hep-ph/9902484 27 Feb 1999

FSU-HEP-990226

Resummation for heavy quark and jet cross sections

Nikolaos Kidonakis

Department of Physics Florida State University Tallahassee, FL 32306-4350, USA

Abstract

We review the resummation of threshold logarithms for heavy quark, dijet, direct photon, and W boson production cross sections in hadronic collisions. Beyond leading logarithms the resummed cross section is sensitive to the color exchange in the hard scattering. The resummation is formulated at next-to-leading logarithmic or higher accuracy in terms of anomalous dimension matrices which describe the factorization of soft gluons from the hard scattering. We give results for the soft anomalous dimension matrices at one loop for the full range of partonic subprocesses involved in heavy quark, dijet, direct photon,

and W boson production. We discuss the general diagonalization pro-

cedure that can be implemented for the calculation of the resummed cross sections, and we give numerical results for top quark production at the Fermilab Tevatron. We also present analytical results for the one- and two-loop expansions of the resummed cross sections.

1 Introduction

The calculation of a large number of hadronic cross sections in perturbative Quantum Chromodynamics (QCD) relies on factorization theorems [1, 2, 3, 4] which separate the short-distance hard scattering, calculable in perturbation theory, from universal parton distribution functions that are determined from experiment. Factorization introduces a scale μ which separates the short- and long-distance physics; the factorization scale is often taken to be the same as the renormalization scale, though in principle these two quantities are independent. Leading order calculations for the cross sections exhibit a strong dependence on μ, but next-to-leading order (NLO) calculations diminish this scale dependence, and sensitivity to even higher orders is normally exhibited by the variation of the scale. NLO results exist for a wide range of processes including Drell-Yan [5], direct-photon [6], electroweak boson [7], Higgs [8], heavy quark [9], and jet production [10]. Results exist at two-loops or higher for some processes such as Drell-Yan production [11], e^+e^− annihilation [12], and deep inelastic scattering [13]. Calculations to even higher orders are formidable and in general one cannot make more precise predictions. Near threshold for the production of the observed final state, however, there are large logarithmic corrections which arise from soft gluon emission and which can be resummed to all orders in perturbation theory [14]. At threshold there is no phase space left for the emission of gluonic radiation and the cancellation of infrared divergences between virtual and real diagrams is incomplete. The resultant singular distributions were first resummed for the Drell-Yan process [15, 16]; this resummation is related to an earlier study of the transverse momentum distribution of hadron pairs in e^+e^− annihilation [17]. Here we will review the threshold resummation of Sudakov logarithms in heavy quark, dijet, direct photon, and W boson production in hadronic collisions, giving special attention to the resummation of next-to-leading logarithms.

The resummation of the leading theshold logarithms in heavy quark production cross sections [18, 19, 20, 21, 22, 23, 24] and inclusive differential distributions [25, 19, 21] is based on the analogy with the Drell-Yan process since the leading logarithms (LL) are universal. The top quark has finally been found at the Fermilab Tevatron [26, 27] (for a review see [28, 29]). The top’s mass and production cross section are of great interest, and the precision of their measurements will increase in future runs, so it is important to have good theoretical predictions for the cross section in terms of the top mass; threshold effects are expected to play a significant role in these predictions. Threshold resummation will also be of relevance to bottom quark production at the HERA-B experiment at DESY.

A study of subleading logarithms in heavy quark production near threshold and an attempt to resum them was first presented in Ref. [19]. The resummation of next-to-leading logarithms (NLL) for QCD hard scattering and heavy quark production, in particular, was first put on a solid theoretical framework in [21, 30, 31]. It was found that at NLL one has to take into account the color exchange in the hard scattering. The resummation of the cross section is achieved by refactorizing the cross section into hard components associated with the hard scattering, center-of-mass distributions for the colliding partons, and a soft function that describes coherent [32] noncollinear soft gluon emission. The soft function is a matrix in color space and it satisfies a renormalization group equation in terms of soft anomalous dimensions. The resummation is then given in terms of the angular-dependent eigenvectors and eigenvalues of the anomalous dimension matrix. Applications to top and bottom quark production at a fixed center-of-mass scattering angle, θ = 90^∘ (where the anomalous dimension matrix is diagonal), were discussed in Ref. [33]. More recently the full angle-integrated cross section was presented and numerical results given for top quark production at the Tevatron [34]. A different formalism [35] which avoids the angular dependence in the resummed corrections has appeared recently for the heavy quark total cross section only (and also for direct photon production [36]). The formalism of Refs. [21, 30, 31] and its extensions that we review in this paper is more general since it keeps an explicit angular dependence; it can thus also be applied easily to differential distributions [37].

Natural extensions of the NLL resummation formalism to the hadroproduction of dijets have been presented in Refs. [38, 39]. In addition, rapidity gaps in high-p_T dijet events have been studied by resumming logarithms of the energy flow into the central rapidity interval [40]. The resummation formalism has also been applied to single-particle inclusive cross sections [41] (including direct photon production) and the electroproduction of heavy quarks [42]. Extensions to W + jet production are also straightforward [43].

The NLL resummation formalism that we review here concerns hadronic processes of the form

h_a(p_a) + h_b(p_b) → T (Q^2, y, χ) + X , (1.1)

where h_a, h_b, are incoming hadrons and T (Q^2, y, χ) denotes the hadronic final state, such as a pair of heavy quarks or high-p_T jets, produced with large invariant mass Q and rapidity y. The variable χ represents the internal structure of the final state, for example the angle θ between the direction of the produced heavy quark, or jet, and the beam axis, or the rapidity interval between the two final-state jets. The cross section for such processes may be written in factorized form as a convolution of the perturbatively calculable hard-scattering partonic cross section, H_{fafb} , with parton distributions ϕ_{fi/h}, at factorization scale μ, for parton f_i carrying a momentum fraction x_i of hadron h. Thus, we have: dσ_{hahb→T} (S, Q^2, y, χ) dQ^2 dy dχ = ∑ fa,f_b ∫ dx_a x_a dx_b x_b ϕ_{fa/ha}(x_a, μ^2) ϕ_{fb/hb}(x_b, μ^2) × H_{fafb} ( Q^2 x_ax_bS , y, χ, Q μ , α_s(μ^2) ) , (1.2)

where S is the center-of-mass (c.m.) energy squared of the incoming hadrons and we sum over all relevant partons f_a, f_b. Although the physical cross section cannot depend on the choice of factorization scheme (usually DIS or MS) and factorization scale μ, at any fixed order there is such a dependence. H_{fafb} includes singular distributions which arise, as we mentioned before, from incomplete cancellations between cross sections with gluon emission and with virtual gluon corrections. These are “plus” distributions, of the form [ln^m(1 − z)/(1 − z)]_+, m ≤ 2n − 1 at nth order in the perturbative expansion, which are singular for z = 1, where z = Q^2 x_ax_bS = Q^2 s , (1.3)

with s = x_ax_bS the invariant mass squared of the partons that initiate the hard scattering. We shall refer to z = 1 as “partonic threshold” or the “elastic limit”. We note that by partonic threshold, we mean that the c.m. total energy of the incoming partons is just enough to produce a fixed final state, such as a pair of heavy quarks or jets; thus, heavy quarks, for example, are not necessarily produced at rest.

The exponentiation of singular distributions is derived in terms of moments of the cross section with respect to τ = Q^2 S . (1.4)

Under moments, the convolution in Eq. (1.2) becomes a product of moments of the parton distributions and the partonic cross section. The exponentiated cross section in moment space must be inverted back to momentum space to derive the physical cross section. There are a number of different prescriptions (and an ensuing debate in the literature) for implementing this inversion and avoiding the Landau pole that have been proposed for the Drell-Yan process [44, 45, 46] and heavy quark production [18, 22, 23]. These prescriptions do not of course exhaust all possibilities. Here, we will mostly be concerned with the resummed cross section in moment space.

In Section 2 we present the resummation formalism for heavy quark production. In Sections 3 and 4 we give explicit results for the soft anomalous dimension matrices in the channels qq̄ → QQ̄ and gg → QQ̄, relevant to heavy quark production. Some technical details of the calculation are given in the Appendix. We also give one- and two-loop expansions of the resummed cross section. The anomalous dimension matrices are in general not diagonal. In Section 5 we discuss the diagonalization procedure and present some numerical results for top quark production at the Fermilab Tevatron. In Section 6 we discuss threshold resummation for dijet production and consider the additional complications due to the final state jets. In Sections 7, 8, and 9, we give results for the anomalous dimension matrices for the many subprocesses relevant to dijet production. In Section 10 we briefly discuss resummation for direct photon and W boson production in the context of single-particle inclusive kinematics. We conclude with a summary.

2 Threshold resummation for heavy quark production

In this section we review the general formalism for the resummation of threshold singularities for heavy quark production. We first write the factorized form of the cross section and identify singular distributions in it near threshold. Then we refactorize the cross section into functions associated with gluons collinear to the incoming quarks, non-collinear soft gluons, and the hard scattering. Resummation follows from the renormalization properties of these functions and is given in terms of anomalous dimension matrices for each partonic subprocess involved.

2.1 Factorized cross section

We consider the production of a pair of heavy quarks of momenta p_1, p_2, in collisions of incoming hadrons h_a and h_b with momenta p_a and p_b,

h_a(p_a) + h_b(p_b) → Q̄(p_1) + Q(p_2) + X , (2.1)

with total rapidity y and scattering angle θ in the pair center-of-mass frame. The production cross section can be written in a factorized form as dσ_{hahb→Q}¯_Q(S, Q^2, y, θ) dQ^2 dy d cos θ = ∑ ff̄ =qq̄,gg ∫ dx_a x_a dx_b x_b ϕ_{f/ha} (x_a, μ^2) ϕ¯_{f/hb} (x_b, μ^2) × H_f¯_f ( Q^2 x_ax_bS , y, θ, Q μ , α_s(μ^2) ) , (2.2)

where S = (p_a + p_b)^2, Q^2 = (p_1 + p_2)^2, and we sum over the two main production partonic subprocesses, qq̄ → QQ̄ and gg → QQ̄. The shortdistance hard scattering H_f¯_f is a smooth function only away from the edges of partonic phase space. The parton distribution functions are given in terms of the partonic momentum fractions and the factorization scale μ, which separates long-distance from short-distance physics.

By using the observation of [47] that we can treat the total rapidity of the heavy quark pair as a constant, equal to its value at threshold, we can rewrite the above cross section as dσ_{hahb→Q}¯_Q(S, Q^2, y, θ) dQ^2 dy d cos θ = ∑ ff̄=qq̄,gg ∫_1 τ dz ∫ dx_a x_a dx_b x_b ϕ_{f/ha}(x_a, μ^2) × ϕ¯_{f/hb} (x_b, μ^2) δ ( z − Q^2 x_ax_bS ) δ ( y − 1 2 ln x_a x_b )

× σ̂_f¯_{f→Q}¯_Q ( 1 − z, Q μ , θ, α_s(μ^2) ) , (2.3) where in addition we have introduced an explicit integration over z = Q^2/s, and a simplified hard scattering function σ̂.

In general, σ̂ includes “plus” distributions with respect to 1 − z, with singularities at nth order in α_s of the type − α^n_s n! [ ln^m(1 − z) 1 − z ] + , m ≤ 2n − 1 . (2.4)

These “plus” distributions are defined by their integrals with any smooth functions F(z) (such as parton distribution functions) by

∫_1 y dz [ ln^m(1 − z) 1 − z ] + F(z) = ∫_1 y dz [ ln^m(1 − z) 1 − z ] [F(z) − F(1)] −F(1) ∫ y 0 dz [ ln^m(1 − z) 1 − z ] . (2.5)

All distributions of this kind have been resummed for the Drell-Yan production cross section at leading and nonleading logarithms [15, 16]. Here we will review the more recent work on resummation for heavy quark production including next-to leading logarithms [21, 30, 31].

In order to calculate the hard-scattering function σ̂_f¯_{f→Q}¯_Q, we consider the infrared regularized parton-parton scattering cross section, which factorizes as the hadronic cross section. After we integrate over rapidity, we have dσ_f¯_{f→Q}¯_Q(S, Q^2, θ, ϵ) dQ^2 d cos θ = ∫_1 τ dz ∫ dx_a x_a dx_b x_b ϕ_{f/f} (x_a, μ^2, ϵ) ϕ¯_{f/}¯_f (x_b, μ^2, ϵ) × δ ( z − Q^2 x_ax_bS ) σ̂_f¯_{f→Q}¯_Q ( 1 − z, Q μ , θ, α_s(μ^2) ) . (2.6)

The argument ϵ represents the universal collinear singularities. We note that the leading power as z → 1 comes entirely from the flavor diagonal parton distributions ϕ_{f/f} (x_a, μ^2, ϵ) and ϕ¯_{f/}¯_f (x_b, μ^2, ϵ).

If we take Mellin transforms of the above equation, the convolution becomes a simple product of the moments of the parton distributions and the hard scattering function σ̂:

∫_1 0 dτ τ^{N −1} dσ_f¯_{f→Q}¯_Q(S, Q^2, θ, ϵ) dQ^2 d cos θ = ϕ̃_{f/f} (N, μ^2, ϵ) ϕ̃¯_{f/}¯_f (N, μ^2, ϵ) σ̂_f¯_{f→Q}¯_Q(N, Q/μ, θ, α_s(μ^2)) , (2.7) with the moments given by σ̃(N) =

∫_1 0 dz z^{N −1}σ̂(z), ϕ̃(N) = ∫_1 0 dx x^{N −1}ϕ(x). We then factorize the initial-state collinear divergences into the parton distribution functions, expanded to the same order in α_s as the partonic cross section, and thus obtain the perturbative expansion for the infrared-safe hardscattering function, σ̂.

We note that under moments divergent distributions in 1 − z produce powers of ln N:

∫_1 0 dz z^{N −1} [ ln^m(1 − z) 1 − z ] + = (−1)^{m+1} m + 1 ln^{m+1} N + O ( ln^{m−1} N ) . (2.8)

The hard scattering function σ̂ still has sensitivity to soft-gluon dynamics through its 1 − z dependence (or the N dependence of its moments). We may now refactorize (moments of) the cross section into N-independent hard components H_{IL}, which describe the truly short-distance hard-scattering, center-of-mass distributions ψ, associated with gluons collinear to the incoming partons, and a soft gluon function S_{LI} associated with non-collinear soft gluons. I and L are color indices that describe the color structure of the hard scattering. Then we write the refactorized cross section as [31]

∫_1 0 dτ τ^{N −1} dσ_f¯_{f→Q}¯_Q(τ, Q^2, θ, ϵ) dQ^2 d cos θ = ∑ IL H_{IL} ( Q μ , θ, α_s(μ^2) )

× S̃_{LI} ( Q Nμ , θ, α_s(μ^2) ) ψ̃_{f/f} ( N, Q μ , ϵ ) ψ̃_{f̄/f̄} ( N, Q μ , ϵ ) + O(1/N) . (2.9)

This factorization is illustrated in Fig. 1, for the process

f(p_a) + f̄(p_b) → Q̄(p_1) + Q(p_2) , (2.10)

in which ff̄ represents a pair of light quarks or gluons that annihilate or fuse, respectively, into a heavy quark pair.

