hep-ph/9911217 v2 25 Nov 1999

Connection between closeness of classical orbits and the factorization of radial Schrödinger equation

Y. F. Liu, W. J. Huo and J. Y. Zeng Department of Physics, Peking University , Beijing, China

November 24, 1999

Abstract

It was shown that the Runge-Lenz vector for a hydrogen atom is equivalent to the raising and lowering operators derived from the factorization of radial Schrödinger equation. Similar situation exists for an isotropic harmonic oscillator. It seems that there may exist intimate relation between the closeness of classical orbits and the factorization of radial Schrödinger equation. Some discussion was made about the factorization of a 1D Schrödinger equation.

PACS number(s), 03.65.-w, 03.65.Fd, 03.65.Ge

I. INTRODUCTION

The factorization method of Schrödinger^{[1,2]} was extended to address the radial

Schrödinger equation of a particle in a central potential V (r)^{[3−6]}. It was shown^{[6]} that

only for two kinds of potential, the Coulomb potential and isotropic harmonic oscillator,

the radial Schrödinger equation can be factorized, and directly from the factorization of radial equation, two kinds of raising and lowering operators, A_±(l) and B_±(l), can be derived for an isotropic harmonic oscillator, but only one, A_±(l), for a hydrogen atom. This reminds us of the famous Bertrand theorem^{[7]} in classical mechanics, which says: “the only central forces that result in close orbits for all bound particles are the inverse square law and Hooke’s law”. It is guessed that the factorizability of radial Schrödinger equation may be intimately connected with the closeness of classical orbits.

In classical mechanics, the maximum number of functional independent conserved quantities of a closed Hamiltonian system with N degrees of freedom is 2N − 1^{[8]}. For a system with independent conserved quantities no less than N is called integrable^{[9]}. An integrable classical system with N +Λ independent conserved quantities (0 ≤ λ ≤ N −1) is called Λ-fold degenerate, and there exist Λ linear relations with integer coefficients between the N frequencies ω_i(i = 1, 2, · · · , N) of the system^{[10]}. A classical system for Λ = N −1 is called a completely degenerate system, and there remains only one independent frequency. For example, it is well-known that for a particle in a central potential V (r), apart from the Hamiltonian, the angular momentum l is also conserved, and the particle in a general central potential V (r) is 1-fold degenerate and moves in a plane, but the planar orbits are in general not closed. For a particle in an attractive Coulomb potential (V (r) = −κ/r), it was demonstrated^{[11]} that there exists an additional conserved quantity, the Runge-Lenz vector, (m = κ = 1), a = p × l − r/r, which guarantees the closeness of a Kepler orbit. In fact, the direction of a is just that of the major axis of the elliptic orbit and the magnitude of a is the eccentricity. The existence of Runge-Lenz vector implies that the Coulomb potential has a higher dynamical symmetry SO_4 than its geometric symmetry SO_3^{[12]}. However, it is seen that a · l = 0, and a^2 = 2Hl^2 + 1, so the number of independent conserved quantities is 5, and the hydrogen atom is a completely degenerate system. Similar situation exists for an isotropic harmonic oscillator.

In Sect. II it will be shown that for a 2-dimensional(2D) hydrogen atom, the Runge- Lenz vector is equivalent to the raising and lowering operators derived from the factorization of radial Schrödinger equation. In Sect. III, it will be shown that, for a 3D hydrogen atom, from the Runge-Lenz vector a and angular momentum l, one can construct three kinds of raising and lowering operators (Δn = 0, Δl = ±1, Δm = 0, ±1), which are equivalent to the raising and lowering operators derived from the factorization of radial Schrödinger equation. In Sect. IV we will address isotropic harmonic oscillators. In terms of the two kinds of raising and lowering operators one can construct the conserved quantities characterizing elliptic orbits. Finally, in Sect. V there is some discussion about the factorizability of the Schrödinger equation for a 1D system, which has been investigated extensively in supersymmetric quantum mechanics.

