hep-ph/9910225 4 Oct 1999

On gap equations and color-flavor locking in cold dense QCD with three massless flavors

I.A. Shovkovy^{a∗} and L.C.R. Wijewardhana^{a,b} aPhysics Department, University of Cincinnati, Cincinnati, Ohio 45221-0011 bInstitute of Fundamental Studies, Kandy, Sri Lanka (October 1, 1999)

The superconductivity in cold dense QCD with three massless flavors is analyzed in the framework of the Schwinger-Dyson equation. The set of two coupled gap equations for the color antitriplet, flavor antitriplet (¯3, ¯3) and the color sextet, flavor sextet (6, 6) order parameters is derived. It is shown that the antitriplet-antitriplet gives the dominant contribution to the color-flavor locked order parameter, while the sextet-sextet is small but nonzero.

11.15.Ex, 12.38.Aw, 12.38.-t, 26.60.+c

The idea of color superconductivity in dense QCD is not new [1,2]. However, it is only now that we start to appreciate the potential relevance of this phenomenon for heavy ion collisions and for physics of neutron (or quark) stars. The recent progress was stimulated by the observation that the cold dense quark matter could undergo a phase transition into a color superconducting state with the value of the order parameter as large as 100 MeV [3,4]. For comparison, the most optimistic estimates of Ref. [2] were at the order of 1 MeV or less. Not surprisingly, the new estimate triggered the burst of studies on the subject [5–13].

The approach of Refs. [3,4] was based on the analysis of QCD in the approximation in which the interaction between quarks is modeled by instantons. Such an approach is best suited for studies of the low density quark matter. At densities relevant for the phenomenology of heavy ion collisions and physics of neutron stars, however, the instanton approach may just start to fail. Therefore, it was of equally great importance to rederive the same result in the framework of the weakly coupled QCD at asymptotically large densities. Along this direction, first it was pointed by Pisarski and Rischke [6] and independently by Son [7] that the unscreened gluon modes of magnetic type could provide the interaction necessary to generate a large value of the order parameter. Later, using the approach of the Schwinger-Dyson (SD) equation, it was shown that this hypothesis was indeed correct [9–12].

In this paper, we generalize the analysis of Refs. [9–12] to the case of dense QCD with three massless flavors. In particular, we pay special attention to the color-flavor structure of the order parameter. As is known, QCD with three massless flavors should reveal the color-flavor locked phase where the original SU (3)_C × SU (3)_R × SU (3)_L × U (1)_B symmetry of the action breaks down to SU (3)_{C+L+R} × Z_2 [14,15]. From the symmetry arguments alone [6], the order parameter should consist of the color antitriplet, flavor antitriplet (¯3, ¯3) and the color sextet, flavor sextet (6, 6) contributions. This is also confirmed by the explicit solution in the effective theory obtained from the instanton liquid model. There, it is shown that, while the dominant contribution to the order parameter is the antitriplet-antitriplet one, the sextet-sextet admixture is still nonzero, although small [14]. Below, we will demonstrate that the same conclusion remains true when the interaction is mediated by the perturbative one-gluon exchange.

As in Ref. [9], instead of working with Dirac spinors, it is more convenient to introduce the eight component Majorana spinor, Ψ = 1 √ 2 ( ψ ψ^C ) , (1)

where ψ^C = Cψ̄^T and C is a unitary charge conjugation matrix, defined by C^{−1}γ_μC = −γ^T_μ and C = −C^T . In this new notation, the bare fermion propagator is defined by ( G^{(0)}(p) )_{−1} = −i ( p/ + μγ^0 0 0 p/ − μγ^0 ) , (2)

where p/ ≡ γ^ν p_ν and μ is the chemical potential. Regarding the notation, we also note that the fermion field and its propagator bear the color (a, b, . . .) and flavor (i, j, . . .) indices. Often, however, when it does not cause any confusion, we will omit them.

The SD equation in the improved rainbow approximation reads [9]

�_{On leave of absence from Bogolyubov Institute for Theoretical Physics, 252143, Kiev, Ukraine.}

(G(p))^{−1}_{ab} = ( G^{(0)}(p) )_{−1} ab + 4πα_s ∫ d^4q (2π)^4 ( γ^μ 0 0 −γ^μ ) ∑ a^0,b^0 8∑ A=1 T^A_a0_aG_a0_b0 (q)T^A_b0_b ( γ^ν 0 0 −γ^ν ) D_{μν} (q − p). (3)

Here D_{μν} (k) is the gluon propagator in the hard dense loop (HDL) approximation, ( G^{(0)}(p) )_{−1} ab is the inverse of the bare fermion propagator as is given in Eq. (2) above, and (G(p))^{−1}_{ab} is the inverse of the full fermion propagator, defined over the true (color superconducting) vacuum. The latter, under the assumption of no wave function renormalization, is given by

(G(p))^{−1} = −i ( p/ + μγ^0 Σ γ^0Σ^†γ^0 p/ − μγ^0 ) . (4)

The order parameter of the superconducting phase is represented by Σ, appearing in the off diagonal terms.

