hep-ph/9902209 1 Feb 1999

KOBE-TH-99-02 hep-ph/9902209

Bose condensation at high temperatures

Hidenori SONODA^1 Physics Department, Kobe University, Kobe 657-8501, Japan

February 1999

PACS numbers: 05.10.Cc, 05.70.Jk, 11.10.Wx, 11.10.Kk

Abstract

Bose condensation is usually a low temperature phenomenon due to a low particle number density. When the number density is kept large compared to the inverse Compton volume, Bose condensation can occur at a temperature much higher than the mass of the particle. We can then use a three dimensional effective theory to study the thermal properties. We compute the transition temperature for a complex scalar field theory with a small interaction parameter.

In a previous letter [1] we used an effective three dimensional field theory [2, 3] to compute the critical temperature of the weak coupling ϕ^4 theory. The purpose of this letter is to extend the same technique to study theories with a chemical potential coupled to a conserved particle number. We will compute the transition temperature T_c for Bose condensation and the temperature dependence of the specific heat near T_c.

It is the low number density of particles which makes Bose condensation a low temperature phenomenon. If the number density is large compared to the inverse Compton volume m^3, where m is the particle mass, the transition temperature T_c for Bose condensation becomes much higher than m so that T_c is calculable using a three dimensional effective theory.

In order to see this possibility more quantitatively, we consider a free theory of spinless particles and antiparticles of mass m. The particle number density n (or more precisely the number density of particles minus that of antiparticles) is an increasing function of the chemical potential μ. At the maximum chemical potential μ = m, we obtain the maximum number density without Bose condensation. For temperature T much higher than

1E-mail: sonoda@phys.sci.kobe-u.ac.jp

m, the maximum number density is approximately n ≃ mT^2 2 + 4m^3 3(4π)^2

. (1)

For n larger than the right-hand side, Bose condensation takes place. Hence, for a given n, the transition temperature T_c is given by

T^2_c ≃ 2 m ( n − 4m^3 3(4π)^2 ) . (2)

This implies T_c ≫ m for n ≫ m^3. The above result (2) is expected to be valid with a small correction in the presence of weak interactions among the bosons.

For concreteness we consider a complex scalar field theory with a global U(1) symmetry in thermal equilibrium at temperature T . The lagrangian density in the four dimensional euclidean space is given by

L0 = ∂_μϕ^∗∂_μϕ + m^2ϕ^∗ϕ + λ 4 (ϕ^∗ϕ)^2 + (counterterms) , (3)

where ϕ is a complex scalar field which is periodic in the euclidean time direction: ϕ(⃗x, τ + 1/T ) = ϕ(⃗x, τ) . (4) The counterterms are given in the MS scheme. Hence, the renormalized parameters satisfy the renormalization group (RG) equations d dt λ (4π)^2

= −5 ( λ (4π)^2 )2 + 15 ( λ (4π)^2 )3 + ... , (5) d dt m^2 = ( 2 − 2 λ (4π)^2 + 5 2 ( λ (4π)^2 )2 + ... ) m^2 . (6)

We can introduce the chemical potential μ as the euclidean time component of an external U(1) gauge field:

A_τ = iμ . (7)

Note this is purely imaginary. The Ward identity protects it from renormalization. The total lagrangian density is therefore

L = L_0 − μZ ϕ^{∗ ↔}∂_τ ϕ − μ^2Zϕ^∗ϕ , (8) where Z is the wave function renormalization constant. The average number density of particles, n, is the first order derivative of the free energy density Y_4(T, μ) with respect to μ: n = − ( ∂Y_4 ∂μ ) T . (9)

Our task is to find the transition temperature T_c so that for T < T_c the field ϕ gets a non-vanishing expectation value. We will find T_c first for a given chemical potential μ, and then for a given number density n.

A naive loop expansion of Y_4 suffers from infrared divergences at twoloop and beyond [4]. This difficulty is best avoided by reducing the theory to a three dimensional effective theory [2, 3] whose infrared properties are much better understood [5, 6]. The effective theory is given by the following lagrangian density:

L3 = g_3 + ∂_μϕ^∗_3∂_μϕ_3 + m^2_3 ϕ^∗_3ϕ_3 + λ_3 4 (ϕ^∗_3ϕ_3)^2 + (counterterms) , (10)

where the counterterms are given in the MS scheme. The higher dimensional interaction terms are negligible within our approximation. The RG equations of the parameters are given by d dt g_3 = 3g_3 + Ãλ^3 , d dt m^2_3 = 2m^2_3 + C̃λ^2_3 , d dt λ_3 = λ_3 , (11)

where Ã = 1 (4π)^2 5 3 · 2^9 , C̃ = − 1 (4π)^2 1 2 . (12)

