hep-ph 9309257 DESY 93-128 HD-THEP-93-36 September 1993

High Temperature Phase Transitions without Infrared Divergences

N. Tetradis Deutsches Elektronen-Synchrotron DESY, Gruppe Theorie, Notkestr. 85, 22603 Hamburg and C. Wetterich Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 16, 69120 Heidelberg

Abstract The most commonly used method for the study of high temperature phase transitions is based on the perturbative evaluation of the temperature dependent effective potential. This method becomes unreliable in the case of a second order or weakly first order phase transition, due to the appearance of infrared divergences. These divergences can be controlled through the method of the effective average action which employs renormalization group ideas. We report on the study of the high temperature phase transition for the N-component Œ^4 theory. A detailed quantitative picture of the second order phase transition is presented, inluding the critical exponents for the behaviour in the vicinity of the critical temperature. An independent check of the results is obtained in the large N limit, and contact with the perturbative approach is established through the study of the Schwinger-Dyson equations.

1. Introduction

Spontaneous symmetry breaking is one of the most prominent features of the standard model of electroweak interactions. The masses of the gauge bosons and fermions are proportional to the vacuum expectation value of the Higgs doublet. According to the original argument of Kirzhnits and Linde [1] this expectation value vanishes at sufficiently high temperature and the electroweak symmetry is restored. Such high temperatures were presumably realized in the very early universe immediately after the big bang. As the universe cooled there must have been a phase transition from the symmetric to the spontaneously broken phase of the standard model. This phase transition may have many important consequences for our present universe, one example being the possible creation of the excess of matter compared to antimatter (baryon asymmetry) [2]. The physical implications of the high temperature electroweak phase transition depend strongly on its nature (whether it is second or first order) and its details. More specifically, the possibility of generating the baryon asymmetry imposes the requirement of out of equilibrium conditions [3], which is satisfied only if the phase transition is of the first order; the exact amount of produced baryon number is very sensitive to the details of the fluctuations which drive the transition (profile of bubbles, velocity of the wall etc.) [4]; and avoiding the washing out of any generated baryon asymmetry requires a sufficiently strong first order phase transition [5].

None of the above questions has a satisfactory answer in the framework of the perturbative evaluation of the effective action [6] and its extension to non-zero temperature [7, 8, 9] which is the usual tool for such investigations. The reason is the appearance of infrared divergences which result from high order contributions in the perturbative expansion. More specifically for the evaluation of the effective potential, higher loop corrections involving scalar fields give contributions proportional to arbitrary powers of^{λT}_{ms(T )} , which diverge near the critical temperature where m_s(T_{cr}) = 0 [7, 8, 9]. If Goldstone modes are present the situation is more difficult, since their masses vanish at all temperatures in the spontaneously broken phase. Similarly loops with gauge fields involve powers of^{g2T}_{mA(T )} , which are problematic in the whole symmetric phase [10]. It is interesting to observe that the combinations λT , g^2T can be viewed as effective three-dimensional couplings resulting from the compactification of one dimension in the non-zero temperature formalism. It becomes apparent then, that the infrared divergences are of the same nature as the infrared divergences of three-dimensional field theories. The formalism which can control the infrared regime of non-zero temperature four-dimensional theories must provide a reliable treatment of the infrared singularities for field theories in dimensions less than four.

In order to reliably compute the long distance behaviour we follow Wilson’s philosophy [?] of iteratively integrating out the short distance modes and using an effective action to describe their physical effects. In the original proposal an ultraviolet cutoff Λ was introduced and the change of the “cutoff action” S_Λ as a function of Λ was described by an “exact renormalizaton group equation” [?, 11, 12]. Lowering Λ to zero should, in principle, express the long distance properties of the theory in terms of microscopic properties defined for large Λ. Unfortunately, the “cutoff action” S_Λ does not become the generating functional of the 1PI Green functions in the limit Λ → 0, but rather a relatively complicated functional related to the connected Green functions, with sources expressed in terms of fields [13]. Correspondingly, the form of the exact renormalization group equation does not exhibit the infrared properties of the theory in an obvious way. So far it has been only possible to use the exact renormalization group equation in the context of perturbation theory (where the usual infrared problems are present) or the 1/N expansion [14].

We follow here a new approach [15, 16, 17] based on the intuitive picture of an effective action for averages of fields, formulated in continuous space. The average is taken over a volume of size k^{−d} and the corresponding effective average action Γ_k depends on the scale k. The new evolution equation [17] which describes the dependence of Γ_k on k is manifestly governed by the infrared properties of the theory. With the help of this equation the infrared problems can be resolved even for two- and three-dimensional theories in a non-perturbative context [16]. The evolution equation for Γ_k is an exact non-perturbative equation [17]. Its solution interpolates between the classical action for large k and the effective action for k → 0. It has been shown that for k = 0 the effective average action is the generating functional for the 1PI Green functions [17]. All relevant properties of the ground state, masses and interactions can, therefore, be extracted from the solution for Γ_k in a straighforward manner. Furthermore, for k > 0 the effective average action describes a “coarse grained effective action” in the sense used by Langer [18] in his treatment of first order phase transitions. Since for k > 0 only the quantum fluctuations with momenta q^2 ≥ k^2 have been incorporated, the effective average action Γ_k is the appropriate functional for all processes with an effective physical infrared cutoff of the order of k. In short, the effective average action is the conventional effective action with an additional explicit infrared cutoff suppressing the contributions to the functional integral coming from quantum fluctuations with small momentum q^2 < k^2. All the internal symmetries, including gauge and chiral symmetries in the case of gauge fields or chiral fermions, can be maintained by the infrared cutoff. Our formulation is carried out in continuous space, thus preserving the symmetries of rotations and translations. This is important, since it permits a simple and efficient parametrization of Γ_k. The presence of a separate cutoff (other than masses, field expectation values or momenta) guarantees that no infrared divergence can appear for k > 0. Moreover, the limit k → 0 can be taken in a controlled way so that no singularities are encountered.

The practical use of formally exact evolution equations depends primarily on the existence of viable approximation schemes since systems of differential equations for infinitely many variables are usually not exactly solvable^∗. One needs an efficient parametrization of Γ_k which allows the reduction of the exact evolution equation to a few equations for running couplings. This parametrization is model dependent and involves physical intuition.

∗A few exceptions exist for limiting cases, such as N ! 1 where the system of equations becomes decoupled.

One needs essentially a guess about the relevant degrees of freedom and the general form of their propagators. In this review we concentrate on the O(N)-symmetric ϕ^4 theory [19, 20, 21], which has served for years as the prototype for investigations concerning the question of symmetry restoration at high temperature. (More complicated scalar theories, as well as gauge theories, can be approached along similar lines and such investigations are under way^†.) The physical importance of the theory arises from the fact that, for N = 4, it describes the scalar sector of the electroweak standard model in the limit of vanishing gauge and Yukawa couplings, and is relevant for the QCD phase transition for vanishing up and down quark mass [24]. In the following section we give a detailed definition of the effective average action and present the exact evolution equation which permits its determination from the classical action. We also develop a parametrization scheme which allows for the determination of physical quantities such as masses, couplings, wave function renormalizations etc. In section 3 we generalize the formalism in order to take into account non-zero temperature effects and discuss the phase transition for the O(N)- symmetric ϕ^4 theory. In section 4 we study, with various techniques, the phase transition in the large N limit. This allows us to obtain an independent check of the results of section 3 and make contact with the standard perturbative treatments. Finally, in section 5 we give a summary of various other works employing the effective average action and comment on the application of the scheme to the study of tunneling phenomena and first order phase transitions. We conclude by discussing briefly the extension of the method to the case of more complicate scalar as well as gauge theories.

2. The effective average action

We consider a theory of N real scalar fields χ^a, in d dimensions, with an O(N)-symmetric action S[χ]. We specify the action together with some ultraviolet cutoff Λ, so that the theory is properly regulated. We add to the kinetic term an infrared regulating piece [17]

ΔS = 1 2 ∫ d^dqR_k(q)χ^∗_a(q)χ^a(q), (2.1)

where χ^a(q) are the Fourier modes of the scalar fields. The function R_k is employed in order to prevent the propagation of modes with characteristic momenta q^2 < k^2. This can be achieved, for example, by the choice

R_k(q) =

Z_kq^2f^2_k (q) 1 − f^2_k (q)

, (2.2)

with

f_k(q) = exp { −a ( q^2 k^2 )b} , (2.3)

†For applications of the renormalization group to the study of first order phase transitions also see ref. [22] and references therein. For a recent study see ref. [23].

