arXiv:hep-ph/9912358 v2 24 Feb 2000

hep-ph/9912358 LMU-99-16

Mass and Flavor Mixing Schemes of Quarks and Leptons

Harald Fritzsch and Zhi-zhong Xing^1 Sektion Physik, Universität München, Theresienstrasse 37, 80333 München, Germany

Abstract

We give an overview of recent progress in the study of fermion mass and flavor mixing phenomena. The hints exhibited by the quark and lepton mass spectra towards possible underlying flavor symmetries, from which realistic models of mass generation could be built, are emphasized. A variety of schemes of quark mass matrices at low and superhigh energy scales are described, and their consequences on flavor mixing and CP violation are discussed. Instructive patterns of lepton mass matrices, which can naturally lead to large flavor mixing angles, are explored to interpret current data on atmospheric and solar neutrino oscillations. We expect that B-meson factories and long-baseline neutrino experiments will soon shed more light on the dynamics of fermion masses, flavor mixing and CP violation.

Invited Article to appear in Vol. 45 of Prog. Part. Nucl. Phys.

Elsevier Science, The Netherlands (2000)

1E-mail: xing@hep.physik.uni-muenchen.de

Contents

1 Introduction 3

2 Overview of fermion mass spectra 5 2.1 Charged lepton and quark masses . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Massive Dirac and Majorana neutrinos . . . . . . . . . . . . . . . . . . . . . 8

3 Flavor mixing and CP violation 12 3.1 Number of fermion mixing parameters . . . . . . . . . . . . . . . . . . . . . 12 3.2 Conditions for CP violation . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.3 Unitarity triangles of quark mixing . . . . . . . . . . . . . . . . . . . . . . . 16 3.4 Unitarity triangles of lepton mixing . . . . . . . . . . . . . . . . . . . . . . . 18 3.5 Classification of different parametrizations . . . . . . . . . . . . . . . . . . . 20 3.6 A unique description of flavor mixing . . . . . . . . . . . . . . . . . . . . . . 23

4 Realistic schemes of quark mass matrices 26 4.1 Generic Hermitian mass matrices . . . . . . . . . . . . . . . . . . . . . . . . 26 4.2 Symmetry limits of quark masses . . . . . . . . . . . . . . . . . . . . . . . . 29 4.3 A Hermitian scheme with four texture zeros . . . . . . . . . . . . . . . . . . 32 4.4 Hermitian schemes with five texture zeros . . . . . . . . . . . . . . . . . . . 38 4.5 Mass matrices from flavor democracy breaking . . . . . . . . . . . . . . . . 40 4.6 Non-Hermitian textures of mass matrices . . . . . . . . . . . . . . . . . . . 42 4.7 Mass matrices at superhigh energy scales . . . . . . . . . . . . . . . . . . . 46

5 Lepton mass matrices and neutrino oscillations 50 5.1 Classification of 3 × 3 neutrino mass matrices . . . . . . . . . . . . . . . . . 50 5.2 Lepton mixing from flavor democracy breaking . . . . . . . . . . . . . . . . 53 5.3 Seesaw-invariant texture of lepton mass matrices . . . . . . . . . . . . . . . 61 5.4 An illustrative scheme of four-neutrino mixing . . . . . . . . . . . . . . . . . 67 5.5 Scale dependence of the neutrino mass matrix . . . . . . . . . . . . . . . . . 69 5.6 CP violation in long-baseline neutrino experiments . . . . . . . . . . . . . . 71

6 Concluding remarks 75

1 Introduction

Since its foundation in the 1960’s the standard electroweak model, which unifies the weak and electromagnetic interactions, has passed all experimental tests. Neither significant evidence for the departures from the standard model nor convincing hints for the presence of new physics has been found thus far at HERA, LEP, SLC, Tevatron and other high-energy facilities [1]. In spite of the impressive success of the standard model, many physicists believe that it does not represent the final theory, but serves merely as an effective theory originating from a more fundamental, yet unknown theoretical framework. For instance there is little understanding, within the standard model, about the intrinsic physics of the electroweak symmetry breaking, the hierarchy of charged fermion mass spectra, the vanishing or smallness of neutrino masses, and the origin of flavor mixing and CP violation. Any attempt towards gaining an insight into such problems inevitably requires significant steps to go beyond the standard model.

The investigations of fermion mass generation and flavor mixing problems, which constitute an important part of today’s particle physics, can be traced back to the early 1970’s, soon after the establishment of the standard electroweak model. Since then many approaches have been developed, in the contexts of different theoretical and phenomenological models. Regardless of the energy scales at which those models are built, the mechanisms for fermion mass generation and flavor mixing can roughly be classified into four different types: (a) Radiative mechanisms [2], (b) Texture zeros [3, 4], (c) Family symmetries [5, 6], and (d) Seesaw mechanisms [7]. These mechanisms cannot be regarded as disjoint from one another; rather they are related. The mechanism (d) is especially related to a natural interpretation of the smallness of neutrino masses. Phenomenologically some striking progress has been made, in particular with the help of the mechanisms (b) and (c), in specifying the quantitative relationship between flavor mixing angles and quark mass ratios [8]. From the theoretical point of view, however, our understanding of the fermion mass spectrum remains quite unsatisfactory. In a model with effective higher-dimension fermion mass operators and non-abelian family symmetries, for instance, the observed quark mass hierarchy is interpreted by the assumed texture of U(1) flavor charges or Higgs-field vacuum expectation values. Another example is the determination of left-handed Majorana neutrino masses from the assumed textures of Dirac and (or) right-handed Majorana neutrino mass matrices through the seesaw mechanism. In many cases, the problem seems to be transferred from one place to another, leaving the model itself with few testable predictions. Before a significant breakthrough takes place on the theoretical side, the phenomenological approaches will remain to play a crucial role in interpreting new experimental data on quark mixing, CP violation, and neutrino oscillations. They are expected to provide useful hints towards discovering the full dynamics of fermion mass generation and CP violation.

This article aims at giving an overview of recent progress in the phenomenological study of fermion masses, flavor mixing and CP violation, in particular with respect to the searches for underlying discrete or continuous flavor symmetries which can lead to a realistic texture of fermion mass matrices. We are motivated not only by the theoretical significance of these topics, as briefly outlined above, but also by their experimental prospects at present and in the near future. The new e^+e^− and hadronic B-meson factories are about to open a new era to determine the flavor mixing parameters and the CP -violating phases in the quark sector to an unprecedented degree of accuracy. A variety of neutrino experiments, being done or to be done, are expected to pin down the true mechanism of neutrino oscillations and to provide a wealth of precise information about neutrino masses, lepton flavor mixing angles, and even leptonic CP violation. Such experimental developments, together with those in searching for new particles at much higher energy scales, will allow us to gain a deeper understanding of the standard model, especially the sector of Yukawa interactions.

The remaining parts of this article are organized as follows. An overview of the fermion mass spectra is given in section 2. We list the values of quark masses at the weakinteraction scale μ = M_Z and highlight the hierarchy features of both the charged lepton mass spectrum and the quark mass spectrum. For neutrinos the upper mass bounds from the direct-mass-search experiments and the mass-squared differences from the neutrino oscillation experiments are summarized. The distinctions between Dirac and Majorana neutrino masses are briefly described.

In section 3 we illustrate the main features of fermion flavor mixing and CP violation. The numbers of flavor mixing and CP -violating parameters are counted, for both quarks and leptons. The necessary and sufficient conditions of CP violation in the standard electroweak model are clarified. A geometric description of CP violation, in terms of the unitarity triangles in the complex plane, is introduced for both quark and lepton sectors. After classifying a variety of different parametrizations of the 3×3 flavor mixing matrix, we highlight a unique one which is particularly favored for the study of quark mass matrices and B-meson physics.

Section 4 is devoted to the realistic schemes of quark mass matrices. First of all we derive the flavor mixing and CP -violating parameters from a generic Hermitian texture of 3 × 3 quark mass matrices. Two useful symmetry limits of quark masses are taken into account, and the concept of the light-quark triangle is introduced. We then discuss an interesting Hermitian pattern with four texture zeros, and explore its consequences on flavor mixing and CP violation in detail. In particular we show that the light-quark triangle is congruent with the rescaled unitarity triangle to a good degree of accuracy. The Hermitian schemes of quark mass matrices with five texture zeros are briefly summarized. The idea of flavor democracy is stressed, and the possible breaking patterns of this symmetry are discussed in order to generate the light quark masses and the flavor mixing angles. We also look at the non-Hermitian textures of quark mass matrices by taking three typical examples, i.e., the nearest-neighbor mixing pattern, the triangular pattern, and the pure phase pattern. Finally the running effects of quark masses and flavor mixing parameters from superhigh energy scales to the weak scale are illustrated in the framework of the minimal supersymmetric standard model. A specific ansatz of quark and charged lepton mass matrices is proposed at the scale of supersymmetric grand unified theories, and its low-energy consequences on flavor mixing and CP violation is analytically calculated.

Section 5 is devoted to lepton mass matrices and neutrino oscillations. In view of current experimental data on atmospheric and solar neutrino oscillations, we make a generic classification of possible textures of 3 × 3 neutrino mass matrices. To be specific we study a simple model of lepton flavor mixing and CP violation based on the breaking of the charged lepton flavor democracy and the neutrino mass degeneracy. The numerous consequences of this model, including nearly bi-maximal, bi-maximal and small-versus-large mixing patterns, are explored in detail for neutrino oscillations. The texture zeros of lepton mass matrices, similar to those of quark mass matrices, are taken into account to interpret the neutrino mass hierarchy and large lepton flavor mixing. In particular we emphasize that a seesaw-invariant texture of lepton mass matrices could naturally originate from a grand unified theory. We present an illustrative scheme of four-neutrino mixing, which can well accommodate the present solar, atmospheric and accelerator neutrino oscillation data. The scale dependence of the neutrino mass matrix is qualitatively described by using the renormalization-group equations. Finally we point out the essential features of leptonic CP violation in both three- and four-neutrino mixing scenarios, and discuss the possibility to measure CP and T asymmetries in the long-baseline neutrino experiments.

The conclusion and outlook are given in section 6.

2 Overview of fermion mass spectra

2.1 Charged lepton and quark masses

In the standard SU(3) × SU(2) × U(1) model of strong, weak and electromagnetic interactions, it is the Higgs mechanism that provides a theoretically consistent framework to generate masses for gauge bosons and fermions – the latter acquire masses, after spontaneous breaking of the SU(2) gauge symmetry, through the Yukawa couplings and the vacuum expectation value of the neutral Higgs field. This framework, however, can neither predict the values of fermion masses nor interpret the observed hierarchy of their spectra. Hence the three charged lepton masses and six quark masses are free parameters of the standard model. The vanishing of three neutrino masses follows as a straightforward consequence of the symmetry structure of the standard model.

The physical mass of a charged lepton is just the pole of its propagator and can directly be measured. We have [1]

m_e = 0.51099907 ± 0.00000015 MeV , m_μ = 105.658389 ± 0.000034 MeV , m_τ = 1777.05^{+0.29}_{−0.26} MeV . (2.1)

The fact that the mass spectrum of charged leptons is almost entirely dominated by the tau-lepton mass strongly suggests the existence of a “rank-one” limit of the corresponding mass matrix:

M_{0l} = C_l

0 0 0 0 0 0 0 0 1

, (2.2)

in which m_e = m_μ = 0 and m_τ = C_l . The realistic mass matrix M_l can be obtained if proper perturbative corrections to M_{0l}, from which the light charged leptons e and μ become massive and non-degenerate, are taken into account [9].

Since quarks are confined inside hadrons, their masses cannot directly be measured. The only way to determine the quark masses is through the study of their impact on hadron properties. The quark mass parameters in the QCD and electroweak Lagrangians depend both on the renormalization scheme adopted to define the theory and on the scale parameter μ – this dependence reflects the fact that a bare quark is surrounded by a cloud of gluons and quark-antiquark pairs. In the limit where all quark masses vanish, the QCD Lagrangian has a SU(3)_L × SU(3)_R chiral symmetry, under which left- and right-handed quarks transform independently. The scale of dynamical chiral symmetry breaking, Λ_χ ≈ 1 GeV, can be used to distinguish between light quarks (m < Λ_χ) and heavy quarks (m > Λ_χ) [10]. To determine the quark mass values one may make use of the QCD perturbation theory at high energy scales, i.e., μ ≫ Λ_χ, where nonperturbative effects such as chiral symmetry breaking are negligible.

Useful information on the mass ratios of light quarks can be obtained from analyzing properties of the light pseudoscalar mesons with the help of the chiral perturbation theory. For example, it has been argued that m_u/m_d and m_s/m_d fulfil the following relation [11]: m_s/m_d √ 1 − (m_u/m_d)^2

= 22.7 ± 0.08 . (2.3)

The absolute values of m_u, m_d and m_s, usually normalized to the scale μ = 1 GeV, can be extracted from QCD sum rules. The lattice gauge theory is expected to be a powerful and accurate tool for computing meson masses directly from the QCD Lagrangian, thus it provides another way to determine the light quark masses. Conservatively we list the ranges of light quark masses, allowed by current data [1, 12] and rescaled to μ = 1 GeV in the modified minimal subtraction (MS) scheme, as follows:

m_u(1 GeV) = 2 − 6.8 MeV , m_d(1 GeV) = 4 − 12 MeV , m_s(1 GeV) = 81 − 230 MeV . (2.4)

Note that the light quark masses under discussion are the current masses, which have nothing to do with the constituent masses defined in nonrelativistic quark models.

A study of the spectrum and decays of hadrons containing heavy quarks allows one to extract useful information about the heavy quark masses. The calculations may be done with the help of the heavy quark effective theory, the QCD sum rules, the lattice gauge theory, etc.. Within the QCD perturbation theory one may define the position of the pole in the quark propagator as the quark mass m_{pol}, the so-called pole quark mass, which is independent of the adopted renormalization scheme. One may also define the MS running quark mass m(μ) by regulating the QCD theory using dimensional regularization and subtracting the divergences using the MS scheme. The relation between the pole quark mass and the running quark mass at the one-loop level of perturbative QCD corrections reads [13]

m_{pol} = m(m_{pol}) [ 1 + 4 3 · α_s(m_{pol}) π ] , (2.5)

where α_s(μ) is the strong-interaction coupling constant. The generously allowed ranges of the charm and bottom running masses in the MS scheme are gived by [1]

m_c(m_c) = 1.1 − 1.4 GeV , m_b(m_b) = 4.1 − 4.4 GeV ; (2.6) and the experimentally measured value of the top mass is [1]

m_t = 173.8 ± 5.2 GeV . (2.7)

Given the techniques used to extract the top mass at CDF and D∅ [14], the mass value in (2.7) should be interpreted as the top pole mass.

The quark mass values given in (2.4), (2.6) and (2.7) indicate the existence of a strong mass hierarchy in both (u, c, t) and (d, s, b) quark sectors. To get the relative magnitudes of different quark masses in a physically meaningful way, one has to describe all quark masses in the same scheme and at the same scale. It is instructive to consider the light and heavy quark masses at the scale μ = M_Z , the mass of the Z boson, by adopting the MS scheme. The advantage of choosing M_Z as the reference scale is two-fold: above M_Z extensions of the standard model may naturally appear; below M_Z the strong-interaction coupling constant α_s is sizable and special attention has to be paid to the running and the matching in passing a heavy quark threshold. For illustration the ranges of six quark masses given above are listed at the scale M_Z as follows:

m_u(M_Z) = 0.9 − 2.9 MeV , m_c(M_Z) = 0.53 − 0.68 GeV , m_t(M_Z) = 168 − 180 GeV ; (2.8) and m_d(M_Z) = 1.8 − 5.3 MeV , m_s(M_Z) = 35 − 100 MeV , m_b(M_Z) = 2.8 − 3.0 GeV . (2.9)

The hierarchical pattern of the up-type quark masses (m_u, m_c, m_t) and the down-type quark masses (m_d, m_s, m_b) is remarkable. For each quark sector the mass spectrum is dominated by the mass of the third-family quark. This property is similar to that of the charged lepton mass spectrum. It implies that the quark mass matrix M_u or M_d, like the charged lepton mass matrix M_l, is close to an interesting “rank-one” limit, in which the masses of the first two quark families vanish (C_u = m_t and C_d = m_b):

M_{0q} = C_q

0 0 0 0 0 0 0 0 1

. (2.10)

Such a symmetry limit may be very suggestive for studying the realistic textures of quark mass matrices in the flavor basis [9]. It is also worth mentioning two approximate quantitative relations of quark masses: m_u m_c ∼ m_c m_t ∼ λ^4 , m_d m_s ∼ m_s m_b ∼ λ^2 , (2.11)

where λ ≈ 0.22. The larger hierarchy of the up-type quark masses implies that they may have less significant contributions to the quark flavor mixing angles. This feature, which will be discussed in some detail in section 4, is expected to be true for most realistic models of quark mass matrices.

2.2 Massive Dirac and Majorana neutrinos

In the standard model neutrinos are assumed to be the exactly massless Weyl particles. This assumption agrees with all direct-mass-search experiments, which have set the upper bounds on masses of the primary mass eigenstates (ν_1, ν_2, ν_3) of electron, muon and tau neutrinos [1]^1:

m_{ν1} < 15 eV , m_{ν2} < 0.17 MeV , m_{ν3} < 18.2 MeV . (2.12)

However, the masslessness of neutrinos is not assured by any basic symmetry principle of particle physics. Indeed most extensions of the standard model (such as the grand unified theories) allow the existence of massive neutrinos, although the masses of three active neutrinos may be extremely smaller than those of their corresponding charged leptons.

If neutrinos have masses, they may be either Dirac or Majorana particles. A massive Dirac neutrino field describes four independent states – left-handed and right-handed particle states (ν_L and ν_R) as well as left-handed and right-handed antiparticle states (ν̄_L and ν̄_R). Among them ν_L and ν̄_R already exist in the standard model and can take part in weak interactions. The ν_R and ν̄_L states need to be introduced into the standard model as necessary ingredients to give the Dirac neutrino a mass, but they should be “sterile” in the sense that they would not take part in the normal weak interactions. A Dirac mass term, which conserves the total lepton number but violates the law of individual lepton flavor conservation, can be written as

− L_{Dirac} = ψ_LM^D_ν ψ_R + ψ_RM^{D†}_ν ψ_L , (2.13)

where ψ ≡ ψ_L + ψ_R denotes a column vector in family space of the neutrino interaction eigenstates (ν_e, ν_μ and ν_τ ), and M^D_ν is the corresponding 3 × 3 Dirac mass matrix.

On the other hand, the neutrino ν might be a Majorana particle, which has only two independent particle states of the same mass (ν_L and ν̄_R, or ν_R and ν̄_L). By definition, a Majorana neutrino is its own antiparticle: ν^c ≡ Cν̄^T = e^{iΘ}ν, where C denotes the charge-conjugation operator and Θ is an arbitrary real phase. A Majorana mass term, which violates both the law of total lepton number conservation and that of individual lepton flavor conservation, can be written either as

− L_{Majorana} = 1 2 [ ψ_LM^M_ν (ψ^c)_R + (ψ^c)_RM^{M†}_ν ψ_L ] , (2.14)

or as − L̃_{Majorana} = 1 2 [ (ψ^c)_LM̃^M_ν ψ_R + ψ_RM̃^{M†}_ν (ψ^c)_L ] , (2.15)

where M^M_ν and M̃^M_ν stand for the symmetric 3 × 3 mass matrices of active and sterile Majorana neutrinos, respectively. The most general neutrino mass Lagrangian is the sum of L_{Dirac}, L_{Majorana} and L̃_{Majorana}, in which M^D_ν , M^M_ν and M̃^M_ν are n×n complex matrices.

1The limits are kinematically obtained from the tritium β-decay^3_1H →^3_2He+e� +ν̄e, the π^+ → μ^+ +νμ decay and the τ → 5π + ντ (or τ → 3π + ντ ) decay, respectively.

Although Dirac and Majorana neutrinos have different properties, it remains extremely difficult to distinguish between them in practical high-energy experiments, if there are not right-handed currents [15]. This is easy to understand [16]: since the electroweak interactions conserve helicity (i.e., a L- or R-state remains as the L- or R-state), they are not sensitive to distinguish between Dirac and Majorana neutrino states. Presumably the only possibility to identify the type of neutrinos would be to measure the neutrinoless double beta decay, which occurs through the exchange of a Majorana neutrino between two decaying neutrons inside a nucleus and thus violates the lepton number by two units (e.g.,^A_ZX →^A_{Z+2}X + 2e^−). The latest upper bound on the effective neutrino mass of the (ββ)_{0ν} process is [17] ⟨m_ν⟩ = ∑ i ( m_iV^2_{ei} ) ≤ 0.2 eV (2.16)

at the 90% confidence level, where m_i denotes the Majorana neutrino mass of the i-th family, and V_{ei} is the element of the lepton flavor mixing matrix V . In the framework of three active neutrinos, V links the neutrino mass eigenstates |ν_i⟩ (for i = 1, 2, 3) to the neutrino flavor eigenstates |ν_α⟩ (for α = e, μ, τ).

The recent observation of the atmospheric and solar neutrino anomalies, particularly that in the Super-Kamiokande experiment [18], has provided indirect but strong evidence that neutrinos are massive and lepton flavors are mixed. Analyses of the atmospheric neutrino deficit in the framework of two-flavor neutrino oscillations yield the mass-squared difference Δm^2_{atm} ∼ 10^{−3} eV^2 (2.17) with the mixing factor sin^2 2θ_{atm} > 0.8. In contrast, there exist two different oscillation mechanisms yielding three possible solutions to the solar neutrino problem: the long wavelength vacuum oscillation (“Just-so” mechanism) with

Δm^2_{sun} ∼ 10^{−10} eV^2 (2.18)

and sin^2 2θ_{sun} ≈ 1; and the matter-enhanced oscillation (Mikheyev-Smirnov-Wolfenstein or MSW mechanism [19]) with

Δm^2_{sun} ∼ 10^{−6} eV^2 (2.19)

and sin^2 2θ_{sun} ∼ 10^{−3} − 10^{−2} (small-angle solution) or with

Δm^2_{sun} ∼ 10^{−5} eV^2 (2.20)

and sin^2 2θ_{sun} ∼ 0.65 − 1 (large-angle solution) [20]. In the framework of three-flavor neutrino oscillations, the big hierarchy between Δm^2_{atm} and Δm^2_{sun} together with the no observation of ν̄_e → ν̄_e oscillation in the CHOOZ experiment [21] implies that the ν_3- component in ν_e is rather small (even negligible) and the atmospheric neutrino oscillation decouples approximately from the solar neutrino oscillation. If this simplified picture is essentially true, then the solar and atmospheric neutrino deficits are dominated respectively by the ν_μ → ν_e and ν_μ → ν_τ transitions with the mass-squared differences^2

Δm^2_{sun} = Δm^2_1 ≡ m^2 − m^2_1 , Δm^2_{atm} = Δm^2_{32} ≡ m^2_3 − m^2 . (2.21)

2Without loss of any generality we have assumed m1 < m2 < m3.

m_2 m_3 m_0 m_1

Δm^2_{LSND} 6 ? Δm^2_{sun}

Δm^2_{atm} (a) m_2 m_0 m_3 m_1

Δm^2_{LSND} 6 ? (b) Figure 2.1: Possible neutrino mass spectra to accommodate current data on solar, atmospheric and LSND neutrino oscillations.

