hep-ph/9909326 13 Sep 1999

LBL-44235 UCB-PTH-99/40 hep-ph/9909326 September 1999

Flavor at the TeV Scale with Extra Dimensions

Nima Arkani-Hamed, Lawrence Hall, David Smith and Neal Weiner

Department of Physics University of California Berkeley, CA 94720, USA and Theory Group Lawrence Berkeley National Laboratory Berkeley, CA 94720, USA

Abstract

Theories where the Standard Model fields reside on a 3-brane, with a low fundamental cut-off and extra dimensions, provide alternative solutions to the gauge hierarchy problem. However, generating flavor at the TeV scale while avoiding flavor-changing difficulties appears prohibitively difficult at first sight. We argue to the contrary that this picture allows us to lower flavor physics close to the TeV scale. Small Yukawa couplings are generated by “shining” badly broken flavor symmetries from distant branes, and flavor and CP-violating processes are adequately suppressed by these symmetries. We further show how the extra dimensions avoid four dimensional disasters associated with light fields charged under flavor. We construct elegant and realistic theories of flavor based on the maximal U(3)^5 flavor symmetry which naturally generate the simultaneous hierarchy of masses and mixing angles. Finally, we introduce a new framework for predictive theories of flavor, where our 3-brane is embedded within highly symmetrical configurations of higher-dimensional branes.

1 Introduction

The extreme weakness of gravity is usually attributed to the fundamental mass scale of gravity being very much larger than that of the strong and electroweak interactions. The standard model provides no understanding of how this enormous difference in scales is stabilized against radiative corrections. Despite this gauge hierarchy problem, the need for extraordinarily large physical mass scales has been accepted as a central feature in theories of physics beyond the standard model. The unification of the gauge coupling constants at 10^{16} GeV strengthens this view. Furthermore, the absence of flavor and CP violating phenomena, beyond that explained by the weak interactions, has made it all but impossible to construct theories of flavor at accessible energies, and suggests that the fundamental mass scale for flavor physics is very far above the TeV scale.

Over the last two decades, the usual approach to addressing the gauge hierarchy problem has been to modify particle physics between the weak and Planck scales. However, there is another possibility: gravity can be modified at and beneath the TeV scale, as was realized in [1, 2, 3, 4]. In this scenario, the fundamental mass scale of gravity can be brought far beneath the conventional Planck scale, perhaps as low as a TeV, in the presence of sub-millimeter sized new spatial dimensions serving to dilute the strength of gravity at long distances. These dimensions have not been detected since the Standard Model fields are localized on a three-dimensional wall, or “3-brane”, in the higher dimensional space. Such a scenario can naturally be accommodated in string theory [2], where the wall on which the SM fields live can be a D-brane.

Remarkably, despite the profound modifications of physics both at sub-millimeter and TeV scales, this scenario is not excluded by any known lab, astrophysical or cosmological constraints [3]. This realization opens up the possibility that there may be a number of experimentally viable approaches to addressing the hierarchy problem which involve the basic ingredients of modifying gravity at or beneath the TeV scale, and localizing matter fields to branes in extra dimensions. An interesting modification of gravity has been proposed recently [5] where the gravitational metric describing the 4 usual coordinates of spacetime depends on the location in the extra dimensions. Such metrics result from solving Einstein’s equations in the presence of brane configurations, and lead to spatial localization of the graviton zero mode in the extra dimensions. Various schemes for solving the hierarchy problem have been based on this [5, 6, 7, 8]. All these schemes, and the original scheme with large extra dimensions, share a common feature: we live on a 3- brane located in the extra dimensions in which gravity propagates. From the viewpoint of our 3-brane, the fundamental mass scale is the TeV scale, and this is the scale at which quantum gravity gets strong.

Lowering the fundamental cutoff close to the TeV scale obliterates the usual ultraviolet desert in energy scales. On the theoretical side, this seems to destroy the attractive picture of gauge coupling unification. More pressingly, there are in principle dangerous effects from higher dimension operators now only suppressed by the TeV scale giving e.g. disastrously large rates for proton decay.

However, it has been realized that the space in the extra dimensions replaces the old desert as the new arena in which such issues can be addressed. For instance, the old picture of logarithmic gauge coupling unification close to the Planck scale may be mimicked by the logarithmic variation of classical fields in sets of two large dimensions [9].^1 Furthermore, the difficulties associated with higher-dimensional operators can also find a natural resolution using higher-dimensional locality. Indeed intrinsically higherdimensional ways of suppressing proton decay were proposed in [3, 1, 11].^2 After proton decay, the most serious issue is that of flavor-changing neutral currents. Dimensional analysis suggests that the flavor scale should be above 10^4 TeV from the K_L—K_S mass difference, and greater than 10^5 TeV from CP mixing in the neutral kaons. While this naive estimate can be avoided, it has proved extraordinarily hard to construct theories at the TeV scale which provide an explanation for the small flavor parameters. It is natural to ask whether extra dimensions offer any new possibilities for evading these problems. In [13], a higher-dimensional mechanism was proposed for generating the fermion mass hierarchy, and preliminary arguments were given to suggest that the FCNC problem could also be avoided. It is our purpose in this paper to extend and generalize these ideas to realistic and elegant theories of flavor at the TeV scale which are safe from FCNC effects. As we will see, it is the physics of extra dimensions that allows us to naturally bring flavor physics down to the TeV scale.

In this paper we therefore study effective theories of flavor with a low fundamental mass scale Λ. What do we mean by “effective theories of flavor”? At scale Λ there is a fundamental theory, presumably string theory, which has some low energy effective theory. It is conceivable that this is just the standard model; with entries in the Yukawa matrices somehow set to the required hierarchical values, and with all higher dimensional operators absent. We consider this unlikely, but, since we do not know the low energy limit of string theory, we must make some assumptions about the form of the low energy effective theory.

We assume that the effective theory beneath Λ is based on some symmetry group G and has an effective Lagrangian L_{eff} = ∑ i c_i Λ^{p−4} O^p_i ⊃ (φ Λ )_n ff^cH + ... (1) where i runs over all G invariant operators, O^p_i , p labels the dimension of the operator and c_i are unknown dimensionless couplings of order unity. An example of an operator which leads to a small Yukawa coupling for the fermion f to the Higgs H is shown. This assumption implies that the small dimensionless parameters of flavor physics must arise spontaneously from ⟨φ⟩ /Λ, where φ is a field of the low energy theory. We call φ a flavon field: the effective theory must explain why it has a vev small compared to the

1Another approach to gauge coupling unification bases on power-law running of higher-dimensional gauge couplings has been discussed in [10].

2In a different context, higher-dimensional locality has been used to ameliorate the SUSY flavor problem in anomaly-mediated models [12].

fundamental scale. In an effective theory of flavor, given the symmetry group and the field content, and in extra dimensions the brane configuration, flavor can be understood in the low energy theory itself.

In section 2 we discuss several difficulties encountered in building theories of flavor at the TeV scale in 4 dimensions. Higher dimension operators lead to flavor-changing and CP violating effects which are hard to tame, even with a flavor symmetry. An Abelian symmetry cannot prevent enormous KK̄ mixing, and a non-Abelian symmetry results in disastrous flavor-changing (pseudo-) Goldstone bosons. Even the maximal flavor symmetry, U(3)^5, is not quite sufficient to protect against large electric dipole moments for the electron and neutron. Finally, the flavon quanta are themselves very light, and the exchange of these particles in the low energy theory also generates disastrous four fermion operators. These difficulties are illustrated with a U(2) flavor symmetry group.

In section 2.6 we discuss the minimal U(3)^5 flavor structure in 4 dimensions, in which the three Yukawa matrices are each promoted to a single flavon field. This structure has been used to argue that flavor physics can occur at a low scale [14]. We show that CP must also be spontaneously broken for the fundamental scale to be under 10 TeV. However, as it stands, this minimal U(3)^5 structure is not an effective theory of flavor. The flavon fields contain a hierarchy of vevs which are simply imposed by hand and not derived from the low energy effective theory. This could be remedied by introducing a hierarchy of symmetry breakings at a sequence of scales beneath Λ, as proposed by Froggatt and Nielson [15]. However, this would produce flavons at each of these scales, and some would be very light indeed, and their exchange would induce disastrous flavor and CP violating interactions. This flavon exchange problem appears generic to effective theories of flavor with low Λ in 4d.

With extra dimensions, there is a new possible origin for the small flavor parameters: symmetries which are broken strongly on some source brane may be only weakly broken on our brane because the source brane is distant from us [13]. This idea is explored in section 3. It is most easily implemented by making the flavon field, φ, a bulk field, which is coupled to a source on the distant source brane so that it has a small vev on our brane. The obstacles to constructing effective theories of flavor encountered in 4d are immediately removed: there is now an origin for the small parameters in the flavon vev – we have a real theory for the small parameters – and yet this is done without introducing light flavons, solving the flavon exchange problem. Furthermore, with order unity breaking of the discrete flavor group on the distant branes, the pseudo-Goldstone masses can be raised to the TeV scale.^3

The origin of this success is to understand flavor from a hierarchy of distances in the extra dimensions, and not from a hierarchy of mass scales in our 4d world. In section 3 we also discuss another phenomenon which is generic in theories of flavor in extra dimensions when the bulk flavon field possesses non-linear interactions. This means that the flavor

3An alternative way to make the pseudo-Goldstones massive is to gauge the flavor symmetry in the bulk [16]. Although there are horizontal gauge bosons, they are less dangerous than usual since they propagate in the bulk.

breaking felt on our brane is sensitive to the value of the flavon field in the bulk, not just to its value on our brane. The “sniffing” of flavor breaking in the bulk can lead to interesting phenomena. For example, in section 6, we study a U(2)^5 theory, which incorporates features of the U(2) 4d theory, and in which sniffing plays a crucial role in symmetry breaking.

In section 4 we construct a complete realistic theory of flavor in extra dimensions with Λ in the region of 5 – 10 TeV. The flavor group is maximal, U(3)^5 × CP , and the minimal set of flavons propagate in the bulk, taking classical values which result from shining from just three source branes. Each source brane breaks a discrete subgroup of each U(3) using only triplet vevs, and the three source branes may be identical to each other.

In section 5 we consider a particularly simple brane configuration for realizing this U(3)^5 theory: our 3-brane and the three source 3-branes are located on a 4-brane, so that shining occurs in 1 dimension. This makes the calculation of the Yukawa matrix, and the additional flavor changing effects from the bulk, remarkably simple.

In section 6 we study the possibility of a smaller non-Abelian flavor symmetry, and introduce a variety of bulk flavons in a way motivated by the observed quark spectrum. This theory illustrates some of the possibilities opened up for flavor physics in extra dimensions. For example, a new mechanism for suppressing the neutron electric dipole moment is proposed.

Predictive theories of fermion masses can result if the source branes have a symmetrical geometrical configuration, as would be expected in a dynamical theory of brane stabilization. In section 7 we study theories in which the 9 quark masses and mixing angles are given quite successfully in terms of just 5 free parameters. These theories are inherently extra-dimensional, with the precise predictions reflecting the geometry of the brane configuration, and the location of our three-brane.

2 Challenges to a low flavor scale

In this section we summarize the major challenges to lowering the scale of flavor physics close to the TeV scale in theories with four spacetime dimensions. The difficulties are mostly well-known (see e.g. [17]), but it is useful to have them collected in one place.