where a, b are constants of order one which determine the shape of the cutoff. As a result the inverse propagator derived from the action S + ΔS has a minimum ∼ k^2. The modes with q^2 ≫ k^2 are unaffected, while the low frequency modes with q^2 ≪ k^2 are cut off. The quantity Z_k in eq. (2.2) is an appropriate wave function renormalization whose precise definition will be given below. We emphasize at this point that the above form of R_k is not unique and many alternative choices are possible. The physical quantities which are obtained when the cutoff is removed (k → 0) are independent of the form of R_k. For the choice of eq. (2.3) the values of a and b should not affect the physical results and can be chosen freely. For a discussion of a natural choice of a, b and the residual a and b dependence when approximations are used we refer the reader to refs. [17, 19]. We subsequently introduce sources and define the generating functional for the connected Green functions for the action S + ΔS. Through a Legendre transformation we obtain the generating functional for the 1PI Green functions Γ̃_k[ϕ^a], where ϕ^a is the expectation value of the field χ^a in the presence of sources. The use of the modified propagator for the calculation of Γ̃_k results in the effective integration of only the fluctuations with q^2 ≥ k^2. Finally, the effective average action is obtained by removing the infrared cutoff

Γ_k[ϕ^a] = Γ̃_k[ϕ^a] − 1 2 ∫ d^dqR_k(q)ϕ^∗_a(q)ϕ^a(q). (2.4)

For k equal to the ultraviolet cutoff Λ, Γ_k becomes equal to the classical action S (no effective integration of modes takes place), while for k → 0 it tends towards the effective action Γ (all the modes are included) which is the generating functional of the 1PI Green functions computed from S (without infrared cutoff). The interpolation of Γ_k between the classical and the effective action makes it a very useful field theoretical tool. The means for practical calculations is provided by an exact evolution equation which describes the response of the effective average action to variations of the infrared cutoff (t = ln(k/Λ)) [17] ∂ ∂t Γ_k[ϕ] = 1 2 Tr { (Γ^{(2)}_k [ϕ] + R_k)^{−1} ∂ ∂t R_k } . (2.5)

Here Γ^{(2)}_k is the second functional derivative of the effective average action with respect to ϕ^a. For real fields it reads in momentum space^‡

(Γ^{(2)}_k )^a_b (q, q^′) = δ^2Γ_k δϕ^∗_a(q)δϕ^b(q^′) , (2.6)

with ϕ^a(−q) = ϕ^∗_a(q). (2.7)

The exact evolution equation gives the response of the effective average action Γ_k to variations of the scale k, through a one-loop expression involving the exact inverse propagator

‡In order to avoid excessive formalism, we shall use the same notation for functions or operators in position space and their Fourier transforms, defined with the convention ϕ(q) = (2π)^{− d2} ∫ ddx exp(iq¯x¯)ϕ(x).

Γ^{(2)}_k together with an infrared cutoff provided by R_k. It has a simple graphical representation (fig. 1). Our non-perturbative exact evolution equation can be viewed as a partial differential equation for the infinitely many variables t and ϕ^a(q). Its usefulness depends on the existence of appropriate truncations which permit its solution.

Before presenting the formalism which leads to approximate solutions of eq. (2.5), we briefly comment on the relation of the effective average action to the average action, which was introduced in ref. [15, 16] in order to describe the dynamics of averages of fields over volumes ∼ k^{−d}. The field average is the realization in the continumm of the block spin idea of Kananoff and Wilson [25, ?]. The advantage of the average action over the block spin action lies in the preservation of the symmetries of rotations and translations, which permit an efficient parametrization. In the context of the average action the infrared cutoff k is naturally introduced through the averaging procedure. With an appropriate implementation of the averaging procedure [26] the average action is identical to the effective average action up to an explicitely known regulator term. The dependence of the average action on k is computed through an one-loop renormalization group equation which corresponds to a truncation of eq. (2.5). Moreover, within the approximations used so far there is no difference for low momentum quantities between the average action [15, 16, 26] and the effective average action [17]. As a result, all previous calculations of the average action can be viewed as approximate solutions of eq. (2.5) with some appropriate truncation. We finally should mention that the formal relation between our exact evolution equation [17] and the “exact renormalization group equation” [?, 11, 12] has by now been established [27].

As we have already mentioned, for the solution of eq. (2.5) one has to develop an efficient truncation scheme. We consider an effective average action of the form

Γ_k = ∫ d^dx { U_k(ρ) + 1 2 ∂^μϕ_aZ_k(ρ)∂_μϕ^a + 1 4 ∂^μρY_k(ρ)∂_μρ } , (2.8)

where ρ =^1_2 ϕ_aϕ^a. In order to turn the evolution equation for the effective average action into equations for U_k, Z_k and Y_k, we have to evaluate the trace in eq. (2.5) for properly chosen background field configurations. For the evolution equation for U_k we have to expand around a constant field configuration (so that the derivative terms in the parametrization (2.8) do not contribute to the l.h.s. of eq. (2.5)). Eq. (2.5) then gives [16, 17, 21] ∂ ∂t U_k(ρ) = 1 2 ∫ d^dq (2π)^d (N − 1 M_0 + 1 M_1 ) ∂ ∂t R_k(q), (2.9)

with R_k(q) given by eqs. (2.2), (2.3),

M_0(ρ) = Z_k(ρ)q^2 + R_k(q) + U^′_k(ρ)

M_1(ρ) = Z̃_k(ρ)q^2 + R_k(q) + U^′_k(ρ) + 2ρU^{′′}_k (ρ) (2.10) and Z̃_k(ρ) = Z_k(ρ) + ρY_k(ρ). (2.11)

Here primes denote derivatives with respect to ρ. For simplicity we have considered only the ρ dependence of Z_k and Z̃_k. If their dependence on q^2 is also included the evolution equation (2.9) becomes exact. For ρ different from zero it is easy to recognize the first term in eq. (2.9) as the contribution from the N − 1 Goldstone bosons (U^′ vanishes at the minimum). The second term is then related to the radial mode. The evolution of the wave function renormalizations Z_k, Z̃_k, which leads to the determination of the anomalous dimensions, requires an expansion around a background with a small momentum dependence. We do not give the explicit results of this calculation here, but we refer the reader to refs. [16, 21] for the details. The evolution equations for U_k, Z_k and Y_k are partial differential equations for independent variables t and ρ. In most cases their study is possible when they are turned into an (infinite) set of coupled ordinary differential equations for independent variable t. This is achieved by Taylor expanding U_k, Z_k and Y_k around some value of ρ. Since we are interested in the vacuum structure of the theory, we can use an expansion around the k dependent minimum ρ_0(k) of U_k. In the limit k → 0 this minimum specifies the vacuum of the theory, and U = U_0, Z = Z_0 and Y = Y_0 and their ρ-derivatives at the minimum give the renormalized masses, couplings and wave function renormalizations. We can now define the quantity Z_k appearing in eq. (2.2) as Z_k = Z_k(ρ_0(k)). (2.12)

For studies which concentrate on the minimum of U_k, the above definition permits the combination of the leading kinetic contribution to Γ^{(2)}_k and R_k in eq. (2.6), into an effective inverse propagator (for massless fields)

Z_kP (q^2) = Z_kq^2 + R_k =

Z_kq^2 1 − f^2_k (q)

, (2.13)

with f_k(q) given by eq. (2.3). For q^2 ≫ k^2 the inverse “average” propagator Z_kP (q) approaches the standard inverse propagator Z_kq^2 exponentially fast, whereas for q^2 ≪ k^2 the infrared cutoff prevents the propagation.

In this section we have summarized the basic formalism of the effective average action at zero temperature. In the following we generalize it for the case of non-zero temperature and use appropriate truncations in order to study the high temperature phase transition for the O(N)-symmetric ϕ^4 theory.

3. The high temperature phase transition for the O(N )-symmetric ϕ^4 theory

3a) Approximations and truncations: A first approximation, which results in considerable simplification in the formalism, is the omission of the effects of wave function renormalization. This is expected to be a good approximation since we shall be dealing with an effective three-dimensional critical theory for which the anomalous dimension is known to be η ≃ 0−0.04. At the end of the section we shall relax this approximation in order to perform an accurate calculation of the critical exponents for the three-dimensional theory. For the time being we concentrate on eq. (2.9) in which we set Z_k = 1, Y_k = 0, Z̃_k = 1. We can, therefore, define an effective inverse propagator P according to eq. (2.13) (with Z_k = 1) and rewrite eq. (2.9) as ((t = ln(k/Λ), x = q^2) ∂ ∂t U_k(ρ) = 1 2 (2π)^{−d} ∫ d^dq ∂P ∂t ( 1 P + U^′_k(ρ) + 2U^{′′}_k (ρ)ρ + N − 1 P + U^′_k(ρ) )

=v_d ∫_∞ 0 dxx^{d2 −1} ∂P ∂t ( 1 P + U^′_k(ρ) + 2U^{′′}_k (ρ)ρ + N − 1 P + U^′_k(ρ) ) , (3.1)

with v^{−1}_d = 2^{d+1}π^{d2} Γ ( d 2 ) . (3.2)

We remind the reader that primes denote derivatives with respect to ρ. Equation (3.1) is a partial differential equation for independent variables t and ρ, which must be solved with the boundary condition U_Λ(ρ) = V (ρ) (V (ρ) being the classical potential). Its solution for k → 0 gives the effective potential U(ρ) = U_0(ρ). We are interested in solving (3.1) around the minimum of the effective average potential. In order to do so we parametrize U_k in terms of the location of its minimum and its successive derivatives with respect to ρ at the minimum. This results in an infinite system of coupled differential equations, which we solve approximately by truncating at a finite number of equations and keeping an equal number of ρ-derivatives. As a first step we truncate after the second derivative of the potential.

