arXiv:hep-ph/9305330 v1 27 May 1993

Radiative Kaon Decays and CP Violation

A.A.Bel’kov^1, A.V.Lanyov^1, A.Schaale^2

1 Particle Physics Laboratory, Joint Institute for Nuclear Research, Head Post Office, P.O. BOX 79, 101000 Moscow, Russia 2 DESY-Institute for High Energy Physics, Platanenallee 6, O-1615 Zeuthen, Germany

October 24, 2005

Abstract The amplitudes of K → πγ^∗ → πe^+e^− and K → ππγ decays have been calculated within chiral Lagrangian approach including higher-order derivative terms and meson loops. The selfconsistency of the simultaneous description of the experimental data on the nonleptonic and radiative kaon decays have been demonstrated. We estimate the effects of “indirect” and “direct” CP -violation in K^0_L → π^0 e^+e^− decays and discuss CP -violating charge asymmetries in K^± → π^± π^0γ decays.

The radiative kaon decays constantly attract the attention both of theoreticians and experimentalists as a possible alternative sources of the information on CP -violation in addition to K^0 → 2π decays. The question, if CP -noninvariant interactions do indeed give rise to the experimentally observable CP -noninvariant effects, is closely connected with the verification of effective chiral Lagrangians which are widely used now for the theoretical calculations of CP -conserving and CP - violating parts of kaon decay amplitudes. In this paper the radiative one-photon K → πγ^∗ → πe^+e^− and K → ππγ decays are considered within the approach based on the bosonization of effective strong, weak, and electromagnetic-weak quark interactions. The main purpose of this paper is to continue the investigation of kaon decays with the bosonized effective meson Lagrangians which were used in our previous paper [1] for the description of nonleptonic kaon decays and for justification of the enhancement of CP -violating charge asymmetries in K → 3π decays. To check the possibility of selfconsistent description of nonleptonic and radiative kaon decays we used in this paper the values of Wilson parameters fixed in [1] from the analysis of the experimental data on K → 2π, K → 3π decays.

First, we state the main definitions and assumptions, and display all parameters entering the calculations. Then, in Section 2, the bosonized weak and electromagnetic-weak currents will be applied for the description of form factors of semileptonic and radiative semileptonic decays K, π → πlν, K, π → lνγ, K, π → πlνγ. In Section 3 from chiral Lagrangians with higher-order derivative terms and additional higher-order s-quark mass corrections, including meson loops and electromagnetic penguins, the form-factors of K → πγ^∗ transitions for charged and neutral kaons are calculated. The “indirect” and “direct” CP -violation in K^0_L → π^0γ^∗ → π^0e^+e^− decays are also estimated in the dependence on top quark mass. The decays K → ππγ are considered in Section 4 where we calculate the inner bremsstrahlung and direct emission parts of amplitudes and estimate their contributions to the branching ratios and spectrums of the center-of-mass γ energy for K^+ → π^+π^0γ and K^0_L → π^+π^−γ channels. The CP -violating charge asymmetries in K^± → π^±π^0γ decays are estimated and the suppression of these effects is also discussed.

1. Lagrangians and currents

The effective Lagrangian describing nonleptonic weak interactions with strangeness change |ΔS| = 1 is given on the quark level by [2, 3, 4]: Lnlw = ~G 8∑ i=1 c_i O_i + h.c. (1)

Here ~G = √ 2 G_F sin θ_C cos θ_C is the weak coupling constant; c_i are Wilson coefficient functions which may be calculated in the QCD leading-log approximation, depending then explicitly on the renormalization scale μ. The terms O_i are the four-quark operators consisting of products of leftand/or right-handed quark currents:

O_1 = ū_Lγ_μu_L d̄_Lγ^μs_L − d̄_Lγ_μu_L ū_Lγ^μs_L,

O_2 = ū_Lγ_μu_L d̄_Lγ^μs_L + d̄_Lγ_μu_L ū_Lγ^μs_L + 2d̄_Lγ_μd_L d̄_Lγ^μs_L + 2s̄_Lγ_μs_L d̄_Lγ^μs_L, O_3 = ū_Lγ_μu_L d̄_Lγ^μs_L + d̄_Lγ_μu_L ū_Lγ^μs_L + 2d̄_Lγ_μd_L d̄_Lγ^μs_L − 3s̄_Lγ_μs_L d̄_Lγ^μs_L, O_4 = ū_Lγ_μu_L d̄_Lγ^μs_L + d̄_Lγ_μu_L ū_Lγ^μs_L − d̄_Lγ_μd_L d̄_Lγ^μs_L,

O_5 = d̄_Lγ_μλ^a_c s_L ∑ q=u,d,s q̄_R γ^μ λ^a_c q_R , O_6 = d̄_Lγ_μs_L ∑ q=u,d,s q̄_R γ^μ q_R ,

O_7 = d̄_Lγ_μs_L ∑ q=u,d,s q̄_R γ^μ Q q_R , O_8 = d̄_Lγ_μλ^a_c s_L ∑ q=u,d,s q̄_R γ^μ λ^a_c Q q_R . (2)

Here q_{L,R} =^1_2 (1 ∓ γ_5)q; λ^a_c are the generators of the SU (N_c ) color group; Q is the matrix of electric quark charges. The operators O_{5,6} containing right-handed currents are generated by gluonic penguin diagrams and the analogous operators O_{7,8} arise from electromagnetic penguin diagrams.

The bosonized version of the effective Lagrangian (1) can be expressed in the form [5]:

Lnleff = ~G { (−ξ_1 + ξ_2 + ξ_3) [ (J^1_{Lμ} − iJ^2_{Lμ})(J^4_{Lμ} + iJ^5_{Lμ}) − (J^3_{Lμ} + 1 √ 3 J^8_{Lμ})(J^6_{Lμ} + iJ^7_{Lμ}) ]

+(ξ_1 + 5 ξ_2) √ 2 3 J^0_{Lμ}(J^6_{Lμ} + iJ^7_{Lμ}) + 10 √ 3 ξ_3 J^8_{Lμ}(J^6_{Lμ} + iJ^7_{Lμ})

+ξ_4 [ (J^1_{Lμ} − iJ^2_{Lμ})(J^4_{Lμ} + iJ^5_{Lμ}) + 2 J^3_{Lμ}(J^6_{Lμ} + iJ^7_{Lμ}) ]

−4 ξ_5 [ (J^1_R − iJ^2_R)(J^4_L + iJ^5_L) − (J^3_R − 1 √ 3 J^8_R − √ 2 3 J^0_R)(J^6_L + iJ^7_L) − √ 2 3 (J^6_R + iJ^7_R)( √ 2J^8_L − J^0_L) ]

+ξ_6 √ 3 2 (J^4_{Lμ} + iJ^5_{Lμ})J^0_R + 6 ξ_7 (J^6_{Lμ} + iJ^7_{Lμ})(J^3_{Rμ} + 1 √ 3 J^8_{Rμ})

−16 ξ_8 [ (J^1_R − iJ^2_R)(J^4_L + iJ^5_L) + 1 2 (J^3_R − 1 √ 3 J^8_R − √ 2 3 J^0_R)(J^6_L + iJ^7_L) + 1 √ 6 (J^6_R + iJ^7_R)( √ 2 J^8_L − J^0_L) ]} + h.c. (3)

Here J^a_{L/R μ} and J^a_{L/R} are bosonized (V ∓ A) and (S ∓ P ) meson currents corresponding to the quark currents q̄γ_μ^1_4 (1 ∓ γ^5)λ^aq and q̄^1_4 (1 ∓ γ^5)λ^aq, respectively (λ^a are the generators of the U (3)_F flavor group);

ξ_1 = c_1 ( 1 − 1 N_c ) , ξ_{2,3,4} = c_{2,3,4} ( 1 + 1 N_c ) , ξ_{5,8} = c_{5,8} + 1 2N_c c_{6,7}, ξ_{6,7} = c_{6,7} − 2 N_c c_{5,8}, (4)

where the color factor 1/N_c originates from the Fierz-transformed contribution to the nonleptonic weak effective chiral Lagrangian [5].

Using the bosonization procedure described in [5] the meson currents in eq.(3) can be derived from the various parts of the effective Lagrangian of strong interactions arising from the divergent and finite parts of quark determinant in QCD-motivated chiral quark model [5, 6]: L^{(div)} = F^2_0 4 tr (D_μU D^μU^+) +

F^2_0 4 tr (M U + h.c.), (5)

L^{(fin)}_1 = N_c 32π^2 tr [ 1 6 ( D_μU D_ν U^+

)_2 − MD_μU D^μU^+ − M D^μU^+D_μU ] , (6)

L^{(fin)}_2 = N_c 32π^2 tr { Z_9 2 3 ( F^{(+)}_{μν} D^μU^+D^ν U + F^{(−)}_{μν} D^μU D^νU^+ )

+ 1 3 Z_{10}F^{(+)μν} U^+F^{(−)}_{μν} U − 5 6m^2 ( M(F^{(+)}_{μν} )^2 + M(F^{(−)}_{μν} )^2 )

+ 1 6m^2 [ D^αD^μU ( F^{(+)}_{μν} D_αD^ν U^+ − D_αD^νU^+F^{(−)}_{μν} )

−F^{(−)}_{μν} ( D^2D^μU D^ν U^+ − D^ν U D^2D^μU^+ ) − F^{(+)}_{μν} ( D^2D^μU^+D^ν U − D^νU^+D^2D^μU )