Nevertheless, the hierarchy of Δm^2_1 and Δm^2_{32} ( ≈ Δm^2_{31}) can shed little light on the absolute values or the relative magnitudes of three neutrino masses. For example, either the strongly hierarchical neutrino mass spectrum (m_1 ≪ m_2 ≪ m_3) or the nearly degenerate one (m_1 ≈ m_2 ≈ m_3) is practically allowed to reproduce the “observed” gap between Δm^2_1 and Δm^2_{32}.

The LSND evidence [22] for the conversion of neutrino flavors is so far the only indication of neutrino oscillations which is a signal instead of a deficit. Such evidence has been seen for both ν̄_μ → ν̄_e and ν_μ → ν_e oscillations with the mass-squared difference

Δm^2_{LSND} ∼ 1 eV^2 (2.22)

and the mixing factor sin^2 2θ_{LSND} ∼ 10^{−3} −10^{−2}. However, the LSND observation was not confirmed by the recent KARMEN experiment [23], which is sensitive to most of the LSND parameter space. It has to be seen how the disagreement between these two measurements is resolved. Before a further check of the LSND result which will be available in the coming years, the conservative approach is to set it aside tentatively and to concentrate on solar and atmospheric neutrino oscillations. The latter can therefore be interpreted by use of two mass-squared differences defined in (2.21).

Indeed it is extremely difficult, if not impossible [24], to accommodate the solar, atmospheric and LSND data simultaneously within the scheme of three-flavor neutrino oscillations. A more natural approach is to assume the existence of a light sterile neutrino (ν_s with mass m_0), which may produce an additional mass-squared difference with one of the three active neutrinos to fit Δm^2_{LSND}. Recent analyses of the four-neutrino mixing patterns suggest that there exist two possible options [25]: the solar, atmospheric and LSND neutrino oscillations may be attributed respectively to (a) ν_e → ν_s, ν_μ → ν_τ and ν_μ → ν_e transitions; or to (b) ν_e → ν_τ , ν_μ → ν_s and ν_μ → ν_e transitions (see Fig. 2.1 for illustration). Note that pattern (a) seems to be more favored by the Super-Kamiokande data, but pattern (b) has not been ruled out. Either pattern involves two neutrinos in the eV mass range, which might be a suitable candidate for the hot dark matter of the universe.

The indication that the mass density of the universe is smaller than its critical value (i.e., Ω_m < 1) comes in particular from direct observation of the existence of galaxies at very high redshift, the high baryon content of galaxies, the evolution of galactic clusters, and the high-redshift Type 1A supernovae. The present evidence points to 0.3 ≤ Ω_m ≤ 0.6, whose main part is the dark matter [26]. The dark matter is expected to consist of both cold and hot components. Neutrinos with a sum of their masses in the range of a few eV could constitute the hot dark matter, which is relativistic or at a temperature lower than 1 keV. If the experimental results of solar, atmospheric and LSND neutrino oscillations would be correct, then we should be left with the hot dark matter composed of two types of massive neutrinos, as mentioned above.

If the LSND result were invalid, it is possible that the hot dark matter consists of three massive neutrinos with a mass spectrum

m_1 ≈ m_2 ≈ m_3 ∼ 2 eV . (2.23)

The near degeneracy of three neutrino masses is of particular interest, as it could arise from the breaking of a specific flavor symmetry in which the neutrinos have an exact mass degeneracy [27, 28]:

M^{(0)}_ν = m_i η_1 0 0 0 η_2 0 0 0 η_3

(2.24)

with m_1 = m_2 = m_3 and |η_i | = 1 for i = 1, 2, 3. For Majorana neutrinos η_i denote their CP parities. Thus η_1 = η_2 = η_3 means that M^{(0)}ν has an exact S(3) symmetry. The implications of M^{(0)}_ν and its symmetry breaking on lepton flavor mixing and neutrino oscillations will be explored in some detail in section 5. It should be noted, however, that it is impossible to accommodate current atmospheric and solar neutrino oscillation data and to satisfy the requirement of hot dark matter simultaneously, if three neutrinos have a hierarchical mass spectrum [29].

We shall not mention some other astrophysical and cosmological hints that neutrinos are probably massive [30]. Instead let us ask the question why the masses of neutrinos, if not vanishing, are so small in comparison with those of the charged leptons and quarks. This feature could be linked to the fact that neutrinos are the only known neutral fermions. A theoretically natural interpretation of the smallness of neutrino masses, e.g., in grand unified theories and most of other extensions of the standard model, is to assume that the active neutrinos are left-handed Majorana particles accompanied by very heavy right-handed (sterile) Majorana partners. The latter may serve to reduce the masses of the former through the well-known seesaw mechanism [7]. In the spirit of the seesaw mechanism, the left-handed Majorana neutrino mass matrix M^M_ν is given as

M^M_ν = (M^D_ν )^T(M̃^M_ν )^{−1}(M^D_ν ) , (2.25)

where M^D_ν and M̃^M_ν are the Dirac neutrino mass matrix and the right-handed Majorana neutrino mass matrix, respectively. If the mass eigenvalues of M^D_ν are of the order of charged lepton masses and those of M̃^M_ν are at the level of a superhigh energy scale, then the active Majorana neutrinos will acquire small (even tiny) masses. In some unified theories of quarks and leptons M^D_ν is usually taken to be the same as the up-type quark mass matrix M_u, and the mass eigenvalues of M̃^M_ν are more or less of order 10^{13} GeV. For a review of various versions of the seesaw mechanism, we refer the reader to Ref. [31].

3 Flavor mixing and CP violation

3.1 Number of fermion mixing parameters

The quark mass matrices in the Lagrangian of Yukawa interactions, M_u and M_d, can be diagonalized by the bi-unitary transformations:

M_u = U^†_{uL}M_uU_{uR} = Diag{m_u, m_c, m_t} ,

M_d = U^†_{dL}M_dU_{dR} = Diag{m_d, m_s, m_b} . (3.1)

Such transformations, equivalent to changing quark fields from the basis of flavor eigenstates to that of mass eigenstates, introduce non-diagonal couplings into the Lagrangian of charged weak interactions, in which only the left-handed quarks take part. This 3 × 3 coupling matrix (the so-called Cabibbo-Kobayashi-Maskawa or CKM matrix [32, 33]), given as V = U^†_{uL}U_{dL} , (3.2)

describes the mixing of quark flavors. The unitarity is a constraint, imposed by the symmetry structure of the standard model, on the flavor mixing matrix V .

Although we have taken the number of quark families to be three, a more general discussion can be made for n families of quarks. In this case the flavor mixing matrix V will be a n × n unitary matrix consisting of n^2 real parameters: n(n − 1)/2 of them may be taken as rotation angles and the remaining are phase angles. Since the phases of quark fields are arbitrary, one can redefine them so as to rearrange the phase parameters of V . This freedom allows 2n − 1 phase angles to be absorbed. Therefore V can be described in terms of only n^2 −(2n−1) = (n−1)^2 parameters, among which n(n−1)/2 are the rotation angles and (n − 1)(n − 2)/2 are the phase angles. For the case n = 3, we then arrive at three mixing angles and one nontrivial phase, which is responsible for CP violation.

The charged lepton and Dirac neutrino mass matrices in the flavor basis, M_l and M^D_ν , can be diagonalized in a similar way by the bi-unitary transformations:

M_l = U^†_{lL}M_lU_{lR} = Diag{m_e, m_μ, m_τ } ,

M^D_ν = U^†_{νL}M^D_ν U_{νR} = Diag{m_1, m_2, m_3} . (3.3)

In the basis of mass eigenstates, one arrives at a 3 × 3 flavor mixing matrix V^D_l in the Lagrangian of charged weak interactions, in which only the left-handed leptons take part:

V^D_l = U^†_{lL}U_{νL} . (3.4)

Note that V^D_l links the neutrino mass eigenstates (ν_1, ν_2, ν_3) to the neutrino flavor eigenstates (ν_e, ν_μ, ν_τ ) in the basis that the charged lepton mass matrix is diagonal. Similar to the quark mixing case, the 3 × 3 lepton mixing matrix V^D_l can be generalized to the n × n one for n families of leptons. The latter can then be parametrized in terms of n(n − 1)/2 rotation angles and (n − 1)(n − 2)/2 phase angles.

If neutrinos are Majorana particles, however, the situation is different. In this case the neutrino mass matrix M^M_ν has the property (M^M_ν )^T = M^M_ν , i.e., M^M_ν is in general a complex symmetric n × n matrix. The diagonalization of M^M_ν needs only a single unitary matrix Û_ν as follows (n = 3, for example):

M^M_ν = Û^T_ν M^M_ν Û_ν = Diag{m_1, m_2, m_3} . (3.5)

Accordingly the lepton flavor mixing matrix is given by

V^M_l = U^†_{lL}Û_ν , (3.6)

where U^†_{lL} has been given in (3.3) to diagonalize the charged lepton mass matrix M_l. The n × n flavor mixing matrix V^M_l consists totally of n^2 real parameters, and n(n − 1)/2 of them can always be chosen as rotation angles. Unlike the quark or Dirac neutrino mixing case, there is no freedom to redefine phases of the Majorana neutrino fields, as Majorana particles are their own antiparticles. Hence some phases of V^M_l can be absorbed only by redefining the charged lepton fields. The number of physical phase angles left in V^M_l is n(n+1)/2−n = n(n−1)/2. Thus V^M_l can be parametrized in terms of n(n−1)/2 rotation angles and the same number of phase angles. For the case n = 3, we obtain the lepton mixing matrix with 3 rotation angles and 3 CP -violating phases.

It should be noted, however, that the n × n Majorana-type flavor mixing matrix V^M_l can always be represented in the following form [34]:

V^M_l = V^D_l P_ν , (3.7)

in which V^D_ν is the n × n Dirac-type flavor mixing matrix and P_ν is a n × n diagonal phase matrix with n − 1 nontrivial phase parameters^3. The CP -violating phases in P_ν, in addition to those in V^D_l , characterize the Majorana nature of V^M_l . It is straightforward to show (V^M_l )_{iα}(V^M_l )_{jβ}(V^M_l )^∗_{iβ}(V^M_l )^∗_{jα} = (V^D_l )_{iα}(V^D_l )_{jβ}(V^D_l )^∗_{iβ}(V^D_l )^∗_{jα} (3.8)

for arbitrary indices i, j and α, β. This result implies that V^M_l and V^D_l have the same physical effects in neutrino oscillation probabilities, which depend only upon the combinations in (3.8). We then arrive at the conclusion that it is impossible to determine the type of massive neutrinos by studying the phenomena of neutrino oscillations. Only the experiments which probe transitions between left-handed and right-handed neutrino states, like the neutrinoless double beta decay, could tell whether massive neutrinos are of the Majorana type or not.

In subsequent discussions about the lepton flavor mixing and CP violation, we shall make use of the notations V^M_l and V^D_l only when it is necessary to distinguish between the Dirac and Majorana neutrinos. Otherwise V_l will simply be adopted to represent either V^D_l or V^M_l . If it is unnecessary to distinguish the lepton mixing from the quark mixing, we shall just use V to denote the flavor mixing matrix in general.

3.2 Conditions for CP violation

The quark sector of the standard electroweak model with three fermion families consists of ten free parameters: six quark masses (associated directly with M_u and M_d) and four flavor

3The elements of Pν can be written as (Pν )ij = δij e^{iσj} (for i, j = 1, · · ·, n) with σ1 = 0.

mixing parameters (related directly to V ). Since V is obtained by the diagonalization of M_u and M_d, the flavor mixing parameters are expected to depend to a great extent on the quark masses. These explicit relationships should be obvious in an underlying theory of fermion mass generation, which would be more fundamental than the standard model. Within the standard model, the conditions for CP violation can be expressed in terms of either the parameters of M_u and M_d or those of V . It is worth remarking that a doublecounting of the CP -violating conditions, in terms of the parameters of both M_{u,d} and V , must be avoided.

We first discuss the necessary and sufficient conditions for CP violation at the level of quark mass matrices. Although M_u and M_d are arbitrary 3 × 3 matrices, the products M_uM^†_u ≡ H_u and M_dM^†_d ≡ H_d are Hermitian, and each of them can be diagonalized by a single unitary transformation:

U^†_{uL}H_uU_{uL} = M^2_u ,

U^†_{dL}H_dU_{dL} = M^2_d , (3.9)

where U_{uL} and U_{dL} have been given in (3.1). It is obvious that CP symmetry will be violated, if and only if there is at least one nontrivial phase difference between H_u and H_d. In other words, Im ( H_{uij}H^∗_{dij} ) ≠ 0 (for i, j = 1, 2, 3 and i < j) is the necessary and sufficient condition for CP violation in the standard model. If one defines a commutator for H_u and H_d, [H_u, H_d] ≡ i C, then it is easy to show C_{ii} 2 = Im ( H_{uij}H^∗_{dij} ) + Im (H_{uik}H^∗_{dik}) (3.10)

for i, j, k = 1, 2, 3 but i ≠ j ≠ k. Clearly C_{ii} ≠ 0 if CP symmetry is violated [8]. Note that CP symmetry would be conserved, if two quarks with the same charge were degenerate in mass. The reason is simply that the freedom induced by the mass degeneracy of two upor down-type quarks allows one to rearrange the matrix elements of H_u or H_d and remove all possible phase differences between H_u and H_d (or between M_u and M_d).

Now we discuss the condition for CP violation at the level of the flavor mixing matrix. Of course CP symmetry is violated, if V contains a nontrivial complex phase which cannot be removed from the redefinition of quark-field phases. The most appropriate measure of CP violation, due to the unitarity of V , is the rephasing-invariant parameter J [35] defined through Im ( V_{iα}V_{jβ}V^∗_{iβ}V^∗_{jα} ) = J ∑ k,γ (ε_{ijk}ε_{αβγ}) , (3.11) in which each Latin subscript (i, j or k) runs over the up-type quarks (u, c, t) and each Greek subscript (α, β or γ) runs over the down-type quarks (d, s, b). In terms of the matrix elements of V , J^2 can be given as^4

J^2 = |V_{iα}|^2|V_{jβ}|^2|V_{iβ}|^2|V_{jα}|^2 − 1 4 ( 1 + |V_{iα}|^2|V_{jβ}|^2 + |V_{iβ}|^2 |V_{jα}|^2 −|V_{iα}|^2 − |V_{jβ}|^2 − |V_{iβ}|^2 − |V_{jα}|^2 )_2 . (3.12)

4Note that there was a typing error in the original formula of J^2 given in Ref. [36].

This result implies that the information about CP violation can in principle be extracted from the moduli of the flavor mixing matrix elements. Note again that any mass degeneracy between two quarks with the same charge results in CP conservation. If two up- or down-type quarks were degenerate in mass, then any linear combination of their mass eigenstates via an arbitrary unitary matrix would remain a mass eigenstate. This additional freedom allows us to redefine the phases of relevant quark fields and eliminate the single nontrivial (CP -violating) phase in V . The resultant flavor mixing matrix is real (with either three or two nonvanishing mixing angles), then J = 0 holds, i.e., CP symmetry is conserved. In fact one can show, as done in Ref. [8], that the magnitude of J is proportional to the product of the mass-squared differences (m^2_i − m^2_j ) and (m^2_α − m^2_β), where the subscripts (i, j) and (α, β) run over (u, c, t) and (d, s, b) respectively, for arbitrary mass matrices M_u and M_d. Therefore any mass degeneracy between two quarks with the same charge would lead to J = 0.

In short, the conditions for CP violation in the quark sector can be set at either the level of quark mass matrices or that of the flavor mixing matrix [8]. A double-counting, arising from a combination of the conditions obtained from two different levels, must be avoided. It should in particular be noted that the determinant of C and the rephasinginvariant parameter J , which are related to each other through [35]

Det C = −2J ∏ i<j ( m^2_i − m^2_j ) ∏ α<β ( m^2_α − m^2_β ) , (3.13)

contain the same information about CP violation. In reality the quark masses of both up and down sectors have been found to exhibit a clear hierarchy, and all elements of the flavor mixing matrix are nonvanishing. Therefore the realistic condition for CP violation is only associated with the existence of one nontrivial phase parameter in V , which in turn requires (at least) one nontrivial phase difference between M_u and M_d (or equivalently between H_u and H_d).

The conditions for CP violation in weak interactions of charged leptons and Dirac neutrinos can be discussed in the same way as outlined above. Similar to J , a rephasinginvariant measure of leptonic CP asymmetry, J^D_l , can be defined in terms of elements of the flavor mixing matrix V^D_l . Therefore the necessary and sufficient condition for leptonic CP violation is just J^D_l ≠ 0.

If neutrinos are of the Majorana type, however, one has to take care of two additional CP -violating phases from P_ν in (3.7). In this case the necessary and sufficient condition for CP violation is that there exist nontrivial phase differences between the mass matrices M_l and M^M_ν , i.e., the flavor mixing matrix V^M_l contains at least one nontrivial complex phase. In analogy to the definition of J^D_l , a CP -violating parameter J^M_l which is independent of the phase rearrangement of charged lepton fields, can be defined. It should be noted that J^M_l = 0 is only a necessary condition for CP invariance in weak interactions of the charged leptons and Majorana neutrinos. Taking (3.8) into account, we arrive at

J^M_l = J^D_l ≡ J_l . (3.14)

Hence only J_l appears in the transition probabilities of neutrino oscillations.

Finally let us emphasize that the mass degeneracy of two Majorana neutrinos may not lead to the vanishing of CP violation in a model with the family number n ≥ 3, provided they have the opposite CP parities. It has been shown in Ref. [37] that the 3 × 3 flavor mixing matrix V^M_l consists of two rotation angles and one CP -violating phase, if all three Majorana neutrinos are degenerate in mass but one of them has a different CP parity from the other two. However, the mass degeneracy of any two Dirac neutrinos would make the CP -violating phase in V^D_l removable and thus lead to CP conservation. It should be noted that there would be no neutrino oscillations, if neutrino masses were degenerate.

3.3 Unitarity triangles of quark mixing

A geometric description of the quark flavor mixing phenomenon turns out to be instructive. The unitarity of the 3 × 3 flavor mixing matrix V can be expressed by two sets of orthogonality relations and two sets of normalization conditions for all nine matrix elements: ∑ α (V^∗_{iα}V_{jα}) = δ_{ij} , ∑ i (V^∗_{iα}V_{iβ}) = δ_{αβ} , (3.15)

where the Latin indices run over the up-type quarks (u, c, t) and the Greek indices over the down-type quarks (d, s, b). In the complex plane the six orthogonality relations in (3.15) define six triangles, the so-called unitarity triangles (see Fig. 3.1 for illustration). In general these six triangles have eighteen different sides and nine different inner (or outer) angles. Unitarity requires that all six triangles have the same area amounting to J /2 [35], where J is just the rephasing-invariant measure of CP violation defined in (3.11). If CP were an exact symmetry, J = 0 would hold, and those unitarity triangles would collapse into lines in the complex plane.

In additon to J , there exist other two characteristic quantities of V , resulting from its normalization conditions in (3.15). They are the off-diagonal asymmetries A_1 and A_2, respectively about the axes V_{ud}-V_{cs}-V_{tb} and V_{ub}-V_{cs}-V_{td} [38]:

A_1 ≡ |V_{us}|^2 − |V_{cd}|^2 = |V_{cb}|^2 − |V_{ts}|^2 = |V_{td}|^2 − |V_{ub}|^2 , A_2 ≡ |V_{us}|^2 − |V_{cb}|^2 = |V_{cd}|^2 − |V_{ts}|^2 = |V_{tb}|^2 − |V_{ud}|^2 . (3.16)

Clearly A_1 = 0 (or A_2 = 0) would imply that the flavor mixing matrix were symmetric about the V_{ud}-V_{cs}-V_{tb} (or V_{ub}-V_{cs}-V_{td}) axis. Geometrically this corresponds to the congruence between two unitarity triangles, i.e.,

A_1 = 0 =⇒ △_u ∼= △_d , △_c ∼= △_s , △_t ∼= △_b ; A_2 = 0 =⇒ △_u ∼= △_b , △_c ∼= △_s , △_t ∼= △_d . (3.17)

In reality, however, both A_1 and A_2 are nonvanishing. In terms of the Wolfenstein parameters of V [39], the three measurables J , A_1 and A_2 can be expressed as follows:

J ≈ A^2λ^6η , A_1 ≈ A^2λ^6(1 − 2ρ) , A_2 ≈ λ^2(1 − A^2λ^2) . (3.18)

V^∗_{cb}V_{tb} LL L V^∗_{cd}V_{td} ¸¸¸¸¸ ¸¸¸¸¸ ¸¸_{V∗csVts} 1 2 3 (△_u)

V^∗_{cs}V_{cb} XXXXX XXXXX XX V^∗_{ts}V_{tb} EE E^{V∗usVub} 2 9 6

(△_d)

V^∗_{td}V_{ud} BB BB V^∗_{ts}V_{us} � � � V^∗tbVub 4 5 6 (△_c)

V^∗_{ub}V_{ud} HHH HHH HH V^∗_{tb}V_{td} � �^{V∗cbVcd} 5 7 1 (△_s)

V^∗_{ud}V_{cd} CC C V^∗_{ub}V_{cb} (((((((( (((((((_{V∗usVcs} 7 8 9 (△_t)

V^∗_{cd}V_{cs} hhhhhhhh hhhhhh V^∗_{ud}V_{us} DD D^{V∗tdVts} 8 3 4 (△_b)

Figure 3.1: Unitarity triangles of the flavor mixing matrix in the complex plane. Each triangle is named in terms of the quark flavor that does not manifest in its three sides.

It is clear that A_2 ≫ A_1 ∼ J ∼ 10^{−5}. Therefore V deviates only a little bit from an exactly symmetric matrix (about the V_{ud}-V_{cs}-V_{tb} axis). With A_1 > 0 one arrives at a clear hierarchy among nine elements of V : |V_{tb}| > |V_{ud}| > |V_{cs}| ≫ |V_{us}| > |V_{cd}| ≫ |V_{cb}| > |V_{ts}| ≫ |V_{td}| > |V_{ub}| > 0 . (3.19) Indeed |V_{ub}| ≠ 0 is a necessary condition for CP violation in the standard model.

