hep-ph/9904476 28 Apr 1999

The Das-Mathur-Okubo sum rule for the charged pion polarizability in a chiral model

S. P. Klevansky Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 19, D-69120, Heidelberg, Germany.

R. H. Lemmer^† Institut für Kernphysik, Forschungszentrum Jülich, P.O. Box 1913, D-52425, Jülich, Germany.

C. A. Wilmot Nuclear and Particle Theory Group and Physics Department, University of the Witwatersrand, P.O. WITS 2050, Johannesburg, South Africa. (April 28, 1999)

Abstract

The Das-Mathur-Okubo (DMO) sum rule for the polarizability of charged pions is evaluated for the Nambu-Jona-Lasinio model Lagrangian in both its minimal and extended forms. A comparison is made with the results obtained using the same sum rule from chiral perturbation theory (χPT), approximate QCD sum rule calculations, explicit calculations on the lattice by Wilcox, and using the semi-empirical Kapusta-Shuryak spectral densities. The χPT results from Compton scattering are also given. We point to a delicate cancellation between the intrinsic and recoil contributions to α_π� in the DMO sum rule approach that can lead to calculated polarizabilities of either sign.

PACS numbers: 11.30.Rd, 11.10.Lm, 11.10.St

Typeset using REVTEX

The electric and magnetic polarizability coefficients α_π and β_π of pions are fundamental constants of strong interaction physics and their calculation is an important testing ground for QCD or effective models thereof [1–10], since these coefficients can be measured experimentally. There is however, a reasonable amount of confusion as to their values, and a review of the current status of theory and experiment is given in [11]. While α_π and β_π can be identified directly from the soft photon limit of the pion Compton scattering amplitude, such calculations are extremely tedious, even in lowest order [5–9]. To obtain a physical picture and common understanding of the values obtained by several approaches, it is far simpler to use the Das-Mathur-Okubo (DMO) current algebra sum rule [12], and we examine this here. We also accept the constraint α_π + β_π = 0, valid for chiral pions [13], and concentrate on the electrical polarizability of charged pions. For charged pions, Holstein [13] has shown that the DMO sum rule offers an alternative route for calculating the intrinsic contribution to α_π� by recasting it as^1 α^{intr} = 2 ∑ i≠0 |⟨0|⃗d_z |i⟩|^2 E_i − E_0 = − α m_πf^2_π ∫_∞ 0 ds s^2

[ρ_V (s) − ρ_A(s)] (1)

that together with the center of mass recoil contribution [15] determines α_π�:

α_π� = α 3m_π < r^2_π > +α^{intr}. (2) In these formulae, ρ_{V,A} are the vector and axial vector spectral densities, m_π, ⟨r^2_π⟩ and f_π the pion mass, radius squared and decay constant, and α ≈ 1/137 is the fine structure constant. The summation in the defining expression for α^{intr} in Eq. (1) runs over all electric dipole excitations |i⟩ of energy E_i that are connected to the pionic ground state by the dipole operator ⃗d, and the minus sign on the second term anticipates the fact that α^{intr} < 0 for pions. Physically, this comes about [13] from an interplay between negative energy intermediate states entering the sum in Eq. (1), and the contributions of disconnected photon and pion decay diagrams that have to be subtracted out [16].

The DMO sum rule result for α^{intr} is valid to O(p^2) in the language of chiral perturbation theory (χPT) [17] due to the approximations made in its derivation. This can be seen as follows. By inserting the definitions of the Gasser-Leutwyler coupling constants l̄_5, l̄_6 of χPT [17],

< r^2_π >= 1 16π^2f^2_π

(l̄_6 − 1); ∫_∞ 0 ds s^2

[ρ_V (s) − ρ_A(s)] = 1 48π^2

(l̄_5 − 1) (3)

into Eqs. (1) and (2), one retrieves the χPT expression at one loop level (i.e. also to O(p^2)) for α_π� as has also been extracted from Compton scattering [5,13]

(α_π�)_{χP T} = α 48π^2m_πf^2_π

(l̄_6 − l̄_5). (4)

1The integral on the right carries an extra 1/2 in [14] due to the conventional QCD lattice normalization of the spectral densities used there.

