hep-ph/9909210 1 Sep 1999

Large–N_c QCD and Weak Matrix Elements

Eduardo de Rafael^�

September 1, 1999

Abstract

I report on recent progress [1, 2] in calculating electroweak processes within the framework of QCD in the 1/N_c expansion.

1. Introduction In the Standard Model, the physics of non–leptonic K–decays is described by an effective Lagrangian which is the sum of four–quark operators modulated by c–number coefficients (Wilson coefficients). This effective Lagrangian results from integrating out the fields in the Standard Model with heavy masses (Z^0, W^±, t, b and c), in the presence of the strong interactions evaluated in perturbative QCD (pQCD) down to a scale μ below the mass of the charm quark M_c. The scale μ has to be large enough for the pQCD evaluation of the c–number coefficients to be valid and, therefore, it is much larger than the scale at which an effective Lagrangian description in terms of the Nambu–Goldstone degrees of freedom (K, π and η) of the spontaneous SU(3)_L ×SU(3)_R symmetry breaking (SχSB) is appropriate. Furthermore, the evaluation of the coupling constants of the low–energy effective chiral Lagrangian cannot be made within pQCD because at scales μ <∼ 1 GeV we enter a regime where SχSB and confinement take place and the dynamics of QCD is then fully governed by non–perturbative phenomena.

The structure of the low–energy effective Lagrangian, in the absence of virtual electroweak interactions, is well–known [3]

L_{eff} = 1 4 f^2_π trD_μUD^μU + · · · + L_{10} trU^†F^{μν}_R UF_{Lμν} + · · · . (1)

Here the unitary matrix U collects the meson fields (K, π and η) and F_L, (F_R) denote field–strength tensors associated to external gauge field sources. The dots indicate other terms with the same chiral power counting O(p^4) as the L_{10} term and higher order terms. The important point that

�CPT, CNRS{Luminy, Case 907 F-13288 Marseille Cedex 9, France

I wish to emphasize here is that the coupling constants of this effective Lagrangian, correspond to coefficients of the Taylor expansion in powers of momenta (and quark masses), of specific QCD Green’s functions of colour singlet quark–currents. Let us consider as an example, and in the chiral limit where the light quark masses are set to zero, the two–point function (Q^2 = −q^2; L^μ = q̄γ^{μ 1}_2 (1 − γ_5)q; R^μ = q̄γ^{μ 1}_2 (1 + γ_5)q)

Π^{μν}_{LR}(q) = 2i ∫ d^4x e^{iq·x}⟨0|T ( L^μ(x)R^ν(0)^† ) |0⟩ = (q^μq^ν−g^{μν} q^2)Π_{LR}(Q^2) . (2)

For Q^2 small, −Q^2Π_{LR}(Q^2) = f^2_π + 4L_{10} Q^2 + O(Q^4), clearly showing the correspondence stated above.

In the presence of virtual electroweak interactions there appear new couplings in the low–energy effective Lagrangian, like e.g. the term

e^2C tr ( Q_RUQ_LU^† ) = −2e^2C 1 f^2_π

(π^+π^− + K^+K^−) + · · · , (3)

where Q_R = Q_L = diag[2/3, −1/3, −1/3], showing that, in the presence of the electroweak interactions, the charged pion and kaon fields become massive. The basic complication in evaluating coupling constants like C in Eq. (3), which originate in loops with electroweak gauge fields, is that they correspond to integrals over all values of the euclidean momenta of specific combinations of QCD Green’s functions of colour singlet quark–currents. In our particular example, it can be shown [4, 1] that C = −1 8π^2 3 4 ∫_∞ 0 dQ^2 Q^2 ( 1 − 1 Q^2 + M^2_Z ) Π_{LR}(Q^2) , (4)

with Q the euclidean momentum of the virtual gauge field; the first term in the parenthesis is the well known [4] contribution from electromagnetism; the second term is the one induced by the weak neutral current [1]. It is clear that the evaluation of coupling constants of this type represents a rather formidable task. As we shall see below, it is possible, however, to proceed further within the framework of the 1/N_c–expansion in QCD [5].