+ 1 10 ( 4F^{(+)}_{μν} D^αU^+F^{(−)μν}D_αU + 3(F^{(+)}_{μν} )^2D^αU^+D_αU + 3(F^{(−)}_{μν} )^2D^αU D_αU^+ )

−2D^μU^+ ( D^ν U {F^{(+)}_{μν} , M} − {F^{(−)}_{μν} , M}D^νU + MD^νU F^{(+)}_{μν} − F^{(−)}_{μν} D^ν U M )

+2 ( F^{(−)}_{μα} F^{(−)α}_ν ( D^μU D^νU^+ − D^ν U D^μU^+ ) + F^{(+)}_{μα} F^{(+)α}_ν ( D^μU^+D^νU − D^ν U^+D^μU )

−F^{(−)}_{μν} D_αU F^{(+)να}D^μU^+ − F^{(−)να}D_αU F^{(+)}_{μν} D^μU^+ )]} . (7)

Here U = Ω^2, Ω = exp {_{iΦ√} 2 F_0 } , where Φ =^{1√}_3 φ_0 +^{1√}_2

∑_8

a=1 λ_aφ_a is the matrix of pseudoscalar meson fields φ_a, and F_0 being the (bare) decay constant of the π → μν decay. F^{(±)}_{μν} are external field strength tensors defined as F^{(±)}_{μν} = F^V_{μν} ± F^A_{μν} ,

F^V_{μν} = ∂_μV_ν − ∂_ν V_μ + [V_μ, V_ν ] + [A_μ, A_ν], F^A_{μν} = ∂_μA_ν − ∂_νA_μ + [V_μ, A_ν] + [A_μ, V_ν],

and the covariant derivatives are defined as

D_μU = ∂_μU + [V_μ, U ] − {A_μ, U }, D_μU^+ = ∂_μU^+ + [V_μ, U^+] + {A_μ, U^+}. (8)

The interaction with electromagnetic field A_μ can be introduced into chiral Lagrangians by using the substitution V_μ → V_μ + ieQA_μ. The terms containing the matrices M = m(U^+m_0 + m_0U ) and M = m(m_0U^+ + U m_0), m being the average constituent quark mass and m_0 = diag(m^0_u, m^0_d, m^0_s) is the mass matrix of current quarks, take into account the additional contributions from the quark mass expansion; M = diag(χ^2_u, χ^2_d, χ^2_s), χ^2_i = −2m^0_i F^{−2}_0 <q̄q >, where <q̄q > is the quark condensate. Here we restrict ourselves to terms up to order m_0. The Goldberger-Treiman current quark mass splitting can be taken into account in the bosonized Lagrangians (5)-(7) using substitution U → ~U = U + m_0/m.

We introduced also in (7) the factors Z_{9,10} to distinguish explicitly two terms which correspond to the terms with the structural constants L_{9,10} of the Gasser-Leutwyler [7] representative form for effective chiral Lagrangian with fourth-order derivative terms. For convenience, the factors Z_{9,10} are defined in a such way that

Z_9 = Z_{10} =

48π^2 N_c L_9 = −

96π^2 N_c L_{10} = 1,

if L_9 = −2L_{10} = N_c/(48π^2) are the standard values of L_{9,10} obtained from the direct calculation of the quark determinant.

The corresponding meson currents have the form in the pseudoscalar sector [5]: J^{a (div)} L μ = i F^2_0 8 tr (λ^a∂_μU ~U^+) + h.c., (9) J^{a (div)} L = F^2_0 4 m R tr ( λ^aU^+) +

F^2_0 8m tr [ λ^a(∂^2U^+ + 2 U^+M) ] , (10) J^{a (fin)} L μ = i N_c 64π^2 tr { λ^a [ 1 3 ∂_ν U ∂_μU^+∂^ν U ~U^+ − (M∂_μU + ∂_μU M) U^+ + 1 6m^2 (( M∂_μ∂^2U +∂_μ∂^2U M + ∂_νM∂_μ∂^ν U + ∂_μ∂^ν U ∂_ν M + ∂^2M ∂_μU + ∂_μU ∂^2M ) U^+

+(M∂^ν U + ∂^ν U M)∂_μ∂_νU^+ + ∂_νU ∂^ν U^+∂_μM )]} + h.c., (11) J^{a (fin)} L = − N_c 192π^2m tr { λ^a [ − ∂_μ(∂_ν U^+∂^μU ∂^ν U^+) + U^+∂^2M + ∂^2MU^+ −3 ( m^2(U^+∂_μU ∂^μU^+ + ∂_μU^+∂^μU U^+) − ∂^2U^+M − M∂^2U^+ −∂_μU^+∂^μM − ∂_μU^+M∂^μ ) + 1 2 U^+ ( 2{M, ∂_μU ∂^μU^+} + 2∂_μU M∂^μU^+ +∂_μ∂_ν U ∂^μ∂^ν U^+ + ∂^μU ∂^2∂_μU^+ + ∂^2∂_μU ∂^μU^+ )

+ 1 2 ( 2{∂_μU^+∂^μU, M} + 2∂_μU^+M∂^μU + ∂^μ∂^ν U^+∂_μ∂_ν U

+∂^2∂_μU^+∂_μU + ∂^μU^+∂^2∂_μU ) U^+ ]} , (12) J^{a(fin,γ)} L μ = − eN_c 64π^2 tr { λ^a [ Z_9 2 3 F_{μν} ~U[Q, ∂^νU^+] + 1 3 ∂_ν ( F_{μν} ( 1 m^2 QM − Z_{10} ~U Q ~U^+) )

− 1 6m^2 ( U ( F_{μν} [Q, ∂^ν∂^2U^+] + ∂_αF_{μν}[Q, ∂^α∂^ν U^+] + ∂^2F_{μν} [Q, ∂^νU^+] )

+2∂_αF_{μν} (∂^αU [Q, ∂^νU^+] + Q∂^αU ∂^ν U^+) − 2∂^αF_{αν}(∂_μU [Q, ∂^νU^+] + Q∂_μU ∂^ν U^+) +∂_μF_{να}∂^αU [Q, ∂^νU^+] − F_{να}(∂_μ∂^αU [Q, ∂^νU^+] + 2Q∂_μ∂^αU ∂^ν U^+) + 1 12 F_{μν} (5∂^ν ∂_αU ∂^αU^+Q + 12∂^ν∂_αU Q∂^αU^+ − 41∂^αU ∂^ν ∂_αU^+Q) − 1 12 ∂^ν F_{μν} (19∂_αU ∂^αU^+Q + 5∂_αU Q∂^αU^+) + 1 6 ∂^αF_{αν} U [Q, ∂_μ∂^ν U^+]

−2F_{μν}(Q∂^ν U ∂^2U^+ − {Q, ∂^2U }∂^ν U^+)

−2F_{μν}U ( ∂^ν U^+{M, Q} − {M, Q}∂^νU^+ + M∂^νU^+Q − Q∂^ν U^+M ))]} + h.c., (13) J^{a(fin,γ)} L = ieN_c 64π^2m tr { λ^a [ Z_9 2 3 ∂^μ ( F^γ_{μν} [Q, ∂^νU^+] )

+ 1 6m^2 ( ∂^μ ( 2F_{μν} ( {Q, M}∂^ν U^+ − ∂^ν U^+{Q, M} + Q∂^ν U^+M − M∂^ν U^+Q )

+∂^2F_{μν} [Q, ∂^νU^+] + 7 6 ∂^αF_{αν}[Q, ∂_μ∂^ν U^+] ) + 1 6 ∂^μF_{μν} ( U^+[Q, ∂^νM] + [Q, ∂^νM]U^+ ) )

+ 1 3 F_{μν} ( U^+({Q, ∂^μU^+∂^ν U } − ∂^μU^+Q∂^ν U )

+({Q, ∂^μU ∂^ν U^+} − ∂^μU Q∂^ν U^+)U^+ )]} . (14)

Here we write down only the terms relevant for the description of the decays under consideration in the present paper.

Meson currents, J^{a (fin,γ)}_{Lμ} and J^{a (fin,γ)}_L , containing the electromagnetic field strength tensor F_{μν} = ∂_μA_ν − ∂_ν A_μ , describe the electromagnetic-weak transitions with the emission of “structural” photons. These currents originate from the so called “nonminimal” part L^{(fin)}_2 (7) which vanish when vector and axial-vector collective fields become equal to zero. The nonminimal Lagrangian L^{(fin)}_2 contains both p^4 and p^6 higher-order derivative terms which play an important role in the description of the radiative kaon decays discussed in this paper. The emission of the usual bremsstrahlung photons can be included when using the standard replacement ∂_μ∗ → ∂_μ ∗ +ieA_μ[Q, ∗]. The contributions of the gluon and electromagnetic penguin operators are determined by the parameter R = <q̄q> mF^2_0 . The parameters χ^2_i , m^0_i and m can be fixed by the spectrum of pseudoscalar and vector mesons.

Here we use the value m = 380 MeV and the relation m^0_s = ^m_0 χ^2_s/m^2_π , where ^m_0 ≡ (m^0_u + m^0_d)/2 ≈ 5 MeV, χ^2_u = 0.0114 GeV^2, χ^2_d = 0.025 GeV^2, and χ^2_s = 0.47 GeV^2. Taking into account the additional Goldberger-Treiman contribution to F_{K,π} arising from current quark mass splitting F_{K,π} = F_0 [ 1 + m^0_u + m^0_{d,s} 2 ( 1 − 2mF^2_0 <q̄q> )] , m^0_i = m^0_i m , the value F_0 = 89.8 MeV can be obtained.