The hard-scattering function takes contributions from the amplitude and its complex conjugate, H_{IL} ( Q μ , θ, α_s(μ^2) ) = h^∗_L ( Q μ , θ, α_s(μ^2) ) h_I ( Q μ , θ, α_s(μ^2) ) . (2.11)

The center-of-mass distribution functions ψ absorb the universal collinear singularities associated with the initial-state partons in the refactorized cross

Fig. 1. (a) Factorization for heavy quark production near partonic threshold. (b) The soft-gluon function S_{LI} , in which the vertices c_I , c^∗_L link ordered exponentials.

section. They differ from standard light-cone parton distributions by being defined at fixed energy, rather than light-like momentum fraction. We define them by analogy to the light-cone parton distributions ϕ via the matrix elements, evaluated in n · A = 0 axial gauge in the partonic c.m. frame, ψ_{q/q}(x, 2p_0/μ, ϵ) = 1 2π2^{3/2} ∫_∞ −∞ dy_0 e^{−ixp0y0} ⟨q(p)|q̄(y_0,⃗0) 1 2 v · γq(0)|q(p)⟩ , ψ_{q̄/q̄}(x, 2p_0/μ, ϵ) = 1 2π2^{3/2} × ∫_∞ −∞ dy_0 e^{−ixp0y0} ⟨q̄(p)|Tr [ 1 2 v · γq(y_0,⃗0)q̄(0) ] |q̄(p)⟩ , ψ_{g/g}(x, 2p_0/μ, ϵ) = 1 2π2^{3/2}p^+ × ∫_∞ −∞ dy_0 e^{−ixp0y0} ⟨g(p)|v_μF^{μ⊥}(y_0,⃗0)v_ν F^ν_⊥(0)|g(p)⟩ , (2.12)

where the vector v is light-like in the opposite direction from p^μ, and the argument ϵ denotes the collinear singularities that ψ absorbs. The moments of ψ can then be written as products of moments of the light-cone parton distributions ϕ and an infrared safe function.

2.2 Eikonal cross section

The soft function S_{LI} represents the coupling of soft gluons to the partons in the hard scattering process. This coupling may be described by ordered exponentials [48], or eikonal or Wilson lines, written as [38, 39]

Φ^{(f )}_β (λ_2, λ_1; x) = P exp ( −ig ∫ λ_2 λ_1 dλ β·A^{(f )}(λβ + x) ) , (2.13)

where the gauge field A^{(f )} is a matrix in the representation of the parton flavor f of the gauge group SU(3), β is the four-velocity of the corresponding parton, and P is an operator that orders group products in the same sense as ordering in the variable λ.

The color tensors of the hard scattering connect together the eikonal lines to which soft gluons couple. We can construct an eikonal operator describing soft-gluon emission as w_I (x)_{{ci}} = Φ^{(f2)}_{β2} (∞, 0; x)_{c2,d2} Φ^{(f1)}_{β1} (∞, 0; x)_{c1,d1} × (c_I )_{d2d1 ,dbda} Φ^{(fa)}_{βa} (0, −∞; x)_{da,ca} Φ^{(fb)}_{βb} (0, −∞; x)_{db,cb} , (2.14) with c_I a color tensor. Then, we may write a dimensionless eikonal cross section, which describes the emission of soft gluons by the eikonal lines as

σ^{(eik)}_{LI} ( wQ μ , θ, α_s(μ^2), ϵ ) = ∑ ξ δ (w − w(ξ)) × ⟨0|T̄ [ (w_L(0))^†_{{ci}} ] |ξ⟩ ⟨ξ|T [ w_I (0)_{{ci}} ] |0⟩ , (2.15) where ξ is a set of intermediate states which contribute to the weight, w. The moments of σ^{(eik)} can be factorized, like the moments of the full cross section, into moments of the soft gluon function, S, times moments of jet functions, j_{IN}, analogous to the ψ’s, which absorb the collinear divergences of the incoming eikonal lines. Hence S is free of these collinear divergences. Thus, we may write

σ̃^{(eik)}_{LI} ( Q Nμ , θ, α_s(μ^2), ϵ ) = S̃_{LI} ( Q Nμ , θ, α_s(μ^2) )

× j̃^{(fa)}_{IN} ( Q Nμ , α_s(μ^2), ϵ ) j̃^{(fb)}_{IN} ( Q Nμ , α_s(μ^2), ϵ ) , (2.16)

where the incoming eikonal jet functions are given by products of eikonal lines as [31, 38]

j^{(fi)}_{IN} ( w_iQ μ , α_s(μ^2), ϵ ) = Q 2π ∫_∞ −∞ dy_0 e^{−iwiQy0} × ⟨0| Tr { T̄ [Φ^{(fi)†}_{βi} (0, −∞; y)] T [Φ^{(fi)}_{βi} (0, −∞; 0)] } |0⟩ , (2.17)

with y^ν = (y_0,⃗0) a vector at the spatial origin.

2.3 Resummation

Now, comparing Eqs. (2.7) and (2.9), we see that the moments of the heavyquark production cross section are given by

σ̂_f¯_{f→Q}¯_Q(N) = [ψ̃_{f/f} (N, Q/μ, ϵ) ϕ̃_{f/f} (N, μ2, ϵ) ]_2 ∑ IL H_{IL} ( Q μ , θ, α_s(μ^2) )

× S̃_{LI} ( Q Nμ , θ, α_s(μ^2) ) , (2.18)

where ff̄ denotes qq̄ or gg, the sum over I and L is over color tensors, and we have used the fact that ψ_{q/q} = ψ_{q̄/q̄} and ϕ_{q/q} = ϕ_{q̄/q̄}. Each of the factors in Eq. (2.18) is gauge and factorization scale dependent. The constraint that the product of these factors is independent of the choice of gauge and factorization scale results in the exponentiation of logarithms of N in ψ/ϕ and S_{LI} [49, 50]. We now proceed to discuss exponentiation for each factor.

2.3.1 Parton distributions

The first factor, (ψ_{f/f}/ϕ_{f/f} )^2, in Eq. (2.18) is “universal” between electroweak and QCD-induced hard processes, and was computed first with f = q for the Drell-Yan cross section [15]. First, let’s present the resummed expression for the ratio ψ/ϕ, with μ = Q. We have ψ̃_{f/f}(N, 1, ϵ) ϕ̃_{f/f} (N, Q2, ϵ) = R^{(f )} ( α_s(Q^2) ) exp [ E^{(f )}(N, Q^2) ] , (2.19)

where

E^{(f )} ( N, Q^2 ) = − ∫_1 0 dz z^{N −1} − 1 1 − z {∫_{(1−} z)^mS (1−z)^2 dλ λ A^{(f )} [ α_s(λQ^2) ]

+ B^{(f )} [ α_s((1 − z)^{ms} Q^2) ] + 1 2 ν^{(f )} [ α_s((1 − z)^2Q^2) ]} (2.20)

and R_{(f )}(α_s) is an N-independent function of the coupling, which can be normalized to unity at zeroth order. The parameter m_S and the resummed coefficients B^{(f )} depend on the factorization scheme. This scheme-dependence must be compensated for by differences in the parton distributions themselves. In the DIS and MS factorization schemes we have m_S = 1 and m_S = 0, respectively.

A^{(f )}, B^{(f )} and ν^{(f )} are finite functions of their arguments and below we give expressions for them needed at next-to-leading order accuracy in ln N. We have [15, 16]

A^{(f )}(α_s) = C_f ( α_s π + 1 2 K ( α_s π )_2)

, (2.21) with C_f = C_F = (N^2_c − 1)/(2N_c) for an incoming quark, and C_f = C_A = N_c for an incoming gluon, with N_c the number of colors. Also K = C_A ( 67 18 − π^2 6 ) − 5 9 n_f , (2.22)

where n_f is the number of quark flavors [51]. B^{(f )} is given for quarks in the DIS scheme by B^{(q)}(α_s) = − 3 4 C_F α_s π , (2.23)

while it vanishes in the MS scheme for quarks and gluons. Note that the DIS scheme is normally applied to quarks only, but extended definitions for gluons are possible [52]. Finally, the lowest-order approximation to the scheme-independent ν^{(f )} is [31]

ν^{(f )} = 2C_f α_s π . (2.24)

The above results were for μ = Q. To change the scale μ, we need the renormalization group behavior of the parton distributions ψ and ϕ.

The distribution ψ, and each of its moments, renormalizes multiplicatively, because it is the matrix element of a product of renormalized operators. Thus, it obeys the renormalization group equation μ dψ̃_{f/f} (N, Q/μ, ϵ) dμ = 2γ_f (α_s(μ^2)) ψ̃_{f/f} (N, Q/μ, ϵ) , (2.25)

where γ_f is the anomalous dimension of the field of flavor f, which is independent of N.

The evolution of the light-cone distribution ϕ̃_{f/f} with the factorization scale μ depends on the factorization scheme that we choose, such as MS or DIS. The simplest case is the MS factorization scheme. In this scheme, the moments of ϕ obey the renormalization group equation μ dϕ̃_{f/f} (N, μ^2, ϵ) dμ = 2γ_{ff} (N, α_s(μ^2)) ϕ̃_{f/f} (N, μ^2, ϵ) , (2.26)

where γ_{ff} is the anomalous dimension of the color-diagonal splitting function for flavor f [53]. Since only color-diagonal splitting functions are singular as x → 1, only the flavor-diagonal evolution survives in the large N limit.

Then the generalization of Eq. (2.19) is ψ̃_{f/f}(N, Q/μ, ϵ) ϕ̃_{f/f}(N, μ2, ϵ) = R^{(f )} ( α_s(μ^2) ) exp [ E^{(f )}(N, Q^2) ]

× exp { −2 ∫ Q μ dμ^′ μ^′ [ γ_f (α_s(μ^{′2})) − γ_{ff} (N, α_s(μ^{′2})) ] } . (2.27)

2.3.2 Renormalization of the hard and soft functions

Next, we discuss resummation for the soft function. The soft matrix S_{LI} depends on N through the ratio Q/(Nμ), and it requires renormalization as a composite operator. Its N-dependence, then, can be resummed by renormalization group analysis [54, 55, 56, 57]. However, the product H_{IL}S_{LI} of the soft function and the hard factors needs no overall renormalization, because the UV divergences of S_{LI} are balanced by construction by those of H_{IL}. Thus, we have [31]

H^{(0)}_{IL} = ∏ i=a,b Z^{−1}_i ( Z^{−1}_S ) IC H_{CD} [( Z^†_S )_{−1}] DL , S^{(0)}_{LI} = (Z^†_S )_{LB}S_{BA}Z_{S,AI} , (2.28)

where H^{(0)} and S^{(0)} denote the unrenormalized quantities, Z_i is the renormalization constant of the ith incoming partonic field external to h_I , and Z_{S,LI} is a matrix of renormalization constants, which describe the renormalization of the soft function, including mixing of color structures. Z_S is defined to include the wave function renormalization necessary for the outgoing eikonal lines that represent the heavy quarks.

From Eq. (2.28), we see that the soft function S_{LI} satisfies the renormalization group equation [31] ( μ ∂ ∂μ + β(g) ∂ ∂g ) S_{LI} = −(Γ^†_S)_{LB}S_{BI} − S_{LA}(Γ_S )_{AI} , (2.29)

where Γ_S is an anomalous dimension matrix that is calculated by explicit renormalization of the soft function. In a minimal subtraction renormalization scheme and with ϵ = 4 − n, where n is the number of space-time dimensions, the matrix of anomalous dimensions at one loop is given by

Γ_S (g) = − g 2 ∂ ∂g Res_{ϵ→0}Z_S (g, ϵ) . (2.30)

Explicit results for the soft anomalous dimension matrices Γ_S for the partonic subprocesses involved in heavy quark production will be presented in the next two sections.

The renormalization group equation (2.29) is, in general, a matrix equation. Its solution is Tr { H ( Q μ , θ, α_s(μ^2) ) S̃ ( Q Nμ , θ, α_s(μ^2) )}

= Tr { H ( Q μ , θ, α_s(μ^2) ) P̄ exp [∫ Q/N μ dμ^′ μ^′ Γ_S^† ( α_s(μ^{′2}) ) ]

× S̃ ( 1, θ, α_s ( Q^2/N^2 )) P exp [∫ Q/N μ dμ^′ μ^′ Γ_S ( α_s(μ^{′2}) )]} , (2.31)

where the trace is taken in color space, so that

Tr[HS̃] = H_{IL}S̃_{LI} = h_I h^∗_LS̃_{LI} . (2.32)

At lowest order, S̃_{LI} = Tr[c^†_Lc_I ]. The symbols P and P̄ refer to path ordering in the same sense as the integration variable μ^′ and against it, respectively.

2.3.3 Resummed cross section

Using Eqs. (2.18), (2.27), and (2.31), the resummed heavy quark cross section in moment space is then

σ̃_f¯_{f→Q}¯_Q(N) = R^2_{(f )}(α_s(μ^2)) exp { 2 [ E^{(fi)}(N, Q^2) − 2 ∫ Q μ dμ^′ μ^′ [ γ_{fi} (α_s(μ^{′2})) − γ_{fifi} (N, α_s(μ^{′2})) ] ]}

× Tr { H ( Q μ , θ, α_s(μ^2) ) P̄ exp [∫ Q/N μ dμ^′ μ^′ Γ^†_S ( α_s(μ^{′2}) ) ]

× S̃ ( 1, θ, α_s(Q^2/N^2) ) P exp [∫ Q/N μ dμ^′ μ^′ Γ_S ( α_s(μ^{′2}) ) ]} . (2.33)

At the level of leading logarithms of N in the soft gluon function S, and therefore at next-to-leading logarithm of N in the cross section as a whole, we may simplify this result by choosing a color basis in which the anomalous dimension matrix Γ_S is diagonal, with eigenvalues λ_I for each basis color tensor labelled by I. Then, we have S̃_{LI} ( Q Nμ , θ, α_s(μ^2) ) = S̃_{LI} ( 1, θ, α_s ( Q^2 N^2 ))

× exp [ − ∫ μ Q/N dμ̄ μ̄ [λ_I (α_s(μ̄^2)) + λ^∗_L(α_s(μ̄^2))] ] . (2.34)

Thus, in a diagonal basis, and with μ = Q and R_{(f )} normalized to unity, we can rewrite the resummed cross section in a simplified form as

σ̃_f¯_{f→Q}¯_Q(N) = H_{IL} ( Q μ , θ, α_s(μ^2) ) S̃_{LI} ( 1, θ, α_s(Q^2/N^2) )

× exp [ E^{(ff̄)}_{LI} (N, θ, Q^2) ] , (2.35)

where the exponent is E^{(ff̄)}_{LI} (N, θ, Q^2) = − ∫_1 0 dz z^{N −1} − 1 1 − z {∫_{(1−} z)^mS (1−z)^2 dλ λ g^{(ff̄)}_1 [α_s(λQ^2)]

+ g^{(ff̄)}_2 [α_s((1 − z)^{mS} Q^2)] + g^{(IL,ff̄)}_3 [α_s((1 − z)^2Q^2), θ] } , (2.36)

with the functions g_1, g_2, and g_3 defined by

g^{(ff̄ )}_1 = A^{(f )} + A^{(f̄)} , g^{(ff̄)}_2 = B^{(f )} + B^{(f̄)} , g^{(IL,ff̄)} 3 = −λ_I − λ^∗_L + 1 2 ν^{(f )} + 1 2 ν^{(f̄ )} . (2.37)

In the next two sections we present the soft anomalous dimension matrices for heavy quark production through light quark annihilation and gluon fusion, and we give one- and two-loop expansions of the resummed cross section.

3 Soft anomalous dimension matrix for the process qq̄ ! QQ̄

3.1 Eikonal diagrams and �S for qq̄ ! QQ̄

We begin with the soft anomalous dimension matrix for heavy quark production through light quark annihilation,

q(p_a, r_a) + q̄(p_b, r_b) → Q̄(p_1, r_1) + Q(p_2, r_2) , (3.1)

where the p_i’s and r_i’s denote momenta and colors of the partons in the process. The anomalous dimension matrix for this process is 2 × 2, since the color indices I and L range over two values. We introduce the Mandelstam invariants

s = (p_a + p_b)^2 , t_1 = (p_a − p_1)^2 − m^2 , u_1 = (p_b − p_1)^2 − m^2 , (3.2)

with m the heavy quark mass, which satisfy s + t_1 + u_1 = 0 at partonic threshold. The UV divergent contribution to S_{LI} is the sum of graphs in Figs. 2(a) and 2(b). We give details of the calculation in the Appendix.