2.1 Dimensional analysis

The most serious obstacle to lowering the flavor scale Λ comes from flavor-changing neutral currents, most severely from the kaon system. With the coefficients c_i in eqn.(1) taken to be of unit magnitude with large phases, the bounds on Λ coming from the operators contributing to ΔF = 2 processes (ϵ_K and Δm_K, Δm_D, Δm_B) are presented in Table 1. The bounds on Λ from the left-right operators for Δm_K, Δm_D are enhanced by a factor of ∼ 3 due to the QCD enhancement in running from Λ down to the hadronic scale. There are also bounds on Λ, far above the TeV scale, coming from ΔF = 1 processes such as

Process O Bound on Λ ( TeV) ϵ_K (ds^c)(s̄d̄^c) 10^5 (s̄σ̄^μd)^2 10^4 Δm_K (ds^c)(s̄d̄^c) 10^4 (s̄σ̄^μd)^2 10^3 Δm_D Analogous to above 10^3 ” 5 × 10^2 Δm_B Analogous to above 5 × 10^2 ” 5 × 10^2

Table 1: Bounds on Λ from ΔF = 2 processes. μ → eγ and K_L → μe. 2.2 Implications for model-building

While this may suggest that the scale of flavor should be above ∼ 10^4 − 10^5 TeV, it is also possible that whatever is responsible for suppressing the Yukawa couplings of the light generations also adequately suppresses the flavor-changing operators. For instance, if a weakly broken flavor symmetry G_F is responsible for the fermion mass hierarchy, the same G_F could suppress the dangerous operators.

It is easy to see that even this idea fails for generic flavor symmetries. The reason is that the most dangerous effects arise not directly from operators that violate G_F , but rather from G_F invariant operators which violate flavor when rotated into the mass basis. Suppose for instance that G_F is Abelian with different charges for the first and second generations. Then, the flavor symmetry allows the higher dimension operators a Λ^2

(Q_1D^c_1)(Q̄_1D̄^c_1) + b Λ^2

(Q_2D^c_2)(Q̄_2D̄^c_2) (2)

with a, b ∼ O(1) whereas operators of the form (Q_2D^c_1)(Q̄_1D̄^c_2) will have suppressed coefficients. Nevertheless, when we rotate the fields to go to the mass eigenstate basis, we generate an operator ∼ (a − b)θ^2_c Λ^2

(Q_2D^c_1)(Q̄_1D̄^c_2) (3)

where we have assumed that the Cabbibo angle dominantly comes from the down sector. Note that unless a = b to high accuracy, this still forces Λ > 10^3 − 10^4 TeV. Having the Cabbibo angle come dominantly from the up sector helps, but still requires Λ > 10^2 TeV. The only way out is for a = b, however an Abelian flavor symmetry is not enough to enforce equality. As claimed, we see that the central challenge is to ensure that G_F invariant operators remain harmless when rotated to the mass eigenstate basis, and this requires G_F to be non-Abelian. If we ignored this issue, in other words if we assume that for some reason these invariant higher-dimensions operators are absent or have their coefficients magically tuned to equality, then even Abelian symmetries are enough to adequately suppress FCNC effects from “directly” flavor-violating operators [18]. For instance, for any Abelian flavor symmetry we expect to have the operator

(λ_sθ_c)^2 Λ^2

(Q_2D^c_1)(Q̄_1D̄^c_2), (4)

and even assuming maximal phase this requires Λ > 7 TeV if we take m_s at the lower end of its range, ∼ 90 MeV, as is currently favored from the lattice [19]. Notice, however, that in a two-Higgs doublet theory this bound turns into Λ > 7 tan β TeV, so we can not tolerate large tan β.

In the SM, such higher dimension operators are generated by integrating out W^′s at the weak scale, but enormous FCNC’s are not generated. This is because the SM gauge interactions respect the U(3)^5 flavor symmetry acting separately on each of the (Q, U, D, L, E) fields, explicitly broken only by the Yukawa matrices. In the U(3)^5 symmetric limit, all the operators are generated automatically with equal coefficients; this maximal flavor symmetry is strong enough to ensure that flavor symmetric operators are harmless when rotated to the mass basis. It is then natural to explore the possibility that the true flavor symmetry is the maximal one G_F = U(3)^5, and we will consider this possibility both in the context of four dimensions and in extra dimensions. We find that while it is difficult to believe in a real theory based on U(3)^5 in 4D, it is easy to construct elegant theories based on U(3)^5 in extra dimensions.

However, there is a strong constraint, even on theories based on a U(3)^5 flavor symmetry, coming from electric dipole moments of the electron and neutron. Any flavor symmetry would allow an operator of the form e.g. e^{iφ}λ_d Λ^2

(Q_1H)σ^{μν} D^c_1, (5)

and if the phase φ is O(1), this requires Λ > 40 TeV from the neutron edm [21]. A similar operator in the lepton sector gives Λ > 100 TeV from the electron edm. While it may be possible to lower Λ below the 10^4 − 10^5 TeV barrier by imposing powerful enough flavor symmetries, we cannot lower it past 40 TeV without making further assumptions about CP violation. We must assume that CP is primordially a good symmetry, and is broken by the same fields breaking G_F . This gives a hope that the phases in the mass and edm operators are the same and therefore in the mass eigenstate basis there is no phase in the edm operator.

2.3 Flavor-changing goldstone bosons

We have argued that the flavor group, G_F , cannot be Abelian: controlling flavor changing effects from higher dimension operators points to a large non-Abelian flavor symmetry group. If G_F is continuous the spontaneous breaking produces familons – flavor-changing

Goldstone bosons – leading to the very stringent bound Λ > 10^{12} GeV. Gauging the flavor symmetry allows the familons to be eaten, but the weakness of the breaking then tells us that there will be horizontal gauge bosons with masses much smaller than the fundamental scale, whose exchange leads to flavor changing problems. The only option is to have G_F be a large, discrete, non-Abelian symmetry. However, even this case typically is excluded by the accidental occurence of pseudo-Goldstone bosons. At the renormalizable level, the potential for the flavon fields only contains a few G_F invariant interactions, and this typically gives an accidental continuous symmetry, reintroducing Goldstone bosons. Higher order operators that respect only the discrete symmetry will give masses to these pseudos which are suppressed by ratios of flavon VEVs to the fundamental scale. Moreover, these ratios will be raised to high powers, given the large size of the discrete group, and we are thus left with extremely light pseudo-goldstone bosons that can be produced, for instance, in K decays.

2.4 The flavon exchange problem

In the low energy effective theory, beneath the fundamental scale Λ, the Yukawa couplings are generated by operators of the form L ∼ (φ Λ )_n ff^cH (6)

If we set all but one of the φ’s and the Higgs to its vev, we have an effective coupling to φ ( ⟨φ⟩ Λ )_{n−1} ⟨H⟩ Λ ff^cφ ∼ m_{ij} ⟨φ⟩ f_if^c_j φ (7)

Tree-level flavon exchange then generically generates flavor-changing 4-fermion operators that are suppressed only by the flavon mass and not by the scale Λ. Unless the flavon potentials are fine-tuned, we expect that the flavon masses m_φ are of the same magnitude as the vev ⟨φ⟩, which must be smaller than Λ in order to produce small Yukawa couplings. Using the same interactions which generate the Yukawa couplings, tree-level flavon exchange can generate dangerous 4-fermion operators. Of course, if the flavon masses dominantly respect the flavor symmetry, the induced operators will be flavor-symmetric, and if the flavor symmetry is powerful enough these operators may be harmless. However, since the flavon vevs themselves break the flavor symmetry at a scale ∼ ⟨φ⟩ ∼ m_φ, we expect generically that the flavon masses will have O(1) flavor breaking. The generated 4-fermi operators are clearly most dangerous if the light generation Yukawa couplings are generated by a single flavon coupling. For instance, suppose that the 12 element of the down mass matrix is produced by the vev of a flavon φ_{12}. then, tree-level flavon exhange can induce ΔS = 2 operators 1 Λ^2⟨φ_{12}⟩^2

(Q_2D^c_1H)(Q̄_1D̄^c_2H^†) (8)

which forces Λ back above ∼ 10^3 − 10^4 TeV from Δm_K and ϵ_K.

2.5 An example: G_F = U(2)

There is a very simple theory, with G_F = U(2) [20], which gives highly successful quark mass matrices, and alleviates the FCNC problem in supesymmetric theories. However, this theory has been studied for the case of very large Λ – what happens when Λ is reduced towards the TeV scale?

We study just the two light generations, which transform as U(2) doublets ψ^a, where a = 1, 2. The flavons are in a doublet φ_a and an antisymmetric tensor A_{ab}. The structure of the Yukawa matrices follows from L_{Y uk} ∼ h_1φ_aφ_bψ^aψ^{cb}H + h_2A_{ab}ψ^aψ^{cb}H. (9) Whatever triggers a vev for φ and A, we can always choose a basis so that φ ∝ ( 0√ ϵ ) and A_{ab} ∝ ϵ^′ϵ_{ab}, yielding the interesting structure λ ∼ ( 0 ϵ^′ −ϵ^′ ϵ ) . (10)

While placing the first two generations in U(2) doublets goes a long way in erasing dangerous flavor-changing effects, there are higher dimension U(2) invariant operators, in particular O_{bad} = 1 Λ^2

Q_aD^c_bD̄^{ca}Q̄^b, (11)

which give disastrously large contributions to Δm_K and ϵ_K, forcing M_F > 10^5 TeV. This suggests that more complex models are needed with more than one U(2) factor. Before discussing such possibilities, however, let us proceed by assuming that for some reason this dangerous higher-dimensional operator is not present in the theory^4. We now show that, even making this assumption, a 4d U(2) theory still requires Λ > 10^3 TeV.

The difficulty for the 4d theory is that there are physical states lighter than M_F charged under flavor, the flavons themselves. As an illustration, suppose that we generate vevs for φ and A via independent mexican-hat potentials

V (φ, A) ∼ |φ^∗φ − p^2|^2 + |A^∗A − a^2|^2. (12)

Of course, most disastrously, we get goldstone modes from the breaking of the global U(2), and K → π+ familon would force all the scales above ∼ 10^{12} GeV. We should really be considering a large discrete subgroup of U(2), and there will be other terms in the potential that can lift the familon masses. Even if this is done, however, we are still left with light flavons of mass ∼ p, a. The tree-exchange of A in particular generates

|h_2|^2 H^∗H(ϵ^{ab}Q_aD^c_b)(ϵ_{ij}Q̄^iD̄^{cj} ) Λ^2a^2

, (13)

4In a Froggatt-Nielsen theory, for instance, as long as the only coupling between SM fields and the heavy Froggatt-Nielsen fields involve flavons, the coefficient of such an operator can be suppressed by many loop factors.

which contains the dangerous (Q_1D^c_2)Q_2D^c_1 operator. Note that the mass of A is not U(2) violating, and so we have generated a U(2) invariant operator which is nevertheless dangerous. The coefficient of the operator is real so there is no contribution to ϵ_K, but there is a strong constraint from Δm_K: to produce the small 12 entries of the Yukawa matrices we need a Λ ∼ λ_sθ_c, (14)

leading to Λ > 10^3 TeV.

2.6 Minimal U(3)^5 in 4D

As already mentioned, the largest symmetry group of the standard model Lagrangian in the limit of vanishing Yukawa couplings is U(3)_Q × U(3)_U c × U(3)_Dc × U(3)_L × U(3)_Ec . Imposing U(3)^5 on the underlying theory therefore gives the strongest possible symmetry suppression of flavor violating processes in the effective theory. In the simplest realization of U(3)^5 (which we illustrate for the quark sector alone), the symmetry is broken by the VEVs of a single χ_u and a single χ_d, transforming as (3 ,3) under U(3)_Q × U(3)_U c and U(3)_Q × U(3)_Dc , respectively. The effective Lagrangian has the form of equation (1), where the flavor and gauge invariant O^p_i are constructed from χ_u, χ_d, and standard model fields. Fermion masses, for example, come from the operators 1 Λ Qχ_uU^cH̃ and 1 Λ Qχ_dD^cH. (15) Having too low a flavor scale Λ leads to conflict with experiment. Strong bounds come from flavor conserving operators such as

|H^†D_μH|^2 and (H^†D_μH)Qγ^μQ, (16)

which give anomalous contributions to the ρ parameter and to fermion couplings to the Z boson, and require Λ > 6 and 7 TeV, respectively^5. Other dimension 6 operators that lead to similar precision electroweak limits are listed in [24]. Atomic parity violation experiments and direct searches at LEPII for 4-lepton couplings place only slightly milder bounds of Λ > 3 TeV.