2. Large{N_c QCD and the OPE In the limit where the number of colours N_c becomes infinite, with α_s × N_c fixed, the QCD spectrum reduces to an infinite number of zero–width mesonic resonances, and the leading large–N_c contribution to an n–point correlator is given by all the possible tree–level exchanges of these resonances in the various channels. In this limit, the analytical structure of an n–point function is very simple: the singularities in each channel consist only of a succession of simple poles. For example, in the case of Π_{LR} in Eq. (2),

− Q^2Π_{LR}(Q^2) = f^2_π + ∑ A f^2_AM^2_A

Q^2 M^2_A + Q^2 − ∑ V f^2_V M^2_V

Q^2 M^2_V + Q^2

, (5) where the sums extend over all vector (V ) and axial–vector (A) states. Furthermore, in the chiral limit, the operator product expansion (OPE) applied to the correlation function Π_{LR}(Q^2) implies lim Q2→∞ Q^2Π_{LR}(Q^2) → 0 , lim_{Q2→∞} Q^4Π_{LR}(Q^2) → 0 , (6)

and [6] lim Q2→∞ Q^6Π_{LR}(Q^2) = −4π^2 (α_s π + O(α^2_s) ) ⟨ψ̄ψ⟩^2 . (7)

The first two relations result in the two Weinberg sum rules ∑ V f^2_V M^2_V − ∑ A f^2_AM^2_A = f^2_π and ∑ V f^2_V M^4_V − ∑ A f^2_AM^4_A = 0 . (8)

There is in fact a new set of constraints that emerge in the large–N_c limit which relate order parameters of the OPE to couplings and masses of the narrow states. In our example, we have from Eqs. (5) and (7), that ∑ V f^2_V M^6_V − ∑ A f^2_AM^6_A = −4π^2 (α_s π + O(α^2_s) ) ⟨ψ̄ψ⟩^2 . (9)

On the other hand, the coupling constants of the low–energy Lagrangian in the strong interaction sector are also related to couplings and masses of the narrow states of the large–N_c QCD spectrum; e.g.,

− 4L_{10} = ∑ V f^2_V − ∑ A f^2_A . (10)

It is to be remarked that the convergence of the integral in Eq. (4) in the large–N_c limit is guaranteed by the two Weinberg sum rules in Eqs. (8). However, in order to obtain a numerical estimate, and in the absence of an explicit solution of QCD in the large–N_c limit, one still needs to make further approximations. Partly inspired by the phenomenological successes of “vector meson dominance” in predicting e.g., the low–energy constants of the effective chiral Lagrangian [7], we have recently proposed [8] to consider the approximation to large–N_c QCD, which restricts the hadronic spectrum to a minimal pattern, compatible with the short–distance properties of the QCD Green’s functions which govern the observable(s) one is interested in. In the channels with J^P quantum numbers 1^− and 1^+ this minimal pattern, in the cases which we have discussed so far, is the one with a spectrum which consists of a hadronic lowest energy narrow state and treats the rest of the narrow states as a large–N_c pQCD continuum; the onset of the continuum being fixed by consistency constraints from the OPE, like the absence of dimension d = 2 operators. We call this the lowest meson dominance (LMD) approximation to large–N_c QCD. The basic observation here is that order parameters of SχSB in QCD have a smooth behaviour at short distances. For example, in the case of the function Π_{LR} and, therefore, the coupling C, this is reflected by the fact that (in the chiral limit) the pQCD continuum contributions in the V –sum and the A–sum in Eq. (5) cancel each other. The evaluation of the constant C in Eq. (4) in this approximation, corresponds to a mass difference Δm_π = 4.9 MeV, remarkably close to the experimental result: Δm_π|exp. = 4.59 MeV.

3. Electroweak Penguin Operators.

Within the framework discussed above, we have also shown [1] that the K → ππ matrix elements of the four–quark operator

Q_7 = 6(s̄_Lγ^μd_L) ∑ q=u,d,s e_q(q̄_Rγ_μq_R) , (11)

generated by the electroweak penguin–like diagrams of the Standard Model, can be calculated to first non–trivial order in the chiral expansion and in the 1/N_c expansion. What is needed here is the bosonization of the operator Q_7 to next–to–leading order in the 1/N_c expansion. The problem turns out to be entirely analogous to the bosonization of the operator Q_{LR} ≡ (q̄_Lγ^μQ_Lq_L) (q̄_Rγ^μQ_Rq_R) which governs the electroweak π^+ −π^0 mass difference discussed above. Because of the LR structure, the factorized component of Q_7, which is leading in 1/N_c, cannot contribute to order O(p^0) in the low–energy effective Lagrangian. The first O(p^0) contribution from this operator is next–to–leading in the 1/N_c expansion and is given by an integral, [ ( λ^{(23)}_L ) ij = δ_{i2}δ_{3j} (i, j = 1, 2, 3),]

