hep-ph/9901388 v2 15 Feb 1999

University of Wisconsin - Madison

AMES-HET-99-01 ASITP-99-05 MADPH-99-1096 January 1999

NEUTRINO MIXING, CP/T VIOLATION AND TEXTURES IN FOUR-NEUTRINO MODELS

V. Barger^1, Yuan-Ben Dai^2, K. Whisnant^3, and Bing-Lin Young^3 1Department of Physics, University of Wisconsin, Madison, WI 53706, USA 2Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100080, China 3Department of Physics and Astronomy, Iowa State University, Ames, IA 50011, USA

Abstract

We examine the prospects for determining the neutrino mixing matrix and for observing CP and T violation in neutrino oscillations in four-neutrino models. We focus on a general class of four-neutrino models with two pairs of nearly degenerate mass eigenstates separated by approximately 1 eV, which can describe the solar, atmospheric and LSND neutrino data. We present a general parametrization of these models and discuss in detail the determination of the mixing parameters and the mass matrix texture from current and future neutrino data in the case where ν_e and ν_μ each mix primarily with one other neutrino. We find that measurable CP/T violation in long-baseline experiments, with amplitude at the level of the LSND signal, is possible given current experimental constraints. Also, additional oscillation effects in shortand long-baseline experiments may be measurable in many cases. We point out that, given separate scales for the mass-squared differences of the solar and atmospheric oscillations, observable CP/T violation effects in neutrino oscillations signals the existence of a sterile neutrino. We examine several textures of the neutrino mass matrix and determine which textures can have measurable CP/T violation in neutrino oscillations in long-baseline experiments. We also briefly discuss some possible origins of the neutrino mass terms in straightforward extensions of the Standard Model.

I. INTRODUCTION

Our view of the neutrino sector of the Standard Model has recently undergone a revolutionary change. Observations of solar neutrinos [1–5], atmospheric neutrinos [6–8], and accelerator neutrinos [9] all indicate deviations from their predicted values in the Standard Model with massless neutrinos. In each case the observation can be understood in terms of neutrino oscillations which in turn requires nondegenerate neutrino masses. The accelerator evidence for oscillations is least secure, with preliminary data from the KARMEN Collaboration [10] excluding some regions of oscillation parameters preferred by the LSND data [9]. Since the solar, atmospheric, and LSND neutrino experiments have different L/E (the ratio of oscillation distance to neutrino energy), different orders of magnitude of neutrino masssquared differences δm^2 are required to properly describe all features of the data [11]. This need for three small but distinct mass-squared differences naturally leads to the consideration of more than three light neutrino flavors. Any additional light neutrino must be sterile, i.e., without Standard Model gauge interactions, to be consistent with the well-established LEP measurements of Z → νν̄ [12]. From quite general arguments it has been shown [13,14] that a neutrino spectrum with two pairs of nearly degenerate mass eigenstates, separated by a gap of order 1 eV, is required to satisfy all of the constraints from solar, atmospheric, accelerator, and reactor data.

Sterile neutrinos (which we we denote as ν_s) have long been considered as an option for neutrino oscillations [15,16]. More recently a number of models have been proposed that utilize one or more sterile neutrinos to describe the existing neutrino data [14,17–20] or to explain r-process nucleosynthesis [21]. However, if sterile neutrinos mix with active flavor neutrinos they may be stringently constrained by Big Bang nucleosynthesis (BBN). In standard BBN phenomenology, the mass-squared difference δm^2 and the mixing angle between a sterile and active neutrino must satisfy the bound

δm^2 sin^2 2θ < 10^{−7} eV^2 , (1)

to avoid thermal overpopulation of the “extra”, sterile neutrino species [22]. The restriction in Eq. (1) would appear to rule out all sterile-active mixing except for small-angle MSW or vacuum mixing of solar neutrinos. However, some recent estimates of N_ν using higher inferred abundance of^4He yield a considerably weaker bound than that given in Eq. (1) [23]. Thus BBN may still allow sizeable mixing between sterile and active neutrinos, so models with both small and large mixings with sterile neutrinos can be considered.

In this paper we examine the phenomenological consequences of four-neutrino models in which there are two pairs of neutrinos with nearly degenerate mass eigenstates separated by about 1 eV, where the mass separations within the pairs are several orders of magnitude smaller. We begin with a general parametrization of the four-neutrino mixing matrix, and review the current experimental constraints. We then discuss the simple situation where ν_e mixes dominantly with ν_s or ν_τ in solar neutrino oscillations and ν_μ mixes dominantly with a fourth neutrino (ν_τ or ν_s) in atmospheric neutrino oscillations. This situation, which we refer to as the dominant mixing scheme, has been shown to fit the existing data reasonably well. For dominant mixing we find that the neutrino mixing matrix can be effectively analyzed in terms of 2 × 2 blocks, where the diagonal blocks can be approximated by simple twoneutrino rotations and the off-diagonal blocks are small but non-vanishing. We then study the relationship between the phenomenology of neutrino oscillations with CP violation and the texture of the neutrino mass matrix in models where the two lightest states are much lighter than the two heaviest states.

Since the neutrino mass matrix can in general be complex, and therefore lead to a mixing matrix with complex elements, CP violation can naturally arise in neutrino oscillations. The pertinent question is the size of the violation and how to observe it. We find that if CP violation exists, its size may be measurable, and has approximately the same amplitude as indicated by the LSND experiment. In many cases there are small amplitude ν_e → ν_τ oscillations that may be measurable in either short- or long-baseline experiments. Furthermore, some also have small amplitude ν_μ → ν_τ oscillations in short-baseline experiments. We discuss how oscillation measurements in solar, atmospheric, short- and long-baseline neutrino experiments can, in some cases, determine all but one of the four-neutrino mixing matrix parameters accessible to oscillation measurements. We also discuss the minimal Higgs boson spectrum needed to obtain the different types of four-neutrino mass matrices, and their consequences for CP violation.

This paper is organized as follows. In Sec. II we present our parametrization for the four-neutrino mixing matrix and expressions for the oscillation probabilities in the case of two pairs of nearly degenerate mass eigenstates separated by about 1 eV. We discuss the ways in which CP violation, if it exists, may be observed, and the number of observable CP violation parameters. In Sec. III we summarize the current constraints on the four-neutrino mixing matrix and discuss in detail the implications of the dominant mixing scheme. We investigate the CP violation effects for several mass matrix textures in Sec. IV. In Sec. V we briefly discuss some of the consequences of neutrino mass for non-oscillation experiments, such as rare decays and charged lepton electric dipole moments, and we emphasize the importance in searching for these rare events, which can reveal new physics effects other than neutrino masses. In Sec. VI we summarize our results. Finally, in Appendix A we review the number of independent parameters in the mixing matrix of Majorana neutrinos, in Appendix B we discuss the modest extensions of the Standard Model Higgs sector that allow us to obtain the mass matrix textures, and in Appendix C we determine the neutrino mass spectrum and mixing matrix for a particular neutrino mass matrix with CP violation.

II. OSCILLATION PROBABILITIES

A. General Formalism

We work in the basis where the charged lepton mass matrix is diagonal. The most general neutrino mass matrix M is Majorana in nature, and may be diagonalized by a complex orthogonal transformation into a real diagonal matrix

M_D = U^T MU , (2)

by a unitary matrix U, which is generally obtained from the Hermitian matrix M^†M = M^∗M by M^∗_DM_D = U^†M^†MU [24]. Some general properties of Majorana neutrino mass matrices are discussed in more detail in Appendix A. For the four-neutrino case, labeling the flavor eigenstates by ν_x, ν_e, ν_μ, ν_y and the mass eigenstates by ν_0, ν_1, ν_2, ν_3, we may write ν_x ν_e ν_μ ν_y = U ν_0 ν_1 ν_2 ν_3 . (3)

In this paper we will examine the two cases most often considered in the recent literature: one of ν_x and ν_y is ν_τ and the other is sterile (ν_s), or both ν_x and ν_y are sterile. Explicitly, the matrix M may be written in the flavor basis as

M = M_{xx} M_{xe} M_{xμ} M_{xy} M_{xe} M_{ee} M_{eμ} M_{ey} M_{xμ} M_{eμ} M_{μμ} M_{μy} M_{xy} M_{ey} M_{μy} M_{yy} . (4)

The 4 × 4 unitary matrix U may be parametrized by 6 rotation angles and 6 phases, and can be conveniently represented by [25]

U = R_{23}R_{13}R_{03}R_{12}R_{02}R_{01} , (5)

where

R_{01} = c_{01} s^∗_{01} 0 0 −s_{01} c_{01} 0 0 0 0 1 0 0 0 0 1 , (6)

with c_{jk} ≡ cos θ_{jk} , s_{jk} ≡ sin θ_{jk}e^{iδjk} , (7) and the other R_{jk} are defined similarly for rotations in the j–k plane. The explicit form for the 4 × 4 unitary matrix is

U = c_{01}c_{02}c_{03} c_{02}c_{03}s^∗_{01} c_{03}s^∗_{02} s^∗_{03}

−c_{01}c_{02}s_{03}s^∗_{13} −c_{02}s^∗_{01}s_{03}s^∗_{13} −s^∗_{02}s_{03}s^∗_{13} c_{03}s^∗_{13} −c_{01}c_{13}s_{02}s^∗_{12} −c_{13}s^∗_{01}s_{02}s^∗_{12} +c_{02}c_{13}s^∗_{12} −c_{12}c_{13}s_{01} +c_{01}c_{12}c_{13}

−c_{01}c_{02}c_{13}s_{03}s^∗_{23} −c_{02}c_{13}s^∗_{01}s_{03}s^∗_{23} −c_{13}s^∗_{02}s_{03}s^∗_{23} c_{03}c_{13}s^∗_{23} +c_{01}s_{02}s^∗_{12}s_{13}s^∗_{23} +s^∗_{01}s_{02}s^∗_{12}s_{13}s^∗_{23} −c_{02}s^∗_{12}s_{13}s^∗_{23} −c_{01}c_{12}c_{23}s_{02} −c_{12}c_{23}s^∗_{01}s_{02} +c_{02}c_{12}c_{23} +c_{12}s_{01}s_{13}s^∗_{23} −c_{01}c_{12}s_{13}s^∗_{23} +c_{23}s_{01}s_{12} −c_{01}c_{23}s_{12}

−c_{01}c_{02}c_{13}c_{23}s_{03} −c_{02}c_{13}c_{23}s^∗_{01}s_{03} −c_{13}c_{23}s^∗_{02}s_{03} c_{03}c_{13}c_{23} +c_{01}c_{23}s_{02}s^∗_{12}s_{13} +c_{23}s^∗_{01}s_{02}s^∗_{12}s_{13} −c_{02}c_{23}s^∗_{12}s_{13} +c_{01}c_{12}s_{02}s_{23} +c_{12}s^∗_{01}s_{02}s_{23} −c_{02}c_{12}s_{23} +c_{12}c_{23}s_{01}s_{13} −c_{01}c_{12}c_{23}s_{13} −s_{01}s_{12}s_{23} +c_{01}s_{12}s_{23}

. (8)

We will label the matrix elements of U by U_{αj}, where Greek indices denote flavor eigenstate labels (α = x, e, μ, y) and Latin indices denote mass eigenstate labels (j = 0, 1, 2, 3). With the knowledge of the mass eigenvalues and mixing matrix elements, one can invert Eq. (2) to obtain the neutrino mass matrix elements M_{αβ} = 3∑ j=0 U^∗_{αj}U^∗_{βj}m_j . (9)

The vacuum neutrino flavor oscillation probabilities, for an initially produced ν_α to a finally detected ν_β, can be written