Similarly, by applying the bosonization procedure [5] to the anomalous Wess-Zumino part of the effective meson Lagrangians [8], which is related to the phase of the quark determinant, one obtains the Wess-Zumino electromagnetic-weak current J^{(W Z,γ)a} Lα = iN_c 48π^2 ε_{αβμν} tr { λ^a [ eA^β ( (U QU^+L^μ + L^μQ)L^ν +U R^μR^ν QU^+ − {Q, ∂^μL^ν } − ∂^μ(U QU^+L^ν) )

+e∂^ν A^β(2{Q, L^μ} + U R^μQU^+ + U QU^+L^μ) ]} (15)

where L_μ = ∂_μU U^+ and R_μ = U^+∂_μU .

2. Form factors of semileptonic and radiative semileptonic decays

The currents (9,11) describe, in particular, the decays K, π → πlν. The hadronic part of the corresponding matrix elements usually is parameterized in the form T_μ ( K, π → πlν ) = f_+(t)(k + p)_μ + f_−(t)(k − p)_μ,

where k and p are the 4-momenta of the decaying and final mesons. The form factors f_± depend on the invariant variable t = (k − p)^2 and can be written including terms up to order of m^0_q as

f^{(π+ →π0 )} + = √ 2 ( 1 − m^0_u − m^0_d ) [ 1 + m^0_u + m^0_d 2 − N_cm^2 4π^2F^2_0 ( m^0_u + m^0_d ) ( 1 + k^2 + p^2 8m^2 )

+ 3N_c 16π^2F^2_0 ( m^0_u + m^0_d ) t ] , f^{(π+ →π0 )} − = − √ 2 N_c 48π^2F^2_0 ( 1 − m^0_u − m^0_d )( m^0_u + m^0_d )( k^2 − p^2 ) ; f^{(K0 →π± )} + = ( 1 − m^0_u + 2m^0_d + m^0_s 2 ){ 1 + m^0_u + 2m^0_d + m^0_s 4 − N_cm^2 4π^2F^2_0 [ 2m^0_d + 1 48m^2 ( k^2 ( 11m^0_s − 3m^0_u + 4m^0_d ) − p^2 ( m^0_s − 9m^0_u − 4m^0_d ) )]

+ N_c 16π^2F^2_0 ( 3m^0_s + m^0_u ) t } , f^{(K0 →π± )} − = ( 1 − m^0_u + 2m^0_d + m^0_s 2 ){ m^0_s − m^0_u 4 − N_cm^2 4π^2F^2_0 [ m^0_s − m^0_u + 1 48m^2 ( k^2 ( 12m^0_d − m^0_d − 3m^0_s ) p^2 ( m^0_s − 12m^0_d + 3m^0_u ) )] + 3N_c 16π^2F^2_0 m^0_ut } ; f^{(K± →π0 )} + = 1 √ 2 ( 1 − m^0_d + 2m^0_u + m^0_s 2 ){ 1 + m^0_s + 7m^0_u 8 − N_cm^2 4π^2F^2_0 [ 2m^0_u + 1 48m^2 ( 3k^2 ( 3m^0_u + m^0_s ) + p^2 ( 13m^0_u − m^0_s ) )] + N_c 16π^2F^2_0 ( 3m^0_s + m^0_u ) t } , f^{(K± →π0 )} − = 1 √ 2 ( 1 − m^0_d + 2m^0_u + m^0_s 2 ){ m^0_s − m^0_u 8 − N_cm^2 4π^2F^2_0 [ m^0_s − m^0_u + 1 48m^2 ( k^2 ( 3m^0_u + 5m^0_s ) + p^2 ( m^0_s − 9m^0_u ) ] + 3N_c 16π^2F^2_0 m^0_ut } . (16)

For the standard parameterizations of K^±_{l3} form factors

f_±(t) = f_±(0) ( 1 + λ_± t m^2_π ) , f_0(t) ≡ f_+(t) + t m^2_K − m^2_π f_−(t) = f_0(0) ( 1 + λ_0 t m^2_π )

one obtains √ 2 f^{(K± )}_+ (0) = 1.086, λ^{(K± )}_+ = 0.0305; √ 2 f^{(K± )}_− (0) = −0.371, λ^{(K±)}_− = −0.0038 ;

ξ = f^{(K± )}_− (0)/f^{(K± )}_+ (0) = −0.34, λ^{(K± )}_0 = 0.0027 which are in good agreement with experiment [9]:

ξ^{exp} = −0.35 ± 0.15, λ^{exp}_+ = 0.028 ± 0.004, λ^{exp}_0 = 0.004 ± 0.007 .

The electromagnetic-weak currents (13) and (15) describe the vector and axial-vector form factors of the semileptonic radiative meson decays K, π → lνγ and K, π → πlνγ. The form factors of the decay K, π → lνγ are defined by the corresponding parameterization of the amplitude

T_μ ( K, π → lνγ ) = √ 2e [ F_V ε_{μναβ}k^νq^αε^β + iF_A ( ε_μ ( kq ) − q_μ(kε) )]

where k is the 4-momentum of the decaying meson, q and ε are the 4-momentum and polarization 4-vector of the photon.

The form factors F_{V,A} can be written including terms up to order of m^0_q as F^{(K,π)} V = 1 8π^2F_0 , F^{(K,π)} A = 1 4π^2F_0 [ Z_9(1 − m_u − m_{s,d}) − 1 2 Z_{10} ( 1 − 2m_u + m_{s,d} 3 )] . (17)

The theoretical value of the ratio γ ≡ F_A/F_V = 1 arising from (17) in the chiral symmetry limit (m_0 = 0) is seemingly in disagreement with the experimental results on the ratio γ from π → eνγ decay: γ = { 0.25 ± 0.12 [10], 0.41 ± 0.23 [11].

Clearly, m_0-corrections are too small to improve the description of the experiments.

This problem can be solved if one takes into account πA_1-mixing, arising from covariant divergences (8) in the kinetic part of the effective Lagrangian (5). The role of πA_1-mixing was already discussed in ref.[12] where the linear realization of chiral symmetry was considered. The results of ref.[12] can be easily reproduced in nonlinear parameterization. Indeed the required field and decay constant redefinitions

Φ → Z^{−1}_{πA1} ~Φ, F_0 → Z^{−1}_{πA1} ~F_0, V_μ → g^0_V √ 1 + γ̃ ~V_μ, A_μ → g^{0V}√ 1 − γ̃ ~A_μ + i√ 2 ~F_0 ( 1 − Z^2_{πA1} ) ∂_μ ~Φ, necessary for removing πA_1-mixing, lead in the pure pseudoscalar meson sector to a replacement of former covariant derivatives by the expressions^1 D_μU = ∂_μU − i √ 2 ~F_0 ( 1 − Z^2_{πA1} ) {∂_μ ~Φ, U }, D_μU^+ = ∂_μU^+ + i √ 2 ~F_0 ( 1 − Z^2_{πA1} ) {∂_μ ~Φ, U^+}. (18)

1In general, this replacement breaks the nonlinear transformation properties of the covariant derivatives for pseudoscalar meson matrix U , so the redefinitions (18) can be treated only as some formal procedure for the simplification the meson amplitudes calculations with taking into account the intermediate πA_1 -mixing vertex. The bosonized nonlinear effective Lagrangian of strong interaction and weak and electromagnetic-weak currents for pseudoscalar sector, obtained from quark determinant after reducing vector and axial-vector degrees of freedom, will be considered in detail elsewhere in the special publication.

Here m^0_V and g^0_V are the bare mass and coupling constant of vector gauge field; the factor Z_{πA1} is determined by the relations

Z^2_{πA1} ≡ 1 − ( g^0_V ~F_0 m^0_V

)_2 = m^2_ρ m^2_{A1}

1 + γ̃ 1 − γ̃ , and γ̃ = Z_{10}^{Nc (g0V )2}_{48π2} is the additional factor originating from the corresponding term of L^{(fin)}_2 (7). The special choice Z^2_{πA1} = 1/2 leads to the KSFR relation m^2_ρ = 2g^2_{ρππ} ~F^2_0 , where m_ρ = m^0_V / √ 1 + γ̃ and g_{ρππ} = g^0_V / √ 1 + γ̃.

Redefinitions of type (18) lead to the appearance the general factor Z^2_{πA1} in the expression for the form factor F_A and the ratio γ agrees with the experimental data on π → eνγ decay. In this way it proves to be possible to remove also the inselfconsistency in the description of ratio γ and pion polarizability which arises seemingly in the pseudoscalar sector of effective chiral Lagrangian with the terms corresponding to the structural constants L_{9,10}, respectively Z_{9,10}, of Gasser-Leutwyler representation [7] (see the detailed discussion of this problem, for example, in ref. [13, 14, 15]).