It is worth remarking that the triangle Δ_s is, among six unitarity triangles, of particular interest for the study of B-meson physics and CP violation. Indeed three inner angles of △_s, usually denoted as

α = arg ( − V^∗_{tb}V_{td} V^∗_{ub}V_{ud} ) , β = arg ( − V^∗_{cb}V_{cd} V^∗_{tb}V_{td} ) , γ = arg ( − V^∗_{ub}V_{ud} V^∗_{cb}V_{cd} ) , (3.20) can directly be measured from CP asymmetries in specific B decay modes. On the other hand, these rephasing-invariant observables can be predicted from specific models of quark mass matrices. Therefore the unitarity triangle △_s may serve as a phenomenological link between the theoretical understanding and the experimental measurement of quark flavor mixing and CP violation.

3.4 Unitarity triangles of lepton mixing

A similar geometric description as that discussed above for quark mixing can be introduced for the 3 × 3 lepton flavor mixing matrix V_l. The six leptonic unitarity triangles, which have eighteen different sides, nine different inner angles and the identical area (amounting to J_l/2), are illustrated in Fig. 3.2. Our present knowledge on lepton flavor mixing is rather poor, hence it remains difficult to quantify the magnitude of leptonic CP violation as well as the off-diagonal asymmetries of V_l. Useful information about the sides and angles of the leptonic unitarity triangles are likely to be obtained, in the near future, from the long-baseline neutrino experiments. In particular one might determine the three inner angles of the triangle △_3, i.e.,

α_l = arg ( − V^∗_{e1}V_{e2} V^∗_{μ1}V_{μ2} ) , β_l = arg ( − V^∗_{μ1}V_{μ2} V^∗_{τ 1}V_{τ 2} ) , γ_l = arg ( − V^∗_{τ 1}V_{τ 2} V^∗_{e1}V_{e2} ) ; (3.21)

and then test the self-consistency of the lepton flavor mixing and of CP violation (e.g., α_l + β_l + γ_l ≠ π would imply the presence of new physics which violates the unitarity of the 3 × 3 lepton flavor mixing matrix).

To be more specific, we write down the transition probabilities of three different neutrino flavors in the vacuum:

P (ν_α → ν_β) = −4 ∑ i<j [ Re ( V_{αi}V_{βj}V^∗_{αj}V^∗_{βi} ) sin^2 F_{ij} ] + 8J_l ∏ i<j (sin F_{ij}) (3.22)

with (α, β) = (e, μ), (μ, τ) or (τ, e); i, j = 1, 2, 3; and F_{ij} = 1.27Δm^2_{ij}L/E, where L is the distance between the neutrino source and the detector (in unit of km) and E denotes the neutrino beam energy (in unit of GeV). Note that the CP -violating term (∝ J_l) in P (ν_α → ν_β ) is independent of the neutrino flavor indices α and β. As the negative neutrino mass-squared differences Δm^2_{12}, Δm^2_{13} and Δm^2_3 can be related to the positive solar and atmospheric neutrino mass-squared differences given in (2.21), we simplify (3.22) to

P (ν_e → ν_μ) = 4|V_{e3}|^2|V_{μ3}|^2 sin^2 F_{atm} − 4Re ( V_{e1}V_{μ2}V^∗_{e2}V^∗_{μ1} ) sin^2 F_{sun}

− 8J_l sin F_{sun} sin^2 F_{atm} ,

P (ν_μ → ν_τ ) = 4|V_{μ3}|^2|V_{τ 3}|^2 sin^2 F_{atm} − 4Re ( V_{μ1}V_{τ 2}V^∗_{μ2}V^∗_{τ 1} ) sin^2 F_{sun}

V^∗_{μ3}V_{τ 3} QQ QQ Q V^∗_{μ1}V_{τ 1} ȷȷ ȷȷ ȷ^{V∗μ2Vτ 2} 1 2 3 (△_e)

V^∗_{μ2}V_{μ3}

PPPP

PPPP PPP V^∗_{τ 2}V_{τ 3} � �^{V∗e2Ve3} 2 9 6 (△_1)

V^∗_{τ 1}V_{e1} HHH HHH HH V^∗_{τ 2}V_{e2} � �^{V∗τ 3Ve3} 4 5 6 (△_μ)

V^∗_{τ 3}V_{τ 1} BB BB V^∗_{e3}V_{e1} � � � V^∗μ3Vμ1 5 1 7 (△_2)

V^∗_{e1}V_{μ1} CC CC V^∗_{e3}V_{μ3}

ıııı ıııı ııı V∗_{e2}V_{μ2} 7 8 9 (△_τ )

V^∗_{e1}V_{e2} QQ QQ Q V^∗_{μ1}V_{μ2} ȷȷ ȷȷ ȷ^{V∗τ 1Vτ 2} 8 4 3 (△_3)

Figure 3.2: Unitarity triangles of the lepton flavor mixing matrix in the complex plane. Each triangle is named by the flavor index that does not manifest in its three sides.

− 8J_l sin F_{sun} sin^2 F_{atm} , P (ν_τ → ν_e) = 4|V_{τ 3}|^2|V_{e3}|^2 sin^2 F_{atm} − 4Re (V_{τ 1}V_{e2}V^∗_{τ 2}V^∗_{e1}) sin^2 F_{sun} − 8J_l sin F_{sun} sin^2 F_{atm} , (3.23)

where F_{atm} = F_{32} ≈ F_{31} and F_{sun} = F_{21} measure the oscillation frequencies of atmospheric and solar neutrinos, respectively. If the length of the baseline satisfies the condition L ∼ E/Δm^2_{sun} (i.e., F_{sun} ∼ 1), which is only possible for the large-angle MSW solution to the solar neutrino problem, the CP -conserving quantities Re(V_{α1}V_{β2}V^∗_{α2}V^∗_{β1}) and the CP -violating parameter J_l could (in principle) be determined from (3.23) for changing values of the neutrino beam energy E. In this case we arrive at

tan α_l = − J_l Re(V_{e1}V_{μ2}V^∗_{e2}V^∗_{μ1}) , tan β_l = − J_l Re(V_{μ1}V_{τ 2}V^∗_{μ2}V^∗_{τ 1}) , tan γ_l = − J_l Re(V_{τ 1}V_{e2}V^∗_{τ 2}V^∗_{e1})

. (3.24)

As the CP -violating effect is universal in the three different neutrino transitions, one needs only to measure J_l from the probability asymmetry between ν_μ → ν_e and ν̄_μ → ν̄_e (or ν_e → ν_μ) [40]. In practice, however, the earth-induced matter effects, which are possible to fake the genuine CP -violating signals in the long-baseline neutrino experiments, have to be taken into account [41]. A more detailed discussion about leptonic CP violation will be given in section 5.6.

Finally it is worth mentioning that |V_{e3}|, |V_{μ3}| and |V_{τ 3}| can well be determined in the first-round long-baseline neutrino experiments, in which the scale of the neutrino mass-squared differences is set to Δm^2_{atm} (i.e., the terms proportional to sin^2 F_{sun} and J_l in (3.23) are safely negligible). This will allow a check of the unitarity of V_l, i.e., |V_{e3}|^2 +|V_{μ3}|^2 +|V_{τ 3}|^2 = 1. If |V_{e1}| and |V_{e2}| are measured in the solar neutrino experiment, one will be able to test the unitarity condition |V_{e1}|^2 + |V_{e2}|^2 + |V_{e3}|^2 = 1. At this stage all three mixing angles of V_l can be determined. To isolate the CP -violating phase and make a full test of the unitarity, however, more delicate long-baseline neutrino experiments are needed.

3.5 Classification of different parametrizations

The 3×3 flavor mixing matrix V can be expressed in terms of four independent parameters, which are usually taken as three rotation angles and one CP -violating phase angle. A number of parametrizations, different from the original Kobayashi-Maskawa form [33], have been proposed in the literature [39, 42]. To adopt a specific parametrization is of course somehow arbitrary, since from a mathematical point of view the different parametrizations are equivalent. Nevertheless it is quite likely that the underlying physics responsible for flavor mixing and CP violation becomes more transparent in a particular parametrization than in the others [43]. For this reason, we find it useful to give a classification of all possible parametrizations [44] (in terms of three angles and one phase) and point out the most appropriate one for the phenomenology of mass matrices, flavor mixing and CP violation.

If the flavor mixing matrix V is first assumed to be a real orthogonal matrix, it can in general be written as a product of three matrices R_{12}, R_{23} and R_{31}, which describe simple rotations in the (1,2), (2,3) and (3,1) planes:

R_{12}(θ) R_{23}(σ) R_{31}(τ)

c_θ s_θ 0 −s_θ c_θ 0 0 0 1

1 0 0 0 c_σ s_σ 0 −s_σ c_σ c_τ 0 s_τ 0 1 0 −s_τ 0 c_τ (3.25)

where s_θ ≡ sin θ, c_θ ≡ cos θ, and so on. Clearly these rotation matrices do not commute with one another. There exist twelve different ways to arrange products of these matrices such that the most general orthogonal matrix R can be obtained. Note that the matrix R^{−1}_{ij} (ω) plays an equivalent role as R_{ij}(ω) in constructing R, because of R^{−1}_{ij} (ω) = R_{ij}(−ω). Note also that R_{ij}(ω)R_{ij}(ω^′) = R_{ij}(ω + ω^′) holds, thus R_{ij}(ω)R_{ij}(ω^′)R_{kl}(ω^{′′}) or R_{kl}(ω^{′′})R_{ij}(ω)R_{ij}(ω^′) cannot cover the whole space of a 3 × 3 orthogonal matrix and should be excluded. Explicitly six of the twelve different forms of R belong to the type

R = R_{ij}(θ) R_{kl}(σ) R_{ij}(θ^′) , (3.26) in which the rotation in the (i, j) plane occurs twice; and the other six belong to the type

R = R_{ij}(θ) R_{kl}(σ) R_{mn}(τ) , (3.27)

where rotations take place in three different planes. Although all the twelve combinations represent the most general orthogonal matrices, only nine of them are structurally different. The reason is that the products R_{ij}R_{kl}R_{ij} and R_{ij}R_{mn}R_{ij} (with ij ≠ kl ≠ mn) in (3.26) are correlated with each other, leading essentially to the same form for R [44]. Thus only three of R in (3.26) need be treated as independent choices. We then draw the conclusion that there exist nine different forms for the orthogonal matrix R (see Table 3.1).

We proceed to introduce the CP -violating phase, denoted by φ. The complex rotation matrices should be unitary, such that a unitary flavor mixing matrix results. There are several different ways for φ to enter R_{12}, R_{23} or R_{31}. Then the flavor mixing matrix V can be constructed, as a product of three rotation matrices, by use of one complex R_{ij} and two real ones. Note that the location of the CP -violating phase in V can be arranged by redefining the quark field phases, thus it does not play an essential role in classifying different parametrizations. We find that it is always possible to locate the phase parameter φ in a 2 × 2 submatrix of V , in which each element is a sum of two terms with the relative phase φ. The remaining five elements of V are real in such a phase assignment. Accordingly we arrive at nine distinctive parametrizations of the flavor mixing matrix V as listed in Table 3.1, where the complex rotation matrices R_{12}(θ, φ), R_{23}(σ, φ) and R_{31}(τ, φ) are obtained directly from the real ones in (3.25) with the replacement 1 → e^{−iφ}.

Some instructive relations of each parametrization, together with the expression for the J parameter defined in (3.11), are also given in Table 3.1. One can see that the parametrizations P2 and P3 correspond to the Kobayashi-Maskawa [33] and Maiani [42] parametrizations, although different notations for the CP -violating phase and three mixing angles are adopted here. The latter is indeed equivalent to the “standard” parametrization advocated by the Particle Data Group [1]. This can be seen clearly if one makes three transformations of quark-field phases: c → c e^{−iφ}, t → t e^{−iφ}, and b → b e^{−iφ}. In addition, the parametrization P1 is just the one proposed recently by the authors [43]. The specific advantages of this parametrization for the study of quark mass matrices and B-meson physics will become obvious in section 3.6 and section 4.

Besides the aforementioned parametrizations, which take advantage of three rotation angles and one CP -violating phase, there are some other ways to parametrize the 3 × 3 flavor mixing matrix. A representation based on a hierarchical expansion was proposed by Wolfenstein [39]:

V ≈ 1 −^1_2 λ^2 λ Aλ^3(ρ − iη)

−λ 1 −^1_2 λ^2 Aλ^2 Aλ^3(1 − ρ − iη) −Aλ^2 1

, (3.28)

in which λ ≈ 0.22, A ≈ 0.83, and the magnitudes of ρ and η are smaller than one. Note that at the accuracy level of (3.28) the CP -violating parameter η appears only in two smallest elements (V_{ub} and V_{td}), whose magnitudes are suppressed by λ^3. If the three sides of the unitarity triangle △_s are rescaled by V_{cd}V^∗_{cb}, then the resultant triangle has three vertices (0, 0), (1, 0) and (ρ, η) in the complex plane [1]. To discuss more precise

Table 3.1: Classification of different parametrizations for the flavor mixing matrix.

Parametrization Useful relations P1: V = R_{12}(θ) R_{23}(σ, φ) R^{−1}_{12} (θ^′) J = s_θc_θs_θ0 c_θ0 s^2_σ c_σ sin φ ( s_θs_{θ0} c_σ + c_θc_{θ0} e_{−iφ} s_θ c_{θ0} c_σ − c_θs_{θ0} e_{−iφ} s_θs_σ c_θs_θ0 c_σ − s_θc_θ0 e^{−iφ} c_θc_θ0 c_σ + s_θs_θ0 e^{−iφ} c_θs_σ −s_θ0 s_σ −c_θ0 s_σ c_σ ) tan θ = |V_{ub}/V_{cb}| tan θ^′ = |V_{td}/V_{ts}| cos σ = |V_{tb}| P2: V = R_{23}(σ) R_{12}(θ, φ) R^{−1}_{23} (σ^′) J = s^2_θ c_θs_σ c_σs_σ0 c_σ0 sin φ ( c_θ s_θ c_{σ0} −s_θ s_{σ0} −s_θ c_σ c_θc_σc_σ0 + s_σ s_σ0 e^{−iφ} −c_θc_σ s_σ0 + s_σ c_σ0 e^{−iφ} s_θs_σ −c_θs_σ c_σ0 + c_σs_σ0 e^{−iφ} c_θs_σ s_σ0 + c_σc_σ0 e^{−iφ} ) cos θ = |V_{ud}| tan σ = |V_{td}/V_{cd}| tan σ^′ = |V_{ub}/V_{us}| P3: V = R_{23}(σ) R_{31}(τ, φ) R_{12}(θ) J = s_θc_θs_σ c_σs_τ c^2_τ sin φ ( c_θc_τ s_θc_τ s_τ −c_θs_σ s_τ − s_θ c_σe^{−iφ} −s_θ s_σs_τ + c_θc_σe^{−iφ} s_σc_τ −c_θc_σs_τ + s_θs_σ e^{−iφ} −s_θ c_σs_τ − c_θs_σe^{−iφ} c_σ c_τ ) tan θ = |V_{us}/V_{ud}| tan σ = |V_{cb}/V_{tb}| sin τ = |V_{ub}| P4: V = R_{12}(θ) R_{31}(τ, φ) R^{−1}_{23} (σ) J = s_θc_θs_σ c_σs_τ c^2_τ sin φ ( c_θc_τ c_θs_σ s_τ + s_θc_σe_{−iφ} c_θc_σ s_τ − s_θs_σ e_{−iφ} −s_θ c_τ −s_θ s_σs_τ + c_θc_σe^{−iφ} −s_θ c_σs_τ − c_θs_σ e^{−iφ} −s_τ s_σ c_τ c_σ c_τ ) tan θ = |V_{cd}/V_{ud}| tan σ = |V_{ts}/V_{tb}| sin τ = |V_{td}| P5: V = R_{31}(τ ) R_{12}(θ, φ) R^{−1}_{31} (τ^′) J = s^2_θ c_θs_τ c_τ s_τ 0 c_τ 0 sin φ ( c_θc_τ c_{τ 0} + s_τ s_{τ 0} e_{−iφ} s_θc_τ −c_θc_τ s_{τ 0} + s_τ c_{τ 0} e_{−iφ} −s_θc_τ 0 c_θ s_θs_τ 0 −c_θs_τ c_τ 0 + c_τ s_τ 0 e^{−iφ} −s_θ s_τ c_θs_τ s_τ 0 + c_τ c_τ 0 e^{−iφ} ) cos θ = |V_{cs}| tan τ = |V_{ts}/V_{us}| tan τ^′ = |V_{cb}/V_{cd}| P6: V = R_{12}(θ) R_{23}(σ, φ) R_{31}(τ ) J = s_θc_θs_σ c^2_σs_τ c_τ sin φ ( −s_θ s_σ s_τ + c_θc_τ e_{−iφ} s_θc_σ s_θ s_σc_τ + c_θs_τ e_{−iφ} −c_θs_σ s_τ − s_θc_τ e^{−iφ} c_θc_σ c_θs_σ c_τ − s_θ s_τ e^{−iφ} −c_σs_τ −s_σ c_σ c_τ ) tan θ = |V_{us}/V_{cs}| sin σ = |V_{ts}| tan τ = |V_{td}/V_{tb}| P7: V = R_{23}(σ) R_{12}(θ, φ) R^{−1}_{31} (τ ) J = s_θc^2_θs_σ c_σs_τ c_τ sin φ ( c_θc_τ s_θ −c_θs_τ −s_θc_σc_τ + s_σ s_τ e^{−iφ} c_θc_σ s_θ c_σs_τ + s_σ c_τ e^{−iφ} s_θs_σ c_τ + c_σ s_τ e^{−iφ} −c_θs_σ −s_θ s_σ s_τ + c_σc_τ e^{−iφ} ) sin θ = |V_{us}| tan σ = |V_{ts}/V_{cs}| tan τ = |V_{ub}/V_{ud}| P8: V = R_{31}(τ ) R_{12}(θ, φ) R_{23}(σ) J = s_θc^2_θs_σ c_σs_τ c_τ sin φ ( c_θc_τ s_θc_σ c_τ − s_σ s_τ e_{−iφ} s_θs_σ c_τ + c_σs_τ e_{−iφ} −s_θ c_θc_σ c_θs_σ −c_θs_τ −s_θ c_σs_τ − s_σ c_τ e^{−iφ} −s_θ s_σ s_τ + c_σc_τ e^{−iφ} ) sin θ = |V_{cd}| tan σ = |V_{cb}/V_{cs}| tan τ = |V_{td}/V_{ud}| P9: V = R_{31}(τ ) R_{23}(σ, φ) R^{−1}_{12} (θ) J = s_θc_θs_σ c^2_σs_τ c_τ sin φ ( −s_θ s_σ s_τ + c_θc_τ e_{−iφ} −c_θs_σ s_τ − s_θc_τ e_{−iφ} c_σs_τ s_θc_σ c_θc_σ s_σ −s_θ s_σ c_τ − c_θs_τ e^{−iφ} −c_θs_σ c_τ + s_θ s_τ e^{−iφ} c_σc_τ ) tan θ = |V_{cd}/V_{cs}| sin σ = |V_{cb}| tan τ = |V_{ub}/V_{tb}| experimental data on quark mixing and CP violation, modified versions of the Wolfenstein parametrization with higher accuracy have been proposed in the literature [45].

Furthermore one can parametrize V in terms of the moduli of four independent matrix elements, in terms of four independent angles of the unitarity triangles, or in terms of four characteristic quantities of V [46]. The choice of any four parameters is arbitrary, and different choices may be mathematically convenient for different physical purposes.

3.6 A unique description of flavor mixing

From a mathematical point of view, all different parametrizations of the flavor mixing matrix are equivalent. However, this is not the case if we take the hierarchical structure of the quark mass spectrum and its implications on the flavor mixing phenomenon into account. It is well known that both the observed quark mass spectrum and the observed values of the flavor mixing parameters exhibit a striking hierarchical structure. The latter can be understood in a natural way as the consequence of a specific pattern of chiral symmetries, whose breaking causes the towers of different masses to appear step by step. Such a chiral evolution of the mass matrices leads, as argued in Ref. [43], to a specific way to describe the flavor mixing (i.e., the parametrization P1 in Table 3.1): V = c_u s_u 0 −s_u c_u 0 0 0 1 e^{−iφ} 0 0 0 c s 0 −s c c_d −s_d 0 s_d c_d 0 0 0 1 = s_us_dc + c_uc_de^{−iφ} s_uc_dc − c_us_de^{−iφ} s_us c_us_dc − s_uc_de^{−iφ} c_uc_dc + s_us_de^{−iφ} c_us −s_ds −c_ds c , (3.29)

where s_u ≡ sin θ_u, s_d ≡ sin θ_d, c ≡ cos θ, and so on. The three mixing angles may all be arranged to lie in the first quadrant, and the phase parameter φ generally takes values from 0 to 2π. This parametrization follows automatically from the generic Hermitian mass matrices M_u and M_d, if one imposes the constraints from the chiral symmetries and the quark mass hierarchy on them (see section 4.1 for detailed discussions). Therefore it is particularly useful for the study of realistic quark mass matrices. We shall see later on that this representation also makes the properties of flavor mixing and CP violation more transparent and proves to be very convenient for the phenomenology of B-meson decays.

The three mixing angles θ, θ_u and θ_d have direct physical meanings. The angle θ describes the mixing between the second and third families. We shall refer to this mixing (involving t and b quarks) as the “heavy quark mixing”. The angle θ_u primarily describes the u-c mixing and will be denoted as the “u-channel mixing”. The angle θ_d primarily describes the d-s mixing, and will be denoted as the “d-channel mixing”. Clearly there exists an asymmetry between the mixing of the first and second families and that of the second and third families, which in our view reflects interesting details of the underlying dynamics of flavor mixing. The heavy quark mixing is a combined effect, involving both charge +2/3 and charge −1/3 quarks, while the u- or d-channel mixing proceeds primarily in the charge +2/3 or charge −1/3 sector. Therefore an experimental determination of θ_u and θ_d would give us useful information about the underlying patterns of up and down mass matrices.