P (ν_α → ν_β) = δ_{αβ} − ∑ j<k [ 4 Re(W^{jk}_{αβ}) sin^2 Δ_{kj} − 2 Im(W^{jk}_{αβ}) sin 2Δ_{kj} ] , (10)

where W^{jk}_{αβ} ≡ U_{αj}U^∗_{αk}U^∗_{βj}U_{βk} , (11) Δ_{kj} ≡ δm^2_{kj}L/(4E) , δm^2_{kj} ≡ m^2_k − m^2_j , (12) L is the oscillation distance, and E is the neutrino energy. The quantities W^{jk}_{αβ} [26], are related to the Jarlskog invariants [27] J^{jk}_{αβ} ≡ Im(W^{jk}_{αβ}) , (13) which satisfy the identity J^{jk}_{αβ} = −J^{jk∗}_{αβ} , (14) obtained by the interchange U ↔ U^∗ in Eq. (11). Also, J^{jk}_{αβ} = J^{kj}_{βα} = −J^{jk}_{βα} = −J^{kj}_{αβ} . (15) We can also define the real part of W^{jk}_{αβ} as Y^{jk}_{αβ} ≡ Re(W^{jk}_{αβ}) , (16) which is invariant under interchange of the upper or lower indices: Y^{jk}_{αβ} = Y^{kj}_{βα} = Y^{jk}_{βα} = Y^{kj}_{αβ} . (17) Another useful property of the W^{jk}_{αβ} is that the sum over any of the indices reduces them to a real positive quantity, e.g., ∑ β W^{jk}_{αβ} = |U_{αj}|^2δ_{jk} = ∑ β Y^{jk}_{αβ} , (18) ∑ β J^{jk}_{αβ} = 0 . (19)

Equations (10), (14), (15) and (17) imply

P (ν_α → ν_β) = P (ν̄_β → ν̄_α) , (20)

which is a statement of CP T invariance. Equation (10) and (15) imply that nonzero J^{jk}_{αβ} can give CP or T violation

P (ν_α → ν_β) ≠ P (ν̄_α → ν̄_β) = P (ν_β → ν_α) . (21)

From Eq. (21) we can define the CP -violation quantity

ΔP_{αβ} = P (ν_α → ν_β) − P (ν_β → ν_α) . (22)

In four-neutrino oscillations there are only three independent ΔP_{αβ}, and, correspondingly, only three of the six phases in U can be measured in neutrino oscillations (for a discussion, see Appendix A). Thus six angles and three phases can in principle be measured in neutrino oscillations, which is the same as in the Dirac neutrino case. Therefore, as far as neutrino oscillations are concerned, our results apply equally to Dirac neutrinos. The three remaining independent phases in U enter into the mass matrix elements and processes such as neutrinoless double beta decay.

B. Model with two nearly degenerate pairs of neutrinos

For a four-neutrino model to describe the solar, atmospheric, LSND data and also satisfy all other accelerator and reactor limits, it must have two pairs of nearly degenerate mass eigenstates [13,14]; e.g., δm^2_{sun} ≡ δm^2_{01} ≪ δm^2_{atm} ≡ δm^2_{32} ≪ δm^2_{LSND} ≡ δm^2_1. We will also assume without loss of generality that 0 < m_0, m_1 < m_2 < m_3. An alternative scenario with the roles of δm^2_{01} and δm^2_{32} reversed gives the same results as far as oscillations are concerned, although the implications for the mass matrix, double beta decay and cosmology may differ; this alternate possibility will be briefly discussed in Sec. IV.E. Also note that if the solar oscillations are driven by the MSW effect [28], we must require m_0 > m_1; for vacuum oscillations, m_0 < m_1 is also possible.

Given this hierarchy of the δm^2, the oscillation probabilities for α ≠ β may be written approximately as

P (ν_α → ν_β) ≃ A^{αβ}_{LSND} sin^2 Δ_{LSND} + A^{αβ}_{atm} sin^2 Δ_{atm} + B^{αβ}_{atm} sin 2Δ_{atm} +A^{αβ}_{sun} sin^2 Δ_{sun} + B^{αβ}_{sun} sin 2Δ_{sun} , α ≠ β , (23)

and for the diagonal channels

P (ν_α → ν_α) ≃ 1 − A^{αα}_{LSND} sin^2 Δ_{LSND} − A^{αα}_{atm} sin^2 Δ_{atm} − A^{αα}_{sun} sin^2 Δ_{sun} , (24)

where Δ_{scale} ≡^1_4 δm^2_{scale}L/E, A^{αβ}_{scale} is the usual CP conserving oscillation amplitude for ν_α → ν_β at a given oscillation scale, B^{αβ}_{scale} is the CP violation parameter at a given scale, and the scale label is sun for the solar neutrino scale, atm for atmospheric and long-baseline scales, and LSND for accelerator and short-baseline scales. Note that the CP -violating terms have a different dependence on L/E from the CP -conserving terms, which could in principle be distinguished by measurements at different L/E [29]. In Eqs. (23) and (24) we have used the approximation Δ_{31} ≃ Δ_{30} ≃ Δ_{21} ≃ Δ_{20} ≃ Δ_{LSND}.

The oscillation amplitudes are given by

A^{αβ}_{LSND} = 4|U_{α2}U^∗_{β2} + U_{α3}U^∗_{β3}|^2 = 4|U_{α0}U^∗_{β0} + U_{α1}U^∗_{β1}|^2 , α ≠ β , (25) A^{αα}_{LSND} = 4(|U_{α2}|^2 + |U_{α3}|^2)(1 − |U_{α2}|^2 − |U_{α3}|^2) ,

= 4(|U_{α0}|^2 + |U_{α1}|^2)(1 − |U_{α0}|^2 − |U_{α1}|^2) , (26) A^{αβ}_{atm} = −4 Re(U_{α2}U^∗_{α3}U^∗_{β2}U_{β3}) , α ≠ β , (27) A^{αα}_{atm} = 4|U_{α2}|^2|U_{α3}|^2 , (28) A^{αβ}_{sun} = −4 Re(U_{α0}U^∗_{α1}U^∗_{β0}U_{β1}) , α ≠ β , (29) A^{αα}_{sun} = 4|U_{α0}|^2|U_{α1}|^2 , (30) where the second equality in Eqs. (25) and (26) follows from the unitarity of U. We note that the form of the short-baseline oscillation amplitudes in Eqs. (25) and (26) are different from the cases of long-baseline, Eqs. (27) and (28), and solar, Eqs. (29) and (30). The difference is due to the fact that the short-baseline oscillations arise from four mass-squared differences (δm^2_0 ≃ δm^2_{30} ≃ δm^2_1 ≃ δm^2_{31}), while the long-baseline and solar oscillations arise from only one mass-squared difference (δm^2_{32} and δm^2_{01}, respectively). Probability conservation implies A^{αα}_{scale} = ∑ β≠α A αβ scale, which can easily be shown using the unitarity of U. The CP violation

parameters are B^{αβ}_{atm} = −2 Im(U_{α2}U^∗_{α3}U^∗_{β2}U_{β3}) , (31) B^{αβ}_{sun} = 2 Im(U_{α0}U^∗_{α1}U^∗_{β0}U_{β1}) . (32)

Since B^{αα}_j = 0, there is no CP violation in diagonal channels. The absence of B^{αβ}_{LSND} in Eq. (23) shows that no observable CP violation is present for the leading oscillation [30], and CP violation may only be seen in experiments that probe non-leading scales, δm^2_{atm} or δm^2_{sun}. For short-baseline experiments where only the leading oscillation argument Δ_{LSND} has had a chance to develop, the off-diagonal vacuum oscillation probabilities are P (ν_α → ν_β) ≃ A^{αβ}_{LSND} sin^2 Δ_{LSND} , α ≠ β , (33) P (ν_α → ν_α) ≃ 1 − A^{αα}_{LSND} sin^2 Δ_{LSND} . (34) For larger L/E (such as in atmospheric and long-baseline experiments), where the secondary oscillation has had time to develop, the vacuum oscillation probabilities are P (ν_α → ν_β) ≃ 1 2 A^{αβ}_{LSND} + A^{αβ}_{atm} sin^2 Δ_{atm} + B^{αβ}_{atm} sin 2Δ_{atm} , α ≠ β , (35)

P (ν_α → ν_α) ≃ 1 − 1 2 A^{αα}_{LSND} − A^{αα}_{atm} sin^2 Δ_{atm} . (36) Here we have assumed that the leading oscillation has averaged, i.e., sin^2 Δ_{LSND} →^1_2 . Finally, at the solar distance scale, when all oscillation effects have developed, the vacuum oscillation probabilities are P (ν_α → ν_β) ≃ 1 2 (A^{αβ}_{LSND} + A^{αβ}_{atm}) + A^{αβ}_{sun} sin^2 Δ_{sun} + B^{αβ}_{sun} sin 2Δ_{sun} , α ≠ β , (37) P (ν_α → ν_α) ≃ 1 − 1 2 (A^{αα}_{LSND} + A^{αα}_{atm}) − A^{αα}_{sun} sin^2 Δ_{sun} , (38) where sin^2 Δ_{atm} has been averaged to^1_2 and sin 2Δ_{atm} has been averaged to 0; the CP violation at the δm^2_{atm} scale is washed out. CP violation is possible only in the off-diagonal channels, as noted before, and the solar neutrino ν_e survival measurement cannot be used to observed CP violation.

More generally, in any model for which the oscillation scales are well-separated and L/E is only large enough to probe the largest oscillation scale, CP -violating effects in neutrino oscillations will be unobservable (strictly speaking, they are suppressed to order Δ ≪ 1, where Δ is the oscillation argument for the second-largest oscillation scale) [30]. The CP - violating effects become observable when L/E is large enough to probe both the largest and second-largest oscillation scales. For a four-neutrino model with different oscillation scales to describe the solar, atmospheric and LSND data, this means that CP violation can only be detected in experiments with L/E at least as large as those found in atmospheric and long-baseline experiments.

As a corollary, in three-neutrino models with two oscillation scales describing only the solar and atmospheric data, CP violation has the potential to be observable only in experiments with L/E comparable to or larger than the solar experiments. However, a measurement of off-diagonal oscillation probabilities is required to see CP violation, and that is not possible in solar neutrino experiments. Hence, if the solar neutrino oscillation scale is well-established, the observation of a CP -violation effect in long-baseline experiments could imply that there are at least three separate neutrino mass-squared difference scales, and thus more than three neutrinos.

III. DETERMINING THE OSCILLATION PARAMETERS

In this section we first derive some general constraints imposed by current data on the neutrino mixing matrix for four-neutrino models favored by the data, i.e., with two pairs of nearly degenerate masses satisfying δm^2_{01} ≪ δm^2_{32} ≪ δm^2_1. We then determine the form of the mixing matrix under the assumption that ν_e and ν_x are mostly a mixture of ν_0 and ν_1 and provide the dominant solar neutrino oscillation, and ν_μ and ν_y are mostly a mixture of ν_2 and ν_3 and provide the dominant atmospheric neutrino oscillation, which is the form of most explicit models in the literature. Then we discuss the measurements needed to determine the parameters in the neutrino mixing matrix. The results of this section apply equally to the case where m_2 < m_3 < m_0, m_1. The more general case where ν_e and ν_μ have large mixing with more than one other neutrino is briefly discussed in Sec. IV.E.