This takes the numerical value 2.7 × 10^{−4} fm^3 using experimentally extracted values of the l̄_i, and is a direct prediction of QCD. We may thus only make a comparison with χPT to this order in using the sum rule. Note that a higher order calculation of α_π� has been made via Compton scattering [6]. This calculation involves the computation of over 100 Feynman diagrams, and lowers the final result from α_π� = 2.7 to 2.4 ×10^{−4} fm^3.

The DMO form for α^{intr} in Eq. (1) has the particular advantage that this contribution to α_π� can now be estimated using QCD sum rules as in [4], or calculated directly on the lattice as in [14]. Here, we also implement the DMO calculation of α^{intr}, as well as the recoil contribution to α_π�, using a model chiral Lagrangian given below to describe the quark dynamics, and we then compare this with QCD sum rule results, calculations on the lattice, chiral perturbation theory, and also a result obtained using the empirical Kapusta- Shuryak [18] spectral densities to evaluate the DMO sum rule. Recent data from the ALEPH collaboration [19,20] for the spectral densities is also shown. We base our discussions on the extended Nambu-Jona-Lasinio (ENJL) Lagrangian [21,22] which explicitly includes vector and axial vector degrees of freedom: L_{ENJL} = ψ̄[i∂/ − m̂]ψ + G_1 [ (ψ̄ψ)^2 + (ψ̄iγ_5ø ψ)^2 ] − G_2 [ (ψ̄γ_μø ψ)^2 + (ψ̄γ_μγ_5ø ψ)^2 ] . (5)

Here ψ̄ = (ū, d̄) is the SU(2) quark flavor doublet, ø Pauli isospin matrices, G_1, G_2 coupling constants, and m̂ a common current quark mass that explicitly breaks chiral symmetry. Together with a regulating cutoff Λ, these parameters are fixed by reproducing the pion mass and decay constant, quark condensate density, and the axial coupling constant of the constituent quarks.

The spectral densities ρ_J (s) = −(1/4π)ImΠ̃_J(s) at four-momentum transfer squared s = q^2 that enter into Eq. (1) are obtained from the two point polarization functions of the vector and axial vector currents J^a_μ (x) = V^a_μ (x) or A^a_μ(x) of isospin index a and have the tensor structure Π̃^J_{μν;ab}(s) = Π̃_J (s)(g_{μν} − q_μq_ν/q^2)δ_{ab}. These amplitudes are purely spin one (“transverse”) in the chiral limit due to current conservation, ∂^μJ^a_μ (x) = 0. Their difference satisfies the unsubtracted dispersion relation [23,24] 1 4 [Π̃_A(s) − Π̃_V (s) ] = ∫_∞ 0 dt t − s − iϵ [ρ_V (t) − ρ_A(t)]. (6)

We now specialize to the case where the dynamics of the J^a_μ (x) are assumed to be governed by L_{ENJL}. Working to leading order in N^{−1}_c [25,26], both the lowest order one-loop expressions Π_{V,A}, and the resummed expressions for the polarization functions Π̃_{V,A} as given by their Bethe-Salpeter equation, can be explicitly shown to satisfy the unsubtracted dispersion relation, Eq. (6), under Pauli-Villars regularization^2 [27]. Using this dispersion relation, the required integral in Eq. (1) can be rewritten as ∫_∞ 0 dt t^2

[ρ_V (t) − ρ_A(t)] = 1 4 ∂ ∂s [ Π̃_A(s) − Π̃_V (s) ] s→0. (7)

2In which case the associated spectral density difference in Eq. (6) mimics [27] the QCD asymptotic behavior ρ_V (t) − ρ_A(t) ∼ O(s^{−2}) [29,30].