In the spontaneously broken regime the effective average potential U_k has its minimum at ρ_0(k) ≠ 0, where U^′_k(ρ_0) = 0. We define

λ̄(k) = U^{′′}_k (ρ_0(k)), (3.3)

and obtain the following evolution equations for the scale dependence of ρ_0(k) and λ̄(k) (for the details of the derivation see refs. [16, 19, 21]) dρ_0 dt = − v_dk^{d−2} { 3L^d_1(2λ̄ρ_0) + (N − 1)L^d_1(0) } (3.4) dλ̄ dt = − v_dk^{d−4}λ̄^2 { 9L^d_2(2λ̄ρ_0) + (N − 1)L^d_2(0) } , (3.5)

with the dimensionless integrals L^d_n(w) given by L^d_n(w) = − nk^{2n−d}π^{− d2} Γ ( d 2 ) ∫ d^dq ∂P ∂t (P + w)^{−(n+1)} = − nk^{2n−d} ∫_∞ 0 dxx^{d2 −1} ∂P ∂t (P + w)^{−(n+1)}, (3.6) and P given by eq. (2.13) (with Z_k = 1). In the symmetric regime (ρ_0(k) = 0) we define

m^2 =U^′_k(0) (3.7) λ̄(k) =U^{′′}_k (0), (3.8)

and obtain the following evolution equations dm^2 dt = (N + 2)v_dk^{d−2}λ̄L^d_1(m^2) (3.9) dλ̄ dt = − (N + 8)v_dk^{d−4}λ̄^2L^d_2(m^2). (3.10)

The systems of equations (3.4),(3.5) and (3.9),(3.10) can be solved for given “short distance values” ρ_0(k = Λ) and λ̄(k = Λ). We start at the cutoff Λ and follow the renormalization group flow towards the infrared (k → 0). In this way we obtain the ground state of the theory ρ_0 = ρ_0(k = 0), as well as the renormalized couplings, mass terms etc. It should be noted that, even when one starts in the broken regime at k = Λ, it is possible that the evolution, as given by the first set of differential equations, may drive ρ_0(k) to zero at some non-zero k_s. From that point on the theory is in the symmetric regime and one has to continue the evolution using the second set of equations, with boundary conditions m^2(k_s) = 0 and λ̄(k_s) given by its value at the end of the running in the broken regime.

The integrals L^d_n(w), defined in eq. (3.6), have been discussed extensively in refs. [16, 21, 28] for various shapes of the cutoff, as determined by the values of the parameters a and b in eq. (2.3). As an example, we plot in fig. 2 the integrals L^4_1(w), L^4_2(w). Their most interesting property, for our discussion, is that they fall off for large values of w/k^2, following a power law. As a result they introduce threshold behaviour for the contributions of massive modes to the evolution equations. When the “running” squared mass 2λ̄ρ_0 or m^2 becomes much larger than the scale k^2 (at which the system is probed and the fields are averaged), these contributions vanish and the massive modes decouple. We evaluate the integrals L^d_n(w) numerically and use numerical fits for the solution of the evolution equations.

3b) The non-zero temperature formalism: In order to extend our expressions to the non-zero temperature case we only need to recall that, in Euclidean formalism, non-zero temperature T results in periodic boundary conditions in the time direction (for bosonic fields), with periodicity 1/T [29]. This leads to a discrete spectrum for the zero component of the momentum q_0 q_0 → 2πmT, m = 0, ±1, ±2, ... (3.11) As a consequence the integration over q_0 is replaced by summation over the discrete spectrum ∫ d^dq (2π)^d → T ∑ m ∫ d^{d−1}⃗q (2π)^{d−1} . (3.12)

With the above remarks in mind we can easily generalize equation (3.1) in order to take into account the temperature effects. For the temperature dependent effective average potential U_k(ρ, T ) we obtain: ∂ ∂t U_k(ρ, T ) = 1 2 (2π)^{−(d−1)}T ∑ n ∫ d^{d−1}⃗q ∂P ∂t ( 1 P + U^′_k(ρ, T ) + 2U^{′′}_k (ρ, T )ρ + N − 1 P + U^′_k(ρ, T ) ) , (3.13) with the implicit replacement q^2 → ⃗q^2 + 4π^2m^2T^2 (3.14)

in P . Again, the usual temperature dependent effective potential [7, 8, 9] obtains from U_k(ρ, T ) in the limit k → 0. As before, we can parametrize U_k(ρ, T ) in terms of its minimum and its derivatives at the minimum. The evolution equations are given by (3.4),(3.5) and (3.9),(3.10) with the obvious generalizations ρ_0(k) → ρ_0(k, T ) etc.

The momentum integrals for non-vanishing temperature read: L^d_n(w, T ) = −nk^{2n−d}2π^{− d2 +1}Γ ( d 2 ) T ∑ m ∫ d^{d−1}⃗q ∂P ∂t (P + w)^{−(n+1)}, (3.15)

where the implicit replacement (3.14) is again assumed in P . Their basic properties can be established analytically. For T ≪ k (low temperature region) the summation over discrete values of m in expression (3.15) is equal to the integration over a continuous range of q_0 up to exponentially small corrections. Therefore

L^d_n(w, T ) = L^d_n(w) for T ≪ k. (3.16)

In the opposite limit T ≫ k (high temperature region) the summation over m is dominated by the m = 0 contribution. Terms with non-zero values of m are suppressed by ∼ exp ( −(mT/k)^{2b} ) . The leading contribution gives the the simple expression L^d_n(w, T ) = v_{d−1} v_d T k L^{d−1}_n (w) for T ≫ k, (3.17)

with v_d defined in (3.2). The two regions of T/k in which L^d_n(w, T ) is given by the equations (3.16) and (3.17) are connected by a small interval in which the exponential corrections result in complicated dependence on w and T (intermediate region). The above conclusions are verified by a numerical calculation of L^4_1(w, T ) and L^4_2(w, T ). In fig. 3 we plot L^4_1(w, T )/L^4_1(w) as a function of T/k, for various values of w/k^2 and for b = 3, a = 0.952. The three regions (low temperature, intermediate and high temperature) are separated by vertical lines.

3c) Running in four and three dimensions: From this point on we concentrate on the four-dimensional theory. For zero temperature the relevant evolution equations in the spontaneously broken regime are given by (3.4),(3.5) with d = 4. Eq. (3.4) results in the “quadratic renormalization” of the minimum of the effective average potential [15, 16]: Apart from threshold effects, ρ_0(k) evolves proportionally to k^2. This is the reflection in our language of the quadratic divergences of standard perturbation theory. This behaviour is depicted by the solid line of fig. 4 for N = 4. In the limit k → 0, ρ_0(k) settles down at a value which corresponds to the renormalized minimum of the effective potential (the zero temperature vacuum of the theory) which we denote by

ρ_0 = ρ_0(0). (3.18)

Eq. (3.5) results in the usual logarithmic running for the quartic coupling in four dimensions. The presence of the integrals L^4_n introduces threshold effects in the evolution. As a result the logarithmic running of the coupling stops as k → 0 for N = 1, due to the decoupling of the massive radial mode. In the case N ≠ 1, due to the presence of massless Goldstone modes, the logarithmic running never stops and this results in an infrared free theory. The running of λ̄(k) is given by the solid line of fig. 5 for N = 4. Since λ̄(k = 0) = 0 for N ≠ 1, we define the renormalized coupling at some non-zero k according to λ_R = λ̄ (√ 2λ_Rρ_0 ) (3.19)

for all N.

For non-zero temperature we have to distinguish between the three different regions as k decreases:

I. In the low temperature region (k ≫ T ) the evolution is purely four-dimensional. II. In the intermediate region the running is complicated and we can study it only numerically.

III. In the high temperature region (k ≪ T ) we can use eq. (3.17) in order to rewrite the evolution equations in the spontaneously broken regime as dρ^′_0 dt = − v_3k { 3L^3_1(2λ̄^′ρ^′_0) + (N − 1)L^3_1(0) } (3.20) dλ̄^′ dt = − v_3k^{−1}(λ̄^′)^2 { 9L^3_2(2λ̄^′ρ^′_0) + (N − 1)L^3_2(0) } , (3.21)

with

ρ^′_0(k, T ) = ρ_0(k, T ) T λ̄^′(k, T ) =λ̄(k, T )T. (3.22)

Comparison with eqs. (3.4), (3.5) shows that the above equations are exactly the ones of the three-dimensional theory for the effective three-dimensional couplings ρ^′_0(k, T ), λ̄′(k, T ). We recover the fact that the behaviour of the high temperature four-dimensional theory is determined by the zero temperature three-dimensional theory. Moreover, we have developed a formalism which connects the four-dimensional regime with the effective three-dimensional one in a quantitative way. This is crucial since the precise initial values of the three-dimensional running are needed for the determination of the critical temperature etc.

