊥, γ^{−1}x^3 ) ; ( M_D,⃗0 ))

×e^{−i(MD −mc)γV x3} ψ^ℓ_{B̄ 0 αβ} (⃗x) = 2 √ ω 2M (1 + ω)γ^{3/2} ∫ d^3x { ψ^{ℓ′ ∗}_{D 0 αβ} (⃗x) + (γ^{−1} − 1)x^3 ∂ ∂x^3 ψ^{ℓ′ ∗}_{D 0 αβ} (⃗x) }

×G_{αγ} G_{βδ}ψ^ℓ_{B̄ 0 γδ} (⃗x) e^{−i(MD −mc)γV x3} + O(β^4) = 1 ω − 1 6 β^2ωẼ^2_D ⟨ r^2 ⟩ − β^2 2 1 2M ∫ d^3x x^3 ( ∂ ∂x^3 ψ^{ℓ′ ∗}_{D 0 αβ} (⃗x) ) ψ^ℓ_{B 0 αβ} (⃗x) + O(β^4) = 1 ω − 1 6 β^2ωẼ^2_D ⟨ r^2 ⟩ + β^2 4 + O(β^4), (E.1)

where we have used ∫ d^3x x^3 ( ∂ ∂x^3 ψ^{ℓ′ ∗}_{D 0 αβ} (⃗x) ) ψ^ℓ_{B̄ 0 αβ} (⃗x) = 2M 4π ∫ d^3x x^3 2 tr [ ∂ ∂x^3 { 1 r ( 0 0 u_{−1} i(⃗n · ⃗σ) v_{−1} )} 1 r ( 0 u_{−1} 0 −i(⃗n · ⃗σ)v_{−1} )]

= 2M 4π ∫ d^3x x^3 2 tr [{ ∂ ∂x^3 ( u_{−1} r )} u_{−1} r + { ∂ ∂x^3 (⃗n · ⃗σ) v_{−1} r } (⃗n · ⃗σ) v_{−1} r ]

= 2M 4π ∫ d^3x x^3 4 ∂ ∂x^3 tr [( u_{−1} r )_2 + (⃗n · ⃗σ)^2 (v_{−1} r )_2] = −M ∫_∞ 0 dr ( u^2_{−1} + v^2_{−1} ) = −M, (E.2)

with M = √ M_B M_D.

1-ii) B̄ rest-frame and t^′ = x^{′0} = y^{′0} : ξ(ω) = 2 √ ω (1 + ω) √ 2M_B 2M_Dγ ∫ d^3x G^∗_{αγ} G^∗_{βδ}ψ^{ℓ′ ∗}_{D 0 γδ} (( 0, ⃗x_⊥, γx^3 ) ; ( M_D,⃗0 ))

ψ^ℓ_{B̄ 0 αβ} (⃗x) × e^{−i(MD −mc)γβx3}

24 T. Matsuki and K. Seo = 2 √ ω 2M (1 + ω)γ^{1/2} ∫ d^3x { ψ^{ℓ′ ∗}_{D 0 αβ} (⃗x) + (γ − 1) x^3 ∂ ∂x^3 ψ^{ℓ′ ∗}_{D 0 αβ} (⃗x) }

×G_{αγ} G_{βδ} ψ^ℓ_{B̄ 0 γδ} (⃗x) e^{−i(MD −mc)γβx3} + O(β^4) = 1 − 1 6 β^2ωẼ^2_D ⟨ r^2 ⟩ + β^2 2 1 2M ∫ d^3x x^3 ( ∂ ∂x^3 ψ^{ℓ′ ∗}_{D 0 αβ} (⃗x) ) ψ^ℓ_{B̄ 0 αβ} (⃗x) + O(β^4)

= 1 − 1 6 β^2ωẼ^2_D ⟨ r^2 ⟩ − β^2 4 + O(β^4). (E.3)

2-i) Breit frame and t = x^0 = y^0 :