In our calculations we use Feynman rules for eikonal diagrams in axial gauge as shown in Fig. 3 (resummation can be performed in a covariant gauge as well [58]). We define dimensionless vectors v^μ_i by p^μ_i = Qv^μ_i / √ 2, which obey v^2_i = 0 for the light incoming quarks and v^2_i = 2m^2/Q^2 for the outgoing heavy quarks. The propagator for a quark, antiquark or gluon eikonal line is then given by i δv · q + iϵ , (3.3)

where δ = +1(−1) for the momentum q flowing in the same (opposite) direction as the dimensionless vector v. The interaction vertex for a quark or antiquark eikonal line is − ig_s (T^c_F )_{ba} v^μΔ , (3.4) with Δ = +1(−1) for a quark (antiquark). The T^c_F are the generators of SU(3) in the fundamental representation.

For the determination of Γ_S an appropriate choice of color basis has to be made, e.g. singlet exchange in the s- and u-channels, or singlet and octet exchange in the s-channel. Here we give the result in a general axial gauge in the s-channel singlet-octet basis:

c_1 = c_{singlet} = δ_{rarb}δ_{r1r2} ,

c_2 = c_{octet} = (T^c_F )_{rbra} (T^c_F )_{r2r1} = − 1 2N c_{singlet} + 1 2 δ_{rar2} δ_{rbr1} . (3.5)

Fig. 2. One-loop corrections to S_{LI} for partonic subprocesses in heavy quark or dijet production: (a) eikonal vertex corrections; (b) eikonal self-energy graphs for heavy quark production.

Fig. 3. Feynman rules for eikonal lines representing quarks, in the process qq̄ → QQ̄. The gluon momentum flows out of the eikonal lines. Group matrices at the vertices are the same as for quark lines.

The results of our calculation are [21, 30, 31]

Γ_S = [ Γ_{11} Γ_{12} Γ_{21} Γ_{22} ] , (3.6)

with

Γ_{11} = − α_s π C_F [L_β + ln(2 √ ν_aν_b) + πi] , Γ_{21} = 2α_s π ln (u_1 t_1 ) , Γ_{12} = α_s π C_F C_A ln (u_1 t_1 ) , Γ_{22} = α_s π { C_F [ 4 ln (u_1 t_1 ) − ln(2 √ ν_aν_b) − L_β − πi ]

+ C_A 2 [ −3 ln ( u_1 t_1 ) − ln ( m^2s t_1u_1 ) + L_β + πi ]} , (3.7)

where L_β is the velocity-dependent eikonal function

L_β =

1 − 2m^2/s β ( ln 1 − β 1 + β + πi ) , (3.8) with β = √ 1 − 4m^2/s. Note that here we haven’t absorbed the function ν^{(f )}, Eq. (2.24), in the results for Γ_S , as was done in Refs. [21, 30, 31]. The gauge dependence of the incoming eikonal lines is given in terms of ν_i ≡ (v_i · n)^2 |n|^2 . (3.9)

This gauge dependence cancels against corresponding terms in the parton distributions. The gauge dependence of the outgoing heavy quarks is cancelled by the inclusion of the self-energy diagrams in Fig. 2(b) (see also the discussion in the Appendix).

Γ_S is diagonalized in this singlet-octet basis at absolute threshold, β = 0, and also for arbitrary β when the parton-parton c.m. scattering angle is θ = 90^∘ (where u_1 = t_1), with eigenvalues that may be read off from Eq. (3.7).

In general, the eigenvalues of the anomalous dimension matrix, Eq. (3.6), are λ_{1,2} = 1 2 [ Γ_{11} + Γ_{22} ± √ (Γ_{11} − Γ_{22})^2 + 4Γ_{12}Γ_{21} ] , (3.10)

and the eigenvectors are

e_i =

Γ_{12} λ_i−Γ_{11} 1 (3.11)

for each eigenvalue λ_i. These expressions will be useful when we discuss the diagonalization of the anomalous dimension matrices in Section 5.

3.2 One- and two-loop expansions of the resummed cross section for qq̄ ! QQ̄

We can expand the resummed heavy quark cross section to any fixed order in perturbation theory without having to diagonalize the soft anomalous dimension matrices. Such fixed-order expansions of resummed cross sections have also been done at one and two loops for the Drell-Yan process [59], Higgs production [60], and heavy quark electroproduction [42]. We will present oneand two-loop expansions of the resummed cross sections for direct photon and W boson production in Section 10.

First we give the one-loop expansion for qq̄ → QQ̄. At one-loop the inverse Mellin transforms are trivial. The result is proportional to the Born cross section, σ^B_{qq̄→QQ̄}, and the one-loop contributions from g^{(qq̄)}_1 and g^{(qq̄)}_2 , Eq. (2.37), and Re Γ_{22}, the real part of Γ_{22}. In the DIS scheme the one-loop result is

σ̂^{DIS (1)} qq̄→QQ̄(1 − z, m 2, s, t_1, u_1) = σ^B_{qq̄→Q}¯_Q α_s π { 2C_F [ ln(1 − z) 1 − z ] + + [ 1 1 − z ] + [ C_F ( 3 2 + 8 ln ( u_1 t_1 ) − 2 − 2 Re L_β + 2 ln ( s μ^2 ))

+ C_A ( −3 ln (u_1 t_1 ) + Re L_β − ln ( m^2s t_1u_1 ))]} , (3.12)

while in the MS scheme

σ̂^{MS (1)} qq̄→QQ̄(1 − z, m 2, s, t_1, u_1) = σ^B_{qq̄→Q}¯_Q α_s π { 4C_F [ ln(1 − z) 1 − z ] + + [ 1 1 − z ] + [ C_F ( 8 ln ( u_1 t_1 ) − 2 − 2 Re L_β + 2 ln ( s μ^2 ))

+ C_A ( −3 ln ( u_1 t_1 ) + Re L_β − ln ( m^2s t_1u_1 ))]} . (3.13)

Note that these expressions for the cross section are for fixed values of the QQ̄ invariant mass. There are approximate one-loop results for heavy quark production in the literature for a single-particle inclusive cross section where the singular behavior is given in terms of the variable s_4 = s + t_1 + u_1 [61] . Therefore there are small differences in the results for the two cross sections due to the different phase spaces. Nevertheless, the cross sections are kinematically equivalent in the limit β → 0, where s_4 = 2m^2(1 − z).

If one uses single-particle inclusive kinematics in the resummation procedure [41], then one reproduces the results in Ref. [61] exactly. In addition one can add the Coulomb corrections to the one-loop expansions [19, 37] (these corrections also appear in Ref. [61]). Numerically the one-loop expansions of the NLL resummed cross section are very good approximations to the exact NLO cross sections at both the partonic and hadronic levels [34, 37].

One can expand the resummed cross section to higher orders and thus make predictions of perturbation theory at these higher orders near threshold. The inversion back to momentum space at any fixed order is straightforward.

For the two-loop expansion of the resummed cross section in the MS scheme and with μ = Q we have

σ̂^{MS (2)} qq̄→QQ̄(1 − z, m 2, s, t_1, u_1) = σ^B_{qq̄→Q}¯_Q α^2_s π^2 { 8C^2_F [ ln^3(1 − z) 1 − z ] + + [ ln^2(1 − z) 1 − z ] + C_F [ −β_0 + 12C_F ( 4 ln (u_1 t_1 ) − Re L_β − 1 )

+ 6C_A ( −3 ln ( u_1 t_1 ) − ln ( m^2s t_1u_1 ) + Re L_β )]} . (3.14)

Analogous results have been obtained in the DIS scheme, and also in singleparticle inclusive kinematics in both schemes [37].

4 Soft anomalous dimension matrix for the process gg ! QQ̄

4.1 Eikonal diagrams and �S for gg ! QQ̄

We continue with the soft anomalous dimension matrix for heavy quark production through gluon fusion,

g(p_a, r_a) + g(p_b, r_b) → Q̄(p_1, r_1) + Q(p_2, r_2) , (4.1)

with momenta and colors labelled by the p_i’s and r_i’s, respectively. Here Γ_S is a 3 × 3 matrix. We use the same Mandelstam invariants as in the previous section, Eq. (3.2). The UV divergent graphs are the same as in Fig. 2, where now the incoming eikonal lines represent gluons. In our calculations we use the eikonal rules as shown in Fig. 4 (see also the previous section). The gluon eikonal vertex is − g_sf^{abc}v^μΔ , (4.2) where we read the color indices a, b, c anticlockwise, and where Δ = +1(−1) for the gluon located below (above) the eikonal line.

We make the following choice for the color basis:

c_1 = δ_{rarb} δ_{r2r1} , c_2 = d^{rarbc} (T^c_F )_{r2r1} , c_3 = if^{rarbc} (T^c_F )_{r2 r1} , (4.3)

Fig. 4. Feynman rules for eikonal lines representing gluons, in the process gg → QQ̄. The gluon momentum flows out of the eikonal lines. Group matrices at the vertices on the left side are those of three-gluon vertices; those on the right are as for quark lines.

where again the T^c_F are the generators of SU(3) in the fundamental representation, and d^{abc} and f^{abc} are the totally symmetric and antisymmetric SU(3) invariant tensors, respectively. The anomalous dimension matrix in this color basis and in a general axial gauge is given by [21, 31]

Γ_S =

Γ_{11} 0^{Γ31}_2 0 Γ_{22}^{Nc}_4 Γ_{31}

Γ_{31}^{N 2c −4}_{4Nc} Γ_{31} Γ_{22}

, (4.4)

where

Γ_{11} = α_s π [ −C_F (L_β + 1) + C_A ( − 1 2 ln (4ν_aν_b) + 1 − πi )] , Γ_{31} = α_s π ln ( u^2_1 t^2_1 ) , Γ_{22} = α_s π { −C_F (L_β + 1) + C_A 2 [ − ln (4ν_aν_b) + 2 + ln

( t_1u_1 m^2s ) + L_β − πi ]} . (4.5)

Here we haven’t absorbed the function ν^{(f )}, Eq. (2.24), in the results for Γ_S , as was done in Refs. [21, 31]. Again we note that Γ_S is diagonalized in this basis at absolute threshold, β = 0, and also for arbitrary β, when the parton-parton c.m. scattering angle is θ = 90^∘ , with eigenvalues that may be read off from Eq. (4.5).

The eigenvalues of Γ_S may be written as

λ_1 = 1 3 (X^{1/3} − Y + Γ_{11} + 2Γ_{22}),

λ_{2,3} = 1 3 [ − 1 2 (X^{1/3} − Y ) + Γ_{11} + 2Γ_{22} ± 1 2 i √ 3(X^{1/3} + Y ) ] , (4.6)

where

X = (Γ_{11} − Γ_{22})^3 − 9 16 (N^2_c − 8)Γ^2_{31}(Γ_{11} − Γ_{22}) + 3 √ 3 4 [ − (N^2_c + 4)^3 256 Γ^6_{31} − (N^2_c − 4)Γ^2_{31}(Γ_{11} − Γ_{22})^4 + 1 8 ((N^2_c − 8)^2 − 12(N^2_c − 2))Γ^4_{31}(Γ_{11} − Γ_{22})^2

]_1/_2

(4.7) and Y = − [ (Γ_{11} − Γ_{22})^2 + 3 16 Γ^2_{31}(N^2_c + 4) ] X^{−1/3}. (4.8)

The eigenvectors of Γ_S are given by

e_i =

Γ_{31} 2(λi−Γ_{11} ) NcΓ_{31} 4(λi−Γ_{22} ) 1 , (4.9)

for each eigenvalue λ_i.

4.2 One- and two-loop expansions of the resummed cross section for gg ! QQ̄

Again, we may expand the resummed cross section for gg → QQ̄ at one and two loops or higher. In this case the color decomposition is more complicated [21, 31]. The one-loop expansion in the MS scheme is

σ̂^{MS (1)} gg→QQ̄(1 − z, m 2, s, t_1, u_1) = σ^B_{gg→Q}¯_Q α_s π { 4C_A [ ln(1 − z) 1 − z ] + − 2C_A ln ( μ^2 s ) [ 1 1 − z ] + }

+ α^3_sK_{gg}B_{QED} [ 1 1 − z ] + { N_c(N^2_c − 1)

(t^2_1 + u^2_1) s^2 [( −C_F + C_A 2 ) Re L_β + C_A 2 ln ( t_1u_1

m^2s ) − C_F ] + N^2_c − 1 N_c (C_F − C_A)Re L_β

− (N^2_c − 1) ln

(t_1u_1

m^2s ) + C_F N^2_c − 1 N_c + N^2_c 2 (N^2_c − 1) ln (u_1 t_1

) (t^2_1 − u^2_1) s^2 } , (4.10)

where σ^B_{gg→QQ̄} is the Born cross section,

B_{QED} = t_1 u_1 + u_1 t_1 + 4m^2s t_1u_1 ( 1 − m^2s t_1u_1 ) , (4.11)

and K_{gg} = (N^2 − 1)^{−2} is a color average factor.

As we explained in the previous section, we cannot compare our one-loop expansion directly with the approximate NLO results of Ref. [61], but as β → 0 our expression becomes identical to the β → 0 limit of the results in [61]. Again, we note that even for β > 0 our one-loop expansion is nearly the same as in Ref. [61]. If one uses single-particle inclusive kinematics in the resummation procedure then the agreement with Ref. [61] is exact [37].

The two-loop expansion of the resummed cross section in the MS scheme and with μ = Q is

σ̂^{MS (2)} gg→QQ̄(1 − z, m 2, s, t_1, u_1) = σ^B_{gg→Q}¯_Q α^2_s π^2 { 8C^2_A [ ln^3(1 − z) 1 − z ] + −β_0C_A [ ln^2(1 − z) 1 − z ] + }

+ α^4_s π K_{gg}B_{QED} [ ln^2(1 − z) 1 − z ] + C_A 3(N^2_c − 1) { (t^2_1 + u^2_1) s^2

× [ N^2_c ln

( t_1u_1

m^2s ) − 2N_c ( C_F − C_A 2 ) ReL_β − 2N_cC_F ] + 2 C_F N_c + 2 ln ( m^4 t_1 u_1 ) + 2 1 N_c (C_F − C_A) Re L_β + N^2_c

(t^2_1 − u^2_1) s^2 ln ( u_1 t_1 )} .(4.12)

Analogous results may also be obtained in single-particle inclusive kinematics [37].

5 Diagonalization procedure and numerical results

As we saw in the previous two sections, the soft anomalous dimension matrices, Γ_S , are in general not diagonal. They are only diagonal at absolute threshold, β → 0, and at a scattering angle θ = 90^∘. In these cases the exponentiated cross section has a simpler form. Numerical studies of the resummed cross section at θ = 90^∘ for top quark production at the Fermilab Tevatron and bottom quark production at HERA-B were presented in Ref. [33].

In general, however, we must find new color bases where Γ_S is diagonal so that the resummed cross section can take the simpler form of Eq. (2.35). In this section we outline the required diagonalization procedure and apply it to heavy quark production, giving some numerical results for top quark production at the Tevatron.