A. Solar ν_e → ν_x and atmospheric ν_μ → ν_y

The flavor eigenstates are related to the mass eigenstates by Eq. (3). Using the formulae in Sec. II, the amplitudes for short-baseline oscillation (such as LSND, reactors, and other past accelerator oscillation searches) are

A^{eμ}_{LSND} = 4|U_{e2}U^∗_{μ2} + U_{e3}U^∗_{μ3}|^2 = 4|U_{e0}U^∗_{μ0} + U_{e1}U^∗_{μ1}|^2 , (39) A^{μμ}_{LSND} = 4(|U_{μ2}|^2 + |U_{μ3}|^2)(1 − |U_{μ2}|^2 − |U_{μ3}|^2)

= 4(|U_{μ0}|^2 + |U_{μ1}|^2)(1 − |U_{μ0}|^2 − |U_{μ1}|^2) , (40)

A^{ee}_{LSND} = 4(|U_{e2}|^2 + |U_{e3}|^2)(1 − |U_{e2}|^2 − |U_{e3}|^2)

= 4(|U_{e0}|^2 + |U_{e1}|^2)(1 − |U_{e0}|^2 − |U_{e1}|^2) , (41) where the second equalities in each case result from the unitarity of U. For atmospheric and long-baseline oscillation, the amplitudes are A^{μμ}_{atm} = 4|U_{μ2}|^2|U_{μ3}|^2 , (42) A^{eμ}_{atm} = −4 Re(U_{e2}U^∗_{e3}U^∗_{μ2}U_{μ3}) , (43) B^{eμ}_{atm} = −2 Im(U_{e2}U^∗_{e3}U^∗_{μ2}U_{μ3}) , (44) A^{ey}_{atm} = −4 Re(U_{e2}U^∗_{e3}U^∗_{y2}U_{y3}) , (45) B^{ey}_{atm} = −2 Im(U_{e2}U^∗_{e3}U^∗_{y2}U_{y3}) , (46) A^{μy}_{atm} = −4 Re(U_{μ2}U^∗_{μ3}U^∗_{y2}U_{y3}) , (47) B^{μy}_{atm} = −2 Im(U_{μ2}U^∗_{μ3}U^∗_{y2}U_{y3}) , (48) and in solar experiments A^{ee}_{sun} = 4|U_{e0}|^2|U_{e1}|^2 . (49) The atmospheric neutrino experiments favor large mixing of ν_μ at the atmospheric scale [14,31] A^{μμ}_{atm} > 0.8 , (50) at 90% C.L.; then Eq. (42) and unitarity imply |U_{μ2}|^2 + |U_{μ3}|^2 > 0.894 , |U_{μ0}|^2 + |U_{μ1}|^2 < 0.106 . (51) Also, the Bugey reactor constraint [32] gives A^{ee}_{LSND} < 0.06 , (52) over the indicated range for δm^2_{LSND}; then Eq. (41) implies |U_{e2}|^2 + |U_{e3}|^2 < 0.016 , |U_{e0}|^2 + |U_{e1}|^2 > 0.984 . (53) Finally, the oscillation interpretation of the LSND results [9] gives A^{eμ}_{LSND} ≡ ϵ^2 , (54) where ϵ is experimentally constrained to the range [9] 0.05 < ϵ < 0.20 , (55) where the exact value depends on δm^2_{LSND}. Hence, the atmospheric and Bugey results imply that |U_{e2}|, |U_{e3}|, |U_{μ0}|, and |U_{μ1}| are all approximately of order ϵ or smaller. We note that given these constraints the size of A^{μμ}_{LSND} must also be small, in agreement with the CDHS bound on ν_μ disappearance [33].

If we assume that it is only ν_y that mixes appreciably with ν_μ in the atmospheric experiments and only ν_x that mixes appreciably with ν_e in the solar experiments, then |U_{x2}|, |U_{x3}|, |U_{y0}|, and |U_{y1}| must also be small, i.e., of order ϵ or less. The mixing matrix can therefore be seen to have the form U = ( U_1 U_2 U_3 U_4 ) , (56)

where the U_j (j = 1, 2, 3, 4) are 2 × 2 matrices and the elements of U_2 and U_3 are at most of order ϵ in size. The matrix U_4 is approximately the 2 × 2 maximal mixing matrix (i.e., all elements have approximate magnitude 1/ √ 2) that describes atmospheric ν_μ → ν_y oscillations, but U_1, which is approximately unitary by itself and which primarily describes the mixing in the solar neutrino sector, may have large (for vacuum oscillations) or small (for MSW oscillations) mixing.

The form of U in Eq. (56), with U_2 and U_3 ∼ ϵ, implies |s_{02}|, |s_{03}|, |s_{12}|, |s_{13}| ∼ ϵ , (57) in the general parametrization of Eq. (8). After dropping terms second order in ϵ and smaller, U takes the form

U ≃ c_{01} s^∗_{01} s^∗_{02} s^∗_{03}

−s_{01} c_{01} s^∗_{12} s^∗_{13}

−c_{01}(s^∗_{23}s_{03} + c_{23}s_{02}) −s^∗_{01}(s^∗_{23}s_{03} + c_{23}s_{02}) c_{23} s^∗_{23} +s_{01}(s^∗_{23}s_{13} + c_{23}s_{12}) −c_{01}(s^∗_{23}s_{13} + c_{23}s_{12})

c_{01}(s_{23}s_{02} − c_{23}s_{03}) s^∗_{01}(s_{23}s_{02} − c_{23}s_{03}) −s_{23} c_{23} −s_{01}(s_{23}s_{12} − c_{23}s_{13}) +c_{01}(s_{23}s_{12} − c_{23}s_{13})

. (58)

This matrix provides a general parametrization of the four-neutrino mixing in models where ν_e mixes primarily with ν_x at the solar mass-squared difference scale, and ν_μ mixes primarily with ν_y at the atmospheric mass-squared difference scale. Unitarity of U is satisfied to the order of ϵ.

Despite the fact that the expansion of the matrix elements of U in Eq. (58) is to the first order of ϵ, it still allows us, as shown below, to extract all of the interesting oscillation and CP violation effects, which are second order in ϵ. Care must be taken when the leading order result cancels, and sometimes it is helpful to use the unitarity of U to derive an alternate expression that gives the correct leading order answer, e.g., for A^{μy}_{LSND}, the first expression in Eq. (25) gives zero when the form of U in Eq. (58) is used, but the second expression gives a finite (and correct to leading order) result.

The off-diagonal oscillation amplitudes for the leading oscillation are

A^{eμ}_{LSND} = 4|s_{12}c_{23} + s_{13}s^∗_{23}|^2 , (59) A^{ey}_{LSND} = 4|s_{12}s_{23} − s_{13}c_{23}|^2 , (60) A^{μx}_{LSND} = 4|s_{02}c_{23} + s_{03}s^∗_{23}|^2 , (61) A^{ex}_{LSND} = A^{μy}_{LSND} = O(ϵ^4) . (62)

For atmospheric and long-baseline experiments the oscillation amplitudes are

A^{eμ}_{atm} = −A^{ey}_{atm} = −4c_{23}Re(s^∗_{12}s_{13}s^∗_{23}) , (63) B^{eμ}_{atm} = −B^{ey}_{atm} = −2c_{23}Im(s^∗_{12}s_{13}s^∗_{23}) , (64) A^{ex}_{atm}, B^{ex}_{atm} = O(ϵ^4) , (65) A^{μμ}_{atm} ≃ A^{μy}_{atm} = sin^2 2θ_{23} , (66) A^{μx}_{atm} = −4c_{23}Re(s^∗_{02}s_{03}s^∗_{23}) , (67) B^{μx}_{atm} = 2c_{23}Im(s^∗_{02}s_{03}s^∗_{23}) , (68) B^{μy}_{atm} = −2c_{23}Im[(s^∗_{02}s_{03} + s^∗_{12}s_{13})s^∗_{23}] , (69)

where θ_{23} is defined in Eq. (7). All oscillation amplitudes at the LSND scale and all oscillation amplitudes (including the CP violation amplitudes) other than A^{μy}_{atm} at the atmospheric scale are at most of order ϵ^2. Since A^{μy}_{atm} is large, B^{μy}_{atm}, which is of order ϵ^2, may be hard to measure since it involves taking the difference of two nearly equal large numbers. At the solar scale, we have

A^{ee}_{sun} ≃ A^{ex}_{sun} = sin^2 2θ_{01} . (70)

There are 6 mixing angles and 3 independent phases that in principle may be measured in neutrino oscillations. In all, there are eight independent parameters involved in the observables in Eqs. (59)–(70), which are the six mixing angles θ_{01}, θ_{02}, θ_{03}, θ_{12}, θ_{13}, θ_{23}, and the two phases

ϕ_0 ≡ δ_{03} − δ_{02} − δ_{23} , (71) ϕ_1 ≡ δ_{13} − δ_{12} − δ_{23} . (72)

These eight parameters could in principle be determined by measurements of the eight ob- servables A^{ee}_{sun}, A^{μμ}_{atm}, A^{eμ}_{LSND}, A^{eμ}_{atm}, B^{eμ}_{atm}, A^{μx}_{LSND}, A^{μx}_{atm}, and B^{μx}_{atm}. Therefore if ν_x = ν_τ , then all eight of these parameters could in principle be determined from the solar, atmospheric, short- and long-baseline experiments. This emphasizes the need for both shortand long-baseline measurements of all active oscillation channels, since the oscillation amplitudes involve different combinations of the parameters at short and long baselines. If ν_x is sterile, the three parameters θ_{02}, θ_{03} and ϕ_0 might be difficult to determine since they would involve the disappearance ν_μ → ν_s that is at most of order ϵ^2 in magnitude. If ν_y = ν_τ , the additional observables A^{ey}_{LSND}, A^{ey}_{atm}, and B^{ey}_{atm} can provide a consistency check on the parameters θ_{12}, θ_{13}, and ϕ_1.

We note that from the above results that many of the CP -violating amplitudes can be the same order of magnitude as the corresponding CP -conserving amplitudes, and hence potentially observable in high-statistics long-baseline experiments. The CP violation parameters B^{eμ}_{atm} and B^{μx}_{atm} could be determined in vacuum by measuring probability differences ΔP̄_{eμ} and ΔP̄_{μx}, where

ΔP̄_{αβ} ≡ P (ν_α → ν_β) − P (ν̄_α → ν̄_β) , (73)

in long-baseline experiments, or the probability differences ΔP_{eμ} and ΔP_{μx}, where ΔP_{αβ}, defined in Eq. (22), measures explicit T -violation. In a vacuum,

ΔP_{αβ} = ΔP̄_{αβ} = 2B^{αβ}_{atm} sin 2Δ_{atm} . (74)

Alternatively, one could measure CP asymmetries A^{CP}_{αβ} = P (ν_α → ν_β) − P (ν̄_α → ν̄_β) P (ν_α → ν_β) + P (ν̄_α → ν̄_β)

, (75)

or T asymmetries A^T_{αβ} = P (ν_α → ν_β) − P (ν_β → ν_α) P (ν_α → ν_β) + P (ν_β → ν_α)

. (76)

In vacuum, CP T invariance insures that ΔP_{αβ} = ΔP̄_{αβ} and A^T_{αβ} = A^{CP}_{αβ} . However, matter effects could induce a nonzero ΔP̄_{αβ} or A^{CP}_{αβ} even in the absence of CP violation [18,34]. Since the matter effects in long-baseline experiments for P (ν_α → ν_β) and P (ν_β → ν_α) are the same, the quantities ΔP_{eμ} and A^T_{eμ}, which can only be nonzero if there is explicit CP or T violation, may be preferable [18].

There remains a third independent phase that could have consequences for neutrino oscillations, but will in practice be difficult to measure. This phase, which could be taken as δ_{01} defined in Eq. (5), could be determined from CP violation in ν_e ↔ ν_μ or ν_y at the δm^2_{sun} scale, but this effect would require the measurement of an off-diagonal channel at the solar scale. Therefore it appears that a complete determination of the four-neutrino mixing matrix is not possible with conventional oscillation experiments. Table I lists all parameters that appear to be accessible to observation together with the principal observables that determine these parameters.

B. More general mixing scenarios

In general, both solar ν_e and atmospheric ν_μ could oscillate into mixtures of ν_x and ν_y. In this event θ_{02} and θ_{03} in Eq. (8) are not necessarily small. If one of ν_x and ν_y is the tau neutrino and the other sterile, there are several possible ways that the existence of such mixing could be determined [35]. Also, vacuum CP -violation effects involving ν_e will still be no larger than order ϵ^2 (due to the smallness of U_{e2} and U_{e3}), but there are potentially large CP -violation effects in long-baseline ν_μ-ν_y oscillations (as large as allowed by the unitarity of U) [18].