The amplitude of K, π → πlνγ decay is parameterized as T^μ(K, π → πlνγ) = √ 2e [ iε^{μναβ}ε_ν ( h_Ak_αq_β + h^′_Ap_αq_β ) + h_V ( ε_μ(kq) − q_μ(kε) )

+ ( (pε)(kq) − (kε)(pq) )( h^′_V p_μ + h^{′′}_V k_μ + h^{′′′}_V q_μ )] , where p is 4-momentum of π^0 in the final state. The corresponding form factors can be written in the same approximation as

h^{(π+ )}_A = h^{′(π+ )}_A = 1 8π^2F^2_0 , h^{(π+ )}_V = 1 8π^2F^2_0 { Z_9 ( 1 − 5m^0_u + 4m^0_d 3 ) + 1 24m^2 [ 10 ( k^2 + 2p^2 ) − 23(kp) − 6(kp) + 12(pq) ]} , h^{′(π+ )}_V = −2h^{′′(π+ )}_V = − 1 16π^2F^2_0 m^2

, h^{′′′(π+ )}_V = 0;

h^{(K+ )}_A = − 1 3 h^{′(K+)} A = 1 16π^2F^2_0 , h^{(K+ )}_V = 1 16π^2F^2_0 { Z_9 ( 1 − 13m^0_u + 8m^0_s 6 ) + 1 24m^2 [ 10 ( k^2 + 2p^2 ) − 23 ( kp )

−3(2 − m^0_u + m^0_s) ( kq ) + ( 28 − 3 ( m^0_u − m^0_s ))( pq )] } , h^{′(K+ )} V = − 7 2 h^{′′(K+ )} V = − 7 192π^2F^2_0 m^2 , h^{′′′(K+ )} V = − 1 192π^2F^2_0 m^2 ( 1 − 3 2 ( m^0_u − m^0_s ) ) ; h^{(K0)}_A = −h^{′(K0 )}_A = − 1 8 √ 2π^2F^2_0 , h^{(K0)}_V = 1 8 √ 2π^2F^2_0 { Z_9 ( 1 − 5m^0_u + 3m^0_d + m^0_s 3 ) + 1 24m^2 [ 16m^2_K + 14m^2_π − ( 2 + 3 ( m^0_u − m^0_s ))( pq ) − 6 ( 1 − m^0_u − m^0_s )( kp ) + 3 ( m^0_u − m^0_s )( kq )] } , h^{′ (K0)} V = − 4 5 h^{′′(K0)} V = − 1 24 √ 2π^2F^2_0 m^2 , h^{′′′ (K0)} V = 5 96 √ 2π^2F^2_0 m^2 ( 1 + 3 10 ( m^0_u − m^0_s ) ) . 3. K → πe^+e^− decays

The K^+ → π^+e^+e^− decay is dominated by the one-photon exchange diagram of fig.1a. This decay can also arise from a two-photon intermediate state (see diagram of fig.1b) whose contribution is suppressed at least by factor α = 1/137 compared with one-photon exchange contribution. In the case of K^0_L → π^0e^+e^− decay, the two-photon mechanism can compete with one-photon exchange since the latter is forbidden if CP was conserved and the transition K^0_L → π^0γ^∗ is caused by CP violation. Since K^0_L consists of a CP -odd state K^0_2 with a small admixture of a CP -even state K^0_1 ,

K^0_L ≈ K^0_2 + εK^0_1 ( |ε| = 2.28 · 10^{−3} ) , two possible CP -violating contributions to one-loop exchange exist. The first one is the decay of the CP -even state K^0_1 → π^0γ^∗ → π^0e^+e^− — “indirect” CP violation due to the mass matrix (K^0−K^0)- mixing caused by superweak |ΔS| = 2 interaction. The second is the decay of the CP -odd state K^0_2 — “direct” CP violation in the |ΔS| = 1 weak amplitude through the CP phase in the Kobayashi- Maskawa matrix. In the case of K^0_L → π^0γ^∗ transition the amplitude of the direct CP violation can be comparable to that of the indirect CP violation, in contrast to the case of K^0 → 2π decays where the direct CP violation is at most about 10^{−3} of the indirect CP violation. Thus, the renewal of interest in the one-photon exchange mechanism of K^0_L → π^0e^+e^− decay [16] - [21] happens due to the possibility of getting new experimental information about CP violation from this process. The basic condition for such experiments is that the contribution of the CP -violating one-photon exchange mechanism to the amplitude of this decay must exceed the competing background from the CP -allowed two-photon intermediate state.

It is convenient to parameterize the amplitude of the K(k) → π(p) e^+(p_+) e^−(p_−) decay in the following form:

T (K → πe^+e^−) = e^2 ~Gf_{K→πγ}∗ (q^2) [ q^2(p + k)_μ − ( q(p + k) ) q_μ ] 1 q^2 ū(p_−)γ_μv(p_+),

where q = k − p = p_+ + p_− is the 4-momentum of virtual photon and f_{K→πγ}∗ is the dimensionless form factor of the K(k) → π(p)γ^∗ (q) transition: T (K → πγ^∗) = eε_μ ~Gf_{K→πγ}∗ [ q^2(p + k)_μ − ( q(p + k) ) q_μ ]

with ε_μ being the photon polarization 4-vector. The width of K → πe^+e^− decay is connected with the form factor f_{K→πγ}∗ by the relation

Γ(K → πe^+e^−) = e^4 ~G^2 m_K 12π^3

∫_{(m}2_{K +m}2_{π )/(2mK )} m_π dE_π(E^2_π − m^2_π )^{3/2}|f_{K→πγ}∗ |^2,

where E_π = (m^2_K + m^2_π − q^2)/(2m_K ) is the pion kinetic energy in the kaon rest frame (the electron and positron masses are neglected).

At the tree level it is obvious that bremsstrahlung emission of photons does not contribute to the K^0 → π^0γ^∗ transition (diagrams of fig.2a-c). For the K^+ → π^+γ^∗ transition, the cancellation of diagrams of fig.2a-c originates from the general properties of gauge invariance and chiral symmetry. The bremsstrahlung emission of photons gives nonzero contributions to the transition K → πγ^∗ only at the one-loop level [17].

To simplify the meson loop calculations we used the method applied in ref. [17] where only those diagrams (fig.2d) which can lead to terms in the amplitudes proportional to q^2(p+k)_μ were considered. The gauge invariant amplitude of K → πγ^∗ transition can then be restored by subtraction from the results obtained from each corresponding one-loop diagram their values at q^2 = 0. To fix U V - divergences, we used the results of special superpropagator regularization (SP ) method [22] which is particularly well-suited for treating loops in nonlinear chiral theories. The result is equivalent to dimensional regularization to one loop, the difference being that the scale parameter μ is no longer free but fixed by the inherent scale of the chiral theory, namely μ = 4πF_0, and U V divergences have to be replaced by a finite term through the substitution.

(C − 1/ε) → C_{SP} = 2C + 1 + 1 2 [ d dz ( ln Γ^{−2}(2z + 2) )] z=0 = −1 + 4C ≈ 1.309,

where C = 0.577 is the Euler constant and ε = (4 − D)/2.

It is worth noting that both at the tree and meson-loop level the involved diagrams are closely connected with the electromagnetic form factors of π and K mesons which play the dominant role in the description of the transitions K → πγ^∗. The electromagnetic squared radii are defined as coefficients of q^2-expansion of the electromagnetic form factor f^{em}_M (q^2), M = π, K:

< M (p_2)|V^{em}_μ |M (p_1) >= f^{em}_M (q^2)(p_1 − p_2)_μ,

f^{em}_M (q^2) = 1 + 1 6 < r^2_{em} >_M q^2 + · · · .

Being restricted only by pion loops one gets in the SP -regularization for the electromagnetic squared radii of π and K mesons [23, 24] <r^2_{em}>^{(loop)}_{π+} ≈ <r^2_{em}>^{(loop)}_{K+} ≈ − <r^2_{em}>^{(loop)}_{K0} ≈ − 1 (4πF_0)^2 [ 3C + ln ( m_π 2πF_0 )_2 − 1 ] = 0.063 fm^2 .

Because the main contribution to this value arises from logarithm term, the kaon loop contributions, containing the small logarithm ln ( m_K /(2πF_0)

)_2

, can be neglected. At the Born level the corresponding contributions to the electromagnetic squared radii of π and K mesons originate from the nonminimal p^4-part of the effective Lagrangian (7): <r^2_{em}>^{(Born)} π^+ = N_c 4π^2F^2_0

Z_9(1 − m^0_u − m^0_d) ( 1 − 2m^0_u + m^0_d 3 ) = 0.352 fm^2, <r^2_{em}>^{(Born)} K^+ = N_c 4π^2F^2_0

Z_9(1 − m^0_u − m^0_s) ( 1 − 2m^0_u + m^0_s 3 ) = 0.218 fm^2, <r^2_{em}>^{(Born)} K^0 = − N_c 12π^2F^2_0

Z_9(1 − m^0_d − m^0_s)(m^0_s − m^0_d) = −0.025 fm^2.

The total values of electromagnetic squared radii corresponding to the sum of loop and Born contributions

<r^2_{em}>_π+ = 0.413 fm^2, <r^2_{em}>_K+ = 0.281 fm^2, <r^2_{em}>_K0 = −0.088 fm^2

are in a good agreement with the experimental data

<r^2_{em}>^{(exp)}_{π+} = (0.439 ± 0.030) fm^2 [25],

<r^2_{em}>^{(exp)}_{K+} = (0.28 ± 0.05) fm^2 [25], <r^2_{em}>^{(exp)}_{K0} = (−0.054 ± 0.026) fm^2 [26].