It is convenient again to define the dimensionless quantities κ(k, T ) = ρ^′_0(k, T ) k = ρ_0(k, T ) kT λ(k, T ) = λ̄′(k, T ) k = λ̄(k, T ) T k . (3.23)

In terms of these quantities the evolution equations read: dκ dt = − κ − v_3 { 3L^3_1(2λκ) + (N − 1)L^3_1(0) } (3.24) dλ dt = − λ − v_3λ^2 { 9L^3_2(2λκ) + (N − 1)L^3_2(0) } . (3.25)

The main characteristic of the last equations arises from the term −λ on the r.h.s. of (3.25), which is due to the dimensions of λ̄^′. In consequence, the dimensionless quartic coupling λ is not infrared free. Its behaviour with k → 0 is characterized by an approximate fixed point for the region where κ varies only slowly. Taken together, the pair of differential equations for (κ, λ) has an exact fixed point (κ_{fp}, λ_{fp}) corresponding to the phase transition [16, 19]. This can be demonstrated explicitly by the numerical solution of (3.24), (3.25). The phase diagram for N = 4 is plotted in fig. 6. There is a critical line separating the spontaneously broken from the symmetric phase. We also have indicated the flow of the couplings for decreasing k. As k is lowered the system enters the high temperature region at some point in the phase diagram. When this point is very close to the critical line the system spends very long “time” |t| = − ln(k/Λ) near the critical point, before deviating either towards the spontaneously broken or the symmetric phase. During this “time” it loses memory of the initial conditions. As a result the dynamics near the phase transition is determined by the fixed point, independently of the “short distance” values of the couplings. Moreover, the character of the dynamics is purely three-dimensional.

The solution of the evolution equations for increasing temperature is plotted in figs. 4 and 5 for N = 4. All the solutions correspond to the same “short distance” theory as specified by the same initial conditions at k = Λ ≫ T . In fig. 4 we observe the deviation from the zero temperature behaviour which starts with the complicated running in the intermediate region. For low temperatures, in the limit k → 0, ρ_0(k, T ) reaches an asymptotic value ρ_0(0, T ) < ρ_0. This value corresponds to the vacuum expectation value of the non-zero temperature theory and we denote it by

ρ_0(T ) = ρ_0(0, T ). (3.26)

At a specific temperature T_{cr}, ρ_0(T ) becomes zero and this signals the restoration of symmetry for T ≥ T_{cr}. In fig. 5, λ̄(k, T ) deviates from the zero temperature running and, for T ≤ T_{cr}, approaches zero ∼ k. The latter effect is due to the fluctuations of the massless Goldstone bosons. For N = 1, as in the zero temperature case, the running of the coupling is stopped when the massive radial mode decouples. In the vicinity of the critical temperature, however, the radial mode remains massless for most of the evolution. As a result the coupling runs to zero ∼ k. For N ≠ 1 we see that the problem of the definition of the renormalized coupling reappears for the non-zero temperature theory in the spontaneously broken phase for N ≠ 1. In analogy to (3.19) we define λ_R(T ) at a non-zero scale λ_R(T ) = λ̄ (√ 2λ_R(T )ρ_0(T ), T ) (3.27)

in the spontaneously broken phase for all values of N. For T > T_{cr} the running in the spontaneously broken regime ends at a non-zero k_s, at which ρ_0(k_s, T ) equals zero. From this point on we continue the evolution in the symmetric regime. The running of m^2(k, T ) is depicted in fig. 4 while the evolution of λ̄(k, T ) proceeds continuously in the new regime as shown in fig. 5. In the symmetric phase the theory is not infrared free and we define:

m^2_R(T ) =m^2(0, T )

λ_R(T ) =λ̄(0, T ). (3.28)

3d) The phase transition: We have now established the connection between the renormalized quantities at zero and non-zero temperature. For any given “short distance” theory, through the solution of the evolution equations, we can determine the renormalized zero temperature theory in terms of the location of the minimum ρ_0 and the renormalized quartic coupling λ_R. We can also obtain ρ_0(T ) and λ_R(T ) for non-zero temperatures T < T_{cr}. For T ≥ T_{cr} the symmetry is restored (ρ_0(T ) = 0) and the non-zero temperature theory is described in terms of m^2_R(T ) and λ_R(T ). We can, therefore, study the phase transition in terms of renormalized quantities (at zero and non-zero temperature), without explicit reference to the “short distance” theory. In fig. 7 we plot ρ_0(T )/ρ_0, λ_R(T ) and m^2_R(T )/T^2 as a function of temperature, for N = 4 and λ_R = 0.1. As the temperature increases towards T_{cr} we observe a continuous transition from the spontaneously broken to the symmetric phase. This clearly indicates a second order phase transition. The renormalized quartic coupling λ_R(T ) remains close to its zero temperature value λ_R for a large range of temperatures and drops quickly to zero at T = T_{cr}. Recalling our parametrization of the effective average potential in terms of its successive ρ derivatives at the minimum, we conclude that, at T_{cr}, the first non-zero term in the expression for the effective potential is the ϕ^6 term (which we have neglected so far in our truncated solution). For T ≫ T_{cr} the coupling λ_R(T ) quickly grows to approximately its zero temperature value λ_R, while m^2_R(T ) asymptotically becomes proportional to T^2 as T → ∞. In the symmetric phase the quartic coupling is positive for all temperatures and vanishes only for T → T_{cr}.

Having presented the general features of the non-zero temperature theory, we now turn to a more detailed quantitative discussion. The value of the critical temperature T_{cr} in terms of the zero temperature quantities has been calculated in the context of perturbation theory [7, 8, 9]. It was found that T_{cr} is given by T^2_{cr} =^{24}_{N +2} ρ_0, independently of λ_R in lowest order. In table 1 we list the quantity^{T 2cr(N +2)}_{ρ0} for various values of N and λ_R. We observe excellent agreement with perturbation theory for λ_R → 0, and significant deviations for larger λ_R. This is not surprising if one recalls that perturbation theory breaks down in region of size |T − T_{cr}|/T_{cr} = O(λ_R). For small λ_R this region shrinks to zero and the value of T_{cr} can be accurately determined. It should be pointed out that the critical temperature is a non-universal quantity which depends on the evolution in all three (low temperature, intermediate and high temperature) regions. As a result it reflects underlying degrees of freedom with effective four- and three-dimensional character. Another quantity which can be compared with the perturbative predictions is m^2_R(T ) in the limit T → ∞. In table 2 we list the results of our calculation for the

expression [ m2_R(T ) λ_R(T )(N +2)T 2 ]_{−1} for T^2/ρ_0 = 10^6. The perturbative result for this quantity is 24, independent of N and λ_R. We find again excellent agreement for λ_R → 0.

The most important aspect of our calculation is related to the infrared behaviour of the theory for T → T_{cr}. The temperature dependence of ρ_0(T ), λ_R(T ), m^2_R(T ) near T_{cr} can be characterized by critical exponents. Following the notation of statistical mechanics, we parametrize the critical behaviour of ρ_0(T ) and m^2_R(T ) as follows:

ρ_0(T ) ∝(T^2_{cr} − T^2)^{2β}

m^2_R(T ) ∝(T^2 − T^2_{cr})^{2ν}. (3.29)

We also define a critical exponent ζ for λ_R(T ) in the symmetric regime:

λ_R(T ) ∝ (T^2 − T^2_{cr})^ζ. (3.30)

These exponents are plotted as function of the logarithm of |T^2 − T^2_{cr}| in fig. 8 for N = 4. (We should note at this point that, in the limit T → T_{cr}, the above definition coincides with the more conventional one, which is given in terms of |T − T_{cr}|.) The temperature dependent exponent 2β is defined as the derivative of ln ρ_0 with respect to ln |T^2 − T^2_{cr}|, and similarly for the other exponents. We notice that in the limit T → T_{cr} the critical exponents approach asymptotic values. These are independent of λ_R and therefore fall into universality classes determined only by N. They are equal to the critical exponents of the zero temperature three-dimensional theory. This fact can be understood by recalling that the dynamics in the critical region (near the phase transition) is solely determined by the three-dimensional fixed point in the high temperature region, without any memory of the evolution in the low temperature or intermediate regions. In table 3 we list the results of our calculation of β, ν, ζ for various N. The critical exponents β, ν for the three-dimensional theory have been calculated by several methods: ϵ expansion, summed perturbation series in the symmetric phase in three dimensions, 1/N expansion, lattice calculations. For comparison with our results we list in table 3 the most accurate values of β and ν obtained by the previously mentioned methods. The agreement is not perfect, especially for N = 1, since we have used very crude truncations and approximations up to this point. A consistency check is provided by the scaling laws which give ν = 2β in the limit of zero wave function renormalization. The above relation is satisfied by our numerical results to very good accuracy.