II. 2D HYDROGEN ATOM

(A) Runge-Lenz vector and a simple algebraic approach to the eigenvalue problem

For a 2D hydrogen atom, the quantum version of the Runge-Lenz vector reads (h̄ = m = e = 1) a = 1 2 (p × l − l × p) − e_ρ = p × l − ip − e_ρ, (1) where p = p_xi + p_yj, l = l_zk = (xp_y − yp_x)k, ρ = √ x^2 + y^2. It is easily shown that

[l_z, a_x] = ia_y, [l_z, a_y] = −ia_x, [a_x, a_y] = −i2Hl_z. (2)

In the subspace spanned by the bound states with eigenenergy E(E < 0), a_x and a_y may be replaced by A_x = √ −1/2Ea_x, A_y = √ −1/2Ea_y. Let A_z = l_z, then [A_α, A_β] = iε_{αβγ}A_γ, (3) i.e. A_x, A_y and A_z constitute the SO_3 Lie algebra, and the eigenvalue of A^2 = −^1_4 −^1_{2E} is m_0(m_0 + 1), m_0 = 0, 1, 2, · · ·. Therefore, the energy eigenvalue of a 2D hydrogen atom is

E = E_n = −1/2n^2, n = (m_0 + 1/2) = 1/2, 3/2, 5/2, · · · . (4)

Alternatively, defining a_± = a_x ± ia_y, it is easily shown that

[l_z, a_±] = ±a_±, (5)

a_−a_+ = H 2 (2l_z + 1)^2 + 1, (6) i.e. a_± are just the raising and lowering operators of the magnetic quantum number m. Assume |Em⟩ is the eigenstate of (H, l_z) with eigenvalues (E, m), then a_±|Em⟩ are also the eigenstates of H with energy E and the eigenstates of l_z with eigenvalues (m ± 1). For a given energy eigenvalue E_n, the allowed |m| must have an upper limit m_0, and a_+|Em_0⟩ = 0. Hence a_−a_+|Em_0⟩ = 0. Using (6), we get^E_2 (2m_0 + 1)^2 = 1, which is just (4). The degenerate states belonging to E_n may be expressed as a^k_−|E_nm_0⟩, k = 0, 1, · · · , 2m_0, and the degeneracy is 2n = (2m_0 + 1) = 1, 3, 5, · · · .

(B) Raising and lowering operators derived from factorization

The energy eigenstate of a 2D hydrogen atom may be chosen as the simultaneous eigenstate of (H, l_z), i.e. Ψ(ρ, ϕ) = e^{imϕ}χ_m(ρ)/√ρ, m = 0, ±1, ±2, · · ·, and χ_m(ρ) satisfies H(m)χ_m(ρ) = Eχ_m(ρ), or

D(m)χ_m(ρ) = λ_mχ_m(ρ), λ_m = −2E, (7) D(m) = −2H(m) = d^2 dρ^2 − m^2 − 1/4 ρ^2 + 2 ρ .

Directly from the factorization one may derive the raising and lowering operators^{[6]}, A_+(m) = d dρ − m + 1/2 ρ + 1 m + 1/2 ,

A_−(m) = d dρ + m − 1/2 ρ − 1 m − 1/2 , (8) whose selection rules are ΔE = 0(Δn = 0) and Δm = ±1. Using A_±(m), the energy eigenvalues and eigenstates can also be easily obtained. From (7) it is seen that E depends only on the absolute value of m. Using Hellmann-Feynman theorem ∂E ∂|m| = ⟨ ∂H(m) ∂|m| ⟩ = |m| ρ^2

> 0, (9) i.e. E increases monotonically with |m|. Thus, m = 0 for the ground state. On the other hand, for a given E, |m| must have an upper limit, say, m_0(m_0 > 0) . Then A_+(m_0)χ_{m0} (ρ) = ( d dρ − m_0 + 1/2 ρ + 1 m_0 + 1/2

)χ_{m0} (ρ) = 0. (10) So χ_{m0} (ρ) ∼ ρ^{m0+1/2}e^{−ρ/(m0+1/2)}. From (10) we have A_−(m_0 + 1)A_+(m_0)χ_{m0} (ρ) = 0, and using (7) and (8), we get

[D(m_0) − 1/(m_0 + 1/2)^2]χ_{m0}(ρ) = [−2E_{m0} − 1/(m_0 + 1/2)^2]χ_{m0} (ρ) = 0. (11) Thus we get E_{m0} = −1/2(m_0 +1/2)^2. Using A_−(m_0), A_−(m_0 −1), · · ·, successively operating on χ_{m0} (ρ), one may get all the degenerate eigenstates belonging to E_{m0} , χ_{m0,m}(ρ), m = m_0, m_0−1, · · · , −m_0. Alternatively, the degenerate eigenstates belonging to E_n = −1/2n^2, (n = 1/2, 3/2, 5/2, · · ·) may be denoted by χ_{n,m}(ρ), |m| = n − 1/2, n − 3/2, · · · , 1, 0, and it can be shown that χ_{n,m}(ρ) ∼ ρ^{|m|+1/2}e^{−ρ/n}F (−n_ρ, 2|m| + 1,^{2ρ}_n ), where F is the confluent hypergeometric function, and n_ρ = (n − 1/2) − |m| = 0, 1, 2, · · · , (n − 1/2).