The angles θ, θ_u and θ_d are related in a very simple way to observable quantities of Bmeson physics. For example, θ is related to the rate of the semileptonic decay B → D^∗lν_l ; θ_u is associated with the ratio of the decay rate of B → (π, ρ)lν_l to that of B → D^∗lν_l ; and θ_d can be determined from the ratio of the mass difference between two B_d mass eigenstates to that between two B_s mass eigenstates. From (3.29) one can find the following exact relations [43]:

tan θ_u = | | | V_{ub} V_{cb} | | | , tan θ_d = | | | V_{td} V_{ts} | | | , sin θ = √ |V_{ub}|^2 + |V_{cb}|^2 . (3.30)

These results show that the parametrization (3.29) is particularly useful for B-meson physics. A global analysis of current experimental data on |ϵ_K|, |V_{ub}/V_{cb}|, ΔM_{Bd} and ΔM_{Bs} , as already done in Ref. [47], yields θ = 2.30^∘ ± 0.09^∘, θ_u = 4.87^∘ ± 0.86^∘, θ_d = 11.71^∘ ± 1.09^∘, and φ = 91.1^∘ ± 11.8^∘. The smallness of θ or θ_u implies the approximate decoupling between two different flavor mixing channels, while the fact φ ≈ π/2 might have a deeper meaning for CP violation in the standard model (see section 4).

The dynamics of flavor mixing can easily be understood by considering certain limiting cases in (3.29). In the limit θ → 0 the flavor mixing exists only between the first and second families, described by a single (overall) mixing angle [32] – the Cabibbo angle θ_C (i.e., s_C ≡ sin θ_C = |V_{us}| = |V_{cd}|):

s_C = | | |s_uc_d − c_us_de^{−i}φ | | | . (3.31)

Note that the Cabibbo angle (or the matrix element V_{us} or V_{cd}) is indeed a superposition of two terms including a phase. This feature comes up naturally in the hierarchical approach of quark mass matrices [3, 4], since the limit θ → 0 is essentially equivalent to the heavy quark limit m_t → ∞, m_b → ∞. Note also that (3.31) defines a triangle in the complex plane, denoted as the light-quark triangle (see Fig. 3.3(a) for illustration). The limit θ → 0, in which a variety of interesting patterns of quark mass matrices predict [8]

tan θ_u = √ m_u m_c , tan θ_d = √ m_d m_s , (3.32)

is very close to the reality (see section 4.3). It assures that the light-quark triangle is approximately congruent with the rescaled unitarity triangle △_s, as to be shown later.

As we have pointed out, the unitarity triangle △_s is of particular interest for B-meson physics and CP violation. Rescaling the three sides of △_s by V^∗_{cb}, we obtain

|V^∗_{ub}V_{ud}| : |V^∗_{cb}V_{cd}| : |V^∗_{tb}V_{td}| ≈ s_uc_d : s_C : s_d (3.33)

as a good approximation (with an error of a few percent). The rescaled unitarity triangle △_s is illustrated in Fig. 3.3(b). Comparing this triangle with the light-quark triangle s_C � � � � � � � � � � � � s_uc_d HHH HHH HHH HHH H H_{cusd} φ

(a) s_C � � � � � � � � � � � � s_uc_d HHH HHH HHH HHH H H_{sd} γ β α

(b) Figure 3.3: The light-quark triangle (a) and the rescaled unitarity triangle (b) in the complex plane.

shown in Fig. 3.3(a), we find that they are indeed congruent with each other to a high degree of accuracy [43, 48]^5. The congruent relation between these two triangles is particularly interesting, since the light-quark triangle is essentially a feature of the physics of the first two quark families, while the unitarity triangle is linked to all three families and describes CP violation. As a straightforward result, α ≈ φ holds. The other two angles of the unitarity triangle (i.e., β and γ) can then be predicted in terms of φ and the sides of the light-quark triangles, which may be simple functions of light quark mass ratios as indicated in (3.32). Note that both the light-quark triangle and the rescaled unitarity triangle are approximately independent of the renormalization-group effects [8, 48]. Hence information about the CP -violating angles α, β and γ obtained at low-energy scales can directly be extended to an arbitrary high-energy scale, at which a dynamical understanding of quark mass generation and CP violation might be available.

Taking the relationship in (3.33) and the approximate congruency between the unitarity triangles △_c and △_s (see Fig. 3.1) into account, we find that the parametrization (3.29) takes an instructive leading-order form: V ≈ e^{−iα} s_Ce^{iγ} s_us s_Ce^{iβ} 1 s −s_ds −s 1 . (3.34)

The values of α, β and γ can therefore be given in terms of s_u, s_d and s_C.

Finally it is worth pointing out that there exist simple relations between the mixing parameters in (3.29) and those in (3.28). In particular φ = 90^∘ implies η^2 ≈ ρ(1 − ρ), on the condition 0 < ρ < 1 [43]. In this interesting case, of course, the flavor mixing matrix can fully be described in terms of only three independent parameters.

In summary, the parametrization (3.29) has many distinctions and advantages compared with other representations. We therefore highlight its usefulness in the description of flavor mixing and CP violation, in particular, for the studies of quark mass matrices and B-meson physics.

5Strictly, the mixing angles θu and θd in the light-quark triangle should be redefined in accordance with the limit θ → 0. We have omitted this redefinition, because corrections from θ ≠ 0 are tiny. This point will be seen more clearly in sections 4.2 and 4.3, where we derive both the light-quark triangle and the unitarity triangle from a realistic texture of quark mass matrices.

4 Realistic schemes of quark mass matrices

4.1 Generic Hermitian mass matrices

For a deeper understanding of the quark flavor mixing and CP -violating phenomena, it is desirable to study the properties of the quark mass matrices M_{u,d}, whose textures are completely unknown within the standard electroweak model. A theory more fundamental than the standard model should be able to determine M_u and M_d exclusively, such that the associated physical parameters (six quark masses, three flavor mixing angles, and one CP - violating phase) could be predicted. Attempts in this direction, e.g., those starting from supersymmetric grand unified theories and from superstring theories, have so far proved not to be very successful [49]. Phenomenologically the natural approach is to look for the simplest pattern of M_u and M_d, which can result in self-consistent and experimentallyfavored relations between quark masses and flavor mixing parameters. The discrete flavor symmetries hidden in such mass matrix textures might finally provide useful hints towards the dynamics of quark mass generation and CP violation in a more fundamental theoretical framework.

Before discussing a variety of specific patterns, we first make some analyses of the general quark mass matrices and their consequences for flavor mixing and CP violation. It is worth remarking that the mass matrices M_u and M_d can be taken to be Hermitian, without loss of generality, in the standard model or its extensions which have no flavorchanging right-handed currents. The essential point is that the right-handed fields in the Lagrangians of such models are SU(2) singlets. Therefore it is always possible to choose a suitable basis of the right-handed quarks, so that the resultant up- and down-type mass matrices become Hermitian. Such a redefinition of the right-handed fields does not alter the rest of the Lagrangians, i.e., it keeps the generality of the relevant physics of the model. For this reason we shall simply assume M_u and M_d to be Hermitian mass matrices in the following.

A general Hermitian mass matrix M_q (for q = u or d) can be written as

M_q =

E_q D_q F_q D^∗_q C_q B_q F^∗_q B^∗_q A_q

. (4.1)

Note that physics is invariant under a common unitary transformation of M_u and M_d, i.e., M_q → SM_qS^†, where S is an arbitrary unitary matrix. Using this freedom, one can always arrange F_u and F_d to vanish and obtain the following form of M_q [43]:

M_q =

E_q D_q 0 D^∗_q C_q B_q 0 B^∗_q A_q

. (4.2)

The condition F_u = F_d = 0, which imposes four constraints on S, can always be fulfilled, as S generally consists of nine parameters (three mixing angles and six complex phases). This implies that by going from (4.1) to (4.2) the generality of the physics remains. The basis in which the mass matrices take the form (4.2) is a particularly interesting basis of the quark flavor space. The texture zeros of M_u and M_d in this basis allows the absence of direct mixing between the heavy quark (t or b) and the light quark (u or d). Such a feature seems quite natural from the phenomenological point of view, but it does not imply any special relations among mass eigenvalues and flavor mixing parameters. Note that M_u and M_d in (4.2) totally have twelve nontrivial parameters (ten moduli and two phase differences [50]), thus no definite prediction can be obtained for the flavor mixing matrix.

It is worth remarking that the specific description of flavor mixing given in (3.29) can naturally be obtained from the diagonalization of M_{u,d} in (4.2). The latter can in the absence of complex phases be diagonalized by a 3 × 3 orthogonal matrix, described only by two rotation angles in the hierarchy limit of quark masses [51]. First, the offdiagonal element B_q is rotated away by a rotation matrix R_{23} between the second and third families. Then the element D_q is rotated away by a transformation R_{12} between the first and second families. No rotation between the first and third families is necessary in either the limit m_u → 0, m_d → 0 or the limit m_t → ∞, m_b → ∞. In reality one needs an additional transformation R_{31} with a tiny rotation angle to fully diagonalize M_q. Note, however, that the rotation sequence (R^u_{12}R^u_{23})(R^d_{12}R^d_{23})^T is enough to describe the 3 × 3 real flavor mixing matrix, as the effects of R^u_{31} and R^d_{31} can always be absorbed into this sequence through redefining the relevant rotation angles. By introducing a complex phase angle into the rotation combination (R^u_{23})(R^d_{23})^T, we are then able to arrive at the representation of quark flavor mixing in (3.29). Although we have derived this particular parametrization in a heuristic way from the hierarchical mass matrices in (4.2), we should like to emphasize that (3.29) is a model-independent description of any 3 × 3 flavor mixing matrix.

Now we start from the Hermitian mass matrices (4.2) to derive the flavor mixing angles (θ_u, θ_d, θ) and the CP -violating phase (φ). Note that M_q can be decomposed into M_q = P^†_q M_qP_q, where

M_q =

E_q |D_q| 0 |D_q| C_q |B_q| 0 |B_q| A_q

(4.3)

is a real symmetric matrix, and P_q = Diag{1, e^{iϕDq} , e^{i(ϕBq+ϕDq )}} with ϕ_{Dq} = arg(D_q) and ϕ_{Bq} = arg(B_q) is a diagonal phase matrix. For simplicity we shall neglect the subscript “q” in the following, when it is unnecessary to distinguish between the up and down quark sectors. M can be diagonalized by use of the orthogonal transformation O^TMO = Diag{λ_1, λ_2, λ_3}, where λ_i (i = 1, 2, 3) are quark mass eigenvalues and may be either positive or negative. As a result, we have 3∑ i=1 λ_i = A + C + E , 3∏ i=1 λ_i = ACE − A|D|^2 − E|B|^2 , 3∑ i=1 λ^2_i = A^2 + 2|B|^2 + C^2 + 2|D|^2 + E^2 . (4.4)

It is a simple exercise to solve the nine matrix elements of O in terms of the parameters of quark mass matrices. Explicitly, three diagonal elements of O read [8]^6 :

O_{11} = [ 1 + ( λ_1 − E |D| )_2 + ( |B| |D| · λ_1 − E λ_1 − A )_2]−1/2 ,

O_{22} = [ 1 + ( |D| λ_2 − E

)_2 + ( |B| λ_2 − A )_2]−1/2 ,

O_{33} = [ 1 + ( λ_3 − A |B| )_2 + ( |D| |B| · λ_3 − A λ_3 − E )_2]−1/2 ; (4.5)

and then six off-diagonal elements of O can be obtained from the relations

O_{2i} = λ_i − E |D| O_{1i} , O_{3i} = |B| λ_i − A O_{2i} . (4.6)

The flavor mixing matrix turns out to be V ≡ O^T_u (P_uP^†_d )O_d. More specifically, we have

V_{iα} = O^u_{1i}O^d_{1α} + O^u_{2i}O^d_{2α}e^{iϕ1} + O^u_{3i}O^d_{3α}e^{i(ϕ1+ϕ2)} , (4.7)

where ϕ_1 ≡ ϕ_{Du} − ϕ_{Dd} and ϕ_2 ≡ ϕ_{Bu} − ϕ_{Bd}; and the Latin subscript i and the Greek subscript α run over (u, c, t) and (d, s, b), respectively.

To link the parameters of flavor mixing with those of quark mass matrices in an analytically concise way, we first define four dimensionless quantities:

X_u ≡ | | | | | | |D_u| λ^u_1 − E_u · |D_d| ( λ^d_3 − A_d ) |B_d| ( λ^d_3 − E_d ) + λ^d_3 − A_d |B_d| e^{iϕ1} + |B_u| λ^u_1 − A_u e^{i(ϕ1+ϕ2)} | | | | | | ,

Y_u ≡ | | | | | | |D_u| λ^u_2 − E_u · |D_d| ( λ^d_3 − A_d ) |B_d| ( λ^d_3 − E_d ) + λ^d_3 − A_d |B_d| e^{iϕ1} + |B_u| λ^u_2 − A_u e^{i(ϕ1+ϕ2)} | | | | | | ; (4.8)

and (X_d, Y_d) can directly be obtained from (X_u, Y_u) through the subscript exchange u ↔ d in (4.8). After a lengthy but straightforward calculation, we arrive at

tan θ_u =

O^u_{21} O^u_{22} · X_u Y_u , tan θ_d =

O^d_{21} O^d_{22} · X_d Y_d

, (4.9) and sin θ = [ (O^u_{21})^2X^2_u + (O^u_{22})^2Y^2_u

]_1/_2 O^d_{33} , = [ (O^d_{21})^2X^2_d + (O^d_{22})^2Y^2_d

]_1/_2 O^u_{33} , (4.10)

6Here and hereafter, the off-diagonal elements B and D are both taken to be nonvanishing. The relevant calculations will somehow be simplified if one of them vanishes.

where O_{21}, O_{22} and O_{33} for up and down sectors have been given in (4.5) and (4.6). Also an indirect relation between φ and ϕ_{1,2} can be obtained as follows:

cos φ = s^2_uc^2_dc^2 + c^2_us^2_d − |V_{us}|^2 2s_uc_us_dc_dc

, (4.11)

where

|V_{us}| = O^u_{11}O^d_{22} | | | | |D_d| λ^d_2 − E_d + λ^u_1 − E_u |D_u| e^{iϕ1} ( 1 + |B_u| λ^u_1 − A_u · |B_d| λ^d_2 − A_d e^{iϕ2} )| | | . (4.12)

If the hierarchies of the matrix elements and mass eigenvalues of M_{u,d} are taken into account, one can see that the effect of ϕ_2 on |V_{us}| is strongly suppressed and thus negligible. Fitting |V_{us}| with current data should essentially determine the magnitude of ϕ_1. Note also that the terms associated with ϕ_1 and ϕ_2 may primarily be cancelled in the ratios X_u/Y_u and X_d/Y_d due to the hierarchical structures of M_u and M_d, hence the dependence of θ_u and θ_d on ϕ_{1,2} could be negligible in the leading order approximation. Although the mixing angle θ may be sensitive to ϕ_1 and ϕ_2 (or one of them), its smallness indicated by current data makes the factor cos θ in the denominator of cos φ completely negligible. As a result, (4.11) and (4.12) imply that the CP -violating phase φ depends dominantly on ϕ_1 through |V_{us}|, unless the magnitude of ϕ_1 is very small. Without fine-tuning, we find that a delicate numerical analysis does support the argument made here, i.e., ϕ_2 plays a negligible role for CP violation in V , because of the hierarchy of quark masses. The observed CP violation is linked primarily to the phases in the (1,2) and (2,1) elements of the quark mass matrices.

4.2 Symmetry limits of quark masses

Given Hermitian mass matrices of the form (4.2), one may consider two useful symmetry limits of quark masses and analyze their corresponding consequences on the flavor mixing angles.

The chiral limit of quark masses In the limit m_u → 0, m_d → 0 (“chiral limit”), where both the up- and down-type quark mass matrices have zeros in the positions (1, 1), (1, 2), (2, 1), (1, 3) and (3, 1), the flavor mixing angles θ_u and θ_d vanish. Only the θ rotation affecting the heavy quark sector remains, i.e., the flavor mixing matrix effectively takes the form V̂ = ( cos θ̂ sin θ̂ − sin θ̂ cos θ̂ ) , (4.13)

where θ̂ denotes the value of θ which one obtains in the limit θ_u → 0, θ_d → 0. We see that V̂ is a real orthogonal matrix, arising naturally from V in the chiral limit.

The flavor mixing angle θ̂ can be derived from Hermitian quark mass matrices of the following general form (in the limit m_u → 0, m_d → 0):

M̂_q = ( Ĉ_q B̂_q B̂∗_q Â_q ) , (4.14) where |Â_q| ≫ |B̂_q|, |Ĉ_q|; and q = u (up) or d (down). Note that the phase difference between B̂_u and B̂_d, denoted as κ ≡ arg(B̂_u) − arg(B̂_d), has no effect on CP symmetry in the chiral limit, but it may affect the magnitude of θ̂. It is known that current data on the top-quark mass and the B-meson lifetime disfavor the special case Ĉ_u = Ĉ_d = 0 for M̂_u and M̂_d, hence we take Ĉ_q ≠ 0 and define a ratio r̂_q ≡ |B̂_q|/Ĉ_q for convenience. Then we can obtain the flavor mixing angle θ̂, in terms of the quark mass ratios m_c/m_t, m_s/m_b and the parameters r̂_u, r̂_d, by diagonalizing the mass matrices in (4.14). In the next-to-leading order approximation, sin θ̂ reads

sin θ̂ = | | | |r̂^d m_s m_b ( 1 − δ̂_d ) − r̂_u m_c m_t ( 1 − δ̂_u ) e^{iκ} | | | | , (4.15)

where two correction terms are given by

δ̂_u = ( 1 + r̂^2_u ) mc m_t , δ̂_d = ( 1 + r̂^2_d ) ms m_b . (4.16)

In view of the fact m_s/m_b ∼ O(10) m_c/m_t from current data [1], we find that the flavor mixing angle θ̂ is primarily linked to m_s/m_b provided |r̂_u| ≈ |r̂_d|. Note that in specific models, e.g., those describing the mixing between the second and third families as an effect related to the breaking of an underlying “democratic symmetry” [52], the ratios r̂_u and r̂_d are purely algebraic numbers (such as |r̂_u| = |r̂_d| = 1/ √ 2 or √ 2). For illustration, we take r̂_u = r̂_d ≡ r̂ to fit the experimental result sin θ̂ = 0.040±0.002 with the typical inputs m_b/m_s = 26 − 36 and m_t/m_c ∼ 250. It is found that the favored value of |r̂| varies in the range 1.0 – 2.5, dependent weakly on the phase parameter κ.

Note that both m_s/m_b and m_c/m_t evolve with the energy scale (see section 4.7 for a detailed discussion), therefore θ̂ itself is also scale-dependent.

The heavy quark limit The limit m_t → ∞, m_b → ∞ is subsequently referred to as the “heavy quark limit”. In this limit, in which the (3, 3) elements of the up- and down-type mass matrices formally approach infinity but all other matrix elements are fixed, the angle θ vanishes. The flavor mixing matrix, which is nontrivial only in the light quark sector, takes the form:

Ṽ = ( c̃_u s̃_u −s̃_u c̃_u ) ( e^{−iφ̃} 0 0 1 ) ( c̃_d −s̃_d s̃_d c̃_d )

= ( s̃_us̃_d + c̃_uc̃_de^{−iφ̃} s̃_uc̃_d − c̃_us̃_de^{−iφ̃} c̃_us̃_d − s̃_uc̃_de^{−iφ̃} c̃_uc̃_d + s̃_us̃_de^{−iφ̃} ) . (4.17)

where s̃_u = sinθ̃_u, c̃_u = cosθ̃_u, and so on. The angles θ̃_u and θ̃_d are the values for θ_u and θ_d obtained in the heavy quark limit. Since the (t, b) system is decoupled from the (c, s) and (u, d) systems, the flavor mixing can be described as in the case of two families. Therefore the mixing matrix Ṽ is effectively given in terms of only a single rotation angle, the Cabbibo angle θ_C:

sin θ_C =| s̃_uc̃_d − c̃_us̃_d e^{−iφ̃} | . (4.18)

Of course Ṽ (θ_C) is essentially a real matrix, because its complex phases can always be rotated away by redefining the quark fields.

We stress that the heavy quark limit, which carries the flavor mixing matrix V to its simplified form Ṽ , is not far from the reality, since 1−c ≈ 0.1% holds [43]. Therefore θ_u, θ_d and φ are expected to approach θ̃_u, θ̃_d and φ̃ rapidly, as θ → 0, corresponding to m_t → ∞ and m_b → ∞. However, the concrete limiting behavior depends on the specific algebraic structure of the up- and down-type mass matrices. If two Hermitian mass matrices have the parallel hierarchy with texture zeros in the (1,1) (2,2), (1,3) and (3,1) elements [4], for example, the magnitude of θ is suppressed by the terms proportional to 1/ √ m_t and 1/ √ m_b; and if the (2,2) elements are kept nonvanishing and comparable in magnitude with the (2,3) and (3,2) elements [8], then θ is dependent on 1/m_t and 1/m_b.

The angles θ̃_u and θ̃_d as well as the phase φ̃ are well-defined quantities in the heavy quark limit. The physical meaning of these quantities can be seen more clearly, if we take the up and down mass matrices to be of the following specific and realistic structure in the symmetry limit (i.e., m_t → ∞ and m_b → ∞) [3]:

M̃_q = ( 0 B̃_q B̃∗_q Ã_q ) . (4.19)

The diagonalization of M̃_u and M̃_d leads to the Cabibbo-type mixing

sin θ_C = | R_u − R_d e^{−iψ} | , (4.20)

where

R_u = √ m_u m_u + m_c √ m_s m_d + m_s , R_d = √ m_c m_u + m_c √ m_d m_d + m_s

, (4.21)

and ψ ≡ arg(B̃_u) − arg(B̃_d) denotes the relative phase between the off-diagonal elements B̃_u and B̃_d (in the limit m_u → 0 this phase can be absorbed through a redifinition of the quark fields). We find that the same structure for the Cabibbo-type mixing matrix has been obtained as in the decoupling limit discussed above. If we set

tan θ̃_u = √ m_u m_c , tan θ̃_d = √ m_d m_s , (4.22)

and φ̃ = ψ for (4.18), then the result in (4.20) and (4.21) can exactly be reproduced.

Indeed the relation in (4.18) or (4.20), analogous to that in (3.31), defines a triangle in the complex plane (see Fig. 4.1 and Fig. 3.3 for illustration), which has been named as the “light-quark triangle”(LT) in section 3.6. Taking into account the central values of the Cabibbo angle (sin θ_C = |V_{us}| = 0.2205 [1]) and the light quark mass ratios (m_s/m_d = 18.8 and m_c/m_u = 265 [10, 11], we can calculate the phase parameter from (4.20) and obtain sin θ_C � � � � � � � � � � � � R_u HHH HHH HHH HHH H H_R d φ̃

Figure 4.1: The light-quark triangle (LT) in the complex plane.