5.1 General diagonalization procedure

The Born cross section can be written in an arbitrary color basis as a product of the hard components and the color tensors:

σ^B = H_{IJ} c^†_J c_I . (5.1)

In a diagonal basis, c^′_I = c_KR_{KI} , the Born cross section can be rewritten as

σ^B = H_{IJ} (R^{−1})^†_{JL}(c^′)^†_Lc^′_K(R^{−1})_{KI} , (5.2)

where R is made from the eigenvectors of the anomalous dimension matrix, and we have used c_I = c^′_K R^{−1}_{KI} . Then the resummed cross section is given by

σ^{res} = H_{IJ} (R^{−1})^†_{JL}(c^′)^†_Lc^′_K(R^{−1})_{KI} e^{EKL} , (5.3) where the exponent E_{KL} takes contributions at NLL from the eigenvalues λ_K and λ_L, and is given for μ = Q by Eq. (2.36).

Note that for the original color bases that we have chosen for all the subprocessess, we have c_I c^†_J = 0 for I ≠ J; thus, our expressions simplify. Then the Born cross section can be written as

σ^B = ∑ I H_{II} |c_I |^2 , (5.4)

and the resummed cross section is given by

σ^{res} = ∑ I H_{II} (R^{−1})^†_{IL}(c^′)^†_Lc^′_K(R^{−1})_{KI} e^{EKL} . (5.5)

In the next two subsections we give more detailed results for the partonic processes involved in heavy quark production.

5.2 Diagonalization and numerical results for the process qq̄ ! QQ̄

The Born cross section for a process with a 2×2 anomalous dimension matrix, Γ_S , such as qq̄ → QQ̄, can be written in a general orthogonal color basis as

σ^B = H_{11}|c_1|^2 + H_{22}|c_2|^2 . (5.6)

The eigenvalues and eigenvectors of Γ_S are given by Eqs. (3.10) and (3.11), respectively. Then if C = (c_1 c_2) is the original color basis, the diagonal color basis is C^′ ≡ (c^′_1 c^′_2) = CR , (5.7)

where the columns of R are the eigenvectors of Γ_S:

R = [e_1 e_2] =

Γ_{12} λ_1−Γ_{11}

Γ_{12} λ_2−Γ_{11} 1 1 . (5.8)

The diagonalized anomalous dimension matrix is then given by

Γ^{diag}_S = R^{−1}Γ_S R = [ λ_1 0 0 λ_2 ] . (5.9)

To write down the Born cross section in the diagonal basis we use the inverse of Eq. (5.7), i.e. C = C^′R^{−1}, where the inverse of the matrix R is

R^{−1} =

(λ_1 − Γ_{11})(λ_2 − Γ_{11}) Γ_{12}(λ_2 − λ_1)

1 −^{Γ12}_{λ2−Γ11} −1^{Γ12}_{λ1−Γ11}

. (5.10)

We can thus express the old color basis tensors in terms of the new basis.

In addition, we note that the Born cross section for the heavy quark production process qq̄ → QQ̄ is pure octet exchange so that there are further simplifications in the basis C = (c_{singlet} c_{octet}). The Born cross section is then σ^B_{qq̄→QQ̄} = H_{22}|c_2|^2 , (5.11) with c_2 = c_{octet}. Now, c_{octet} can be written in terms of the diagonal basis as

c_{octet} =

(λ_1 − Γ_{11})c^′_1 − (λ_2 − Γ_{11})c^′_2

(λ_1 − λ_2)

. (5.12)

Then using the above equation we can rewrite the Born cross section in terms of |c^′_1|^2, |c^′_2|^2, c^′_1c^{′∗}_2 , where

|c^′_{1,2}|^2 =

N^2_c Γ^2_{12} |λ_{1,2} − Γ_{11}|^2 + N^2_c − 1 4 (5.13) and c^′_1 c^{′∗}_2 =

N^2_c Γ^2_{12} (λ_1 − Γ_{11})(λ_2 − Γ_{11})^∗ + N^2_c − 1 4 . (5.14)

To write the resummed cross section in momentum space a prescription must be chosen to invert the moment space exponentiated cross section. Here we use the simplest method of Ref. [18]; of course the diagonalization procedure is general and any prescription for the inversion can be used.

The resummed partonic cross section is then given by [34]

σ^{res}_{qq̄} (s, m^2) = 2∑ i,j=1 ∫_1 −1 d cos θ − ∫ s_{−2}ms1/2 scut ds_4f_{qq̄,ij}(s_4, θ) dσ^{(0)}_{qq̄,ij}(s, s_4, θ) ds_4 , (5.15) where s_4 = s + t_1 + u_1. The dσ^{(0)}_{qq̄,ij}(s, s_4, θ)/ds_4 are components of the differential of the Born cross section which is given by

dσ^{(0)}_{qq̄} (s, s_4, θ) ds_4 = −πα^2_sK_{qq̄}N_cC_F 1 4s^4 s − s_4 √ (s − s_4)^2 − 4sm^2 × [ (3(s − s_4)^2 − 8sm^2)(1 + cos^2 θ) + 4sm^2(1 − cos^2 θ) ] . (5.16)

The function f is given at NLL by the exponential

f_{qq̄,ij} = exp[E_{qq̄,ij}] = exp[E_{qq̄} + E_{qq̄}(λ_i, λ_j )] , (5.17)

where in the DIS scheme

E^{DIS}_{qq} =

∫_1

ω_0 dω^′ ω^′ { ∫ ω^0 Q^2/Λ^2

ω^{02} Q^2/Λ^2 dξ ξ [ 2C_F π ( α_s(ξ) + 1 2π α^2_s(ξ)K )] − 3 2 C_F π α_s ( ω^′Q^2 Λ^2 ) } , (5.18)

with ω_0 = s_4/(2m^2) and Λ the QCD scale parameter. The color-dependent contribution in the exponent is E_{qq}(λ_i, λ_j) = − ∫_1

ω_0 dω^′ ω^′ { λ^′_i [ α_s ( ω^{′2}Q^2 Λ^2 ) , θ ] + λ^′_j^∗ [ α_s ( ω^{′2}Q^2 Λ^2 ) , θ ]} , (5.19) in both mass factorization schemes, where i = 1, 2. Here λ^′ = λ − ν^{(f )}/2 (see Eq. (2.37)) where the λ’s are the eigenvalues of the soft anomalous dimension matrix. The cutoff s_{cut} in Eq. (5.15) regulates the divergence of α_s at low s_4: s_{cut} > s_{4,min} = 2m^2Λ/Q.

After some algebra, the resummed partonic cross section at NLL accuracy is [34]

σ^{res}_{qq} (s, m^2) = − 2∑ i,j=1 ∫_1 −1 d cos θ ∫ s_{−2}ms1/2 scut ds_4 1 |λ_1 − λ_2|^2 dσ^{(0)}_{qq} (s, s_4, θ) ds_4 × [( 4N^2_c N^2_c − 1

Γ^2_{12} + |λ_1 − Γ_{11}|^2 ) e^{Eqq,11} + ( 4N^2_c N^2_c − 1

Γ^2_{12} + |λ_2 − Γ_{11}|^2 ) e^{Eqq,22} − 8N^2_c N^2_c − 1

Γ^2_{12}Re ( e^{Eqq,12} ) − 2Re ( (λ_1 − Γ_{11})(λ_2 − Γ_{11})^∗e^{Eqq,12} ) ] . (5.20)

The explicit expressions for the quantities in the above equation are long but their derivation is straightforward. Numerical results for the partonic cross sections (resummed and one-loop expansions) are given in [34]. The one-loop expansion of the resummed cross section is a good approximation to the exact NLO result.

The NLL resummed hadronic cross section is given by the convolution of parton distributions ϕ_{i/h}, for parton i in hadron h, with the partonic cross section

σ^{res}_{qq,had}(S, m^2) = b∑ q=u ∫_1

τ_0 dτ ∫_1 τ dx x ϕ_{q/h1} (x, μ^2)ϕ_{q̄/h2} ( τ x , μ^2)σ^{res}_{qq} (τ S, m^2) ,

(5.21)

where σ^{res}_{qq} (τ S, m^2) is defined in Eq. (5.20) and τ_0 = (m + √ m^2 + s_{cut})^2/S.

Our numerical results for the tt production cross section at the Fermilab Tevatron with √ S = 1.8 TeV are shown in Fig. 5 as functions of the top quark mass. We use the CTEQ 4D DIS parton densities [62, 63]. Since the parton densities are only available at fixed order, the application to a resummed cross section introduces some uncertainty. The NLO exact cross sections, including the factorization scale dependence, are shown in Fig. 5 along with the NLO approximate cross section, i.e. the one-loop expansion of the resummed cross section, calculated with s_{cut} = 0 and μ^2 = m^2. We note the excellent agreement between the NLO exact and approximate cross sections.

As for the NLL resummed cross section, we note that its scale dependence is significantly reduced relative to that of the NLO cross section. In order to match our results to the exact NLO cross section we define the NLL improved cross section

σ^{imp}_{qq,had} = σ^{res}_{qq,had} − σ^{NLO,approx} qq,had + σ NLO,exact qq,had , (5.22)

with the same cut applied to the NLO approximate and the NLL resummed cross sections.

In Fig. 5 the hadronic improved cross section is shown for μ^2 = m^2 along with the variation with s_{cut}. The variation of the improved cross section with change of cutoff is small over the range 30s_{4,min} < s_{cut} < 40s_{4,min}. At m = 175 GeV/c^2 and √ S = 1.8 TeV, the value of the improved cross section for qq → tt with s_{cut}/(2m^2) = 0.04 is 6.0 pb compared to a NLO cross

Fig. 5. The NLO exact and approximate and the NLL improved hadronic tt production cross sections in the qq channel and the DIS scheme are given as functions of top quark mass for pp collisions at the Tevatron energy, √ S = 1.8 TeV. The NLO exact cross section is given for μ^2 = m^2 (solid curve), 4m^2 (lower-dashed) and m^2/4 (upper-dashed). The NLO approximate cross section with s_{cut} = 0 is shown for μ^2 = m^2 (lower dot-dashed). The NLL improved cross section, Eq. (5.22), is given for s_{cut} = 35s_{4,min} (upper dotdashed), 30s_{4,min} (upper-dotted) and 40s_{4,min} (lower-dotted).

section of 4.5 pb at μ = m. At the upgraded Tevatron with √ S = 2 TeV, the corresponding value is 7.8 pb compared to a NLO cross section of 5.9 pb at μ = m. We find that the corrections relative to NLO are larger for larger scales. The gg channel is more complicated and will be discussed in the next subsection. Adding the gg contribution we predict a total cross section of 7 pb at √ S = 1.8 TeV, in good agreement with experimental values from CDF, σ_{tt} = 7.6^{+1.8}_{−1.5} pb [64], and D0, σ_{tt} = 5.5 ± 1.8 pb [65]. Gluon fusion is more important for b-quark production at HERA-B where threshold resummation is also of importance [19, 20].

5.3 Diagonalization for the process gg ! QQ̄

The Born cross section for a process with a 3×3 anomalous dimension matrix, Γ_S , such as gg → QQ̄, can be written in a general orthogonal color basis as

σ^B = H_{11}|c_1|^2 + H_{22}|c_2|^2 + H_{33}|c_3|^2 . (5.23)

The eigenvalues and eigenvectors of Γ_S are given by Eqs. (4.6) and (4.9), respectively. Then if C = (c_1 c_2 c_3) is the original color basis, the diagonal color basis is C^′ ≡ (c^′_1 c^′_2 c^′_3) = CR , (5.24)

where

R = [e_1 e_2 e_3] ≡ e^1 e^1_2 e^1_3

e^2_1 e^2 e^2_3

1 1 1 = Γ_{31} 2(λ_1−Γ_{11} )

Γ_{31} 2(λ_2−Γ_{11} )

Γ_{31} 2(λ_3−Γ_{11} ) NcΓ_{31} 4(λ_1−Γ_{22} )

NcΓ_{31} 4(λ_2−Γ_{22} )

NcΓ_{31} 4(λ_3−Γ_{22} )

1 1 1 , (5.25) where, to simplify the expressions below, we denote by e^j_i the jth element of the ith eigenvector. The diagonalized anomalous dimension matrix is Γ^{diag}_S = R^{−1}Γ_S R.

To write down the Born cross section in the diagonal basis we use the inverse of Eq. (5.24), i.e. C = C^′R^{−1}, where the inverse of the matrix R is

R^{−1} = D^{−1} e^2 − e^2_3 e^1_3 − e^1_2 e^1_2e^2_3 − e^1_3e^2

e^2_3 − e^2_1 e^1 − e^1_3 e^2_1e^1_3 − e^1e^2_3

e^2_1 − e^2 e^1_2 − e^1 e^1e^2 − e^2_1e^1_2

(5.26) with D = (e^1 − e^1_3)e^2 − (e^1 − e^1_2)e^2_3 − (e^1_2 − e^1_3)e^2_1 . (5.27)

Then, the old basis may be expressed in terms of the new basis color tensors, and we can rewrite the Born cross section in terms of the diagonal basis as

σ^B = 3∑ K,L=1 σ^B_{KL} , (5.28)

where σ^B_{KL} is the component of the Born cross section proportional to c^′_Kc^{′∗}_L . The explicit expressions for these components are, again, long but they are straightforward to derive. Then the resummed cross section is given by

σ^{res} = 3∑ K,L=1 σ^B_{KL} e^{EKL} , (5.29)

where the exponent E_{KL} takes contributions at NLL from the eigenvalues λ_K and λ_L.

6 Threshold resummation for dijet production

In this section we review the resummation formalism relevant to the hadronic production of a pair of jets. We will follow the same methods as for heavy quark production but will encounter additional complications due to the presence of final state jets.

6.1 Factorized dijet cross section

We study dijet production in hadronic processes

h_a(p_a) + h_b(p_b) → J_1(p_1, δ_1) + J_2(p_2, δ_2) + X(k) , (6.1)

at fixed rapidity interval,

Δy = 1 2 ln ( p^+_1 p^−_2 p^−_1 p^+_2 ) , (6.2) with total rapidity, y_{JJ} = 1 2 ln ( p^+_1 + p^+_2 p^−_1 + p^−_2 ) . (6.3)

The jets are defined by cone angles δ_1 and δ_2. The introduction of cones removes all the final-state collinear singularities from the partonic cross section, which is then infrared safe, once the initial-state collinear singularities have been factored into universal parton distribution functions. We shall assume that the cones are small enough so that contributions proportional to δ_i ≪ 1 may be neglected, but large enough so that α_s(Q) ln(1/δ_i) ≪ 1, where Q is any of the hard scales of the cross section, such as the momentum transfer [66, 67].

To construct the dijet cross sections, we define a large invariant, M_{JJ} , which is held fixed. A natural choice is the dijet invariant mass,

M^2_{JJ} = (p_1 + p_2)^2 , (6.4)

which is the analog of Q^2 for heavy quark production, but other choices are possible, for example the scalar product of the two jet momenta

M^2_{JJ} = 2p_1 · p_2 . (6.5)

In both cases, large M_{JJ} at fixed Δy implies a large momentum transfer in the partonic subprocess. The nature of the resummed cross section depends critically on this choice. As we shall see, the leading behavior of the resummed cross section is the same as for Drell-Yan or heavy quark production for the first choice for M_{JJ} , Eq. (6.4), while it is different for the second choice, Eq. (6.5).