Q_7 → −3ig_{μν} ∫ d^4q (2π)^4

Π^{μν}_{LR}(q) tr ( Uλ^{(23)}_L U^†Q_R ) , (12)

involving the same two–point function as in Eq. (2). Although the resulting B factors of ΔI = 1/2 and ΔI = 3/2 transitions are found to depend only logarithmically on the matching scale μ, their actual numerical values turn out to be rather sensitive to the precise choice of μ in the GeV region. Furthermore, because of the normalization to the vacuum saturation approximation (VSA) inherent to the (rather disgraceful) conventional definition of B–factors, there appears a spurious dependence on the light quark masses as well. In Fig. 1 we show our prediction for the ratio

~B^{(3/2)}_7 ≡

⟨π^+|Q^{(3/2)}_7 |K^+⟩ ⟨π^+|Q^{(3/2)}_7 |K^+⟩^{VSA}_0

, (13)

versus the matching scale μ defined in the MS scheme. This is the ratio considered in recent lattice QCD calculations [9]. [In fact, the lattice definition of ~B^{(3/2)}_7 uses a current algebra relation between the K → ππ and the K → π matrix elements which is only valid at order O(p^0) in the chiral expansion.] In Eq. (13), the matrix element in the denominator is evaluated in the chiral limit, as indicated by the subscript “0”.

Fig. 1: The B̃^{(3/2)}_7 factor in Eq. (13) versus μ in GeV. Solid lines correspond to (m_s+m_d)(2 GeV) = 158 MeV; dashed lines to (m_s + m_d)(2 GeV) = 100 MeV.

4. Decay of Pseudoscalars into Lepton Pairs.

The processes π → e^+e^− and η → l^+l^− (l = e, μ) are dominated by the exchange of two virtual photons. It is then useful to consider the ratios (P = π^0, η)

R(P → ℓ^+ℓ^−) = Br(P → ℓ^+ℓ^−) Br(P → γγ) = 2 ( αm_ℓ πM_P )_2

β_ℓ(M^2_P ) |A(M^2_P )|^2, (14)

with β_ℓ(s) = √ 1 − 4m^2_ℓ /s. To lowest order in the chiral expansion, the unknown dynamics in the amplitude A(M^2_P ) depends entirely on a low– energy coupling constant χ. We have recently shown [2] that this constant can be expressed as an integral over the three–point function ∫ d^4x ∫ d^4y e^{iq1·x}e^{iq2·y} < 0 | T {j^{em}_μ (x)j^{em}_ν (y)P^3(0)} | 0 > = 2 3 ϵ_{μναβ}q^α_1 q^β_2 H(q^2_1 , q^2, (q_1 + q_2)^2) , (15)

involving the electromagnetic current j^{em}_μ and the density current P^3 = 1 2 (ūiγ_5u − d̄iγ_5d). More precisely, (d = space–time dimension,) χ(μ) 32π^4 < ψ̄ψ > F^2_π = − ( 1 − 1 d ) ∫ d^dq (2π)^d ( 1 q^2

)_2 × lim (p^0−p)2→0

(p^′ − p)^2 [ H(q^2, q^2, (p^′ − p)^2) − H(0, 0, (p^′ − p)^2) ] . (16)

The evaluation of this coupling in the LMD approximation to large–N_c QCD which we have discussed above, leads to the result χ^{LMD}(μ = M_V ) = 2.2 ± 0.9. The corresponding branching ratios are shown in Table 1.

Table 1: Ratios R(P ! ℓ^+ℓ^−) in Eq. (14) obtained within the LMD approximation to large–N_C QCD and the comparison with available experimental results. R LMD Experiment R(π^0 → e^+e^−) × 10^8 6.2 ± 0.3 7.13 ± 0.55 [10] R(η → μ^+μ^−) × 10^5 1.4 ± 0.2 1.48 ± 0.22 [11] R(η → e^+e^−) × 10^8 1.15 ± 0.05 ?