Without loss of generality, in this paper we consider only the parity even order parameter. In the instanton approach, it is shown that such an order parameter determines the true vacuum of the color superconducting phase [3,4]. At sufficiently large density of quark matter when the instanton density vanishes (and the current quark masses are small compared to the scale of the condensate), the parity odd vacuum may have a relatively long life-time and, therefore, be of great interest too [16]. Obviously, the SD approach with the perturbative kernel, utilized here, is incapable of differentiating between the parity odd and parity even order parameters. The generalization of our analysis to the case when both parity odd and parity even contributions are non-zero is straightforward.

Now, let us discuss the color-flavor structure of the order parameter. In Ref. [6], from symmetry arguments alone it is argued that the most general order parameter could contain two pieces: the color antitriplet, flavor antitriplet, Σ^{ij}_{ab} ∼ δ^i_aδ^j_b − δ^j_aδ^i_b, and the color sextet, flavor sextet, Σ^{ij}_{ab} ∼ δ^i_aδ^j_b + δ^j_aδ^i_b. Therefore, the most general form of the solution for the order parameter reads Σ^{ij}_{ab} ∼ κ_1δ^i_aδ^j_b + κ_2δ^j_aδ^i_b [14]. In this paper, we suggest an alternative (although, equivalent) representation of the color-flavor structure,

Σ^{ij}_{ab}(p) = γ^5 ∑ n [ Δ^+_n (p)Λ^{(+)}_p + Δ^−_n (p)Λ^{(−)}_p ] ( P^{(n)} )_{ij} ab , (5)

where

Λ^{(±)}_p = 1 2 ( 1 ± ⃗α · ⃗p |⃗p| ) (6) are the free quark (antiquark) on-shell projectors [6,10], and P^{(n)} are the new projectors in the color-flavor space, ( P^{(1)} )_{ij} ab = 1 3 δ^i_aδ^j_b , (7a) ( P^{(2)} )_{ij} ab = 1 2 δ_{ab}δ^{ij} − 1 2 δ^j_aδ^i_b, (7b) ( P^{(3)} )_{ij} ab = 1 2 δ_{ab}δ^{ij} + 1 2 δ^j_aδ^i_b − 1 3 δ^i_aδ^j_b . (7c)

These three projectors satisfy the condition of completeness: ∑ n P^{(n)} = I where I^{ij}_{ab} ≡ δ_{ab}δ^{ij} . Also, all of them are symmetric under the simultaneous exchange of the color and flavor indices and, as a consequence of this property, ( P^{(n)} )_† = P^{(n)} for n = 1, 2, 3.

As we mentioned above, the most general order parameter contains the antitriplet-antitriplet (¯3, ¯3) and the sextetsextet (6, 6) contributions. In addition to these, the three-parameter space swept by our projectors P^{(n)} contains an extra piece, the singlet-singlet Σ^{ij}_{ab} ∼ δ_{ab}δ^{ij}. In order to get rid of this singlet, it is sufficient to introduce the restriction: Δ_3 = −Δ_2. Then, as is easy to check, the two independent parameters, Δ^±_1 and Δ^±_2 , are the linear combinations of the (¯3, ¯3) order parameter Δ^±_{(¯3,¯3)} and the (6, 6) order parameter Δ^±_{(6,6)},

Δ^±_1 = 2 ( Δ^±_{(¯3,¯3)} + 2Δ^±_{(6,6)} ) , (8)

Δ^±_2 = Δ^±_{(¯3,¯3)} − Δ^±_{(6,6)}. (9)

(Note that our Δ^−_1 and Δ^−_2 are related to κ_1 and κ_2 parameters of Ref. [14] as follows: Δ^−_1 = 3κ_1 +κ_2 and Δ^−_2 = −κ_2.) As we will see below, the advantage of working with the projectors P^{(n)} is tremendous, while the price that one pays for such a convenience is minimal.

By inverting the expression in Eq. (4), we obtain the propagator, G(p) = i ( R_{11}(p) R_{12}(p) R_{21}(p) R_{22}(p) ) , (10)

where

R_{11}(p) = γ^0 ∑ n P^{(n)} ( p_0 + ϵ^−_p p^2_0 − (ϵ^−_p )^2 − |Δ^−_n |^2

Λ^{(−)}_p + p_0 − ϵ^+_p p^2_0 − (ϵ^+_p )^2 − |Δ^+_n |^2

Λ^{(+)}_p ) , (11a)

R_{12}(p) = γ^5 ∑ n P^{(n)} ( Δ^+_n (p) p^2_0 − (ϵ^+_p )^2 − |Δ^+_n |^2

Λ^{(−)}_p +

Δ^−_n (p) p^2_0 − (ϵ^−_p )^2 − |Δ^−_n |^2

Λ^{(+)}_p ) , (11b)