φ̃ = ψ ≈ 79^∘. If we allow the mass ratios and θ_C to vary in their ranges given above, then φ̃ may vary in the range 38^∘ to 115^∘. We find that φ̃ has a good chance to be around 90^∘. The case φ̃ ≈ 90^∘ (i.e., the LT is rectangular) is of special interest, as we shall see later, since it implies that the area of the unitarity triangle of flavor mixing takes its maximum value for the fixed quark mass ratios – in this sense, the CP symmetry of weak interactions would be maximally violated.

It is worth remarking that the quark mass ratios m_d/m_s and m_u/m_c are essentially independent of the renormalization-group effect from the weak scale to a superhigh scale (or vice versa), so is the Cabibbo angle θ_C. As a result the sides and angles of the LT are to a very good degree of accuracy scale-independent. This interesting feature of the light quark sector implies that the prediction for θ̃_u and θ̃_d from quark mass matrices at any high energy scale (e.g., μ ∼ 10^{16} GeV) can directly be confronted with the low-scale experimental data.

The two symmetry limits discussed above are both not far from the reality, in which the strong hierarchy of quark masses (m_u ≪ m_c ≪ m_t and m_d ≪ m_s ≪ m_b) has been observed. They will serve as a guide in the subsequent discussions about specific quark mass matrices and their consequences on flavor mixing. In particular one expects that a realistic pattern of 3 × 3 quark mass matrices should naturally reproduce the 2 × 2 textures (4.14) and (4.19), respectively, in the chiral limit and in the heavy quark limit. This observation implies that a specific 3 × 3 texture of the form (4.2) with E_q = 0 might be the best candidate for realistic quark mass matrices, which is able to accommodate the experimental data on quark masses, flavor mixing and CP violation. A detailed analysis of this texture will be given later on.

4.3 A Hermitian scheme with four texture zeros

In order to get predictions for the flavor mixing angles and CP violation, we proceed to specify the general Hermitian mass matrices in (4.2) by taking E_u = E_d = 0:

M_u =

0 D_u 0 D^∗_u C_u B_u 0 B^∗_u A_u ,

M_d =

0 D_d 0 D^∗_d C_d B_d 0 B^∗_d A_d

. (4.23)

Then M_u and M_d totally have four texture zeros (here a pair of off-diagonal texture zeros are counted, due to the Hermiticity, as one zero). As remarked above, the texture zeros in (1,3) and (3,1) positions of a general Hermitian mass matrix can always be arranged. Thus the physical constraint is as follows: In the flavor basis in which (1,3) and (3,1) elements of M_{u,d} vanish, the (1,1) element of M_{u,d} vanishes as well. This may be true only at a particular energy scale. The vanishing of the (1,1) element can be viewed as a result of an underlying flavor symmetry, which may either be discrete or continuous. In the literature a number of such possibilities have been discussed (see, e.g., Refs. [48]–[53]). Here we shall not discuss further details in this respect, but concentrate on the phenomenological consequences of M_u and M_d on flavor mixing and CP violation.

Flavor mixing angles Now we start from (4.23) to calculate the flavor mixing matrix. Here again we take C_q ≠ 0 and define |B_q|/C_q ≡ r_q for each quark sector. The magnitude of r_q is expected to be of O(1). The parameters A_q, |B_q|, C_q and |D_q| of M_q can be expressed in terms of the quark mass eigenvalues and r_q. Applying such results to the general formulas listed in (4.9) and (4.10), we get three mixing angles of V as follows:

tan θ_u = √ m_u m_c (1 + Δ_u) ,

tan θ_d = √ m d m_s (1 + Δ_d) , (4.24) and sin θ = | | | |r^d m_s m_b (1 − δ_d) − r_u m_c m_t (1 − δ_u) e^{iϕ2} | | | | , (4.25)

where the next-to-leading order corrections read

Δ_u = √ m_cm_d m_um_s m_s m_b | | | | |Re [ e^{iϕ1} − r_u r_d · m_cm_b m_tm_s e^{i(ϕ1+ϕ2)} ]_{−1}| | | | , Δ_d = √ m um_s m_cm_d m_c m_t | | | | |Re [ e^{iϕ1} − r_d r_u · m_tm_s m_cm_b e^{i(ϕ1+ϕ2)} ]_{−1}| | | | ; (4.26)

as well as

δ_u = m_u m_c + ( 1 + r^2_u ) mc m_t , δ_d = m_d m_s + ( 1 + r^2_d ) ms m_b . (4.27)

Clearly the result for δ̂_{u,d} in (4.16) can be reproduced from δ_{u,d} in (4.27) if one takes the chiral limit m_u → 0, m_d → 0. From (4.25) we also observe that the phase ϕ_2 is only associated with the small quantity m_c/m_t in sin θ. To get the relationship between φ and ϕ_1 or ϕ_2, we first calculate |V_{us}| from quark mass matrices by use of (4.12). We obtain |V_{us}| = ( 1 − 1 2 m_u m_c − 1 2 m_d m_s ) | | | √ m d m_s − √m u m_c e^{iϕ1} | | | | , (4.28)

in the next-to-leading order approximation. Note that this result can also be achieved from (4.20) and (4.21), which were obtained in the heavy quark limit. Confronting (4.28) with current data on |V_{us}| leads to the result ϕ_1 ∼ 90^∘, as we have pointed out before. Therefore cos ϕ_1 is expected to be a small quantity. Then we use (4.11) together with (4.24) and (4.28) to calculate cos φ. In the same order approximation, we arrive at

cos φ = √ m um_s m_cm_d Δ_u + √ m_cm_d m_um_s Δ_d + (1 − Δ_u − Δ_d) cos ϕ_1 . (4.29)

The contribution of ϕ_2 to φ is substantially suppressed at this level of accuracy.

For simplicity, we proceed by taking r_u = r_d ≡ r, which holds in some aforementioned models with natural flavor symmetries [52]. Then sin θ becomes proportional to a universal parameter |r|. In view of the fact m_s/m_b ∼ O(10) m_c/m_t, we find that the result in (4.26) can be simplified as

Δ_u = √ m cm_d m_um_s m_s m_b cos ϕ_1 ,

Δ_d = 0 . (4.30)

Also the relation between φ and ϕ_1 in (4.29) is simplified to

cos φ = ( 1 + m_s m_b ) cos ϕ_1 . (4.31)

As m_s/m_b ∼ 4%, it becomes apparent that φ ≈ ϕ_1 is a good approximation. With these results one may further calculate the rephasing-invariant CP -violating parameter J defined in (3.11). We confirm that the magnitude of J is dominated by the sin ϕ_1 term and receives one-order smaller corrections from the sin(ϕ_1 ± ϕ_2) terms. As a result, J ≈ |r|^2 √ m_u m_c √ m_d m_s ( m_s m_b )_2 sin ϕ_1 (4.32)

holds to a good degree of accuracy. Clearly J ∼ O(10^{−5}) × sin ϕ_1 with sin ϕ_1 ∼ 1 is favored by the current experimental data.

The result of J in (4.32) might give one an impression that CP violation is absent if either m_u or m_d vanishes. This is not exactly true, however. If we set m_u = 0, J is not zero, but it becomes dependent on sin ϕ_2 with a factor which is about two orders of magnitude smaller (i.e., of order 10^{−7}): J ≈ |r|^2 m_c m_t · m_d m_s ( m_s m_b )_2 sin ϕ_2 . (4.33)

Certainly this possibility has been ruled out by the present experimental data (i.e., both m_u and m_d must be different from zero).

Note also that the texture of M_u and M_d in (4.23) predicts

tan θ_u = | | | | V_{ub} V_{cb} | | | | = √ m_u m_c (1 + Δ_u) ,

tan θ_d = | | | | V_{td} V_{ts} | | | | = √ m_d m_s (1 + Δ_d) . (4.34)

|V_{cd}| � � � � � � � � � � � � S_u HHH HHH HHH HHH H H_S d γ β α

Figure 4.2: The rescaled unitarity triangle (UT) in the complex plane.

In B-meson physics, |V_{ub}/V_{cb}| can be determined from the ratio of the decay rate of B → (π, ρ)lν_l to that of B → D^∗lν_l ; and |V_{td}/V_{ts}| can be extracted from the ratio of the rate of B^0_d-B̄^0_d mixing to that of B^0_s -B̄^0_s mixing [43].

The unitarity triangle We are now in a position to calculate the unitarity triangle (UT) of quark flavor mixing defined by the orthogonality relation

V^∗_{ub}V_{ud} + V^∗_{cb}V_{cd} + V^∗_{tb}V_{td} = 0 , (4.35)

i.e., the triangle △_s in Fig. 3.1. The three inner angles of this triangle are denoted as α, β and γ in (3.20). Three sides of Δ_s can be rescaled by V^∗_{cb} (see Fig. 3.3(b) and Fig. 4.2 for illustration). The resultant triangle reads |V_{cd}| = | | |S_d − S_u e^{−i}α | | | , (4.36)

where S_u = |V_{ub}V_{ud}/V_{cb}| and S_d = |V_{tb}V_{td}/V_{cb}|. After some calculations we obtain S_u, S_d and α from M_u and M_d in the next-to-leading order approximation [8]:

S_u = √ m_u m_c ( 1 − 1 2 m_u m_c − 1 2 m_d m_s + √ m_cm_d m_um_s m_s m_b cos ϕ_1 + √ m_um_d m_cm_s cos ϕ_1 ) , S_d = √ m_d m_s ( 1 + 1 2 m_u m_c − 1 2 m_d m_s ) ; (4.37) and sin α = ( 1 − √ m_um_d m_cm_s cos ϕ_1 ) sin ϕ_1 . (4.38)

A comparison of the rescaled UT in Fig. 4.2 with the LT in Fig. 4.1, which is obtained in the heavy quark limit, is interesting. We find

S_u − R_u R_u = ( 1 + m_cm_s m_um_b ) √ m_um_d m_cm_s cos φ̃ ,

S_d − R_d R_d = m_u m_c , sin α − sin φ̃ sin φ̃ = − √ m_um_d m_cm_s cos φ̃ , (4.39)

which are of order 15% cos φ̃, 0.4% and 1.4% cos φ̃, respectively. Obviously R_d ≈ S_d is an excellent approximation, and α ≈ φ̃ ≈ φ is a good approximation. As φ (or φ̃) is expected to be close to 90^∘, R_u ≈ S_u should also be accurate enough in the next-to-leading order estimation. Therefore the light-quark triangle is essentially congruent with the rescaled unitarity triangle! This result has two straightforward implications: first, CP violation is an effect arising primarily from the light quark sector; second, the CP - violating observables (α, β, γ) can be predicted in terms of the light quark masses and the phase difference between up and down mass matrices [48]. If we use the value of |V_{cd}|, which is expected to be equal to |V_{us}| within the 0.1% error bar [38], then all three angles of the unitarity triangle can be calculated in terms of m_u/m_c, m_d/m_s and |V_{cd}| to a good degree of accuracy.

The three inner angles of the UT (α, β and γ) will be determined at B-meson factories, e.g., from the CP asymmetries in B_d → π^+π^−, B_d → J/ψK_S and B^±_u → (D^0, D̄^0)+K^{(∗)±} decays [54]. The characteristic measurable quantities are sin(2α), sin(2β) and sin^2 γ, respectively. For the purpose of illustration, we typically take |V_{us}| = |V_{cd}| = 0.22, m_u/m_c = 0.0056, m_d/m_s = 0.045 and m_s/m_b = 0.033 to calculate these three CP - violating parameters from the LT and from the rescaled UT separately. Both approaches lead to α ≈ 90^∘, β ≈ 20^∘ and γ ≈ 70^∘, which are in good agreement with the results obtained from the standard analysis of current data on |V_{ub}/V_{cb}|, ϵ_K , B^0_d-B̄^0_d mixing and B^0_s -B̄^0_s mixing [47]. Note that among three CP -violating observables only sin(2β) is remarkably sensitive to the value of m_u/m_c, which involves quite large uncertainty (e.g., sin(2β) may change from 0.4 to 0.8 if m_u/m_c varies in the range 0.002 to 0.01). For this reason we emphasize again that the numbers given above can only serve as an illustration. A more reliable determination of the quark mass values is crucial, in order to test the patterns of quark mass matrices in a numerically decisive way [55].

It is also worth mentioning that the result tan θ_d = √ m_d/m_s is particularly interesting for the mixing rates of B^0_d-B̄^0_d and B^0_s -B̄^0_s systems, measured by x_d and x_s respectively. The ratio x_s/x_d amounts to |V_{ts}/V_{td}|^2 = tan^{−2} θ_d multiplied by a factor χ_{su(3)} = 1.45 ± 0.13, which reflects the SU(3)_{flavor} symmetry breaking effects [56]. As x_d = 0.723 ± 0.032 has been well determined [1], the prediction for the value of x_s is

x_s = x_d χ_{su(3)} m_s m_d = 19.8 ± 3.5 , (4.40)

where m_s/m_d = 18.9 ± 0.8, obtained from the chiral perturbation theory [11], has been used. This result is certainly consistent with the present experimental bound on x_s, i.e., x_s > 14.0 at the 95% confidence level [1]. A measurement of x_s ∼ 20 may be realized at the forthcoming HERA-B and LHC-B experiments.

Further discussions Finally let us make some further remarks on the quark mass matrices (4.23), its phenomenological hints and its theoretical prospects.

(1) Naively one might not expect any prediction from the four-texture-zero mass matrices in (4.23), since they totally consist of ten free parameters (two of them are the phase differences between M_u and M_d). This is not true, however, as we have seen. We find that two predictions, tan θ_u ≈ √ m_u/m_c and tan θ_d ≈ √ m_d/m_s , can be obtained in the leading order approximation. In some cases the latter may even hold in the next-to-leading order approximation, as shown in (4.30). Note again that these two relations, as a consequence of the hierarchy and the texture zeros of quark mass matrices, are essentially independent of the renormalization-group effects. This interesting scale-independent feature has also manifested itself in the LT and the rescaled UT, as well as their inner angles (α, β, γ).

(2) It remains to be seen whether the interesting possibility φ ≈ ϕ_1 ≈ 90^∘, indicated by current data of quark masses and flavor mixing, could arise from an underlying flavor symmetry or a dynamical symmetry breaking scheme. Some speculations about this problem have been made (see, e.g., Refs. [8, 48] and Refs. [57, 58]). However, no final conclusion has been reached thus far. It is remarkable, nevertheless, that we have at least observed a useful relation between the area of the UT (A_{UT}) and that of the LT (A_{LT}) to a good degree of accuracy [8]:

A_{UT} ≈ |V_{cb}|^2A_{LT} ≈ sin^2 θ A_{LT} . (4.41)

Since A_{UT} = J /2 measures the magnitude of CP violation in the standard model, we conclude that CP violation is primarily linked to the light quark sector. This is a natural consequence of the strong hierarchy between the heavy and light quark masses, which is on the other hand responsible for the smallness of J or A_{UT} .

(3) Is it possible to derive the quark mass matrix (4.23) in an underlying theoretical framework? To answer this question we first specify the hierarchical structure of M_q in terms of the mixing angle θ_q (for q = d or s). Adopting the radiant unit for the mixing angles (i.e., θ_u ≈ 0.085, θ_d ≈ 0.204 and θ ≈ 0.040), we have m_u m_c ∼ m_c m_t ∼ θ^2_u , m_d m_s ∼ m_s m_b ∼ θ^2_d . (4.42)

Then the mass matrices M_u and M_d, which have the mass scales m_t and m_b respectively, take the following parallel hierarchies:

M_u ∼ m_t

0 θ^3_u 0 θ^3_u θ^2_u θ^2_u 0 θ^2_u 1 ,

M_d ∼ m_b

0 θ^3_d 0 θ^3_d θ^2_d θ^2_d 0 θ^2_d 1

, (4.43)

where the relevant complex phases have been neglected. Clearly all three flavor mixing angles can properly be reproduced from (4.43), once one takes θ ≈ θ^2_d ≫ θ^2_u into account. The CP -violating phase φ in V comes essentially from the phase difference between the θ^3_u and θ^3_d terms.

Of course θ_u and θ_d, which are more fundamental than the Cabibbo angle θ_C in our point of view, denote perturbative corrections to the rank-one limits of M_u and M_d respectively. They are responsible for the generation of light quark masses as well as the flavor mixing. They might also be responsible for CP violation in a specific theoretical framework (e.g., a pure real θ_u and a pure imaginary θ_d will lead to a phase difference of about 90^∘ between M_u and M_d, which is just the source of CP violation favored by current data). The small parameter θ_q could get its physical meaning in the Yukawa coupling of an underlying superstring theory: θ_q = ⟨Θ_q⟩/Ω_q, where ⟨Θ_q⟩ denotes the vacuum expectation value of the singlet field Θ_q, and Ω_q represents the unification (or string) mass scale which governs higher dimension operators (see, e.g., Refs. [6, 59, 60]). The quark mass matrices of the form (4.43) could then be obtained by introducing an extra (horizontal) U(1) gauge symmetry or assigning the matter fields appropriately.

It is concluded that the four texture zeros and parallel hierarchies of up and down quark mass matrices do imply specific symmetries, perhaps at a superhigh scale, and have instructive consequences on flavor mixing and CP -violating phenomena. The new parametrization of the flavor mixing matrix that we advocated in (3.29) is particularly useful in studying the quark mass generation, flavor mixing and CP violation.

4.4 Hermitian schemes with five texture zeros

The quark mass matrices M_u and M_d given in (4.23) have parallel structures with four texture zeros. Giving up the parallelism between the structures of M_u and M_d, Ramond, Roberts and Ross (RRR) have found that there exist five phenomenologically allowed patterns of Hermitian quark mass matrices – each of them has five texture zeros [61], as listed in Table 4.1. The RRR patterns I, II and IV can be formally regarded as a special case of the four-texture-zero pattern (4.23), with B_u = 0, C_u = 0 and B_d = 0, respectively. Note that M_u of the RRR pattern III or V has nonvanishing (1,3) and (3,1) elements, therefore these two patterns are essentially different from the mass matrices prescribed in (4.2) or (4.23). As a comparison, here we make some brief comments on consequences of the RRR patterns on the flavor mixing angles θ, θ_u and θ_d.

(a) For the RRR pattern I, the magnitude of sin θ is governed by the (2,3) and (3,2) elements of M_d. Therfore |B_d| ∼ |C_d| is expected, to result in sin θ ∼ m_s/m_b. In the leading order approximation, tan θ_u = √ m_u/m_c and tan θ_d = √ m_d/m_s hold. The nextto-leading order corrections to these two quantities are almost indistinguishable from those obtained in (4.26) and (4.30) for the four-texture-zero ansatz.

(b) The mass matrix M_u of the RRR pattern II takes the well-known form suggested originally in Ref. [4]. To reproduce the experimental value of sin θ, the possibility |B_d| ≫ |C_d| has to be abandoned and the condition |B_d| ∼ |C_d| is required. However, significant cancellation between the term proportional to √ m_c/m_t (from M_u) and that proportional to m_s/m_b (from M_d) in sin θ may take place, if the phase difference between B_u and B_d is vanishing or very small. The leading order results tan θ_u = √ m_u/m_c and tan θ_d = √ m_d/m_s can still be obtained here, but their next-to-leading order corrections may deviate somehow from those obtained in section 4.3.

(c) From the RRR pattern IV one can arrive at sin θ ∼ √ m_c/m_t with the necessary condition |C_u| ≪ |B_u|, since the (2,3) and (3,2) elements of M_d vanish. The results for tan θ_u and tan θ_d are similar to those obtained from the RRR pattern I.

(d) The nonvanishing (1,3) and (3,1) elements of M_u in the RRR pattern III make its prediction for the mixing angles θ_u and θ_d quite different from all patterns discussed above. Analytically one can find tan θ_u ∼ (m_b/m_s) √ m_u/m_t , while tan θ_d is a complicated combination of the terms √ m_d/m_s and (m_b/m_s) √ m_u/m_t with a relative phase. In addition, sin θ ∼ m_s/m_b holds under the condition |B_d| ∼ |C_d|, similar to the RRR pattern I.

Table 4.1: Five RRR patterns of Hermitian quark mass matrices.

Pattern M_u M_d I ( 0 D_u 0

D^∗_u C_u 0 0 0 A_u

) ( 0 D_d 0

D^∗_d C_d B_d 0 B^∗_d A_d )

II ( 0 D_u 0

D^∗_u 0 B_u 0 B^∗_u A_u

) ( 0 D_d 0

D^∗_d C_d B_d 0 B^∗_d A_d )

III ( 0 0 F_u

0 C_u 0 F^∗_u 0 A_u

) ( 0 D_d 0

D^∗_d C_d B_d 0 B^∗_d A_d )

IV ( 0 D_u 0

D^∗_u C_u B_u 0 B^∗_u A_u

) ( 0 D_d 0

D^∗_d C_d 0 0 0 A_d )

V ( 0 0 F_u

0 C_u B_u F^∗_u B^∗_u A_u

) ( 0 D_d 0

D^∗_d C_d 0 0 0 A_d )

(e) For the RRR pattern V, the necessary condition |B_u| ≫ |C_u| is required in order to reproduce sin θ ∼ √ m_c/m_t . Here again the nonvanishing (1,3) and (3,1) elements of M_u result in very complicated expressions for tan θ_u and tan θ_d (even more complicated than those in the RRR pattern III [60]).

For reasons of naturalness and simplicity, we argue that the RRR patterns III and V are unlikely to be good candidates for the quark mass matrices in an underlying theory of fermion mass generation. In analogy with (4.43), we illustrate different magnitudes of the elements of five RRR-type mass matrices approximately in terms of two basic flavor mixing parameters θ_u and θ_d. The results are listed in Table 4.2, where the relevant complex phases of M_u and M_d are neglected. It is clear that the hierarchy of either (up or down) mass matrix can be governed by a single small parameter, whose physical mixing is apparently related to the smallness of the flavor mixing angles.

A numerical illustration of the consequences of five RRR ansätze on flavor mixing and CP violation has been given in Ref. [61]. It is worth remarking that with the same input values of quark mass ratios only one or two of them can be in good agreement with current experimental data. In other words, the five textures cannot simultaneously survive.

4.5 Mass matrices from flavor democracy breaking

Towards an understanding of the hierarchy of quark masses and flavor mixing angles, it has been speculated by a number of authors that the realistic quark mass matrices like that in (4.23) might arise from the flavor democracy symmetry and its explicit breaking [52].

Table 4.2: Approximate forms of real RRR-type quark mass matrices.