Provided these requirements due to flavor conserving phenomena are met, operators that arise due to flavor breaking are relatively safe. For example, it is impossible to construct higher dimensional operators that induce K − K mixing using only the VEV of χ_d, because χ_d is diagonal in the down quark mass basis^6. One must instead consider

5Here and below, we set the relevant c_i = 1 to obtain bounds on Λ.

6This is not exactly true, as equation (15) gives only the leading order pieces in the Yukawa interactions, and leaves out operators like Qχ_uχ^y_uχ_dD^cH, for instance. However, in spite of the large top Yukawa coupling, we find that these additional contributions are not dangerous, and we omit them from our discussion.

operators that involve χ_u, such as c Λ^2 (Qσ^μ χ^†_uχ_u Λ^2

Q)^2, (17)

which in the mass basis contains c Λ^2

(Dσ^μV^†_{CKM} λ^2_U V_{CKM} D)^2, (18)

where λ^2_U = Diag(λ^2_u, λ^2_c , λ^2_t ). This gives the ΔS = 2 piece c Λ^2 λ^4_t (V^∗_{td}V_{ts})^2(dσ^μs)^2, (19)

which leads to bounds from Δm_K and ϵ_K of Λ > .5 and 5 TeV, provided the phase of c(V^∗_{td}V_{ts})^2 is of order one. ΔS= 1 processes give weaker bounds.

As mentioned in section 2.2, the most stringent bound on Λ arises because, a priori, there is no reason to expect any relations between the phases of the c_i that appear in equation (1). The Yukawa interaction Q χ_d Λ D^cH (20)

and the electric dipole moment operator 1 Λ^2 F_{μν}Q χ_d Λ σ^{μν}D^cH (21)

can simultaneously be made real and diagonal. However, since these operators’ coefficients have independent phases, we should expect that the coefficient in front of the EDM operator will be complex in the mass basis, and generically, we get a contribution to the neutron EDM that is too large unless Λ > 40 TeV. To evade this bound we must require that CP is a symmetry of the underlying theory, broken spontaneously by χ vevs. Because the same flavon, χ_d, gives rise to both the Yukawa interaction and the EDM operator, spontaneous CP violation guarantees that there is no contribution to the neutron EDM at leading order, and the bound on Λ disappears^7.

Provided that the scale Λ is larger than roughly 7 TeV, and that CP is broken spontaneously, minimal U(3)^5 sufficiently suppresses all dangerous operators that arise in a spurion analysis. Ideally, though, a flavor symmetry should do more than simply control higher dimensional operators; it should also accomodate a simple understanding of fermion mass hierarchies and mixing angles. Unfortunately, if we insist on a low flavor scale, addressing masses and mixings in the context of U(3)^5 becomes problematic. One might attempt to explain mass hierarchies by introducing a few sets of χ’s that acquire

7More precisely, after taking into account higher order contributions to both Yukawa and EDM interactions, the bound is reduced to Λ > 500 GeV.

VEVs at very different scales. However, the U(3)^5 mechanism for suppressing dangerous operators requires that only a single χ_d and a single χ_u exist. If instead there were, say, two of each, then a combination a_1χ^1_d + a_2χ^2_d (22)

would appear in the down quark Yukawa interaction, while a different combination

b_1χ^1_d + b_2χ^2_d (23)

would appear in the down quark EDM operator. There is no generic reason for the second combination to be real in the basis that make makes the first combination real and diagonal (although it is reasonable to assume that corresponding entries of the two combinations are of the same order of magnitude), so the EDM bound Λ > 40 TeV returns. Similarly, the operator c Λ^2 ( Q(c_1χ^1_d + c_2χ^2_d)D^c ) ( Q(f_1χ^1_d + f_2χ^2_d)D^c )_† (24)

leads to a stringent bound, Λ >7 TeV, coming from the CP violating parameter ϵ_K. Thus we are led to work with only a single set of χ’s, whose hierarchical VEVs, we might imagine, arise due to a sequential breaking of the flavor group at widely separated scales. But by adopting this view we encounter the flavon exchange problem problem of section 2.4: one expects the masses of the various flavons that compose the χ’s to be of the same order of magnitude as their VEVs, and thus the masses of the lightest flavons to be much smaller than Λ. Unless Λ is quite large, these light flavons mediate flavor changing and CP violating processes at unacceptable levels.

3 Small parameters from extra dimensions

What is the origin of the small dimensionless flavor parameters of the standard model? All attempts at understanding these numbers have been based on two ideas. One idea is that these parameters vanish at tree level and are generated radiatively, and that the loop factor is small. In a perturbative theory, with coupling parameters of order unity, the loop factor is of order 1/16π^2. The second idea is that the small fermion mass ratios and mixing angles arise as a ratio of mass scales of the theory, presumably generated dynamically. Such is the situation in Froggatt-Nielsen type theories and in extended technicolor models.

In theories with extra dimensions, however, another attractive possibility arises. Suppose there are flavor symmetries that are primordially exact on our brane, but which are strongly broken on a distant brane. If bulk fields charged under these symmetries are present, this symmetry breaking is “shined” from the distant branes [13], and there is a new origin for the small parameters, namely, the large volume in the extra dimensions. The fermion mass ratios and mixing angles are small not because of small breaking on the distant branes, but rather due to the flavor breaking messenger’s propagation over large distances across the bulk. Fundamentally, the origin is again one of a ratio of mass scales. However, these are set by the distances in the brane configuration, and result in completely new physics possibilities different from other scenarios.

Effects of this shining can be grouped into two categories: spurion effects arising from the free classical theory, and classical and quantum “sniffing” effects, arising from nonlinearities in the Lagrangian.

3.1 Free, classical shining

The basic shining effect can be understood as the classical, free propagation of the flavon field through the bulk. From the viewpoint of physics on our brane, the flavor breaking is at this level equivalent to classical spurion effects. We assume that there is some flavor symmetry group G_F , which acts on the matter fields Q_i, U_j, D_k, L_m and E_n, where {i, j, k, m, n} specify the representations under which the fields transform. We further assume that G_F is broken at order one on some distant brane by a source J^8. If J couples to some bulk field, then that field can mediate the flavor symmetry breaking to our wall. For example, suppose the Lagrangian is^9 L ⊃ ∫ d^4x dy^m_‖ dy^n_⊥ J_{kl}χ^{kl} M^n �4_2 ∗ δ^n(y_⊥ − y_0) + ∫ d^4x dy^{m+n} χ^{kl} M^{m+n+22}_∗ L_kE_lHδ^{m+n}(y), (25) where the symmetry is broken on a (3 + m)-brane at location y_0 in the extra dimensions, and where M_∗ is the fundamental scale . Since the source brane is an extensive object, it acts as a point source for a Yukawa potential in n dimensions. This is completely analagous to a charged plate in 3 dimensions being described as a point source in 1 dimension. Knowing this, it is simple to write down what the profile of the χ field is as a function of y (neglecting nonlinear interactions),

χ = JΔ(m_χ; y) = J M^n �4_2 ∗ (2π)^n2 ( m |y| )^n

�2_2

K n�2_2 (m|y|) (26)

where |y| is the distance from the source brane to the point in question, K_n is the modified Bessel function, and n is the codimension of the source of χ in the space in which χ propagates. For m_χ|y| ≪ 1, this takes the asymptotic form

χ ≈ JM_∗ 2π log(m_χ|y|) (n = 2) (27) ≈ J Γ(^{n−2}_2 )

4π^{n2} M^n

�4_2 ∗ |y|^{n−2} (n > 2) (28)

8In what follows, we have taken the dimensionality of J to be that of a scalar field living on the symmetry breaking brane. Later, for simplicity, we will set J=1.

9Here we have allowed that χ transform as a reducible multiplet under G_F for the sake of generality. In an actual model there may be many χ fields, each transforming as an irreducible multiplet.

and for m_χ|y| ≫ 1, χ ≈ J m^n �3_2 χ 2(2π)^n

�1_2 M^n �4_2 ∗ e^{−mχ|y|} |y|^n �1_2 (29)

In this example, the lepton Yukawa matrix will be λ^{mn}_l = 1 M^{(n+m+2)/2} ∗ χ^{mn}. (30)

The flavor symmetry breaking parameters are then either power or exponentially suppressed functions of the distances between branes. If the different elements of χ are generated on different branes, we can, at least in principle, generate a fully general texture, and likewise for the quarks. For example, with G_F = U(3)^5 the flavon fields χ_{u,d,e} appear as single multiplets on our wall, and yet the various entries can have values which are hierarchical.

3.2 Classical and quantum sniffing

Flavor breaking from extra dimensions is much more interesting than simply taking the values of χ and its derivatives on our brane at y = 0 and using them in a spurion analysis. Non-linearities in the bulk Lagrangian can induce a wide variety of effects which probe flavor breaking at non-zero y.

The simplest examples of this are classical non-linear effects. One of the most significant is the generation of a vev for a bulk field without a direct source brane. Consider a situation with two source branes, with sources J^1_m and J^2_n and two bulk fields which have vevs generated on these branes, χ^m_1 and χ^n_2 . If there is, in addition, another bulk field φ^{mn} transforming as a product representation of the 1 and 2 representations, we naturally have a term in our Lagrangian φ^∗_{mn}χ^m_1 χ^n_2 . As a consequence, φ will also take on a vev in the bulk, and hence on our wall as well.

This is a very familiar situation, even in four dimensions. However, in four dimensions, we typically expect a value φ ∝ χ_1χ_2. In extra dimensions, the vev can typically be much larger. As shown in Fig. 1, the fact that the source for φ is spread throughout the bulk means that the dominant contribution to its shining can come from a region distant from our brane, defeating our four-dimensional intuition.

Formally, we want to sum the contributions to φ on our wall from every point in space. Given the assumed coupling, if we take our wall at y = 0, and the sources for χ_1 and χ_2 at y_1 and y_2, respectively, we can then calculate

φ(0) = ∫ d^nyΔ(m_φ; |y|)χ_1(y)χ_2(y). (31)

If the propagators are dominantly exponentials, some small region will dominate this integral, and we can take

φ(0) ≈ ΔV Δ(m_φ; |y|)χ_1(y)χ_2(y), (32)

Figure 1: Contributions to the vev of the field φ. Our brane is designated 0, while the source branes for χ_1 and χ_2 are 1 and 2, respectively. (a) is supressed by two propagators while (b) is suppressed by only one. As a consequence, (b) will typically dominate. If the mass of φ is even an order one factor lighter than either of the other fields, the difference can be further amplified.

where y is some representative point within the volume ΔV where the integrand is appreciable. In cases where the particles are light, ΔV can be very large. Even in cases where the particles are heavy, if they are even an order one factor lighter than the fundamental scale, the volume will typically be larger than one by a factor 1/m^n_χ.

We illustrate this with the following example:

Consider a brane configuration with our brane localized at (0, 0, 0) in three extra dimensions, while one source brane is at y_1 = (10, 0, 0) and the other at y_2 = (10, 3, 0) in units where M_∗ = 1. Further, take the masses to be m_{χ1} ≈ m_{χ2} ≈ m_φ ≈ 1/3. We can calculate the vev of φ numerically, and find on our brane we have χ_1 ≈ 2 × 10^{−4}, χ_2 ≈ 2 × 10^{−4}, and φ ≈ 3 × 10^{−6}. We can understand the larger value of φ as also being enhanced by a volume factor ΔV of (32) being larger than one, and we show this graphically in Fig. 2.