R_{21}(p) = −γ^5 ∑ n P^{(n)} ( (Δ^−_n (p))^∗ p^2_0 − (ϵ^−_p )^2 − |Δ^−_n |^2

Λ^{(−)}_p +

(Δ^+_n (p))^∗ p^2_0 − (ϵ^+_p )^2 − |Δ^+_n |^2

Λ^{(+)}_p ) , (11c)

R_{22}(p) = γ^0 ∑ n P^{(n)} ( p_0 + ϵ^+_p p^2_0 − (ϵ^+_p )^2 − |Δ^+_n |^2

Λ^{(−)}_p + p_0 − ϵ^−_p p^2_0 − (ϵ^−_p )^2 − |Δ^−_n |^2

Λ^{(+)}_p ) , (11d)

and ϵ^±_p = |⃗p| ± μ. In the derivation, we used the formulae (A1) – (A4) from Appendix A. Now, returning back to the SD equation (3), we see that the sum over the adjoint indices in the right hand leads to the following result: ∑ a^0,b^0 8∑ A=1 T^A_a0_aG^{ij}_{a0b0} (q)T^A_b0_b = 1 2 G^{ij}_{ba}(q) − 1 6 G^{ij}_{ab}(q). (12)

At this point, we recall that the color-flavor structure of the quark propagator is completely determined by that of the projectors in Eq. (7). Therefore, by using their definition, we derive the following relations: 1 2 ( P^{(n)} )_{ij} ba − 1 6 ( P^{(n)} )_{ij} ab = − 1 3 3∑ m=1 A_{mn} ( P^{(m)} )_{ij} ab , (13)

where the explicit form of the 3 × 3 matrix A is given by

A = 0 3/2 −5/2 1/2 −1/4 −5/4 −1/2 −3/4 1/4 . (14)

By making use of the explicit form of the quark propagator in Eqs. (10), (11) and the relations (13), we derive the gap equation,

Δ^±_m(p) = 2πα_s 3 3∑ n=1 A_{mn} ∫ d^4q (2π)^4

Δ^+_n (q) tr [ Λ^{(±)}_p γ^μΛ^{(−)}_q γ^ν ] q^2_0 − (ϵ^+_q )^2 − |Δ^+_n |^2 + Δ^−_n (q) tr [ Λ^{(±)}_p γ^μΛ^{(+)}_q γ^ν ] q^2_0 − (ϵ^−_q )^2 − |Δ^−_n |^2 D_{μν} (q − p), (15)

which, after taking into account the restriction Δ^±_3 = −Δ^±_2 discussed earlier, splits into the following set of coupled equations:

Δ^±_1 (p) = 8πα_s 3 ∫ d^4q (2π)^4

Δ^+_2 (q) tr [ Λ^{(±)}_p γ^μΛ^{(−)}_q γ^ν ] q^2_0 − (ϵ^+_q )^2 − |Δ^+_2 |^2 + Δ^−_2 (q) tr [ Λ^{(±)}_p γ^μΛ^{(+)}_q γ^ν ] q^2_0 − (ϵ^−_q )^2 − |Δ^−_2 |^2 D_{μν} (q − p), (16)

Δ^±_2 (p) = πα_s 3 ∫ d^4q (2π)^4

Δ^+_1 (q) tr [ Λ^{(±)}_p γ^μΛ^{(−)}_q γ^ν ] q^2_0 − (ϵ^+_q )^2 − |Δ^+_1 |^2 + Δ^−_1 (q) tr [ Λ^{(±)}_p γ^μΛ^{(+)}_q γ^ν ] q^2_0 − (ϵ^−_q )^2 − |Δ^−_1 |^2 D_{μν} (q − p)

+ 2πα_s 3 ∫ d^4q (2π)^4

Δ^+_2 (q) tr [ Λ^{(±)}p γ^μΛ^{(−)}q γ^ν ] q^2_0 − (ϵ^+_q )^2 − |Δ^+_2 |^2 + Δ^−_2 (q) tr [ Λ^{(±)}p γ^μΛ^{(+)}q γ^ν ] q^2_0 − (ϵ^−_q )^2 − |Δ^−_2 |^2 D_{μν} (q − p). (17)

So far, we did not say much about the form of the gluon propagator D_{μν} (q − p) used in the kernel of the SD equation. Apparently, the medium of high density quark matter modifies the bare gluon propagator in many different ways. The most important modification is given by the screening effects [9–12]. By taking these into account in the HDL approximation, we arrive at the following expression for the gluon propagator [9]: D_{μν}(ik_4, k_⊥) ≃ i |⃗k| |⃗k|^3 + πM^2|k_4|/2 O^{(1)}_{μν} + i 1 |⃗k|^2 + |k_4|^2 + 2M^2

O^{(2)}_{μν} + i ξ |⃗k|^2 + |k_4|^2

O^{(3)}_{μν} , (18)

where k = q − p, M^2 = N_f α_sμ^2/π and the projectors O^{(i)}μν are given by [9]