The difference of polarization amplitudes in the ENJL model is found by direct calculation to be given by the relation (Ward identity [28]) 1 4 [Π̃_A(s) − Π̃_V (s)] = f^2_π F_P (s)F_V (s)F_A(s) (8)

in terms of the pion electromagnetic form factor F_P (s) of the minimal NJL model (G_2 = 0) and the vector and axial vector form factors F_V (s) and G_A(s) of the constituent quark currents. Closed expressions for the latter two form factors are obtained by summing the associated Bethe-Salpeter equation to all orders in the coupling 2G_2. One finds

F_V (s) = [1 + 2G_2Π_V (s)]^{−1}; G_A(s) = [1 + 2G_2Π_A(s)]^{−1} = g_AF_A(s) (9)

in terms of the irreducible one-loop polarization functions Π_{V,A}. Here g_A = G_A(0), or 1−g_A = 8G_2f^2_π , is the axial coupling constant [31–33,35]. The derivative on the right hand side of Eq. (7) that is required to evaluate the integral explicitly is determined by the behavior of the form factors at vanishingly small momentum transfers. This can be found in terms of the ρ and a_1 meson masses m_{V,A} and their common coupling constant g_ρ to the quarks that can be identified from the poles and residues in the corresponding resummed propagators for the vector and axial vector modes −iD_{V,A}(s) = {−2iG_2F_V (s), −2iG_2G_A(s)} after introducing low-energy expansions [33] for the irreducible polarizations that they contain:^1_4 Π_V (s) ≈ −g^{−2}_ρ s and^1_4 Π_A(s) ≈ −g^{−2}_ρ (s − 6m^2). Here m is the self-consistent quark mass of the ENJL model. One finds m^2_A = 6m^2 + m^2_V = m^2_V /g_A and m^2_V = g^2_ρ/8G_2 = g^2_ρf^2_π /(1 − g_A). The latter result follows by eliminating G_2 in terms of its expression for g_A given above. This last form for m^2_V reduces to the KSRF relation [34] for the choice g_A = 1/2. All of these low-energy relations also follow immediately by working with the bosonized version of the ENJL Lagrangian from the start [35]. Introducing the same expansions of the irreducible polarizations into the denominators of the form factors defined above in Eq.(9), one obtains F_V (q^2) = 1 + q^2/m^2_V + · · · and F_A(q^2) = 1 + q^2/m^2_A − g_A(1 − g_A)q^2/(8π^2f^2_π ) + · · · after also recalling that [36] F_P (q^2) = 1 + g_Aq^2/(8π^2f^2_π ) + · · ·. Using this information the value of the integral in Eq. (7) becomes ∫_∞ 0 ds s^2

[ρ_V (s) − ρ_A(s)] = g^2_A 8π^2 + f^2_π m^2_V + f^2_π m^2_A

, (10)

The pion radius parameter is found from the expansion of the ENJL pion form factor F_π(q^2) ≠ F_P (q^2) to be

< r^2_π >=

3g^2_A 4π^2f^2_π + 3 m^2_V + 3 m^2_A

(11)

for N_c = 3. Referring back to Eqs. (1) and (2), one sees that an exact cancellation is going to occur between the meson mass terms in the recoil and intrinsic contributions to the electric polarizability. The final result for the ENJL polarizability as calculated using the DMO sum rule thus reads

α_π� = αg^2_A 8π^2m_πf^2_π

. (12)

