hep-ph/9903269 5 Mar 1999

Analytical solution of the relativistic Coulomb problem with a hard core interaction for a one-dimensional spinless Salpeter equation

F. Brau^{∗†} Université de Mons-Hainaut, Place du Parc 20, B-7000 Mons, BELGIQUE (December 1998)

Abstract

In this paper, we construct an analytical solution of the one-dimensional spinless Salpeter equation with a Coulomb potential supplemented by a hard core interaction, which keeps the particle in the x positive region.

03.65.Pm,03.65.Ge

Typeset using REVTEX

∗Chercheur I.I.S.N.

†E-mail: fabian.brau@umh.ac.be

I. INTRODUCTION

A simple relativistic version of the Schrödinger equation is the Spinless Salpeter Equation (SSE). For the one-dimensional case we have √ −d^2_x + m^2 Ψ(x) = ( E − V (x) ) Ψ(x), (1)

where m is the mass of the particle, V (x) is the potential interaction, E the eigenenergy of the stationary state Ψ(x), d^2_x =^{d2}_{dx2} = −p^2 and p is the relative momentum of the particle (h̄ = c = 1). p and x are conjugate variables. The differential operator of the Schrödinger equation is well defined because it is a second derivative. To solve a physical problem, we must just solve an ordinary eigenvalue differential equation. The situation is more complicated with the SSE because the associated differential operator is a nonlocal one. Its action cannot be calculated directly from its operator form. Indeed, its action on a function f(x) is known only if f(x) is an eigenfunction of the operator d^2_x. In this case we obtain √ −d^2_x + m^2 f(x) = √ −α + m^2 f(x), (2)

where α is the corresponding eigenvalue of d^2_x. That is why we need first to rewrite the SSE into a form easier to handle. Since the operator is a nonlocal one, this form could be an integral equation. This have been done for the three-dimensional case in Refs. [1,2]. We present the one-dimensional corresponding form in the next section. With the method used to obtain this form, it is possible to rewrite the SSE as an integro-differential equation (see Ref. [2] for the three-dimensional case). But the kernel is really complicated and the resulting equation seems to be very difficult to treat. We will use, here, another method to obtain the solution of the equation.

To solve the relativistic Coulomb problem we do not solve any differential equation. We calculate the action of the square-root operator on the functions x^ne^{−βx}. Because the result is analytical and because the wave functions of the Coulomb problem with a hard core interaction are an exponential multiplied by a polynomial, which is also the form of the Schrödinger and Klein-Gordon wave functions, a complete solution of Eq. (1), with V (x) ∝ 1/x and x > 0, can be found.

The paper is organized as follow. In Sec. II, we give some useful mathematical results concerning the square-root operator. In Sec. III, we solve the one-dimensional Coulomb problem with a hard core interaction. In Sec. IV, we compare our results to those obtained with the Schrödinger equation [3–6] and with the Klein-Gordon equation [7,8]. At last, we give our conclusion in Sec. V.

II. MATHEMATICAL FRAMEWORK

In this section we give some results concerning the square-root operator which we use to solve the Coulomb problem supplemented by a hard core interaction.

A. Integral representation of the square-root operator

To obtain the integral representation of the square-root operator we use the Fourier transform of the one-dimensional delta function. We have √ −d^2_x + m^2 Ψ(x) = 1 2π ∫_{+∞} −∞ ∫_{+∞} −∞ dp dq √ p^2 + m^2 e^{−i(q−x)p} Ψ(q). (3)

Extracting the operator −d^2_x + m^2 and integrating over the momentum p (see Ref. [1]) we obtain, √ −d^2_x + m^2 Ψ(x) = 1 π ( −d^2_x + m^2 ) ∫ +∞ −∞ dq K_0(m|q − x|)Ψ(q) = 1 π ( −d^2_x + m^2 ) ∫ +∞ 0 dq K_0(mq)[Ψ(x + q) + Ψ(x − q)], (4)

where K_0(x) is the modified Bessel function of order 0 [9, p. 952].