O^{(1)}_{μν} = g^⊥_{μν} + k^⊥_μ k^⊥_ν |⃗k|^2 , (19a)

O^{(2)}_{μν} = − k^2_0 |⃗k|^2 ( k_μk_ν k^2 − k_μδ^0_ν + δ^0_μk_ν

k_0 + δ^0_μδ^0_ν k^2_0 k^2 ) , (19b)

O^{(3)}_{μν} = k_μk_ν k^2

. (19c)

These projectors define the three types of gluon modes: a^{(m)}_μ = O^1_{μν} A^ν (magnetic), a^{(e)}_μ = O^2_{μν} A^ν (electric) and a^{(‖)}_μ = O^3_{μν} A^ν (longitudinal), respectively. The corresponding three terms in the right hand side of Eq. (18) are the propagators of these three types of modes.

Obviously, the gluon propagator is also modified by the Meissner effect. However, as in the case of the N_f = 2 QCD, this effect is negligible everywhere outside the narrow infrared region given by 0 <∼ p^2 <∼ (M^2|Δ_0|)^{2/3} [9–12]. By noting that the latter does not overlap with the most important dynamical region of color symmetry breaking, |Δ_0|^2 <∼ p^2 <∼ μ^2, it is justified to neglect the Meissner effect while working at the leading order in the coupling constant. At the next to leading order, however, it will be crucial for the self-consistency of the solution to properly take this effect into account.

Now, let us return back to the analysis of the gap equations in Eqs. (16) and (17). We note that the main contribution in the right hand side of these equations comes from the terms proportional to Δ^−_i (we assume that μ is positive). Then, in our approximate analytical approach, it is justified to omit the Δ^+_i terms altogether. As a result, the equations for Δ^−_i decouple,

Δ^−_1 (p) = 8πα_s 3 ∫ d^4q (2π)^4

Δ^−_2 (q) tr [ Λ^{(−)}_p γ^μΛ^{(+)}_q γ^ν ] q^2_0 − (ϵ^−_q )^2 − |Δ^−_2 |^2 D_{μν} (q − p), (20)

Δ^−_2 (p) = πα_s 3 ∫ d^4q (2π)^4

Δ^−_1 (q) tr [ Λ^{(−)}p γ^μΛ^{(+)}q γ^ν ] q^2_0 − (ϵ^−_q )^2 − |Δ^−_1 |^2 + 2Δ^−_2 (q) tr [ Λ^{(−)}p γ^μΛ^{(+)}q γ^ν ] q^2_0 − (ϵ^−_q )^2 − |Δ^−_2 |^2 D_{μν} (q − p). (21)

Here we would like to emphasize that only Δ^−_i determine the values of the gaps in the spectrum of quasiparticles at the Fermi surface. In contrast, Δ^+_i just slightly modify the spectrum of anti-quasiparticles [see Eqs. (11)].

By following the same arguments as in Ref. [12], it can be shown that the dependence of the solutions for Δ^−_i (q) on the spatial momentum orientation is negligible. Then, the integral over the angular coordinates, parameterizing the relative orientation of ⃗q and ⃗p, can be calculated explicitly in the right hand side of the gap equations (20) and (21). The results of these integrations for all types of gluon modes are presented separately in Eqs. (A8) – (A13) in Appendix A.

Next, after neglecting the dependence of Δ^−_i on |⃗q| [9–12] and approximating the kernels of the equations by their dominant contributions at the Fermi surface [see Eq. (A14) in Appendix A], we can also perform the integration over the absolute value of the spatial momentum. The result is presented in Eq. (A15) in Appendix A. By using it, we finally arrive at the following system of equations:

Δ^−_1 (p_4) ≃ ν^2 4 ∫ dq_4Δ^−_2 (q_4) √ q^2_4 + |Δ^−_2 |^2 ln Λ |q_4 − p_4|

, (22)

Δ^−_2 (p_4) ≃ ν^2 32 ∫ dq_4Δ^−_1 (q_4) √ q^2_4 + |Δ^−_1 |^2 ln Λ |q_4 − p_4| + ν^2 16 ∫ dq_4Δ^−_2 (q_4) √ q^2_4 + |Δ^−_2 |^2 ln Λ |q_4 − p_4|

, (23) where ν = √ 8α_s/9π and Λ ≡ 16(2π)^{3/2}μ/(3α_s)^{5/2}. This set of coupled equations is solved approximately in Appendix B. Here we present the final result,

Δ^−_1 (p_4) ≈ 2Δ^−_2 (p_4) = −2Δ^−_3 (p_4) ≈ 2Δ^−_{(¯3,¯3)}(p_4), (24)

where

Δ^−_{(¯3,¯3)}(p_4) ≈ Δ_0, p_4 ≤ Δ_0, (25a)