The one-loop contributions to amplitudes of K → πγ^∗ transitions are given by f^{(loop)} K^+ →π^+ γ^∗ = − [ (−ξ_1 + ξ_2 + ξ_3) + ξ_4 + 4(ξ_5 + 4ξ_8)R ] (F_K + F_π ), f^{(loop)} K^0 →π^0 γ^∗ = 1 m^2_K − m^2_π 1 √ 2 {[( 2(−ξ_1 + ξ_2 + ξ_3) − ξ_4 + 6ξ_7 + 8(ξ_5 + ξ_8)R ) m^2_K −2 ( (−ξ_1 + ξ_2 + ξ_3) + 6ξ_7 − 2ξ_4 + 4(ξ_5 + 2ξ_8)R ) m^2_π − 24μ^2ξ_8R^2 ] F_K − [ 3(ξ_4 − 2ξ_7 + 8ξ_8R)m^2_π − 24μ^2ξ_8R^2 ] F_π } , where F_{K,π} = 1 192π^2 { − 1 2 ( C_{SP} + ln m^2_{K,π} 16π^2F^2_0 − 1 ) + 5 6 + ( 4m^2_{K,π} q^2 − 1 ) J ( 4m^2_{K,π} q^2 ) − 4m^2_{K,π} q^2 }

and

J(ζ) = y 2 ln

(_{y+1} y−1 ) , ζ < 0, y = √ 1 − ζ; y 2 [ − iπ + ln (_{1+y} 1−y )] , 0 < ζ < 1; ȳ arctan ȳ^{−1}, ζ > 1, ȳ = √ ζ − 1. Unlike the bremsstrahlung emission, the structural photons give nonzero contribution in the tree approximation of diagrams of fig.2a-c: f^{(Born)} K^+→π^+ γ^∗ = 1 32π^2 { (−ξ_1 + ξ_2 + ξ_3 + ξ_4) { Z_9 ( 1 − m^0_s 3 ) + (2 + m^0_s)

5q^2 + 7(m^2_K + m^2_π ) 48m^2 − m^0_s 2(m^2_K − m^2_π ) [ Z_9 ( m^2_K + 5 3 m^2_π ) − (m^2_K + 6m^2)(m^2_K + m^2_π ) 8π^2F^2_0 ]}

−4(ξ_5 + 4ξ_8) { − R ( 1 + 3m^2m^0_s 8π^2F^2_0 ) 5q^2 48m^2 − 3(m^2_K + m^2_π ) + 2m^0_sm^2_π 6m^2 + m^0_sm^2_π m^2_K − m^2_π [ 4 3 ( R − m^2_π 4m^2 ) + m^2_π 64π^2F^2_0 ( m^2_K + m^2_π m^2

+ 12 m^4_K + m^4_π − m^2_K m^2_π m^4_π )]}

−4ξ_5 { 10 3 R [ Z_9 ( 1 + 49 80 m^0_s ) − 9 40 ( 1 − 7 6 m^0_s ) m^2 π^2F^2_0 − 7 160 ( 1 + 6m^2 7π^2F^2_0 ) m^2_K + m^2_π m^2 ]

− m^0_s 384π^2F^2_0 (m^2_K − m^2_π ) R [ 80m^2_K m^2_π + 43m^4_π − 11m^4_K + 48m^2(3m^2_K + 11m^2_π) ]}

−16ξ_8 { 4 3 R [ Z_9 ( 1 − 1 64 m^0_s ) + 9 32 ( 1 + m^0_s 3 ) m^2 π^2F^2_0 − 7 64 ( 1 − 3m^2 7π^2F^2_0 ) m^2_K + m^2_π m^2 ]

− m^0_s m^2_K − m^2_π [ 2R^2m^2 ( 1 − 3 32 m^2_π + 6m^2 π^2F^2_0 )

− 1 384π^2F^2_0 R ( 35m^4_K − 32m^2_K m^2_π − 19m^4_π + 24m^2(3m^2_K − 7m^2_π ) )]} } , f^{(Born)} K^0→π^0 γ^∗ = 1 96 √ 2π^2 { (−ξ_1 + ξ_2 + ξ_3 − 2ξ_4 + 6ξ_7)Z_9m^0_s m^2_K m^2_K − m^2_π

+4(ξ_5 − 2ξ_8) [ R Z_9 [( 1 + 3 2 m^0_s ) + 3m^2m^0_s 8π^2F^2_0 + m^0_sm^2_π m^2_K − m^2_π ( 1 − 2m^4_π − m^4_K + 12m^2m^2_π 16π^2F^2_0 m^2_π )] − m^0_sm^2_K m^2_π 4m^2(m^2_K − m^2_π ) ]} . For simplicity, we restricted ourselves by including only the dominating m^0_s-contributions in the order of m^0_q . The contribution of (π^0 −η−η^′ )-mixing to K^0 → π^0γ^∗ transition is small and can be neglected.

We have considered one-photon exchange mechanism of K^+ → π^+e^+e^− decays owing to fourquark operators (2). The other contribution to K → πe^+e^− decays arise from the electromagnetic penguin diagram of fig.3 generating two additional quark-lepton operators [27, 16, 19]

O^′_7 = e^2 4π d̄_Lγ_μs_L l̄γ^μl, O^′_8 = e^2 4π d̄_Lγ_μs_L l̄γ^μγ^5l. The operators O^′_{7,8} contribute to the amplitudes of K → πe^+e^− transition at the tree level:

T (K → πe^+e^−) = e^2 8π ~G [ c^′_7 f^{(K→π)}

+ (q^2) (k + p)_μ ū(p_−)γ^μv(p_+)

+c^′_8 f^{(K→π)}

− (q^2) (k − p)_μ ū(p_−)γ^μγ_5v(p_+) ] , where c^′_{7,8} are Wilson coefficients corresponding to the operators O^′_{7,8} and form factors f^{(K→π)}_± are defined as

f^{(K+ →π+ )} ± = f^{(K0 →π± )} ± ( m_u ↔ m_d ) , f^{(K0 →π0 )} ± = −f^{(K± →π0 )} ± ( m_u ↔ m_d ) (see eqs.(16)).

As the analysis of the Wilson coefficients of four-quark operators in leading-log approximation of QCD has shown, the main contribution to the absolute values of amplitudes of K^+ → π^+e^+e^− and K^0_1 → π^0e^+e^− decays give the nonpenguin operators O_i(i = 1, ..., 4) belonging to the dominating combination (−ξ_1 +ξ_2 +ξ_3) and to ξ_4, respectively, and the gluonic penguin operator O_5, respectively ξ_5. The contributions of the penguin operators O_{6,7,8} are small ( Re c_{6,7,8} ≪ Re c_5) and can be neglected. The contributions of the electromagnetic quark-lepton penguin operators O^′_{7,8} to absolute values of decay amplitudes prove to be also small since corresponding meson matrix elements are not enhanced compared with nonpenguin four-quark operators unlike the O_5 penguin operator containing right-handed quark currents.

Thus for the estimation of the K^+ → π^+e^+e^−, K^0_S → π^0e^+e^− and indirect CP -violating K^0_L → π^0e^+e^− decays we can use the following values of the parameters

(−ξ_1 + ξ_2 + ξ_3) = 6.96 ± 0.48, ξ_4 = 0.516 ± 0.025, ξ_5 = −0.183 ± 0.022 (19)

fixed as phenomenological parameters from the simultaneous analysis of K → 2π and K → 3π experimental data in [1]. The theoretical branching ratios of K → πe^+e^− decays corresponding to the central values of the parameters estimates given above are B ( K^+ → π^+e^+e^− ) = 2.4 · 10^{−7} , B ( K^0_S → π^0e^+e^− ) = 1.4 · 10^{−9} and B ( K^0_L → π^0e^+e^− ) indir = 4.1 · 10 −12. The theoretical value of B ( K^+ → π^+e^+e^− ) is in agreement with the experiment:

B(K^+ → π^+e^+e^−) = { (2.7 ± 0.5) · 10^{−7} [28], (2.75 ± 0.23 ± 0.13) · 10^{−7} [29].

The experimental upper limit for K^0_S → π^0e^+e^− decay is [9]

B(K^0_S → π^0e^+e^−) < 4.5 · 10^{−5}.

The relative contributions of tree and one-loop diagrams to the amplitudes f_{K→πγ}∗ are shown in Table 1.

Our approach to fixation of U V divergences in meson loops calculation differs from the one of ref.[17] where two estimates for indirect CP -violating contribution to K^0_L → π^0e^+e^− decay were obtained:

B(K^0_L → π^0e^+e^−)_{indir} = { 1.5 · 10^{−12}, 1.5 · 10^{−11}.

which correspond to the two possible values of renormalization scale w_s arising as a free parameter of regularization procedure based on the usage of the fourth-order counterterms. The two values for the scale w_s were then obtained from experimental data on K^+ → π^+e^+e^− decay as the solutions of the corresponding quadratic equation. In a such approach the transitions K^+ → π^+γ^∗ and K^0 → π^0γ^∗ prove to be dominated by meson loops.

As the analysis of the coefficients c_i in leading-log approximation of QCD shows, the main contribution to direct CP violation comes from the penguin diagrams. If we neglect the contribution of electromagnetic penguin operators, the imaginary part of the coefficient c_5, responsible for the direct CP violation, can be related with the parameter ε^′, characterizing direct CP violation in K^0 → 2π decays, from the phenomenological analysis of nonleptonic kaon decays as [1]

| Im c_5| = 0.053^{+0.015}_{−0.011} |ε^′/ε|. (20)

The corresponding branching ratio of direct CP -violating K^0_L → π^0e^+e^− transition generated by operator O_5 is:

B(K^0_L → π^0e^+e^−)^{dir}_{O5} = 3.2 · 10^{−8}|ε^′/ε|^2.