If we further give the fields moderately different masses, m_{χ1} ≈ 1/3, m_{χ2} ≈ 1/2, m_φ ≈ 1/5, we find χ_1 ≈ 2 × 10^{−4}, χ_2 ≈ 5 × 10^{−5}, but φ ≈ 10^{−5} , much larger than the naive expectation if all other masses are order the fundamental scale. This is very sensitive to the brane geometry and the masses of the bulk fields, of course, and the predictivity suffers as a consequence. However, it illustrates one very important difference between flavor model building in extra dimensions versus that in the usual four.

Once a bulk vev for a field exists, it can act to further regenerate another field that may fall off more quickly. In the previous example, if we reach a region where χ_1φ > χ_2, then this region can act as a further source for χ_2, dominating for some regions of y over the source brane. This can be understood rather simply: in situations where the vev

Figure 2: We plot here a z = 0 slice of the first, second and third efolds of the integrand of (31) from its maximum for the given example. Notice that the region contributing to the integral is both large (ΔV > 1) and far from our brane.

profile is dominantly exponential, (i.e., when m_{χ2} y ≫ 1), and if further m_φ < m_{χ2} , it can be advantageous to exploit the presence of χ_1, for instance, and propagate as a φ, as we illustrate in 3(a). Of course, if the regenerated value of χ_2 is sufficiently large, it can again regenerate φ in certain circumstances and the nonlinearities can dominate the entire problem. It is important to be aware of this when employing non-linear effects in model building.

All of the effects discussed so far arise from classical field theory in the bulk. They could be obtained, in principle, by solving the non-linear classical fields equations.^{10} Quantum effects in the bulk may be just as, if not more, important. For example, if m_φ+m_{χ1} < m_{χ2} , it may be advantageous to pay the price of a loop factor and propogate as a φ − χ_1 loop, which is shown in the “Tie-Fighter” diagram of figure 3(b).

As another example of non-linear bulk interactions changing the physics on our brane at y = 0, consider a bulk field φ with a φ^4 interaction and a source brane at y_s. Ignoring the non-linearity, an operator involving φ^p on our wall would have classically a coefficient of Δ(m_φ; y_s)^p. This is illustrated in 4(a) for p = 3. However, if m_φ|y_s| ≫ 1, there will be a large exponential suppression of this contribution, so that the dominant effect may instead come from the loop diagram of 4(b), which gives a contribution to <φ(0)^3> of

L^2 ∫ d^ny Δ(y)^3φ(y), (33)

10There is one remaining classical effect, namely the generation of local operators through bulk nonlinearities, which we will discuss at the conclusion of this section.

Figure 3: In addition to the standard direct propagation of χ_2, there can be other contributions. In the presence of an external field χ_2, it can be advantageous to propagate as a φ, as shown in (a). Even absent such an external field, the propagation through a loop of lighter particles may be dominant compared to the direct propagator (b).

where L is a loop factor^{11}. This quantum effect can lead to a very large deviation of <φ(0)^3> from <φ(0)>^3, since it involves only one power of e^{−mφ|ys|}.

For the case of p = 2 and an operator on our brane involving φ^2, in addition to the tree contribution there is the 1-loop contribution shown in Fig. 5a, equal to L ∫ d^ny Δ(y)^2φ(y)^2. (35)

In this case, two propagators traverse the whole space from y = y_s to y = 0 in both tree and loop diagrams, so it may appear that the loop correction is small and unimportant. However, in theories of flavor, we will find that the loop diagram contains flavor breaking not present at tree level. For instance, if φ transforms as a multiplet of G_F , it may point in different directions in flavor space at different y; this is a situation which arises when multiple source branes are present. At tree level the only flavor breaking is given by φ(0), whereas at the loop level the flavor breaking of φ(y) is also probed. We say that additional flavor breaking is “sniffed” in the bulk from points y ≠ 0.

11Actually, the exact expression involves an integration both over 4 and higher dimensional momenta. The result can be re-expressed (upon wick rotating to Euclidean space) as ∫ d^4k_4 (2π)^4 d^4k_4 (2π)^4 ∫ d^nyΔ( √ m^2_φ + k^2_4, y)Δ( √ m^2_φ + k^2_4, y)Δ( √ m^2_φ + (k_4 + k_4)^2, y)φ(y) (34)

In our expression in the text, we are overestimating this effect by replacing Δ( √ m^2_φ + k^2_4, y) with Δ(m_φ, y). Henceforth, we will often make similar approximations in discussions of sniffing.

Figure 4: Two contributions to the value of < φ >^3 on our brane. The contribution in (a) is the classical spurion contribution. The contribution in (b) is due to sniffing and can often be larger than that of (a).

Figure 5: Two examples of “sniffed” contributions to an operator on our wall. In (a) a quantum loop corrects the value of <χ^2> on our wall. In (b), a φ field can interact in the bulk and generate a local operator.

In addition to quantum corrections to < φ^p >, there can be classical corrections as well. By integrating out a φ field which interacts in the bulk, we generate local operators as we illustrate in figure 5(b). In this particular example, given operators φ(x_1)O_1(x_1) and φ(x_2)O_2(x_2), we generate a local operator φ^2(x)O_1O_2(x). Absent bulk corrections, this operator would have a coefficient <φ>^2, but sniffing contributions can change this. Although both φ-legs on our wall are evaluated at the same point in spacetime, this is not a quantum effect and does not receive the same loop suppression as in Fig. 5(a).

3.3 Spatial derivatives of the flavon field

The bulk flavon fields have y dependent profiles, and, because Lorentz invariance is violated in directions perpendicular to our brane, one might imagine that wherever a χ field appears in the Lagrangian of our brane, we could just as easily write (a_n∂_n + a_{mn}∂_m∂_n + ...)χ, with no need to contract indices of extra dimensional derivatives [21]. Unless the χ mass were much smaller than the scale Λ, the derivative terms would not be strongly suppressed. Nor would χ and its derivatives necessarily be proportional to each other, since the field can have sources on several branes, potentially leading to a variety of troublesome flavor changing effects. However, if Lorentz invariance is broken spontaneously (as is the case if standard model fields are localized on a D-brane, for instance), only certain derivative terms are allowed. In the low energy effective theory, we simply have SM fields localized to our brane, the bulk χ field, and the goldstones of spontaneously broken translational invariance Y^m, which give the position of our brane in the extra dimensions [22]. Thus, all terms involving derivatives of a single power of χ must feature either 2^jχ for some integer j, or a brane tension-suppressed coupling to the goldstone. For instance, we can have terms like

∂_μY^m(Q ∂_mχ σ^μQ) or Q2χD^cH, (36)

but not something like Q ∂_mχ D^cH, (37) because extra-dimensional derivatives with uncontracted indices amount to explicit breaking of Lorentz invariance.

Of course, the localized fields have finite profiles in the bulk, and we can contract derivatives of χ with derivatives of wall fields in the full extra-dimensional theory. However, the effective field theory argument just given indicates that in our wall’s low energy theory only terms involving 2^j χ will be generated. It is straightforward to see how this comes about explicitly from a microscopic description. Let us label the (4 + n) dimensional spacetime coordinates as (x^μ, y^m), where x^μ are the 4D coordinates on our brane, and y^m are the coordinates of the extra n dimensions. We will use an index K = (μ, m) that runs over all (4 + n) dimensions. Consider the Lorentz invariant term 1 Λ^{n+3} ∫ d^4x ∫ d^ny (∂_KQ^{(4+n)})(∂^Kχ^{(4+n)})D^{c(4+n)}H^{(4+n)}. (38)

We assign the standard model fields ψ^{(4+n)} Gaussian profiles in the extra dimensions, so that their relation to the canonically normalized fields in 4D is

ψ^{(4+n)}(x, y) = ( 2Λ^2 π )_{n/4} ψ^{(4)}(x)e^{−Λ2|y|2} , (39)

while the x-independent bulk flavon VEV is given by

χ^{(4+n)}(x, y) = Λ^{n/2}χ^{(4)}(y). (40)

In terms of the canonically normalized fields, (38) becomes − Λ^{n−1} ∫ d^4x Q^{(4)}(x) (∫ d^ny e^{−3Λ|y|2} y^m ∂^mχ^{(4)}(y) ) D^{c (4)}(x)H^{(4)}(x), (41)

where we have neglected factors of π and 2. After integration by parts, the piece involving χ becomes ∫ d^ny (6Λ^2|y|^2 − n)χ^{(4)}(y)e^{−3Λ|y|2} . (42)

This is of the form ∫ d^ny f(y)e^{−α|y|2} , which is equivalent to ∫ d^nq f̃(q)e^{−|q|2/α} = (e^−2^{/α}f) | y=0 , (43)

where f̃(q) is the Fourier transform of f(y). In our case, we have f(y) = χ^{(4)}(y)(a+b|y|^2), with a and b real, which satisfies

e^−2^{/α}(χ^{(4)}(a + b|y|^2)) | y=0 = ∞∑ j=0 c_j 2^jχ^{(4)} | y=0 , (44)

with real coefficients c_j. Although there can be many χ derivatives that appear in the Yukawa interaction, we see that they are all proportional to 2^jχ for some integer j and thus, by the equations of motion, all proportional to χ itself.

In contrast, an operator like ∂_mχ∂^mχO_{SM} (x), (45) where O_{SM} is an operator of standard model fields, cannot be brought into a form involving only 2^j χ_d. The presence of these operators has model dependent effects which we will discuss in later sections.

3.4 Harmless flavon exchange

As discussed in section 2.4, breaking flavor symmetries at low Λ in four dimensions generates harmful flavor-changing operators through the exchange of flavons, due to the smallness of the flavor-breaking scales relative to the fundamental scale. In sharp contrast, there is no reason in extra dimensional theories to expect that the bulk flavon masses are closely related to the sizes of the Yukawa couplings, as these small parameters are no longer ratios of mass scales. However, even if the bulk fields were very light, the harmful operators still receive no subsequent enhancement. This is due to the IR softness of bulk propagators in extra dimensions. Returning to the example of section 2.4, let us suppose that φ_{12} lives in p extra dimensions. Then, the coefficient of the induced 4-fermi operator is (working in units with M_∗ = 1)

v^2 ∫ d^pκ (2π)^p 1 κ^2 + m^2_φ

. (46)

Note that we integrate over the extra dimensional momenta κ since this momentum is not conserved. The important point is that for p > 2, this integral is dominated in the UV and is insensitive to m_φ! Therefore, the generated operator is not enhanced by 1/m_φ factor. In fact, the dominant contribution is m_φ independent and generates a flavor-symmetric operator suppressed by powers of M_∗ and additional loop factors. Subdominant contributions need not respect the flavor symmetry, but are small enough; the leading corrections go as

L(p) log m^2_φ, p = 2; L(p)m_φ, p = 3; L(p)m^2_φ, p = 4, 5, · · · (47)

where L(p) = 1 p2^{p−1}π^{p/2}Γ(p/2) (48)

is a loop factor.

We can also return to the example of our toy U(2) theory discussed in section 2.5. The tree-level exchange of a bulk A field produces the operator L(n) H^∗H(Q_aD^c_b)(Q̄^aD̄^{cb}) M^4_∗

. (49)

There is no inverse dependence on the A mass at all, and we can therefore tolerate M_∗ ∼ 1 − 10 TeV, roughly three orders of magnitude below the bound on Λ in the 4D case.