B. Invariant space functions of the one-dimensional square-root operator

In this section we calculate the action of the square-root operator on the functions x^ne^{−βx}. We obtain that the result is equal to a polynomial of order n, M_n(m, β, x), multiplied by the same exponential. Thus the space of functions P_n(x)e^{−βx} is the invariant space functions of this operator. Using formula (4) we have √ −d^2_x + m^2 x^ne^{−βx} = 1 π ( −d^2_x + m^2 ) e^{−βx} ∫_{+∞} 0 dq K_0(mq) [ (x + q)^ne^{−βq} + (x − q)^ne^{βq} ] . (5) This leads to [9, p. 712] √ −d^2_x + m^2 x^ne^{−βx} = 1 √ π ( −d^2_x + m^2 ) e^{−βx} n∑ k=0 ( n k ) G_k (m, β) x^{n−k} . (6) The coefficients G_k (m, β) are given by G_k (m, β) = Γ(k + 1)^2 Γ(k + 3/2) ( 1 (m + β)^{k+1} F ( k + 1, 1/2; k + 3/2; − m − β m + β ) + (−)^k(β → −β) ) , (7) where F (α, β; γ; x) is the hypergeometric function [9, p. 1039]. Performing the derivation in Eq. (6) and rearranging the obtained relation, we have: √ −d^2_x + m^2 x^ne^{−βx} = 1 √ π e^{−βx} n∑ k=0 ( n k ) { ( m^2 − β^2 ) G_k (m, β) + 2βkG_{k−1}(m, β) − k(k − 1)G_{k−2} (m, β) } x^{n−k} . (8)

It is possible to write the coefficients G_k (m, β) into a more useful form. This form will allow us to find a recursion relation between the coefficients G_k(m, β) and to simplify the expression (8). We will be able to construct the polynomial, M_n(m, β, x), for each value of n. We have the relation [10, p. 562]

F (a, 1/2; a + 1/2; −x) = Γ(a + 1/2) x^{(1−2a)/4} √ 1 + x P^{1/2−a} −1/2 (1 − x 1 + x ) , (9)

with x > 0. The functions P^μ_ν (x) are the associated Legendre functions for x real and |x| < 1. With this relation, we find that G_{k−1}(m, β) = Γ(k)^2 √ 2m (m^2 − β^2)^{(2k−1)/4} [ P^{1/2−k} −1/2 (β/m) + (−) k−1 P^{1/2−k}_{−1/2} (−β/m) ] . (10)

Now, using the recursion relation of the associated Legendre functions [9, p. 1005],

P^{μ+2}_ν (x) = −2(μ + 1) x √ 1 − x^2

P^{μ+1}_ν (x) + (μ − ν)(μ + ν + 1)P^μ_ν (x), (11)

and the explicit expression of P^{−1/2}_{−1/2} (x) and P^{1/2}_{−1/2}(x) [9, p. 1008], we can write the following relations

G_{k+2}(m, β) = 1 m^2 − β^2 [ (k + 1)^2 G_k (m, β) − (2k + 3)β G_{k+1}(m, β) ] , (12)

with

G_0(m, β) = √ π m^2 − β^2

, (13)

G_1(m, β) = − √ π β (m^2 − β^2)^{3/2}

. (14)

Al last, one can find, using Eq. (12), that the general coefficient of the sum of the Eq. (8) becomes F_{k,n}(m, β) = 1 √ π ( n k ) [ β G_{k−1}(m, β) − (k − 1) G_{k−2}(m, β) ] with k ≥ 1. (15)

And with this form, a recursion relation for F_{k,n}(m, β) can be easily found. Thus to conclude this section, we are able now to rewrite Eq. (8) into a simple form: √ −d^2_x + m^2 x^ne^{−βx} = M_n(m, β, x) e^{−βx} = [_n ∑ k=0 F_{k,n}(m, β) x^{n−k} ] e^{−βx}, (16) F_{0,n}(m, β) = √ m^2 − β^2, (17) F_{1,n}(m, β) = nβ √ m^2 − β^2

, (18) F_{k+2,n}(m, β) = n − k − 1 (k + 2) (m^2 − β^2) [ (k − 1)(n − k) F_{k,n}(m, β) − (2k + 1)β F_{k+1,n}(m, β) ] , (19) F_{k,n+1} = n + 1 n + 1 − k F_{k,n}. (20)

We can see that we obtain the expected relation (from Eq. (2)) for n = 0. And thus we see that we must have β < m. With the relations (17)-(20) the polynomial M_n(m, β, x) is completely defined and we can construct it for each value of n. This result will allow us to find, with few calculations, the solution of the one-dimensional relativistic Coulomb problem with a hard core interaction. We give below the polynomials, as an example, for n = 0 → 4.