IV. CP VIOLATION AND NEUTRINO MASS TEXTURES

In this section we study the relationship between the neutrino mass texture and the possibility for observable CP violation (and, equivalently, T violation) in neutrino oscillations in four-neutrino models. We will consider models where one of ν_x and ν_y is sterile and the other is ν_τ (such as in Refs. [14], [19], [20], and [36]), and also models where both are sterile [37], which are two possible extensions of the Standard Model neutrinos. Note that in all earlier studies the mass matrices were taken to be real and no CP violation was possible. In Appendix B we discuss straightforward extensions of the Standard Model for the two cases and show explicitly how their neutrino mass matrices can arise. In Secs. IV.A–IV.D we assume that

m_0 ≃ m_1 ≪ m_2 ≃ m_3 ≃ √ δm^2_{LSND} , (77) i.e., the lighter pair of nearly-degenerate mass eigenstates are much lighter than the heavier pair, also nearly degenerate, which is the structure of most explicit four-neutrino models in the literature. In Sec. IV.E we briefly discuss models with other mass hierarchies.

From Eqs. (9) and (58) the neutrino mass matrix elements involving ν_μ and ν_y are, to leading order in ϵ,

M_{μμ} ≃ M^∗_{yy} ≃ m(c^2_3 + s^2_3) , (78) M_{μy} ≃ im sin 2θ_{23} sin δ_{23} , (79) M_{eμ} ≃ m(s_{12}c_{23} + s_{13}s_{23}) , (80) M_{ey} ≃ m(s_{13}c_{23} − s_{12}s^∗_{23}) , (81) M_{xμ} ≃ m(s_{02}c_{23} + s_{03}s_{23}) , (82) M_{xy} ≃ m(s_{03}c_{23} − s_{02}s^∗_{23}) , (83)

where we have used the relative sizes of the U_{αj} and mass eigenvalues, and the fact that to leading order in ϵ, m_2 ≃ m_3 ≡ m. Note that the s_{jk}, defined in Eq. (7), may be complex. For the mass matrix elements M_{xx}, M_{xe}, and M_{ee}, all four terms in Eq. (9) are small and may be of similar size (the first two are suppressed by the small values of m_0 and m_1, the last two by mixing angles of size ϵ); their values depend on the exact structure in the solar sector, which we do not specify here. More precise solar neutrino measurements would help to determine their values.

The three phases which enter in the expressions for the mass matrix elements given above are δ_{23} and

ϕ^′_0 ≡ δ_{03} − δ_{02} + δ_{23} , (84) ϕ^′_1 ≡ δ_{13} − δ_{12} + δ_{23} . (85)

Only the phases ϕ_0 and ϕ_1, which can be measured in oscillation experiments, and ϕ^′_0, which appears in the expressions for the mass matrix elements, are independent. The two phases δ_{23} = (ϕ^′_0 − ϕ_0)/2 and ϕ^′_1 = ϕ^′_0 + ϕ_1 − ϕ_0 are linearly dependent.

Equations (78)–(83) may be used to examine the implications of specific textures of the neutrino mass matrix. In the following, we discuss several specific textures of the neutrino mass matrix which have been considered in the literature. Their CP effects are particularly noted.

A. M_{eμ} = 0

Specific examples of this class of models are given in Refs. [14], [19], and [20], in which ν_x = ν_s, ν_y = ν_τ , and the mass matrices are taken to be real. In these models the mass matrices were chosen to minimize the number of parameters needed to provide the appropriate phenomenology, and a nonzero M_{eμ} is not required. In Ref. [14] the case ν_x = ν_τ and ν_y = ν_s was also considered.

Using Eq. (80), M_{eμ} = 0 implies s_{12}c_{23} ≃ −s_{13}s_{23}, which in turn leads to

A^{eμ}_{LSND} ≃ 16|s_{13}|^2|s_{23}|^2 sin^2 δ_{23} , (86) A^{ey}_{LSND} ≃ 4|s_{13}|^2(1 − sin^2 2θ_{23} sin^2 δ_{23})/c^2_3 , (87) A^{eμ}_{atm} = −A^{ey}_{atm} ≃ 4|s_{13}|^2|s_{23}|^2 cos 2δ_{23} , (88) B^{eμ}_{atm} = −B^{ey}_{atm} ≃ −2|s_{13}|^2|s_{23}|^2 sin 2δ_{23} , (89)

and ϕ_0 = −2δ_{23}. Observable oscillations at LSND requires θ_{23} ≠ 0, π and δ_{23} ≠ 0, π. Also, ν_e → ν_y oscillations in short-baseline experiments, ν_e → ν_μ and ν_e → ν_y oscillations in longbaseline experiments, and CP violation in long-baseline experiments are possible, although not required, in this scenario. Finally, we have |M_{μμ}| ≃ |M_{yy}| ≃ m √ 1 − sin^2 2θ_{23} sin^2 δ_{23} , (90) |M_{μy}| ≃ m sin 2θ_{23} sin δ_{23} . (91)

As one example, if we take δ_{23} →^π_2 and θ_{23} →^π_4 , we obtain the model of Ref. [14], in which there is maximal ν_μ-ν_y mixing and |M_{μμ}| ≃ |M_{yy} | ≪ |M_{μy}|. Furthermore A^{ey}_{LSND} = B^{eμ}_{atm} = −B^{ey}_{atm} = 0, so ν_e oscillates only to ν_μ in short-baseline experiments and there is no visible CP violation in long-baseline experiments.

If we allow θ_{23} ≠^π_4 , we have a model equivalent to that of Ref. [19]; in this case A^{ey}_{LSND} ≠ 0 and B^{eμ}_{atm} = −B^{ey}_{atm} = 0, so there can be ν_e → ν_y oscillations in short-baseline experiments but still no visible CP violation in long-baseline experiments.

In order to have CP violation in the present case, we must have δ_{23} ≠^π_2 . Then there must be short-baseline ν_e → ν_y oscillations, although the existence of long-baseline ν_e ↔ ν_μ oscillations depends on the value of θ_{23}.

Finally, an interesting case to consider is maximal CP violation (maximal in the sense that it gives the largest CP -violation parameter for a given |s_{13}| and |s_{23}|), which corresponds to δ_{23} =^π_4 . If there is also maximal ν_μ-ν_y mixing (θ_{23} =^π_4 ), then the mass matrix in the ν_μ-ν_y sector is approximately (after appropriate changes of neutrino phase to make the diagonal elements real to leading order in ϵ) ( M_{μμ} M_{μy} M_{yμ} M_{yy} ) ≃ m √ 2 ( 1 i i 1 ) + δm^2_{atm} 4m e^{iπ/4} ( 1 1 1 1 ) . (92)

The measurables in short- and long-baseline experiments are then A^{eμ}_{LSND} = A^{ey}_{LSND} ≃ 4|s_{13}|^2 , (93) A^{eμ}_{atm} = −A^{ey}_{atm} ≃ 0 , (94) B^{eμ}_{atm} = −B^{ey}_{atm} ≃ −|s^2_{13}| , (95) i.e., ν_e oscillates equally into ν_μ and ν_y in short-baseline experiments and there are no additional contributions to the CP -conserving part of these oscillations in long-baseline experiments. The vacuum CP and T asymmetries are especially simple in this case, A^{CP}_{eμ} = A^T_{eμ} = −A^T_{ey} ≃ − 1 2 sin 2Δ_{atm} , (96)

as the dependence on |s_{13}|^2 cancels in the ratio. The particular models discussed above are summarized in Table II.

B. M_{ey} = 0

An example of this class of models with ν_x = ν_s and ν_y = ν_τ is given in Ref. [36], where a nonzero M_{ey} was not needed to provide the appropriate phenomenology. From Eq. (81), M_{ey} = 0 implies s_{12}s^∗_{23} ≃ s_{13}c_{23}, which leads to

A^{eμ}_{LSND} ≃ 4|s_{13}|^2(1 − sin^2 2θ_{23} sin^2 δ_{23})/|s_{23}|^2 , (97) A^{ey}_{LSND} ≃ 16|s_{13}|^2c^2_3 sin^2 δ_{23} , (98) A^{eμ}_{atm} = −A^{ey}_{atm} ≃ −4|s_{13}|^2c^2_3 cos 2δ_{23} , (99) B^{eμ}_{atm} = −B^{ey}_{atm} ≃ 2|s_{13}|^2c^2_3 sin 2δ_{23} , (100)

and ϕ_0 = −2δ_{23}. The existence of oscillations in LSND implies that δ_{23} ≠^π_2 or θ_{23} ≠^π_4 . As with the M_{eμ} = 0 case, it is possible to have ν_e → ν_y oscillations in short-baseline experiments, ν_e → ν_μ and ν_e → ν_y oscillations in long-baseline experiments, and CP violation in long-baseline experiments. The approximate magnitudes of the mass matrix elements M_{μμ}, M_{yy} , and M_{μy} are the same as given in Eqs. (90) and (91).

The limit δ_{23} → 0 and θ_{23} ≃^π_4 reproduces the model in Ref. [36], which has no ν_e → ν_y in short-baseline experiments and no visible CP violation in long-baseline experiments. CP violation can occur if δ_{23} ≠ 0,^π_2 , π, in which case there are ν_e → ν_y oscillations in shortbaseline experiments and there may be ν_e → ν_μ and ν_e → ν_y oscillations in long-baseline experiments, depending on the value of θ_{23}. The M_{ey} = 0 model with maximal CP violation and maximal ν_μ-ν_y mixing (δ_{23} = θ_{23} =^π_4 ) has the same features as the M_{eμ} = 0 maximal CP violation case in Sec. IV.A, except that the vacuum CP and T asymmetries in Eq. (96) have the opposite sign. The particular M_{ey} = 0 cases discussed here are also summarized in Table II.

C. M_{eμ} ≠ 0 and M_{ey} ≠ 0

In this more general case, barring fortuitous cancellations one would expect from Eqs. (59)–(68) that there are ν_e → ν_μ and ν_e → ν_y oscillations in short- and long-baseline experiments, and CP violation in ν_e → ν_μ and ν_e → ν_y oscillations in long-baseline experiments.

For this texture, |M_{μμ}|, |M_{yy}| ≪ |M_{μy}| does not necessarily exclude visible CP violation, unlike the cases M_{eμ} = 0 or M_{ey} = 0. As an example, the mass matrix

M = m ϵ_1 ϵ_2e^{iϕ2} 0 0 ϵ_2e^{iϕ2} 0 ϵ_5 ϵ_3e^{iϕ3} 0 ϵ_5 ϵ_4 e^{iϕ1} 0 ϵ_3e^{iϕ3} e^{iϕ1} ϵ_6

, (101)

which is an extension of the model introduced in Ref. [14], leads to CP violation of order ϵ^2 in ν_e → ν_μ and ν_e → ν_y oscillations in long-baseline experiments. This mass matrix differs from the one in Ref. [14] in that the M_{eμ} and M_{μe} elements, denoted as ϵ_5, are not zero, the M_{μμ} and M_{yy} elements, denoted as ϵ_4 and ϵ_6, respectively, are not necessarily equal, and the CP -violating phases are not set to zero. The diagonal elements of the mass matrix can be taken to be real. Because M_{ee} = M_{xμ} = M_{xy} = 0 there are only three independent phases. The mass eigenvalues and approximate mixing matrix for the mass matrix in Eq. (101) are given in Appendix C.