The critical behaviour of λ_R(T ) is related to the resolution of the problem of the infrared divergences which cause the breakdown of the standard perturbative expansion in the limit T → T_{cr} [7, 8, 9]. The infrared problem is manifest in the presence of higher order contributions to the effective potential which contain increasing powers of^{λR(T )T}_K , where K is the effective infrared cutoff of the theory. In the standard perturbative treatments the evolution of λ̄(k, T ) is omitted and λ_R(T ) is approximated by its zero temperature value λ_R. Also the temperature dependent renormalized mass is taken as the infrared cutoff. It is obvious then that these contributions diverge and the perturbative expansion breaks down near the critical temperature or in the presence of Goldstone modes. A similar situation appears for the zero temperature three-dimensional theory in the critical region [32]. In this case the problem results from an effective expansion in terms of the quantity u [M 2−M 2cr]1/2 , where u is the bare three-dimensional quartic coupling and [M

2 − M^2_{cr}]^{1/2} is a measure of the distance from the point where the phase transition occurs as it is approached from the symmetric phase. The two situations can be seen to be of identical nature by simply remembering that the non-zero temperature four-dimensional coupling λ̄ corresponds to an effective three-dimensional coupling λ̄T and that the effective infrared cutoff in the symmetric phase is equal to m_R(T ). In the three-dimensional case the problem has been resolved [32] by a reformulation of the calculation in terms of an effective parameter^{λ3}_m , where λ_3 is the renormalized 1-PI four point function in three dimensions (the renormalized quartic coupling) and m the renormalized mass (equal to the inverse correlation length). It has been found [32, 30] that the above quantity has an infrared stable fixed point in the critical region m → 0. No infrared divergences arise within this approach for the symmetric phase. (The phase with spontaneous symmetry breaking remains inaccessible for N > 1, except for universal properties at the phase transition.) Their only residual effect is detected in the strong renormalization of λ_3. In our scheme the problem is formulated in terms of the effective dimensionless parameters κ(k, T ) = ρ0(k,T ) kT , λ(k, T ) = λ̄(k, T )^T_k (see equations (3.23)), for which a fixed point corresponding to the phase transition is found. The critical behaviour is determined by this fixed point in the limit k → 0. Everything remains finite in the vicinity of the critical temperature, and the only memory of the infrared divergences is reflected in the strong renormalization of λ_R(T ) near T_{cr}. We conclude that the infrared problem disappears if formulated in terms of the appropriate renormalized quantities (see also [33]). When expressed in the correct language, it becomes simply a manifestation of the strong renormalization effects in the critical region. In order to compare with the three-dimensional results we have calculated the quantity^{λR(T )T}_{mR(T )} in the limit T → T_{cr}. We find that it reaches an asymptotic value depending on N, which we list in table 4 for various N. For comparison we quote the results for the infrared fixed point of^{λ3}_m as summarized in [32, 30] and as can be calculated in the large N limit with other methods [20]. Good agreement is observed. Moreover, the existence of the asymptotic value for^{λR(T )T}_{mR(T )} explains the equality of the critical exponents ν and ζ which is apparent in table 3.

3e) Improved truncations and wave function renormalization: It is apparent from table 3 that the approximations we have used up till now are too crude for the precise determination of the universal critical behaviour as this is parametrized by the critical exponents. We must, therefore, consider improved truncations which capture more of the relevant dynamics. We shall not discuss non-universal quantities (such as the critical temperature or the high temperature mass term) any more. The agreement with standard perturbation theory is expected to persist in the cases where perturbation theory is applicable (small λ_R). We concentrate on the purely three-dimensional behaviour as this is determined by the fixed point. We improve out calculation by taking into account higher ρ-derivatives of the effective average potential. The third derivative is expected to be important, since the ϕ^6 term is a “relevant” term for the three-dimensional theory (actually it is the last “relevant” term, often characterized as “marginal”). Higher derivatives should induce only small changes in the evolution near the fixed point, since they correspond to “irrelevent” terms. The wave function renormalization is also an important ingredient, even though the anomalous dimension η is known to be a small quantity for the three-dimensional theory. We shall not get into the details of the calculation here, but we give a brief description of the main results. The reader is referred to ref. [21] for a thorough presentation. We use dimensionless three-dimensional couplings according to

κ = Z_kk^{−1}ρ_0

m̃^2 = Z^{−1}_k k^{−2}m̄^2 = k^{−2}m^2

λ = Z^{−2}_k k^{−1}λ̄

u_n = Z^{−n}_k k^{n−3}U_n, (3.31)

where we have used the definition (2.12) and also defined U^′_k(0) = m̄^2(k), U^{′′}_k (ρ_0) = λ̄(k) and U^{(n)}_k (ρ_0) = U_n(k). (The primes denote ρ-derivatives.) The above relations are the generalization of eqs. (3.23). The anomalous dimension is given by η(k) = − d dt (ln Z_k). (3.32)

We subsequently derive evolution equations for the dimensionless couplings. We encounter again the necessity of a truncation in order to be able to solve the infinite system of coupled differential equations. We use various truncations in order to study the effect of higher derivatives on the fixed point. In table 5 the fixed point values of various parameters are listed, for N = 3 and various truncations of the evolution equations. For the first row only two evolution equations are considered for κ and λ, and the higher derivatives of the potential as well as the anomalous dimension are set to zero. Then, the number of evolution equations is enlarged to three with the inclusion of u_3. Subsequently η and u_4 are added. Finally u_5 and u_6 are approximated (their contributions are proportional to η which, for the three-dimensional theory, is η ≃ 0 − 0.04) and are included in the system of five coupled evolution equations. It becomes apparent from table 5, that the influence of the higher derivatives of the potential on the fixed point, and therefore on the critical dynamics, is small. In fact, for an efficient truncation it would suffice to consider the “relevant” first three ρ-derivatives of the potential and the anomalous dimension. The inclusion of higher derivatives gives small improvements, in agreement with their characterization as “irrelevant”.

A typical example of the numerical integration of the evolution equations is displayed in fig. 9, for N = 3. The parameters u_4, u_5, u_6 are used even though they are not plotted. The evolution starts at k = Λ with the classical action, so that Z_Λ = 1, u_3(Λ) = u_4(Λ) = u_5(Λ) = u_6(Λ) = 0. The quartic coupling is arbitrarily chosen λ(Λ) = λ̄(Λ)/Λ = 0.1. Two values of κ(Λ) are selected so that the system is very close to the two sides of the critical line. The two values are indistinguishable in the graph and are given by κ(Λ) = κ_{cr} + δκ_Λ, with κ_{cr} = [ρ_0(Λ)]_{cr}/Λ ≃ 0.107, |δκ_Λ| ≪ κ_{cr} and δκ_Λ positive or negative. With these initial conditions the system evolves towards the fixed point in the critical region and remains close to it for a long “time” |t| = − ln(k/Λ). By staying near the fixed point for several orders of magnitude in t, the system loses memory of the initial conditions at the cutoff. As a result the critical behaviour is indepenent of the detailed short distance physics and is determined by the fixed point, as long as the evolution starts sufficiently close to the critical line. In the final part of the evolution, as k → 0, the theory deviates from the fixed poin either towards the phase with spontaneous symmetry breaking or the symmetric one, for δκ_Λ positive or negative respectively.

The critical exponents can be determined through the renormalized expectation values, masses and couplings, which are obtained in the limit k → 0. For the anomalous dimension the relevant value is the fixed point value η_∗. The detailed discussion is presented in ref. [21]. Here we only summarize in table 6 the results for various N. The critical exponents satisfy the scaling laws

β = (1 + η_∗) ν 2 (3.33)

γ = (2 − η_∗)ν (3.34)

with an accuracy of 0.1%. The exponent δ can also be determined and it satisfies the well known scaling law δ = 5 − η_∗ 1 + η_∗

. (3.35)

In table 6 we have included values for the critical exponents obtained through other methods (summed perturbation series in three dimensions, ϵ expansion, lattice calculations and 1/N expansion) for comparison. We observe agreement at the 1-5 % level for the exponents β, ν, and γ. For the anomalous dimension η_∗ we observe satisfactory agreement of our results with the quoted values, even though η_∗ is a small quantity and most severely affected by the residual approximations in our method.

This concludes the discussion of the high temperature phase transition for the O(N)- symmetric ϕ^4 theory through the method of the effective average action. We have investigated all its aspects concerning the non-universal and universal behaviour, with full control over the infrared regime. Moreover, we have obtained accurate results for such non-trivial quantities as the critical exponents. In the next section we use alternative methods in order to study the phase transition in the large N limit. Apart from providing a check of the conclusions of this section, this will enable us to make contact with the standard perturbative methods.

4. The high temperature phase transition in the large N limit

In the large N limit [34] two significant simplifications appear in the formalism: Firstly, the anomalous dimension η vanishes which allows us to set Z_k = 1. Secondly, the dynamics is dominated by the Goldstone modes (in the spontaneously broken phase). As a result, the analytical study of the evolution equations is possible and compact expressions for the evolution of the whole effective average potential can be obtained. These results are presented in ref. [21] and verify the analysis of the previous section. Here, we are interested in studying the high temperature phase transition with alternative methods. As such we shall use the saddle point evaluation of the functional integral for the effective potential in the limit N → ∞, and the Schwinger-Dyson equations in the same limit.