To the order O(N^0_c ) and O(p^2) we are working,^3 this result depends only on the axial coupling constant of the constituent quarks besides the pion parameters. The lesson from this is that there is a delicate balance between the recoil and intrinsic contributions, so that at a more fundamental level, one should probably compute both terms to the same level of approximation, instead of relying, for example, on the known experimental pion radius squared for the first term. As in [14], this can give negative values for α_π�. If, in addition, we insist that the KSRF relation [34] should also hold between the meson parameters generated by the ENJL model in its low energy regime, then we have seen that^4 g_A = 1/2, and Eq. (12) becomes a parameter-free result for the charged pion polarizability, of magnitude α_π� ≈ 1.5 × 10^{−4} fm^3 for the physical constants. This value is listed in Table I. The expression for α_π� as obtained from Compton scattering calculations using the NJL model [7,10] also reduce to Eq. (12) (with g_A=1) when evaluated to leading order O(p^2). This confirms that the integrals over the model spectral densities behave correctly and is an important self-consistency check, since these spectral functions give the density of states in the q̄q continuum of the non-confining L_{ENJL}, and not that of the physical ρ → ππ and a_1 → πρ continua. Notwithstanding this unphysical feature, the sum rules continue to be obeyed. The reason for this is that the model polarization amplitudes satisfy unsubtracted dispersion relations like Eq. (6) and the Ward identity of Eq. (8) under gauge-invariant regularization schemes (such as Pauli-Villars or dimensional regularization). This in turn allows one to re-express the sum rules in terms of the zero momemtum transfer values of the model polarization amplitudes and their derivatives that are not sensitive to the nonconfining nature of the model. Fig. 1 compares the behavior of the vector minus axial vector spectral density difference for the ENJL model with (a) the semi-empirical fits of Kapusta and Shuryak [18], and (b) recent data from the ALEPH collaboration [19,20]. Both theoretical sets of curves satisfy Weinberg’s first sum rule [23]. The ENJL model density difference accomplishes this by having considerably smaller and wider resonant peaks at the (model) vector masses m_V = 793 MeV and m_A = 1122 MeV. Note, however, that the value that we obtain for α_π� using the Kapusta-Shuryak densities is negative as is seen in Table I. One sees that the vector peak of the ALEPH data is well-modelled by the phenomenological form of Ref. [18]. At large s, the uncertainties in the data are too large to make it possible to evaluate the sum rule precisely, for s → ∞ [20].

We next return to the NJL model and examine the sub-leading in N^{−1}_c contributions to Eqs. (11) and (10) and show that they are not small. We illustrate these corrections in the case of the minimal NJL model (G_2 = 0 therefore g_A → 1 and m^2_V , m^2_A → ∞) that only supports π and σ meson modes. Such a calculation has already been performed for the pion radius to this order, and one has found [39,40]

3Since G_2 ∼ N^{−1}_c in order to preserve the correct scaling properties of quark and meson masses, and f^2_π ∼ N_c, one sees that 1 − g_A = 8G_2f^2_π ∼ N^0_c . The same result follows from N_c counting rules [37].

4 Estimates of g_A using the Adler-Weisberger sum rule [37,38], suggest a much larger (∼ 0.8 − 0.9) value for g_A.

⟨r^2_π⟩ = 3 4π^2f^2_π − 1 16π^2f^2_π

( ln m^2_π m^2_σ + 17 6 ) + O(m^2_π), (13)

which is necessary for evaluating the recoil contribution to α_π�. Note that the f_π which enters this expression (via a Goldberger-Treiman relation that is itself correct [26] to O(1/N_c)) refers to a pion weak decay constant that is correct to O(1/N_c). This comes about because ⟨r^2_π⟩ follows from differentiating an NJL electromagnetic form factor for the pion that includes O(1/N_c) corrections, and therefore contains a πqq coupling constant g_{πqq} that is also correct to this order. Otherwise the modified form factor does not normalise properly to unity at q^2 = 0. This is demonstrated explicitly in [40].