4 A U (3)^5 theory in extra dimensions with 3 source

branes

Having introduced the shining of flavor breaking from distant branes, we now discuss the construction of U(3)^5 models in extra dimensions. In the models we will describe, χ_u and χ_d (which in this context are bulk fields) will be the only flavons that couple directly to the standard model fields of our 4D universe, just as in minimal U(3)^5 in 4D. The authors of [13] have applied the shining framework described in section 3 to the case of U(3)^5. In their picture, χ_u (χ_d) couples to nine source fields φ^{u,ij} (φ^{d,ij}). Each of these source fields transforms as χ_u (χ_d) and is localized on its own distinct brane. The sources acquire VEVs of the form < φ^{u,ij}_{kl} >∼< φ^{d,ij}_{kl} >∼ Λδ^i_kδ^j_l , (50) that is, each of the nine φ^d sources essentially shines a single element of the down quark mass matrix, and similarly for the up sector. The magnitude of each source is taken to be roughly Λ, but large fermion mass ratios are still possible by requiring some source branes to be closer to our brane than others. This represents a significant improvement over the minimal case in 4D: only a single χ_d and a single χ_u appear in the Yukawa interactions, and yet a simple explanation for the hierarchical nature of the fermion masses is achieved.

This picture is far from complete, however. The most serious deficiency is that no understanding is provided of why V_{CKM} ∼ I. Related to this is the fact that the VEVs of (50) do not comprise a justifiable starting point, as we will now argue. To avoid problems with goldstone bosons, we work with a large discrete subgroup of U(3)^5 rather than with U(3)^5 itself (because the breaking is order unity, we avoid the light pseudo-goldstone bosons that appear in the 4D case). The directions of the eighteen φ^u and φ^d VEVs are thus fixed in various directions that do not depend on bulk dynamics. The important point is that there is no reason for the direction of a source on one brane to be related in any particular way to the direction of a source on another. This reasoning argues against the arrangement of VEVs in (50), and more generally, it tells us that we should expect order unity CKM mixing angles if all the sources are on separate branes. Suppose, for example, that a φ^u localized on one nearby brane breaks U(3)_Q×U(3)_uc → U(2)_Q×U(2)_uc , while on another brane, a φ^d independently breaks U(3)_Q × U(3)_dc → U(2)_Q × U(2)_dc . We imagine that these branes are the ones nearest us, so that these φ’s shine the leading order contributions to the quark mass matrices. The U(3)_Q × U(3)_dc symmetry allows us to take

φ^d =

0 0 0 0 0 0 0 0 v , (51) and then, using the U(3)_uc symmetry, we can write write

φ^u = M

0 0 0 0 0 0 0 0 v^′ , (52)

where the form of M ∈ U(3) is fixed by the explicit breaking. The point is that there is no reason for φ^u and φ^d to choose the same unbroken U(2)_Q, and there is not in general a basis in which both φ^u and φ^d are diagonal, because the U(3)_Q freedom is used up entirely in diagonalizing either one or the other. Generically, we expect the (23) entry of φ^u to be roughly as large as its (33) entry^{12}, and since the leading order form of χ_{u(d)} on our brane is simply proportional to φ^u (φ^d), we should expect a large CKM mixing angle, contrary to what is observed.

4.1 A complete U(3)^5 model

We now describe a model that retains the successes of the picture just described, but which in addition predicts small mixing angles. The model is remarkably simple. We assume the existence of a series of source branes, each of which has localized on it a triplet under U(3)_Q, a triplet under U(3)_uc , and a triplet under U(3)_dc . Nothing special distinguishes any of the source branes - we will even assume for simplicity that they are identical copies of each other - except that they are located at different distances from our brane. The three triplets on each brane acquire VEVs near the fundamental scale and act as sources for bulk flavons χ_u and χ_d. We again regard the true flavor group as a large discrete subgroup of U(3)^5 to avoid goldstones, so the potential for each triplet features a discrete series, rather than a continuum, of minima. Each triplet’s VEV is stuck at one of these minima, unable to tunnel from one to another. Moreover, the directions chosen by the sources on one brane are not related in any particular way to the directions chosen on a different brane. What we have, effectively, is explicit breaking on each source brane, with the triplets getting fixed, complex VEVs that point in uncorrelated directions.

Let us work out the implications of this simple scenario. On the brane nearest ours, the triplet sources acquire VEVs that, if we exploit our U(3)^3 freedom, we can write as

T^1_Q = 0 0 v_Q , T^1_u = 0 0 v_u , and T^1_d = 0 0 v_d , (53)

with v_Q, v_u, and v_d real and not much smaller than M_∗. In fact, these sources could even be localized on our brane. The bulk flavons are shined by the triplet sources due to the brane interactions^{13} T^1_Qχ_uT^1_u and T^1_Qχ_dT^1_d . (54)

Consider, for the moment, the extreme case in which this brane is by far the closest one to our ours - the closest by so much that, on our wall, we can ignore contributions to flavon VEVs coming from all other sources. In contrast to the example that led to the alignment problem of equations (51) and (52), both χ_u and χ_d are shined from the same nearby brane, and simultaneously take the form

χ_{u,d} ∝ 0 0 0 0 0 0 0 0 A_{u,d} . (55)

12Using the residual U (2)_Q symmetry respected by φ^d, the (13) entry can be made to vanish. 13 If the sources are on our brane, the third generation quarks acquire mass from direct couplings to the triplets.

Now let us consider the additional contributions to χ_{u,d} that are shined from more distant sources. The VEVs of (53) respect a residual U(2)^3 symmetry that can be used to write the sources on the second nearest brane as

T^2_Q = v_Q 0 sin θ_Q cos θ_Qe^{iαQ} , T^2_u = v_u 0 sin θ_u cos θ_ue^{iαu} , and T^2_d = v_d 0 sin θ_d cos θ_de^{iαd} , (56)

where we assume for simplicity that T^†T is the same in the various discrete minima. After we include the effects of the shining interactions

T^2_Qχ_uT^2_u and T^2_Qχ_dT^2_d , (57)

the flavon VEVs on our brane take the form χ_{u,d} ∝ 0 0 0 0 ϵ ϵ 0 ϵ A u,d , (58)

with ϵ_{u,d} ≪ A_{u,d}. At this stage, the VEVs in (53) and (56) still admit a U(1)^3 symmetry that can be used to write the sources on the third brane as

T^3_Q = v_Q sφ_Q cφ_Q sρ_Q e^{iβQ} cφ_Q cρ_Q e^{iγQ} , T^3_u = v_u sφ_u cφ_u sρ_u e^{iβu} cφ_u cρ_u e^{iγu} , T^3_d = v_d sφ_d cφ_d sρ_d e^{iβd} cφ_d cρ_d e^{iγd} . (59)

Including the effects of this brane, we arrive at the Yukawa texture

λ_{u,d} ∼ ϵ^′ ϵ^′ ϵ^′ ϵ^′ ϵ ϵ ϵ^′ ϵ A u,d , (60)

which features both a hierarchy of eigenvalues and small mixing angles.

This model features a simple symmetry breaking pattern. If we include only the nearest brane, its sources break U(3)^3 → U(2)^3. Bringing the second brane into the picture then breaks U(2)^3 → U(1)^3. Finally, moving the third brane into place breaks U(1)^3 → nothing. Note that this breaking pattern is not put in by hand, but rather follows inevitably from the fact that the sources transform as triplets and acquire fixed VEVs pointing in random different directions. Note also that we work with three source branes only because this is the minimal set required to break U(3)^3 entirely. Given that at least three exist, the success of our picture is insensitive to how many branes there are in all. Additional branes, being further away, will give small contributions to the Yukawa couplings, leaving the texture of equation (60) unchanged.

The Yukawa texture suggests the approximate relations |V_{ij}| ∼ m_{di} /m_{dj} , which work reasonably well for all mixing angles except for θ_c. The fact that θ_c naively comes out to small is not a serious problem, because the entries of (60) come with unknown coefficients of order 1 due to the unknown angles θ, φ, etc., that appear in equations (56) and (59): by taking tan φ_d ∼^1_5 sin ρ_d we obtain the correct size θ_c ∼ 1/4. Somewhat surprisingly, the more closely aligned the source triplets on the second and third branes are, the larger θ_c is. In sections 6 and 7 we consider different models that accomodate θ_c more easily.

It is advantageous to give the flavons slightly different masses, with m_{χu} > m_{χd}, to explain why the mass hierarchies are stronger for the up quarks than for the down quarks. Doing so makes all the more pressing the question of why m_t > m_b, given that these masses are essentially shined from the same brane. Having two Higgs doublets with large tan β leads to flavor changing problems, as we will see below. A simple alternative that leads to no phenomenological difficulties is to have a ∼ 1/60 suppression of v_d relative to v_u. Even irrespective of flavor changing issues, this approach may be more appealing than a non-SUSY large tan β scenario, because here the different-sized VEVs are given to two fields, T_u and T_d, that transform entirely differently under the flavor symmetry. In contrast, if we have two Higgs doublets, H_d and H̃_u transform identically under the gauge symmetry and are both flavor singlets, so it is especially difficult to understand how one is chosen to have a much larger VEV than the other. A more interesting approach to understanding m_b/m_t will be described in section 7. The details of how the present U(3)^5 model can give realistic fermion masses and mixings are important but should not obscure the central point: having source triplets with uncorrelated VEVs leads automatically to a CKM matrix with small mixing angles.

Another attractive feature of this model is that it violates CP spontaneously, as the VEVs of equations (56) and (59) give the off-diagonal elements of λ order unity phases. If we impose CP as a symmetry of the underlying theory, this model exhibits the same solution to the EDM problem described in section 2.6 in the context of U(3)^5 in 4D.

4.2 Flavor-changing from the bulk

The only question is whether there are additional challenges in suppressing dangerous operators, now that we are working in extra dimensions. As discussed in section 3, physics in our 4D universe can be sensitive not only to the values of χ_u and χ_d on our brane, but also to their values away from our brane, due to “sniffing” effects. For instance, if we have bulk couplings ∫ d^ny T r(χ^†_uχ_uχ^†_uχ_u), and ∫ d^ny (T r(χ^†_uχ_u))^2, then in the up quark EDM operator we can replace the matrix ⟨χ_u(y = 0)⟩_{ij} with ⟨χ^†_u(0)⟩_{mn} 16π^2 ∫ d^ny ⟨χ_{uim}χ_{unj} (y)⟩Δ^2(y), (61) or with 1 (16π^2)^2 ∫ d^ny ⟨χ(y)⟩_{ij}Δ^3(y), (62)

where we have included loop factors from integrating over 4D momenta. Diagrams representing these contributions are shown in Figs. 5a and 4b, respectively. Because they do not have the same flavor structure as χ_u, we need to check that these contributions are not problematic. The largest contribution to the 1-1 entry comes from the piece of (61) proportional to λ_t, λ_t 16π^2 ∫ d^ny ⟨χ_{u13}χ_{u31}(y)⟩Δ^2(y). (63)

Δ(y) is largest near our brane (y ∼ 0), but in this region ⟨χ_{u13}χ_{u31}(y)⟩ nearly vanishes in the mass diagonal basis. On the other hand,⟨χ_{u13}χ_{u31}(y)⟩ is largest near the third most distant brane, located at y_3. Using the short distance form for the propagator to evaluate ⟨χ_{u13}χ_{u31}(y)⟩ in this region, we get a contribution of roughly λ_t 16π^2 λ^2_u 1 dS_n f(m_χ), (64)

where f(m_χ) ∼ (^1_{mχ} )^{(4−n)}, Log(m_χ), and 1 for n = 2 or 3, n = 4, and n > 4 respectively, and where dS_n is the surface area of the unit sphere in n dimensions. The potential mild enhancement from f(m_χ) cannot nearly compensate for the extra factor of^{λu}_{16π2} relative to what we have for ⟨χ_u(0)⟩_{11}, so this contribution is harmless. Sniffing contributions to the down quark EDM are similarly suppressed.

