hep-ph/9904362 v2 19 Apr 1999

Preprint SSU-HEP-99/04 Samara State University

PROTON POLARIZABILITY AND THE LAMB SHIFT IN MUONIC HYDROGEN R.N. Faustov Scientific Council ”Cybernetics” RAS, 117333, Moscow, Vavilov, 40, Russia A.P. Martynenko Department of Theoretical Physics, Samara State University 443011, Samara, Pavlov, 1, Russia

Abstract

The proton structure and proton polarizability corrections to the Lamb shift of electronic hydrogen and muonic hydrogen were evaluated on the basis of modern experimental data on deep inelastic structure functions. Numerical value of proton polarizability contribution to (2P-2S) Lamb shift is equal to 4.4 GHz.

The muonic hydrogen (μ^−p^+) is a two-particle bound state of a muon and a proton. The energy levels of this system are defined as for electronic hydrogen [1]. By virtue of the fact that the mass ratio of electron and muon m_e/m_μ = 4.836332·10^{−3} , some quantum electrodynamical contributions, proton structure corrections and proton polarizability effects increase in importance in the case of muonic hydrogen [2, 3]. For example, the electron vacuum polarization gives the main contribution to the Lamb shift of muonic hydrogen (contrary to ordinary hydrogen), because the Compton wavelength of the electron and the Bohr radius of muonic hydrogen have the same order: h̄/m_ec : h̄^2/μe^2 = 0.737386. The experimental measurement of (2P-2S) Lamb shift in muonic hydrogen makes it possible to determine with higher accuracy the proton charge radius R_p = √ < r^2 > [4], which is one of the universal fundamental physical constants. Theoretical investigations of the main contributions to the Lamb shift of muonic hydrogen (μp) were done in [2, 3]. The results of calculation of different order corrections, known at present time may be found in [5]. New sixorder vacuum polarization contribution to the Lamb shift of the muonic hydrogen was obtained recently in [6]. In this work we consider the Lamb shift contribution in (μ^−p^+), connected with the proton polarizability effects. As in the case of muonic hydrogen hyperfine splitting [7, 8], we have used the local quasipotential equation for description of two-particle bound state (μ^−p^+) [9].

The proton polarizability contribution is determined by the amplitude of two - photon muon - proton interaction, shown on Fig.1. Compton forward scattering amplitude of the electron, appearing in the two - photon interaction, may be expressed as a sum of direct and crossed two - photon diagrams:

M^{(e)}_{μν} = ū(q_1) [ γ_μ p̂_1 + k̂ + m_1 (p_1 + k)^2 − m^2_1 + iϵ γ_ν + γ_ν p̂_1 − k̂ + m_1 (p_1 − k)^2 − m^2_1 + iϵ γ_μ ] u(p_1). (1)

Neglecting by the relative motion momenta of the particles in initial and final states (⃗p = ⃗q = 0), we can also parameterize the amplitude of the proton virtual Compton scattering in the following manner [10, 11]:

M^{(p)}_{μν} = v̄(p_2) { 1 2 C_1 ( −g_{μν} + k_μk_ν k^2 ) + 1 2m^2

C_2 ( p_{2μ} − m_2ν k^2 k_μ ) ( p_{2ν} − m_2ν k^2 k_ν ) + (2) + 1 2m_2

H_1 ( [γ_ν , k̂]p_{2μ} − [γ_μ, k̂]p_{2nu} + [γ_μ, γ_ν ] ) + + 1 2 H_2 ( [γ_ν, k̂]k_μ − [γ_μ, k̂]k_ν + [γ_μ, γ_ν ]k^2 )} v(q_2),

where ν = k_0 is the energy of the virtual photon. Tensor (2) contains symmetric and antisymmetric parts. Symmetric part, which is determined by the structure functions C_{1,2}(ν, k^2) fixes the contribution to the Lamb shift. Antisymmetric part of expression (2), defined by the functions H_{1,2}(ν, k^2), gives the contribution to the hyperfine splitting of S - energy levels. To extract the hyperfine splitting part of k k

p_2 = (m_2, 0) p_1 = (m_1, 0)

q_2 = (m_2, 0) q_1 = (m_1, 0)

Figure 1: Proton polarizability correction

the quasipotential V^{hfs}, we can use the projection operators of muon - proton two - particle system on the states with total spin S=0 (V (^1S_0)) and S=1 (V (^3S_1)):

Π̂ = u(p_1)v̄(p_2) = 1 2 √ 2 (1 + γ_0)ϵ̂(γ_5), (3)

To construct the S -wave Lamb shift part of the quasipotential it is common practice to use two approaches:

1. The averaging of the amplitudes (1) and (2) over muon and proton spins [12]. 2. The use of projection operators (3) and the construction of necessary interaction in the form: V^{Ls} = V (^1S_0) + 3 4 V^{hfs}. (4)

Multiplying the amplitudes (1) and (2) and extracting the corresponding parts of the quasipotential (hyperfine splitting part and Lamb shift part), we obtain: ( M^{(μ)}_{μν} M^{(p)}_{μν}

)_{hfs} = − 16 3 k^2 k^4 − 4k^2_0 m^2_1 [ m_2(k^2_0 + 2k^2)H_1 + 3k_0k^2H_2 ] , (5) ( M^{(μ)}_{μν} M^{(p)}_{μν}

)_{Ls} = 2m_1 k^4 − 4k^2_0 m^2_1 [ −(2k^2_0 + k^2)C_1 + (k^2 − k^2_0)C_2 ] , (6)

Expression (5) was used earlier in the hyperfine splitting calculation [13, 14, 15]. Let us consider Lamb shift contribution on the basis of (6). Using dispersion relation for structure functions C_i(k_0, k^2) and explicitly displaying the contribution of the proton intermediate state, shown in Fig.2, we have:

C_i(k_0, k^2) = C^p_i (k_0, k^2) + 1 π ∫_∞ ν0 dν^2 (ν^2 − k^2_0 ) ImC_i(ν, k^2), (7) a b p μ

p μ

p μ

p μ

Figure 2: Proton finite - size correction of order (Zα)^5.

ν_0 = m_π + 1 2m_2

(Q^2 + m^2_π), Q^2 = −k^2,

and moreover the function C_1(k_0, k^2) satisfies to dispersion relation with one subtraction to provide the correct asymptotic behavior in ν of the intgral expression in (7).

The proton vertices of two - photon amplitudes are defined by two form factors F_1 and F_2 [16]: Γ^μ = γ^μF_1 + i 2m_2 σ^{μν}k_ν F_2, (8)

The contribution of diagrams (a) and (b) of Fig.2 to the Lamb shift may be expressed as follows:

ΔE^{Ls}_p = −|ψ(0)|^2

(Zα)^2 π^2 ∫ d^4k 1 (k^2)^2 1 2m_1 m_2(k^4 + 4m^2_1k^2_0) 1 (k^4 + 4m^2k^2_0 ) (9) [ 4m^2(k^4 + 2k^4_0 )F^2_1 − 2k^4(k^2 + 2k^2_0 )F_1F_2 − 3k^2_0 k^4F^2_2 ] , where we have transformed integration over four - dimensional Euclidian space, changing k_0 → ik_0. It is necessary to say that this integration contains infrared divergence. To remove it we subtract from (8) the correction related with iteration term of the quasipotential and the contribution of two - photon amplitudes in the case of point - like proton. The contribution of iteration part of the quasipotential takes the form:

ΔE^{Ls}_{iter} = V_{1γ} × G^f × V_{1γ} ≈ μ^4(Zα)^5 m^2πn^3 ∫_∞ 0 dk k^2 [ F^′_1(0)4m^2 + F_2(0) ] . (10)

The iteration terms of quasipotential fully eliminate infrared divergences in the hyperfine structure of hydrogen - like atoms [11]. Note that the correction of order (Zα)^4 in the Lamb shift of hydrogen atom, depending on proton structure is defined by one - photon term of the quasipotential V_{1γ} ∼ G_E (k^2)/⃗k^2 [17] (G_E is the Sachs form factor) in the following form:

E^{Ls} =

2μ^3 3n^3

(Zα)^4R^2_pδ_{l0}, R^2_p = 1 6G_E (0)

∂G_E(k^2) ∂k^2 |_k2_{=0}, (11)

where R_p is the proton charge radius [4]. For point - like proton the recoil correction to energy levels of order (Zα)^5 is determined by both non - relativistic and relativistic electron momenta in the two - photon interaction operator V_{2γ} . The corresponding expression takes the form [1]:

ΔE_{nl} = μ^3 m_1m_2

(Zα)^5 πn^3 [ 2 3 δ_{l0} ln ( 1 Zα ) − 8 3 ln k_0(n, l)− (12)

− 1 9 δ_{l0} − 7 3 a_n − 2 m^2 − m^2_1 δ_{l0} ( m^2 ln m_2 μ − m^2_1 ln m_2 μ )] , a_n = −2 [ ln 2 n + ( 1 + 1 2 + ... + 1 n ) + 1 − 1 2n ] δ_{l0} + 1 − δ_{l0} l(l + 1)(2l + 1)

. (13)

Taking into account the results (10), (12), we can express infrared finite contribution of two - photon diagrams in the Lamb shift of hydrogen - like atom as follows:

ΔE^{Ls}_{2γ} = − μ^3 πn^3 δ_{l0}(Zα)^5 ∫_∞ 0 dk k V (k), (14)

V (k) =

2(F^2_1 − 1)

m_1m_2 + 8m_1[F_2(0) + 4m^2F^′_1(0)] m_2(m_1 + m_2)k

+ (15) + k^2 2m^3_1m^3_2 [ 2(F^2_1 − 1)(m^2_1 + m^2) + 4F_1F_2m^2_1 + 3F^2_2 m^2_1 ] +

+ √ k^2 + 4m^2_1 2m^2_1m_2(m^2_1 − m^2)k { k^2 [ 2(F^2_1 − 1)m^2 + 4F_1F_2m^2_1 + 3F^2_2 m^2_1 ] + +8m^4_1F_1F_2 +

16m^4_1m^2(F^2_1 − 1)

k^2 } −

− √ k^2 + 4m^2_1m_1 2m^3_2(m^2_1 − m^2)k { k^2 [ 2(F^2_1 − 1)m^2 + 4F_1F_2 + 3F^2_2 ] − −8m^2F_1F_2 +

16m^4_2(F^2_1 − 1) k^2 } . To calculate the correction (14), we have used the dipole parameterization of proton form factors:

F_1(k^2) =

G_E −^{k2}_{4m2} G_M 1 −^{k2}_{4m2}

, F_2(k^2) = G_M − G_E 1 −^{k2}_{4m2}

, (16)

G_M =

1 + κ ( 1 −^{k2}_{Λ2}

)_2 , GE = 1 ( 1 −^{k2}_{Λ2}

)_2 ,

where proton structure parameter was taken as for calculation of hyperfine splitting in hydrogen atom Λ = 0.898m_2 [16], κ =1.792847 is the proton anomalous magnetic moment. Numerical value of correction (14) in the Lamb shift of electronic hydrogen ΔE^{Ls}_H (2P-2S) = 4.25 Hz and of muonic hydrogen ΔE^{Ls}_{μp} = 4.35 GHz, which coincides with the result of [5]. Let us consider now the effects of proton polarizability, which are described by the dispersion integral (7). The imaginary parts of amplitudes C_i(k_0, k^2) are related to deep inelastic structure functions F_i(x, Q^2): 1 π ImC_1(x, Q^2) =

F_1(x, Q^2)

m_2 , 1 π ImC_2(x, Q^2) =

F_2(x, Q^2) ν , x = Q^2 2m_2ν

. (17)

In the limit Q^2 → 0 the following conditions should be fulfilled:

F_2 = O(Q^2),

F_1 m_2 − F_2ν Q^2

= O(Q^2). (18)

They play important role for the parameterization of structure functions F_i(x, Q^2) at low Q^2 [18]. Using relations (6) - (7) and transforming the integration over four - dimensional Euclidian space in the loop amplitudes ∫ d^4k = 4π ∫_∞ 0 k^3dk ∫ π 0 Sin^2ϕdϕ, k^0 = kCosϕ, (19) we can represent the proton polarizability contribution to the Lamb shift of muonic hydrogen in the following way:

ΔE^{Ls}_{pol} = −

16μ^3(Zα)^5m_1 π^2n^3 ∫_∞ 0 dk k ∫ π 0 Sin^2ϕdϕ ∫_∞ ν0 dy 1 k^2 + 4m^2_1Cos^2ϕ

(20) 1 (y^2 + k^2Cos^2ϕ)

(1 + 2Cos^2ϕ) ( 1 +^{k2}_{y2} ) Cos^2ϕ 1 + R(y, k^2) + Sin^2ϕ F_2(y, k^2), where R(y, k^2) = σ_L/σ_T is the ratio of the cross sections for the transversally and longitudinally polarized virtual photons respectively. To do numerical integration on the basis of (20) it is necessary to know the experimental data on structure function F_2(x, Q^2) and the ratio R(x, Q^2) in the wide region of variables Q^2 and x [18]. We have used theoretical parameterization from [19], where structure function F_2 is decomposed into two terms F^P_2 and F^R_2 , corresponding to pomeron and reggeon exchanges:

F_2 = F^P_2 + F^R_2 , F^r_2 =

Q^2 Q^2 + m^2_0

C_r(t)x^{ar(t)}_r (1 − x)^{br(t)}, r = P, R, (21) 1 x_r = 2m_2ν + m^2_r Q^2 + m^2_r .

Table. Proton polarizability contribution to the S-state energy levels of electronic hydrogen and muonic hydrogen.