The parameters of the two theories are related such that the free energy density F_3(g_3, m^2_3, λ_3) of the effective theory reproduces that of the original theory:

Y_4(T, μ) = T F_3(g_3, m^2_3, λ_3) . (13) For the three dimensional reduction to be valid, the temperature must be high compared to m, μ: T ≫ m ≈ μ . (14) Then, we can choose a renormalization scale Λ such that

T/Λ = O(N) , m^2/Λ^2 = O(N) , μ^2/Λ^2 = O(N) , (15) where O(N) denotes an order of N, a large number. We consider such a range of T so that we can identify the smallness of 1/N with the smallness of the coupling λ:

λ = O(1/N) . (16) Eqns. (15,16) guarantee that we can calculate the parameters of the effective theory in powers of λ, m^2/T^2, and μ^2/T^2 which are all of order 1/N. Since the calculation is straightforward, we omit the detail and only state the result:

λ_3 ≃ λT , (17)

m^2_3 ≃ m^2 − μ^2 + λ 12 T^2 + λ (4π)^2 [ 2m^2(ln T/Λ + j_2) − 2μ^2 ]

+ λ^2 (4π)^2

T^2 [ − 1 12 ln T/Λ + j_2 6 − j_3 4 ] , (18)

T g_3 ≃ T^4

(4π)^2 144 [ − 1 5 + 1 2 λ (4π)^2 + ( λ (4π)^2 )2 ( 5 2 ln T/Λ + j_2 + 3 2 j_4 )]

+ T^2 12 [ m^2 ( 1 + 2 λ (4π)^2

(ln T/Λ + j_2) ) + μ^2 ( −3 − 2 λ (4π)^2 )]

+ 1 (4π)^2 [ m^4(ln T/Λ + j_2) + 2 3 μ^4 − 2m^2μ^2 ] , (19)

where the constants are given by^2

j_2 = ln 4π − γ , j_3 = ln 4π − 1 − ζ^′(−1) ζ(−1) , j_4 = ln 4π − 31 30 − 2 ζ^′(−1) ζ(−1) + ζ^′(−3) ζ(−3) . (20)

In the above we have computed λ_3, m^2_3/Λ^2 to order N^0 and T g_3/Λ^4 to order N^2.

Let us determine the transition temperature T_c as a function of the chemical potential μ. In the effective theory the expectation value ⟨ϕ_3⟩ ∝ ⟨ϕ⟩ is non-vanishing if R(m^2_3, λ_3) < R_c , (21) where R(m^2_3, λ_3) is an RG invariant defined by [1, 8]

R(m^2_3, λ_3) ≡ m^2_3 λ^2_3

− C̃ ln λ_3 . (22)

2The necessary integrals have been calculated by Arnold and Zhai [7].

Only a non-perturbative calculation can determine R_c, and we must leave it as an unknown constant here. By substituting eqns. (17,18) into R = R_c, we obtain the transition temperature [1]: λ 12 T^2_c ≃ μ^2 − m^2 + λ (4π)^2 [ 12(μ^2 − m^2) ( (4π)^2R_c − 1 2 ln λ − 5 24 ln 12(μ^2 − m^2) λΛ^2 + j_3 4 − j_2 6 )

−m^2 ln

12(μ^2 − m^2)

λΛ^2

− 2m^2j_2 + 2μ^2 ] , (23)

where the constants j_2, j_3 are given by eqns. (20). The above gives T_c/Λ to order N^0. The dependence on ln λ is the source of infrared divergences in the naive loop expansions.

Eqn. (23) gives T_c as a function of the chemical potential μ, but it is more convenient to express T_c as a function of the number density n. To do this, we must express μ as a function of n by inverting eqn. (9). The equivalence (13) implies that we must obtain the free energy density F_3 of the effective theory. Since the cosmological constant g_3 has nothing to do with interactions, we find

F_3(g_3, m^2_3, λ_3) = g_3 + f_3(m^2_3, λ_3) . (24)

The RG eqns. (11) imply that the function f_3 can be written as

f_3(m^2_3, λ_3) = λ^3 ( −Ã ln λ_3 + f_3(R) ) , (25)

where Ã is given in eqns. (12), and f_3 is a function of the RG invariant R (22). The theory of critical phenomena gives the following scaling formula near R = R_c [8, 9]:

f_3(R) = f_3(0) + a |R − R_c|^{3y}E + O ( |R − R_c|^3 �y0_{yE} ) , (26)

where a > 0 is a constant. The constants y_E and y^′ are the critical exponents of the three dimensional XY model: y_E > 0 is the scale dimension of the relevant parameter, and y^′ < 0 is that of the least irrelevant parameter. They are given approximately as [9]

y_E ≃ 1.6 , y^′ ≃ −0.4 . (27)