Pattern M_u M_d I m_t ( 0 θ_{3u} 0 θ^3_u θ^2_u 0 0 0 1 ) m_b ( 0 θ_{3d} 0 θ^2_d θ^2_d θ^2_d 0 θ^2_d 1 )

II m_t

( 0 θ_{3u} 0 θ^3_u 0 θ_u 0 θ_u 1 ) m_b ( 0 θ_{3d} 0 θ^3_d θ^2_d θ^2_d 0 θ^2_d 1 )

III m_t

( 0 0 θ_{2u} 0 θ^2_u 0 θ^2_u 0 1 ) m_b ( 0 θ_{3d} 0 θ^3_d θ^2_d θ^2_d 0 θ^2_d 1 )

IV m_t

( 0 θ_{3u} 0 θ^3_u θ^2_u θ_u 0 θ_u 1 ) m_b ( 0 θ_{3d} 0 θ^3_d θ^2_d 0 0 0 1 )

V m_t ( 0 0 θ_{2u} 0 θ^2_u θ_u θ^2_u θ_u 1 ) m_b ( 0 θ_{3d} 0 θ^3_d θ^2_d 0 0 0 1 )

Let us describe the basic idea of this approach and give a simple example for illustration.

Under exact S(3)_L × S(3)_R symmetry (i.e., the flavor democracy), the mass spectrum for either up or down quark sector consists of only two levels: one is of two-fold degeneracy with vanishing mass eigenvalues, and the other is nondegenerate and massive. The mass matrix in this “democratic” basis is of rank one and takes the form

M^{(0)}_q = χ_q 3 1 1 1 1 1 1 1 1 1

(4.44)

with χ_u = m_t and χ_d = m_b. Through the orthogonal transformation U_0M^{(0)}q U^†_0 , where

U_0 = 1√ 2 −^{1√}_2 0 1√ 6 1√ 6 −^{2√}_6 1√ 3 1√ 3 1√ 3 , (4.45)

one arrives at another rank-one matrix in the “hierarchical” basis:

M^{(H)}_q = χ_q

0 0 0 0 0 0 0 0 1

, (4.46)

like that in (2.10). Clearly quarks of the first two families are degenerate and massless. The mass matrices M^{(H)}_q and M^{(0)}_q have equivalent physical significance and either of them can be used as a starting symmetry limit to construct the full quark mass matrix. However, we should like to remark that the democratic pattern (4.44) plays an important role in some other aspects of physics, where the mass-gap phenomena have also been observed. For example, in the BCS theory of superconductivity, the energy gap is related to a democratic matrix in the Hilbert space of the Cooper pairs [62]; the pairing force in nuclear physics, which is introduced to explain large mass gaps in nuclear energy levels, has the property that the associated Hamiltonian in the space of nucleon pairs possesses equal mass elements, i.e., it has the structure like M^{(0)}q [63]; the mass pattern of the (π^0, η, η^′) pseudoscalar mesons in QCD can be described by M^{(0)}q in the chiral limit m_u = m_d = 0, where π^0 and η are massless Goldstone bosons but η^′ has a nonvanishing mass as a consequence of the gluon anomaly [64]. Such examples, together with the observed hierarchy in quark and charged lepton mass spectra, might imply that the mass-gap phenomena in physics come in general from analogous dynamical mechanisms with the underlying democracy symmetry.

The S(3)_L × S(3)_R symmetry of M^{(0)}q need be broken to the S(2)_L × S(2)_R symmetry, in order to generate masses of the second-family quarks. For this purpose we consider the following (real) symmetry-breaking correction to M^{(0)}q :

ΔM^{(1)}_q = χ_q 3 0 0 δ_q 0 0 δ_q δ_q δ_q ε_q

, (4.47)

where |δ_q| ≪ 1 and |ε_q| ≪ 1. Diagonalizing M^{(0)}q + ΔM^{(1)}q through the orthogonal transformation which depends on a single rotation angle, one can obtain quark mass eigenvalues of the second and third families. Explicitly,

m_c = χ_u 6 [ 3 + ε_u − √ (1 − ε_u)^2 + 8(1 + δ_u)^2 ] , m_t = χ_u 6 [ 3 + ε_u + √ (1 − ε_u)^2 + 8(1 + δ_u)^2 ] ; (4.48)

and m_s, m_b can similarly be given in terms of ε_d and δ_d. The flavor mixing angle between the second and third quark families, denoted as θ̂, reads as

sin θ̂ = √ 2 9 | | | | (ε^u − ε^d) [ 1 + 1 9 (ε_u + ε_d) ] + (δ_u − δ_d) [ 1 − 8 9 (δ_u + δ_d) ]

− 7 9 (ε_uδ_u − ε_dδ_d) | | | | (4.49)

in the next-to-leading order approximation. We see that the magnitude of this mixing parameter (i.e., |V_{cb}| or |V_{ts}|) is dominated by the linear difference between ε_u and ε_d and (or) that between δ_u and δ_d. Two instructive examples are in order:

(a) δ_q = 0 yielding

sin θ̂ = 1 √ 2 ( m_s m_b − m_c m_t ) [ 1 + 3 2 ( m_s m_b + m_c m_t )] ; (4.50)

(b) δ_q = ε_q yielding

sin θ̂ = √ 2 ( m_s m_b − m_c m_t ) [ 1 + 3 ( m_s m_b + m_c m_t )] . (4.51)

These two cases have been discussed in Refs. [65] and [66], respectively. The latter is more favored by current data on the magnitude of V_{cb}.

To generate masses of the first-family quarks and CP violation, a further (complex) perturbation need be introduced to M^{(0)}q . Then the S(3)_L × S(3)_R symmetry of M^{(0)}q will be broken to S(1)_L × S(1)_R. A simple symmetry-breaking pattern of this category is

ΔM^{(2)}_q = χ_q 3 σ_q cos ϕ_q

1 0 −1 0 −1 1 −1 1 0

+ iσ_q sin ϕ_q

0 1 −1 −1 0 1 1 −1 0

, (4.52)

where |σ_q| ≪ 1. Transforming M^{(0)}q + ΔM^{(1)}q + ΔM^{(2)}q into the heavy basis, we obtain (for the case δ_q = ε_q) the following mass matrices:

M_q = χ_q

0^{1√}_3 σ_qe^{+iϕq} 0 1√ 3 σ_qe^{−iϕq} −^2_9 ε_q −^2 √ 2 9 ε_q

0 −^{2√2}_9 ε_q 1 +^5_9 ε_q

. (4.53)

We see that M_u and M_d totally have four texture zeros, just like the more general pattern given in (4.23). This implies that consequences of the mass matrices in (4.53) on flavor mixing and CP violation can essentially be obtained with the help of the relevant formulas derived from (4.23) in section 4.3; i.e., the former may result from the latter by taking ϕ_1 = ϕ_u − ϕ_d, ϕ_2 = 0 and |r_u| = |r_d| = √ 2 [66]. We find that the results for θ_u, θ_d and angles of the unitarity triangles are almost insensitive to the explicit values of ϕ_2 and |r_u| = |r_d|, which mainly affect the mixing angle θ. The point is simply that the hierarchy of quark masses and the texture of quark mass matrices are enough to determine, at least partly, some features of the flavor mixing. In this sense we emphasize again that the scheme (4.23) definitely has some predictive power for the flavor mixing angles, although it totally involves ten parameters.

Of course there are many other possibilities to break the symmetry of flavor democracy for M^{(0)}q . The corresponding forms of quark mass matrices in the hierarchical basis can be obtained in a straightforward way (see Table 4.3, in which only real perturbations to M^{(0)}q are considered, for illustration). Conversely one may transform a general (Hermitian) mass matrix from the hierarchical basis to the democratic basis, as also shown by the translation “dictionary” in Table 4.3.

4.6 Non-Hermitian textures of mass matrices

The textures of quark mass matrices discussed above all possess the Hermitian feature. In general, however, hermiticity is not a necessary constraint on the up- or down-type mass matrix, or both of them, for any theory of fermion mass generation. Some attention has

Table 4.3: Translations of quark or lepton mass matrices from the “democratic” basis (M_D) into the “hierarchical” basis (M_H), or vice versa.

Democratic pattern MD Hierarchical pattern MH Flavor symmetry of MD c ( 1 1 1 1 1 1 1 1 1 ) =⇒ 3c ( 0 0 0 0 0 0 0 0 1 ) S(3)L × S(3)R

c ( 0 0 0 0 0 0 0 0 ϵ ) =⇒ c ϵ 3 ( 0 0 0 0 2 − √ 2 0 − √ 2 1 ) S(2)L × S(2)R

c ( 0 0 0 0 ϵ 0 0 0 0 ) =⇒ c ϵ 6 ( 3 − √ 3 − √ 6 − √ 3 1 √ 2 − √ 6 √ 2 2 ) S(2)L × S(2)R

c ( ϵ 0 0 0 0 0 0 0 0 ) =⇒ c ϵ 6 ( 3 √ 3 √ 6 √ 3 1 √ 2 √ 6 √ 2 2 ) S(2)L × S(2)R

c ( 0 0 0 0 0 ϵ 0 ϵ 0 ) =⇒ c ϵ 3 √ 2 ( 0 √ 6 − √ 3 √ 6 −2 √ 2 −1 − √ 3 −1 2 √ 2 ) S(1)L × S(1)R

c ( 0 0 ϵ 0 0 0 ϵ 0 0 ) =⇒ c ϵ 3 √ 2 ( 0 − √ 6 √ 3 − √ 6 −2 √ 2 −1 √ 3 −1 2 √ 2 ) S(1)L × S(1)R

c ( 0 ϵ 0 ϵ 0 0 0 0 0 ) =⇒ c ϵ 3 ( −3 0 0 0 1 √ 2 0 √ 2 2 ) S(1)L × S(1)R

Hierarchical pattern MH Democratic pattern MD Flavor symmetry of MD A ( 0 0 0 0 0 0 0 0 1 ) =⇒ A 3 ( 1 1 1 1 1 1 1 1 1 ) S(3)L × S(3)R

B ( 0 0 0 0 0 1 0 1 0 ) =⇒ B 3 √ 2 ( 2 2 −1 2 2 −1 −1 −1 −4 ) S(2)L × S(2)R

C ( 0 0 0 0 1 0 0 0 0 ) =⇒ C 6 ( 1 1 −2 1 1 −2 −2 −2 4 ) S(2)L × S(2)R

D ( 0 1 0 1 0 0 0 0 0 ) =⇒ D √ 3 ( 1 0 −1 0 −1 1 −1 1 0 ) S(1)L × S(1)R

E ( 1 0 0 0 0 0 0 0 0 ) =⇒ E 2 ( 1 −1 0 −1 1 0 0 0 0 ) S(1)L × S(1)R

F ( 0 0 1 0 0 0 1 0 0 ) =⇒ F √ 6 ( 2 0 1 0 −2 −1 1 −1 0 ) S(1)L × S(1)R

recently been paid to the non-Hermitian schemes of quark mass matrices. In the following we illustrate three typical ansätze of this nature.

Nearest-neighbor mixing pattern In the standard electroweak model or its extensions which do not have flavor-changing right-handed currents, it is always possible to find a specific flavor basis in which the arbitrary 3 × 3 quark mass matrices take the nearestneighbor mixing form [67]:

M_u =

0 x_u 0 x^′_u 0 y_u 0 y^′_u z_u ,

M_d =

0 x_d 0 x^′_d 0 y_d 0 y^′_d z_d

, (4.54)

where arg(x^′_q) = arg(x^∗_q) and arg(y^′_q) = arg(y^∗_q) for q = u and d. The texture of M_u and M_d can be regarded as a non-Hermitian extension of the six-texture-zero quark mass matrices prescribed first in Ref. [4]. To reproduce the measured magnitude of the flavor mixing matrix element V_{cb} (or V_{ts}), the restriction |y_q| < |y^′_q| is generally required. If the exotic hierarchy |y_q| ≪ |y^′_q| ∼ |z_q| is assumed, one obtains |V_{cb}| ≈ |V_{ts}| ∼ O(m_s/m_b) [68], which is consistent with the experimental measurement. On the other hand, the Cabibbo mixing angle (i.e., |V_{us}| and |V_{cd}|) can properly be reproduced from (4.54) even in the assumption of |x^′_q| = |x_q|.

As the mass matrices M_u and M_d consist totally of twelve independent parameters (two of them are the phase differences between M_u and M_d), it is not difficult to find out the parameter space allowed by current data of flavor mixing and CP violation. The number of free parameters could further be reduced to ten, e.g., by taking arg(y_u) = arg(y_d) and x^′_q = x_q (for q = u and d).

Triangular mass matrices It has been shown in Ref. [69] that the arbitrary up- and down-type mass matrices can always be transformed into a triangular form by proper rotations of the right-handed quark fields. If one of the two triangular mass matrices is diagonalized, the other can again be cast into the triangular form without loss of any generality. There totally exist four types of triangular textures with three zeros in the upper-left, upper-right, lower-left and lower-right corners of the mass matrix, depending on the chosen basis of flavor space. While the first two types do not yield simple relations between quark masses and flavor mixing angles, the latter two do [69, 70]. For example one may take

M_q =

C_q C^′_q C^{′′}_q 0 B_q B^′_q 0 0 A_q

, (4.55)

where q = u and d, and all non-zero elements are generally complex.

One may diagonalize M_q with the help of the bi-unitary transformations, as shown in (3.1), but the flavor mixing matrix V depends only upon the unitary matrices used to rotate the left-handed quark fields. In the flavor basis where the up-type mass matrix is diagonal (i.e., M_u = Diag{m_u, m_c, m_t}), the triangular down-type mass matrix M_d can simply be expressed, in terms of the quark masses (m_d, m_s, m_b) and the matrix elements of V , as follows:

M_d ≈ m_d/V^∗_{ud} m_sV_{us} m_bV_{ub} 0 m_sV_{cs} m_bV_{cb} 0 0 m_bV_{tb} . (4.56)

This interesting pattern, valid up to the accuracy of O(λ^4) for λ = sin θ_C ≈ 0.22 [70], reflects the hierarchy of quark masses and flavor mixing angles vividly. In a similar way and to a similar accuracy, we may choose the flavor basis in which M_d is diagonal and M_u takes the following triangular form:

M_u ≈ m_u/V_{ud} m_cV^∗_{cd} m_tV^∗_{td} 0 m_cV^∗_{cs} m_tV^∗_{ts} 0 0 m_tV^∗_{tb}

. (4.57)

As m_d/m_s ∼ m_s/m_b ∼ λ^2 and m_u/m_c ∼ m_c/m_t ∼ λ^4 hold, the approximate relations between flavor mixing angles and quark mass ratios can straightforwardly be obtained from diagonalizing either M_d in (4.56) or M_u in (4.57).

Pure phase mass matrices The pure phase pattern of quark mass matrices, given by

M_q = χ_q 3 e^{iϕq11} e^{iϕq12} e^{iϕq13} e^{iϕq21} e^{iϕq22} e^{iϕq23} e^{iϕq}31 e^{iϕq}32 e^{iϕq}33

(4.58)

with q = u and d, comes from the phenomenological conjecture that all the Yukawa couplings of quarks have the identical moduli but their phases may be different [71]. This idea, usually referred to as the hypothesis of the universal strength for Yukawa couplings, is a complex variation of the democratic form of quark mass matrices in (4.44). Again the freedom of right-handed quark fields can be used to recast the pure phase mass matrices. One has verified that the Hermiticity of M_u and M_d in (4.58) must be abandoned, in order to accommodate the observed values of quark masses and flavor mixing parameters.

Further assumptions need be made for the generic pattern of pure phase mass matrices, otherwise there is little calculability to reproduce the measured spectrum of quark masses and flavor mixing angles. An interesting ansatz is to assume M_u and M_d to be symmetric and have the following parallel structures [72]:

M_u = χ_u 3 1 1 e^{iσu} 1 1 e^{iρu} e^{iσu} e^{iρu} e^{iρu} ,

M_d = χ_d 3 1 1 e^{iσd} 1 1 e^{iρ}d e^{iσd} e^{iρ}d e^{iρ}d

. (4.59)

The six free parameters in M_u and M_d can be determined by six known quark masses. Therefore the three flavor mixing angles can be derived from (4.59) in terms of only four quark mass ratios (i.e., without additional free parameters). The problem associated with this ansatz or its variations is that the measured strength of CP violation in quark mixing cannot correctly be reproduced. To remedy this defect one has to slightly relax the universality constraint on the moduli of M_u or M_d, or both of them.

4.7 Mass matrices at superhigh energy scales

The phenomenological schemes of quark mass matrices can be studied not only at the experimentally accessible scales (e.g., μ ≤ 10^2 GeV) but also at the scales of string or grand unified theories (e.g., μ ≥ 10^{15} GeV). For the latter case the running of quark masses and flavor mixing parameters from the superhigh scale to the weak-interaction scale must be investigated with the help of renormalization-group equations. It is in general expected that a particular scheme of mass matrices at one scale may be significantly changed at another scale, e.g., the original texture zeros become nonvanishing as a straightforward consequence of the running effect [66, 73]. In this section we first point out some generic running behaviors of quark mass ratios and flavor mixing angles. Then we take into account a specific ansatz of fermion mass matrices in the context of supersymmetric grand unified theories for illustration.

The one-loop evolution equations for the Yukawa coupling matrices of quarks and charged leptons, in the assumption of no threshold effect at the intermediate or superhigh scales, have been presented in Ref. [74]. They can considerably be simplified if the hierarchy of fermion masses and that of the CKM matrix elements are taken into account. In the leading order approximation one finds that the running behaviors of quark mass ratios and flavor mixing angles are governed only by the third-family Yukawa coupling eigenvalues f_t, f_b and f_τ . From a superhigh scale μ = M_X to the weak scale μ = M_Z , the relevant evolution functions can be defined as

ξ_i = exp [ − 1 16π^2

∫_{ln(}M_X/M_{Z )} 0 f^2_i (χ) dχ ] (4.60)

with i = t, b or τ and χ = ln(μ/M_Z), whose values depend on the specific model of spontaneous symmetry breaking below the scale M_X. We then arrive at the following results, which are valid to a good degree of accuracy: [ m_u m_c ] M_Z = [ m_u m_c ] M_X , [ m_d m_s ] M_Z = [ m_d m_s ] M_X , [ m_c m_t ] M_Z = [ m_c m_t ] M_X ( ξ^x_t ξ^y_b ) , [ m_s m_b ] M_Z = [ m_s m_b ] M_X (ξ^y_t ξ^x_b ) ; (4.61) and [tan θ_u]_{MZ} = [tan θ_u]_{MX} , [tan θ_d]_{MZ} = [tan θ_d]_{MX} , [sin θ]_{MZ} = [sin θ]_{MX} (ξ_t ξ_b)^y ,

[J ]_{MZ} = [J ]_{MX} (ξ_t ξ_b)^{2y} , (4.62)

where the coefficients (x, y) = (−1.5, 1.5), (−1.5, −0.5) and (−3, −1) in the standard model, the two-Higgs doublet model and the minimal supersymmetric model, respectively.

0.7

0.8

0.9

1.0

0 10 20 30 40 50 60 ξ_i

tan β_{susy} i = b

i = t i = τ

Figure 4.3: The magnitudes of ξ_t, ξ_b and ξ_τ changing with tan β_{susy} in the minimal supersymmetric standard model.

Some remarks are in order: (a) the evolution of m_u/m_c (or m_d/m_s) is negligibly small, thus m_u/m_t and m_c/m_t (or m_d/m_b and m_s/m_b) have the identical running effects; (b) among four parameters of the CKM matrix V (i.e., θ_u, θ_d, θ and φ), only the mixing angle θ may have significant evolution; (c) the running of the CP -violating parameter J depends on that of sin^2 θ, but the three angles of the unitarity triangle Δ_s (i.e., α, β and γ) are essentially scale-independent.

For illustration we evaluate the running functions ξ_t, ξ_b and ξ_τ in the framework of the minimal supersymmetric standard model, which is best motivated by the present achievement towards a grand unified theory of all interactions. With the typical inputs m_t(M_Z) = 175 GeV, m_b(M_Z) = 2.9 GeV and m_τ (M_Z) = 1.777 GeV, we calculate ξ_t, ξ_b and ξ_τ for arbitrary tan β_{susy} (the ratio of Higgs vacuum expectation values) from M_X = 10^{16} GeV to M_Z = 91.187 GeV. The result is shown in Fig. 4.3. One can see that ξ_b ≈ ξ_τ ≈ 1 for tan β_{susy} ≤ 20. Within the perturbatively allowed region ξ_b and ξ_τ may be comparable in magnitude with ξ_t when tan β_{susy} ≥ 50. In this case the evolutions of quark masses and flavor mixing angles are sensitive to both t- and b-quark contributions, and to the τ-lepton contribution in a hidden way.

Let us define the running factors of m_c/m_t, m_s/m_b, sin θ and J in (4.61) and (4.62) as R_1, R_2, R_3 and R_4 respectively. Their magnitudes can then be obtained from the result of ξ_t and ξ_b in the minimal supersymmetric standard model (with x = −3 and y = −1), as shown in Fig. 4.4. We observe that these evolution factors are quite stable for a large range of the ratio of Higgs vacuum expectation values, i.e., 5 ≤ tan β_{susy} ≤ 50. Such features are essentially independent of the specific structures of quark mass matrices.

1.0

1.5

2.0

2.5

3.0

3.5

0 10 20 30 40 50 60

R_n

tan β_{susy}

1 4 2 3 n=1: mc/mt n=2: ms/mb n=3: sin θ

n=4: J

Figure 4.4: The running factors R_n (from M_X to M_Z) changing with tan β_{susy} in the minimal supersymmetric standard model.

Now we concentrate on specific patterns of quark and charged lepton mass matrices at the scale of supersymmetric grand unified theories (M_X = 10^{16} GeV). In view of the success of the Hermitian quark mass matrices with four texture zeros in accounting for the low-energy flavor mixing phenomena, we take the following ansatz at the scale M_X :

M_u =

0 + ix 0 −ix y ry 0 ry z ,

M_d =

0 x^′ 0 x^′ y^′ ry^′ 0 ry^′ z^′ ,

M_e =

0 x^′ 0 x^′ − 3y^′ ry^′ 0 ry^′ z^′ , (4.63)

where |x| ≪ |y| ≪ |z|, |x^′| ≪ |y^′| ≪ |z^′|, and r is a constant of O(1). The texture zeros of M_{u,d,e} as well as the relationship between M_d and M_e can naturally be obtained in a variety of grand unified models where the down quarks and the charged leptons lie in the same multiplet [75]. For example, the coupling of a Higgs boson in the 10 plets of an SO(10) model gives certain entries in the Yukawa coupling matrices of the form (M_d)_{ij} = (M_e)_{ij} (for i ≠ j), while a Higgs boson in the 126 plets yields (M_d)_{22} = −3(M_e)_{22}. For simplicity we have taken the phase difference between (M_u)_{12} and (M_d)_{12} to be π/2, a value favored by current data on CP violation. The constant r may take values such as 1, √ 2 or 2, from the phenomenological point of view. It is obvious that the ansatz (4.63) totally involves six free parameters (x, y, z and x^′, y^′, z^′), which can be determined from the inputs of three up-type quark masses and three charged lepton masses. Thus it is able to give seven predictions at the weak scale M_Z, three for the down-type quark masses and four for the parameters of flavor mixing and CP violation. Of course some of these predictions depend sensitively upon the unknown value of tan β_{susy}.