Δ^−_{(¯3,¯3)}(p_4) ≈ Δ_0 sin ( ν 2 ln Λ p_4 ) , p_4 ≥ Δ_0, (25b) and Δ_0 ≈ Λ exp ( − π ν ) = 16(2π)^{3/2}μ (3α_s)^{5/2} exp ( − 3π^{3/2} 2^{3/2} √ α_s ) . (26)

By recalling the definition in Eqs. (5) and (7), we arrive at the following color-flavor structure of the order parameter:

Σ^{ij}_{ab}(p_4) ≈ γ^5 ( δ^i_aδ^j_b − δ^j_aδ^i_b ) Δ^−_{(¯3,¯3)}(p_4) ≡ γ^5 3∑ I=1 ε^{ijI} ε_{abI} Δ^−_{(¯3,¯3)}(p_4). (27)

This is the dominant antitriplet-antitriplet portion of the solution for the order parameter in the color-flavor locked phase of QCD with three massless flavors. However, as one can see from the structure of the coupled equations (16) and (17), or even from their approximate version in Eqs. (22) and (23), the sextet-sextet portion of the order parameter, Δ^−_{(6,6)} = (Δ^−_1 − 2Δ^−_2 )/6, should also be nonzero.

Our analysis in Appendix B [see Eq. (B7) there] clearly demonstrates that the repulsion rather than attraction prevails in the channel with the sextet-sextet order parameter in the most important dynamical region Δ^2_0 <∼ p^2 <∼ μ^2. Therefore, a nonzero sextet-sextet contribution is generated only in the narrow infrared region 0 <∼ p^2 <∼ Δ^2_0 where the nonlinear character of the gap equations is essential. Outside this dynamical region, Δ^−_{(6,6)}(p) ≈ 0^1. Clearly, a more rigorous estimate of the magnitude of this sextet-sextet order parameter would be unreliable in the approximation we use. Indeed, in the infrared region of momenta, 0 <∼ p^2 <∼ Δ^2_0, all the subleading effects (the Meissner effect, the wave function renormalizations, the vertex corrections, the corrections from the Δ^+_i terms), which we left aside, should be taken into account more carefully.

Therefore, in further studies, it would be of great interest to analyze the gap equations up to the next to leading order. In addition to giving a proper estimate for the sextet-sextet contribution, the next to leading corrections could also produce a finite correction to the magnitude of the antitriplet-antitriplet order parameter. Indeed, the naive analysis of our gap equations, that ignores all the subleading corrections but the effect of the gauge fixing term in the gluon propagator, would modify the value of the gap as follows: Δ^−_{(¯3,¯3)} → exp(3ξ/2)Δ^−_{(¯3,¯3)} [see Eq. (A14)]. Apparently, the proper consideration of all the subleading effects would result in cancellation of any such a dependence on ξ. It is difficult, however, to show this explicitly, and it is not clear what kind of a correction this may produce for the value of the gap.

In conclusion, in this paper we derived the coupled set of gap equations for the order parameters of the color-flavor locked phase of massless N_f = 3 dense QCD. Our analysis of these equations shows that the dominant contribution to the order parameter comes in the color antitriplet, flavor antitriplet channel. The other, the color sextet, flavor sextet contribution is small but non-zero.

After this paper was completed, we learned about the paper by T. Schafer discussing somewhat similar issues [17].

ACKNOWLEDGMENTS

L.C.R.W. thanks Professor K. Tennakone for his hospitality at the Institute of Fundamental Studies. This work is supported by U.S. Department of Energy Grant No. DE-FG02-84ER40153.

1It is likely, however, that Δ�_{(6},_{6)}(p) ’ Δ0 for small momenta, 0 <¸ p^2 <¸ Δ^2_0.

APPENDIX A: FORMULAE USED IN DERIVATION OF GAP EQUATIONS

In derivation of Eqs. (11), we find it convenient to use the following representations for the kinetic terms of the spinor propagators:

p/ + μγ^0 = γ^0 [ (p_0 − ϵ^−_p )Λ^{(+)}_p + (p_0 + ϵ^+_p )Λ^{(−)}_p ] , (A1)

p/ − μγ^0 = γ^0 [ (p_0 − ϵ^+_p )Λ^{(+)}_p + (p_0 + ϵ^−_p )Λ^{(−)}_p ] , (A2) ( p/ + μγ^0 )_{−1} = γ^0 [ 1 p_0 + ϵ^+p

Λ^{(+)}_p + 1 p_0 − ϵ^−p

Λ^{(−)}_p ] , (A3) ( p/ − μγ^0 )_{−1} = γ^0 [ 1 p_0 + ϵ^−_p

Λ^{(+)}_p + 1 p_0 − ϵ^+_p

Λ^{(−)}_p ] , (A4)

where the projectors Λ^{(±)}_p are defined in Eq. (6) in the main text.