The dijet cross section is given in factorized form by dσ_{hahb→J1J2} (S, M_{JJ} , y, Δy, δ_1, δ_2) dM^2_{JJ} dy_{JJ} dΔy = ∑ fa,f_b=q,q,g ∫ dx_a x_a dx_b x_b ϕ_{fa/ha} (x_a, μ^2) × ϕ_{fb/hb} (x_b, μ^2) H_{fafb} ( M^2_{JJ} x_ax_bS , y, Δy, M_{JJ} μ , α_s(μ^2), δ_1, δ_2 ) , (6.6)

where again H is the hard scattering and the ϕ’s are parton distribution functions. The threshold for the partonic subprocess is given in terms of the variable z, z = M^2_{JJ} x_ax_bS = M^2_{JJ} s , (6.7)

where, as before, S = (p_a + p_b)^2 and s = x_ax_bS. At z_{max} = 1 (partonic threshold) there is just enough partonic energy to produce the observed final state, with no additional radiation. The lower limit of z is

z_{min} ≡ τ = M^2_{JJ} S . (6.8)

We may rewrite the cross section, introducing an explicit integration over z, as dσ_{hahb→J1 J2} (S, M_{JJ} , y, Δy, δ_1, δ_2) dM^2_{JJ} dy_{JJ} dΔy = ∑ fa,f_b=q,q̄,g ∫_1 τ dz ∫ dx_a x_a dx_b x_b × ϕ_{fa/ha} (x_a, μ^2) ϕ_{fb/hb} (x_b, μ^2) δ ( z − M^2_{JJ} s ) δ ( y_{JJ} − 1 2 ln x_a x_b )

× ∑ f_1,f_2=q,q̄,g σ̂_{fafb→f1f2} ( 1 − z, M_{JJ} μ , Δy, α_s(μ^2), δ_1, δ_2 ) , (6.9)

where again we have used the observation [47] that we can treat the total rapidity of the dijets as a constant, equal to its value at threshold. Thus we now have a simplified hard scattering function, σ̂_{fafb→f1 f2} .

To calculate σ̂_{fafb→f1 f2} at any order in perturbation theory, we construct the partonic cross section for the process f_a + f_b → f_1 + f_2, as above, dσ_{fafb→J1J2} (S, M_{JJ} , Δy, δ_1, δ_2) dM^2_{JJ} dΔy = ∫_1 τ dz ∫ dx_a x_a dx_b x_b ϕ_{fa/fa}(x_a, μ^2) × ϕ_{fa/fa}(x_a, μ^2) ϕ_{fb/fb} (x_b, μ^2) δ ( z − M^2_{JJ} s )

× ∑ f_1 ,f_2=q,q̄,g σ̂_{fafb→f1 f2} ( 1 − z, M_{JJ} μ , Δy, α_s(μ^2), δ_1, δ_2 ) , (6.10)

where we have integrated over the total rapidity. We then factorize the initial-state collinear divergences into the light-cone distribution functions ϕ_{f/f} , expanded to the same order in α_s, and thus obtain the perturbative expansion for the infrared-safe hard scattering function, σ̂. As for heavy

Fig. 6. Refactorization for dijet production. The soft gluon function is as in Fig. 1(b).

quark production, again we note that the leading power as z → 1 comes entirely from flavor diagonal parton distributions. Moreover, we may sum, at leading power, over the flavors of the final-state partons f_1, f_2.

By taking a Mellin transform of the rapidity-integrated partonic cross section (6.10) with respect to τ , the above convolution becomes a product

∫_1 0 dτ τ^{N −1} dσ_{fafb→J1 J2} (S, M_{JJ} , Δy, δ_1, δ_2) dM^2_{JJ} dΔy = ∑ f ϕ̃_{fa/fa} (N, μ^2, ϵ) × ϕ̃_{fb/fb} (N, μ^2, ϵ) σ̃_f (N, M_{JJ} /μ, α_s(μ^2), δ_1, δ_2) , (6.11)

where f denotes the partonic processes f_a + f_b→f_1 + f_2, and with σ̃_f (N) =

∫_1

0 dz z^{N −1}σ̂_f (z), and ϕ̃(N) =

∫_1

0 dx x^{N −1}ϕ(x), as before.

We can refactorize the cross section, as shown in Fig. 6, into hard components H_{IL}, which describe the truly short-distance hard-scattering, center-of-mass distributions ψ, associated with gluons collinear to the incoming partons, a soft gluon function S_{LI} associated with soft gluons, and jet functions J_i, associated with gluons collinear to the outgoing jets. As before, I and L are color indices that describe the color structure of the hard scattering. The refactorized cross section may then be written as

∫_1 0 dτ τ^{N −1} dσ_{fafb→J1 J2} (S, M_{JJ} , Δy, δ_1, δ_2) dM^2_{JJ} dΔy

= ∑ f ∑ IL H^{(f)}_{IL} ( M_{JJ} μ , Δy, α_s(μ^2) ) S̃^{(f)}_{LI} (M_{JJ} Nμ , Δy, α_s(μ^2) )

× ψ̃_{fa/fa} ( N, M_{JJ} μ , α_s(μ^2), ϵ ) ψ̃_{fb/fb} ( N, M_{JJ} μ , α_s(μ^2), ϵ )

× J̃_{(f1)} ( N, M_{JJ} μ , α_s(μ^2), δ_1 ) J̃_{(f2)} ( N, M_{JJ} μ , α_s(μ^2), δ_2 )

+ O(1/N) . (6.12) This refactorization is similar to the heavy quark case except that now we have to include in addition outgoing jet functions in order to absorb the final state collinear singularities (the mass of the heavy quarks eliminates final state collinear singularities in heavy quark production). Expressions for the hard components H_{IL} and the center-of-mass distributions ψ were given in Section 2 in the context of heavy quark production.

The soft function again represents the coupling of soft gluons to the partons in the hard scattering; this coupling, as we saw in Section 2.2, is described by eikonal lines. The construction of the eikonal cross section for dijet production is similar to the heavy quark case, apart from the outgoing jets. The collinear dynamics of the eikonal final-state jets are summarized by the matrix elements [38]

j^{(fi)}_{OUT} ( w_iM_{JJ} μ , α_s(μ^2), δ_i ) = ∑ ξ δ (w_i − w(ξ, δ_i)) × ⟨0| Tr { T̄ [Φ^{(fi)}_{βi}^†(∞, 0; 0)]|ξ⟩⟨ξ|T [Φ^{(fi)}_{βi} (∞, 0; 0)] } |0⟩ , (6.13)

where the ordered exponentials Φ_β are defined in Eq. (2.13), and with i = 1, 2 and ξ a set of intermediate states which contribute to the weight w_i.

We then construct moments of the soft function by dividing the moments of the eikonal cross section (defined in analogy to Eq. (2.15), see Ref. [38]) by the product of moments of the eikonal jets, Eqs. (2.17) and (6.13),

S̃^{(f)}_{LI} ( M_{JJ} Nμ , Δy, α_s(μ^2) ) = σ̃^{(f,eik)} LI ( M_{JJ} Nμ , Δy, α_s(μ^2), ϵ ) j̃^{(fa)}_{IN} ( M_{JJ} Nμ , α_s(μ^2), ϵ ) j̃^{(fb)}_{IN} ( M_{JJ} Nμ , α_s(μ^2), ϵ ) × 1 j̃^{(f1)}_{OUT} ( M_{JJ} Nμ , α_s(μ^2), δ_1 ) j̃^{(f2)}_{OUT} ( M_{JJ} Nμ , α_s(μ^2), δ_2 ) . (6.14)

6.2 Resummed dijet cross section

Comparing Eqs. (6.11) and (6.12), the refactorized expression for the Mellin transform of the hard scattering function is

σ̃_f (N) = [ψ̃_{fa/fa}(N, M_{JJ} /μ, ϵ) ψ̃_{fb/fb}(N, M_{JJ} /μ, ϵ) ϕ̃_{fa/fa} (N, μ2, ϵ) ϕ̃_{fb/fb}(N, μ2, ϵ) ]

× ∑ IL H^{(f)}_{IL} ( M_{JJ} μ , Δy, α_s(μ^2) ) S̃^{(f)}_{LI} ( M_{JJ} Nμ , Δy, α_s(μ^2) )

× J̃_{(f1)} ( N, M_{JJ} μ , α_s(μ^2), δ_1 ) J̃_{(f2)} ( N, M_{JJ} μ , α_s(μ^2), δ_2 ) . (6.15)

We discussed resummation for the ratio ψ/ϕ and the soft gluon function in the context of heavy quark production in Section 2. Thus, all we need to write down the resummed dijet cross section are expressions for the resummation of the final state jets.

The moments of the final-state jet with M^2_{JJ} = 2p_1 · p_2 are given by [38] J̃_{(fi)} ( N, M_{JJ} μ , α_s(μ^2), δ_i ) = exp [ E^′_{(fi)}(N, M_{JJ} ) ] , (6.16)

with

E^′_{(f )} (N, M_{JJ} ) =

∫_1 0 dz z^{N −1} − 1 1 − z {∫_{(1−} z) (1−z)^2 dλ λ A^{(f )} [ α_s(λM^2_{JJ} ) ]

+ B^′_{(f )} [ α_s((1 − z)M^2_{JJ} ) ]} , (6.17)

where the function A^{(f )} is the same as in Eq. (2.21) and the lowest-order term in B^′_{(f )} may be read off from the one-loop jet function. The results include a gauge dependence, which cancels against a corresponding dependence in the soft anomalous dimension matrix. The leading logarithms for final-state jets with M^2_{JJ} = 2p_1 · p_2 are negative and give a suppression to the cross section, in contrast to the initial-state leading-log contributions.

The moments of the final-state jet with M^2_{JJ} = (p_1 + p_2)^2 are given by Eq. (6.16) with [38] E^′_{(fi)}(N, M_{JJ} ) = ∫ M_{JJ} /N μ dμ^′ μ^′ C^′_{(fi)}(α_s(μ^{′2})) , (6.18) where the first term in the series for C^′_{(fi)}(α_s) may be read off from a one-loop calculation. The leading logarithmic behavior of the cross section in this case is not affected by the final state jets, so we always have an enhancement of the cross section at leading logarithm, as is the case for Drell-Yan and heavy quark cross sections.

Using Eqs. (6.15), (2.27), (2.31), and (6.16), we can write the resummed dijet cross section in moment space as

σ̃_f (N) = R^2_{(f )} exp ∑ i=a,b [ E^{(fi)}(N, M_{JJ} ) − 2 ∫ M_{JJ} μ dμ^′ μ^′ [ γ_{fi} (α_s(μ^{′2})) − γ_{fifi} (N, α_s(μ^{′2})) ] ]}

× exp ∑ j=1,2 E^′_{(fj)}(N, M_{JJ} ) × Tr { H^{(f)} ( M_{JJ} μ , Δy, α_s(μ^2) )

× P̄ exp [∫ M_{JJ} /N μ dμ^′ μ^′ Γ^{(f)}_S^† ( α_s(μ^{′2}) ) ] S̃^{(f)} ( 1, Δy, α_s ( M^2_{JJ} /N^2 ))

× P exp [∫ M_{JJ} /N μ dμ^′ μ^′ Γ^{(f)}_S ( α_s(μ^{′2}) ) ]} , (6.19)

where E^{(fi)} is given by Eq. (2.20), and E^′_{(fj)} is given by Eq. (6.17) or Eq. (6.18). This expression is similar to Eq. (2.33) for heavy quark production except for the addition of the exponents for the final-state jets.

We give explicit expressions for the soft anomalous dimensions for the partonic processes relevant to dijet production in the next three sections.

7 Soft anomalous dimension matrices for processes involving quarks

In this section we present results for the soft anomalous dimension matrices for the processes qq̄ → qq̄, qq → qq, and q̄q̄ → q̄q̄. The matrices for all these processes are 2 × 2. Hence the general diagonalization procedure for these processes follows along the same lines as we discussed at the beginning of Section 5.2.

Since the results are somewhat lengthy, we first introduce some notation which will simplify the expressions for Γ_S .

7.1 Notation

We consider partonic processes f_a (p_a, r_a)+f_b (p_b, r_b) → f_1 (p_1, r_1)+f_2 (p_2, r_2), where the r_i are color labels, and the p_i are momenta. To facilitate the presentation of the results for Γ_S we introduce the notation T ≡ ln ( −t s ) + πi , U ≡ ln ( −u s ) + πi , (7.1)

where s = (p_a + p_b)^2 , t = (p_a − p_1)^2 , u = (p_a − p_2)^2 , (7.2)

are the usual Mandelstam invariants. Concerning the choice of physical channel s, t, or u, for the definition of the color basis, we note that we can choose any channel. For the processes qq̄ → qq̄, qq → qq and q̄q̄ → q̄q̄, qg → qg and q̄g → q̄g, as well as the process gg → gg we will use t-channel bases, which seem to be the natural choice when analyzing forward scattering [68]. The processes qq̄ → gg and gg → qq̄ are better described in terms of s-channel color structures, so we will give results for them in s-channel color bases.

Since the full cross section is gauge independent, i.e. independent of the choice of the axial gauge-fixing vector n^μ, the gauge dependence in the product of the hard and soft functions, H^{(f)} S^{(f)}, must cancel the gauge dependence of the incoming and outgoing jets, ψ and J_{(fi)}. Now, the jets are incoherent relative to the hard and soft functions, so the gauge dependence of the anomalous dimension matrices Γ^{(f)}_S must be proportional to the identity matrix. Then we can rewrite the anomalous dimension matrix as

(Γ^{(f)}_S )_{KL} = (Γ^{(f)}_S0 )_{KL} + δ_{KL} α_s π ∑ i=a,b,1,2 C_{(fi)} 1 2 (− ln ν_i − ln 2 + 1 − πi) , (7.3)

with C_{fi} = C_F (C_A) for a quark (gluon), and with ν_i ≡ (v_i ·n)^2/|n|^2, as in Eq. (3.9). Here the dimensionless and lightlike velocity vectors v^μ_i are defined by

p^μ_i = M_{JJ} √ 2 v^μ_i , i = a, b, 1, 2 , (7.4) and satisfy v^2_i = 0.

For the subprocesses involved in dijet production we will present the explicit expressions for Γ^{(f)}_S0 . The full anomalous dimension matrix can then be retrieved from Eq. (7.3).

We now give the results for the anomalous dimension matrices Γ^{(f)}_S0 for partonic processes involving quarks.

7.2 Soft anomalous dimension for qq̄ ! qq̄

First, we present the 2 × 2 soft anomalous dimension matrix for the process

q (p_a, r_a) + q̄ (p_b, r_b) → q (p_1, r_1) + q̄ (p_2, r_2) , (7.5)

in the t-channel singlet-octet color basis c_1 = δ_{rar1} δ_{rbr2} , c_2 = (T^c_F )_{r1ra} (T^c_F )_{rbr2} = − 1 2N_c δ_{rar1} δ_{rbr2} + 1 2 δ_{rarb} δ_{r1r2} . (7.6) We find the soft anomalous dimension matrix [55, 39]

Γ_S0 = α_s π 2C_F T −^{CF}_{Nc} U −2U −^1_{Nc} (T − 2U) . (7.7)

The dependence on the logarithmic ratio T is diagonal in this t-channel color basis. In the forward region of the partonic scattering (T → −∞), where Γ_S becomes diagonal, color singlet exchange is exponentially enhanced relatively to color octet [68]. The general forms of the eigenvalues and eigenvectors of Γ_S are given by Eqs. (3.10) and (3.11); explicit expressions are given in Ref. [39].

Finally we note that this result for Γ_S is consistent with the massless limit of the anomalous dimension matrix for the heavy quark production process qq̄ → QQ̄ [21, 31].

7.3 Soft anomalous dimension for qq ! qq and q̄q̄ ! q̄q̄

Next, we consider the process

q (p_a, r_a) + q (p_b, r_b) → q (p_1, r_1) + q (p_2, r_2) , (7.8) in the t-channel singlet-octet color basis

c_1 = (T^c_F )_{r1ra} (T^c_F )_{r2rb} = − 1 2N_c δ_{rar1} δ_{rbr2} + 1 2 δ_{rar2} δ_{rbr1} , c_2 = δ_{rar1} δ_{rbr2} . (7.9)

The anomalous dimension matrix is given by [55, 39]

Γ_S0 = α_s π −^1_{Nc} (T + U) + 2C_F U 2U C_F Nc U 2C_F T . (7.10)

Again, the dependence on the logarithmic ratio T is diagonal in this t-channel color basis, and the color singlet dominates the octet in the forward region of the partonic scattering (T → −∞), where Γ_S becomes diagonal.