ξ(ω) = ∫ d^3x tr [ ψ^{ℓ′ †}_{D 0} ((0, ⃗x) ; P_D) ψ^ℓ_{B 0} ((0, ⃗x) ; P_B ) ] √∫ d^3x tr | |ψℓ^′_{D 0} ((0, ⃗x) ; P_D) | |^2 ∫ d3x tr | |ψℓ_{B 0} ((0, ⃗x) ; P_B ) | |^2 = 1 √ 2M_B γ^32M_Dγ^3 ∫ d^3x × G^∗_{αγ} G^∗_{βδ} ψ^{ℓ′ ∗}_{D 0 γδ} (( 0, ⃗x_⊥, γ^{−1}x^3 ) ; ( M_D,⃗0 )) e^{−i(MD −mc)γ β2 x3} × G^{−1}_{αϵ} G^{−1}_{βτ} ψ^ℓ_{B̄ 0 ϵτ} (( 0, ⃗x_⊥, γ^{−1}x^3 ) ; ( M_B,⃗0 )) e^{−i(MB −mb)γ β2 x3} = γ 2M γ^3 ∫ d^3z ψ^{ℓ′ ∗}_{D 0 αβ} (⃗z) ψ^ℓ_{B̄ 0 αβ} (⃗z) e^{−i(ẼB +ẼD)γ2 β2 z3} = γ^{−2} − 1 6 ( β 2 )_2

γ^2(Ẽ_B + Ẽ_D)^2 ⟨ r^2 ⟩ + O(β^4). (E.4)

2-ii) Breit frame and t^′ = x^{′0} = y^{′0} : ξ(ω) = 1 √ 2M_B γ2M_Dγ ∫ d^3x G^∗_{αγ} G^∗_{βδ} ψ^{ℓ′ ∗}_{D 0 γδ} (( 0, ⃗x_⊥, γ^{−1}x^3 ) ; ( M_D,⃗0 ))

×G^{−1}_{αϵ} G^{−1}_{βτ} ψ^ℓ_{B̄ 0 ϵτ} (( 0, ⃗x_⊥, γ^{−1}x^3 ) ; ( M_B ,⃗0 )) e^{−i(ẼB +ẼD)γ β2 x3} = γ^{−1} 2Mγ ∫ d^3z ψ^{ℓ′ ∗}_{D 0 αβ} (⃗z) ψ^ℓ_{B̄ 0 αβ} (⃗z) e^{−i(ẼB +ẼD) β2 z3} = γ^{−2} − 1 6 ( β 2 )_2

γ^{−2}(Ẽ_B + Ẽ_D)^2 ⟨ r^2 ⟩ + O(β^4). (E.5)

E.2. First order

In this appendix, we show how to calculate the first-order corrections to the form factors by using Eqs. (25)-(27) and (29) and the equations in Appendix C. Only the case 2-ii) gives six form factors that are consistent with those of Neubert and Rieckert^{21)} among the four different Lorentz frames considered in the previous subsection :

ξ_+(ω) = 1 2Mγ^2 ∫ d^3z tr ( ψ^ℓ_D^†(⃗z)ψ^ℓ_{B̄} (⃗z)U^{−1}_B G^{−1}G^∗U_D ) e^{−2iΛ β2 z3}

Construction of Lorentz-Invariant Amplitudes in HQET 25 = 1 2Mγ^2 ∫ d^3z tr ( ψ^ℓ_{D 0}^†(⃗z)ψ^ℓ_{B̄ 0}(⃗z) ( 1 + 1 2 [ 1 m_c ⃗γ · ⃗p_c − 1 m_b ⃗γ · ⃗p_b ])) e^{−2iΛ β2 z3} = 1 − ( 1 2 + 1 3 Λ^2 ⟨ r^2 ⟩ ) (ω − 1)

= 1 − [ 1 2 + 1 3 ( Λ̄ + C^1 ( 1 m_c + 1 m_b )_2 + · · · ) ⟨ r^2 ⟩ ] (ω − 1) ∼ [ 1 − 2 3 Λ̄C^1 ⟨r^2⟩ (ω − 1) ( 1 m_c + 1 m_b )] [ 1 − ( 1 2 + 1 3 Λ̄^2 ) ⟨ r^2 ⟩ (ω − 1) ]