4a) The effective potential in the large N limit: The first method results in the well known expression for the effective potential [22, 30, 20, 35]

U^′(ρ) = −μ̄^2 + λ̄ρ + N 2 λ̄ ∫ Λ d^4q (2π)^4 1 q^2 + U^′(ρ)

, (4.1)

where μ̄^2, λ̄ denote bare quantities and we remind the reader that ρ =^1_2 ϕ^aϕ_a and the derivatives of U are taken with respect to ρ. An ultraviolet cutoff Λ is implied for the momentum integration. The generalization of the above expression for non-zero temperature follows the discussion is subsection 3b and reads

U^′(ρ, T ) = −μ̄^2 + λ̄ρ + N 2 λ̄T ∑ m ∫ Λ d^3⃗q (2π)^3 1 ⃗q^2 + 4π^2m^2T^2 + U^′(ρ, T )

. (4.2)

It is convenient to define the functions I(T ) =T ∑ m ∫ Λ d^3⃗q (2π)^3 1 ⃗q^2 + 4π^2m^2T^2

(4.3) I_n(w, T ) =T ∑ m ∫ Λ d^3⃗q (2π)^3 1 (⃗q^2 + 4π^2m^2T^2 + w)^n

. (4.4)

Then eq. (4.2) can be written as

U^′(ρ, T ) = [N 2 λ̄I(T ) − μ̄^2 ] + λ̄ρ + N 2 λ̄ [I_1(U^′(ρ, T ), T ) − I(T )] . (4.5)

We are interested in solving the above equation near the phase transition. This correponds to a temperature region in which typically U^′(ρ, T ) ≪ T^2 near the minimum of the potential. We can, therefore, use a high temperature expansion in terms of w/T^2 for the evaluation of I_n(w, T ) in this regime. In the opposite limit of zero temperature the discrete summation can be replaced by an integration over a continuous q^0 and the integrals become four-dimensional. Integrals similar to I(T ), I_n(w, T ) have been discussed extensively in the literature [8, 29]. We briefly review here the results which are relevant for our investigation. I(T ) is given by

I(T ) =

Λ^2 16π^2 + T^2 12 . (4.6)

The first term corresponds to the quadratic divergence of the zero temperature theory, while for the evaluation of the second term we have made use of Λ ≫ T . Notice that I(T ) receives contributions from all values of m in the infinite sum. In this sense it incorporates effects of the effective three-dimensional theory (modes with m = 0) as well as the four-dimensional one (m ≠ 0). For the difference I_1(w, T ) − I(T ) we find [8]

I_1(w, T ) − I(T ) = − 1 4π T √ w + w 8π^2 ln (c̃T Λ ) , (4.7)

with c̃ = exp(^1_2 + ln(4π) − γ) ≃ 11.6. The above expression gives the first two terms of the high temperature expansion. The leading term ∼ T √ w comes entirely from the m = 0 term in the infinite sum. As a result eq. (4.7) in the leading order for small w/T^2 reflects only the dynamics of the effective three-dimensional theory. In contrast, the logarithmic term is typical for the four-dimensional renormalization effects from the momentum range between c̃T and Λ.

Combining eqs. (4.5), (4.6) and keeping only the leading contribution in (4.7) we obtain for T^2 ≫ U^′(ρ, T ) U^′(ρ, T ) = Nλ̄ T^2 24 − [ μ̄^2 − Nλ̄

Λ^2 32π^2 ] + λ̄ρ − Nλ̄ T 8π √ U^′(ρ, T ). (4.8)

The ultraviolet divergences can be absorbed in the (T = 0) renormalization of the mass parameter and coupling. We define the renormalized parameters for the zero temperature four-dimensional theory [34]

μ^2_R λ_R = μ̄^2 λ̄ − N Λ^2 32π^2

, (4.9)

λ_R = λ̄ 1 +^{Nλ̄}_{32π2} ln

(_{Λ2} M 2 ), (4.10)

where M is an appropriate renormalization scale M ≪ Λ. Eq. (4.8) now reads U^′(ρ, T ) = λ̄ [ N T^2 24 − μ^2_R λ_R ] + λ̄ρ − Nλ̄ T 8π √ U^′(ρ, T ). (4.11)

The critical temperature T_{cr} is defined as the temperature at which U^′(0, T_{cr}) = 0. This gives the well known result [7, 8, 9]

T^2_{cr} = 24 N μ^2_R λ_R . (4.12)

We concentrate on temperatures T ∼ T_{cr} and ρ ≪ T^2, for which we obtain from eq. (4.11) in leading order (neglecting U^′(ρ, T ) on the l.h.s) U(ρ, T ) = π^2 9 ( T^2 − T^2_{cr} T )_2 ρ + 1 N 8π^2 3 T^2 − T^2_{cr} T^2 ρ^2 + 1 N^2

64π^2 3 1 T^2 ρ^3. (4.13)

We observe the characteristic N dependence for the renormalized couplings [34]. Notice that the only surviving reference to the parameters of the four-dimensional theory exists in the definition of the critical temperature (4.12). According to our discussion of the integrals I, I_1, the critical temperature is determined by the dynamics of both the fourdimensional and three-dimensional theory. On the contrary, the form of the potential in the critical region (and therefore the critical behaviour) reflects only the effective threedimensional theory. This is in complete agreement with the conclusions of section 3.

Eq. (4.13) predicts a second order phase transition. For T ≥ T_{cr} the theory is in the symmetric phase with the minimum of the potential at ρ_0 = 0. As the critical temperature is approached from above the mass term is given by m_R(T ) ≡ √ U^′(0, T ) = π 3 T^2 − T^2_{cr} T , (4.14)

a result first obtained in [8]. In the language of critical exponents, the behaviour of m_R corresponds to an exponent ν = lim_{T →Tcr} d [ln m_R(T )] d [ln(T − T_{cr})]

= 1. (4.15)

The quartic coupling in the symmetric phase is given by

λ_R(T ) ≡ U^{′′}(0, T ) = 1 N 16π^2 3 T^2 − T^2_{cr} T^2

. (4.16)

It goes to zero as the critical temperature is approached with an exponent ζ = lim_{T →Tcr} d [ln λ_R(T )] d [ln(T − T_{cr})]

= 1. (4.17)

The dimensionless ratio^{λR(T )T}_{mR(T )} approaches a temperature independent value at T_{cr} lim T →Tcr λ_R(T )T m_R(T ) = 16π N . (4.18)

We remind the reader again that the ratio^{λ̄T}_{mR} diverges near T_{cr} and this is the reason for the breakdown of the standard perturbative calculations. We see how this divergence disappears when the bare quartic coupling is replaced by the renormalized one. At T_{cr} the ρ^3 (ϕ^6) term is the first non-zero one, with a coefficient given in (4.13). For T < T_{cr} the potential has a minimum at a non-zero value

ρ_0(T ) = N 24 (T^2_{cr} − T^2), (4.19) and assumes the form U(ρ, T ) = 1 N^2

64π^2 3 1 T^2

(ρ − ρ_0(T ))^3 , (4.20)

after the addition of a ρ independent constant. We point out that for T < T_{cr} the form of the potential given by eq. (4.20) is valid only for ρ ≥ ρ_0(T ) (see eq. (4.11)). In the “inner” region ρ < ρ_0(T ) the potential is flat (see ref. [28] for a discussion of the convexity of the effective potential). Notice that the minimum of the potential (the order parameter for the phase transition) approaches continuously zero as the critical temperature is approached from below (justifying our conclusion for a phase transition of the second kind). Expression (4.19) predicts a critical exponent β = lim_{T →Tcr} d [ ln √ ρ_0(T ) ] d [ln(T_{cr} − T )]

= 0.5. (4.21)

Another interesting point is the zero value of the second ρ-derivative of the potential at the minimum for T < T_{cr}. This reflects the fact that the ϕ^4 theory is infrared free in the spontaneously broken phase due to the Goldstone modes. At non-zero temperature the dependence of the running coupling on the infrared cutoff k is linear [19] (compared to the logarithmic running at zero temperature). This results in a zero renormalized coupling λ_R(T ) = U^{′′}(ρ_0, T ) in the limit k → 0. We see how this physical effect is naturally incorporated in our result (4.20).

All the results derived above are in full qualitative and quantitative agreement with the results of section 3, as can be easily verified by inspection of tables 3, 4 and 6.

4b) The Schwinger-Dyson equations: Another check can be obtained through the study of the Schwinger-Dyson equations for the O(N)-symmetric ϕ^4 theory in the symmetric phase for large N [36, 37]. In fig. 10 we give a graphical representation of the first three equations. Only the leading terms in 1/N have been included. The left-hand-side of the equations involves the first three ρ-derivatives of the potential at zero external momentum (the renormalized mass and four and six point vertices). Simple vertices denote bare quantities, and lines with a circle full propagators. The representation is schematic and the signs and combinatoric factors for the various terms have not been included. The solution of these equations can be carried out along the lines of the investigation in subsection 4a. We find [20]

U^′(0, T ) =m^2_R(T ) = [ π 3 T^2 − T^2_{cr} T ]_2

U^{′′}(0, T ) =λ_R(T ) = 1 N 16π^2 3 T^2 − T^2_{cr}

T^2 U^{′′′}(0, T ) = 1 N^2

128π^2 1 T^2

, (4.22)

in exact agreement with subsection 4a. The above solutions are again independent of the parameters of the bare theory. Their universal behaviour is a result of the strong infrared singularities of the loop diagrams on the r.h.s. of the equations in fig. 10, in the limit T → T_{cr}, m_R(T ) → 0.