A similar analysis can be made for the spectral density function integral. This is briefly sketched here. Corrections arise from two types of diagrams [26]: (i) single meson loop dressings of the irreducible one-loop quark polarization diagram, and (ii) meson pairs exchanged between ρ and a_1 vertices. While type (i) is essential for maintaining the transverse nature of the vector polarization diagrams to O(N^0_c ), the subset (ii) of irreducible two meson loop diagrams is singled out by the fact that their derivatives at q^2 = 0 contain chiral logarithms [41] that diverge as m^2_π → 0 due to the pion pole in the propagator D_π of the pion. So they dominate over the derivatives^5 of type (i) in the chiral limit. Denoting the meson pair exchange diagrams with the coupling to the external channel factored out by −iΠ^{ρππ}_{μν} (q^2) and −iΠ^{a1πσ}_{μν} (q^2) respectively, one has (− i 2 g_ρ)^2[ 1 i Π^{ρππ}_{μν} (q^2)] = ∫ d^4l (2π)^4

Γ^{ρππ}_μ (l, l + q)D_π((l + q)^2)D_π(l^2)Γ^{ρππ}_ν (l + q, l) (14)

for the ρ channel. A similar expression holds for the a_1 channel. The leading contribution in chiral logarithms to this is found most directly by using the bosonized version [35,31] of the Lagrangian (5) to identify the effective meson vertices Γ^{ρππ}_μ and Γ^{a1πσ}_{μ5} . These vertices are generated by the Lagrangians δL_{ρππ} = −g_ρϵ_{abc}π_a∂_μπ_bρ^μ_c ; δL_{a1πσ} = g_ρσ(2⃗a^μ_1 · ∂_μ⃗π + ⃗π · ∂_μ⃗a^μ) (15) where (σ, ⃗π, ⃗ρ,⃗a_1) are isoscalar and isovector meson fields and g_ρ is the common vector meson coupling constant. Filling in the details, one finds the convergent contribution 1 4 ∂ ∂s [Π^{a1πσ}_T (s) − Π^{ρππ}_T (s)]_{s→0} = 1 8π^2

∫_1 0 dαα(1 − α) ln {m^2_π(1 − α) + m^2_σα m^2_π }

= − 1 48π^2 ( ln m^2_π m^2_σ + 5 6 ) + O(m^2_π), (16)

to be added to Eq. (7), after projecting out onto the transverse parts of the meson loop polarization diagrams. Here m_π and m_σ = (m^2_π + 4m^2)^{12} are the π and σ meson masses

5In fact the type (i) diagrams are strictly constants i.e. are independent of the external meson momentum in the bosonized version of the NJL model and thus give no contribution at all to the difference of polarization derivatives in Eq. (16) in that case.

of the bosonized NJL model [35]. The revised value of the integral (10) for the NJL case (g_A = 1) now reads ∫_∞ 0 ds s^2

[ρ^V (s) − ρ^A(s)]_{(quark+meson loops)} = 1 8π^2 − 1 48π^2 ( ln m^2_π m^2_σ + 5 6 ) + O(m^2_π). (17)

In Eqs. (17) and (13) we have also retained chiral O(N^0_c ) corrections, which are pure numbers in addition to the chiral logarithms that arise from the meson loop, in order to be completely consistent in N_c power counting. From Eqs. (3), one obtains values for the two scaleindependent Gasser-Leutwyler coupling constants l̄_5 + ln(m^2_π/μ^2) = 7 − 5/6 = 37/6 and l̄_6 + ln(m2_π/μ2) = 13 − 17/6 = 61/6, (here evaluated at the natural scale μ = m_σ ≈ 500 − 600 MeV of the NJL model) that are in the form given by chiral perturbation theory [17]. The chiral logarithms cancel in the revised value of their difference which now becomes l̄_6 − l̄_5 = 4 in Eq. (4), down from 13 − 7 = 6, due to the remaining O(N 0_c ) mass-independent corrections that the l̄’s now contain. This is to be compared with the empirical difference of 16.5 − 13.9 = 2.6. The O(N^{−1}_c ) meson loop corrections are thus large and negative in this case, leading to a considerable decrease in the predicted NJL value for α_π�, see Table I.