= [ 1 − 2 3 Λ̄C^1 ⟨r^2⟩ (ω − 1) ( 1 m_c + 1 m_b )] ξ(ω), (E.6)

where U_X for X = B̄ and/or D are defined by Eqs. (16) and (C.3) and M = √ M_B M_D. Here, Λ is defined by Λ = Ẽ_D + Ẽ_{B̄} 2 = (E_D − m_c) + (E¯_B − m_b) 2 = C^0 +

C^1 2 ( 1 m_c + 1 m_b ) + O ( 1/(m_Q)^2 ) , (E.7)

which comes from the expansion of the phase factor exp ( −2iΛ^β_2 z^3 ) . Here, we have C^0 = Λ̄ = Λ̄_u and C^1 is defined in Eq.(53) and depends only on m_q = m_u = m_d. Comparing the result with Eq. (58a), we obtain

ξ(ω) = 1 − ( 1 2 + 1 3 Λ̄^2 ) ⟨ r^2 ⟩ (ω − 1) , (E.8)

ξ_+(ω) = [ 1 + ( 1 m_c + 1 m_b ) ρ_1(ω) ] ξ(ω), ρ_1(ω) = − 1 3 Λ̄C^1 ⟨r^2⟩ (ω − 1) . (E.9)

Similarly, the five other form factors and ρ_i(ω) are given by the following :

ξ_−(ω) = 1 2M γ^{2 β}_2 ∫ d^3z tr ( ψ^ℓ_D^†(⃗z)ψ^ℓ_{B̄} (⃗z)U^{−1}_B G^{−1}α^{3T}G^∗U_D ) e^{−2iΛ β2 z3} = − 1 2Mγ^2 ∫ d^3z tr ( ψ^ℓ_{D 0}^†(⃗z)ψ^ℓ_{B̄ 0}(⃗z) ( α^3 + 1 2 [ 1 m_c p^3_c + 1 m_b p^3_b ] γ^0 )) e^{−2iΛ β2 z3} = ( − Λ̄ 2 + ρ_4(ω) ) ( 1 m_c − 1 m_b ) ξ(ω), (E.10)

ρ_4(ω) = C^1 ( − 1 4 + 1 6 Λ̄^2 ⟨r^2⟩ (ω − 1) ) ( 1 m_c + 1 m_b ) = 0 + O(1/m_Q), (E.11)

ξ_V (ω) = 1 2M^∗γ^{2 β}_2 (−iϵ^{2 ∗}) ∫ d^3z tr ( ψ^ℓ_D∗^†(⃗z)ψ^ℓ_{B̄} (⃗z)U^{−1}_B G^{−1}α^{1T}G^∗U_D∗ ) e^{−2iΛ′ β2 z3} = − 1 2M^∗γ^β_2 (−iϵ^{2 ∗}) ∫ d^3z tr ( ψ^ℓ_D∗_0^†(⃗z)ψ^ℓ_{B̄ 0}(⃗z)

26 T. Matsuki and K. Seo × ( α^1 + i β 2 Σ^2 + i 2 [ 1 m_c p^3_c − 1 m_b p^3_b ] γ^0Σ^2 )) e^{−2iΛ′ β2 z3} = [ 1 + Λ^′ 2 ( 1 m_c + 1 m_b )] ξ(ω) = [ 1 + Λ̄ 2 ( 1 m_c + 1 m_b ) + ( 1 m_c + 1 m_b ) ρ_1(ω) ] ξ(ω), (E.12)

ρ_2(ω) = ρ_1(ω), ρ_4(ω) = 0, (E.13)

where ⃗Σ = ( ⃗σ 0 0 ⃗σ ) , ⃗ϵ is a static polarization vector for D^∗, and M^∗ = √ M_B M_D∗ .

Here, we define

Λ^′ =

Ẽ_{D∗} + Ẽ_{B̄} 2 = (E_D∗ − m_c) + (E¯_B − m_b) 2 = C^0 + C^{1′} 2m_c + C^1 2m_b + O ( 1/(m_Q)^2 ) , (E.14)