The predictions of this ansatz for the down-type quark masses read, at the scale M_X and in the next-to-leading order approximation, as follows:

m_d = 3m_e ( 1 + 4r^2 9 · m_μ m_τ ) , m_s = m_μ 3 ( 1 − 4r^2 9 · m_μ m_τ ) , m_b = m_τ . (4.64)

To renormalize these results down to the weak scale M_Z, we need to take into account the evolutions of charged lepton masses [ m_e m_μ ] M_Z = [ m_e m_μ ] M_X , [ m_μ m_τ ] M_Z = [ m_μ m_τ ] M_X ( ξ^{−3}_τ ) (4.65)

and make use of the following running function in the framework of the minimal supersymmetric standard model:

ζ_{de} = exp [ + 1 16π^2

∫_{ln(}M_X /M_{Z)} 0 G_{de}(χ) dχ ] , (4.66)

where G_{de} = G_d − G_e with G_d and G_e given in terms of the gauge couplings g_1, g_2 and g_3 in Ref. [66]. With the inputs g^2_1 = 0.127, g^2 = 0.42 and g^2_3 = 1.44 at the scale M_Z , one finds ζ_{de} = 2.27. The down-type quark masses at the weak scale turn out to be

m_d = 3m_e ( 1 + 4r^2 9 · m_μ m_τ ξ^3_τ ) ζ_{de} ,

m_s = m_μ 3 ( 1 − 4r^2 9 · m_μ m_τ ξ^3_τ ) ζ_{de} ,

m_b = m_τ ξ_tξ^3_b ξ^3_τ ζ_{de} . (4.67)

Taking r^2 = 2 and tan β_{susy} = 50 for example, we obtain m_d ≈ 3.6 MeV, m_s ≈ 76 MeV and m_b ≈ 3.2 GeV, essentially in agreement with the results listed in (2.9).

The predictions of the ansatz (4.63) for flavor mixing and CP violation at the weak scale M_Z can be obtained with the help of the renormalization relations in (4.61) and

(4.62). To the leading order accuracy we arrive at

tan θ_u = √ m_u m_c , tan θ_d = √ m_d m_s ; (4.68) and sin θ = |r| ( m_s m_b ξ^2_b − m_c m_t ξ^2_t ) , J = r^2 √m u m_c √m d m_s ( m_s m_b )_2 ξ^4_b . (4.69)

One can see again that the mixing angles θ_u and θ_d are basically scale-independent. The running effects of θ and J depend mainly upon the change of ξ_b from M_X to M_Z, which becomes significant only for tan β_{susy} ≥ 30. On this point we conclude that the ansatz (4.63) for fermion mass matrices has instructive predictions and is favored by current data. It might be a natural consequence of a complete grand unified model involving some family symmetries at superhigh scales.

A few similar schemes of fermion mass matrices, based also on the grand unification ideas, have been proposed in the literature (see, e.g., Refs. [76, 77]). For a brief review of these works, we refer the reader to Ref. [49].

5 Lepton mass matrices and neutrino oscillations

5.1 Classification of 3 � 3 neutrino mass matrices

Now we turn to the phenomenological schemes of lepton mass matrices M_l and M_ν , which can naturally lead to hierarchical neutrino mass-squared differences and large lepton flavor mixing angles as required by current neutrino oscillation data. Attempts in this direction are of course restricted by both the preliminary experimental knowledge and the premature theoretical insight that one has today for neutrino physics. Hence we shall pay particular attention to the possible underlying symmetries of lepton flavors, from which realistic models of lepton mass generation and flavor mixing could simply be constructed. The possibility of leptonic CP violation, which is a crucial ingredient of leptogenesis to explain the cosmological baryon asymmetry [78], will also be discussed.

Before introducing some phenomenologically favored patterns of lepton mass matrices, we first give a rough but instructive classification of 3 × 3 neutrino mass matrices in the flavor basis where the charged lepton mass matrix is diagonal. To do so the LSND evidence for ν_μ → ν_e and ν̄_μ → ν̄_e oscillations is tentatively put aside.

As briefly summarized in section 2.2, the observed neutrino anomalies can most naturally be interpreted by the hypothesis of neutrino oscillations, indicating that neutrinos are massive and lepton flavors are mixed. In the framework of three light neutrinos, to interpret current atmospheric and solar neutrino oscillation data requires Δm^2_1 = Δm^2_{sun} ≪

Δm^2_{atm} = Δm^2_{32} and |V_{e3}|^2 ≪ 1; i.e., the solar and atmospheric neutrino oscillations are respectively dominated by ν_μ → ν_e and ν_μ → ν_τ transitions, and thus approximately decoupled. Given the large hierarchy between Δm^2_1 and Δm^2_{32}, there are three different possibilities for the spectrum of neutrino masses [79]:

(a) : m_1 , m_2 ≪ m_3 ; (b) : m_1 ≈ m_2 ≫ m_3 ;

(c) : m_1 ≈ m_2 ≈ m_3 . (5.1)

In case (a) the relative magnitude of m_1 and m_2 is not restricted; in case (b) we require the inequality |m_2 − m_1| ≪ m_{1,2}; and in case (c) the inequality |m_2 − m_1| ≪ |m_3 − m_2| should be satisfied. Neglecting possible CP -violating phases and taking |V_{e3}| = 0 in the leading order approximation, one can parametrize the lepton flavor mixing in terms of two rotation angles: V ≈ c_⊙ −s_⊙ 0 s_⊙c_• c_⊙c_• −s_• s_⊙s_• c_⊙s_• c_• , (5.2)

where s_⊙ ≡ sin θ_{sun}, c_• ≡ cos θ_{atm}, and so on. Obviously θ_{sun} and θ_{atm} correspond to the mixing angles of solar and atmospheric neutrino oscillations. The present experimental data favor sin^2 2θ_{atm} > 0.8 or θ_{atm} ∼ 32^∘ − 45^∘; while sin^2 2θ_{sun} may be either small (θ_{sun} ∼ 1^∘ − 3^∘, small-angle MSW solution) or large (θ_{sun} ∼ 27^∘ − 45^∘, large-angle MSW solution), or nearly maximal (θ_{sun} ∼ 45^∘, vacuum oscillation).

In order to build realistic models of lepton mass generation which lead to the flavor mixing pattern (5.2), it is phenomenologically useful to figure out possible forms of the neutrino mass matrix that are compatible with the mass spectra in (5.1). One should keep in mind that the flavor mixing matrix V arises from the mismatch between the diagonalization of the charged lepton mass matrix M_l and that of the neutrino mass matrix M_ν in a specific flavor basis. Hence the flavor mixing angles θ_{sun} and θ_{atm} depend in general on both the neutrino masses and the charged lepton masses. Even though the latter exhibit a strong hierarchy in magnitude (see (2.1) for illustration), their contributions to θ_{sun} and (or) θ_{atm} may be non-negligible in some cases. For instance, the small MSW-type mixing angle θ_{sun} could be dominated by a contribution of order arcsin( √ m_e/m_μ) ≈ 4^∘ from the charged lepton sector, if M_l takes the Hermitian texture with full nearest-neighbor mixing [4]. The large mixing angle θ_{atm} might get a significant contribution of order arcsin( √ m_μ/m_τ ) ≈ 14^∘ (i.e., about 30% of θ_{atm} ∼ 45^∘) in the same scenario of M_l. It is therefore improper, even misleading, to account for the lepton flavor mixing solely in terms of the mixing parameters in the neutrino sector.

The observation made above has an important implication: if one writes the neutrino mass matrix M_ν taking into account the flavor mixing matrix V in the basis where the charged lepton mass matrix M_l is diagonalized, the resultant M_ν remains dependent on M_l in a hidden way (i.e., through unspecified flavor mixing angles). In this sense the useful information that one can obtain about the textures of M_l is limited. Nevertheless it should still be instructive to find out the possible leading order forms of M_ν, versus the diagonal M_l, at the present phenomenological stage. Such forms of M_ν might provide useful hints for model buildings, which could finally shed light on the dynamics of lepton

Table 5.1: Leading order textures of the neutrino mass matrix M_ν , in which s_⊙ ≡ sin θ_{sun}, c_{2•} ≡ cos 2θ_{atm}, and so on; and “0” or “1” only means O(0) or O(1) in magnitude.

Masses {λ_1, λ_2, λ_3} M_ν (small θ_{sun} ) M_ν (large θ_{sun} )

(a): {0, 0, 1}m_3 m_3

( 0 0 0

0 s^2_• −s_•c_• 0 −s_•c_• c^2_• ) m_3

( 0 0 0

0 s^2_• −s_•c_• 0 −s_•c_• c^2_• )

(b): {1, −1, 0}m_1 m_1

( 1 0 0 0 −c^2_• −s_•c_• 0 −s_•c_• −s^2_• ) m_1

( c_{2⊙} s_{2⊙}c_• s_{2⊙}c_•

s_{2⊙}c_• −c_{2⊙}c^2_• −c_{2⊙}s_•c_• s_{2⊙}c_• −c_{2⊙}s_•c_• −c_{2⊙}s^2_• )

(b): {1, 1, 0}m_1 m_1

( 1 0 0

0 c^2_• s_•c_• 0 s_•c_• s^2_• ) m_1

( 1 0 0

0 c^2_• s_•c_• 0 s_•c_• s^2_• )

(c): {1, 1, 1}m_1 m_1

( 1 0 0

0 1 0 0 0 1 ) m_1

( 1 0 0

0 1 0 0 0 1 )

(c): {−1, 1, 1}m_1 m_1

( −1 0 0

0 1 0 0 0 1 ) m_1 ( −c_{2⊙} −s_{2⊙}c_• −s_{2⊙}c_• −s_{2⊙}c_• s^2_• −s_•c_• −s_{2⊙}c_• −s_•c_• c^2_• )

(c): {1, −1, 1}m_1 m_1

( 1 0 0 0 −c_{2•} −s_{2•} 0 −s_{2•} c_{2•} ) m_1

( c_{2⊙} s_{2⊙}c_• s_{2⊙}c_•

s_{2⊙}c_• s^2_• −s_•c_• s_{2⊙}c_• −s_•c_• c^2_• )

(c): {1, 1, −1}m_1 m_1

( 1 0 0

0 c_{2•} s_{2•} 0 s_{2•} −c_{2•} ) m_1

( 1 0 0

0 c_{2•} s_{2•} 0 s_{2•} −c_{2•} )

mass generation and flavor mixing. Therefore we proceed to make a classification of the textures of M_ν allowed by current neutrino oscillation data.

In doing so we do not consider the origin of M_ν , no matter how it could originate from the seesaw mechanism or from other flavor symmetries. But for simplicity we shall assume CP invariance in the lepton sector, thus M_ν is a real symmetric matrix for either Dirac- or Majorana-type neutrinos. In the flavor basis where M_l is diagonal, M_ν takes the following form

M_ν = V^∗ λ_1 0 0 0 λ_2 0 0 0 λ_3

V^† , (5.3)

in which λ_i are the neutrino mass eigenvalues (|λ_i| = m_i), and V is the 3 × 3 flavor mixing matrix. Taking the neutrino mass spectra in (5.1) and the approximate flavor mixing pattern in (5.2) into account, we obtain fourteen different textures of M_ν for the case of small θ_{sun} (small-angle MSW solution) and that of large θ_{sun} (large-angle MSW solution or vacuum oscillation solution). The results are listed in Table 5.1 for illustration. Note that all texture zeros in M_ν only imply small quantities, and all unity elements of M_ν only mean O(1) in magnitude. The matrix elements of O(0), in particular those in case (c) with λ_1 ≈ λ_2 ≈ λ_3, play an important role to generate large flavor mixing angles. If θ_{atm} = θ_{sun} = 45^∘ (bi-maximal mixing pattern [80]) is taken, the elements of M_ν are proportional to algebraic numbers of O(1). The same situation appears for the special choices θ_{atm} = 45^∘ and θ_{sun} = 0^∘ [79].

In principle one could also classify the possible forms of the charged lepton mass matrix M_l in the flavor basis where the neutrino mass matrix M_ν is diagonal. Without much prejudice a more general but incomplete classification of the leading order textures of lepton mass matrices (both M_ν and M_l) have been presented in Ref. [81].

5.2 Lepton mixing from flavor democracy breaking

The idea of subnuclear flavor democracy and its explicit breaking has been applied to the quark sector (see section 4.5) to interpret the strong mass hierarchy of up- and downtype quarks. Since the mass spectrum of charged leptons exhibits a similar hierarchy as that of quarks, it would be natural to consider the same symmetry limit for the charged lepton mass matrix, i.e., M^{(0)}_l takes the same form as M^{(0)}q in (4.44). As for the neutrino sector, we have no direct information about the absolute values or relative magnitudes of neutrino masses. The observed large (nearly maximal) mixing angles and the tiny mass-squared differences in atmospheric and solar neutrino oscillations, however, favor the possibility that the three neutrino masses are approximately degenerate, although the other possibilities for the neutrino mass spectrum cannot be excluded. We therefore start with the hypothesis of the flavor democracy for charged leptons and the mass degeneracy for neutrinos to construct a phenomenological model of lepton mass generation and flavor mixing [27]. CP violation can be incorporated into this model, when complex symmetry breaking terms are explicitly introduced.

In the limits of the flavor democracy and the mass degeneracy, the charged lepton and neutrino mass matrices can respectively be written as

M^{(0)}_l = C_l 3 1 1 1 1 1 1 1 1 1 ,

M^{(0)}_ν = C_ν

1 0 0 0 1 0 0 0 1

, (5.4)

where C_l = m_τ and C_ν = m_0 measure the corresponding mass scales. If the three neutrinos are of the Majorana type, M^{(0)}ν could take a more general form M^{(0)}ν P_ν with P_ν = Diag{1, e^{iϕ1}, e^{iϕ2} }. As the Majorana phase matrix P_ν has no effect on the flavor mixing and CP -violating observables in neutrino oscillations, it will be neglected in the subsequent discussions. The neutrino mass matrix M^{(0)}ν exhibits an S(3) symmetry, while the charged lepton mass matrix M^{(0)}_l exhibits an S(3)_L × S(3)_R symmetry.

One can transform the charged lepton mass matrix from the democratic basis M^{(0)}_l into the hierarchical basis M_{0l} given in (2.2) through a simple orthogonal transformation

M_{0l} = U_0M^{(0)}_l U^T_0 , where U_0 has been shown in (4.45). Clearly m_e = m_μ = 0, as seen in M_{0l}; and m_1 = m_2 = m_3 = m_0 in M^{(0)}ν . There is no flavor mixing in this symmetry limit.

Of course there are a number of different ways to break the flavor democracy of M^{(0)}_l (see Table 4.3) and the mass degeneracy of M^{(0)}ν . Whether the resultant flavor mixing patterns are compatible with the neutrino oscillation data is, at present, the only phenomenological criterion to select the proper symmetry breaking scenarios. In the following we take three instructive examples, which can respectively lead to the nearly bi-maximal mixing pattern, the small-versus-large mixing pattern, and the bi-maximal mixing pattern for atmospheric and solar neutrino oscillations.

Nearly bi-maximal mixing pattern A real diagonal breaking of the S(3)_L × S(3)_R symmetry of M^{(0)}_l and the S(3) symmetry of M^{(0)}ν can lead to a nearly bi-maximal flavor mixing pattern, as first discussed in Ref. [27]. To incorporate CP violation into this neutrino mixing scenario, however, complex perturbative terms are required for M^{(0)}_l [40]. Let us proceed with two different symmetry-breaking steps.

(a) Small real perturbations to the (3,3) elements of M^{(0)}_l and M^{(0)}_ν are respectively introduced:

ΔM^{(1)}_l = C_l 3 0 0 0 0 0 0 0 0 ε_l ,

ΔM^{(1)}_ν = C_ν

0 0 0 0 0 0 0 0 ε_ν

. (5.5)

In this case the charged lepton mass matrix M^{(1)}_l = M^{(0)}_l + ΔM^{(1)}_l remains symmetric under an S(2)_L×S(2)_R transformation, and the neutrino mass matrix M^{(1)}_ν = M^{(0)}_ν +ΔM^{(1)}_ν has an S(2) symmetry. The muon becomes massive (i.e., m_μ ≈ 2|ε_l |m_τ /9), and the mass eigenvalue m_3 is no more degenerate with m_1 and m_2 (i.e., |m_3 − m_0| = m_0|ε_ν |). After the diagonalization of M^{(1)}_l and M^{(1)}_ν , one finds that the 2nd and 3rd lepton families have a definite flavor mixing angle θ. We obtain tan θ ≈ − √ 2 if the small correction of O(m_μ/m_τ ) is neglected. Then neutrino oscillations at the atmospheric scale may arise in ν_μ → ν_τ transitions with Δm^2_{32} = Δm^2_{31} ≈ 2m_0|ε_ν|. The corresponding mixing factor sin^2 2θ ≈ 8/9 is in good agreement with current data.

The symmetry breaking term ΔM^{(1)}_l given in (5.5) for the charged lepton mass matrix serves as a good illustrative example. One could consider a more general perturbation, analogous to ΔM^{(1)}q given in (4.47) for quarks, in order to break the S(3)_L × S(3)_R symmetry of M^{(0)}_l to an S(2)_L × S(2)_R symmetry. In this case we keep the perturbation to M^{(0)}ν to be the same as ΔM^{(1)}ν in (5.5). Then it is easy to check that the leading order result for lepton flavor mixing (i.e., tan θ ≈ − √ 2 or sin^2 2θ ≈ 8/9) remains unchanged.

(b) Small imaginary perturbations, which have the identical magnitude but the opposite signs, are introduced to the (2,2) and (1,1) elements of M^{(1)}_l . For M^{(1)}ν the corresponding real perturbations are taken into account [40]:

ΔM^{(2)}_l = C_l 3 −iδ_l 0 0 0 iδ_l 0 0 0 0 ,

ΔM^{(2)}_ν = C_ν

−δ_ν 0 0 0 δ_ν 0 0 0 0

. (5.6)

We obtaine m_e ≈ |δ_l|^2m^2_τ /(27m_μ) and m_{1,2} = m_0(1 ∓ δ_ν ). The diagonalization of M^{(2)}_l = M^{(1)}_l + ΔM^{(2)}_l and M^{(2)}ν = M^{(1)}ν + ΔM^{(2)}ν leads to a full 3 × 3 flavor mixing matrix, which links neutrino mass eigenstates (ν_1, ν_2, ν_3) to neutrino flavor eigenstates (ν_e, ν_μ, ν_τ ) in the following manner:

V = 1√ 2 −1√ 2 0 1√ 6 1√ 6 −2√ 6 1√ 3 1√ 3 1√ 3 + i ξV √ m_e m_μ + ζ_V m_μ m_τ , (5.7)

where

ξ_V = 1√ 6 1√ 6 −2√ 6 1√ 2 −1√ 2 0 0 0 0 ,

ζ_V =

0 0 0 1√ 6 1√ 6 1√ 6 −1√ 12 −1√ 12 1√ 3 . (5.8)

Note that the leading term of V is just the orthogonal matrix U_0 in (4.45), used to transform a democratic mass matrix into its counterpart in the hierarchical basis.

The diagonal non-Hermitian perturbation ΔM^{(2)}_l in (5.6) is certainly not the only way to generate large flavor mixing and CP violation of the pattern (5.7). One can find other two off-diagonal non-Hermitian perturbations as well as three Hermitian perturbations, as listed in Table 5.2, which are able to give rise to the same flavor mixing pattern V in the next-to-leading order approximation. All these six perturbations have a common feature: the (1,1) elements of their counterparts in the hierarchical basis, which can be read off from Table 4.3, are all vanishing [40]. This feature assures that the CP -violating effects, resulted from the complex perturbations in Table 5.2, are approximately independent of other details of the flavor symmetry breaking and have the identical strength to a high degree of accuracy. Hence it is in practice difficult to distinguish one scenario from another. The simplicity of the diagonal non-Hermitian perturbation ΔM^{(2)}_l and its parallelism with ΔM^{(2)}ν seem quite instructive for building a possible model of lepton mass generation. The Hermitian forms of ΔM^{(2)}_l , on the other hand, have much similarity with the favored perturbations generating CP violation in the quark sector and could provide us some useful hints towards an underlying symmetry between the quarks and the charged leptons.

Table 5.2: Six imaginary perturbations ΔM^{(2)}_l for the charged lepton mass matrix.

Hermitian form of ΔM^{(2)}_l Non-Hermitian form of ΔM^{(2)}_l C_l 3 0 −iδ_l 0 iδ_l 0 0 0 0 0 Cl 3 −iδ_l 0 0 0 iδ_l 0 0 0 0 C_l 3 0 0 iδ_l 0 0 −iδ_l −iδ_l iδ_l 0 Cl 3 0 0 iδ_l 0 0 −iδ_l iδ_l −iδ_l 0 C_l 3 0 −iδ_l iδ_l iδ 0 −iδ_l −iδ_l iδ_l 0 Cl 3 −iδ_l 0 iδ_l 0 iδ −iδ_l iδ_l −iδ_l 0

The flavor mixing matrix V can in general be parametrized in terms of three Euler angles and one CP -violating phase^7. A suitable parametrization, analogous to that in (3.29) for quark mixing, reads as follows: V = c_l s_l 0 −s_l c_l 0 0 0 1 e^{−iϕ} 0 0 0 c s 0 −s c c_ν −s_ν 0 s_ν c_ν 0 0 0 1 = s_l s_ν c + c_l c_νe^{−iϕ} s_l c_νc − c_l s_ν e^{−iϕ} s_l s c_l s_ν c − s_l c_νe^{−iϕ} c_l c_νc + s_l s_ν e^{−iϕ} c_l s −s_ν s −c_ν s c , (5.9)

in which s_l ≡ sin θ_l, s_ν ≡ sin θ_ν , c ≡ cos θ, and so on. The three mixing angles can all be arranged to lie in the first quadrant, while the CP -violating phase may take values between 0 and 2π. With the inputs m_e/m_μ ≈ 0.00484 and m_μ/m_τ ≈ 0.0594 [1] we obtain

θ_l ≈ 4^∘ , θ_ν ≈ 45^∘ , θ ≈ 52^∘ , ϕ ≈ 90^∘ (5.10)

by comparing between (5.7) and (5.9). The smallness of θ_l is a natural consequence of the mass hierarchy in the charged lepton sector, just as the smallness of θ_u in quark mixing [8]. On the other hand, both θ_ν and θ are too large to be comparable with the corresponding quark mixing angles (i.e., θ_d and θ as defined in section 3.6), reflecting the qualitative difference between quark and lepton flavor mixing phenomena. It is worth emphasizing that the leptonic CP -violating phase ϕ takes a special value (≈ 90^∘) in our model. The same possibility is also favored for the quark mixing phenomenon in a variety of realistic mass matrices (see Refs. [8, 48] and section 4.3). Therefore maximal leptonic CP violation, in the sense that the magnitude of J_l = s_l c_l s_ν c_νs^2c sin ϕ is maximal for the fixed values of three flavor mixing angles, appears naturally as in the quark sector.