(C) Equivalence of the Runge-Lenz vector and the raising and lowering operators

In polar coordinates the Runge-Lenz vector (1) can be expressed as a_± = a_x ± ia_y

a_± = e^{±iϕ}[(∓ ∂ ∂ρ + 1 ρ l_z)l_z − 1 2 ( ∂ ∂ρ ∓ 1 ρ l_z) − 1]. (12)

Operating on the eigenfunction e^{imϕ}R_m(ρ), the raising and lowering of m in the angular

function are accomplished by e^{±iϕ}, and a_± are equivalent to operators a_±(m) operating

on R_m(ρ),

a_±(m) = [(∓m ∂ ∂ρ + m^2 ρ ) − 1 2 ∂ ∂ρ ± m 2ρ − 1]

= −( 1 2 ± m) ∂ ∂ρ + m(m ± 1/2) ρ − 1. (13)

Apart from a trivial constant factor, a_±(m) may be expressed as

a_+(m) = ∂ ∂ρ − m ρ + 1 m + 1/2 ,

a_−(m) = ∂ ∂ρ + m ρ − 1 m − 1/2 , (14)

The operators a_±(m) operating on R_m(ρ) may be replaced by A_±(m) operating on χ_m(ρ) = √ρR_m(ρ) A_+(m) = ∂ ∂ρ − m + 1/2 ρ + 1 m + 1/2 , A_−(m) = ∂ ∂ρ + m − 1/2 ρ − 1 m − 1/2 , (15)

which are just the raising and lowering operators (8) derived directly from the factorization

of the Schrödinger equation.

III. 3D HYDROGEN ATOM

Now we address the Runge-Lenz vector for a 3D hydrogen atom,

a = p × l − ip − r/r. (16)

Defining a_± = a_x ± ia_y, we get

a_± = ∓( ∂ ∂x ± i ∂ ∂y )(l_z ± 1) ± ∂ ∂z l_± − x ± iy r . (17)

In the spherical coordinate system a_± may be expressed as

a_± = ± ∂ ∂r [cos θl_± − sin θe^{±iϕ}(l_z ± 1)] ∓ 1 r [sin θ ∂ ∂θ l_± ± cos θl_±(l_z ± 1) ∓ sin θe^{±iϕ}l_z(l_z ± 1)] − sin θe^{±iϕ}. (18) Similarly, a_z = p_xl_y − p_yl_x − ip_z − z/r = ∂ ∂r [ 1 2 sin θ(e^{iϕ}l_− − e^{−iϕ}l_+) − cos θ] + 1 r {sin θ ∂ ∂θ + 1 2 [cos θ(l_+l_− + l_−l_+) − sin θ(e^{iϕ}l_zl_− + e^{−iϕ}l_zl_+)]}

− cos θ. (19)

(18) and (19) operating on the simultaneous eigenfunction of (H, l^2, l_z), Ψ_{nlm}(r, θ, ϕ) =

R_{nl}(r)Y_{lm}(θ, ϕ), we get a_±Ψ_{nlm} = ± d dr R_{nl}(r)[(l + 1)d_{l,±m}Y_{l+1,m±1} + ld_{l−1,−(±m+1)}Y_{l−1,m±1}] ∓ 1 r R_{nl}(r)[l(l + 1)d_{l,±m}Y_{l+1,m±1} − l(l + 1)d_{l−1,−(±m+1)}Y_{l−1,m±1}] ±R_{nl}(r)[d_{l,±m}Y_{l+1,m±1} − d_{l−1,−(±m+1)}Y_{l−1,m±1}], (20) a_zΨ_{nlm} = − d dr R_{nl}(r)[(l + 1)c_{l,m}Y_{l+1,m} − lc_{l−1,m}Y_{l−1,m}] + 1 r R_{nl}(r)[l(l + 1)c_{l,m}Y_{l+1,m} + l(l + 1)c_{l−1,m}Y_{l−1,m}] −R_{nl}(r)[c_{l,m}Y_{l+1,m} + c_{l−1,m}Y_{l−1,m}], (21) where c_{l,m} = (l + 1)^2 − m^2 (2l + 1)(2l + 3) , d_{l,m} = (l + m + 1)(l + m + 2) (2l + 1)(2l + 3)