with C^{0′} = C^0 = Λ̄ = Λ̄_u,

ξ_{A1} (ω) = 1 2M^∗γ^2ϵ^{1 ∗} ∫ d^3z tr ( ψ^ℓ_D∗^†(⃗z)ψ^ℓ_{B̄} (⃗z)U^{−1}_B G^{−1}γ^T_5 α^{1 T}G^∗U_D ) e^{−2iΛ′ β2 z3} = 1 2M^∗γ^2ϵ^{1 ∗} ∫ d^3z tr ( ψ^ℓ_D∗_0^†(⃗z)ψ^ℓ_{B̄ 0}(⃗z) × ( α^1 + i β 2 Σ^2 + 1 2 [ 1 m_c p^3_c − 1 m_b p^3_b ] γ^0Σ^1 )) e^{−2iΛ′ β2 z3} = [ 1 + Λ^′ 2 ω − 1 ω + 1 ( 1 m_c + 1 m_b )] ξ(ω) = [ 1 + Λ̄ 2 ω − 1 ω + 1 ( 1 m_c + 1 m_b ) + ( 1 m_c + 1 m_b ) ρ_2(ω) ] ξ(ω), (E.15)

ρ_2(ω) = ρ_1(ω), ρ_4(ω) = 0, (E.16)

−ξ_{A1} (ω) + ξ_{A2} (ω) + ξ_{A3} (ω) = 1 2M^∗γ^{4 β}_2 ϵ^{3 ∗} ∫ d^3z tr ( ψ^ℓ_D∗^†(⃗z)ψ^ℓ_{B̄} (⃗z)U^{−1}_B G^{−1}γ^T_5 G^∗U_D∗ ) e^{−2iΛ′ β2 z3} = − 1 2M^∗γ^{4 β}_2 ϵ^{3 ∗} ∫ d^3z tr ( ψ^ℓ_D∗_0^†(⃗z)ψ^ℓ_{B̄ 0}(⃗z)γ_5 ( 1 + 1 2 [ 1 m_c p^3_c + 1 m_b p^3_b ])) e^{−2iΛ′ β2 z3} = Λ^′ 2 ( 1 m_c − 1 m_b ) ξ(ω), (E.17)

ξ_{A1} (ω) + ω − 1 ω + 1

(ξ_{A2} (ω) − ξ_{A3} (ω)) = 1 2M^∗γ^4ϵ^{3 ∗} ∫ d^3z tr ( ψ^ℓ_D∗^†(⃗z)ψ^ℓ_{B̄} (⃗z)U^{−1}_B G^{−1}γ^T_5 α^{3 T}G^∗U_D∗ ) e^{−2iΛ′ β2 z3}

Construction of Lorentz-Invariant Amplitudes in HQET 27 = − 1 2M^∗γϵ^{3 ∗} ∫ d^3z tr ( ψ^ℓ_D∗_0^†(⃗z)ψ^ℓ_{B̄ 0}(⃗z) ( Σ^3 − 1 2 [ 1 m_c p^3_c − 1 m_b p^3_b ] γ_5γ^0 )) e^{−2iΛ′ β2 z3} = ( 1 − ω − 1 ω + 1 ) ξ(ω). (E.18)

From these, we derive

ξ_{A2} (ω) = − Λ̄ ω + 1 1 m_c ξ(ω), ρ_3(ω) = ρ_4(ω) = 0, (E.19)

ξ_{A3} (ω) = [ 1 + Λ̄ 2 ( ω − 1 ω + 1 1 m_c + 1 m_b ) + ( 1 m_c + 1 m_b ) ρ_1(ω) ] ξ_+(ω), (E.20)

ρ_2(ω) = ρ_1(ω), ρ_3(ω) = ρ_4(ω) = 0. (E.21)

Therefore, all the expressions for ρ_i(ω) included in ξ_i(ω) are consistent up to first order in 1/m_Q. Even though the first-order corrections to the wave functions are included as given by Eq. (27), their contributions vanish, because of the matrix structure after taking the trace over indices. From the above equations, we can easily reproduce our results given by Eq. (58), together with Eq.(59).

References

1) BaBar Collaboration, B. Aubert et al., Phys. Rev. Lett. 90 (2003), 242001. 2) CLEO Collaboration, D. Besson et al., Phys. Rev. D 68 (2003), 032002; 3) Belle Collaboration, P. Krokovny et al., Phys. Rev. Lett. 91 (2003), 262002.