In order to perform the angular integration in the right hand sides of the gap equations (16) and (17), one first need to calculate the following two types of traces over the Dirac indices: tr [ Λ^{(±)}_p γ^μΛ^{(±)}_q γ^ν ] = g^{μν} (1 + t) − 2g^{μ0}g^{ν0}t + ⃗q^μ⃗p^ν + ⃗q^ν ⃗p^μ |⃗q||⃗p| + . . . , (A5) tr [ Λ^{(±)}_p γ^μΛ^{(∓)}_q γ^ν ] = g^{μν} (1 − t) + 2g^{μ0}g^{ν0}t − ⃗q^μ⃗p^ν + ⃗q^ν ⃗p^μ |⃗q||⃗p| + . . . , (A6)

where t = cos θ is the cosine of the angle between three-vectors ⃗q and ⃗p, and irrelevant antisymmetric terms are denoted by ellipsis.

By contracting these traces with the projectors of the magnetic, electric and longitudinal types of gluon modes, defined in Eqs. (19), we arrive at

O^{(1)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(±)}_q γ^ν ] = 2(1 + t) q^2 + p^2 − qp(1 + t)

q^2 + p^2 − 2qpt

, (A7a)

O^{(1)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(∓)}_q γ^ν ] = 2(1 − t) q^2 + p^2 + qp(1 − t)

q^2 + p^2 − 2qpt

, (A7b)

O^{(2)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(±)}_q γ^ν ] = 2(1 − t) q^2 + p^2 + qp(1 − t)

q^2 + p^2 − 2qpt − (1 − t) (q + p)^2 + (q_4 − p_4)^2 q^2 + p^2 − 2qpt + (q_4 − p_4)^2

, (A7c)

O^{(2)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(∓)}_q γ^ν ] = 2(1 + t) q^2 + p^2 − qp(1 + t)

q^2 + p^2 − 2qpt

− (1 + t)

(q − p)^2 + (q_4 − p_4)^2 q^2 + p^2 − 2qpt + (q_4 − p_4)^2

, (A7d)

O^{(3)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(±)}_q γ^ν ] = (1 − t)

(q + p)^2 + (q_4 − p_4)^2 q^2 + p^2 − 2qpt + (q_4 − p_4)^2

, (A7e)

O^{(3)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(∓)}_q γ^ν ] = (1 + t)

(q − p)^2 + (q_4 − p_4)^2 q^2 + p^2 − 2qpt + (q_4 − p_4)^2

, (A7f) where q ≡ |⃗q|, p ≡ |⃗p|, q_4 ≡ −iq_0 and p_4 ≡ −ip_0. Now, by making use of the explicit expressions (A7), we easily perform the angular integrations of all types appearing in the gap equations, ∫ dΩ|⃗q − ⃗p| |⃗q − ⃗p|^3 + ω^3_l O^{(1)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(±)}_q γ^ν ] = π [ − 2 qp + (q^2 − p^2)^2 + ω^4_l √ 3ω^2_l q^2p^2 arctan ( √ 3ω_lmin(q, p) ω^2_l + |q^2 − p^2| − ω_lmax(q, p) )

+ (q^2 − p^2)^2 − ω^4_l 3ω^2_l q^2p^2 ln ω_l + |q + p| ω_l + |q − p| − (q^2 − p^2)^2 − ω^4_l 6ω^2_l q^2p^2 ln ω^2_l + |q + p|^2 − ω_l|q + p| ω^2_l + |q − p|^2 − ω_l|q − p| + 4 3qp ln ω^3_l + |q + p|^3 ω^3_l + |q − p|^3 ] , (A8)

where ω^3_l = (π/2)M^2ω and ω = |q_4 − p_4|. Similarly, ∫ dΩ|⃗q − ⃗p| |⃗q − ⃗p|^3 + ω^3_l O^{(1)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(∓)}_q γ^ν ] = π [ 2 qp − (q^2 − p^2)^2 + ω^4_l √ 3ω^2_l q^2p^2 arctan ( √ 3ω_lmin(q, p) ω^2_l + |q^2 − p^2| − ω_lmax(q, p) )

− (q^2 − p^2)^2 − ω^4_l 3ω^2_l q^2p^2 ln ω_l + |q + p| ω_l + |q − p| + (q^2 − p^2)^2 − ω^4_l 6ω^2_l q^2p^2 ln ω^2_l + |q + p|^2 − ω_l|q + p| ω^2_l + |q − p|^2 − ω_l|q − p| + 4 3qp ln ω^3_l + |q + p|^3 ω^3_l + |q − p|^3 ] , (A9)

∫ dΩ |⃗q − ⃗p|^2 + ω^2 + 2M^2

O^{(2)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(±)}_q γ^ν ] = 2π qp + π 2q^2p^2 [ − (q^2 − p^2)^2 2M^2 + ω^2 ln (q + p)^2 (q − p)^2 − [ (q − p)^2 + 2M^2 + ω^2 ] [ (2M^2 + ω^2)^2 + (q + p)^2ω^2 ] 2M^2(2M^2 + ω^2) ln (q + p)^2 + 2M^2 + ω^2 (q − p)^2 + 2M^2 + ω^2 + [(q + p)^2 + ω^2][(q − p)^2 + ω^2] 2M^2 ln (q + p)^2 + ω^2 (q − p)^2 + ω^2 ] , (A10)