Note that the same anomalous dimension matrix applies to the process

q̄ (p_1, r_1) + q̄ (p_2, r_2) → q̄ (p_a, r_a) + q̄ (p_b, r_b) . (7.11)

Again, the general forms of the eigenvalues and eigenvectors of Γ_S are given by Eqs. (3.10) and (3.11). Explicit expressions for the eigenvalues and eigenvectors are given in Ref. [39].

8 Soft anomalous dimension matrices for processes involving quarks and gluons

Here we present the soft anomalous dimension matrices for the processes qq̄ → gg, gg → qq̄, qg → qg, and q̄g → q̄g. The matrices for all these processes are 3 × 3. Moreover, we shall see that they are of the same general form as the anomalous dimension matrix for the heavy quark production process gg → QQ̄. Hence the general diagonalization procedure for these processes follows the same lines as we discussed in Section 5.3 in the context of heavy quark production in the channel gg → QQ̄.

8.1 Soft anomalous dimension for qq̄ ! gg and gg ! qq̄

First, we present the soft anomalous dimension matrix for the process

q (p_a, r_a) + q̄ (p_b, r_b) → g (p_1, r_1) + g (p_2, r_2) , (8.1) in the s-channel color basis

c_1 = δ_{rarb}δ_{r1r2} , c_2 = d^{r1r2 c}(T^c_F )_{rbra} , c_3 = if^{r1r2c}(T^c_F )_{rbra} . (8.2) We find [39]

Γ_S0 = α_s π 0 0 U − T 0^{CA}_2 (T + U)^{CA}_2 (U − T ) 2 (U − T )^{N 2c −4}_{2Nc} (U − T )^{CA}_2 (T + U)

. (8.3)

The same anomalous dimension describes also the time-reversed process [21, 31] g (p_1, r_1) + g (p_2, r_2) → q̄ (p_a, r_a) + q (p_b, r_b) . (8.4) We note that the anomalous dimension matrix, Eq. (8.3), is of the general form of Eq. (4.4). Then the general forms of its eigenvalues and eigenvectors are given by Eqs. (4.6) and (4.9); explicit expressions are given in Ref. [39].

Finally we note that this result for Γ_S is consistent with the massless limit of the anomalous dimension matrix for the heavy quark production process gg → QQ̄ [21, 31].

8.2 Soft anomalous dimension for qg ! qg and q̄g ! q̄g

Next, we consider the “Compton” process q (p_a, r_a) + g (p_b, r_b) → q (p_1, r_1) + g (p_2, r_2) . (8.5) The soft anomalous dimension matrix in the t-channel color basis c_1 = δ_{rar1} δ_{rbr2} , c_2 = d^{rbr2c}(T^c_F )_{r1ra} , c_3 = if^{rbr2c}(T^c_F )_{r1 ra} , (8.6) is given by [39]

Γ_S0 = α_s π (C_F + C_A) T 0 U 0 C_F T +^{CA}_2 U^{CA}_2 U 2U^{N 2c −4}_{2Nc} U C_F T +^{CA}_2 U

, (8.7) which also applies to the process

q̄ (p_1, r_1) + g (p_2, r_2) → q̄ (p_a, r_a) + g (p_b, r_b) . (8.8)

The dependence on the logarithmic ratio T is diagonal in this t-channel color basis, and the t-channel color singlet dominates in the forward region (T → −∞) where Γ_S becomes diagonal. Again, we note that the anomalous dimension matrix, Eq. (8.7), is of the general form of Eq. (4.4), so the general forms of its eigenvalues and eigenvectors are given by Eqs. (4.6) and (4.9). Explicit expressions for the eigenvalues and eigenvectors are given in Ref. [39].

9 Soft anomalous dimension matrix and diagonalization for gg ! gg

9.1 Soft anomalous dimension matrix for gg ! gg

The final, and by far more complicated, process that we consider is

g (p_a, r_a) + g (p_b, r_b) → g (p_1, r_1) + g (p_2, r_2) . (9.1)

The choice of a color basis, in which a four-gluon diagram can be expanded [69, 70], is more difficult in this case. In Ref. [39] an initial overcomplete color basis of nine elements was found convenient for the calculations, resulting in a 9 × 9 anomalous dimension matrix. This was then reduced in a complete color basis to an 8 × 8 matrix.

A complete color basis for the process gg → gg is given by the eight color structures [39]

c_1 = i 4 [ f^{rarbl}d^{r1r2l} − d^{rarbl}f^{r1 r2l} ] , c_2 = i 4 [ f^{rarbl}d^{r1r2l} + d^{rarbl}f^{r1 r2l} ] , c_3 = i 4 [ f^{rar1l}d^{rbr2l} + d^{rar1l}f^{rbr2l} ] , c_4 = P_1(r_a, r_b; r_1, r_2) = 1 8 δ_{rar1} δ_{rbr2} , c_5 = P_{8S} (r_a, r_b; r_1, r_2) = 3 5 d^{rar1c}d^{rbr2c} , c_6 = P_{8A} (r_a, r_b; r_1, r_2) = 1 3 f^{rar1c}f^{rbr2 c} , c_7 = P_{10+10}(r_a, r_b; r_1, r_2) = 1 2 (δ_{rarb} δ_{r1r2} − δ_{rar2} δ_{rbr1} ) − 1 3 f^{rar1c}f^{rbr2c} , c_8 = P_{27}(r_a, r_b; r_1, r_2) = 1 2 (δ_{rarb}δ_{r1r2} + δ_{rar2} δ_{rbr1} ) − 1 8 δ_{rar1} δ_{rbr2} − 3 5 d^{rar1c}d^{rbr2 c} , (9.2) where the P ’s are t-channel projectors of irreducible representations of SU(3) [71], and we have used explicitly N_c = 3.

The soft anomalous dimension matrix in this basis is [39]

Γ_S0 = [ Γ_{3×3} 0_{3×5} 0_{5×3} Γ_{5×5} ] , (9.3)

with

Γ_{3×3} = α_s π 3T 0 0 0 3U 0 0 0 3 (T + U)

(9.4) and

Γ_{5×5} = α_s π

6T 0 −6U 0 0 0 3T +^{3U}_2 −^{3U}_2 −3U 0 −^{3U}_4 −^{3U}_2 3T +^{3U}_2 0 −^{9U}_4 0 −^{6U}_5 0 3U −^{9U}_5 0 0 −^{2U}_3 −^{4U}_3 −2T + 4U

. (9.5)

We note that the dependence on T is diagonal and in the forward region of the partonic scattering, T → −∞, where Γ_S becomes diagonal, color singlet exchange dominates. This has been a general trend for Γ_S for all the processes we analyzed in t-channel bases; suppression increases with the dimension of the exchanged color representation.

The eigenvalues of the anomalous dimension matrix, Eq. (9.3), are

λ_1 = λ_4 = 3 α_s π T, λ_2 = λ_5 = 3 α_s π U, λ_3 = λ_6 = 3 α_s π (T + U), λ_{7,8} = 2 α_s π [ T + U ∓ 2 √ T^2 − T U + U^2 ] . (9.6)

The eigenvectors have the general form

e_i = [ e^{(3)}_i 0^{(5)} ] , i = 1, 2, 3 , e_i = [ 0^{(3)} e^{(5)}_i ] , i = 4 . . . 8 , (9.7)

where the superscripts refer to the dimension. The three-dimensional vectors e^{(3)}_i are defined by

e^{(3)}_i = δ_{i1} δ_{i2} δ_{i3} , i = 1, 2, 3 , (9.8)

while 0^{(5)} and 0^{(3)} are the five- and three-dimensional null vectors. The fivedimensional vectors e^{(5)}_4 , e^{(5)}_5 and e^{(5)}_6 are given by [39]

e^{(5)}_4 =

−15 6 −^{15}_2^T_U −^{15}_2^T_U 3 1

, e^{(5)}_5 =

0 −^3_2 0 3 4 −^3_2^T_U 1

, e^{(5)}_6 =

−15 −^3_2 +^{15}_2^T_U 15 2 −^{15}_2^T_U −3 1

. (9.9)

The expressions for e^{(5)}_7 and e^{(5)}_8 are long but can be given succinctly by [39]

e^{(5)}_i = b_1(λ^′_i) b_2(λ^′_i) b_3(λ^′_i) b_4(λ^′_i) 1

, i = 7, 8 , (9.10)

where λ^′_i = π α_s λ_i , (9.11) and where the b_i’s are given by

b_1(λ^′_i) = 3 U^2K^′

[80T^4 + 103U^4 − 280UT^3 − 300T U^3 + 404T^2U^2 + (40T^3 − 16U^3 − 60T^2U + 52T U^2)λ^′_i] , b_2(λ^′_i) = 3 2K^′ [20T^2 − 50UT + 44U^2 + (10T − 5U)λ^′_i] ,

b_3(λ^′_i) = − 3 2UK^′ [40T^3 − 64U^3 − 120T^2U + 130T U^2 + (20T^2 + 13U^2 − 20T U)λ^′_i] , b_4(λ^′_i) = 3U K^′ (2T + 5U − 2λ^′_i) , (9.12) with K^′ = 20T^2 − 20UT + 21U^2 . (9.13) With these results for the eigenvalues and eigenvectors we have all the required elements for the diagonalization procedure.

9.2 Diagonalization procedure for gg ! gg

We now give a discussion of the diagonalization procedure for the process gg → gg. Since the anomalous dimension matrix is 8×8 its diagonalization is quite more complicated than for the other processes that we have considered.

The Born cross section for gg → gg can be decomposed in the original basis, Eq. (9.2), as σ^B = H_{11}|c_1|^2 + H_{22}|c_2|^2 + H_{33}|c_3|^2 + H_{44}|c_4|^2 + H_{55}|c_5|^2 + H_{66}|c_6|^2 + H_{77}|c_7|^2 + H_{88}|c_8|^2 . (9.14) Then if C = (c_1 c_2 c_3 c_4 c_5 c_6 c_7 c_8) is the original color basis, the diagonal color basis is C^′ ≡ (c^′_1 c^′_2 c^′_3 c^′_4 c^′_5 c^′_6 c^′_7 c^′_8) = CR , (9.15) where the columns of the matrix R are the eigenvectors of Γ_S0 :

R = [e_1 e_2 e_3 e_4 e_5 e_6 e_7 e_8] = [ 1_{3×3} 0_{3×5} 0_{5×3} R_{5×5} ] . (9.16)

Here

R_{5×5} =

−15 0 −15 b_1(λ^′_7) b_1(λ^′_8) 6 −^{15}_2^T_U^{−3}_2^{−3}_2 +^{15}_2^T_U b_2(λ^′_7) b_2(λ^′_8) −^{15}_2^T_U 0^{15}_2 −^{15}_2^T_U b_3(λ^′_7) b_3(λ^′_8) 3^3_4 −^3_2^T_U −3 b_4(λ^′_7) b_4(λ^′_8) 1 1 1 1 1

, (9.17) and the diagonalized anomalous dimension matrix is Γ^{diag}_S0 = R^{−1}Γ_S0 R. To decompose the Born cross section in the diagonal basis we use the relation C = C^′R^{−1}. The inverse of the matrix R is R^{−1} = [ 1_{3×3} 0_{3×5} 0_{5×3} R^{−1}_{5×5} ] (9.18) where

R^{−1}_{5×5} =

−U^2 12K_1

4U^2−5T U

15K_1 − UT 3K_1

U^2 3K_1

3U^2 20K_1

0 −^{16U 2}_{15K2} 0^{4U 2−8T U}_{3K2}^{12U 2}_{5K2} −^{U 2}_{12K3}^{−U 2+5T U}_{15K3}^{U 2−T U}_{3K3} −^{U 2}_{3K3}^{3U 2}_{20K3} d_1(λ^′_7) d_2(λ^′_7) d_3(λ^′_7) d_4(λ^′_7) d_5(λ^′_7) −d_1(λ^′_8) −d_2(λ^′_8) −d_3(λ^′_8) −d_4(λ^′_8) −d_5(λ^′_8)

. (9.19)

Here we have simplified the expression for the inverse of R by introducing the variables d, which are given as functions of the eigenvalues λ_i, i = 7, 8, by: d_1(λ^′_i) = U^2 [ 10T^3 + 15T^2U − 19T U^2 + 24U^3 − λ^′_i(10T^2 − 10T U + 9U^2) ] /(96K_0 K_4) , d_2(λ^′_i) = U^2 [ 180T^5 − 360T^4U + 509T^3U^2 − 339T^2U^3 + 166T U^4 − 6U^5 − λ^′_i 2 (60T^4 − 120T^3U + 163T^2U^2 − 103T U^3 + 48U^4) ] /(12K_0K_5) ,

d_3(λ^′_i) = U [ 30T^4 − 45T^3U + 59T^2U^2 − 32T U^3 + 18U^4 − λ^′_i 2 (10T^3 − 15T^2U + 13T U^2 − 4U^3) ] /(12K_0 K_4) ,

d_4(λ^′_i) = 5U [ 240T^6 − 600T^5U + 972T^4U^2 − 888T^3U^3 + 583T^2U^4 − 205T U^5 + 48U^6 − λ_i ( 40T^5 − 100T^4U + 152T^3U^2 − 128T^2U^3 + 70T U^4 − 17U^5 )] /(24K_0K_5) , d_5(λ^′_i) = [ 2400T^7 − 7200T^6U + 13440T^5U^2 − 15180T^4U^3 + 12306T^3U^4 − 6321T^2U^5 + 2169T U^6 − 264U^7 − λ_i ( 400T^6 − 1200T^5U + 2140T^4U^2 − 2280T^3U^3 + 1666T^2U^4 − 726T U^5 + 181U^6 )] /(32K_0K_5) , (9.20) where, again for brevity, we have introduced the notation

K_0 = √ T^2 − T U + U^2, K_1 = 4U^2 − 4UT + 5T^2, K_2 = 4T^2 − 4UT + 5U^2, K_3 = 5U^2 − 6UT + 5T^2, K_4 = 20U^4 − 44T U^3 + 69T^2U^2 − 50UT^3 + 25T^4, K_5 = 100U^6 − 300U^5 T + 601U^4T^2 − 702U^3T^3 + 601T^4U^2 −300T^5U + 100T^6. (9.21)

With these results we can now express the original basis in terms of the new diagonal basis color tensors. The Born cross section can then be rewritten in the diagonal basis as

σ^B = 8∑ K,L=1 σ^B_{KL} , (9.22)

where σ^B_{KL} is the component of the Born cross section proportional to c^′_Kc^{′∗}_L . While the calculation of these components is straightforward, the explicit expressions are quite long.

The resummed cross section is then given by

σ^{res} = 8∑ K,L=1 σ^B_{KL} e^{EKL} , (9.23)

where E_{KL} takes contributions at NLL from the eigenvalues λ_K and λ_L.

10 Threshold resummation for direct photon and W boson production

10.1 Factorization and resummed cross sections

In this section we discuss resummation for direct photon and electroweak boson production. Threshold resummation may be important for these processes at large transverse momentum. Here we formulate the resummation in single-particle inclusive kinematics [41]. Resummation will follow, as we saw before, from the factorization properties of the cross section.

Fig. 7. (a) Factorization for direct photon or W + jet production near partonic threshold. (b) The soft-gluon function S, in which the vertices c link ordered exponentials.