The largest off-diagonal short-baseline oscillation amplitudes in this case are

A^{eμ}_{LSND} ≃ 4ϵ^2_3 , (102) A^{ey}_{LSND} ≃ 4ϵ^2_5 . (103)

Short-baseline ν_μ-ν_y oscillations are of order ϵ^4. The largest long-baseline oscillation probabilities are A^{μy}_{atm} ≃ 1 , (104) A^{eμ}_{atm} = −A^{ey}_{atm} ≃ ϵ^2_5 − ϵ^2_3 . (105)

Short- and long-baseline oscillation amplitudes involving ν_x are of order ϵ^4 or smaller. The observable CP -violating amplitude is

B^{eμ}_{atm} ≃ ϵ_3ϵ_5 sin(ϕ_3 + δ_{23}) , (106)

where (see Appendix C)

tan δ_{23} = −

(ϵ_4 − ϵ_6) sin ϕ_1 + 2ϵ_3ϵ_5 sin ϕ_3 (ϵ_4 + ϵ_6) cos ϕ_1 + 2ϵ_3ϵ_5 cos ϕ_3

. (107)

Finally,

A^{ee}_{sun} = sin^2 θ_{01} , (108)

where

tan θ_{01} = ϵ_2 ϵ_1 + 2ϵ_3ϵ_5 1 + 4ϵ_1ϵ_3ϵ_5(1 − cos(ϕ_1 + ϕ_3 − 2ϕ_2))

(ϵ_1 − 2ϵ_3ϵ_5)^2

. (109)

The phenomenology of these models is summarized in Table II.

D. M_{ee} = M_{eμ} = M_{μμ} = 0

In the special class of models with two sterile and two active neutrinos, i.e., both ν_x and ν_y are sterile, there need not be Majorana mass terms for the two active neutrinos in order to obtain the proper phenomenology. As described in more detail in Appendix B, M_{ee} = M_{eμ} = M_{μμ} = 0 requires only a minimal extension in the Higgs sector of the Standard Model, i.e., only SU(2) singlet Higgs bosons need to be added. Examples of models with both ν_x and ν_y sterile are given in Ref. [37]. We will now show that CP violation effects in long-baseline experiments are suppressed in this class of models.

Models with M_{eμ} = 0 have already been discussed in Sec. IV.A; here we add the additional constraint M_{μμ} = 0. It was previously determined that |M_{μμ}|, |M_{yy}| ≪ |M_{μy}| implied δ_{23} ≃^π_2 and θ_{23} ≃^π_4 , so Eqs. (86)–(89) reduce to

A^{eμ}_{LSND} ≃ 8|s_{13}|^2 , (110) A^{ey}_{LSND} ≃ 0 , (111) A^{eμ}_{atm} = −A^{ey}_{atm} ≃ −2|s_{13}|^2 , (112) B^{eμ}_{atm} = −B^{ey}_{atm} ≃ 0 . (113) Hence, there is no visible CP violation in long-baseline experiments in this case (strictly speaking CP violation is strongly suppressed, to order ϵ^4). Therefore in models with M_{ee} = M_{eμ} = M_{μμ} = 0, the only phenomenological deviations from the Standard Model are CP - conserving neutrino oscillations (see Table II) and the presence of more than one neutral Higgs scalar.

E. Other mass hierarchies

There are other mass hierarchies possible which give the same oscillation phenomena as those discussed in Secs. IV.A–IV.D. One is m_2 < m_3 ≪ m_0, m_1 ≃ √ δm^2_{LSND} ≡ m, in which the solar oscillation occurs between the two upper mass eigenstates and the atmospheric oscillation between the two lower mass eigenstates. Assuming as before that ν_e mixes primarily with ν_x and ν_μ with ν_y (i.e., s_{02}, s_{03}, s_{12}, s_{13} ∼ ϵ), then

M_{eμ} ≃ m(U^∗_{e0}U^∗_{μ0} + U^∗_{e1}U^∗_{μ1}) ; (114)

M_{ee}, M_{ex}, M_{xx}, M_{ey} , M_{xμ}, and M_{xy} are given by similar expressions with appropriate changes of subscripts. However, for M_{μμ}, M_{μy} , and M_{yy} none of the four terms in Eq. (9) are dominant. Since long-baseline ν_α → ν_β oscillations involve δm^2_{32}, and hence the mixing matrix elements U_{α2}, U_{α3}, U_{β2}, and U_{β3} (see Eqs. (42)–(48)), then a mass texture condition such as M_{eμ} = 0, when applied to Eq. (114), does not tell us anything specific about longbaseline oscillations. It could, however, affect short-baseline oscillation amplitudes, which depend on the U_{α0} and U_{α1} (see Eqs. (39)–(41)). We do not pursue this possibility further here.

Another possible hierarchy is to have m_0 ≃ m_1 < m_2 ≃ m_3 where none of the masses are much smaller than the others; in this case, all masses would contribute to hot dark matter (an alternate possibility, m_2 ≃ m_3 < m_0 ≃ m_1 with none small, gives similar results). A model of this type has been discussed in Ref. [20]. In this case, again assuming s_{02}, s_{03}, s_{12}, s_{13} ∼ ϵ, we find

M_{ex} ≃ m_0(U^∗_{e0}U^∗_{x0} + U^∗_{e1}U^∗_{x1}) , (115)

with similar expressions for M_{ee} and M_{xx}, and

M_{μy} ≃ m_3(U^∗_{μ2}U^∗_{y2} + U^∗_{μ3}U^∗_{y3}) , (116)

with similar expressions for M_{μμ} and M_{yy}. However, for M_{eμ}, M_{ey}, M_{xμ}, and M_{xy}, none of the four terms in Eq. (9) are dominant, the expressions for the mass matrix elements are more complicated, and the implications of particular textures for long-baseline oscillations are not as easily determined. We also do not pursue this case further here.

V. OTHER PROBES OF NEUTRINO MASS

The presence of mass terms for neutrinos and, in particular, Majorana mass terms, opens up a variety of possibilities for phenomena that are not possible in the Standard Model. The neutrino mass, besides giving rise to mixing of neutrinos and the associated CP effect discussed in this paper, can lead to lepton flavor-changing charged currents analogous to those of the quark sector. Majorana mass can also give rise to lepton number violation processes. With these possibilities, widely searched-for phenomena such as μ → e + γ, μ → e + ē + e, μ-e conversion, and electric dipole moments for charge leptons, can occur. Unfortunately, all these processes [38] are proportional to (m_ν /M_W )^4 or ((m_ν /M_W )ln(m^2_ν/M^2_W ))^4. Given that m_ν is of the order of 5 eV or less [39] these are no larger than 10^{−40} and 10^{−33}. The current upper bounds [40] are about 30 orders of magnitude larger than those theoretical predictions from the neutrino masses. Therefore they are unobservable. Since this conclusion depends only on the smallness of the neutrino masses, it is valid in general.

The Majorana mass term breaks lepton number conservation and can lead to neutrinoless double beta decay. The rate is governed by the magnitude of the effective ν_e mass ⟨m_{νe} ⟩ = | ∑ j U^2_{ej} m_j| = |M_{ee}| , (117)

i.e., the magnitude of the M_{ee} element in the Majorana neutrino mass matrix in Eq. (4). The current limit on |M_{ee}| from neutrinoless double beta decays is about 0.5 eV [41]. Since

M_{ee} = s^{∗2}_{01}m_0 + c^2_{01}m_1 + s^{∗2}_{12}m_2 + s^{∗2}_{13}m_3 , (118)

there will be no visible neutrinoless double beta decay in models with m_0, m_1 ≪ m_2 < m_3 ≃ √ δm^2_{LSND} ≈ 1 eV and |s_{12}| ≈ |s_{13}| ≈ ϵ. In models where m_2 < m_3 ≪ m_0, m_1 ≃ √ δm^2_{LSND}, or if no neutrino masses are ≪ 1 eV, neutrinoless double beta decay may provide a strong constraint.

Neutrino masses may also affect cosmology if ∑ ν m_ν > 0.5 eV [42]. This level of neutrino mass can easily be accommodated by a four-neutrino model with two pairs of nearly degenerate mass eigenstates separated by approximately 1 eV.

Because of the smallness of the neutrino masses, there are no other observable effects besides neutrino oscillations and possibly neutrinoless double beta decay and dark matter. However, the rare decays may still be observable if new physics occurs also in other sectors, such as anomalous gauge boson couplings or anomalous fermion-gauge boson interactions. Therefore, it is important to continue to search for them.

VI. SUMMARY

In this paper we have presented a general parametrization of the four-neutrino mixing matrix and discussed the oscillation phenomenology for the case of two nearly degenerate pairs of mass eigenstates separated from each other by approximately 1 eV, which is the mass spectrum indicated by current solar, atmospheric, reactor, and accelerator neutrino experiments. We analyzed in detail the case where ν_e mixes primarily with ν_x and ν_μ with ν_y, where one of ν_x and ν_y is ν_τ and the other is sterile, or both are sterile. We found in these cases that the neutrino mixing matrix can be written in 2 × 2 block form with small offdiagonal blocks. By construction the mixing matrices have ν_e → ν_μ oscillations in LSND and ν_μ → ν_y oscillations in atmospheric experiments. We found that the following oscillations are also possible: ν_e → ν_y and ν_μ → ν_x in short-baseline experiments, and ν_e → ν_μ, ν_e → ν_y, and ν_μ → ν_x (including CP -violation effects) in long-baseline experiments. We also found that solar, atmospheric, short- and long-baseline oscillation measurements can, in some cases, determine all but one of the four-neutrino mixing parameters. Finally, we examined the implications of some several specific mass textures, and found the conditions under which CP -violation effects are visible.

As pointed out in the Introduction, additional evidence is needed in order for the fourneutrino scenario to be on firm ground. Given that there must be separate mass-squared difference scales for the solar and atmospheric oscillations (as currently indicated by the data), there are in fact two ways to verify the existence of four light neutrinos: (i) confirmation of the LSND results, which could occur in the future mini-BOONE collaboration [43–45], or (ii) detection of vacuum (i.e., not matter-induced) CP or T violation in longbaseline experiments, which should be greatly suppressed in a three-neutrino scenario.

Once the existence of four neutrinos is established, the next task is to determine the neutrino mixing matrix parameters. We emphasize the significant potential for detecting new oscillation channels and CP violation in future high statistics short- and long-baseline oscillation experiments. Many experiments have been proposed and some will be online in the next few years [45,46]. In these experiments neutrino beams are produced at high energy accelerators and oscillations can be detected at distant underground detectors. They include the KEK-Kamiokande K2K Collaboration [47], the Fermilab-Soudan MINOS [48] and Emulsion Sandwich [49] collaborations, and CERN-Gran Sasso ICARUS, Super-ICARUS, AQUA-RICH, NICE, NOE and OPERA collaborations [50]. Experiments done at muon storage rings [46] may be especially important since they will have the ability to measure both ν_e → ν_μ and/or ν_τ , and ν_μ → ν_e and/or ν_τ , as well as the corresponding oscillation channels for antineutrinos. Furthermore, there may also be hitherto undiscovered oscillation effects in short-baseline oscillation experiments such as COSMOS [51] and TOSCA [52], which will search for ν_μ → ν_τ oscillations. To completely determine all accessible parameters in the four-neutrino mixing matrix requires searches at both short and long baselines. The amplitudes of various oscillation channels, including possible CP violation effects, will help further determine the texture of the four-neutrino mass matrix and offer a better understanding of neutrino physics as well as CP violation.

ACKNOWLEDGEMENTS

YD would like to thank the hospitality of Iowa State University where this work began. This work was supported in part by the U.S. Department of Energy, Division of High Energy Physics, under Grants No. DE-FG02-94ER40817 and No. DE-FG02-95ER40896, and in part by the University of Wisconsin Research Committee with funds granted by the Wisconsin Alumni Research Foundation. YD’s work is partially support by the National Natural Science Foundation of China. BLY acknowledges the support by a NATO collaborative grant.