To summarize, the charged pion polarizability is examined in the NJL and ENJL models and compared with the results obtained in χPT, which serves as a benchmark of QCD. For completeness, the Compton scattering result for this quantity at two loop order is also quoted. hile this does not suffer from any obvious cancellation problems, it involves the computation of more than 100 graphs. The NJL model can be directly be compared with χPT to one loop order, in that the formal expression (4) holds in the NJL model with low energy constants evaluated within the model. This, in turn, leads to a much higher value of α_π� than does χPT, unless one includes the next order meson loops in the NJL model N^{−1}_c expansion. In the ENJL model, to lowest order, the final result is dependent on the value of g_A. In an analysis according to the division into intrinsic and recoil contributions, one notes that the intrinsic contribution to the polarizability changes by about a factor 3 from the minimal NJL calculation (G_2 = 0) to using the empirical densities of Kapusta and Shuryak. The negative results for α_π� in the latter case, as well as for the lattice calculations, reflect the delicate balance between the two relatively large recoil and intrinsic contributions to α_π� that are of opposite sign. This emphasizes the need for calculating both terms in the sum rule approach to the same level of approximation. The ENJL result (−11.0) for α^{intr} is itself nicely bracketed by the QCD sum rule result (−9.6) and chiral perturbation theory (−12.6), all in units of 10^{−4} fm^3, having been considerably increased over the minimal NJL case (−5.9) by the presence of the vector and axial vector modes. We have set g_A = 1/2 in the ENJL case in order to comply with the KSRF relation. However, even allowing g_A to fall through its full range 1 ≥ g_A ≥ 0 (while scaling m like g^{−1/2}_A to keep the same f^2_π ) gives values of the integral that only range between 12.7 and 27.5. In the latter instance the intrinsic and recoil contributions would simply cancel, leaving a polarizability coefficient of zero.

One of us (RHL) would like to thank Prof. J. Speth, and the members of the Theory Division at the Institut für Kernphysik at the Forschungszentrum, Jülich, for their kind hospitality. Financial support from the Alexander von Humboldt Foundation is also gratefully acknowledged. This work has also been partially supported by the Deutsche Forschungsgemeinschaft (DFG) under contract number HU 233/4-4 and by the German Ministry for Education and Research (BMBF) under contract number 06 HD 742.

REFERENCES

† Summer visitor, supported by the Alexander von Humboldt Foundation. [1] V.N. Pervushin and M.K. Volkov, Phys. Lett. B58 (1975) 74; V. Bernard, B. Hiller and W. Weise, Phys. Lett. B205 (1988) 16; D. Ebert and M.K. Volkov, Phys. Lett. B101 (1981) 252; M. Moreno and J. Pestieau, Phys. Rev. D13 (1976) 175; C-Y. Lee,ibid. 32 (1985) 658.

[2] V. Bernard and D. Vautherin, Phys. Rev. D40 (1989) 1615. [3] M.A. Ivanov and T. Mizutani, Phys. Rev. D45 (1992) 1580. [4] M. J. Lavelle, N. F. Nasrallah, K. Schilcher, Phys. Lett. B335 (1994) 211 . [5] U. Bürgi, Phys. Lett. B377 (1996) 147. [6] U. Bürgi, Nucl. Phys. B479 (1996) 392.

[7] B. Bajc et al., Nucl. Phys. A604 (1996) 406; J. Bijnens, A. Fayyazuddin, and J. Prades, Phys. Lett. B 379 (1996) 209; J. Bijnens and J. Prades, Nucl. Phys. B490 (1997) 239.

[8] V. Bernard, A.A. Osipov, and U.-G. Meissner, Phys. Lett B 285 (1992) 119. [9] J. Hüfner, S. P. Klevansky, P. Rehberg and M. K. Volkov, Z. Phys, C75 (1997) 127. [10] A.E. Dorokhov et al., Z. Phys. C127 (1997) 128.

[11] J. Portoles and M. R. Pennington, The Second DAΦNE Physics Handbook, L. Maiani, G. Pancheri and N. Paver, eds., (INFN, Frascati, 1995), p579.

