arXiv:hep-ph/0703314v1 30 Mar 2007

V_{us} From Hadronic τ Decays

K. Maltman^∗ Dept. Mathematics and Statistics., York University, Toronto, ON CANADA M3J 1P3 and CSSM, Univ. of Adelaide, Adelaide SA 5005 AUSTRALIA

C.E. Wolfe^† Dept. Physics and Astronomy, York University, Toronto, ON CANADA M3J 1P3

We describe how complications encountered in the extraction of Vus from flavor-breaking hadronic τ decay sum rules, in particular those associated with the slower than previously anticipated convergence of the relevant D = 2 OPE series, can be successfully dealt with through judicious choices of sum rule weight. Problems with the previously proposed “(0, 0) spectral weight” version of the analysis, and the much improved situation produced by the use of a number of alternate, non-spectral-weights, are demonstrated. The method is shown to promise a sub-0.0010-accuracy determination of Vus once analysis of the improved strange spectral data from BABAR and BELLE is completed. Connections to the τ versus electroproduction puzzle in the evaluation of the leading order hadronic contribution to (g − 2)μ are also discussed.

I. BACKGROUND/TERMINOLOGY

The ratios Γ[τ^− → ν_τ hadrons_{V /A;ij} (γ)]/Γ[τ^− → ν_τ e^−ν̄_e(γ)] (≡ R_{V /A;ij} ) involving inclusive flavor ij = ud, us, vector (V) or axial vector (A) current induced hadronic τ decay widths, are related to the spectral functions, ρ^{(J)}_{V /A;ij} , of the spin J = 0 and 1 parts, Π^{(J)}_{V /A;ij} , of the corresponding current-current correlators by [1] R_{V /A;ij} [12π^2|V_{ij} |^2S_{EW} ] = ∫_1 0 dy_τ (1 − y_τ )^2 [ (1 + 2y_τ ) ρ^{(0+1)}_{V /A;ij} (s) − 2y_τ ρ^{(0)}_{V /A;ij} (s) ] (1) where y_τ = s/m^2_τ , V_{ij} is the flavor ij CKM matrix element, and S_{EW} is a short-distance electroweak correction. Analogous spectral integrals, R^{(k,m)}_{V /A;ij} , are obtained from R_{V /A;ij} by rescaling the integrand with (1 − y_τ )^k y^m_τ before integration. In what follows we denote by R^w_{ij} (s_0) the weighted spectral integral from threshold to s = s_0 ≤ m^2_τ involving the analytic weight, w(s), and either of the correlators Π^{(0+1)}_{V /A;ij} (s) or sΠ^{(0)}_{V /A;ij} (s). All spectral integrals discussed above satisfy the general finite energy sum rule (FESR) relation ∫_{s0} 0 ds w(s)ρ(s) = −1 2πi ∮ |s|=s_0 ds w(s)Π(s) , (2) and hence have an alternate, OPE representation for sufficiently large s_0. The FESR’s corresponding to R^{(k,m)}_{V /A;ij} are called the “(k, m) spectral weight sum rules”. The purely J = 0 term in an “inclusive” sum rule (one with both J = 0 and 0 + 1 spectral contributions) is called “longitudinal” in what follows.

∗Electronic address: kmaltman@yorku.ca †Electronic address: wolfe@yorku.ca

V_{us} is extracted using flavor-breaking combinations

δR^w(s_0) = [ R^w_{ud}(s_0)/|V_{ud}|^2 ] − [ R^w_{us}(s_0)/|V_{us}|^2 ] , (3)

whose OPE representation, δR^w_{OP E} (s_0), begins at dimension D = 2, with a term proportional to m^2_s. Experimental determinations of R^w_{ud,us}(s_0) over a range of s_0 and w(s) then allow V_{us} (and in principle also m_s) to be extracted [2, 3, 4]. Explicitly, from Eq. (3), one has [2] |V_{us}| = √ R^w_{us}(s_0)/ [ R^w_{ud}(s_0) |V_{ud}|^2 − δR^w_{OP E} (s_0) ] . (4)

The approach is favorable for the determination of V_{us} because, at scales ∼ 2 − 3 GeV^2, and for weights used in the literature, δR^w_{OP E} (s_0) is much smaller than the individual flavor ud and us spectral integrals (typically at the few-to-several-% level). An uncertainty Δ (δR^w_{OP E} (s_0)) in δR^w_{OP E} (s_0) thus produces a fractional uncertainty (≃ Δ (δR^w_{OP E} (s_0)) /2 R^w_{ud}(s_0)) in |V_{us}| much smaller than that on δR^w_{OP E} (s_0) itself. Moderate precision for δR^w_{OP E} (s_0) thus suffices for a high precision determination of |V_{us}|, provided experimental errors can be brought under control [2]. At present, the accuracy of the method is limited by the sizeable (statistics limited) uncertainties on the us spectral distribution (which produce ∼ 3 − 4% uncertainties on the us spectral integrals, and hence 1.5 − 2% errors on |V_{us}|). These errors will be radically reduced in the near future through analyses, already in progress, of the new τ decay data from BABAR and BELLE. We thus concentrate here on the issue of controlling OPE-induced errors.