APPENDIX A: GENERAL PROPERTIES OF N × N MAJORANA MASS AND MIXING MATRICES

Consider the general case of n neutrinos, in which n_R are right-handed (sterile) and n_L are left-handed (active), n_R + n_L = n. We can represent the n_R right-handed neutrinos by their left-handed conjugates and denote the collection of all the n independent left-handed neutrinos by a column vector ψ_L. Then either Dirac or Majorana neutrino mass terms can be written as ψ̄_RMψ_L + h.c. , (A1) with ψ̄_R related to ψ_L by ψ̄_R = ψ^T_L C, where C = iγ^2γ^0 is the charge conjugation matrix. The most general n × n mass matrix M is symmetric and complex, M^† = M^∗, characterized by^1_2 n(n + 1) magnitudes and the same number of phases. Since a given component field in ψ_L and ψ̄_R acquires the same phase factor under a change of phase, n of the phases in M may be absorbed into the definitions of the fields, leaving^1_2 n(n + 1) magnitudes and 1 2 n(n − 1) phases; we will often choose the convention that the diagonal elements of M are real and the off-diagonal elements complex.

As shown in Eq. (2), the mass matrix may be diagonalized by a unitary matrix U. The effects of U may be divided into two classes of phenomenology which give rise to violation of individual lepton number: neutrino oscillations and lepton charged currents. Since Z^0 interacts only with the left-handed neutrinos, neutrino counting in Z → νν̄^′ at LEP is unchanged if all of the neutrinos are light, i.e., (N_ν )_{LEP} = n_L, with n_L = 3 in the Standard Model. This can be demonstrated straightforwardly as follows. The neutral current Lagrangian can be written in terms of flavor eigenstates as gψ̄_Lγ^μKψ_LZ^0_μ, where K is an n × n diagonal matrix with the first n_R elements being zero and the other n_L elements unity. If all neutrinos are very light, which is the case we are considering here, the number of neutrinos measured at LEP is simply Tr(KK^†) = n_L, assuming the couplings of the active neutrinos are universal. In terms of the mass eigenstates, the neutrino counting is unchanged: Tr(UK(UK)^†) = Tr(KK^†) = n_L.

In general an n × n unitary matrix such as U can be described by^1_2 n(n − 1) rotation angles and^1_2 n(n + 1) phases. In the charged lepton current, we are free to make phase transformations of the charged lepton fields, which removes n of the phases. Then the number of surviving measurable phases is^1_2 n(n + 1) − n =^1_2 n(n − 1). This argument is not affected by the fact that the number of left-handed charged lepton fields, n_c, in the charged-current is less than n, as each of the first n − n_c rows of U can be multiplied by a phase without altering the charged currents. Therefore, in general in this Majorana setting we can parametrize U by^1_2 n(n − 1) angles and^1_2 n(n − 1) phases.

In neutrino oscillations, however, only^1_2 (n−1)(n−2) independent phases can in principle be measured, as we will now demonstrate. Note that the W^{jk}_{αβ} in Eq. (11) are invariant when U is transformed from either the left or right side by a diagonal matrix which contains only phases, i.e., U_{αj} → e^{iϕα} U_{αj}e^{iϕj} . (A2) Then, as far as neutrino oscillations are concerned, we can eliminate 2n − 1 of the phases in U, so that there are effectively only

1 2 n(n + 1) − (2n − 1) = 1 2 (n − 1)(n − 2) , (A3)

independent phases that can be measured by neutrino oscillation experiments. Interestingly this is the same number of independent phases that may be determined in the CKM matrix for n generations of quarks. However, note that in the most general U there are^1_2 n(n − 1) phases, so that there are^1_2 n(n − 1) −^1_2 (n − 1)(n − 2) = (n − 1) phases that cannot be determined from neutrino oscillations.

The phase counting of Eq. (A3) can also be confirmed by enumerating the number of independent CP -violating variables, e.g., the ΔP_{αβ} defined in Eq. (22), that can be measured. There are^1_2 n(n − 1) such differences, but from Eq. (15) ΔP_{αβ} = −ΔP_{βα} and from Eq. (19) ∑ β ΔP_{αβ} = 0, so it follows that n − 1 of the differences are not independent.

Therefore there are only^1_2 (n − 1)(n − 2) independent ΔP_{αβ}, and only^1_2 (n − 1)(n − 2) CP -violation parameters can be measured.

APPENDIX B: HIGGS BOSON ORIGINS OF NEUTRINO MASSES

The presence of masses for neutrinos is a definite signal of physics beyond the Standard Model. Particularly, with the three types of neutrino oscillations which indicate three δm^2 scales and require at least four neutrino mass values, a non-trivial extension of the Standard Model is necessary. In searching for hints of the extension, it is interesting to consider what simplest extensions of the Standard Model are possible and how natural (or unnatural) they are in their couplings schemes. In this appendix we discuss briefly the possible origins of the two types of mass matrices considered, i.e., models with one or two sterile neutrinos. Then both Dirac (active-sterile) and Majorana (active-active or sterile-sterile) neutrino mass terms are present. These masses can be obtained by suitable extensions of the Standard Model. We will only enlarge the lepton Yukawa sector and the Higgs sector to the extent required by the mass matrices of Sec. IV. Our goal is to assure that such mass matrices are possible by straightforward modifications of these two sectors, and to determine what new particles need to be added to the Standard Model spectrum. We do not attempt to construct the best case scenario, which can be done when more information on the neutrinos mass are available. For a more extensive discussion of possible origins of neutrino masses terms, see Ref. [53].

In the following we denote the right-handed sterile by ν_{sjR} and the corresponding lefthanded conjugate by ν̂_{sjL} = ν̄^T_{sjR}C. We also denote the left-handed lepton SU(2) doublet by l_{kL} with the corresponding right-handed conjugate fields l̂_{kR} = −iσ_2Cl̄^T_{kR}, j and k are generation labels.

1. Models with two left-handed and two right-handed neutrinos

We first consider the class of models in which ν_x = ν_{s1} and ν_y = ν_{s2}, where ν_{s1} and ν_{s2} are the right-handed sterile neutrinos that are associated with ν_e and ν_μ, respectively, which have been considered in Ref. [37]. We discuss two cases: (i) models where only the sterile neutrinos have nonzero Majorana mass terms, and (ii) models where both right-handed (sterile) and left-handed (ν_e and ν_μ) fields have Majorana mass terms. In the first case

M_{ee} = M_{eμ} = M_{μμ} = 0, which is discussed in Sec. IV.D; in the second case, M_{eμ} ≠ 0, which can be realized in the models discussed in Secs. IV.B and IV.C.

The simplest extension of the Standard Model is case (i) above, which can be obtained by adding a singlet real scalar field ϕ to the Standard Model Higgs doublet Φ. The Majorana masses for the two sterile are due to their coupling to ϕ and are proportional to the vacuum expectation value (vev) of ϕ. The Φ provides the Dirac masses from Yukawa couplings involving both sterile and left-handed neutrinos. We denote the absolute value of the vev’s of the Φ and ϕ fields as v and V respectively; v is the same as the Standard Model vev. The Yukawa couplings can be written as

L_Y = 2∑ j,j^0 G_{jj}0 ϕν̄_{sjR}ν̂_{sj}0_L + ∑ j,k g_{jk}(ν̄_{sjR}Φ̃^†l_{kL} + ^̄l_{kR}Φν̂_{sR}) + h.c. , (B1)

where G_{jj}0 and g_{jk} are complex couplings, and Φ̃ = iσΦ^∗. Since ν̄_{sjR}ν̂_{sj}0_L = ν̂_{sj}0_Lν̄_{sjR} we have G_{jj}0 = G_j0_j. We also exhibit the symmetry of the Dirac coupling coefficients, g_{jk} = g_{kj} , because of the identity ν̄_{sjR}Φ̃^†l_{kL} = ^̄l_{kR}Φν̂_{sjR}

For the Higgs potential, we take the simplified case that it has a Z_2 symmetry in ϕ, i.e., invariant under ϕ → −ϕ. Then the Higgs potential contains only real coefficients:

L_H = −μ^2_1|Φ|^2 − μ^2ϕ^2 + λ|Φ|^4 + λ_2ϕ^4 + λ_3ϕ^2|Φ|^2 . (B2)

After spontaneous symmetry breaking there are two massive neutral Higgs bosons. Their masses are set by v and V . The value of v is the same as in the Standard Model. The coefficients of the Yukawa couplings must be very small in order to give neutrino masses of the order of eV. In the case V ≫ v, one of the Higgs boson is composed mostly of the neutral field of Φ with a mass proportional to v and the other composed of mostly the ϕ field with a mass proportional to V . There are no other changes to the Standard Model phenomenology.

One can also have a more complicated scenario of case (ii) in which the Majorana masses of the two left-handed neutrinos are non-vanishing. These types of models can be constructed by the approach discussed below in Appendix B.2.

2. Models with three left-handed and one right-handed neutrinos

Here we consider the cases (i) ν_x = ν_s and ν_y = ν_τ , or (ii) ν_x = ν_τ and ν_y = ν_s, where ν_s is a sterile neutrino. In the first case, mass terms are needed in the ν_μ-ν_τ sector to provide the large mixing of atmospheric neutrinos, while in the second case Majorana mass terms are needed to provide mixing of solar neutrinos. There are no constraints on which terms in the mass matrix may be nonzero, but in each case Majorana masses of the left-handed (active) neutrinos must exist. The phenomenology of some of these models is discussed in Secs. IV.A–IV.C.

Majorana mass terms between left-handed neutrinos can arise from the introduction of a Higgs triplet which has lepton number −2 [54]. The Majorana mass of the sterile neutrino again comes from a Higgs singlet as discussed above. We denote the triplet by Δ

Δ = 1 √ 2 ⃗τ · ⃗δ = ( δ^+/ √ 2 δ^{++} δ^0 −δ^+/ √ 2 ) , (B3)

and the value of the vev of δ^0 by Λ. Since Λ contributes to the masses of the W and Z^0 bosons differently, it has to be small in comparison with the vacuum expectation of the Φ, say Λ/v < 10^{−2}, so that the bulk of the electroweak gauge boson masses come from the doublet. Then, this will not upset the good agreement achieved by the Standard Model prediction for the ρ parameter.

The Yukawa couplings can be written as

L_Y = G_sϕν̄_{sR}ν̂_{sL} + ∑ k g_k(ν̄_{sR}Φ̃^†l_{kL} + ^̄l_{kL}Φν_{sR}) + ∑ k,k^0 h_{kk}0^̄l_{kR}Δl_k0_L + h.c. , (B4)

where G_s, g_k and h_{kk}0 , k and k^′ = 1, 2, 3, are complex couplings. The symmetry of the Dirac couplings is explicitly exhibited because of the identity ν̄_{sR}Φ̃^†l_{kL} = ^̄l_{kL}Φν_{sR}. h_{kk}0 is symmetric, h_{kk}0 = h_k0_k, because of the identity ^̄l_{kR}Δl_k0_L = ^̄l_k0_RΔl_{kL}. For the Higgs potential, we can again take the simplified case that ϕ is a real scalar field and the Higgs potential has the Z_2 symmetry in ϕ:

L_H = − μ^2_1|Φ|^2 − μ^2ϕ^2 − μ^2_3T r(ΔΔ^†) + ηΦ^†ΔΦ̃ + η^∗Φ̃^†Δ^†Φ + λ_1|Φ|^4 + λ_2ϕ^4 + λ_3(T r(ΔΔ^†))^2 + λ_4T r((ΔΔ^†)^2) + λ_5T r(Δ^2(Δ^†)^2) + λ_6T rΔ^2T r((Δ^†)^2) + ξ_1ϕ^2|Φ|^2 + ξ_2ϕ^2T r(ΔΔ^†) + ξ_3Φ^†ΔΔ^†Φ + ξ_4Φ^†Δ^†ΔΦ + ξ_5|Φ|^2T r(ΔΔ^†) . (B5)

The following terms in the Higgs potential,

ηΦ^†ΔΦ̃ + η^∗Φ̃^†Δ^†Φ , (B6)

are needed to break the global lepton number invariance in order to avoid the appearance of a Goldstone boson called Majoron [54], and η is the only coupling that potentially can be complex.