[12] T. Das, V. Mathur, S Okubo, Phys. Rev. Lett. 19 (1967) 859 . [13] B. Holstein, Comments Nucl. Part. Phys. 19 (1990) 221. [14] W. Wilcox, Phys. Rev. D 57 (1998) 6731.

[15] T.E.O. Ericson and J. Hüfner, Nucl. Phys. B57 (1973) 604. [16] M. V. Terent’ev, Sov. J. Nucl. Phys. 16 (1973) 576. [17] J. Gasser and H Leutwyler, Ann. Phys. (N.Y.) 158 (1984) 142 . [18] J.I. Kapusta and E.V. Shuryak, Phys. Rev. D49 (1994) 4694. [19] The ALEPH collaboration, R. Barate et al, Z. Phys. C76 (1997) 15. [20] The ALEPH collaboration, R. Barate et al, Eur. Phys. J. C4 (1998) 431. [21] Y. Nambu, Phys. Rev. Lett. 4, 380 (1960); Y. Nambu and G. Jona Lasinio, Phys. Rev.

122 (1961) 345 ; 124 (1961) 246 .

[22] For recent reviews on the properties of Nambu-Jona-Lasinio Lagrangians, see U. Vogl and W. Weise, Prog. Part. Nucl. Phys. 27 (1991) 195; S.P. Klevansky, Rev. Mod. Phys. 64 (1992) 649; T. Hatsuda and T. Kunihiro, Phys. Rep. 247 (1994) 221; J. Bijnens, Phys. Rep. 265 (1996) 369 [23] S. Weinberg, Phys. Rev. Lett. 18 (1967) 507.

[24] S. Narison, QCD Spectral Sum Rules, World Scientific Lecture Notes (World Scientific, Singapore, 1989) Vol. 26; P. Frampton, Gauge Field Theories, (Benjamin/Cummings, Menlo Park, 1987).

[25] E. Quack and S.P. Klevansky, Phys. Rev. C49 (1994) 3283.

[26] V. Dmitrašinović, H.J. Schulze, R. Tegen and R.H. Lemmer, Ann. Phys. (N.Y.) 238 (1995) 332.

[27] V. Dmitrašinović, S.P. Klevansky and R.H. Lemmer, Phys. Lett. B386 (1996) 45. [28] J. Bijnens, E. de Rafael and H. Zhang, Z. Phys. C 62 (1994) 437. [29] E. G. Floratos, S. Narison, and E. de Rafael, Nucl. Phys. B 155 (1979) 115. [30] E. Braaten, S. Narison, and A. Pich, Nucl. Phys. B 373 (1992) 581; M. Jamin and M.

Münz, Z. Phys. C 60, (1993) 569.

[31] M. K. Volkov, Ann. Phys. (N.Y.) 157 (1984) 282. [32] S.P. Klevansky and R.H. Lemmer, hep-ph/9707206.

[33] S. Klimt, M. Lutz, U. Vogel and W. Weise, Nucl. Phys. A 516 (1990) 429. [34] K.Kawarabayashi and M. Suzuki, Phys. Rev. Lett. 16 (1966) 25; X. Riazuddin and X.

Fayyazuddin, Phys. Rev., 147 (1966) 1071.

[35] D. Ebert and M. K. Volkov, Z. Phys. C 16 (1983) 205; A. Dhar and S. R. Wadia, Phys.

Rev. Lett. 52 (1984) 959; A. Dhar, R Shankar and S. R. Wadia, Phys. Rev. D 31 (1985) 3256; D. Ebert and H. Reinhardt, Nucl. Phys. B 27 (1986) 188 ; Ulf-G. Meissner, Phys. Rep. 161 (1988) 213.

[36] R. Tarrach, Z. Phys. C 2 (1979) 221.