The most important intuition gained from the study of the Schwinger-Dyson equations concerns the perturbative expansion. It is well known [8] that the Schwinger-Dyson equation for the propagator (“gap equation”) for the ϕ^4 theory in the large N limit (eq. (a) in fig. 10), can be reproduced by the summation of an infinite class of diagrams, usually characterized as “daisy” or “cactus” graphs [8, 7]. The solution of this equation gives the value of the critical temperature and the temperature dependence of the mass term in the critical region^§. In a similar way, eq. (b) of fig.10 can be turned into a sum of perturbative contributions involving high powers of the bare coupling through an iterative solution (i.e. truncation at a finite power of λ̄ and successive substitutions on the r.h.s.). Usually the terms with large powers of λ̄ can be neglected for sufficiently small λ̄. It is clear that this is not the case near the critical temperature, where infrared divergences appear at higher loops. However, the summation of an infinite number of perturbative contributions as given by the Scwinger-Dyson equation results in the finite answer of eq. (4.22). Similar remarks apply to the ϕ^6 coupling. It should also be noted that, if the renormalization of the couplings is not properly taken into account, perturbative calculations for the effective potential may lead to predictions for a weakly first order phase transition for the scalar theory [39]. A more careful treatment, however, indicates that the barrier in the perturbative effective potential appears in a region where the perturbative expansion does not converge due to the infrared divergences [40].

5. Other applications of the effective average action and conclusions

In this final section we briefly summarize other applications of the formalism of the effective average action, work in progress and prospects for future studies.

Work in the past has described correctly the phase structure of the two- and threedimensional scalar theories (including the Kosterlitz-Thouless phase transition) [16]. The discussion of the high temperature phase transition for the four-dimensional theory, as it was reviewed in the main body of this work, covered most of its qualitative and quantitative aspects. The improvement on the accuracy for the critical exponents and the study of the equation of state for the critical theory are two directions for further work. The next step is the study of more complicated scalar theories. Work in progress focuses on the zero and high temperature phase structure of a two scalar model with a Z_2 × Z_2 symmetry [43].

The idea of averaging as a means to integrate out field fluctuations was extended to include fermions in ref. [41].

Another question which has been answered in the context of the effective average

§For a study of high temperature phase transitions for gauge theories through “gap equations” see ref. [38].

action is the convexity of the effective potential. In ref. [28] it was shown that the effective average potential becomes flat in the inner region (between the two minima) when quantum fluctuations are integrated out. The convex effective potential is approached as k → 0 with a behaviour at the origin given by

lim_{k→0} U^′_k(0) ∼ −k^2. (5.1)

From its construction (integration of flucuations with characteristic momenta larger than a given infrared cutoff k), the effective average action is the appropriate quantity for the study of physics at a scale k. In practice one has to identify k with the appropriate physical infrared cutoff scale of the problem (such as the Hubble parameter for inflationary cosmology). In the case of a first order phase transition, one usually wishes to integrate out the large momentum fluctuations in order to study physical quantities such as tunneling rates etc. in the resulting effective potential. It is clear that the classical potential is not in general a good approximation for such studies. This is more obvious in the cases where a first order phase transition is the result of radiative corrections [6]. However, the absence of non-convex parts in the effective potential (which results from the incorporation in it of the fluctuations associated with tunneling) makes it an inappropriate quantity too. The effective average action (the equivalent of the “coarse grained effective action” of statistical mechanics) can be used with an appropriate choice of k. As an example, the study of critical bubbles during a high temperature first order phase transition can be carried out using the non-convex effective average potential, with the scale k determined by a quantity such as the correlation length in any of the two minima, or the bubble radius or thickness (a detailed investigation is necessary for specific models).

Finally, the concept of the effective integration of degrees of freedom through averaging has been developed for gauge fields [42], and an exact evolution equation has been formulated for gauge theories [44]. Study of this evolution equation predicts a linear evolution with k for the effective three-dimensional gauge coupling e^2T . In the case of the Abelian Higgs model this running results in a smaller coupling as k decreases; whereas, in the case of the non-Abelian Higgs model (due to the opposite sign in the β-function for the gauge coupling) the coupling increases in the infrared and “three-dimensional confinement” appears near the phase transition and in the symmetric phase [42]. More work in this direction will ultimately lead to a reliable description and understanding of the details of the electroweak phase transition.

References

[1] D.A. Kirzhnits and A.D. Linde, Phys. Lett. B 42, 471 (1972).

[2] V.A. Kuzmin, V.A. Rubakov, and M.E. Shaposhnikov, Phys. Lett. B 155, 36 (1985);

M.E. Shaposhnikov, Nucl. Phys. B 287, 757 (1987); ibid 299, 797 (1988). [3] A.D. Sakharov, JETP Lett. 5, 24 (1967).

[4] A.G. Cohen, D.B. Kaplan, and A.E. Nelson, Phys. Lett. B 245, 561 (1990); Nucl.

Phys. B 349, 727 (1991); N. Turok and J. Zadrozny, Phys. Rev. Lett. 65, 2331 (1990); Nucl. Phys. B 358, 471 (1991); M. Dine, P. Huet and R. Singleton, Nucl. Phys. B 375, 625 (1992); M. Dine, R.G. Leigh, P. Huet, A.D. Linde and D.A. Linde, Phys. Rev. D 46, 550 (1992); G.R. Farrar and M.E. Shaposhnikov, preprint CERN-TH-6732-93 and RU-93-11.

[5] A.I. Bochkarev and M.E. Shaposhnikov, Mod. Phys. Lett. A 2, 417 (1987); A.I.

Bochkarev, S.V. Kuzmin and M.E. Shaposhnikov, Phys. Lett. B 244, 257 (1990); [6] S. Coleman and E. Weinberg, Phys. Rev. D 7, 1888 (1973); R. Jackiw, Phys. Rev. D 9, 1686 (1974).

[7] D.A. Kirzhnits and A.D. Linde, JETP 40, 628 (1974); Ann. Phys. 101, 195 (1976). [8] L. Dolan and R. Jackiw, Phys. Rev. D 9, 3320 (1974). [9] S. Weinberg, Phys. Rev. D 9, 3357 (1974). [10] A.D. Linde, Phys. Lett. B 96, 293 (1980).

K.G. Wilson, Phys. Rev. B 4, 3174;3184 (1971); K.G. Wilson and I.G. Kogut, Phys. Rep. 12, 75 (1974).

[11] F.J. Wegner, in: Phase Transitions and Critical Phenomena, vol. 6, eds. C. Domb and M.S. Greene, Academic Press (1976).

[12] J. Polchinski, Nucl. Phys. B 231, 269 (1984).

[13] G. Keller, C. Kopper and M. Salmhofer, Helv. Phys. Acta 65, 32 (1992); G. Keller and C. Kopper, Phys. Lett. B 273, 323 (1991).

[14] U. Ellwanger and L. Vergara, Nucl. Phys. B 398, 52 (1993). [15] C. Wetterich, Nucl. Phys. B 352, 529 (1991). [16] C. Wetterich, Z. Phys. C 57, 451 (1993). [17] C. Wetterich, Phys. Lett. B 301, 90 (1993).

[18] J. Langer, Ann. Phys. 41, 108 (1967); ibid 54, 258 (1969); Physica 73, 61 (1974).

[19] N. Tetradis and C. Wetterich, Nucl. Phys. B. 398, 659 (1993). [20] M. Reuter, N. Tetradis and C. Wetterich, Nucl. Phys. B 401, 567 (1993). [21] N. Tetradis and C. Wetterich, preprint DESY-93-094 and Heidelberg HD-THEP-93- 28. [22] D.J. Amit, Field theory, the renormalization group, and critical phenomena, World Scientific (1984).

[23] M. Alford and J. March-Russell, preprint LBL-34573.

[24] F. Wilczek, Int. J. Mod. Phys. A 7, 3911 (1992); K. Rajagopal and F. Wilczek, Nucl.

Phys. B 399, 395 (1993).

[25] L.P. Kadanoff, Physics 2, 263 (1966).

[26] C. Wetterich, Heidelberg preprint HD-THEP-92-64, in press Z. Phys. C. [27] U. Ellwanger, private communication; M. Bonini, M. D’ Attanasio and G. Marchesini, Parma preprint UPRF-92-360; C. Wetterich, Heidelberg preprint HD-THEP-93-17.

[28] A. Ringwald and C. Wetterich, Nucl. Phys. B 334, 506 (1990); N. Tetradis and C.

Wetterich, Nucl. Phys. B 383, 197 (1992).