Sniffed versions of

(Qχ_dD^c)(Qχ_dD^c)^† and (Qχ_dD^cH)(Qχ_dD^cH)^† (65)

yield ΔS = 2 operators with coefficients of approximate size 1 16π^2 ∫ d^ny ⟨χ_{d12}χ_d^∗_{21}(y)⟩Δ^2(y), (66) and v^2 ∫ d^ny ⟨χ_{d12}χ_d^∗_{21}(y)⟩Δ^2(y), (67)

respectively. Again concentrating on the region around y_3, we estimate the integrals as roughly (λ_sθ_c)^{2 1}_{dSn} f(m_χ). If the coefficient were simply (λ_sθ_c)^2, ϵ_K would require Λ > 7 TeV. Since these contributions are further suppressed by either a loop factor or by v^2, they are safe.

A different challenge posed by the extra dimensions involves the bulk flavon derivatives described in section 3.3. If we allowed all flavor invariant terms with extra dimensional derivatives acting on χ_d, then in the basis that diagonalized and made real the down quark Yukawa interaction

Q ((1 + a_n∂_n + a_{mn}∂_m∂_n + ...)χ_d) D^cH, (68)

the EDM operator

F_{μν}Q ((1 + b_n∂_n + b_{mn}∂_m∂_n + ...)χ_d) σ^{μν} D^cH (69) would in general be complex, leading to the familiar EDM bound Λ > 40 TeV. However, as discussed in section 3.3, the only drivatives of χ_d allowed in equations (68) and (69) are those of the form 2^jχ_d = m^{2j}χ_d, provided Lorentz invariance is broken spontaneously. In this case derivative terms are harmless as far as EDM’s are concerned. On the other hand, the operator 1 Λ^2 ( Q ∂_Kχ_d Λ^2 D^c ) ( Q ∂^Kχ_d Λ^2 D^c )_† (70)

cannot be brought into a form involving only 2^j χ_d. Because ∂_mχ_d is not in general proportional to χ_d, the most pessimistic view is then that ϵ_K forces us to take Λ > 7 TeV. (In fact, at this point it becomes clear why using large tan β to explain m_t > m_b is disasterous: the ΔS = 2 piece of (70) has a coefficient that is proportional to tan^2 β). Note, however, that the Λ > 7 TeV interpretation assumes that the derivative terms are entirely unsuppressed: if m_χ = Λ/S, for instance, then the bound is reduced by a factor of S. Also, it is conceivable that ∂_aχ_d is nearly proportional to χ_d. For example, if the source branes lie along along the same direction from ours, then in the case of three extra dimensions, the derivative contributions that are not proportional to χ_d are suppressed by factors of 1/(Λr_i) relative to the leading non-derivative contribution, where r_i are the various distances of the source branes from our brane. K − K mixing is most sensitive to contributions shined from branes responsible for the light quark masses. Taking (mr) ∼ 5 for these branes, and m ∼ Λ/3, we find that the bound on Λ is reduced by a factor ∼ 15. The general point is that bounds derived by considering terms involving flavon derivatives are softer than those obtained from operators without derivatives, as they are more sensitive to the flavon mass, and to the details of the brane configuration.

We have seen that U(3)^5×CP models with triplet sources are generically safe for Λ ≈ 5 TeV, provided that Lorentz invariance is broken spontaneously. Next we will show that specific models can be safe at this scale without qualification. In particular, we present what we consider the simplest specific realization of our U(3)^5×CP scenario, and find that regardless of how Lorentz invariance is violated, and regardless of whether m_χ is suppressed relative to Λ, both flavon derivative and “sniffing” effects are harmless.

5 A concrete realization of U (3)^5

Here, we will consider a concrete arrangement of branes in our U(3)^5 scenario. The arrangement is very simple and furthermore allows analytic calculation of FCNC effects. We will see that the potential flavor-changing effects are very suppressed by this particular set-up; for instance all χ derivatives are exactly aligned with χ.

We imagine that even though there are n ≥ 2 extra spatial dimensions, flavor is associated with only one of them, which we parametrize by y. Our 3-brane and several source 3-branes are taken to lie in a 4-brane described by (x, 0 ≤ y ≤ L), where we compactify on an interval [0, L] (rather than a circle) of moderately large size, L ∼ 10M^{−1}_∗ . The 3-branes are spread out roughly evenly in the space available to them and are then naturally spaced between ∼ 1 − 10 times M^{−1}_∗ , so that the question of what determines the sizes of the inter-brane separations is to some extent obviated. The flavon χ is taken to propogate only on this 4-brane.

In one infinite extra dimension, the χ propagator is just e^{−m|y−y}

0_| . When the dimension is compactified, the propagator depends on the boundary conditions. We will impose the conditions χ = 0 at the boundaries of the interval, so that the propagator on the strip from y_1 to y_2 is

Δ(y_1, y_2) = ( θ(y_1 − y_2) sinh[m(L − y_1)] sinh[mL] sinh[my_2] + θ(y_2 − y_1) sinh[my_1] sinh[mL] sinh[m(L − y_2)] ) (71) Note that this goes to e^{−m|y1−y2 |} when L → ∞, as it should. The classical profile for χ is then χ_{cl}(y) = ∑ i χ_iΔ(y_i, y), (72)

where χ_{i(aα)} = T_{Lia}T_{Riα} (73) is the source for χ shone from the i’th wall. Suppose that our 3-brane, located at y = y_∗, is positioned to the left of all the other branes on the strip, i.e. y_∗ < y_3 where y_3 is the location of the nearest wall. Then, for all y < y_3 the profile of χ is

χ_{cl}(y) = χ̄ sinh[my], (74)

where χ̄ = ∑ i χ_i sinh[m(L − y_i)] sinh[mL]

. (75)

Note that the χ_{cl}(y) at different values of y < y_3, are all proportional to the same matrix, and so all derivatives of χ_{cl} evaluated on our wall are diagonal in the same basis as χ_{cl} itself. Therefore, even allowing for heavy m_χ ∼ Λ and explicit Lorentz violation in the extra dimension, there are no problems with derivative terms. In the absence of interactions in the bulk, the FCNC analysis is identical to the standard U(3)^5 spurion analysis.

In four dimensions, U(3)^5 with minimal flavons leads to exact lepton flavor conservation. As we have discussed, in higher dimensions, derivative operators have the potential to induce some level of flavor changing, but in this simple realization of U(3)^5, where ∂_mχ ∝ χ, one might expect again that flavor changing is absent. This intuition is incorrect, as sniffing effects give us sensitivity to the value of χ in the bulk, and thus to regions where it is not diagonal in the mass basis. However, it is easy to see that these effects are highly suppressed.

We can illustrate this by considering the process μ → 3e, which occurs due to the presence of the operator E^c_kχ^{kl}χ^†_{lm}E^{c m}E^c_nE^{c n}. (76)

In addition to the spurion contribution, which is diagonal in the flavor basis, we have the sniffed contribution < χχ^† >= ∫ dyd^4xχ_{cl}χ^†_{cl}(y)Δ(y, x)^2. (77) If we assume a brane geometry where our brane is at y = 0, and the μ and e branes are at positions 0 < y_μ < y_e, the sniffed contributions from the region y < y_μ will all be proportional to χ. Thus, the first flavor changing piece comes in the region y_μ < y < y_e. We calculate the coefficient of the operator to be < χχ^† >^{12}_{F C} ≃ λ_eλ_μm^3 32π^2(Logλ_μ)^2

≈ 10^{−13}, (78)

which gives a completely unobservable rate for μ → 3e. Thus, while sniffing does allow for flavor violations even in a U(3)^5 theory (where naively lepton flavor is conserved!), they are easily small enough to be harmless.

6 Smaller flavor symmetries

In the previous two sections we developed extra-dimensional models of flavor with low Λ and G_F = U(3)^5. One might wonder how difficult it is to work instead with smaller flavor groups. For instance, we have already seen that taking the symmetry to be U(2) is problematic: the extra dimensions alleviate the flavon exchange problem, but the U(2)- invariant, non-renormalizable operator of equation (11) forces Λ > 10^5 TeV. Of course, we could hope that this operator is simply not generated by the underlying theory, but if one wants to assume that all invariant operators are present, then we need a larger symmetry. Here we adopt the group U(2)^3 and consider the quark sector alone. We again take CP to be a symmetry of the underlying theory in hopes of evading the EDM bound.

With this choice of flavor symmetry both Q_3D^c_3H and Q_3U^cH̃ are flavor singlets, so to explain m_b ≫ m_t, we might require two Higgs doublets with large tan β. Unfortunately, as we have already seen, unless a single flavon multiplet is responsible for the elements of λ_d involving the light generations (which will not be the case for U(2)^3), then we expect to get the operator (λ_sθ_c tan β)^2 Λ^2

(Q_2D^c_1)(Q_1D^c_2), (79)

forcing Λ > 400 TeV. Thus, we instead use a single Higgs but enlarge the flavor symmetry to include an extra U(1) factor under which only D^c_3 is charged. We introduce a bulk flavon θ, whose charge under this U(1) is opposite that of D^c_3, and take the VEV of θ on our wall to be ∼ 1/60.

Next we introduce another bulk flavon, φ, a doublet under U(2)_Q. We can choose a basis in which its VEV on our wall is φ = ( 0 v ) , (80) with v real, and to yield a reasonable V_{cb} we take v ∼ 1/30. Our picture for the symmetry breaking that gives masses to the light generations is designed to preserve certain features of the standard U(2) fermion mass texture, in particular the relation θ_c ≈ √ m_d/m_s. We imagine that on a distant brane the subgroup U(2)_Q × U(2)_dc is broken down to U(2) by a source that shines the bulk flavon χ_d, transforming as (2, 2) under this subgroup. Similarly, from a different brane we have U(2)_Q × U(2)_uc → U(2) breaking transmitted by χ_u, a (2, 2) under this subgroup (note that we do not expect the two walls to preserve the same U(2)). Finally, we imagine that on our brane both U(2)_dc and U(2)_uc are broken primordially to their SU(2) subgroups.

What does this assortment of breakings say about the Yukawa matrices? The flavor symmetry allows us the freedom to choose convenient forms for the χ_u and χ_d VEVs, but because of the primordial breaking on our brane, and because of the freedom already used to fix the form of φ, we are only allowed arbitrary SU(2)_uc × SU(2)_dc × U(1)_Q transformations, where the U(1)_Q acts on Q_1 alone. These transformations allow us to take χ_d = v_d ( 1 0 0 1 ) and χ_u = v_u ( e^{−iδ} 0 0 1 ) (81)

on our wall, with both v_u and v_d real. We are stuck with a phase in χ_u; this is the origin of CP violation in the model. The leading order couplings of these flavons to the quarks are Q_Lχ_d^L_lϵ^{lm}D^c_m and Q_Lχ_u^L_lϵ^{lm}U^c_m, (82)

so that at this stage the Yukawa textures are

λ_D =

0 v_d 0 −v_d 0 θv 0 0 θ and λ_U =

0 v_ue^{iδ} 0 −v_u 0 v 0 0 1 . (83)

To give masses to the charm and strange quarks, we assume the presence of two additional bulk fields, ξ_{u,d}, that transform as 2 × 2 under U(2)_Q × U(2)_uc_{,d}c^{14}. However, these flavons are not shined from distant branes, but rather have VEVs induced in the bulk by the interactions L ⊃ φ_Lχ^L_lφ_M ξ^{lM} . (84)

Due to its sensitivity to the flavon masses and to the brane geometry, the size of the sniffed ξ is essentially a free parameter. Note, however, that the orientation and phase of ξ is determined entirely by the orientation and phase of φ and χ, so that we have ξ_{u,d} = ( 0 0 0 v^′_{u,d} ) , (85)

14It would be problematic to instead introduce doublets under U (2)_uc and U (2)_dc for this purpose, because the relation θ_c ß √ m_d/m_s would be spoiled by the Yukawa term Q_Lφ_Q^Lφ_{dl}ϵ^{lm}D^c_m. Moreover, the bulk coupling φ_Qχ_dφ_d would regenerate χ_d in the vicinity of our wall, and would also disrupt the texture (we might expect, for instance λ_{d21} ¸ λ_{d22}).

where v^′_u and v^′_d are both real.