M_0(m, β, x) = S, (21) M_1(m, β, x) = S x + β S , (22)

M_2(m, β, x) = S x^2 + 2β S x − m^2 S^3

, (23)

M_3(m, β, x) = S x^3 + 3β S x^2 −

3m^2 S^3 x + 3m^2β S^5

, (24)

M_4(m, β, x) = S x^4 + 4β S x^3 −

6m^2 S^3 x^2 +

12m^2β

S^5 x − 3m^2 S^7 ( m^2 + 4β^2 ) , (25)

with S = √ m^2 − β^2. (26)

Note that these last relations can be simply checked by acting the square-root operator on each side of Eq. (16). For n = 1, we see that we have an identity if we use the relation for n = 0. Now knowing these two relations we see that the relation for n = 2 is also an identity, and so on for each value of n.

III. THE ONE-DIMENSIONAL RELATIVISTIC COULOMB PROBLEM WITH A HARD CORE INTERACTION

The equation to solve is √ −d^2_x + m^2 Ψ(x) = ( E + κ x ) Ψ(x). (27)

We just consider here the case x > 0 (we will discuss after the extension to the whole x axis). Physically this means that we have a hard core interaction for x ≤ 0. Then the wave functions will possess the following asymptotic behavior: Ψ(x) = 0 for x ≤ 0 and for x = +∞. Suppose that the wave functions have the following form Ψ(x) ∝ n∑ k=1 γ_{k,n} x^k e^{−βx} for x > 0 and n = 1, 2, ..., Ψ(x) = 0 for x ≤ 0. (28)

We do not consider the normalization of the functions here. Thus replacing Eq. (28) into Eq. (27) and using Eq. (16) we obtain n∑ k=1 γ_{k,n} k∑ p=0 F_{p,k}(m, β) x^{k−p} = E n∑ k=1 γ_{k,n} x^k + κ n∑ k=1 γ_{k,n} x^{k−1}. (29)

Now equaling order by order we will determine the solution. The term of order n gives: E = F_{0,n}(m, β) = √ m^2 − β^2. (30)

From the term of order n − 1, we have: κ = F_{1,n}(m, β), (31) which leads to, β = κm n √ 1 + (κ/n)^2

. (32)

We can remark that we have as well the necessary relation β < m. We are now already able to determine the energy spectrum. Using Eq. (30) and Eq. (32) we have: E = m √ 1 + (κ/n)^2

. (33)

To obtain a complete solution, we must now find all the γ_{k,n}, and prove that the system of equations which gives these quantities has always a solution. Obviously we can fix γ_{n,n} = 1. We see that the term of order n−j determines the coefficient γ_{n−j+1,n} if the previous γ_{k,n} are known. Beginning with the term of order n − 2, we obtain directly γ_{n−1,n} . And now we can get γ_{n−2,n} from the term of order n − 3. The independent term will fix the last factor γ_{1,n}. Thus we have a triangular system of n − 1 algebraic equations with n − 1 unknowns. This system will possess always a solution if the determinant of the coefficient matrix is non null. As this is a triangular matrix, the determinant is the product of the diagonal elements. The expression of these elements is κ − F_{1,n−j} (m, β) which is equal to jβ/S. These quantities are always non null since j > 0. The general form of γ_{k,n} is obtained from the term of order n − j − 1. We have γ_{n−j,n} = S jβ j−1∑ k=0 γ_{n−k,n} F_{j−k+1,n−k} (m, β). (34) We can inverse the summation to finally obtain γ_{n−j,n} = j−1∑ p1=0 p1−1∑

p2=0 ... pj�1−1∑ pj=0 F̃ (n, p_1, j)F̃ (n, p_2, p_1)...F̃(n, p_j , p_{j−1}), (35)

with F̃ (n, k, j) = S jβ F_{j−k+1,n−k} (m, β). (36) For the summation in Eq. (35), we must use the following rule: If in a summation over p_α, α being arbitrary, the bound p_{α−1} − 1 is negative, all the F̃ (n, k, j) containing the indices p_{β≥α} are equal to 1. With the formula (35), we are able to construct the wave functions for the Coulomb problem with a hard core interaction. As an example we give the three first one:

Ψ(x) ∝ x Q_n(m, κ, x) e^{−βx}, (37) with β given by Eq. (32), and

Q_1(m, κ, x) = 1, (38) Q_2(m, κ, x) = x − m^2 S^2β

, (39)

Q_3(m, κ, x) = x^2 −

3m^2 S^2β x + 3m^2 2β^2S^4 ( β^2 + m^2 ) , (40)

with S defined by Eq. (26). Again, we can perform a simple verification by putting these solutions into Eq. (27) and using Eq. (16).

Contrary to the Schrödinger or Klein-Gordon equation, the extension of the solution to the whole x axis is really more complicated. We can try to use exp(−β|x|) instead of exp(−βx) in our solution. But the situation is quite more difficult. Indeed, the construction of the solution was based on the fact that exp(−βx) was an eigenfunction of the square-root operator and that the invariant space functions of this operator was P_n(x) exp(−βx), where P_n(x) is a polynomial of order n. But it is easy to show, with Eq. (4), that √ −d^2_x + m^2 exp(−m|x|) = 2m π K_0(m|x|). (41) This is non null as this is the case in the Eq. (16). Thus exp(−β|x|) is not an eigenfunction of the square-root operator and P_n(x) exp(−β|x|) is not an invariant space function of this operator. So it seems that the pure Coulomb problem has quite different solutions for the wave functions and certainly for the spectrum.

IV. DISCUSSION

The one-dimensional Coulomb problem has been treated by many authors, both nonrelativisticly [3–6] and relativisticly [7,8]. But in these works the whole x axis is considered. As a consequence, the ground state gives some difficulties.

In the nonrelativistic case the solution is: Ψ(x) = x exp(−κm|x|/n) L^{(1)}_{n−1}(2κm|x|/n), (42)

E = m − mκ^2 2n^2 with n = 1, 2, ... (43)

But we see that for n = 1, the wave function have a node at the origin. So this is not the wave function for the ground state. In fact it is found to be infinitely bounded and the wave function is a delta function [3,8].

In the Klein-Gordon case the solution is: Ψ(x) = x^S exp(−β|x|/2) L^{(γ)}_{n−1}(β|x|), (44)

E = m/ 1 + κ^2 (n − 1 + S)^2

, (45)

with, β = 2mκ/ √ (n − 1 + S)^2 + κ^2 with n = 1, 2, ..., (46)

and, S = 1 2 (1 + γ) = 1 2 ( 1 ± √ 1 − 4κ^2 ) . (47)

Thus we see that we have two distinct solutions according the sign for S. Actually, spectrum with the minus sign for S is not acceptable. Indeed, a reason is that, for n = 1, when we perform the limit κ → 0, we obtain E = 0. This mean that the particle is still bounded when the interaction vanishes. Thus the problem for the ground state persists (see Ref. [8] for a complete discussion).

In this paper we do not consider the whole x axis and we have no problem with the ground state. We consider a hard core interaction, for x ≤ 0, which gives Ψ(x) = 0 in this region. Thus x exp(−βx) is the wave function for the ground state. Actually the purpose of these work was to solve a particular kind of differential equations with a difficult to handle nonlocal operator. Indeed, any analytical solutions are known for the spinless Salpeter equation. Thus we do not discuss the problem of the ground state of the one-dimensional Coulomb problem. In Sec. III, we have shown that the extension to the whole x axis is not easy. Moreover, the ground state problem could persist.

To compare our result to the results of previous works, we can consider the Schrödinger and the Klein-Gordon equation for the Coulomb potential supplemented by a hard core interaction. The spectra and the wave functions remain unchanged but the ground state problem has disappeared. In the three cases we have the same kind of wave functions: an exponential (with different arguments) multiplied by a polynomial (with different coefficients). For the spectrum we have, in the limit of small κ:

E_{Sch} = m ( 1 − κ^2 2n^2 ) , (48)

E_{KG} = m ( 1 − κ^2 2n^2 − κ^4 n^3 + 3κ^4 8n^4 ) , (49)

E_{Sal} = m ( 1 − κ^2 2n^2 + 3κ^4 8n^4 ) . (50)

Thus we see that in the expansion of the Salpeter spectrum the term in n^3 is missing compared to the Klein-Gordon spectrum. So the difference between these two spectra is rather important. For an electron in an electromagnetic Coulomb potential, the splitting is about 10^{−3} eV.