∫ dΩ |⃗q − ⃗p|^2 + ω^2 + 2M^2

O^{(2)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(∓)}_q γ^ν ] = − 2π qp + π 2q^2p^2 [ (q^2 − p^2)^2 2M^2 + ω^2 ln (q + p)^2 (q − p)^2 + [ (q + p)^2 + 2M^2 + ω^2 ] [ (2M^2 + ω^2)^2 + (q − p)^2ω^2 ] 2M^2(2M^2 + ω^2) ln (q + p)^2 + 2M^2 + ω^2 (q − p)^2 + 2M^2 + ω^2 − [(q + p)^2 + ω^2][(q − p)^2 + ω^2] 2M^2 ln (q + p)^2 + ω^2 (q − p)^2 + ω^2 ] , (A11)

ξ ∫ dΩ |⃗q − ⃗p|^2 + ω^2 O^{(3)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(±)}_q γ^ν ] = πξ [ − 2 qp + (q + p)^2 + ω^2 2q^2p^2 ln (q + p)^2 + ω^2 (q − p)^2 + ω^2 ] , (A12)

ξ ∫ dΩ |⃗q − ⃗p|^2 + ω^2 O^{(3)}_{μν} tr [ Λ^{(±)}_p γ^μΛ^{(∓)}_q γ^ν ] = πξ [ 2 qp − (q − p)^2 + ω^2

2q^2p^2 ln (q + p)^2 + ω^2 (q − p)^2 + ω^2 ] . (A13)

As a result, the angular average of the gluon propagator (multiplied by q^2 weight) in the vicinity of the Fermi surface is given by the following approximate expression:

q^2 ∫ dΩD_{μν}(q − p) tr [ Λ^{(±)}_p γ^μ Λ^{(∓)}_q γ^ν ] ≈ 2iπ [ 2 3 ln (2μ)^3 |ϵ^−_q |^3 + ω^3_l

+ ln

(2μ)^2 (ϵ^−_q )^2 + 2M^2 + ω^2 + ξ ] , (A14)

where ϵ^−_q = q − μ and ξ if the gauge fixing parameter. The three terms in the last expression are the leading contributions of the magnetic, electric and the longitudinal gluon modes, respectively. Because of the absence of the logarithmic factor in front of the gauge fixing parameter, the longitudinal gluon modes become relevant only in the next to leading order. Therefore, here we ignore it in what follows. (Notice, however, that the solution to the gap equation might still be very sensitive to the choice of the gauge in the approximation with no wave function renormalization taken into account.) Finally, the integral over the spatial momentum gives ∫_μ 0 q^2dq q^2_4 + (ϵ^−_q )^2 + |Δ|^2 ∫ dΩD_{μν}(q − p) tr [ Λ^{(±)}_p γ^μΛ^{(∓)}_q γ^ν ]

≈ 4iπ^2 3 √ q^2_4 + |Δ|^2 ( ln (2μ)^3 ω^3_l + 3 2 ln (2μ)^2 2M^2 + ω^2 ) ≈ 4iπ^2 3 √ q^2_4 + |Δ|^2 ln Λ ω , (A15)

where Λ ≡ (2μ)^6/( √ 2πM^5) = 16(2π)^{3/2}μ/(N_f α_s)^{5/2}.

APPENDIX B: THE APPROXIMATE SOLUTION OF THE GAP EQUATIONS

In order to solve the set of integral equations (22) and (23), we further approximate the kernels and introduce finite infrared and ultraviolet cutoffs,

Δ_1(p) ≃ ν^2 2 (∫_p Δ0 dq q Δ_2(q) ln Λ p + ∫_Λ p dq q Δ_2(q) ln Λ q ) , (B1)

Δ_2(p) ≃ ν^2 16 (∫_p Δ0 dq q Δ_1(q) ln Λ p + ∫_Λ p dq q Δ_1(q) ln Λ q ) + ν^2 8 (∫_p Δ0 dq q Δ_2(q) ln Λ p + ∫_Λ p dq q Δ_2(q) ln Λ q ) , (B2) where ν = √ 8α_s/9π and Λ ≡ 16(2π)^{3/2}μ/(3α_s)^{5/2}. Also, for brevity of notation, we omit the superscript “-” at Δ_i in this appendix. The set of equations (B1) and (B2) is equivalent to the following two coupled differential equations:

pΔ^{′′}_1 (p) + Δ^′_1(p) + ν^2 2 Δ_2(p) p = 0, (B3)

pΔ^{′′}_2 (p) + Δ^′_2(p) + ν^2 16 Δ_1(p) p + ν^2 8 Δ_2(p) p = 0, (B4)

along with the following infrared and ultraviolet boundary conditions:

pΔ^′_{1,2}(p) | |_{p=Δ0} = 0 (IR), Δ_{1,2}(Λ) = 0 (UV). (B5)