If we try to estimate the effect of electroweak four-quark penguin operator O_{7,8} , the contribution of O_7 may be neglected in comparison to the dominant contribution of the operator O_8. Because of the strong dependence of Im c_8 on the mass of the t-quark for m_t ≥ 100 GeV on one hand, the contribution to direct CP violation from electroweak penguin operator becomes important for large m_t. Using the dependence of the ratio η_8(m_t) = Im c_8/ Im c_5 on m_t, as derived in the papers [30, 31], and repeating the phenomenological procedure of fixation Im c_5 described in [1], we found the connection between the contribution of penguin four-quark operators O_{5,8} to B(K^0_L → π^0e^+e^−)^{dir}_{O5,8} and ε^′ shown in Table 2. In the case of electromagnetic quark-lepton penguin operators the contribution of O^′_8 may be neglected in comparison to the dominant contribution of the operator O^′_7. In analogous way, using the dependence of the ratio η^′_7(m_t) = Im c^′_7/ Im c_5 on m_t derived in [19] we calculate the contribution of the operators O^′_7 to branching ratio of the direct CP -violating transition B(K^0_L → π^0e^+e^−)^{dir}_O′_7 together with the total effect B(K^0_L → π^0e^+e^−)^{dir}_{tot} which also shown also in Table 2.

4. K → ππγ decays

The amplitude of the decay K ( k ) → π_1 ( p_1 ) π_2 ( p_2 ) γ ( q ) contains two types of contributions T ( K → ππγ ) = T^{IB} + T^{DE} ,

where T^{IB} is the inner bremsstrahlung (IB) amplitude and T^{DE} describes the emission of structural photon (direct emission, DE). The IB amplitudes are connected due to gauge invariance of the electromagnetic interaction with the corresponding amplitudes of K → ππ decays: T^{IB} ( K^+ → π^+π^0γ ) = −e ε_μ T ( K^+ → π^+π^0 ) ( p_{1μ} q·p_1 − k_μ q·k ) , T^{IB} ( K^0 → π^+π^−γ ) = −e ε_μ T ( K^0 → π^+π^− ) ( p_{1μ} q·p_1 − p_{2μ} q·p_2 ) (21)

where ε is the photon polarization and T ( K^+ → π^+π^0 ) = √ 3 2 A_2e^{iδ20} , T ( K^0 → π^+π^− ) = 1 √ 3 A_0e^{iδ0} + 1 √ 6 A_2e^{iδ20} .

Here A_2 and A_0 give the K → ππ transition amplitudes into states with isospins I = 2, 0; δ^2_0 and δ^0 are the s-wave phases arising from ππ final-state interactions. The lowest multipole transitions lead to p-wave ππ states and the corresponding DE amplitudes can be represented by the sum of magnetic (M 1) and electric (E1) dipole transitions: T^{DE} = i e ε_μ [ h_{M1} ε_{μναβ}k_ν p_{1α}q_β + i h_{E1} (( q·k ) p_{1μ} − ( q·p_1 ) k_μ )] exp(iδ^1 ).

The h_{M1} and h_{E1} are the form factors of the magnetic and electric dipole contributions respectively of structural photon emission which have the corresponding properties under charge conjugation: h_{M1} ( K^+ → π^+π^0γ ) = −h_{M1} ( K^− → π^−π^0γ ) , h_{E1} ( K^+ → π^+π^0γ ) = h_{E1} ( K^− → π^−π^0γ ) ; h_{M1} ( K^0 → π^+π^−γ ) = h_{M1} ( K^0 → π^−π^+γ ) , h_{E1} ( K^0 → π^+π^−γ ) = −h_{E1} ( K^0 → π^−π^+γ ) (22)

and δ^1 is the p-wave ππ scattering phase shift. The amplitudes A_{2,0} and form factors h_{M1,E1} are the complex quantities with the imaginary parts defined by the direct CP violation.

In the case of the K^+ → π^+π^0γ decay the IB contribution is suppressed due to |ΔI| = 1/2 rule because K^+ → π^+π^0 decay is the pure |ΔI| = 3/2 transition. On the other hand both |ΔI| = 3/2 and |ΔI| = 1/2 transitions contribute to DE amplitude. In the K^0_L → π^+π^−γ decay the IB contribution is suppressed due to the fact that transition K^0_L → π^+π^− is caused completely by CP violation just as the decay K^0_S → π^+π^−γ dominated by IB transition. The suppression of IB amplitudes of K^+ → π^+π^0γ and K^0_L → π^+π^−γ decays gives the possibility to extract the DE contribution from the experimental data on these processes. The study of the direct emission of photon in K → ππγ decays provides us with the important experimental information which is relevant not only to testing of the various chiral models but also to understanding of the mechanisms of CP -violation (see, for example, [32]-[38] and references therein).

At the Born level of the chiral theory the decays K → ππγ are described by the diagrams of fig.4. The E1 DE transitions of K → ππγ decays originate from the contact diagram of fig.4a corresponding to the weak interaction (3) with the currents (9)-(14). The current contributing to the contact diagram of fig.4a for M 1 DE transition is the Wess-Zumino electromagnetic-weak current of the eq.(15). The (Φ^3γ)-vertices in the pole diagrams of fig.4b,c,d are described by the part of anomalous Wess-Zumino electromagnetic interaction L^{W Z,em} = − eN_c 48π^2 ε^{μναβ} A_μtr [ Q ( L^ν L^αL^β + R^ν R^αR^β )] . The magnetic and electric dipole form factors, corresponding to the diagrams of fig.4, for the various channels of K → ππγ decays are

h^{M1}_K+_{→π}+_π0_γ = ~G 32π^2F_0 { 6(ξ_1 − ξ_2 − ξ_3) [ 1 + 1 24π^2F^2_0 ( 3m^2_K + m^2_π − 2 ( p_1 ·p_2 + 2p_1 ·q + p_2 ·q )) ]

−8ξ_4 [ 1 − 1 32π^2F^2_0 ( m^2_K − 5m^2_π − 2 ( 3p_1·p_2 + 2p_1 ·q − p_2 ·q )) ]

+2(2ξ_1 + 10ξ_2 + ξ_3 − 3ξ_6 − 12ξ_7) ( 1 + m^2_K − m^2_π − 2 ( p_1 ·(p_2 + q) ) 8π^2F^2_0 )

−4(ξ_5 + 4ξ_8) ( 4R − m^2_K + m^2_π

m^2 ) − 2(ξ_5 − 2ξ_8)

3m^0_sm^2 π^2F^2_0 R } , h^{E1}_K+_{→π}+_π0_γ = ~G 96π^2F_0 { 9(−ξ_1 + ξ_2 + ξ_3 + ξ_4) [ Z_9 − 4 3 ( 1 + 2 3 m^0_s ) Z_{10} ]

−(−ξ_1 + ξ_2 + ξ_3 + 13ξ_4 − 24ξ_7)Z_9m^0_s + 24ξ_5Z_9R ( 1 + 3 4 m^0_s ) − 24ξ_8Z_9Rm^0_s } ;

h^{M1}_K0_{→π}+_π−_γ = ~G 16 √ 2π^2F_0 { (−ξ_1 + ξ_2 + ξ_3) [ ( 7 + 4m^0_s ) − m^2_K ( 2 + m^0_s ) m^2_K − m^2_π + 1 4π^2F^2_0 ( m^2_K − 5m^2_π + 8 ( 3p_1·p_2 + p_2·q )) ]

−ξ_4 [ ( 7 + m^0_s ) − 2m^2_K ( 2 + m^0_s ) m^2_K − m^2_π − 1 2π^2F^2_0 ( m^2_K + 7m^2_π − 4 ( 3p_1 ·p_2 + p_2 ·q )) ]

− 1 3 (2ξ_1 + 10ξ_2 + ξ_3 + 3ξ_6)(2 + m^0_s) −6ξ_7 [ 4 3 (5 + m^0_s) + m^2_K (2 + m^0_s) m^2_K − m^2_π + m^2_π + p_1·p_2 π^2F^2_0 ]

−2(ξ_5 − 2ξ_8) m^2 m^2_K − m^2_π [ R^2m^0_s + 4R m^2_K m^2 ( 1 + 3m^0_sm^2 8π^2F^2_0 ) − m^4_K m^4 ]

+ 4 √ 3F^2_0 [ (cos φ − √ 2sin φ)(T^8cos φ − T^0sin φ) m^2_η − m^2_K + (sin φ + √ 2cos φ)(T^8sin φ + T^0cos φ) m^2_η′ − m^2_K ]} ,

h^{E1}_K0_{→π}+_π−_γ = ~G 48 √ 2π^2F_0 { 9(ξ_1 − ξ_2 − ξ_3 − ξ_4) [( 1 − m^0_s 9 ) Z_9 − 4 3 Z_{10} ]

+4(ξ_1 − ξ_2 − ξ_3 + 2ξ_4 + 6ξ_7)m^0_sZ_{10} − 24 ( ξ_5 + ξ_8m^0_s ) Z_9R } . Here we restricted ourselves again for simplicity to the dominating m^0_s contributions of order m^0_q ; φ = −19^o is the (η, η^′ )-mixing angle, defined by η_8 = η cos φ + η^′ sin φ, η_0 = −η sin φ + η^′ cos φ, and T^{8,0} are the amplitudes of K^0 → η^{8,0} transitions on the kaon mass shell:

T^8 =

~GF^2_0 m^2_K 12 √ 3 { ( ξ_1 − ξ_2 − (1 − 10/ √ 3)ξ_3 − 6ξ_7 )( 6 + 7m^0_s ) − 2 ( 2ξ_1 − 15ξ_2 − 3ξ_6 ) m^0_s +6 ( ξ_8 − 2ξ_5 ) [ 6R^2m^0_s m^2 m^2_K − R ( 8 + 15 m^0_sm^2 π^2F^2_0 ) + 2m^2_K m^2 ]} , T^0 = √ 2 3 ~GF 2_0 m2_K 6 { − ( ξ_1 − ξ_2 − (1 − 10/ √ 3)ξ_3 − 6ξ_7 ) m^0_s + 1 4 ( 2ξ_1 − 15ξ_2 − 3ξ_6 )( 6 + 5m^0_s )

+6 ( ξ_8 − 2ξ_5 ) [ 4R ( 1 + 3m^0_sm^2 4π^2F^2_0 ) − m^2_K m^2 ]} . Because all dominating U V -divergent parts of meson-loop diagrams for K → 2πγ decays are completely absorbed by their IB-parts (see, for example, the corresponding remark in ref. [32]) the residual contributions of finite part of one-loop diagrams to DE-amplitudes of K → 2πγ decays are small and can be neglected. The meson-loop corrections to IB-amplitudes of K → 2πγ decays can be taken into account simply by using the relations (21) and the results of one-loop calculations of K → 2π amplitudes with SP -regularization [1].