To obtain the neutrino mass matrix we can also make phase tranformations on the fermion fields ν_{sR} and l_{kL} to make G_s and the diagonal terms h_{kk} real. If CP is not broken spontaneously, which we assume to be the case here, the vacuum expectation values of all neutral fields can be made real by phase transformations on the Higgs fields Φ and Δ. After spontaneous symmetry breaking this choice of phases for the Yukawa couplings agrees with the convention of the neutrino mass matrix discussed in Sec. II.

With complex couplings, CP violation can generally occur in the Higgs sector. However, η is required to be real by the minimization of the Higgs potential. Hence explicit CP violation does not occur in this extended Higgs scenario. A more complicated Higgs potential can be chosen to allow complex couplings so that CP violation can be manifest in the Higgs sector. We will not elaborate on this possibility here.

After spontaneous symmetry breaking, the physical Higgs boson spectrum contains a doubly charged pair, a singly charged pair, and four neutrals. The Goldstone bosons are mostly from the Higgs doublet Φ. The masses of two of the neutral Higgs bosons are proportional to v. The masses of the remaining two neutral Higgs boson are similar to those of the case of Appendix B.1. Again the Majorana couplings of the sterile neutrino and the

Dirac coupling of the sterile to the left-handed neutrinos are small. However, the Majorana couplings among the left-handed leptons do not have to be small if Λ is chosen to be the order of the neutrino masses, i.e., eV [55]; this can be done without leading to any small Higgs boson masses. Then the coupling of the singly and doubly charged Higgs boson to the charged leptons are not small. The production of these particles in a future high energy linear collider or muon collider is possible if they are not too heavy.

In this type of model, since the constraints M_{ee} = M_{eμ} = M_{μμ} = 0 do not apply, the CP - violating parameter Im(U_{e2}U^∗_{e3}U^∗_{μ2}U_{μ3}) is no longer constrained to be approximately zero. The CP violation can be of order ϵ^2, which is the same order as the oscillation probabilities themselves, and hence measurable. Examples of this type of model include the maximal CP violation models characterized by Eq. (92) and the mass matrix in Eq. (101).

We note that to produce the required neutrino masses and the phenomenologically interesting mass spectrum and expectation values of the Higgs boson fields in both models dicussed in this section, new hierarchy problems are introduced [55]. In our view, such hierarchy problems do not necessarily argue against the models. However, it does argue that any model of this sort should be included in a larger, more natural, scheme. Note that although the hierarchy in the expectation values of the Higgs boson fields sometimes leads to a fine tuning of the parameters, the small vacuum expection value of Δ may be obtained in a natural way [56]. For example, if μ_3 ≫ v^2, V^2, η^2 ≫ Λ^2, then the minimization of the Higgs potential leads to the relation Λ ≃ −ηv^2/μ_3 ≪ v.

There is a growing literature on the generation of neutrino masses. An intriguing class of models are those that generate mass dynamically by higher order loop effects [57]. We refer the reader to Ref. [58] for recent and extensive analyses of this possibility for four neutrinos. There are also models that use lepton-number violating interactions in R-parity violating supersymmetry for the generation of Majorana mass [59].

APPENDIX C: AN EXAMPLE WITH CP VIOLATION

In this appendix we derive the masses and mixing matrix for the model described by the mass matrix in Eq. (101). In general a 4×4 Majorana mass matrix can have six independent phases (see Appendix A), but since three of the mass matrix elements are zero, there are only three independent phases in this case. We have chosen to make the diagonal elements of M real.

To achieve the proper neutrino phenomenology, we assume the following hierarchy

ϵ_2 ≪ ϵ_1, ϵ_4, ϵ_6 ≪ ϵ_3, ϵ_5 ≪ 1 . (C1)

The mass-squared eigenvalues are approximately given by

m^2_0 ≃ ϵ^2_1m^2 , m^2_1 ≃ 4ϵ^2_3ϵ^2_5m^2 , m^2_{,3} ≃ (1 + ϵ^2_3 + ϵ^2_5 ∓ ϵ^2_0)m^2 , (C2)

where

ϵ^4_0 = 4ϵ^2_3ϵ^2_5 + (ϵ_4 − ϵ_6)^2 + 4ϵ_4ϵ_6c^2_1 + 4ϵ_3ϵ_5[ϵ_4 cos(ϕ_1 − ϕ_3) + ϵ_6 cos(ϕ_1 + ϕ_3)] , (C3)

with c_j ≡ cos ϕ_j and s_j ≡ sin ϕ_j. The eigenvalues are related to the physical mass-squared differences by δm^2_{LSND} = m^2 − m^2_1 ≃ m^2 , (C4) δm^2_{atm} = m^2_3 − m^2 ≃ 2ϵ^2_0m^2 , (C5) δm^2_{sun} = m^2_0 − m^2_1 ≃ (ϵ^2_1 − 4ϵ^2_3ϵ^2_5)m^2 . (C6)

The size of δm^2_{sun} in Eq. (C6) implied by the hierarchy of Eq. (C1) means that the solar neutrino oscillations are of the MSW type. Therefore in order to have the proper MSW enhancement in the sun we must have m^2_0 > m^2_1, which implies |ϵ_1| > |2ϵ_3ϵ_5|.

The matrix U that diagonalizes M via Eq. (2) is given approximately by

U ≃ c_{01} s_{01}e^{−iδ01} 0 0 −s_{01}e^{iδ01} c_{01}^{eiϕ1√}_2 (ϵ_3e^{−iϕ3} − ϵ_5e^{iδ23} )^{eiϕ1√}_2 (ϵ_3e^{−i(ϕ3+δ23} + ϵ_5) ϵ_3s_{01}e^{i(δ01+ϕ3−ϕ1)} −ϵ_3c_{01}e^{i(ϕ3−ϕ1) 1√}_2^{1√}_2 e^{−iδ23} ϵ_5s_{01}e^{i(δ01−ϕ1)} −ϵ_5c_{01}e^{−iϕ1} −^{1√}_2 e^{iδ23 1√}_2 ,

(C7)

where

tan δ_{23} = −

(ϵ_4 − ϵ_6) sin ϕ_1 + 2ϵ_3ϵ_5s_3 (ϵ_4 + ϵ_6) cos ϕ_1 + 2ϵ_3ϵ_5c_3

, (C8)

δ_{01} = tan^{−1}

( 2ϵ_3ϵ_5s_α ϵ_1 − 2ϵ_3ϵ_5c_α ) − ϕ_2 , (C9)

with c_α ≡ cos_α, s_α ≡ sin_α, α ≡ ϕ_3 − ϕ_1 − 2ϕ_2, and

tan θ_{01} = ϵ_2 ϵ_1 + 2ϵ_3ϵ_5 1 + 4ϵ_1ϵ_3ϵ_5(1 − c_α) (ϵ_1 − 2ϵ_3ϵ_5)^2

. (C10)

We note that this U has the form of of Eq. (56). It also can be seen to have the form of Eq. (58) if we set

θ_{02} = θ_{03} = 0 , θ_{23} = π 4 , (C11)

and make the identifications

s_{13}e^{−iδ13} = 1 √ 2 (ϵ_3e^{−iϕ3} − ϵ_5e^{iδ23})e^{iϕ1} , (C12)

s_{12}e^{−iδ12} = 1 √ 2 (ϵ_3e^{−i(ϕ3+δ23)} + ϵ_5)e^{iϕ1} . (C13)

REFERENCES

[1] B.T. Cleveland et al., Nucl. Phys. B (Proc. Suppl.) 38, 47 (1995). [2] Kamiokande collaboration, Y. Fukuda et al., Phys. Rev. Lett, 77, 1683 (1996). [3] GALLEX Collaboration, W. Hampel et al., Phys. Lett. B388, 384 (1996); SAGE collaboration, J.N. Abdurashitov et al., Phys. Rev. Lett. 77, 4708 (1996).

[4] Super-Kamiokande Collaboration, talk by Y. Suzuki at Neutrino-98, Takayama, Japan, June 1998.

[5] J.N. Bahcall and M.H. Pinsonneault, Rev. Mod. Phys. 67, 781 (1995); J.N. Bahcall, S.

Basu, and M.H. Pinsonneault, Phys. Lett. B433, 1 (1998).

[6] Kamiokande collaboration, K.S. Hirata et al., Phys. Lett. B280, 146 (1992); Y. Fukuda et al., Phys. Lett. B335, 237 (1994); IMB collaboration, R. Becker-Szendy et al., Nucl. Phys. Proc. Suppl. 38B, 331 (1995); Soudan-2 collaboration, W.W.M. Allison et al., Phys. Lett. B391, 491 (1997); MACRO Collaboration (F. Ronga et al.), to be published in the proceedings of 18th International Conference on Neutrino Physics and Astrophysics (NEUTRINO 98), Takayama, Japan, 4-9 Jun 1998 (hep-ex/9810008).

[7] Super-Kamiokande Collaboration, Y. Fukuda et al., Phys. Lett. B433, 9 (1998); Phys.

Lett. B436, 33 (1998); Phys. Rev. Lett. 81, 1562 (1998).

[8] G. Barr, T.K. Gaisser, and T. Stanev, Phys. Rev. D 39, 3532 (1989); M. Honda, T.

Kajita, K. Kasahara, and S. Midorikawa, Phys. Rev. D52, 4985 (1995); V. Agrawal, T.K. Gaisser, P. Lipari, and T. Stanev, Phys. Rev. D 53, 1314 (1996); T.K. Gaisser et al., Phys. Rev. D 54, 5578 (1996).

[9] Liquid Scintillator Neutrino Detector (LSND) collaboration, C. Athanassopoulos et al., Phys. Rev. Lett. 75, 2650 (1995); ibid. 77, 3082 (1996); ibid. 81, 1774 (1998); talk by H. White at Neutrino-98, Takayama, Japan, June 1998.

[10] KARMEN collaboration (K. Eitel et al.), Contributed to 18th International Conference on Neutrino Physics and Astrophysics (NEUTRINO 98), Takayama, Japan, 4-9 Jun 1998.

[11] For a recent review, see talks at the Neutrino-98, Takayama, Japan, June, 1998 at http://www-sk.icrr.u-tokyo.ac.jp/nu98/scan/index.html [12] LEP Electroweak Working Group and SLD Heavy Flavor Group, D. Abbaneo et al., CERN-PPE-96-183, December 1996.

[13] S. M. Bilenky, C. Giunti and W. Grimus, Eur. Phys. J. C1, 247 (1998). [14] V. Barger, K. Whisnant, and T.J. Weiler, Phys. Lett. B427, 97 (1998); V. Barger, S.

Pakvasa, T.J. Weiler, and K. Whisnant, Phys. Rev. D58, 093016 (1998). [15] V. Barger, P. Langacker, J. Leveille, and S. Pakvasa, Phys. Rev. Lett. 45, 692 (1980). [16] V. Barger et al., Phys. Rev. D 43, 1759 (1991); S.M. Bilenky and C. Giunti, Phys. Lett.

B 320, 323 (1994); Z. Phys. C 68, 495 (1995); Z.G. Berezhiani and R.N. Mohapatra, Phys. Rev. D52, 6607 (1995); E.J. Chun, A.S. Joshipura and A.Y. Smirnov, Phys. Lett. B357, 608 (1995); Phys. Rev. D54, 4654 (1996); P. Krastev, S.T. Petcov, and Q.Y. Liu, Phys. Rev. D 54, 7057 (1996); K. Benakli and A.Y. Smirnov, Phys. Rev. Lett 79, 4314 (1997); J.R. Espinosa, Nucl. Phys. Proc. Suppl. 62, 187 (1998); G. Cleaver, M. Cvetic, J.R. Espinosa, L. Everett, and P. Langacker, Phys. Rev. D57, 2701 (1998); M. Maris and S.T. Petcov, Phys. Rev. D 58, 113008 (1998).