[29] J. Kapusta, Finite temperature field theory, Cambridge University Press (1989). [30] J. Zinn-Justin, Quantum field theory and critical phenomena, Oxford Science Publications (1989);

[31] I. Kondor and T. Temesvari, J. Phys. Lett. (Paris) 39, L99 (1978). [32] G. Parisi, J. Stat. Phys. 23, 49 (1980); Statistical field theory, Addison-Wesley (1988). [33] D. O’Connor, C.R. Stephens and F. Freire, Mod. Phys. Lett. A 8, 1779 (1993). [34] H.J. Schnitzer, Phys. Rev. D 10, 1800 (1974); S. Coleman, R. Jackiw and H.D.

Politzer, Phys. Rev. D 10, 2491 (1974); L.F. Abbott, J.S. Kang and H.J. Schnitzer, Phys. Rev. D 13, 2212 (1976); W.A. Bardeen and M. Moshe, Phys. Rev. D 28, 1372 (1983).

[35] V. Jain, Nucl. Phys. B 394, 707 (1993); H. Meyer-Ortmanns and A. Patkos, Phys.

Lett. B 297, 331 (1992).

[36] F.J. Dyson, Phys. Rev. 75, 1736 (1949); J. Schwinger, Proc. Nat. Acad. Sc. 37, 452;455 (1951).

[37] C. Itzykson and J.-B. Zuber, Quantum Field Theory, McGraw-Hill (1980).

[38] W. Buchmüller, T. Helbig and D. Walliser, preprint DESY 92-151, in press Nucl.

Phys. B; W. Buchmüller, Z. Fodor, T. Helbig and D. Walliser, preprint DESY 93- 021.

[39] K. Takahashi, Z. Phys. C 26, 601 (1985); M.E. Carrington, Phys. Rev. D 45, 2933 (1992); A.D. Linde, Proceedings of the Yale Workshop on Baryon Number Violation at the Electroweak Scale, New Haven, 1992, World Scientific.

[40] J.R. Espinosa, M. Quiros and F. Zwirner, Phys. Lett. B 291, 115 (1992).

[41] C. Wetterich, Z. Phys. C 48, 693 (1990); S. Bornholdt and C. Wetterich, Phys. Lett.

B 282, 399 (1992); Heidelberg preprint HD-THEP-92-54; S. Bornholdt, Heidelberg preprint HD-THEP-92-56.

[42] M. Reuter and C. Wetterich, Nucl. Phys. B 391, 147 (1993); preprint DESY-93-006 and Heidelberg HD-THEP-92-62, in press Nucl. Phys. B.

[43] S. Bornholdt, N. Tetradis and C. Wetterich, in preparation.

[44] M. Reuter and C. Wetterich, in preparation.

Figures

Fig. 1 Graphical representation of the exact evolution equation for the effective average action Γ_k.

Fig. 2 The integrals L^4_1(w), L^4_2(w) for b = 3 and a = 0.952.

Fig. 3 L^4_1(w, T )/L^4_1(w) as a function of T/k, for various values of w/k^2 (b = 3, a = 0.952).

Fig. 4 The evolution of ρ_0 at various temperatures. For T > T_{cr} the evolution of the mass term in the symmetric regime is also displayed. N = 4, λ_R = 0.1 (b = 3, a = 0.952).

Fig. 5 The evolution of λ̄ at various temperatures. N = 4, λ_R = 0.1 (b = 3, a = 0.952).

Fig. 6 The phase diagram of the three-dimensional theory for N = 4, in a truncation which neglects derivatives of the potential higher than the second (b = 3, a = 0.952).

Fig. 7 ρ_0(T ), λ_R(T ), m^2_R(T ) for a wide range of temperatures. N = 4, λ_R = 0.1 (b = 3, a = 0.952).

Fig. 8 The critical exponents as T_{cr} is approached. For T → T_{cr} they become equal to the critical exponents of the zero temperature three-dimensional theory. N = 4 (b = 3, a = 0.952).

Fig. 9 Solution of the evolution equations for κ(k), λ(k), u_3(k) and η(k) in the critical region, for initial values slightly above and below the critical line. The fixed point for the second order phase transition is displayed, as well as the final running towards the phase with spontaneous symmetry breaking or the symmetric one. N = 3 (b = 1, a = 0.5).

Fig. 10 Schwinger-Dyson equations in the large N limit.

Tables

λ_R = 0.01 λ_R = 0.1 λ_R = 1 N = 1 24.05 24.50 26.82 N = 3 24.03 24.48 26.70 N = 4 24.03 24.48 26.61 N = 10 24.02 24.42 26.10

Table 1:^{T 2cr(N +2)}_{ρ0} for various λ_R and N. b = 3, a = 0.952. Standard perturbation theory gives^{T 2cr(N +2)}_{ρ0} = 24.

λ_R = 10^{−4} λ_R = 0.01 λ_R = 0.1 N = 1 23.92 23.62 23.19 N = 3 23.94 23.91 24.02 N = 4 23.95 24.01 24.32 N = 10 23.99 24.40 25.53

Table 2: [ m2_R(T ) λ_R(T )(N +2)T 2 ]_{−1} for^{T 2}_{ρ0} = 10^6 and various λ_R, N. b = 3, a = 0.952. Standard perturbation theory gives [ m2_R(T ) λ_R(T )(N +2)T 2 ]_{−1} = 24 for^{T 2}_{ρ0} → ∞.

β ν ζ N = 1 0.25 0.33^{(a)} 0.31^{(b)} 0.50 0.63^{(a,b)} 0.50 = ν^{(d)} N = 3 0.37 0.37^{(a)} 0.38^{(b)} 0.75 0.71^{(a,b)} 0.75 = ν^{(d)} N = 4 0.40 0.81 0.81 = ν^{(d)} N = 10 0.46 0.45^{(c)} 0.92 0.88^{(c)} 0.92 = ν^{(d)} N = ∞ 0.5^{(c)} 1^{(c)} = ν^{(d)}

Table 3: Critical exponents for various N (b = 3, a = 0.952). For comparison we list results obtained with other methods as summarized in [30] and [31]: a) From summed perturbation series in fixed dimension 3 at six-loop order, or from the ϵ expansion at order ϵ^5. b) From lattice calculations.

c) From the 1/N expansion at order 1/N^2.

d) From the finite value of^{λ3}_m at the critical point as given by summed perturbation series, where λ_3 is the renormalized three-dimensional coupling and m the renormalized mass [32, 30].

N 1 3 4 10 λ_R(T )T m_R(T ) 6.8 5.5 4.8 3.7 λ3 m 7.9^{(a)} 6.4^{(a)} 5.0^{(b)}

Table 4: The asymptotic value of^{λR(T )T}_{mR(T )} in the limit T → T_{cr} for various N (b = 3, a = 0.952). For comparison we have listed the values of^{λ3}_m at the critical point obtained through other methods:

a) From summed perturbation series in fixed dimension 3 [32, 30]. b) From large N calculations [20].

κ_∗ λ_∗ u_{3∗} η_∗ u_{4∗} u_{5∗} u_{6∗} 6.57 × 10^{−2} 11.5 8.01 × 10^{−2} 7.27 52.8 7.86 × 10^{−2} 6.64 42.0 3.58 × 10^{−2} 7.75 × 10^{−2} 6.94 43.5 3.77 × 10^{−2} 95.7 7.71 × 10^{−2} 7.03 43.4 3.83 × 10^{−2} 111 −1.43 × 10^3 3.72 × 10^4

Table 5: Fixed point values for the rescaled minimum of the effective average potential, its derivatives and the anomalous dimension, for various truncations of the infinite system of evolution equations. N = 3 (b = 1, a = 0.5).

N β ν γ η_∗ 0.3250(15)^a 0.6300(15)^a 1.2405(15)^a 0.032(3)^a 1 0.333 0.3270(15)^b 0.638 0.6310(15)^b 1.247 1.2390(25)^b 0.045 0.0375(25)^b 0.312(5)^c 0.6305(15)^c 1.2385(25)^c 0.3455(20)^a 0.6695(20)^a 1.316(25)^a 0.033(4)^a 2 0.365 0.3485(35)^b 0.700 0.671(5)^b 1.371 1.315(7)^b 0.042 0.040(3)^b 0.672(7)^c 1.33(2)^c 0.3645(25)^a 0.705(3)^a 1.386(4)^a 0.033(4)^a 3 0.390 0.368(4)^b 0.752 0.710(7)^b 1.474 1.39(1)^b 0.038 0.040(3)^b 0.38(3)^c 0.715(20)^c 1.38(2)^c 4 0.409 0.791 1.556 0.034 10 0.461 0.449^d 0.906 0.877^d 1.795 1.732^d 0.019 0.025^d 20 0.481 0.477^d 0.952 0.942^d 1.895 1.872^d 0.010 0.013^d 100 0.497 0.496^d 0.992 0.989^d 1.981 1.975^d 0.002 0.003^d

Table 6: Critical exponents of the three-dimensional theory for various values of N (b = 1, a = 0.5). For comparison we list results obtained with other methods as summarized in [30] and [31]:

a) From summed perturbation series in fixed dimension 3 at six-loop order. b) From the ϵ expansion at order ϵ^5. c) From lattice calculations.

d) From the 1/N expansion at order 1/N^2.

30

31

32

33

34

35

36

37

38

39