II. SOME TECHNICAL COMPLICATIONS

The results reported below are all based on the ALEPH ud and us spectral data [5], ALEPH being the only collaboration which has made its us covariance matrix publicly available. The reported results have been rescaled to take into account current values of the various branching fractions [6]. In the case of the us data, this is done following the prescription described in Refs. [7]. Details of the OPE input employed, and the method used to estimate the D = 2 truncation uncertainty (which is much more conservative than those used previously in the literature) may be found in Ref. [4].

The first important technical complication is the very bad behavior of the integrated longitudinal D = 2 OPE series. Not only does the series show no sign of converging, even at the maximum scale, s_0 = m^2_τ , allowed by τ decay kinematics [8, 9] but, even worse, it badly violates spectral positivity constraints for all truncation schemes used in the literature [10]. Fortunately, the problem is easily handled phenomenologically. The basic reason is that the longitudinal decay contributions are, for a combination of chiral and kinematic reasons, strongly dominated by the π and K pole terms [10, 11]. These terms are very accurately known. The residual non-pole (“continuum”) contributions can, moreover, be well-constrained using the approaches described in Refs. [2, 10, 11, 12, 13]. Bin-by-bin subtractions of the longitudinal contributions to the experimental decay distributions can thus be made, allowing direct determinations of the (0+1) spectral functions, from which FESR’s not afflicted by the problematic longitudinal D = 2 OPE behavior can be constructed. The extremely bad behavior of the longitudinal OPE series makes inclusive analyses employing the longitudinal OPE representation untenable, and the longitudinal subtraction process unavoidable.

The second technical complication is the slow convergence of the D = 2 J = 0 + 1 OPE series, which is known exactly to O(α^3_s ) and given by [8] [ ΔΠ(Q^2) ]_{OP E} D=2 = 3 2π^2 m̄_s Q^2

[1 + 2.333ā+

19.933ā^2 + 208.746ā^3 + (2378 ± 200)ā^4 + · · · ] (5) where ā = α_s(Q^2)/π and m̄_s = m_s(Q^2), with α_s(Q^2) and m_s(Q^2) the running coupling and strange quark mass in the MS scheme. Since independent high-scale determinations of α_s(M_Z ) [6] correspond to ā(m^2_τ ) ≃ 0.10−0.11, the convergence at the spacelike point on |s| = s_0, for s_0 ≤ m^2_τ , is marginal at best. For the J = 0 + 1, (k, 0) spectral weights, w^{(k,0)}(y) = (1 + 2y)(1 − y)^{k+2}, with y = s/s_0 = e^{iϕ}, the factor |1 − y|^{k+2} = |2 sin(ϕ/2)|^{k+2} peaks more and more strongly in the spacelike direction with increasing k. Slow convergence of the integrated D = 2 series, deteriorating with increasing k, is thus expected for the (k, 0) spectral weights, an expectation borne out by the results of Refs. [3, 4, 8]. Fig. 1 of Ref. [4] also shows no consistent common m_s, V_{us} fit region exists for the O(ā^4)-truncated version of those (k, 0) spectral weight sum rules employed previously in the literature.

Since terms higher order in α_s are relatively more important at lower scales, a signal of the premature truncation of a slowly converging OPE series is an unphysical

FIG. 1: s0-stability plots for the (0, 0) spectral weight. The horizontal axis shows s0 in GeV^2.

s_0 dependence to the truncated sum. Such an unphysical dependence can be exposed by comparing the truncated OPE and corresponding experimental spectral integrals over a range of s_0. This comparison is shown for the (0, 0) spectral weight, for a range of input m_s ≡ m_s(2 GeV), in Fig. 1. The value of |V_{us}| needed for the spectral integral differences is obtained by fitting at s_0 = m^2_τ . It is clear that no m_s exists giving a good match between the OPE and spectral integrals. One should bear in mind that very strong correlations exist amongst the OPE integrals for different s_0 and, similarly, amongst the spectral integrals for different s_0. The results thus clearly point to problems with controlling OPE uncertainties in the (k, 0) spectral weight sum rules. That there is no obvious way to reduce the problematic D = 2 OPE truncation component of this uncertainty represents an important limitation to the use of the (0, 0) spectral weight sum rule as a means of determining |V_{us}|.