Y. Mikami et al., Phys. Rev. Lett. 92 (2004), 012002.

4) CLEO Collaboration, S. Anderson et al. Nucl. Phys. A 663 (2000), 647. 5) FOCUS Collaboration, J. M. Link et al. Phys. Lett. B 586 (2004), 11. 6) S. Godfrey and R. Kokoski, Phys. Rev. D 43 (1991), 1679. 7) D. Ebert, V. O. Galkin and R. N. Faustov, Phys. Rev. D 57 (1998), 5663. 8) Belle Collaboration, K. Abe et al., Phys. Rev. D 69 (2004), 112002. 9) CDF Collaboration, CDF note 7938 (2005).

D0 Collaboration, D0notes 5026-CONF, 5027-CONF (2006). I. Kravchenko, hep-ex/0605076.

10) A. Palano, New Spectroscopy with Charm Quarks at B Factories, talk presented at Charm 2006, Beijing, June 5-7, 2006.

B.Aubert et al. BaBar Collaboration, hep-ex/0607082.

11) K. Abe et al. [Belle Collaboration], Belle report BELLE-CONF-0643, hep-ex/0608031. 12) E. S. Swanson, Phys. Rept. 429 (2006), 243, hep-ph/0601110.

13) J. L. Rosner, a talk presented at the ”2006 Conference on the Intersections of Particle and Nuclear Physics” (CIPANP 2006), Rio Grande, Puerto Rico, May 30 - June 3, 2006, hep-ph/0606166; see also Phys. Rev. D 74 (2006), 076006.

14) P. Colangelo, F. De Fazio and R. Ferrandes, Mod. Phys. Lett. A 19 (2004), 2083. 15) T. Matsuki and T. Morii, Phys. Rev. D 56 (1997), 5646.

See also T. Matsuki, Mod. Phys. Lett. A 11 (1996), 257. T. Matsuki and T. Morii, Aust. J. Phys. 50 (1997), 163.

T. Matsuki, T. Morii and K. Seo, Trends in Applied Spectroscopy, 4 (2002), 127. T. Matsuki, K. Mawatari, T. Morii, and K. Sudoh, Phys. Lett. B 606 (2005), 329.

16) T. Matsuki, T. Morii and K. Sudoh, AIP Conference Proceedings, Vol. 814, p.533 (2005), ”XI International Conference on Hadron Spectroscopy” (Hadron05), held at Rio De Janeiro, Brazil 21-26 Aug. 2005, hep-ph/0510269 (2005).

T. Matsuki, T. Morii and K. Sudoh, Prog. Theor. Phys. 117 (2007), 1077, hep-ph/0605019 (2006).

17) T. Matsuki, T. Morii and K. Sudoh, Eur. Phys. J. A 31 (2007), 701.

A talk given by T. Matsuki at the ”IVth International Conference on Quarks and Nuclear Physics” (QNP06), held at Madrid, Spain 5-10 June 2006, hep-ph/0610186.

28 T. Matsuki and K. Seo

18) P. Colangelo, F. De Fazio, R. Ferrandes and S. Nicotri, a talk givent at the ”Continuous Advances in QCD 2006”, Minneapolis, USA, May 11-14, 2006, hep-ph/0609240 (2006).

19) M. Voloshin and M. Shifman, Sov. J. Nucl. Phys. 45 (1987), 292 and 47 (1988), 511.

N. Isgur and M. Wise, Phys. Lett. B 232 (1989), 113 and B237 (1990), 527. E. Eichten and B. Hill, Phys. Lett. B 234 (1990), 511. B. Grinstein, Nucl. Phys. B 339 (1990), 253. H. Georgi, Phys. Lett. B 240 (1990), 447.

A. Falk, H. Georgi, B. Grinstein and M. Wise, Nucl. Phys. B 343 (1990), 1. M. Suzuki, Nucl. Phys. B 258 (1985), 553.

J. D. Bjorken, I. David and J. Taron, Nucl. Phys. B 371 (1990), 111. J. G. Körner and G. Thompson, Phys. Lett. B 264 (1991), 185. T. Mannel, W. Roberts and Z. Ryzak, Nucl. Phys. B 368 (1992), 204. S. Balk, J. G. Körner and D. Pirjol, Nucl. Phys. B 428 (1994), 499.