We consider hadronic processes of the form

h_A(p_A) + h_B(p_B) → γ, W (Q) + X . (10.1)

The partonic subprocesses contributing to direct photon or W + jet production are q(p_a) + g(p_b) −→ q(p_J ) + γ , W (Q) (10.2) and q(p_a) + q̄(p_b) −→ g(p_J ) + γ , W (Q) . (10.3)

We define Mandelstam invariants

s = (p_a + p_b)^2 , t = (p_a − Q)^2 , u = (p_b − Q)^2 , (10.4)

which satisfy s + t + u = Q^2 at threshold, with Q^2 = M^2_W for W production and Q^2 = 0 for direct photon production.

The factorized form of the cross section for direct photon or W + jet production is a convolution of the parton distribution functions ϕ with the hard scattering function, σ̂: E_Q dσ_{hAhB →γ,W} d^3Q = ∑ ab ∫ dx_adx_b ϕ_{fa/hA} (x_a, μ^2) ϕ_{fb/hB} (x_b, μ^2) × σ̂(s_2, t, u, Q^2, α_s(μ^2)) , (10.5)

where we define s_2 = s + t + u − Q^2, with Q = p_W for W production and Q = p_γ for direct photon production. The threshold region is given by s_2 = 0.

The cross section can be refactorized into distributions ψ, defined in direct analogy with the c.m. distributions that we presented in Section 2, hard components H = h^∗h, and a soft gluon function S. This refactorization, similar to the ones for heavy quark and dijet production, is shown in Fig. 7. There are some differences in the details of the formalism here as compared to the results in the previous sections because the resummation is now carried out in single-particle inclusive kinematics. More details are given in Ref. [41].

The color structure of the hard scattering for direct photon or W boson production is much simpler than for heavy quark or dijet production. The color basis here consists of only one tensor; hence Γ_S is simply a 1×1 matrix, and no color traces or path ordering appear in the resummed expressions.

The resummation of the N-dependence of each of the functions in the refactorized cross section leads to the expression in the MS factorization scheme in single-particle inclusive kinematics:

σ̃(N) = exp ∑ i=a,b [ E^{(fi)}(N_i, p_i · ζ) − 2 ∫_2p_{i·}ζ μ dμ^′ μ^′ [ γ_{fi} (α_s(μ^{′2})) − γ_{fifi} (N_i, α_s(μ^{′2})) ] ]}

× exp { E^′_{(fJ )}(N, p_J · n) } H ( t, u, Q^2, α_s(μ^2) )

× S ( 1, β_i, ζ, n, α_s(S/N^2) ) exp [∫ √ S/N μ dμ^′ μ^′ 2 ReΓ_S ( α_s(μ^{′2}) ) ]} , (10.6)

where ζ^μ = p^μ_3 / √ S [41] and β_i are the particle velocities. The first exponent E^{(fi)} has the same form as in Eq. (2.20) with N_a = N(−u/s) and N_b = N(−t/s). The exponent E^′_{(fJ )} has the same form as in Eq. (6.17), with A^{(f )} given by (2.21) and B^′_{(f )} given for quarks by [41]

B^′_{(q)} = α_s π C_F [ − 7 4 + ln(2ν_q) ] (10.7)

and for gluons by

B^′_{(g)} = α_s π C_A [ n_f 6C_A − 11 12 − 1 + ln(2ν_g) ] . (10.8)

10.2 Soft anomalous dimensions and expansions of the resummed cross sections

Here we give the anomalous dimensions for direct photon and W + jet production. The calculation follows the same lines as for heavy quark and dijet production. The main difference here is that the color basis consists of only one tensor, c = T_F , and there are three eikonal lines connecting at the color vertex. The one-loop eikonal vertex corrections for the partonic subprocesses in direct photon and W + jet production are shown in Fig. 8.

Fig. 8. One-loop eikonal vertex corrections for partonic subprocesses in direct photon and W + jet production.

The anomalous dimension for the process q(p_a) + g(p_b) → q(p_J ) + γ(Q) or the process q(p_a) + g(p_b) → q(p_J ) + W (Q) is given by

Γ_S = α_s 2π { C_F [ 2 ln (−u s ) − ln(4ν_{qa} ν_{qJ} ) + 2 ]

+ C_A [ ln ( t u ) − ln(2ν_g) + 1 − πi ]} . (10.9)

The one-loop expansion of the resummed cross section for direct-photon production is given in Ref. [41]. The authors have found agreement with the exact NLO results in Ref. [6]. Numerical results are given in Ref. [72]. We may also expand the resummed cross section for W + jet production. The MS one-loop expansion at NLL of s_2/Q^2 in single-particle inclusive kinematics is

σ̂^{MS (1)} qg→qW (s2, s, t, u, Q 2) = σ^B_{qg→qW} α_s π { (C_F + 2C_A) [ ln(s_2/Q^2) s_2 ] + − (C_F + C_A) ln ( μ^2 Q^2 ) [ 1 s_2 ] + + [ − 3 4 C_F + C_A ln ( sQ^2 tu )] [ 1 s_2 ] + } , (10.10)

where σ^B_{qg→qW} denotes the Born cross section for this partonic channel. This result agrees with the exact NLO expressions in Ref. [7].

The anomalous dimension for the process q(p_a) + q̄(p_b) → g(p_J ) + γ(Q) or the process q(p_a) + q̄(p_b) → g(p_J ) + W (Q) is given by

Γ_S = α_s 2π {C_F [− ln(4ν_qν_{q̄}) + 2 − 2πi] + C_A [ ln ( tu s^2 ) − ln(2ν_g) + 1 + πi ]} . (10.11)

Again, the one-loop expansion for direct-photon production is given in Ref. [41] and agreement has been found with the exact NLO results in [6]. The MS one-loop expansion at NLL of s_2/Q^2 for W + jet production in this channel and in single-particle inclusive kinematics is

σ̂^{MS (1)} qq̄→gW (s2, s, t, u, Q 2) = σ^B_{qq̄→gW} α_s π { (4C_F − C_A) [ ln(s_2/Q^2) s_2 ] + − 2C_F ln ( μ^2 Q^2 ) [ 1 s_2 ] + + [ 2C_F ln ( sQ^2 tu )

+ C_A ( n_f 6C_A − 11 12 − ln ( sQ^2 tu ))] [ 1 s_2 ] + } , (10.12)

which again agrees with the exact NLO results in Ref. [7].

One may of course expand the resummed cross sections to two loops or higher for both direct photon [72] and W boson [43] production. For example, the MS two-loop expansion at NLL of 1 − w = s_2/(s + t) for direct photon production in the channel qq̄ → gγ is

σ̂^{MS (2)} qq̄→gγ (1 − w, s, v) = σ B qq̄→gγ α^2_s π^2 {( 8C^2_F − 4C_F C_A +

C^2_A 2 ) [ ln^3(1 − w) 1 − w ] + + [ −12C^2_F ( ln ( 1 − v v ) + ln ( μ^2 s )) + C^2_A ( − 3 2 ln(1 − v) − n_f 4C_A + 11 8 )

+ C_F C_A ( 9 ln(1 − v) − 3 ln v + n_f C_A − 11 2 + 3 ln ( μ^2 s ))

− β_0 ( C_F − 3 8 C_A )] [ ln_2(1 − w) 1 − w ] + } , (10.13)

where v = 1 + t/s.

11 Conclusion

We have reviewed the resummation of threshold logarithms for heavy quark, dijet, direct photon, and W boson production in hadronic collisions. Resummation follows from the factorization properties of the cross sections and is influenced by the color exchange in the hard scattering. We have presented full results for the soft anomalous dimension matrices for all the relevant partonic subprocesses. The one-loop expansions of the resummed cross sections agree with exact NLO calculations and one can expand the cross sections to two-loops or higher orders. We have discussed the general diagonalization procedure that can be implemented in the calculation of the resummed cross sections. Numerical results have been presented for top quark production at the Fermilab Tevatron. The resummation formalism is quite general and can be applied as well to the calculation of transverse momentum or other differential distributions for a variety of processes, such as heavy quark production.

Acknowledgements

This work was supported in part by the U.S. Department of Energy. I wish to thank Gianluca Oderda, Jack Smith, George Sterman, and Ramona Vogt for very productive past and present collaborations. I would also like to thank Vittorio Del Duca, Eric Laenen, Sven Moch, and Jeff Owens for many useful conversations and current collaborations.

A Evaluation of one-loop eikonal vertex corrections

Here we give some calculational details for the one-loop corrections of Figs. 2 and 8.

In our calculations we use Feynman eikonal rules as discussed in Sections 3 and 4, and a general axial gauge gluon propagator,

D^{μν} (k) = −i k^2 + iϵ N^{μν} (k), N^{μν} (k) = g^{μν} − n^μk^ν + k^μn^ν n · k +n^2 k^μk^ν (n · k)^2

, (A.1) with n^μ the axial gauge-fixing vector.

We denote the kinematic part of the one-loop vertex correction to c_I , with the virtual gluon linking lines v_i and v_j, as ω_{ij} (δ_iv_i, δ_jv_j, Δ_i, Δ_j). The δ’s and Δ’s are defined as in Sections 3 and 4 except that here we use Δ = −i (+i) for a gluon located below (above) the eikonal line in order to present the results for both quarks and gluons in a uniform fashion.

The expression for ω_{ij} is then

ω_{ij} (δ_iv_i, δ_jv_j, Δ_i, Δ_j) = g^2_s ∫ d^nq (2π)^n −i q^2 + iϵ { Δ_i Δ_j v_i·v_j (δ_iv_i·q + iϵ)(δ_jv_j·q + iϵ) − Δ_iv_i·n (δ_iv_i·q + iϵ) P (n·q) − Δ_jv_j·n (δ_jv_j·q + iϵ) P (n·q) + n^2 P (n·q)^2 } , (A.2)

with g^2_s = 4πα_s, and where P stands for principal value, P (q · n)^β = 1 2 ( 1 (q · n + iϵ)^β + (−1)^β 1 (−q · n + iϵ)^β ) . (A.3)

We may rewrite (A.2) as

ω_{ij} (δ_iv_i, δ_jv_j, Δ_i, Δ_j) = S_{ij} [ I_1(δ_iv_i, δ_jv_j) − 1 2 I_2(δ_iv_i, n) − 1 2 I_2(δ_iv_i, −n) − 1 2 I_3(δ_jv_j, n) − 1 2 I_3(δ_jv_j, −n) + I_4(n^2) ] , (A.4)

where S_{ij} is an overall sign

S_{ij} = Δ_i Δ_j δ_i δ_j. (A.5)

We now evaluate the ultraviolet poles of the integrals. For the integrals when both v_i and v_j refer to massive quarks we have (with ϵ = 4 − n) [21, 31]

I^{UV pole} 1 = α_s π 1 ϵ L_β , I^{UV pole}

2 = − α_s π 1 ϵ L_i , I^{UV pole}

3 = − α_s π 1 ϵ L_j , I^{UV pole}

4 = − α_s π 1 ϵ , (A.6) where the L_β is the velocity-dependent eikonal function

L_β =

1 − 2m^2/s β ( ln 1 − β 1 + β + πi ) , (A.7)

with β = √ 1 − 4m^2/s. The L_i and L_j are rather complicated functions of the gauge vector n. Their contributions are cancelled by the inclusion of self energies. Their explicit expressions are:

L_i = 1 2 [L_i(+n) + L_i(−n)] , (A.8)

where L_i(±n) = 1 2 |v_i · n| √ (v_i · n)^2 − 2m^2n^2/s × ln δ(±n) 2m^2/s − |v_i · n| − √ (v_i · n)^2 − 2m^2n^2/s δ(±n) 2m^2/s − |v_i · n| + √ (v_i · n)^2 − 2m^2n^2/s

+ ln δ(±n) n^2 − |v_i · n| − √ (v_i · n)^2 − 2m^2n^2/s δ(±n) n^2 − |v_i · n| + √ (v_i · n)^2 − 2m^2n^2/s

(A.9)

with δ(n) ≡ |v_i · n|/(v_i · n). Then, using Eq. (A.4), we get

ω_{ij} (δ_iv_i, δ_jv_j, Δ_i, Δ_j) = S_{ij} α_s πϵ [L_β + L_i + L_j − 1] . (A.10)

The contribution of the heavy quark self energy graphs in Fig. 2(b) to the anomalous dimension matrices for heavy quark production in either partonic channel is (α_s/π)C_F (L_1 + L_2 − 2)δ_{IJ} , which cancels the gauge-dependent contribution from the ω_{12} in Eq. (A.10).

When v_i refers to a massive quark and v_j to a massless quark we have [21, 31]

I^{UV pole} 1 = α_s 2π { 2 ϵ^2 − 1 ϵ [ γ + ln ( v^2_{ij}s 2m^2 ) − ln(4π) ]} , I^{UV pole}

2 = − α_s π 1 ϵ L_i , I^{UV pole} 3 = α_s 2π { 2 ϵ^2 − 1 ϵ [γ + ln ν_j − ln(4π)] } , I^{UV pole}

4 = − α_s π 1 ϵ , (A.11) where ν_a =

(v_a · n)^2 |n|^2 , (A.12)

and v_{ij} = v_i · v_j. Note that the double poles cancel in the sum over the I’s and we get

ω_{ij}(δ_iv_i, δ_jv_j, Δ_i, Δ_j) = S_{ij} α_s πϵ [ − 1 2 ln ( v^2_{ij}s 2m^2 ) + L_i + 1 2 ln ν_j − 1 ] . (A.13)

Finally, when both v_i and v_j refer to massless quarks we have [55, 21, 31]

I^{UV pole} 1 = α_s π { 2 ϵ^2 − 1 ϵ [ γ + ln ( δ_iδ_j v_{ij} 2 ) − ln(4π) ]} , I^{UV pole} 2 = α_s 2π { 2 ϵ^2 − 1 ϵ [γ + ln ν_i − ln(4π)] } , I^{UV pole} 3 = α_s 2π { 2 ϵ^2 − 1 ϵ [γ + ln ν_j − ln(4π)] } , I^{UV pole}

4 = − α_s π 1 ϵ . (A.14)

Again, note that the double poles cancel in the sum over the I’s and we get

ω_{ij}(δ_iv_i, δ_jv_j, Δ_i, Δ_j) = S_{ij} α_s πϵ [ − ln ( δ_i δ_j v_{ij} 2 ) + 1 2 ln(ν_iν_j) − 1 ] . (A.15)

In order to obtain contributions to the different entries of the matrix of renormalization constants, the above expression has still to be multiplied by the color decomposition of its corresponding diagram into the basis color structures [21, 31, 55].

References

[1] J.C. Collins, D.E. Soper, and G. Sterman, in Perturbative Quantum Chromodynamics, ed. A.H. Mueller (World Scientific, Singapore, 1989), p. 1.

[2] J.C. Collins and G. Sterman, Nucl. Phys. B185, 172 (1981).

[3] G.T. Bodwin, Phys. Rev. D 31, 2616 (1985); (E) D 34, 3932 (1986);

J.C. Collins, D.E. Soper, and G. Sterman, Nucl. Phys. B261, 104 (1985); B308, 833 (1988).

[4] J.C. Collins, D.E. Soper, and G. Sterman, Phys. Lett. B 438, 184 (1998).

[5] G. Altarelli, R.K. Ellis, and G. Martinelli, Nucl. Phys. B157, 461 (1979);

B. Humpert and W.L. van Neerven, Phys. Lett. 84B, 327 (1979); J. Kubar-André and F.E. Paige, Phys. Rev. D 19, 221 (1979); K. Harada, T. Kaneko, and N. Sakai, Nucl. Phys. B155, 169 (1979); (E) B165, 545 (1980).

[6] P. Aurenche, A. Douiri, R. Baier, M. Fontannaz, and D. Schiff, Phys.