The matrix element squared for K^± → π^±π^0γ decay, concerning with the distributions summed over both photon polarization, can be presented as a sum

| T (K^± → π^±π^0γ) |^2 = W_{IB} + W_{M1} + W_{E1} + W_{int}, (23)

where W_{IB} = 3πα|A_2|^2 m^2_π (q·k)^2 + m^2_K (q·p_1)^2 − (p_1 ·k)(q·p_1)(q·k) (q·p_1)^2(q·k)^2

is the pure inner bremsstrahlung contribution;

W_{M1} = 4πα|h_{M1}|^2 [ 2(q·p_1)(q·p_2)(p_1 ·p_2) − m^2_π ( (q·p_1)^2 + (q·p_2)^2 )] , W_{E1} = πα|h_{E1}|^2 [( (q·(p_1 − p_2)

)_2

(p_1 + p_2)^2 + ( (q·(p_1 + p_2)

)_2

(p_1 − p_2)^2 ] (24)

are the contributions of magnetic and electric dipole transitions, respectively; W_{int} = 2 √ 3πα ~R [ Re ( A_2h^∗_{E1} ) cos ( δ^1 − δ^2_0 ) ± Im ( A_2h^∗_{E1} ) sin ( δ^1 − δ^2_0 )] , ~R = (q·(p_1 − p_2)) [ m^2_K − (q·k) q·k − m^2_π + (p_1 ·p_2) q·p_1 ] − ( q·(p_1 + p_2) ) [ q·(p_1 − p_2) q·k − m^2_π − (p_1 ·p_2) q·p_1 ]

is the interference of the inner bremsstrahlung and electric dipole amplitudes (since the photon polarization is not measured, the magnetic dipole term does not interfere).

Due to the charge conjugation properties (22) E1-transitions contribute into the decay K^0_1 → 2πγ of CP -even state K^0_1 just as M 1-transitions contribute into the decay K^0_2 → 2πγ of CP -odd state K^0_2 . Thus, T ( K^0_L → 2πγ ) = T_{M1} + εT_{E1}, T ( K^0_S → 2πγ ) = T_{E1} + εT_{M1}.

The matrix element squared for K^0_{S,L} → π^+π^−γ decays can be presented similarly to eq.(23) as a sum of IB, M 1, E1 and interference contributions with W_{M1} and W_{E1} being determined by the same expressions as (24) where h_{M1}, h_{E1} should be replaced to h^{M1}_{S,L}, h^{E1}_{S,L} respectively, and

W^{IB}_K0_S = 4πα|T (K^0_S → π^+π^−)|^2 m^2_π ( (q·p_1)^2 + (q·p_2)^2 ) − 2(p_1 ·p_2)(q·p_1)(q·p_2) (q·p_1)^2(q·p_2)^2 ;

W^{int}_K0_S = 4πα ~R^′ [ 1 √ 3 Re ( A^∗_0h^{E1}_K0_S ) cos ( δ^1 − δ^0 ) + 1 √ 6 Re ( A^∗_2h^{E1}_K0_S ) cos ( δ^1 − δ^2_0 )] , ~R^′ = (q·(p_1 − p_2))(m^2_π + (p_1 ·p_2)) ( 1 q·p_2 − 1 q·p_1 ) − ( q·(p_1 + p_2) )( m^2_π − (p_1 ·p_2) ) ( 1 q·p_2 + 1 q·p_1 ) ; W^{IB}_K0_L = ε^2W^{IB}_K0_S , W^{int}_K0_L = ε^2W^{int}_K0_S .

The results of the theoretical estimations of various contributions to the branching ratios for the channels of K → ππγ decay with the values of the parameters ξ_i taken from the nonleptonic kaon decay data analysis (see eq.(19) ) are presented in the Table 3. The experimental cutoffs used in the experiments being taken into account. The theoretical values of Table 3 are in a good agreement with the experimental data presented in the Table 4. For the estimates of the interference contributions, the approximation ( δ^1 − δ^2_0 ) ≈ 10^o and ( δ^1 − δ^0 ) ≈ −δ^0 can be used with a good accuracy. The results of our previous calculations of the s-wave ππ-scattering phases and K → ππ amplitudes [46, 1] were also involved in the numerical calculations. Fig.5 shows the spectrums of the center-of-mass γ energy, E_γ , for K^+ → π^+π^0γ and K^0_L → π^+π^−γ decays.

It is worth noting that the decays K^± → π^±π^0γ were expected to be the most suitable source of the experimental information about the direct CP violation in the charged kaon decays. Thus, for example, in [47] the large values of charged asymmetries of the branching ratio and differential distributions of K^± → π^±π^0γ decays were predicted. These large charged asymmetries were expected to originate from the interference of the IB amplitude and E1-transition. However, neither a charge asymmetry nor interference effects could be found in experiments [39, 40, 41]. This experimental situation may easily be understood on the basis of the results for K^+ → π^+π^0γ decay presented in Table 3. Indeed, the DE amplitude is dominated by M 1 transitions arising from diagrams with anomalous vertices and the contribution of E1 transition to the branching ratio of the decay K^+ → π^+π^0γ is about of three orders of magnitude smaller then M 1 contribution. It is for this reason that interference between E1 and IB amplitudes is suppressed and a charge CP -asymmetry was not observed in the experiment. The value of charge asymmetry of branching ratio of K^± → π^±π^0γ decays, corresponding to the imaginary part of the coefficient c_5 (20), is |ΔB(K^± → π^±π^0γ)| = 1.52 · 10^{−3}|ε^′/ε|. The dependence of charge asymmetries for branching ratio and the spectrum of the center-of-mass γ energy on top quark mass are shown in fig.6.

Conclusions

In this paper the possibility of selfconsistent description of nonleptonic and radiative kaon decays within chiral bosonized Lagrangians have been demonstrated and CP -violation effects in K → πγ^∗ → πe^+e^− and K → ππγ decays have been estimated with explicit accounting of the gluonic and electromagnetic penguins. In particular, the CP -violating one-photon exchange mechanism of K^0_L → π^0e^+e^− decay seems to be available for the experimental investigation and the direct CP - violating K^0_L → π^0e^+e^− transition can in fact compete with indirect CP -violation contribution for m_t ≥ 100GeV . On the other hand it was shown that, within present limits of experimental accuracy, effects of CP -violation cannot be observed in the decays K^± → π^±π^0γ.

The authors are grateful to G.Ecker for useful discussions and helpful comments. One of the authors (A.A.Bel’kov) thanks the Institute of Elementary Particle Physics, Humboldt-University, Berlin and DESY-Institute for High Energy Physics, Zeuthen for their hospitality. He also grateful to DFG for support of investigations (Project Eb 139/1-1). Another of the authors (A.V.Lanyov) is grateful for the hospitality extended to him at the DESY-Institute for High Energy Physics, Zeuthen. We want to thank German Valencia for helpful comments.

References

[1] A.A.Bel’kov, G.Bohm, D.Ebert, A.V.Lanyov and A.Schaale, Phys. Lett. B300 (1993) 283. [2] A.I.Vainshtein, V.I.Zakharov and M.A.Shifman, JETP 72 (1977) 1275;

M.A.Shifman, A.I.Vainshtein and V.I.Zakharov, Nucl. Phys. B120 (1977) 316. [3] F.J.Gilman and M.B.Wise, Phys. Rev. D20 (1979) 2392. [4] J.Bijnens and M.B.Wise, Phys. Lett. B137 (1984) 245.

[5] D.Ebert, A.A.Bel’kov, A.V.Lanyov and A.Schaale, Int. J. Mod. Phys. A8 (1993) 1313. [6] D.Ebert and H.Reinhardt, Nucl. Phys. B271 (1986) 188.

[7] J.Gasser and H.Leutwyler, Ann. Phys. 158 (1984) 142; Nucl. Phys. B250 (1985) 465, 517, 539. [8] J.Wess and B.Zumino, Phys. Lett. 37B (1971) 95;

E.Witten, Nucl. Phys. B223 (1983) 422, 433;

J.L.Petersen, Acta Phys. Pol. B16 (1985) 271 and references therein. [9] Particle Data Group, Phys. Lett. B239 (1990) 1. [10] L.E.Piilonen et al., Phys. Rev. Lett. 57 (1986) 1402. [11] V.N.Bolotov et al., Phys. Lett. B243 (1990) 308. [12] M.K.Volkov, Sov. J. Part. Nucl. 17 (1986) 433. [13] J.F.Donoghue and B.R.Holstein, Phys. Rev. D40 (1989) 2378. [14] B.R.Holstein, Int. J. Mod. Phys. A7 (1992) 7873.