. (22)

Using (20) and (21), we may get

l_−a_+Ψ_{nlm} = [ d dr − l r + 1 l + 1 ]R_{nl}(r)(l + 1)(l + m + 2)c_{l,m}Y_{l+1,m} +[ d dr + l + 1 r − 1 l ]R_{nl}(r)l(l − m − 1)c_{l−1,m}Y_{l−1,m}, (23) l_+a_zΨ_{nlm} = −[ d dr − l r + 1 l + 1 ]R_{nl}(r)(l + 1)(l − m + 1)d_{l,m}Y_{l+1,m+1} +[ d dr + l + 1 r − 1 l ]R_{nl}(r)l(l + m)d_{l−1,−(m+1)}Y_{l−1,m+1}, (24) l_−a_zΨ_{nlm} = −[ d dr − l r + 1 l + 1 ]R_{nl}(r)(l + 1)(l + m + 1)d_{l,−m}Y_{l+1,m−1} +[ d dr + l + 1 r − 1 l ]R_{nl}(r)l(l − m)d_{l−1,m−1}Y_{l−1,m−1}. (25) Now, we may define the operators S_± constructed from the Runge-Lenz vector and angular

momentum operator,

S_+ = l_−a_+ + (l_z − l + 1)a_z,

S_− = l_−a_+ + (l_z + l + 2)a_z. (26)

It is easily verified that

S_+Ψ_{nlm} = ( d dr − l r + 1 l + 1 )R_{nl}(r)(l + 1)(2l + 1)c_{l,m}Y_{l+1,m}(θ, ϕ) ∝ a_+(l)R_{nl}(r)Y_{l+1,m}(θ, ϕ), S_−Ψ_{nlm} = ( d dr + l + 1 r − 1 l )R_{nl}(r)l(2l + 1)c_{l−1,m}Y_{l−1,m}(θ, ϕ) ∝ a_−(l)R_{nl}(r)Y_{l−1,m}(θ, ϕ), (27) where

a_+(l) = ( d dr − l r + 1 l + 1

), a_−(l) = ( d dr + l + 1 r − 1 l ), (28)

which are equivalent to the angular momentum raising and lowering operators A_±(l)

derived from the factorization of radial Schrödinger equation for a 3D hydrogen atom^{[6]},

A_+(l) = ( d dr − l + 1 r + 1 l + 1

), A_−(l) = ( d dr + l r − 1 l ), (29) which operate on the radial wavefunction χ_{nl}(r) = rR_{nl}(r). It is seen that the effect of S_+(S_−) is to increase (decrease) the angular momentum l by 1, but keep the energy and magnetic quantum number m unchanged. Therefore, to clearly indicate the selection rules, S_+ and S_− may be relabelled as

S_+ → S(n, l ↑, m) = l_−a_+ + (l_z − l + 1)a_z, S_− → S(n, l ↓, m) = l_−a_+ + (l_z + l + 2)a_z. (30)

Similarly, using the Runge-Lenz vector and angular momentum operator, one may construct the other two kinds of raising and lowering operators

S(n, l ↑, m ↑) = (l_z + l − 1)a_+ − l_+a_z, S(n, l ↓, m ↑) = (l_z − l − 2)a_+ − l_+a_z, (31) S(n, l ↑, m ↓) = (l_z − l + 1)a_− − l_−a_z, S(n, l ↓, m ↓) = (l_z + l + 2)a_− − l_−a_z. (32)

IV. ISOTROPIC HARMONIC OSCILLATORS

It is well-known that an nD isotropic harmonic oscillator has the dynamical symmetry SU_n. For a 3D isotropic harmonic oscillator, apart from the Hamiltonian H and angular momentum l, there exist five additional conserved quantities which constitute a quadruple tensor Q_{xy} = xy + p_xp_y, Q_{yz} = yz + p_yp_z, Q_{zx} = zx + p_zp_x, Q_1 = 1 2 [(x^2 − y^2) + (p^2_x − p^2_y)], (33) Q_0 = 1 2 √ 3 [(x^2 + y^2 − 2z^2) + (p^2_x + p^2_y − 2p^2_z)].