It was shown in ref. [12] that, when evaluated within the chiral U(3) framework and in the 1/N_c expansion, the |ΔS| = 1 K^0_L → ℓ^+ℓ^− transitions can also be described by an expression like in Eq. (14) with an effective constant χ_K0L containing an additional piece from the short–distance contributions [13]. The most accurate experimental determination [14] gives: Br(K^0_L → μ^+μ^−) = (7.18 ± 0.17) × 10^{−9}. In the framework of the 1/N_c expansion and using the experimental branching ratio [11] Br(K^0_L → γγ) = (5.92 ± 0.15) × 10^{−4}, this leads to a unique solution for an effective χ_K0L = 5.17 ± 1.13. Furthermore, following Ref. [12], χ_K0L = χ − N δχ_{SD} where N = (3.6/g_8c_{red}) normalizes the K^0_L → γγ amplitude. The coupling g_8 governs the ΔI = 1/2 rule, the constant c_{red} is defined in Ref. [12] and δχ^{Standard}

SD = (+1.8 ± 0.6) is the short–distance contribution in the Standard Model [13]. Therefore, a test of the short–distance contribution to this process completely hinges on our understanding of the long–distance constant N and therefore of the ΔI = 1/2 rule in the 1/N_c expansion. Moreover, c_{red} is regrettably very unstable in the chiral and large–N_c limits, a behaviour that surely points towards the need to have higher order corrections under control. The analysis of Ref. [12] uses c_{red} ≃ +1 and g_8 ≃ 3.6, where these numbers are obtained phenomenologically by requiring agreement with the two–photon decay of K^0_L, π^0, η and η^′ as well as K → 2π, 3π. Should we use these values of c_{red} and g_8 with our result χ^{LMD}(μ = M_V ) = 2.2 ± 0.9 we would obtain χ_K0L = 0.4 ± 1.1, corresponding to a ratio R(K^0_L → μ^+μ^−) = (2.24 ± 0.41) × 10^{−5} which is 2.5σ above the experimental value R(K^0_L → μ^+μ^−) = (1.21 ± 0.04) × 10^{−5}.

Acknowledgements It is a pleasure to thank my colleagues Marc Knecht, Santi Peris and Michel Perrottet for a very pleasant collaboration. This research was supported, in part, by TMR, EC–Contract No. ERBFMRX–CT980169.

References

[1] M. Knecht, S. Peris and E. de Rafael, Phys. Lett. B443, 255 (1998);

ibid. Phys. Lett. B457, 227 (1999).

[2] M. Knecht, S. Peris, M. Perrottet and E. de Rafael, hep-ph/9908283. [3] S. Weinberg, Phys. Rev. 18, 507 (1967); J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1984).

[4] T. Das et al, Phys. Rev. Lett. 18, 759 (1967) .

[5] G. t’Hooft, Nucl. Phys. B72, 461 (1974); ibid. B75, 461 (1974);

E. Witten, Nucl. Phys. B160, 57 (1979); M. Knecht and E. de Rafael, Phys. Lett. B424, 335 (1998).

[6] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Nucl. Phys. B147, 385, 447 (1979).

[7] G. Ecker, J. Gasser, A. Pich and E. de Rafael, Nucl. Phys. B321, 311 (1989); G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de Rafael, Phys. Lett. B223, 425 (1989).

[8] S. Peris, M. Perrottet and E. de Rafael, JHEP 05, 011 (1998). See also, M. Golterman and S. Peris, hep-ph/9908252.

[9] L. Conti et al., Phys. Lett. B421, 273 (1998); C.R. Allton et al., heplat/9806016; L. Lellouch and C.-J. David Lin, hep-lat/9809142.

[10] A. Alavi-Harati et al., hep-exp/9903007 and references therein. [11] C. Caso et al., Review of Particle Physics, Eur. Phys. J. C3, 1 (1998). [12] D. Gómez Dumm and A. Pich, Phys. Rev. Lett. 80, 4633 (1998). [13] G. Buchalla and A.J. Buras, Nucl. Phys. B412, 106 (1994); A.J. Buras and R. Fleischer, in Heavy Flavours II, edited by A.J. Buras and M. Linder, hep-ph/9704376.

[14] D. Ambrose et al., reported at the KAON’99 Workshop, Chicago, June 1999, (to be published).