(e^−p^+) (μ^−p^+) [23] [24] Hz μeV

1S -94 -144 -72 -100 -95 -136

2S -11.8 -18 -9 -13 -11.9 -17

Recent experimental data on extraction of quantity R(x, Q^2) from deep inelastic e-p scattering made at SLAC have lead to 6-parameter models for this ratio in a kinematic range 0.005 ≤ x ≤ 0.86 and 0.5 ≤ Q^2 ≤ 130 [20]: R = a_1 ln(Q^2/0.04)

Θ(x, Q^2) + a_2 [Q^8 + a^4_3]^{1/4} [ 1 + a_4x + a_5x^2 ] x^{a6}, (22)

Θ(x, Q^2) = 1 + 12 ( Q^2 Q^2 + 1 ) ( 0.125^2 0.125^2 + x^2 ) . In the case of muonic hydrogen the numerical value of Lamb shift (2P-2S) contribution, obtained on the basis of (20)-(22), is equal to

ΔE^{Ls}_{pol} = 4.4 ± 0.5 GHz, (23)

For 1S - state of electronic hydrogen the correction on proton polarizability is −94± 10 Hz. This contribution is in good agreement with the results of [21, 22, 23, 24]. Displacements of 1S- and 2S- energy levels of electronic hydrogen and muonic hydrogen and the comparison with the results of [23, 24] are shown in Table (the displacements of muonic hydrogen are expressed in eV for the convenience of comparison). It is necessary to point out that the used parameterization (21) satisfies the asymptotic condition (18) and leads to infrared finite contribution to the energy spectrum. Thus, the main uncertainty of our result is connected not with logarithmic approximation of the momentum integration similar to (20) as in [21, 22], but with experimental errors of R(x, Q^2) in the range Q^2 ≤ 0.5 and experimental uncertainties of F_2(x, Q^2) [18]. Correction (23), obtained by us for muonic hydrogen has the same order as other proton structure contributions (12) and (14). Thus, it has to be taken into account when extracting of proton charge radius R_p from future experimental measurement of the muonic hydrogen Lamb shift.

We are grateful to S.G. Karshenboim, I.B. Khriplovich, V.A. Petrun’kin, R.A. Sen’kov, for useful discussions and to J.R. Sapirstein for copy of paper [1]. The work was performed under the financial support of the Russian Foundation for Fundamental Research (grant 98-02-16185) and the Program ”Universities of Russia - Fundamental Researches” (grant 2759).

References

[1] Sapirstein J.R., Yennie D.R., in Quantum Electrodynamics, edited by T. Kinoshita (World Scientific, Singapore, 1990), P.560.

[2] Giacomo A. //Nucl. Phys. 1969. V.B11. P.411. [3] Borie E., Rinker G.A. //Rev. Mod. Phys. 1982. V.54. P.67. [4] Karshenboim S.G. //E-preprint hep-ph/9712347, 1997. [5] Pachucki K. //Phys. Rev. 1996. V.A53. P.2092. [6] Kinoshita T., Nio M. //E-preprint hep-ph/9812442, 1998. [7] Martynenko A.P., Faustov R.N.. //Phys. Atom. Nucl. 1998. V.61. P.471. [8] Faustov R.N., Martynenko A.P., Saleev V.A. //E-preprint hep-ph/9811514, 1998.

[9] Martynenko A.P., Faustov R.N. //Theor. Math. Phys. 1985. V.64. P.765. [10] Bjorken J.D. //Phys. Rev. 1966. V.148. P.1467. [11] Zinov’ev G.M., et al. // Yad. Fiz. 1970. V.11. P.1284. [12] Bhatt G.C., Grotch H. //Annals of Phys. 1987. V.178. P.1. [13] Drell S.D., Sullivan I.D. //Phys. Rev. 1967. V.154. P.1477. [14] Guerin F. //Nuovo Cimento. 1967. V.50A. P.1. [15] Feynman R.P. Photon - hadron interactions, 1972. [16] Bodwin G.T., Yennie D.R. //Phys. Rev. 1988. D37. P.498. [17] Faustov R.N. //Fiz. El. Chast. Atom. Yad. 1972. V.3. P.238. [18] Badelek B., Kwiecinski J. //Rev. Mod. Phys. 1996. V.68. P. [19] Abramowicz H., Levy A. //Preprint DESY 97-251, 1997. [20] Abe K., et al. //Preprint SLAC-PUB-7927, 1998.

[21] Pachucki K., Leibfried D., Hansch T.W. //Phys. Rev. 1993. A48. P.R1. [22] Khriplovich I.B., Senkov R.A. //E-preprint nucl-th/9704043, 1997, nuclth/9903077, 1999.

[23] Startsev S.A., Petrun’kin V.A., Homkin A.L. //Yad. Phys. 1976. V.23. P.1233. [24] Rosenfelder R. //E-preprint hep-ph/9903352, 1999.