20) See for review,

N. Isgur and M. B. Wise, B Decays, ed. S. Stone (World Scientific, Singapore, 1992). M. Neubert, Phys. Rep. 245 (1994), 259.

21) M. E. Luke, Phys. Lett. B 252 (1990), 447.

C.G. Boyd and D.E. Brahm, Phys. Lett. B 257 (1991), 393. M. Neubert and V. Rieckert, Nucl. Phys. B 382 (1992), 97.

22) F. Hussain, J.G. Körner, M. Krämer and G. Thompson, Z. Phys. C 51 (1991), 321.

F. Hussain, J.G. Körner and G. Thompson, Ann. Phys. 206 (1991), 334. 23) G. V. Efimov, M. A. Ivanov, N. B. Kulimanova and V. E. Lyubovitskij, Z. Phys. C 54 (1992), 349.

24) M. Sadzikowski and K. Zalewski, Z. Phys. C 59 (1993), 677.

H. Høgaasen and M. Sadzikowski, Z. Phys. C 64 (1994), 427.

25) T. Kugo, M.G. Mitchard, and Y. Yoshida, Prog. Theor. Phys. 91 (1994), 521. 26) R. Delbourgo and D. Liu, Phys. Rev. D 51 (1995), 118.

27) M. R. Ahmady, R. R. Mendel, and J. D. Talman, Phys. Rev. D 52 (1995), 254. 28) A. Le Yaouanc, L. Oliver, O. Pène, and J.-C. Raynal, Phys. Lett. B 365 (1996), 319. 29) S. Veseli and M. G. Olsson, Phys. Lett. B 367 (1996), 302. 30) H.-W. Huang, Phys. Rev. D 56 (1997), 1579. 31) J.-F. Liu and K.-T. Chao, Phys. Rev. D 56 (1997), 4146.

32) H.-Y. Cheng, C.-K. Chua and C.-W. Hwang, Phys. Rev. D 69 (2004), 074025. 33) D. Ebert, V. O. Galkin and R. N. Faustov, hep-ph/0611307.

34) M. Neubert, Phys. Rev. D 45 (1992), 2451, ibid D 46 (1992), 1076, ibid D 46 (1992), 3914.

35) T. Matsuki and K. Seo, Proceedings of the 1997 Shizuoka Workshop, p.76, Masses and Mixings of Quarks and Leptons (World Scientific, 1998), held at Shizuoka, Japan, 19-21 March (1997).

36) N. Isgur and M. B. Wise, Phys. Rev. Lett. 66 (1991), 1130. 37) M. E. Rose, Relativistic Electron Theory (John Wiley & Sons, 1961).

J. J. Sakurai, Advanced Quantum Mechanics (Addison-Wesley, 1967). 38) CLEO collaboration, J. Bartel et al., Phys. Rev. Lett. 82 (1999), 3746. 39) Belle collaboration, K. Abe et al., Phys. Lett. B 526 (2002), 258. 40) M. Neubert, Phys. Lett. B 264 (1991), 455.

41) CLEO collaboration, N. E. Adam et al., Phys. Rev. D 67 (2003), 032001. 42) BaBar collaboration, B. Aubert et al., Phys. Rev. D 71 (2005), 051502; hep-ex/0602023. 43) Belle collaboration, K. Abe et al., Phys. Lett. B 526 (2002), 247. 44) DELPHI collaboration, J. Abdallah et al., Eur. Phys. J. C 33 (2004), 213. 45) C. G. Boyd, B. Grinstein and R. F. Lebed, Phys. Rev. D 56 (1997), 6895. 46) B. Grinstein and Z. Ligeti, Phys. Lett. B 526 (2002), 345. 47) I. Caprini, L. Lellouch and M. Neubert, Nucl. Phys. B 530 (1998), 153. 48) M. Neubert, Int. J. Mod. Phys. A 11 (1996), 4273. 49) D. Melikhov and B. Stech, Phys. Rev. D 71 (2000), 014006.

50) C. Albertus, E. Hernandez, J. Neives and J. M. Verde-Velasco, Phys. Rev. D 71 (2005), 113006.

51) Particle Data Group, W.-M. Yao et al., J. of Phys. G 33 (2006), 1.