Another characteristic of the spinless Salpeter spectrum is that κ can grow up without limit. This could come from the fact that we have another kinetic operator than in the Klein- Gordon equation and that the result could be quite different. But the main explanation is certainly that we do not solve the real Coulomb problem and that this spectrum could be different contrary to the Klein-Gordon equation, which keeps the same spectrum in both cases. Indeed, for the SSE, there exists a limit value for κ in three dimensions [11].

V. CONCLUSION

The purpose of this work was to find an analytical solution of a particularly kind of differential equations containing a nonlocal differential operator. The equation considered in this paper, the one-dimensional spinless Salpeter equation (SSE), is a simple relativistic version of the one-dimensional Schrödinger equation. The SSE is not a marginal equation. For three dimensions, this equation comes from the Bethe-Salpeter equation [12,13, p. 297], which gives the correct description of bound states of two particles. Moreover, despite the presence of a so particular operator, the SSE is often used in the potential models (see for instance Refs. [14–20]), which give a phenomenological description of hadrons.

To find this analytical solution, we calculate, in Sec. II B, the action of the square-root operator on a polynomial multiplied by an exponential and we show that this constitute the invariant space functions of this operator. To be able to perform this calculation, we have constructed, in Sec. II A, an integral representation of the square-root operator. In Sec. III, we have obtained, without solving any differential equation, a complete solution of the SSE with a Coulomb potential and a hard core interaction. This last interaction is introduced to keep the particle in the x positive region. We remark that the SSE wave functions have the same form than the Schrödinger and the Klein-Gordon wave functions. We remark also that the splitting between the SSE and the Klein-Gordon spectrum is rather important. Indeed, it is of the same order of the first relativistic correction given by these two equations.

ACKNOWLEDGMENTS

We thank Dr. C. Semay, Prof. Y. Brihaye, Prof. J. Nuyts and Prof. F. Michel for the useful discussions.

REFERENCES

[1] L.J. Nickisch, L. Durand and B. Durand, Phys. Rev. 30, 660 (1984). [2] F. Brau, J. Math. Phys 39 2254 (1998). [3] R. Loudon, Am. J. Phys. 27, 649 (1959). [4] M. Andrews, Am. J. Phys. 34, 1194 (1966).

[5] L. K. Haines and D. H. Roberts, Am. J. Phys. 37, 1145 (1969). [6] J. F. Gomes and A. H. Zimmerman, Am. J. Phys. 48, 579 (1980). [7] H. N. Spector and J. Lee, Am. J. Phys. 53, 248 (1985). [8] R. E. Moss, Am. J. Phys. 55, 397 (1987).

[9] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, Corrected and Enlarged Edition (Academic Press, Inc., New York, 1980).

[10] M. Abramowitz and I. A. Stegun, Handbook of mathematical functions, Dover publications, Inc., New York, 1970) [11] I. W. Herbst, Commun. Math. Phys. 53, 285 (1977); 55, 316 (1977) (addendum). [12] E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951).

[13] W. Greiner and Joachim Reinhardt, Quantum Electrodynamics, 2nd Ed. (Springer- Verlag, Berlin, 1994).

[14] D. P. Stanley and D. Robson, Phys. Rev. D 21, 3180 (1980). [15] P. Cea, G. Nardulli, and G. Paiano, Phys. Rev. D 28, 2291 (1983). [16] S. N. Gupta, S. F. Radford, and W. W. Repko, Phys. Rev. D 31, 160 (1985). [17] S. Godfrey and N. Isgur, Phys. Rev. D 32, 189 (1985), and references therein. [18] D. LaCourse and M. G. Olson, Phys. Rev. D 39, 2751 (1989), and references therein. [19] L. P. Fulcher, Phys. Rev. D 50, 447 (1994), and references therein. [20] C. Semay and B. Silvestre-Brac, Nucl. Phys. A 618, 455 (1997), and references therein.