The fact that |α_s(Q^2)| decreases as Q^2 = −s moves away from the spacelike point along the circle |s| = s_0 allows one to improve the convergence of the integrated J = 0 + 1, D = 2 OPE series by working with weights which emphasize those parts of the contour away from the spacelike point. Three weights, w_{10}, ŵ_{10}, and w_{20}, designed specifically to produce improved convergence (in addition to improved control of other features of the OPE analysis) were introduced in Ref. [11]. A fourth such weight, w_8, was introduced in Ref. [4]. The improved convergence, and resulting much improved s_0-stability of |V_{us}|, have been demonstrated previously [3, 4, 11]. Here, in Fig. 2, we show the analogues of Fig. 1 for the weights w_{20} and w_{10} (the results for ŵ_{10} and w_8 are intermediate in quality, and hence not shown explicitly). The contrast to the (0, 0) spectral weight case is immediately evident. We have also shown elsewhere (see Fig. 4 of Ref. [4]) that an excellent common fit region for m_s and |V_{us}| exists for the four non-spectral weights considered here, in sharp contrast to the lack of consistency found for the (k, 0) spectral weights.

III. RESULTS AND PROSPECTS

Single non-spectral weight, s_0 = m^2_τ , fits, using as input the average, m_s(2 GeV) = 94 ± 6 MeV, of strange scalar and pseudoscalar sum rule [14] and N_f = 2+1 lattice results [15], advocated in the last of Refs. [13], yield |V_{us}| = 0.2209 ± 0.0029_{exp} ± 0.0017_{th} for w_{20}, 0.2210 ± 0.0030_{exp} ±0.0010_{th} for ŵ_{10}, 0.2206±0.0032_{exp}±0.0007_{th} for w_{10}, and 0.2218 ± 0.0037_{exp} ± 0.0009_{th} for w_8. The errors are dominated by the large uncertainties on the experimental us distribution.

In view of the intrinsically slow convergence of the J = 0 + 1, D = 2 OPE series, it is worth testing further the nominally improved convergence of the non-spectral weight sum rules. We do so by ignoring external information on m_s and performing a combined, s_0 = m^2_τ fit for m_s and |V_{us}|, obtaining m_s(2 GeV) = 96 ± 31 MeV and |V_{us}| = 0.2208 ± 0.0052. The result for m_s is seen to be in excellent agreement with the average of independent sum rule and unquenched lattice determinations, already quoted above. This agreement justifies a combined s_0 = m^2_τ fit with the external average, m_s(2 GeV) = 94 ± 6 MeV, as input. The result,

|V_{us}| = 0.2209 ± 0.0031 , (6)

is compatible, within mutual errors, with both the recent K_{ℓ3} determination, |V_{us}| = 0.2249 ± 0.0019 [16] and the recent Γ[K_{μ2}]/Γ[π_{μ2}] determination, |V_{us}| = 0.2223^{+0.0026}

0.0013 [15]. Eq. (6) represents our best determi-

nation of |V_{us}| from present data.

As for future prospects, re-running the combined nonspectral weight analysis with an assumed uncertainty of ±5 MeV on m_s(2 GeV) and us spectral errors reduced by a factor of 5 (a reduction expected to be readily achievable from the B-factory analyses), produces a total combined error < 0.0010 on |V_{us}|. Further improvements to the theoretical component of this error are almost certainly possible, once the currently rather large us errors above the K^∗ are reduced, making it practical to construct, test, and work with additional weights having less strong suppressions of contributions from this part of the spectrum than do those employed above.