[15] J.Bijnens, G.Ecker and J.Gasser, Preprint CERN-TH.6625/92, 1992. [16] J.F.Donoghue, R.R.Holstein and G.Valencia, Phys. Rev. D35 (1987) 2769. [17] G.Ecker, A.Pich and E.de Rafael, Nucl. Phys. B291 (1987) 692; B303 (1988) 665. [18] L.M.Sehgal, Phys. Rev. D38 (1988) 808. [19] J.M.Flynn and L.Randall, Nucl. Phys. B326 (1989) 31. [20] C.O.Dib, I.Dunietz and F.Gilman, Phys. Lett. B218 (1989) 487. [21] C.Bruno and J.Prades, Z. Phys. C57 (1993) 585.

[22] M.K.Volkov, Yad. Fiz. 6 (1967) 1100; 7 (1968) 445; Ann. of Phys. 49 (1968) 202; Fortschr. Phys.

28 (1974) 499.

[23] M.K.Volkov and Pervushin, Yad. Fiz. 19 (1974) 652; Phys. Lett. B58 (1975) 177.

[24] M.K.Volkov and V.N.Pervushin, Essentially Nonlinear Quantum Theory, Dynamical Symmetries and Meson Physics (Atomizdat, Moscow, 1978, Russ.)

[25] E.B.Dally et al., Phys. Rev. Lett. 45 (1980) 232; 48 (1982) 375. [26] W.R.Molzon et al., Phys. Rev. Lett. 41 (1978) 1213. [27] F.J.Gilman and M.B.Wise, Phys. Rev. D21 (1992) 3150. [28] P.Bloch et al., Phys. Lett. B56 (1975) 201. [29] C.Alliegro et al., Phys. Rev. Lett. 68 (1992) 278.

[30] G.Buchalla, A.J.Buras and M.K.Harlander, Nucl. Phys. B337 (1990) 313. [31] E.A.Paschos and Y.L.Wu, Mod. Phys. Lett. A2 (1991) 93.

[32] A.A.Bel’kov, Yu.L.Kalinowskii, V.N.Pervushin and N.A.Sarikov, Yad. Fiz. 44 (1986) 690 [Sov.

J. Nucl. Phys. 44 (1986) 448].

[33] M.McGuigan and A.I.Sanda, Phys. Rev. D36 (1987) 1413. [34] Y.C.R.Lin and G.Valencia, Phys. Rev. D37 (1988) 143. [35] S.Fajfer, Z. Phys. C45 (1989) 293.

[36] P.Ko and T.N.Truong, Phys. Rev. D43 (1991) R4. [37] G.Ecker, H.Neufeld and A.Pich, Phys. Lett. B278 (1992) 337;

J.Bijnens, G.Ecker and A.Pich, Phys. Lett. B286 (1992) 341. [38] C.Picciotto, Phys. Rev. D45 (1992)1569. [39] V.N.Bolotov et al., Yad. Phys. 45 (1987) 1652. [40] K.M.Smith et al., Nucl. Phys. B109 (1976) 173. [41] R.J.Abrams et al., Phys. Rev. Lett. 29 (1972) 1118. [42] H.Taureg et al., Phys. Lett. 65B (1976) 92. [43] G.Burgun et al., Phys. Lett. 46B (1973) 481. [44] A.S.Carroll et al., Phys. Rev. Lett. 44 (1980) 529.

[45] E.J.Ramberg et al., Preprint FERMILAB-Pub-92/384-E E731, 1992.

[46] A.A.Bel’kov, G.Bohm, D.Ebert, A.V.Lanyov and A.Schaale, Int. J. Mod. Phys. A7 (1992) 4757. [47] S.Burshay, Phys. Rev. Lett. 18 (1967) 515;

G.Costa and P.K.Kabir, Phys. Rev. Lett. 18 (1967) 429; N.Christ, Phys. Rev. 159 (1967) 1292.

Figure Captions

Fig.1. Diagrams describing the one-photon exchange (a) and two-photon intermediate state (b) contributions to the decays K → πe^+e^−.

Fig.2. Born diagrams of K → πγ^∗ transitions (a-c) and meson loops (d) contributing to the terms in the amplitudes proportional to q^2(p + k)_μ (s – strong vertices, w – weak vertices, ew – electromagnetic-weak vertices, em – electromagnetic vertices).

Fig.3. Electromagnetic penguin diagram generating the additional quark-leptonic operators O^′_{7,8}.

Fig.4. Born diagrams describing K → ππγ decays (w – weak vertices, W Z – anomalous Wess- Zumino vertices).

Fig.5. Spectrum of the center-of-mass γ energy for K^+ → π^+π^0γ and K^0_L → π^+π^−γ decays. Dashed line is the M 1 DE contribution, dotted line is IB contribution, dash-dotted line is the contribution of the interference of IB and E1 DE amplitudes, and the solid line is their sum. For K^0_L → π^+π^−γ decay the interference of IB and E1 DE amplitudes gives a negative contribution, and its absolute value is presented here.

Fig.6. Dependence of the asymmetries of the branching ratio and of the spectrum of the centerof-mass γ energy for K^± → π^±π^0γ decays on the top quark mass.

Table 1: Born and one-loop contributions to the amplitudes of K → πγ^∗ transitions.

K^+ → π^+γ^∗ E_π (MeV) f^{(Born)} Re f^{(loop)} Im f^{(loop)} |f^{(tot)}| 141 0.0276 -0.0129 -0.0021 0.0149 166 0.0264 -0.0126 -0.0009 0.0138 192 0.0251 -0.0114 0 0.0137 217 0.0239 -0.0105 0 0.0133 242 0.0226 -0.0100 0 0.0127 265 0.0215 -0.0096 0 0.0119

K^0 → π^0γ^∗ E_π(MeV) f^{(Born)} Re f^{(loop)} Im f^{(loop)} |f^{(tot)}| 136 0.00637 0.00141 0.000021 0.00778 163 0.00637 0.00137 0.000012 0.00775 189 0.00637 0.00133 0.000001 0.00771 216 0.00637 0.00130 0 0.00767 242 0.00637 0.00126 0 0.00764 266 0.00637 0.00122 0 0.00757

Table 2: The contributions of operators O_{5,8} and O^′_7 to the branching ratio of direct CP-violating K^0_L → π^0e^+e^− transition. m_t(GeV) B^{dir}_{O5,8} · |^{ε′}_ε |^{−2} B^{dir}_O′_7 · |^{ε′}_ε |^{−2} B^{dir}_{tot} · |^{ε′}_ε |^{−2} 50 3.22 · 10^{−8} 4.70 · 10^{−7} 2.57 · 10^{−7} 75 9.72 · 10^{−8} 1.24 · 10^{−6} 6.47 · 10^{−7} 100 2.73 · 10^{−7} 2.36 · 10^{−6} 1.05 · 10^{−6} 125 7.39 · 10^{−7} 3.93 · 10^{−6} 1.38 · 10^{−6} 150 1.89 · 10^{−6} 6.19 · 10^{−6} 1.57 · 10^{−6} 175 4.59 · 10^{−6} 9.50 · 10^{−6} 1.60 · 10^{−6} 200 1.09 · 10^{−5} 1.49 · 10^{−5} 1.64 · 10^{−6}

Table 3: Theoretical branching ratios of K → ππγ decays

Decays B(IB) B(E1) B(M 1) B(int) B(IB + DE)

K^± → π^±π^0γ 2.47 · 10^{−4} 8.74 · 10^{−8} 1.71 · 10^{−5} 5.17 · 10^{−6} 2.70 · 10^{−4}

K^0_S → π^+π^−γ 1.64 · 10^{−3} 4.88 · 10^{−10} 2.90 · 10^{−13} −3.32 · 10^{−6} 1.64 · 10^{−3}

K^0_L → π^+π^−γ 1.27 · 10^{−5} 1.54 · 10^{−12} 3.37 · 10^{−5} −1.23 · 10^{−8} 4.64 · 10^{−5}

Table 4: Experimental branching ratios of K → ππγ decays

Decays Experiment B(IB + DE) B(DE)

Bolotov ( 87 ) [39] ( 2.71 ± 0.45 ) · 10^{−4} ( 2.05 ± 0.46^{+0.39}_{−0.23} ) · 10^{−5}

K^± → π^±π^0γ Smith ( 76 ) [40] ( 2.87 ± 0.32 ) · 10^{−4} ( 2.30 ± 3.2 ) · 10^{−5}

Abrams ( 72 ) [41] ( 2.71 ± 0.19 ) · 10^{−4} ( 1.56 ± 0.35 ± 0.5 ) · 10^{−5}

Taureg ( 76 ) [42] ( 1.84 ± 0.10 ) · 10^{−3} < 0.11 · 10^{−3}

K^0_S → π^+π^−γ Burgun ( 73 ) [43] ( 1.9 ± 0.4 ) · 10^{−3} < 0.57 · 10^{−3}

Ramberg ( 92 ) [45] ( 1.76 ± 0.06 ) · 10^{−3}

Caroll ( 80 ) [44] ( 4.41 ± 0.32 ) · 10^{−5} ( 2.89 ± 0.28 ) · 10^{−5}

K^0_L → π^+π^−γ

Ramberg ( 92 ) [45] ( 4.66 ± 0.15 ) · 10^{−5} ( 3.19 ± 0.16 ) · 10^{−5}