By introducing new variables, Δ_(¯_{3,}¯_{3)} and Δ_{(6,6)}, as in Eqs. (8) and (9), the two differential equations decouple,

pΔ^{′′}_{(¯3,¯3)}(p) + Δ^′_{(¯3,¯3)}(p) + ν^2 4 Δ_(¯_{3,}¯_{3)}(p) p = 0, (B6)

pΔ^{′′}_{(6,6)}(p) + Δ^′_{(6,6)}(p) − ν^2 8 Δ_{(6,6)}(p) p = 0. (B7)

Both the infrared and ultraviolet boundary conditions for Δ_(¯_{3,}¯_{3)} and Δ_{(6,6)} are the same as those for Δ_{1,2}(p), given in Eq. (B5). The negative sign in front of the ν^2 term in Eq. (B7) indicates that the repulsion, rather than attraction, dominates in the pairing channel with the (6, 6) order parameters Δ_{(6,6)}(p). This explains, in particular, why the only solution for Δ_{(6,6)}(p), satisfying the boundary conditions in Eq. (B5), is the trivial one. The solution for Δ_(¯_{3,}¯_{3)}(p), on the other hand, reads

Δ_(¯_{3,}¯_{3)}(p) = Δ_0 sin ( ν 2 ln Λ p ) , Δ_0 = Λ exp ( − π ν ) , (B8)

where, in order to be consistent with the approximation used in derivation of Eqs. (B1) and (B2), we defined the overall constant of the solution by requiring that Δ_(¯_{3,}¯_{3)}(Δ_0) = Δ_0.

[1] B.C. Barrois, Nucl. Phys. B129, 390 (1977); S.C. Frautschi, in “Hadronic matter at extreme energy density”, edited by N. Cabibbo and L. Sertorio (Plenum Press, 1980).

[2] D. Bailin and A. Love, Nucl. Phys. B190, 175 (1981); ibid. B205, 119 (1982); Phys. Rep. 107, 325 (1984). [3] M. Alford, K. Rajagopal and F. Wilczek, Phys. Lett. B422, 247 (1998). [4] R. Rapp, T. Schaefer, E.V. Shuryak and M. Velkovsky, Phys. Rev. Lett. 81, 53 (1998). [5] J. Berges and K. Rajagopal, Nucl. Phys. B538, 215 (1999);

T. Schafer and F. Wilczek, Phys. Rev. Lett. 82, 3956 (1999); Phys. Lett. B450, 325 (1999); Phys. Rev. D 60, 074014 (1999);

M. Alford, J. Berges, and K. Rajagopal, hep-ph/9908235;

G.W. Carter and D. Diakonov, Nucl. Phys. A642, 78 (1998); Phys. Rev. D 60, 016004 (1999); K. Langfeld and M. Rho, hep-ph/9811227;

T.M. Schwarz, S.P. Klevansky, and G. Papp, nucl-th/9903048; R. Rapp, T. Schaefer, E.V. Shuryak and M. Velkovsky, hep-ph/9904353; E. Shuster and D.T. Son, hep-ph/9905448;

R.D. Pisarski and D.H. Rischke, nucl-th/9906050; nucl-th/9907094; D.K. Hong, M. Rho and I. Zahed, hep-ph/9906551; R. Casalbuoni and R. Gatto, hep-ph/9908227; hep-ph/9909419; W.E. Brown, J.T. Liu and H. Ren, hep-ph/9908248; E.V. Shuryak, hep-ph/9908290;

G. W. Carter and D. Diakonov, hep-ph/9908314;

A. Chodos, F. Cooper, W. Mao, H. Minakata and A. Singh, hep-ph/9909296. [6] R.D. Pisarski and D.H. Rischke, Phys. Rev. Lett. 83, 37 (1999). [7] D.T. Son, Phys. Rev. D 59, 094019 (1999).

[8] D.K. Hong, hep-ph/9812510; hep-ph/9905523.

[9] D.K. Hong, V.A. Miransky, I.A. Shovkovy, and L.C.R. Wijewardhana, hep-ph/9906478. [10] T. Schafer and F. Wilczek, hep-ph/9906512. [11] R.D. Pisarski and D.H. Rischke, nucl-th/9907041. [12] S.D.H. Hsu and M. Schwetz, hep-ph/9908310.

[13] V.A. Miransky, I.A. Shovkovy, and L.C.R. Wijewardhana, hep-ph/9908212. [14] M. Alford, K. Rajagopal and F. Wilczek, Nucl. Phys. B537, 443 (1999). [15] M. Alford, J. Berges and K. Rajagopal, hep-ph/9903502 [16] R.D. Pisarski and D.H. Rischke, nucl-th/9906050. [17] T. Schafer, hep-ph/9909574.