Including the leading order coupling of all flavons to the quarks yields the textures

λ_D =

0 v_d 0 −v_d v^′_d θv 0 0 θ and λ_U =

0 v_ue^{iδ} 0 −v_u v^′_u v 0 0 1 , (86) and leads to the approximate relations θ_c ∼ √ m_d m_s ∼ v_d v^′_d , | V_{ub} V_{cb} | ∼ √ m_u m_c ∼ v_u v^′_u , (87) m_s m_b ∼ v^′_d θ , m_c m_t ∼ v^′_u, V_{cb} ∼ v. (88) We get reasonable values for all observables by taking v^′_d ∼ 3 × 10^{−4}, v^′_u ∼ 3 × 10^{−3}, v_d ∼ 6 × 10^{−5}, v_u ∼ 2 × 10^{−4}, v ∼ 1/30, and θ ∼ 1/60. Note that the CKM matrix is of the form V_{CKM} = ( R^u_{12} 1 ) ( e^{iδ} R_{23} ) ( R^d_{12} 1 ) , (89)

so that the unitarity triangle relations for this model will simply be those of standard U(2).

How safe is this model? In the mass basis, we expect to have the operator of equation (11) generated with coefficient ∼ (λ_sθ_c)^2, so that the bound from ϵ_K is reduced to Λ > 7 TeV. The issue of the neutron EDM is more subtle. Despite the fact that CP is broken spontaneously, one might expect this model to have an EDM problem because the mass and EDM matrices are produced by several flavons, rather than by a single multiplet as in U(3)^5. However, an attractive feature of this model is that, in the mass basis, the phase δ appears only in the CKM matrix and not in the leading order EDM matrices. This is clear from (86): rotating U_1 → e^{−iα}U_1 makes the mass and EDM matrices completely real, because the 1-2 entry of the up quark EDM matrix started out with precisely the same phase as λ_{U 12}. Higher order contributions to these matrices disrupt this cancellation. We find that the order of magnitude of the contribution to the neutron EDM is determined by the coupling Q_Lχ_u^L_lϵ^{lm}χ_u^M_mξ_{dnM} ϵ^{np}D^c_p. (90) Setting p = L = 1 gives 1-1 entries in both the down quark EDM and mass matrices of roughly v^2_uv^′_de^{iδ} in the flavor basis. In the mass basis, the 1-1 element of EDM matrix has approximate size v^2_d/v^′_d, so the phase of that element will be roughly^{v2uv}

0_d2

v^2_d ∼ 10

−6 − 10^{−5}, suggesting that the bound on Λ is reduced to well below 1 TeV.

7 Predictive Theories

We find the picture for generating flavor of sections 4 and 5, based on the maximal U(3)^5 flavor group and involving only three identical flavor-breaking branes with triplet sources pointing in random directions, to be both elegant and plausible. Nevertheless, it does not provide a predictive theory of flavor. Furthermore, there is no explanation of the b/t hierarchy. There are two points that need to be addressed in order to build more predictive theories based on U(3)^5:

•The brane geometry must be more constrained.

•The directions in U(3)^5 space shone by the triplets must be more constrained.

In this section, we will present some examples of more predictive theories along these lines. In order to deal with the second point, we will assume that the dynamics on the branes is such that the triplet sources have identical strengths and can only shine in three orthogonal directions, which we take to be (0, 0, 1), (0, 1, 0), and (1, 0, 0). If we continue to work with just three parallel source branes, as in the previous sections, we would be stuck with V_{CKM} = 1. Therefore we consider other brane configurations. In particular, we imagine that the triplets T_u, T_d, and T_Q are all localized on different defects, which we label as U^c, D^c, and Q branes. We take all the Q branes to be parallel and equally spaced, and similarly for the U^c and D^c branes. However, the Q branes intersect at right angles with both the U^c and D^c branes, and at the junctions χ_u and χ_d have sources. The Yukawa matrices are thus shined from the points of intersection on a grid of flavor breaking branes.

7.1 Simple grid models

We will describe three simple and predictive grid models. In the first, the triplet sources are localized on three sets of three parallel five-branes of infinite extent. Labeling the extra dimensions by the numbers 1, 2, ..., n, we take the Q, U^c, and D^c branes to fill extra dimensions 1 and 2, 2 and 3, and 1 and 3, respectively. At the four-dimensional intersection of a Q brane with a U^c (D^c) brane, the T_Q and T_u (T_d) triplets shine the bulk flavon χ_u (χ_d). We could further imagaine the existence of an additional bulk field χ_{u,d} that transforms as (3, 3) under U(3)_Dc × U(3)_U c. This flavon would not induce dangerous operators on our brane, and would simply make the picture more symmetric. We take the masses of the three flavons, as well as the spacings between the Q, U^c, and D^c branes, to be identical. Until we have a theory that determines the inter-brane separations, we can’t justify the regularity of the grid, however the symmetry of the system ensures that the configuration is at least a local extremum of the potential. In an attempt to understand why m_t ≫ m_b, we imagine that our three-brane is located at one of the Q - U^c intersections, but is not in contact with a D^c brane. Below we will find it necessary to make the offset, the shortest distance from our three-brane to the nearest Q - D^c intersection, much smaller than the brane spacing. The configuration is represented in Figs. 6a and 6b. In Fig. 6a we project onto the 1-3 plane passing through our three-brane, so that the Q - U^c intersections appear as points. In Fig. 6b we do the same for the 2-3 plane passing through our brane, so that the Q - D^c intersections appear as points. We

Figure 6: The brane configuration for the first grid model. We project onto a plane parallel to the D^c branes for (a), and parallel to the U^c branes for (b).

have placed our universe near a corner of the grid, where it is easiest to attain hierarchical quark masses for all three generations.

We stress that the starting point for this theory is a remarkably symmetrical configuration of source branes. In the absence of our 3 brane, and of spontaneous breakings, the configuration is completely symmetrical with respect to interchanging any pair of the extra dimensions 1,2 and 3. The labels Q, U^c, D^c are just labels of identical sets of branes. The lack of symmetry only occurs by virtue of the position of our own 3 brane and the gauging on it. Flavor symmetry is built into the large scale structure of the bulk, and is explicitly broken only at a point defect.

Already we can see that the resulting mass matrices will have an interesting structure. For instance, keeping only the exponential dependence of the χ propagators, the up mass matrix has the form λ^U ∼ ϵ^{2√2} ϵ^{√5} ϵ^2 ϵ^{√5} ϵ^{√2} ϵ ϵ^2 ϵ 1

(91)

where ϵ ∼ exp −(m_χS) is the suppression factor with S the interbrane spacing. This sort of pattern is not expected in 4d theories of flavor, where usually only integer powers of a small parameters appear.

We now proceed to a quantitative analysis. As mentioned above, we take the magnitudes of each source VEV to be precisely the same, and allow the triplets to point in three orthogonal directions. We can choose a basis where the triplets on the Q, D^c,and U^c branes nearest us all point in the 3 direction; for conciseness we label these branes as Q3, U^c3, and D^c3. The D^c3 - Q3 intersection shines the Yukawa coupling

λ^D_{33} = α_χ Δ(m_χ; y^D_{33}), (92) where α_χ absorbs the source strengths and their couplings to the bulk flavons (we take these to be the same for χ_u and χ_d), and y^D_{33} is the distance from our brane to the D^c3- Q^c3 intersection. Note that if there are k extra dimensions, the propagator is given by equation (26) with n = k − 1, because the shining is from the 4D intersection of two five-branes. Meanwhile, from the U^c3-Q3 intersection we get the Yukawa coupling

λ^U_{33} = α_χ Δ(m_χ; y_{cutoff} ) + α_T , (93)

where the second term comes from the direct coupling of the triplet sources to standard model fields, and the propagator has been cutoff at a distance y_{cutoff} ∼ 1/Λ. Of course, with α_T , α_χ, m_χ, and the offset y^D_{33}, we have more than enough freedom to fit the top and bottom quark masses; the hope is that these four free parameters plus the brane spacing S can be simultaneously chosen to give reasonable CKM mixing angles and mass ratios for the other quarks as well. An additional hope is that the parameter values for a successful fit not be too far from unity. In this case, the smallness of m_b/m_t is not put in by hand by simply choosing α_χ ≪ α_T , but is instead a consequence of our location at a U^c-Q intersecion, away from D^c branes. Note that even in the limit that we are very near a D^c − Q interesection, m_b/m_t is still suppressed by a factor if Γ(^{n−2}_2 )/4π^{n/2}.

The model we have described is quite constrained. For a given configuration of triplet VEVs, the quantities y^D_{33}/S and Sm_χ specify all ratios of Yukawa matrix elements except those involving λ^U_{33}; by further fixing α_χm^{k−3}_χ , where k is the number of extra dimensions, we determine the magnitudes of all Yukawa matrix elements except λ^U_{33}, which is given only once we choose α_T . Thus there are four free paramaters to predict six masses and three mixing angles^{15}. The predictions turn out to be wrong. A qualitative reason for this can be understood by considering only the two nearest Q, U^c, and D^c branes. We must be able to choose the source VEVs on these branes as (Q3, Q2), (U^c3, U^c2), and (D^c3, D^c2) - if there were a repetition in any of the VEV directions, then three sets of three branes would not be sufficient to give masses to all of the quarks^{16}. The size of m_s/m_b is approximately the ratio of the contributions to χ_d from Q2 - D^c2 and Q3 - D^c3 shining. The distance from our brane to Q2 - D^c2 is longer than that to Q3 - D^c3 by at least S, regardless of y^D_{33}/S; if we make Sm_χ larger than roughly 2 or 3, then m_s/m_b automatically comes out too small. Meanwhile the dominant contribution to V_{cb} comes from the ratio of the contributions to χ_d from Q2 - D^c3 and Q3 - D^c3 shining. For the moderate values of of Sm_χ needed for m_s/m_b, getting V_{cb} ≪ 1 requires the offset y^D_{33} to be substantially smaller than the spacing S (by roughly a factor of 3 or more). With y^D_{33}/S constrained in this way, the ratio of the charm mass, which arises dominantly from Q2 - U^c2 shining, to the bottom mass, comes out too small^{17}. Of course, this problem can

15CP violation is discussed below.

16We could have (U^c3, U^c3), and a massless up quark, but this makes the problem described below only more severe.

17In the case of four extra dimensions, for example, if we require .036 < V_{cb} < .042 and 1/24 < m_s/m_b < 1/75, then we obtain m_c/m_b < 1/23, with the value of m_c/m_b optimized when y^D_{33}/S ¸ .08 and Sm_χ ¸ .7.

be avoided if we introduce an additional free parameter, for instance by letting χ_u and χ_d have different masses, by allowing the spacing between the U^c and D^c branes to be different, or by giving χ_u and χ_d different couplings to the triplet sources. However, even if adjustments like these are made to accomodate m_c/m_b, we find that it is not possible to simultaneously obtain accurate predictions for all other mass ratios and mixing angles.

A simple modification of the brane grid just described is to eliminate the U^c branes and place the T_u sources on the same branes as the T_Q’s. To make the picture more symmetric, we could imagine that on the D^c branes we have additional triplet sources T_Q0 that transform under yet another U(3), under which all standard model fields are singlets. In the original grid model, our brane needed to be located at an intersection of different branes to get the additional contribution to λ^U_{33} from the direct coupling of triplet sources to standard model fields; here, the direct coupling is automatic provided only that we reside on a Q/U^c brane. Two other important differences distinguish this grid from the previous one: first, there are now only three independent sources that shine χ_u; second, the classical profiles for χ_u and χ_d shining are no longer identical - if the source branes are co-dimension l objects, then the χ_u profile is determined using equation (26) with n = l, while for the χ_d profile one should use n = l + 1 (as the intersections of D^c and Q branes have co-dimension l + 1). One fortunate effect of the latter difference is to increase m_c/m_b from what the previous grid gave, for given choices of y^D_{33}/S, S, and m_χ.