Lett. 140B, 87 (1984);

H. Baer, J. Ohnemus, and J.F. Owens, Phys. Rev. D 42, 61 (1990); P. Aurenche, P. Chiappetta, M. Fontannaz, J.Ph. Guillet, and E. Pilon, Nucl. Phys. B399, 34 (1993);

A.P. Contogouris, B. Kamal, Z. Merebashvili, and F.V. Tkachov, Phys. Lett. B 304, 329 (1993); Phys. Rev. D 48, 4092 (1993); (E) D 54, 7081 (1996);

L.E. Gordon and W. Vogelsang, Phys. Rev. D 48, 3136 (1993); D 50, 1901 (1994);

M. Glück, L.E. Gordon, E. Reya, and W. Vogelsang, Phys. Rev. Lett. 73, 388 (1994);

E.L. Berger, X.-f. Guo, and J. Qiu, Phys. Rev. Lett. 76, 2234 (1996).

[7] R.J. Gonsalves, J. Pawlowski, and C.-F. Wai, Phys. Rev. D 40, 2245 (1989);

P.B. Arnold and M.H. Reno, Nucl. Phys. B319, 37 (1989); (E) B330, 284 (1990); Phys. Rev. D 40, 912 (1989).

[8] S. Dawson, Nucl. Phys. B359, 283 (1991);

A. Djouadi, M. Spira, and P.M. Zerwas, Phys. Lett. B 264, 440 (1991); R.P. Kauffman, Phys. Rev. D 45, 1512 (1992);

S. Dawson and R.P. Kauffman, Phys. Rev. D 49, 2298 (1994); M. Spira, A. Djouadi, D. Graudenz, and P.M. Zerwas, Nucl. Phys. B453, 17 (1995).

[9] P. Nason, S. Dawson, and R.K. Ellis, Nucl. Phys. B303, 607 (1988);

B327, 49 (1989); (E) B335, 260 (1990);

W. Beenakker, H. Kuijf, W.L. van Neerven, and J. Smith, Phys. Rev. D 40, 54 (1989);

W. Beenakker, W.L. van Neerven, R. Meng, G.A. Schuler, and J. Smith, Nucl. Phys. B351, 507 (1991).

[10] F. Aversa, P. Chiappetta, M. Greco, and J. Ph. Guillet, Phys. Lett. B 210, 225 (1988); B 211, 465 (1988); Nucl. Phys. B327, 105 (1989); Phys. Rev. Lett. 65, 401 (1990); Z. Phys. C46, 253 (1990);

F. Aversa, P. Chiappetta, L. Gonzales, M. Greco, and J. Ph. Guillet, Z. Phys. C49, 459 (1991);

S.D. Ellis, Z. Kunszt, and D.E. Soper, Phys. Rev. D 40, 2188 (1989); Phys. Rev. Lett. 64, 2121 (1990); 69, 1496 (1992); Z. Kunszt and D.E. Soper, Phys. Rev. D 46, 192 (1992); W.T. Giele, E.W.N. Glover, and D.A. Kosower, Phys. Rev. D 52, 1486 (1995);

E. Mirkes and D. Zeppenfeld, Phys. Lett. B 380, 205 (1996); S. Catani and M.H. Seymour, Nucl. Phys. B485, 291 (1997); (E) B510, 503 (1997);

M. Klasen and G. Kramer, Phys. Rev. D 56, 2702 (1997).

[11] T. Matsuura, S.C. van der Marck, and W.L. van Neerven, Phys. Lett.

B 211, 171 (1988); Nucl. Phys. B319, 570 (1989); T. Matsuura, Ph.D. Thesis, Leiden, 1989;

T. Matsuura, R. Hamberg, and W.L. van Neerven, Nucl. Phys. B345, 331 (1990); B359, 343 (1991);

W.L. van Neerven and E.B. Zijlstra, Nucl. Phys. B382, 11 (1992).

[12] G. Kramer and B. Lampe, Z. Phys. C34, 497 (1987); (E) C42,504 (1989);

S.G. Gorishny, A.L. Kataev, and S.A. Larin, Phys. Lett. B 259, 144 (1991);

L.R. Surguladze and M.A. Samuel, Phys. Rev. Lett. 66, 560 (1990); (E) 66, 2416 (1991); Rev. Mod. Phys. 68, 259 (1996).

[13] E.B. Zijlstra and W.L. van Neerven, Phys. Lett. B 273, 476 (1991); Nucl.

Phys. B383, 525 (1992); B417, 61 (1994); (E) B426, 245 (1994); S.A. Larin, T. van Ritbergen, and J.A.M. Vermaseren, Nucl. Phys. B427,

41 (1994);

T. van Ritbergen, J.A.M. Vermaseren, S.A. Larin, and P. Nogueira, Int. J. Mod. Phys. C 6, 513 (1995);

R. Mertig and W.L. van Neerven, Z. Phys. C70, 637 (1996); M. Buza, Y. Matiounine, J. Smith, R. Migneron, and W.L. van Neerven, Nucl. Phys. B472, 611 (1996);

M. Buza, Y. Matiounine, J. Smith, and W.L. van Neerven, Nucl. Phys. B485, 420 (1997); Eur. Phys. J. C1, 301 (1998);

Y. Matiounine, J. Smith, and W.L. van Neerven, Phys. Rev. D 57, 6701 (1998); Phys. Rev. D 58, 076002 (1998).

[14] G. Parisi, Phys. Lett. 90B, 295 (1980);

G. Curci and M. Greco, Phys. Lett. 92B, 175 (1980);

D. Amati, A. Bassetto, M. Ciafaloni, G. Marchesini, and G. Veneziano, Nucl. Phys. B173, 429 (1980);

P. Chiappetta, T. Grandou, M. Le Bellac, and J.L. Meunier, Nucl. Phys. B207, 251 (1982).

[15] G. Sterman, Nucl. Phys. B281, 310 (1987).

[16] S. Catani and L. Trentadue, Nucl. Phys. B327, 323 (1989); B353, 183 (1991).

[17] J.C. Collins and D.E. Soper, Nucl. Phys. B193, 381 (1981).

[18] E. Laenen, J. Smith, and W.L. van Neerven, Nucl. Phys. B369, 543 (1992); Phys. Lett. B 321, 254 (1994).

[19] N. Kidonakis and J. Smith, hep-ph/9506253, 1995.

[20] N. Kidonakis and J. Smith, Mod. Phys. Lett. A11, 587 (1996);

J. Smith and R. Vogt, Z. Phys. C75, 271 (1997).

[21] N. Kidonakis, Ph.D. Thesis (SUNY, Stony Brook), hep-ph/9606474, UMI-96-36628-mc (microfiche), 1996.

[22] E.L. Berger and H. Contopanagos, Phys. Lett. B 361, 115 (1995); Phys.

Rev. D 54, 3085 (1996); D 57, 253 (1998); in proceedings of Deep Inelastic Scattering and QCD, 5th International Workshop, ed. J. Repond and

D. Krakauer (AIP Conf. Proc. No. 407, American Institute of Physics, Woodbury, NY, 1997), p. 1028, hep-ph/9706356.

[23] S. Catani, M.L. Mangano, P. Nason, and L. Trentadue, Phys. Lett.

B 378, 329 (1996); Nucl. Phys. B478, 273 (1996).

[24] D.B. DeLaney, S. Jadach, Ch. Shio, G. Siopsis, and B.F.L. Ward, Phys.

Lett. B 342, 239 (1995);

D.B. DeLaney, S. Jadach, S.M. Kim, Ch. Shio, G. Siopsis, and B.F.L. Ward, Mod. Phys. Lett. A12, 2425 (1997).

[25] N. Kidonakis and J. Smith, Phys. Rev. D 51, 6092 (1995).

[26] F. Abe et al., CDF Collaboration, Phys. Rev. Lett. 74, 2626 (1995).

[27] S. Abachi et al., D0 Collaboration, Phys. Rev. Lett. 74, 2632 (1995).

[28] C. Campagnari and M. Franklin, Rev. of Mod. Phys. 69, 137 (1997).

[29] P.C. Bhat, H.B. Prosper, and S.S. Snyder, Int. J. Mod. Phys. A13, 5113 (1998).

[30] N. Kidonakis and G. Sterman, hep-ph/9604234, 1996; in Les Rencontres de Physique de la Vallée d’Aoste, Results and Perspectives in Particle Physics, ed. M. Greco (INFN-Frascati SIS-Ufficio Pubblicazioni, Italy, 1996), p. 333, hep-ph/9607222.

[31] N. Kidonakis and G. Sterman, Phys. Lett. B 387, 867 (1996); Nucl. Phys.

B505, 321 (1997); in proceedings of Deep Inelastic Scattering and QCD, 5th International Workshop, ed. J. Repond and D. Krakauer (AIP Conf. Proc. No. 407, American Institute of Physics, Woodbury, NY, 1997), p. 1035, hep-ph/9708353.

[32] Y.L. Dokshitzer, D.I. Dyakonov, and S.I. Troyan, Phys. Rep. 58, 269 (1980);

A.H. Mueller, Phys. Lett. 104B, 161 (1981);

A. Bassetto, M. Ciafaloni, G. Marchesini, and A.H. Mueller, Nucl. Phys. B207,189 (1982);

Y.L. Dokshitzer, V.A. Khoze, S.I. Troyan, and A.H. Mueller, Rev. Mod. Phys. 60, 373 (1988);

G. Marchesini and B.R. Webber, Nucl. Phys. B310, 461 (1988); Y.L. Dokshitzer, V.A. Khoze, and S.I. Troyan, in Perturbative Quantum Chromodynamics, ed. A.H. Mueller (World Scientific, Singapore, 1989), p. 241;

Y.L. Dokshitzer, V.A. Khoze, G. Marchesini, and B.R. Webber, Phys. Lett. B245, 243 (1990).

[33] N. Kidonakis, J. Smith, and R. Vogt, Phys. Rev. D 56, 1553 (1997);

N. Kidonakis, in QCD 97, Nucl. Phys. B (Proc. Suppl.) 64, 402 (1998).

[34] N. Kidonakis and R. Vogt, hep-ph/9806526, 1998, to appear in Phys.

Rev. D.

[35] R. Bonciani, S. Catani, M.L. Mangano, and P. Nason, Nucl. Phys. B529, 424 (1998).

[36] S. Catani, M.L. Mangano, and P. Nason, J. High Energy Phys. 07, 024 (1998).

[37] N. Kidonakis, E. Laenen, S. Moch, and R. Vogt, in preparation.

[38] N. Kidonakis, G. Oderda, and G. Sterman, Nucl. Phys. B525, 299 (1998).

[39] N. Kidonakis, G. Oderda, and G. Sterman, Nucl. Phys. B531, 365 (1998); in Proceedings of the 6th International Workshop on Deep Inelastic Scattering and QCD, ed. G.H. Coremans and R. Roosen (World Scientific, Singapore, 1998), p. 579, hep-ph/9805279.

[40] G. Oderda and G. Sterman, Phys. Rev. Lett. 81, 3591 (1998);

G. Oderda, talk presented at QCD 98, hep-ph/9808384, 1998.

[41] E. Laenen, G. Oderda, and G. Sterman, Phys. Lett. B 438, 173 (1998).

[42] E. Laenen and S. Moch, Phys. Rev. D 59, 034027 (1999);

S. Moch, in Proceedings of the 6th International Workshop on Deep Inelastic Scattering and QCD, ed. G.H. Coremans and R. Roosen (World Scientific, Singapore, 1998), p. 175, hep-ph/9805370.

[43] N. Kidonakis and V. Del Duca, in preparation.

[44] D. Appel, P. Mackenzie, and G. Sterman, Nucl. Phys. B309, 259 (1988). [45] H. Contopanagos and G. Sterman, Nucl. Phys. B400, 211 (1993); B419, 77 (1994).

[46] L. Alvero and H. Contopanagos, Nucl. Phys. B436, 184 (1995); B456, 497 (1995).

[47] E. Laenen and G. Sterman, in Proceedings of The Fermilab Meeting, DPF 92, ed. C.H. Albright et al (World Scientific, Singapore, 1993), p. 987.

[48] A.M. Polyakov, Nucl. Phys. B164, 171 (1979);

I.Ya. Aref’eva, Phys. Lett. 93B, 347 (1980);

V.S. Dotsenko and S.N. Vergeles, Nucl. Phys. B169, 527 (1980); R.A. Brandt, F. Neri, and M.-a. Sato, Phys. Rev. D 24, 879 (1981).

[49] J.G.M. Gatheral, Phys. Lett. 133B, 90 (1983);

J. Frenkel and J.C. Taylor, Nucl. Phys. B246, 231 (1984); J.C. Collins, in Perturbative Quantum Chromodynamics, ed. A.H. Mueller (World Scientific, Singapore, 1989), p. 573.

[50] H. Contopanagos, E. Laenen, and G. Sterman, Nucl. Phys. B484, 303 (1997).

[51] J. Kodaira and L. Trentadue, Phys. Lett. 112B, 66 (1982). [52] J.F. Owens and W.-K. Tung, Annu. Rev. Nucl. Part. Sci. 42, 291 (1992). [53] J.C. Collins and D.E. Soper, Nucl. Phys. B194, 445 (1982). [54] G.P. Korchemsky and A.V. Radyushkin, Phys. Lett. B 171, 459 (1986);

Nucl. Phys. B283, 342 (1987).

[55] J. Botts and G. Sterman, Nucl. Phys. B325, 62 (1989). [56] G.P. Korchemsky, Phys. Lett. B 325, 459 (1994).

[57] I.A. Korchemskaya and G.P. Korchemsky, Nucl. Phys. B437, 127 (1995). [58] H.-n. Li, Phys. Rev. D 55, 105 (1997).

[59] L. Magnea, Nucl. Phys. B349, 703 (1991).

[60] M. Krämer, E. Laenen, and M. Spira, Nucl. Phys. B511, 523 (1998). [61] R. Meng, G.A. Schuler, J. Smith, and W.L. van Neerven, Nucl. Phys.

B339, 325 (1990).

[62] H.L. Lai, J. Huston, S. Kuhlmann, F. Olness, J. Owens, D. Soper, W.K.

Tung, and H. Weerts, Phys. Rev. D 55, 1280 (1997).

[63] H. Plothow-Besch, ‘PDFLIB: Nucleon, Pion and Photon Parton Density Functions and α_s Calculations’, Users’s Manual - Version 7.09, W5051 PDFLIB, 1997.07.02, CERN-PPE.

[64] F. Abe et al., CDF Collaboration, Phys. Rev. Lett. 80, 2773 (1998). [65] S. Abachi et al., D0 Collaboration, Phys. Rev. Lett. 79, 1203 (1997). [66] G. Sterman, Phys. Rev. D 17, 2773 (1978); ibid. 2789. [67] S.B. Libby and G. Sterman, Phys. Rev. D 18, 3252 (1978); ibid. 4737;

G. Sterman, An Introduction to Quantum Field Theory (Cambridge Univ. Press, Cambridge, 1993);

G. Sterman, in QCD and Beyond, Proceedings of the Theoretical Advanced Study Institute in Elementary Particle Physics (TASI 95), ed. D.E. Soper (World Scientific, 1996), p. 327, hep-ph/9606312.

[68] M. Sotiropoulos and G. Sterman, Nucl. Phys. B419, 59 (1994). [69] A.J. Macfarlane, A. Sudbery, and P.H. Weisz, Commun. Math. Phys.

11, 77 (1968).

[70] L. Dixon in QCD and Beyond, Proceedings of the Theoretical Advanced Study Institute in Elementary Particle Physics (TASI-95), ed. D.E. Soper (World Scientific, Singapore, 1996), p. 539, hep-ph/9601359.

[71] J. Bartels, Z. Phys. C60, 471 (1993). [72] N. Kidonakis and J. Owens, in preparation.