Substituting the above results into eqn. (9), we obtain the relation between n and μ

n = 2μT^2 [ 1 4 − 1 (4π)^2 4 3μ^2 − 2m^2

T^2 + λ (4π)^2 ( 1 6 + (4π)^2f_3^′(R) )] (28)

up to terms of order N^32 Λ^3. Note that the derivative f_3^′(R) vanishes at criticality R = 0.

Solving eqns. (23,28), we can obtain the critical temperature T_c as a function of the number density n to the order N^0Λ. For simplicity, however, we will only present the result at the leading order which is NΛ. Eqns. (23,28) give 1 12 λ T^2_c = μ^2 − m^2 , n = 1 2 μT^2_c . (29)

These give a cubic equation for X ≡^{mT 2c}_{2n} :

νX^3 = 1 − X^2 , (30)

where ν ≡^{λn}_{6m3} is a dimensionless constant of order N^0. Let X_0(ν) be the solution that lies between 0 and 1. (See Fig. 1.) Then, we obtain

T^2_c =

12m^2 λ νX_0(ν) , μ^2 − m^2 = m^2νX_0(ν) . (31)

The function νX_0(ν) increases as ν, and it behaves as ν^23 for ν ≫ 1 and ν −^{ν2}_2 for ν ≪ 1. For a very small coupling such that ν ≪ 1, we find

T^2_c ≃ 2n m − λ n^2 6m^4

. (32)

Therefore, the critical temperature decreases as the coupling increases. This tendency also exists in the low temperature Bose condensation phenomena.

Finally, let us compute the temperature dependence of the specific heat near the critical temperature T_c. Using the free energy density of the three dimensional effective theory given by eqns. (24–26), we obtain C_μ(T, μ) ≡ −T ∂^2Y_4(T, μ) (∂T )^2 = −T ∂^2(T F_3) (∂T )^2 ≃ C_μ(T_c, μ) + s T − T_c λT_c − A | |T − Tc λT_c | |^− α , (33)

where

C_μ(T_c, μ) =

(4π)^2 60 T^3_c + 1 3 m^2T_c , (34) s = (4π)^2 20 λT^3_c , A = 1 6^{3y}E 3 y_E ( 3 y_E − 1 ) a λT^3_c , (35) and α ≡ 2 − 3 y_E ≃ −0.01 . (36)

The above expression (33) is valid for |T − T_c|/(λT_c) = O(N^0), and we have ignored the terms of order NΛ^3. By keeping only the first two terms of eqn. (26), we have also ignored (|T − T_c|/(λT_c))^{−y} 0_{/yE ≪} 1. The positive constant a in A is the unknown constant in eqn. (26). In Fig. 2 we show the specific heat schematically. The specific heat at constant number density, C_n, differs from C_μ only by a constant up to order N^2Λ^3: C_n − C_μ ≃ −2μ^2T_c ≃ −2T_c ( m^2 + λ 12 T^2_c ) . (37)

In conclusion we have shown how to apply the method of three dimensional effective theory to understand Bose condensation at high temperatures.

I would like to thank Prof. K. Kuboki for discussions.

References

[1] H. Sonoda, to appear in Phys. Lett. B, hep-ph/9809225. [2] P. Ginsparg, Nucl. Phys. B170(1980)388.

[3] T. Appelquist and R. Pisarski, Phys. Rev. D23(1981)2305. [4] For a pedagogical explanation, see M. E. Shaposhnikov, “Finite temperature effective theories”, hep-ph/9610247.

[5] K. Farakos, K. Kajantie, K. Rummukainen, and M. Shaposhnikov, Nucl. Phys. B425(1994)67, hep-ph/9404201.

[6] E. Braaten and A. Nieto, Phys. Rev. D51(1995)6990, hep-ph/9501375. [7] P. Arnold and C. Zhai, Phys. Rev. D50(1994)7603, hep-ph/9408276. [8] G. Parisi, Statistical Field Theory (Addison-Wesley, 1988);

J. Stat. Phys. 23(1980)49.

[9] For the XY model, see, for example, P. M. Chaikin and T. C. Lubensky, Principles of Condensed Matter Physics (Cambridge University Press, 1995) and references therein.