[37] W. Broniowski, M. Lutz and A. Steiner, Phys. Rev. Lett. 71 (1993) 1787. [38] S. Peris, and E. de Rafael, Phys. Lett. B 309 (1993) 389. [39] H-J. Hippe and S.P. Klevansky, Phys. Rev. C52 (1995) 2172. [40] R.H. Lemmer and R. Tegen, Nucl. Phys. A 593 (1995) 315. [41] W. Marciano and H. Pagels, Phys. Rep. 36C (1978) 137. [42] S. R. Amendolia et al., Phys. Lett. B 178 (1986) 244. [43] T.A. Aibergenov, Czech. J. Phys. B36 (1986) 948.

[44] Yu. M. Antipov et al., Phys. Lett. 121B (1983) 445. Yu. M. Antipov et al., Z. Phys.

C24 (1984) 39.

[45] Yu. M. Antipov et al., Z. Phys. C26 (1985) 495. [46] Mark II Collab., J.Boyer et al., Phys. Rev. D42 (1990) 1350; [47] D. Babusci et al., Phys. Lett. B277 (1992) 158.

FIGURES FIG. 1. The vector minus axial vector spectral densities as calculated from the ENJL model (solid curve), and from the semi-empirical Kapusta-Shuryak expressions of Ref. [18] (broken curve) versus momentum transfer squared. The dotted points with error bars are recent experimental values taken from the ALEPH collaboration. The Pauli-Villars scheme has been used to regulate the ENJL polarization amplitudes. This introduces two further artificial thresholds (only the first one is shown) at equally spaced intervals 4Λ^2 beyond the unphysical q̄q threshold that lies at 4m^2 = 0.28 GeV^2 for the particular ENJL parameter choice G_1 = 2.47 GeV^{−2}, G_2 = 3.61 GeV^{−2}, and a regulating cutoff of Λ = 1.06 GeV, used in this figure.

TABLES TABLE I. Breakdown of intrinsic and finite size contributions to the polarizability of charged pions in units of 10^{−4} fm^3 (1 fm ≈ 197.2 MeV^{−1}) as obtained from various theoretical approaches, together with the available experimental data. The original Serpukov II and Mark II data analyses quote (α_π� ± β_π�) without assuming the constraint α_π� + β_π� = 0. We have simply averaged the statistical and systematic error bounds when extracting α_π�. Input: m_π = 139.6 MeV, f_π = 93 MeV, and a typical quark mass m = 324 MeV from solving the gap equation [21] for the ENJL case, giving m_V = 793 MeV and m_A = 1122 MeV; empirical values l̄_5 = 13.9 ± 1.3, l̄_6 = 16.5 ± 1.1 for the χPT case [17], and the measured value < r^2_π >= 0.439 fm^2 [42] except where derived from a model.

Approach Spectral density integral α^{intr} α⟨r^2_π⟩/3m_π α_π� (×10^{−3}) χPT (Compton scattering to two loops) [6] 2.4 ± 0.5 χPT [Eqs. (3, 4)] 27.2 −12.6 15.2 2.7±0.4 NJL [Eqs. (10, 11), g_A = 1] 12.7 −5.9 11.7 5.8 NJL+O(N^{−1}_c ) [Eqs. (17, 13)] 15.9 −7.4 11.3 3.9 QCD sum rule [4] 21.0 −9.6 15.2 5.6±0.5 ENJL [Eqs. (10, 11), g_A = 0.5 (from KSRF)] 23.8 −11.0 12.5 1.5 Lattice calc. [14] 36.3 −17.1 15.2 −2.0 ± 1.8 ± 1.6 Semi-empirical densities [18] 39.4 −18.2 15.2 −3.0 Lebedev [43] - - - 20 ± 12 Serpukov I [44] - - - 6.8 ± 1.4 Serpukov II [45] - - - 8.5 ± 4.8 ± 3.5 Mark II [46] - - - 2.5 ± 0.5 ± 0.02 γγ → ππ measurement [47] - - - 2.2 ± 1.6