It can be shown that there exist four relations among the nine conserved quantities, so a 3D isotropic harmonic oscillator is also a completely degenerate system and moves, in general, along an elliptic orbit and the direction of the semi-axes and eccentricity are characterized by the quadruple tensor. It has been shown^{[6]} that the radial Schrödinger equation of an isotropic harmonic oscillator as well as a hydrogen atom can be factorized. Nevertheless, it was noted that for an isotropic harmonic oscillator, two (rather than one) kinds of raising and lowering operators can be derived from factorization, and these operators themselves are not conserved quantities (unlike the situation of the hydrogen atom). However, it can be shown that in terms of the two kinds of raising and lowering operators one can construct the conserved quantities characterizing an elliptic orbit.

For simplicity, we take a 2D isotropic harmonic oscillator as example. A 2D isotropic harmonic oscillator has the dynamical symmetry SU_2, which is locally isomorphic to SO_3 (the dynamical symmetry of a 2D hydrogen atom). For a 2D isotropic harmonic oscillator in classical mechanics, one may construct two conserved quantities, Q_{xy} = xy + p_xp_y and Q_1 =^1_2 [(x^2 − y^2) + (p^2_x − p^2_y)], and the intersection angle γ of the major axis with the x axis is determined by tan 2γ = Q_{xy}/Q_1, and the eccentricity∝ [Q^2_{xy} + Q^2_1]^12 .

In ref. [6], it was shown that from the factorization of radial Schrödinger equation for a 2D isotropic oscillator, two kinds of raising and lowering operators, A_± and B_±, operating on the radial wave function χ_m(ρ), can be derived A_±(m) = d dρ ∓ m ± 1/2 ρ ± ρ, B_±(m) = d dρ ∓ m ± 1/2 ρ ∓ ρ, (34) which may be replaced by a_±(m) and b_±(m) operating on R_m(ρ) = χ_m(ρ)/√ρ, a_±(m) = d dρ ∓ m ρ ± ρ, b_±(m) = d dρ ∓ m ρ ∓ ρ. (35)

When operating on the whole wave function, e^{imϕ}R_m(ρ), a_±(m) and b_±(m) may be replaced by a_± and b_±, a_+ = e^{iϕ}[ ∂ ∂ρ − 1 ρ l_z + ρ], a_− = e^{−iϕ}[ ∂ ∂ρ + 1 ρ l_z − ρ], b_+ = e^{iϕ}[ ∂ ∂ρ − 1 ρ l_z − ρ], b_− = e^{−iϕ}[ ∂ ∂ρ + 1 ρ l_z + ρ]. (36) It is easily shown that, similar to (5) for a 2D hydrogen atom, for a 2D isotropic oscillator we have [l_z, a_±] = ±a_±, [l_z, b_±] = ±b_±, (37) i.e. both a_± and b_± are also angular momentum raising and lowering operators, but unlike the hydrogen atom, here a_± and b_± are not conserved quantities, [H, a_±] = ∓a_±, [H, b_±] = ±b_±. (38) Therefore, the operators a_± and b_± themselves can not be directly equivalent to the conserved quantities characterizing the elliptic orbit. However, it is easily verified that the conserved quantities l_z, Q_1 and Q_{xy} can be constructed in terms of a_± and b_±, l_z = 1 4 (a_−a_+ − b_+b_−), Q_1 = − 1 4 (a_−b_− + b_+a_+), Q_{xy} = − i 4 (a_−b_− − b_+a_+). (39)

V. SOME DISCUSSION ABOUT 1D SYSTEMS

The Schrödinger’s factorization method and the concept of raising and lowering operators were extended extensively in supersymmetic quantum mechanics^{[13−16]} to treat the Schrödinger equation for a particle in a general 1D potential V (x). It was shown that for a potential V (x), provided the ground bound state energy E_0 is finite (E_0 ≠ −∞) and the ground state wave function Ψ_0(x) is differentiable, one can construct the corresponding raising and lowering operators, A^+ and A, and the Schrödinger equation can always be factorized. The supersymmetric partner Hamiltonian, H_− = A^+A and H_+ = AA^+, have the same energy spectra, E^{(+)}_n = E^−_{n+1}, (n = 0, 1, 2, · · · , ), except the ground state energy of H_− (E^{(−)}_0 = 0), and the eigenstates with the same eigenvalue of H_− and H_+ are connected with each other by A^+ and A. It was shown that this is due to the shape invariance^{[17]} of V (x), which may also be considered as a special kind of dynamical symmetry.