We conclude by discussing two aspects of the current data situation which make it likely that higher central |V_{us}| values will be obtained from future analyses. The first point concerns the us data. At present, the branching fractions for observed strange decay modes go down only to the ∼ 3 × 10^{−4} level (∼ 1% of the total strange branching fraction) [6]. Adding the contribution of any additional, as-yet-undetected strange mode will necessarily increase |V_{us}|. The increase from a mode with branching fraction ∼ 1 × 10^{−4}, for example, would be ∼ 0.0003 − 0.0004. With the B-factory experiments already reporting preliminary results for strange mode branching fractions at the few-to-several 10^{−5} level [17], it is clear that such missing mode contributions will no longer be a problem once the BABAR and BELLE analyses are completed. The second point concerns the ud data. With quoted errors, current experimental ud uncertainties produce an error of ∼ 1/4 % on |V_{us}|. One should, however, bear in mind that significant discrepancies exist between the version of ρ^{(0+1)}_{V ;ud} (s) measured in τ decay and that implied by CVC and electroproduction (EM) data, even after all known isospin-breaking corrections have been taken into account [18]. The discrepancies are much larger than the nominally quoted errors on the τ decay data, the direct τ measurements and EM expectations for the branching fractions of the π^−π^0ν_τ and π^−π^−π^+π^0ν_τ modes differing by 4.5σ and 3.6σ, respectively. Replacing the τ ππ data with the nominally equivalent EM results would raise |V_{us}| by ∼ 0.0017 − 0.0018. A similar replacement of the π^−π^−π^+π^0 data would raise it by a further ∼ 0.0016. While at present the τ decay data is in better agreement than the EM data with certain OPE constraints [19], there is definitely room in the τ decay data for somewhat lower ud branching fractions [20], which would lead to larger |V_{us}|. Resolving the τ versus EM discrepancy is thus important for the determination of |V_{us}| using hadronic τ-decay-based sum rules, as well as for resolving the status of the hadronic contribution to (g − 2)_μ in the Standard Model.

Acknowledgments

The financial support of the Natural Sciences and Engineering Research Council of Canada is gratefully acknowledged.

FIG. 2: s0-stability plots for w20 (left panel) and w10 (right panel). The horizontal axis shows s0 in GeV^2.

[1] E. Braaten, S. Narison, A. Pich, Nucl. Phys. B373, 581 (1992).

[2] E. Gamiz et al., JHEP 0301, 060 (2003); Phys. Rev. Lett.

94, 011803 (2005); hep-ph/0610246; hep-ph/0612154. [3] K. Maltman, C.E. Wolfe, Phys. Lett. B639, 283 (2006). [4] K. Maltman and C.E. Wolfe, hep-ph/0701037. [5] R. Barate et al. (The ALEPH Collaboration), Z. Phys.

C76, 15 (1997); Eur. Phys. J. C4, 409 (1998); Eur. Phys. J. C11, 599 (1999).

[6] W.-M. Yao et al., J. Phys. G 33, 1 (2006). [7] S. Chen et al., Eur. Phys. J. C22, 31 (2001). [8] P.A. Baikov, K.G. Chetyrkin and J.H. Kuhn, Phys. Rev.

Lett. 95, 012003 (2005); Nucl. Phys. B (Proc. Suppl.) 135, 243 (2004).

[9] K. Maltman, Phys. Rev. D58, 093015 (1998); K.G.

Chetyrkin, A. Kwiatkowski, Z. Phys. C59, 525 (1993), hep-ph/9805232; A. Pich, J. Prades, JHEP 06, 013 (1998).

[10] K. Maltman, J. Kambor, Phys. Rev. D64, 093014 (2001). [11] J. Kambor, K. Maltman, Phys. Rev. D62, 093023 (2000). [12] K. Maltman, J. Kambor, Phys. Rev. D65, 074013 (2002);

Phys. Lett. B517, 332 (2001).

[13] M. Jamin, J.A. Oller, A. Pich, Nucl. Phys. B587, 331 (2000); ibid. B622, 279 (2002); Phys. Rev. D74, 074009 (2006).

[14] P.A. Baikov, K.G. Chetyrkin, J.H. Kuhn, Phys. Rev.

Lett. 96 (2006) 012003; K.G. Chetyrkin and A. Khodjamirian, hep-ph/0512295; S. Narison, Phys. Lett. B626 (2005) 101, Phys. Rev. D74 (2006) 034013; M. Jamin, J.A. Oller, A. Pich, Eur. Phys. J. C24 (2002) 237 and Phys. Rev. D74 (2006) 074009.

[15] Q. Mason, et al. (The HPQCD Collaboration), Phys.

Rev. D74 (2006) 114501; C. Bernard et al. (The MILC Collaboration), hep-lat/0609053; T. Ishikawa et al. (The CP-PACS and JLQCD Collaborations), hep-lat/0610050.

[16] M. Antonelli, hep-ex/0610070.

[17] See, e.g., the talks by I. Nugent and B. Schwartz at Tau’06 and R. Dubitzky at this workshop.

[18] See M. Davier’s talk at Tau’06 for a recent update. [19] K. Maltman, Phys. Lett. B633, 512 (2006). [20] See, e.g., M. Fujikawa’s talk at Tau’06.