To determine how well this grid can fit quark masses and mixings, we need to specify a VEV configuration. For all six quarks to acquire mass, there must not be repetitions of VEV orientations (for example, we need one each of D^c3, D^c2, and D^c1). Unfortunately, giving a 3-2-1 pattern to all three sets of triplet VEVs leads automatically to an up quark mass that is too large compared to m_d. In light of this we choose not to make the VEVs on the most distant Q/U^c brane (Q1, U^c1), but instead choose them to be (Q1, U^c3), as shown in Fig. 7 (choosing (Q1, U^c2) leads to too large a contribution to θ_c coming from the up sector). With this VEV configuration, the up quark Yukawa matrix has the texture λ^U ∼ 0 0 ϵ^′ 0 ϵ 0 0 0 1 . (94) In particular, we have m_u = 0, which is allowed at second order in chiral perturbation theory[25].

Interestingly, this grid model is slightly less constrained than the previous one: because the χ_u and χ_d sources have different dimensionality, the ratio m_c/m_b depends on m_χ and S independently, so that there are five free parameters (m_χ, S, y^D_{33}, α_χ, α_T ). With these chosen to be (.43, 3.3, .43, .1, ∼ 1)^{18}, and with source branes of co-dimension two, we

18The precise value of α_T is fixed by fitting the top mass.

Figure 7: The brane configuration for the second grid model. The numbers indicate the directions of the triplet source VEVs.

obtain a mixing matrix with elements of magnitude

V_{CKM} = .975 .223 .0040 .223 .974 .037 .0045 .037 .999 , (95)

and find masses

m_d = 1.9 MeV m_u = 0 (96) m_s = 70 MeV m_c = 1.4 GeV (97) m_b = 4.2 GeV m_t = 174 GeV, (98)

where we have included RGE running. The mass ratios and the magnitudes of the CKM matrix elements are consistent with those inferred from data, except that m_s/m_d = 37 is too high by ∼ 50%, and |V_{ub}/V_{cb}| = .11 is too large by ∼ 10%. Note that we are partially successful in understanding the smallness of m_b/m_t: the dimensionless parameter required to fit this mass ratio, α_χ, is ∼ 1/10 rather than ∼ 1/60. The most serious problem with the model as presented so far is that there is no CP violation. This is easily remedied: if we allow the triplet VEVs to be complex, then we are left with an irremovable phase in the CKM matrix, provided the phases of the T_u VEVs on the (Q3, U^c3) and (Q1, U^c3) branes are different.

We find it encouraging that the simple, regular grid shown in Fig. 7 can describe quark masses and mixings so well. Perhaps the strangest, least desirable feature of this grid is our peculiar location relative to it. This motivates the grid shown in Fig. 8, in which our

Figure 8: The configuration of branes and source VEVs in the third grid model.

brane is located at the precise center. Given that we are in the middle, located on a Q/U^c brane and in between two D^c branes, this construction features the minimum number of branes required to give masses to all three down-type quarks. We have eliminated the free parameter y^D_{33}; in its place we allow the D^c brane spacing to differ from the spacing of the Q/U^c branes. With the orientation of source VEVs shown in Fig. 8, the up quark Yukawa matrix is λ^U ∼ 0 0 ϵ^′ 0 ϵ 0 ϵ 0 1 , (99) so that now the up quark obtains a small mass proportional to ϵϵ^′. If we choose our free parameters (m_χ, S_Dc , S_{Q/U} c, α_χ, α_T ) to be (.23, 2.75, 8, .2, ∼ 1), then we obtain

V_{CKM} = .976 .219 .0057 .219 .975 .039 .0030 .039 .999

, (100)

and m_d = 4.3 MeV m_u = 1.3 MeV (101) m_s = 130 MeV m_c = 1.3 GeV (102) m_b = 4.3 GeV m_t = 174 GeV. (103)

All masses and mixings agree with experiment at the 50% level: |V_{td}| and m_d/m_s are both too small by ∼ 25%, while |V_{ub}|/|V_{cb}| is too large by ∼ 50%. Again, we find it intriguing that the symmetric grid of Fig. 8, with our 3 brane at its center, can account rather well for the pattern of quark masses and mixings.

8 Conclusions

The gauge hierarchy problem has motivated several directions for constructing theories beyond the standard model. Each of these has presented certain challenges and opportunities for making progress on the flavor problem. Constructing realistic theories of fermion masses in technicolor theories without fundamental scalars proved to be very difficult - especially incorporating the heavy top quark. In the simplest supersymmetric theories, the Yukawa couplings of the standard model are simply copied as superpotential interactions. As in the standard model there is an economical description which provides no understanding of the origin of flavor. The ideas for understanding the origin of small dimensionless Yukawa couplings are the same as for theories without supersymmetry: perturbative loops or the Froggatt Nielsen mechanism using hierarchies of mass scales. While there are new twists on these old ideas – superpartners can be in the loop and the dynamics of many strongly interacting supersymmetric theories are understood – at the end of the day one is tempted to say that supersymmetry did not allow much progress in understanding flavor. In fact, for supersymmetric theories the question has been how to avoid taking a step in the wrong direction: there are severe constraints from flavor-changing and CP violating processes on the form of the soft supersymmetry breaking interactions involving squarks and sleptons. While the answer motivated some flavor groups, it may be that these constraints are telling us more about how supersymmetry is broken than about how flavor is broken.

In contrast, if we live on a three brane at some location in the bulk, with the fundamental scale from our viewpoint of order a TeV, then the constraints on theories of flavor are radically altered, and a whole new world of flavor models is opened up. At first sight it again appears that we are heading in the wrong direction: how could disastrous flavor changing effects be avoided from operators generated at such a low scale, from familons and from light flavon exchange? We have argued that all three objections are immediately removed by having a discrete non-Abelian flavor group spontaneously broken on source branes in the bulk. The fundamental scale of flavor breaking on these source branes is order unity, but the breaking effects on our 3-brane are small because the source branes are distant from us. The origin of the flavor parameters is now a convolution of two effects: the geometrical configuration of the source branes in the bulk and our location relative to them, and the random relative orientations of the flavor breaking vevs on the various source branes. Phenomenology places some constraints on these effects, and energetics suggest that the brane configuration will be highly symmetrical. We find that the convolution of these two effects has sufficient complexity to lead to the collection of mystifying flavor numbers nature has given us, while still originating from a very simple and elegant symmetrical structure. An interesting aspect of this picture is that flavor symmetry is a crucial feature of the extra dimensions and is important in determining the brane configurations in the bulk. On the other hand, our gauge interactions are restricted to our 3-brane, and are unimportant from the viewpoint of the bulk.

It is important to stress that these theories really are new, and cannot be mimicked by 4 dimensional theories. For example, the relative size of entries in the Yukawa matrices are governed by distances to sources from which flavor breaking is shone. These relative distances involve factors, such as √ 2 and √ 5 as shown in eqn. [91], which are characteristic of the spatial geometry. Furthermore, these theories of flavor can occur whether the extra dimensions are large, small or infinite, and whether the background geometry is flat or curved. In addition, there are new ideas for a qualitative explanation of features of the fermion mass spectrum. In grid theories a fermion mass hierarchy is inevitable – our 3-brane must be located closer to some source branes than to others. The uniquely heavy top quark is explained by having our 3-brane located on source branes which break flavor symmetry in the up sector. The origin of m_t/m_b may be a brane configuration such as the one shown in Figure 8, where our 3-brane lies equidistant between two source branes for breaking flavor in the down sector.

As well as a new structure for flavor, and new ideas for qualitative features of the fermion mass spectrum, theories in extra dimension offer a completely new mechanism for obtaining precise flavor parameter predictions. It is striking that there have been only a few theoretical ideas which lead to relations amongst the flavor observables, such as θ_c ≈ √ m_d/m_s and m_b ≈ 3m_τ . Texture zeros, symmetry properties of the Yukawa matrices, and grand unified relations between up, down and lepton sectors have been the most important tools. Extra dimensions offer a completely new possibility: the Yukawa matrices on our 3-brane at y_0 are given by χ(y_0) = ∑ i χ_iΔ(y_0 −y_i) where y_i is the location of source i which shines the flavor breaking χ_i via the propagator Δ(y_0 −y_i). The positions y_i depend only on the lattice spacing, and there may be few possible spontaneous choices for the orientation of χ_i. This basic idea can be implemented in a wide range of models.

There are clearly very many source brane structures to be considered, even concentrating on those with high symmetry, and one may question whether such constructions are plausible origins for the quark and lepton mass matrices. We find little reason to prefer the alternative picture of multiple Frogatt-Nielsen fields and flavons with masses enormously high compared to the TeV scale. Rather than debate the relative merits, it seems worth exploring this new class of theories in which there is a spatial geometry of flavor.

Acknowledgements

We would like to thank S. Dimopoulos for useful discussions. This work was supported in part by the U.S. Department of Energy under contract DE–AC03–76SF00098 and by the National Science Foundation under grant PHY–95–14797.

References

[1] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B429 (1998) 263, hepph/9803315.

[2] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B436 (1998) 257, hep-ph/9804398.

[3] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Rev. D59 (1999) 086004, hep-ph/9807344.

[4] R. Sundrum, hep-ph/9805471; N. Arkani-Hamed, S. Dimopoulos and J. March- Russell, hep-th/9809124.

[5] L. Randall and R. Sundrum, hep-th/9905221. [6] L. Randall and R. Sundrum, hep-th/9906064.

[7] N. Arkani-Hamed, S. Dimopoulos, G. Dvali and N. Kaloper, hep-th/9907209. [8] J. Lykken and L. Randall, hep-th/9908076.

[9] I. Antoniadis and C. Bachas, hep-th/9812093; N. Arkani-Hamed, S. Dimopoulos and J. March-Russell, hep-th/9908146.

[10] K. Dienes, E. Dudas and T. Gherghetta, Nucl. Phys. B537 (1999) 47, Phys. Lett.

B436 (1998) 55.

[11] N. Arkani-Hamed and M. Schmaltz, hep-ph/9903417. [12] L. Randall and R. Sundrum, hep-th/9810155. [13] N. Arkani-Hamed and S. Dimopoulos, hep-ph/9811353. [14] L.J. Hall and L. Randall, Phys. Rev. Lett. 65 (1990) 2939. [15] C.D. Froggatt and H.B. Nielsen, Nucl. Phys. B147 (1979) 277. [16] Z. Berezhiani and G. Dvali, Phys. Lett. B450 (1999) 24.

[17] N. Arkani-Hamed, C.D. Carone, L.J. Hall and H. Murayama, Phys. Rev. D54 (1996) 7032.

[18] A. Antaramian, L.J. Hall and A. Rasin, Phys. Rev. Lett. 69 (1992) 1871; L.J. Hall and S. Weinberg, Phys. Rev. D48 (1993) 979.

[19] ALPHA and UKQCD Collaboration (Joyce Garden et al.), hep-lat/9906013. [20] R. Barbieri, G. Dvali and L. Hall, Phys. Lett. B377 (1996) 76. [21] T. Banks, M. Dine and A. Nelson, hep-th/9903019. [22] R. Sundrum, Phys. Rev. D59 (1999) 085009.

[23] G. Giudice, R. Rattazzi and J. Wells hep-ph/9811291; E. Mirabelli, M. Perelstein and M. Peskin hep-ph/9704448.

[24] R. Barbieri and A. Strumia, hep-ph/9905281.

[25] D.B. Kaplan and A.V. Manohar, Phys. Rev. Lett. 56 (1986) 2004.