It is interesting to note that the classical orbits of all bound particles in a regular 1D potential are always closed. However, no classical close orbits exist for some singular potentials, e.g. , for a 1D hydrogen atom (e = 1)^{[17]} V (x) = − 1 |x| , (−∞ < x < +∞). On the other hand, for a quantum 1D hydrogen atom, the ground state energy E_0 = −∞, and Ψ_0(x) ∼ √ δ(x) is not differentiable at the origin. Thus, it seems understandable why the Schrödinger equation of a 1D hydrogen atom can not be factorized.

As for a 1D harmonic oscillator, the energy eigenvalues and eigenstates are well known, which are quite similar to those for a 3D isotropic harmonic oscillator (l = 0 case). The raising and lowering operators derived from factorization are a^+ =^{1√}_2 (x −^d_{dx} ) and a =^{1√}_2 (x +^d_{dx} ), which connect the neighboring eigenstates with opposite parity (ΔN = 1). However, it should be noted that the 1D harmonic oscillator potential formally corresponding to a 3D isotropic oscillator (V (r) = r^2/2, r ≥ 0) is

V (x) = { x^2/2 x ≥ 0 ∞ x < 0 , whose energy levels are E_N = (N + 1/2), N = 1, 3, 5, ·. The usually adopted 1D harmonic oscillator is V (x) = x^2/2 (−∞ < x < +∞) with reflection symmetry, whose levels are E_n = N +1/2, N = 0, 1, 2, 3, · and the neighboring eigenstates are of opposite parity. From this, one can understand why there exist two kinds of raising and lowering operators, A_± and B_±, for an nD (n ≥ 2) isotropic harmonic oscillator, and A_± and B_± are different in form from the operators a^+ and a for a 1D harmonic oscillator. However, one may use the product operator of A and B^{[6]}, i.e. the operator C as the raising and lowering operators connecting the neighboring eigenstates with the same parity. In fact, for a 3D isotropic harmonic oscillator^{[6]} C(l = 0, N ↑↑) = d^2 dr^2 + r^2 − 2r d dr − 1 is the same form as 2a^+a =^{d2}_{dx2} + x^2 − 2x^d_{dx} − 1 for a 1D harmonic oscillator, and both have the selection rule ΔN = 2.

This work is supported by the National Natural Science Foundation of China and the Doctoral Program Foundation of Institute of Higher Education of China.

References

[1] E. Schrödinger, Proc. Roy. Irish Acad. , A46, 9(1940); A46, 183(1941); A47, 53(1942).

[2] L. Infeld and T. T. Hull, Rev. Mod. Phys. 23, 21(1951).

[3] V. A. Kostelecky and M. M. Nieto, Phys. Rev. Lett. 53, 2285(1984).

[4] R. W. Haymaker and A. R. P. Rau, Am. J. Phys. 54, 928(1986).

[5] A. Valance, T. J. Morgan and H. Bergeron, Am. J. Phys. 58, 487(1990).

[6] Y. F. Liu, Y. A. Lei and J. Y. Zeng, Phys. Lett. A. (in press).

[7] J. Bertrand, Comptes Rendus, 71, 849(1873); H. Goldstein, Classical Mechanics, p.

93(2nd. ed. , 1980, Addison-Wesley, Reading, Mass.).

[8] L. Landau and E. M. Lifshitz, Mechanics, §. 1(3rd. ed. 1976, Pergamon, Oxford). [9] eg. see. M. C. Gützwiller, Chaos in Classical and Quantum Mechanics, Chap. 3.

(1990, Springer, Verlag, New York).

[10] S. Weigert and H. Thomas, Am. J. Phys. 61, 272(1993).

[11] C. Runge, Vektoranalysis, Band 1, p. 70 (1919, Hirzel, Leipzig); W. Lenz, Z. Phys.

24, 19(1924).

[12] W. Pauli, Z. Phys. 26, 336(1926). [13] E. Witten, Nucl. Phys. B185, 513(1981). [14] C. V. Sukumar, J. Phys. A. 18, 57(1985).

[15] R. Dutt, A. Khare and U. P. Sukhatme, Am. J. Phys. 56, 163(1988). [16] F. Cooper, A. Khare and U. P. Sukhatme, Phys. Rep. 251, 267(1993). [17] L. Gendenshtein, JETP Lett. 38, 356(1983).