[17] D.O. Caldwell and R.N. Mohapatra, Phys. Rev. D 48, 3259 (1993); J.T. Peltoniemi and J.W.F. Valle, Nucl. Phys. B 406, 409 (1993); R. Foot and R.R. Volkas, Phys. Rev.

D 52, 6595 (1995); Ernest Ma and Probir Roy, Phys. Rev. D 52, R4780 (1995); J.J. Gomez-Cadenas and M.C. Gonzalez-Garcia, Z. Phys. C 71, 443 (1996); N. Okada and O. Yasuda, Int. J. Mod. Phys. A 12, 3669 (1997); R.N. Mohapatra, hep-ph/9711444; Q.Y. Liu and A. Yu. Smirnov, Nucl. Phys. B 524, 5051 (1998); D.O. Caldwell, Int. J. Mod. Phys. A 13, 4409 (1998); N. Gaur, A. Ghosal, Ernest Ma, and Probir Roy, Phys. Rev. D 58, 071301 (1998); B. Bramachari and R.N. Mohapatra, Phys. Lett. B437, 100 (1998); A.S. Joshipura and A. Yu. Smirnov, Phys. Lett. B439, 103 (1998); S.M. Bilenky, C. Giunti, and W. Grimus, hep-ph/9809368.

[18] S.M. Bilenky, C. Giunti, and W. Grimus, Phys. Rev. D 58, 033001 (1998); hepph/9812360.

[19] S.C. Gibbons, R.N. Mohapatra, S. Nandi, and A. Raychaudhuri, Phys. Lett. B430, 296 (1998).

[20] S. Mohanty, D.P. Roy, and U. Sarkar, hep-ph/9810309.

[21] J.T. Peltoniemi, hep-ph/9511323; H. Nunokawa, J.T. Peltoniemi, A. Rossi, and J.W.F.

Valle, Phys. Rev. D 56, 1704 (1997).

[22] R. Barbieri and A. Dolgov, Phys. Lett. B237, 440 (1990); K. Enqvist, K. Kainulainen, and M. Thomson, Nucl. Phys. B373, 498 (1992); X. Shi, D.N. Schramm, and B.D. Fields, Phys. Rev. D 48, 2563 (1993); C.Y. Cardall and G.M. Fuller, Phys. Rev. D 54, 1260 (1996); D.P. Kirilova and M.V. Chizhov, Phys. Rev. D 58, 073004 (1998); S.M. Bilenky, C. Giunti, W. Grimus and T. Schwetz, hep-ph/9804421.

[23] P.J. Kernan and S. Sarkar, Phys. Rev. 54, R3681 (1996); S. Sarkar, Reports on Progress in Physics 59, 1 (1996); K.A. Olive, talk at 5th International Workshop on Topics in Astroparticle and Underground Physics (TAUP 97), Gran Sasso, Italy, 1997; K.A. Olive, proc. of 5th International Conference on Physics Beyond the Standard Model, Balholm, Norway, 1997; C.J. Copi, D.N. Schramm and M.S. Turner, Phys. Rev. Lett. 75, 3981 (1995); K.A. Olive and G. Steigman, Phys. Lett. B354, 357 (1995).

[24] R.N. Mohapatra and P.B. Pal, Massive Neutrinos in Physics and Astrophysics, (World Scientific, Singapore, 1991).

[25] We follow the convention in H. Fritzsch and J. Plankl, Phys. Rev. D35, 1732 (1987). [26] A discussion of the properties of W^{jk}_{αβ} can be found in D.J. Wagner and T.J. Weiler, hep-ph/9801327 and hep-ph/9806490.

[27] C. Jarlskog, Z. Phys. C29, 491 (1985); Phys. Rev. D35, 1685 (1987). [28] L. Wolfenstein, Phys. Rev. D 17, 2369 (1978); S.P. Mikheyev and A. Smirnov, Yad.

Fiz. 42, 1441 (1985); Nuovo Cim. 9C, 17 (1986). S.P. Rosen and J.M. Gelb, Phys. Rev. D 34, 969 (1986); S.J. Parke, Phys. Rev. Lett. 57, 1275 (1986); S.J. Parke and T.P. Walker, Phys. Rev. Lett. 57, 2322 (1986); W.C. Haxton, Phys. Rev. Lett. 57, 1271 (1986); T.K. Kuo and J. Pantaleone, Rev. Mod. Phys. 61, 937 (1989).

[29] S. Pakvasa, in High Energy Physics – 1980, AIP Conf. Proc. No. 68, ed. by L. Durand and L.G. Pondrum (AIP, New York, 1981), p. 1164.

[30] This was first discussed in the context of three neutrinos in V. Barger, K. Whisnant, and R.J.N. Phillips, Phys. Rev. Lett. 45, 2084 (1980).

[31] G.L. Fogli, E. Lisi, A. Marrone, G. Scioscia, Phys. Rev. D 59, 033001 (1999); M.C.

Gonzalez-Garcia, hep-ph/9811407.

[32] Y. Declais et al., Nucl. Phys. B434, 503 (1995). [33] F. Dydak et al., Phys. Lett. B134, 281 (1984).

[34] H. Minikata and H. Nunokawa, Phys. Rev. D 57, 4403 (1998). [35] See, e.g., the discussion in Ref. [14], and references therein.

[36] R.N. Mohapatra, see, Proceedings of the 17the International Conference on Neutrino Physics and Astrophysics, Helsinki, 1996, P. 290 (hep-ph/9702229).

[37] W. Krolikowski, hep-ph/9808207, R. Foot, R.R. Volkas and O. Yasuda, Phys. Rev. D 57, 1345 (1998); Daijiro Suematsu, hep-ph/9803305; A. Geiser, CERN-EP/98-56.

[38] Lepton flavor changing processes have been discussed widely and can be found in particle physics textbooks, e.g., Ref. [24] and T.P. Cheng and L.F. Li, Gauge Theories of Elementary Particle Physics, (Oxford Univ. Press, Oxford, 1984).

[39] V. Barger, T.J. Weiler, and K. Whisnant, Phys. Lett. B442, 255 (1998). [40] Particle Data Group, 1998 Review of Particle Properties, C. Caso et al., Euro. Phys. J.

3, 1 (1998).

[41] See, e.g., H.V. Klapdor-Kleingrothaus, hep-ex/9802007; J. Phys. G24, 483 (1998), and references therein.

[42] J. Primack, Science 280, 1398 (1998); E. Gawiser and J. Silk, Science 280, 1405 (1998);

W. Hu, D.J. Eisenstein, and M. Tegmark, Phys. Rev. Lett. 80, 5255 (1998); W. Hu, D.J. Eisenstein, M. Tegmark, and M. White, Phys. Rev. D 59, 023512 (1999); G.G. Raffelt, hep-ph/9807484; J. Primack and M. Gross, astro-ph/9810204.

[43] The BOONE Collaboration: E. Church, et. al., nucl-ex/9706011. [44] For a review of the accelerator neutrino experiments, see J.M. Conrad, presented at 29th International Conference on High-Energy Physics (ICHEP 98), Vancouver, Canada, 23- 29 Jul, 1998 (hep-ex/9811009).

[45] Summary and updated information on neutrino experiments, including various neutrino oscillations, such as long-baseline experiments, can be found at: http://www.hep.anl.gov/NDK/Hypertext/nuindustry.html [46] S. Geer, Phys. Rev. D 57 6989 (1998); ibid. D 59, 039903 (1999). [47] The K2K Collaboration: Y. Oyama, Proceedings of the YITP Workshop on Flavor Physics, Kyoto, Japan 1998, hep-ex/9803014.

[48] The MINOS Collaboration: See, Neutrino Oscillation Physics at Fermilab: The NuMI- MINOS Project, Report NuMI-L-375, May 1998. Detailed information on the MINOS colaboration can also be found at:

http://www.hep.anl.gov/NDK/HyperText/numi notes.html [49] A brief description of all aspects of the Emulsion Sandwich Collaboration can be found at: http://flab.phys.nagoya-u.ac.jp∼komatsu/NUMI/numi-e.html [50] For an overview of the experiments using the CERN neutrino beam to Gran Sasso (NGS) see P. Picchi and F. Pietropaolo, hep-ph/9812222.

[51] For information on the COSMOS collaboration, FNAL experiment E803, see http://pooh.physics.lsa.umich.edu//www/e803/e803.html [52] For information on the TOSCA collaboration, see http://www.cern.ch/TOSCA/ [53] G. Gelmini and E. Roulet, Rept. Prog. Phys. 58, 1207 (1995).

[54] G. Gelmini and M. Roncadelli, Phys. Lett. 99B, 411 (1981). The explicit model proposed in this paper has been ruled out by LEP data; for more details, see Ref. [53].

[55] P. Langacker, hep-ph/9805281 and invited talk at 18th International Conference on Neutrino Physics and Astrophys(NEUTRINO 98), Takayama, Japan, 4-9 Jun 1998 (hepph/9811460).

[56] Ernest Ma and Utpal Sarkar, Phys. Rev. Lett. 80, 5716 (1998); Utpal Sarkar, Phys.

Rev. D 59, 031301 (1999); and Ref. [55]. [57] A. Zee, Phys. Lett. 93B, 389 (1980).

[58] N. Gaur, A. Ghosal, Ernest Ma, and Probir Roy, Phys. Rev. D 58, 071301 (1998);

Probir Roy, hep-ph/9810448; Y. Okamoto and M. Yasue, hep-ph/9812403. [59] M. Drees, S. Pakvasa, X. Tata, and T. ter Veldhuis, Phys. Rev. D 57, 5335 (1998); E.J.

Chun, S.K. Kang, C.W. Kim, and U.W. Lee, hep-ph/9807327; D. Elazzar Kaplan and A.E. Nelson, hep-ph/9901254.

TABLES TABLE I. Parameters in the four-neutrino mixing matrix and the primary observables used to determine them.

Primary Parameter(s) Observable(s) θ_{01} A^{ee}_{sun} θ_{23} A^{μy}_{atm} θ_{12},θ_{13},ϕ_1 ≡ δ_{13} − δ_{12} − δ_{23} A^{eμ}_{LSND},A^{eμ}_{atm},B^{eμ}_{atm} θ_{02},θ_{03},ϕ_0 ≡ δ_{03} − δ_{02} − δ_{23} A^{μx}_{LSND},A^{μx}_{atm},B^{μx}_{atm}

TABLE II. Summary of some particular four-neutrino models for m_0, m_1 ≪ m_2 < m_3 and s_{02}, s_{03}, s_{12}, s_{13} ∼ ϵ. All models in the table have been constructed to have short-baseline ν_μ → ν_e ocsillations in agreement with the LSND data and large-amplitude ν_μ → ν_y oscillations in atmospheric and long-baseline experiments; they also all have negligible ν_e → ν_x and ν_μ → ν_y oscillations in short-baseline experiments. The size of ν_μ → ν_x oscillations and CP violation in long-baseline ν_μ → ν_y oscillations depend on other model parameters. In all cases, one of ν_x and ν_y could be ν_τ and the other sterile, or both could be sterile.

CP-conserving CP-conserving CP-violating short-baseline long-baseline long-baseline Texture δ_{23} θ_{23} ν_e → ν_y ν_e → ν_μ ν_e → ν_μ, ν_y Reference M_{eμ} = 0^π_2^π_4 No Yes No Ref. [14]

π_2 ≠ π_4 Yes Yes No Ref. [19]

≠^π_2 any Yes Maybe Yes Sec. IV.A

π_4 π_4 Yes No Maximal Eq. (92)

M_{ey} = 0 0^π_4 Yes No No Ref. [36] ≠ 0,^π_2 , π ≠^π_2 Yes Maybe Yes Sec. IV.B

π_4 π_4 Yes No Maximal Eq. (92)

M_{eμ}, M_{ey} ≠ 0 varies^π_4 Yes Yes Yes Eq. (101) M_{ee} = M_{eμ} = M_{μμ} = 0^π_2^π_4 No Yes No Sec. IV.D