7For neutrinos of the Majorana type, two additional CP -violating phases may enter. But they are irrelevant to neutrino oscillations and can be ignored for our present purpose.

Some consequences of this lepton mixing scenario are as follows: (1) The mixing pattern in (5.7), after neglecting small corrections from the charged lepton masses, is quite similar to that of the pseudoscalar mesons π^0, η and η^′ in QCD in the limit of the chiral SU(3)_L × SU(3)_R symmetry:

|π^0⟩ = 1 √ 2 ( |ūu⟩ − |d̄d⟩ ) , |η⟩ = 1 √ 6 ( |ūu⟩ + |d̄d⟩ − 2|s̄s⟩ ) , |η^′⟩ = 1 √ 3 ( |ūu⟩ + |d̄d⟩ + |s̄s⟩ ) . (5.11)

A theoretical derivation of the flavor mixing matrix V ≈ U_0 has been given in Ref. [82], in the framework of a left-right symmetric extension of the standard model with S(3) and Z(4) × Z(3) × Z(2) symmetries.

(2) The V_{e3} element, of magnitude |V_{e3}| = 2 √ 6 √ m_e m_μ , (5.12)

is naturally suppressed in the symmetry breaking scheme outlined above. A similar feature appears in the 3 × 3 quark flavor mixing matrix, i.e., |V_{ub}| is the smallest among the nine quark mixing elements. Indeed the smallness of V_{e3} provides a necessary condition for the decoupling of solar and atmospheric neutrino oscillations, even though neutrino masses are nearly degenerate. The effect of small but nonvanishing V_{e3} will manifest itself in long-baseline ν_μ → ν_e and ν_e → ν_τ transitions, as shown in Ref. [28].

(3) The flavor mixing between the 1st and 2nd lepton families and that between the 2nd and 3rd lepton families are nearly maximal. This property, together with the natural smallness of |V_{e3}|, allows a satisfactory interpretation of the observed large mixing in atmospheric and solar neutrino oscillations. One obtains^8

sin^2 2θ_{sun} = 1 − 4 3 m_e m_μ , sin^2 2θ_{atm} = 8 9 ( 1 + m_μ m_τ ) (5.13)

to a high degree of accuracy; i.e., sin^2 2θ_{sun} ≈ 0.99 and sin^2 2θ_{atm} ≈ 0.94, in agreement with current data [18]. It is obvious that the model is fully consistent with the vacuum oscillation solution to the solar neutrino problem [83] and might also be able to incorporate the large-angle MSW solution [84].

(4) The rephasing-invariant strength of CP violation in (3.14), defined in close analogy with that for quarks, is given as

J_l = 1 3 √ 3 √ m_e m_μ ( 1 + 1 2 m_μ m_τ ) . (5.14)

8In calculating sin^2 2θsun we have taken into account the O(me/mμ) correction to the expression of the lepton flavor mixing matrix V in (5.7).

Explicitly we have J_l ≈ 1.4%. The large magnitude of J_l for lepton mixing is very nontrivial, as the same quantity for quark mixing is only of order 10^{−5} (see Refs. [8, 48] and section 4.3). If the mixing pattern under discussion is reconciled with the large-angle MSW solution to the solar neutrino problem, then the relevant CP - or T -violating signals should be large enough to be measured from the asymmetry between P (ν_μ → ν_e) and P (ν̄_μ → ν̄_e) or that between P (ν_μ → ν_e) and P (ν_e → ν_μ) in the long-baseline neutrino experiments (see section 5.6 for detailed discussions).

(5) Finally it is worth remarking that our lepton mixing pattern is not necessarily in conflict with current constraints on the neutrinoless double beta decay [17, 85], if neutrinos are of the Majorana type. In the presence of CP violation, the effective mass term of the (ββ)_{0ν} decay can simply be written as ⟨m_ν⟩ = ∑ (m_i Ṽ^2_{ei}), where Ṽ = V P_ν and P_ν = Diag{1, e^{iϕ1} , e^{iϕ2}} is the Majorana phase matrix. If the unknown phases are taken to be ϕ_1 = ϕ_2 = 90^∘, for example, one arrives at |⟨m_ν⟩| = 2 √ 3 √ m_e m_μ m_i , (5.15)

in which m_i ∼ 1 − 2 eV (for i = 1, 2, 3) as required by the near degeneracy of three neutrinos in our model to accommodate the hot dark matter of the universe. Obviously |⟨m_ν⟩| ≈ 0.08m_i ≤ 0.2 eV, the latest bound of the (ββ)_{0ν} decay given in (2.16).

Small-versus-large mixing pattern To generate a small mixing angle for the solar neutrino oscillation and a large one for the atmospheric neutrino oscillation, we turn to a different symmetry-breaking scenario for the charged lepton mass matrix M^{(0)}_l and the neutrino mass matrix M^{(0)}ν . For simplicity we follow the same symmetry-breaking chain M^{(0)}_l → M^{(1)}_l → M^{(2)}_l as discussed above (one of the six complex perturbations ΔM^{(2)}_l listed in Table 5.2 can be taken), but introduce the off-diagonal perturbations to M^{(0)}ν . To ensure the “maximal calculability” for the neutrino mass matrix, we require a special form of the overall perturbative matrix [86]: it consists solely of two unknown small parameters in addition to the scale parameter C_ν, and can be diagonalized by a constant orthogonal transformation independent of the neutrino masses. Then we are left with only three perturbative patterns satisfying these strong requirements:

M^{(2)}_ν = C_ν

1 0 0 0 1 0 0 0 1 + 0 ε_ν 0 ε_ν 0 0 0 0 δ_ν

, (5.16)

M^{(2)}_ν = C_ν

1 0 0 0 1 0 0 0 1 + δ_ν 0 0 0 0 ε_ν 0 ε_ν 0

, (5.17)

M^{(2)}_ν = C_ν

1 0 0 0 1 0 0 0 1 + 0 0 ε_ν 0 δ_ν 0 ε_ν 0 0

. (5.18)

Three forms of M^{(2)}ν can be diagonalized by three Euler rotation matrices R_{12}(θ_{12}), R_{23}(θ_{23}) and R_{31}(θ_{31}) (see also (3.25) for illustration), respectively, with a universal rotation angle θ_{ij} = 45^∘. In Ref. [87] the perturbative pattern (5.16) was discussed, but CP violation was not taken into account. For each scenario of M^{(2)}ν , versus the given form of M^{(2)}_l , the resultant flavor mixing matrix reads as V^′ = V R_{ij}, where V has been obtained in (5.7). It is easy to check that only the pattern of M^{(2)}ν in (5.16) can give rise to a sufficiently large mixing angle for the atmospheric neutrino oscillation. In this case the flavor mixing matrix V^′ = V R_{12} with θ_{12} = 45^∘ takes the following form:

V^′ =

1 0 0 0^{1√}_3^{−2√}_6 0^2√_6^1√_3 + i ξV 0 √ m_e m_μ + ζ_V 0 m_μ m_τ , (5.19)

where

ξ_V 0 =

0^{1√}_3^{−2√}_6 1 0 0 0 0 0 ,

ζ_V 0 =

0 0 0 0^{1√}_3^{1√}_6 0^{−1√}_6^{1√}_3

. (5.20)

Parametrizing V^′ in terms of three Euler angles and one CP -violating phase, as already done in (5.9), we arrive numerically at

θ_l ≈ 4^∘ , θ_ν ≈ 0^∘ , θ ≈ 52^∘ , ϕ ≈ 0^∘ . (5.21)

Note that ϕ ≈ 0^∘ is consistent with θ_ν ≈ 0, i.e., the CP -violating phase ϕ can always be rotated away in the case that one flavor mixing angle vanishes. Therefore CP violation is absent, up to the given accuracy of V^′. The smallness of |V^′_{e3}| ensures that the atmospheric and solar neutrino oscillations are approximately decoupled.

Let us calculate the mixing factors of solar and atmospheric neutrino oscillations with the help of (5.19). We obtain

sin^2 2θ_{sun} = 4 3 m_e m_μ , sin^2 2θ_{atm} = 8 9 ( 1 + m_μ m_τ ) (5.22)

to a good degree of accuracy. Numerically sin^2 2θ_{sun} ≈ 0.0064 and sin^2 2θ_{atm} ≈ 0.94. Thus this flavor mixing scenario favors the small-angle MSW solution to the solar neutrino problem. Its consequence on the atmospheric neutrino oscillations is the same as the nearly bi-maximal mixing scenario discussed above.

If neutrinos are of the Majorana type, then the smallness of |θ_l| and |θ_ν| in this smallversus-large mixing scenario implies that the effective mass factor of the neutrinoless double beta decay (i.e., ⟨m_ν⟩) is dominated by m_1. A strong constraint turns out to be m_1 ≤ 0.2 eV, in view of current data on the (ββ)_{0ν} decay. The sum of three neutrino masses has an upper bound of 0.6 eV, too small to account for the hot dark matter of the universe.

Bi-maximal mixing pattern Now let us take a look at the exactly “bi-maximal” mixing scenario of three neutrinos [80]. The relevant flavor mixing matrix, similar to the leading term of V in (5.7), reads as follows:

V^{′′} = 1√ 2 −^{1√}_2 0 1 2 1 2 −^1√_2 1 2 1 2 1√ 2 . (5.23)

This flavor mixing pattern is independent of charged lepton and neutrino masses, and it leads exactly to sin^2 2θ_{atm} = sin^2 2θ_{sun} = 1 for atmospheric and solar neutrino oscillations. Therefore it favors the “Just-So” solution (perhaps also the large-angle MSW solution) to the solar neutrino problem. We find that V^{′′} can be derived from the following charged lepton and neutrino mass matrices [28]:

M_l = C_l 2 0 0 0 0 1 1 0 1 1 + δ_l 0 0 0 0 ε_l 0 ε_l 0 ,

M_ν = C_ν

1 0 0 0 1 0 0 0 1 + 0 ε_ν 0 ε_ν 0 0 0 0 δ_ν

, (5.24)

where |δ_{l,ν}| ≪ 1 and |ε_{l,ν}| ≪ 1. In comparison with the democratic mass matrix M^{(0)}_l given in (5.4), which is invariant under an S(3)_L × S(3)_R transformation, the matrix M_l in the limit δ_l = ε_l = 0 only has an S(2)_L × S(2)_R symmetry. However M_ν in the limit δ_ν = ε_ν = 0 takes the same form as M^{(0)}ν in (5.4), which displays an S(3) symmetry. The off-diagonal perturbation of M_l allows the masses of three charged leptons to be hierarchical: {m_e , m_μ , m_τ } = C_l 2 {|δ_l| , |ε_l | , 2 + ε_l } . (5.25) One finds C_l = m_μ +m_τ ≈ 1.88 GeV, |ε_l | = 2m_μ/(m_μ +m_τ ) ≈ 0.11 and |δ_l| = 2m_e/(m_μ + m_τ ) ≈ 5.4 × 10^{−4}. The off-diagonal perturbation of M_ν makes the three neutrino masses non-degenerate:

{m_1, m_2, m_3} = C_ν {1 + ε_ν , 1 − ε_ν , 1 + δ_ν } . (5.26)

For solar and atmospheric neutrino oscillations, one can take the mass-squared differences as in (2.21). We then arrive at |ε_ν|/|δ_ν| ≈ Δm^2_{sun}/(2Δm^2_{atm}), of O(10^{−7}) for the vacuumoscillation solution and of O(10^{−3}) to O(10^{−2}) for the MSW solution to the solar neutrino problem. The diagonalization of M_l and M_ν leads to the flavor mixing matrix V^{′′}. In Ref. [80] a different neutrino mass matrix has reversely been derived from the given V^{′′} in the flavor basis where the charged lepton mass matrix is diagonal. The emergence of the bi-maximal mixing pattern from M_l and M_ν in (5.24) is obviously similar to that of the nearly bi-maximal mixing pattern obtained in (5.7), although the former is irrelevant to lepton masses and CP violation.

Note that three mixing angles of V^{′′} are given as θ_l = 0, θ_ν = 45^∘ and θ = 45^∘. The vanishing θ_l leads to vanishing probabilities for ν_e → ν_μ and ν_e → ν_τ transitions in the long-baseline neutrino experiments at the atmospheric scale. This feature distinguishes the bi-maximal mixing ansatz from the nearly bi-maximal mixing ansatz.

If three neutrinos are of the Majorana type, then the near degeneracy of their masses implies that ⟨m_ν⟩ ≈ m_i for the neutrinoless double beta decay in the bi-maximal mixing scenario. Therefore m_i < 0.2 eV. The sum of three neutrino masses is insufficient to account for the hot dark matter of the universe.

Finally it is worth mentioning the so-called tri-maximal neutrino mixing scenario, in which the lepton flavor mixing matrix takes the form [88]

V^{′′′} = 1 √ 3 1 1 1 1 ω ω^2 1 ω^2 ω

, (5.27)

with ω a complex cube-root of unity. This mixing matrix could be derived from the permutation symmetry of the neutrino mass matrix in the flavor basis where the charged lepton mass matrix is diagonal. A special feature of V^{′′′} is that the rephasing-invariant measure of CP violation takes its maximal value, i.e., J_l = 1/(6 √ 3). In such a threefold maximal mixing scenario all survival and appearance probabilities of neutrino oscillations are universal, independent of the specific neutrino flavors. It is obvious that the plain tri-maximal neutrino mixing pattern is in conflict with current experimental data [18, 21]. If possible terrestrial matter effects are taken into account [89], there is a small chance that it might be reconciled with the experimental data.

In summary the idea of lepton flavor democracy and its explicit breaking can lead to phenomenologically favored flavor mixing patterns, yielding satisfactory interpretations of current experimental data on solar and atmospheric neutrino oscillations. Some theoretical attempts have recently been made towards deeper understanding of this interesting flavor symmetry (see, e.g., Refs. [82, 90]).

5.3 Seesaw-invariant texture of lepton mass matrices

If neutrinos are massive and lepton flavors are mixed, one may wonder whether there exist some similarities or relations between the mass and mixing textures of leptons and quarks. A basic question in understanding the fermion mass spectra is why the masses of three active neutrinos are so small compared with those of charged leptons or quarks. For the time being this question remains open, although a number of theoretical speculations towards a definite answer have been made. The smallness of chiral (left-handed) neutrino masses is perhaps attributed to the fact that they are electrically neutral fermions, or more exactly, to the Majorana feature of neutrino fields. In this picture the left-handed Majorana neutrinos can naturally acquire their masses through an effective seesaw mechanism of the form [7]^9:

M_ν = (M^D_ν )^T(M_R)^{−1}(M^D_ν ) , (5.28)

where M^D_ν and M_R denote Dirac and right-handed Majorana neutrino mass matrices, respectively. In most grand unified theories one takes [M^D_ν , M_u] = 0, where M_u stands for the mass matrix of the up-type quark sector. In some left-right symmetric models one takes [M^D_ν , M_l] = 0, where M_l is the charged lepton mass matrix. The mass matrix of

9For simplicity the notations of Majorana neutrino mass matrices used here are different from those used in (2.25). Obviously Mν = M^M_ν and MR = M̃^M_ν .

the heavy right-handed neutrinos (M_R) is practically unknown in almost all reasonable extensions of the standard model. For this reason a specific texture of M_R, in addition to that of M^D_ν , has to be assumed in order to calculate masses of the light left-handed Majorana neutrinos.

A phenomenologically favored texture of quark mass matrices has been presented in (4.23). The texture zeros in the (1,1), (1,3) and (3,1) positions of M_u and M_d could be the consequence of an underlying flavor symmetry. In the spirit of lepton-quark similarity we prescribe the same texture for the charged lepton and Dirac neutrino mass matrices:

M_l =

0 D_l 0 D^∗_l C_l B_l 0 B^∗_l A_l ,

M^D_ν =

0 D^D_ν 0 D^D_ν C^D_ν B^D_ν 0 B^D_ν A^D_ν

, (5.29)

in which |D_l| ≪ |C_l| ∼ |B_l| ≪ |A_l| holds. Without loss of generality, we have taken M^D_ν to be real. The phase differences between M_l and M^D_ν are therefore denoted as φ_1 ≡ arg(D_l) and φ_2 ≡ arg(B_l). They are the source of leptonic CP violation in neutrino oscillations. Note that M_l can be decomposed into M_l = P^†_l M_lP_l, where M_l is a real symmetric matrix with the same texture zeros as M_l, and P_l = Diag{1, e^{iφ1}, e^{i(φ1+φ2)}} is a Dirac-type phase matrix.

We conjecture that M_R could have the same texture as that of M^D_ν and M_l, i.e.,

M_R =

0 D_R 0 D_R C_R B_R 0 B_R A_R

, (5.30)

which might follow from a universal flavor symmetry hidden in the more fundamental theory of fermion mass generation. The matrix elements of M_R are in general complex. It is worth mentioning that the universal texture of M_R, M^D_ν (or M_u) and M_l can theoretically be obtained in the context of SO(10) grand unified theories [75, 91]. Instead of exploring the theoretical details of these mass matrices, we proceed to calculate the left-handed neutrino mass matrix M_ν via the seesaw mechanism.

Given the textures of M_R and M^D_ν , it is straightforward to show that M_ν has the same texture:

M_ν =

0 D_ν 0 D_ν C_ν B_ν 0 B_ν A_ν

, (5.31)

in which the four matrix elements are given by

A_ν =

(A^D_ν )^2 A_R ,

B_ν =

A^D_ν B^D_ν A_R + B^D_ν D^D_ν

D_R − A^D_ν D^D_ν B_R

A_RD_R ,

C_ν =

(B^D_ν )^2 A_R + 2C^D_ν D^D_ν D_R − (D^D_ν )^2C_R D^2_R − 2B^D_ν D^D_ν B_R A_RD_R + (D^D_ν )^2B^2_R A_RD^2_R ,

D_ν =

(D^D_ν )^2 D_R

. (5.32)

Note that the texture zeros of M^D_ν and M_R manifest themselves again in M_ν , as a consequence of the seesaw mechanism. We refer this special texture of Dirac and Majorana neutrino mass matrices to the seesaw-invariant texture. As the matrix elements of M_R represent some kinds of superhigh energy scales [7] and those of M^D_ν amount to the mass scales of up-type quark masses ([M^D_ν , M_u] = 0) or charged lepton masses ([M^D_ν , M_l] = 0), a significant suppression of the matrix elements of M_ν is transparent in (5.32). This provides a natural interpretation of the smallness of the left-handed neutrino masses.

In practice, however, useful predictions for light neutrino masses and lepton flavor mixing angles are prevented due to the unknown parameters of M_R. A phenomenologically acceptable approach is to calculate the flavor mixing matrix starting directly from M_l and M_ν , regardless of the details of M_R. Subsequently we follow this strategy to examine how a neutrino mixing pattern with two large mixing angles can naturally emerge in the present model. For simplicity and instruction we assume that the symmetric neutrino mass matrix M_ν is real, therefore the only CP -violating phase existing in the lepton flavor mixing matrix is of the Dirac type and comes from the complex phases of M_l.

The real symmetric mass matrices M_l and M_ν can be diagonalized by two orthogonal transformations:

O^T_l M_lO_l = Diag{−m_e, m_μ, m_τ } , O^T_ν M_ν O_ν = Diag{−m_1, m_2, m_3} . (5.33)

In general the four parameters of M_l (or M_ν ) cannot be uniquely determined by inputting the measured mass eigenvalues. To obtain an analytically simple solution for O_l or O_ν, we typically specify C_l = m_μ and C_ν = m_2 (the similar choices C_u = m_c and C_d = m_s are favored for the quark mass matrices M_u and M_d in (4.23) to reproduce the experimental values of quark flavor mixing angles [8, 53]). Then the other parameters of M_l and M_μ can be determined in terms of the charged lepton and neutrino masses, respectively:

A_l = m_τ − m_e , |B_l| = [ m_em_τ (m_τ − m_e − m_μ) m_τ − m_e ]_1/_2 , |D_l| = ( m_em_μm_τ m_τ − m_e )_1/_2

; (5.34) and A_ν = m_3 − m_1 ,

B_ν = [ m_1m_3(m_3 − m_1 − m_2) m_3 − m_1

]_1/_2 , D_ν = ( m_1m_2m_3 m_3 − m_1

)_1/_2

. (5.35)

In this special but interesting case, we obtain the matrix elements of O_l and O_ν in terms of the mass ratios x_l ≡ m_e/m_μ, y_l ≡ m_μ/m_τ and x_ν ≡ m_1/m_2 and y_ν ≡ m_2/m_3 as follows (the subscripts “l” and “ν” are neglected for simplicity):

O_{11} = + [ 1 (1 + x)(1 − x^2y^2)

]_1/_2 , O_{12} = + [ x(1 − y − xy) (1 + x)(1 − y)(1 − xy)

]_1/_2 , O_{13} = + [ x^2y^3 (1 − y)(1 − x^2y^2)

]_1/_2 , O_{21} = − [ x (1 + x)(1 + xy)

]_1/_2 , O_{22} = + [ 1 − y − xy (1 + x)(1 − y)

]_1/_2 , O_{23} = + [ xy (1 − y)(1 + xy)

]_1/_2 , O_{31} = + [ x^2y(1 − y − xy) (1 + x)(1 − x^2y^2)

]_1/_2 , O_{32} = − [ xy (1 + x)(1 − y)(1 − xy)

]_1/_2 , O_{33} = + [ 1 − y − xy (1 − y)(1 − x^2y^2)

]_1/_2

. (5.36)

It is easy to check that O_l is very close to the unity matrix, because of the smallness of x_l (= 0.00484) and y_l (= 0.0594) [1]. Instead O_ν can significantly deviate from the unity matrix, if three neutrino masses do not have a strong hierarchy.

The leptonic flavor mixing matrix V ≡ O^T_l P_lO_ν links the neutrino mass eigenstates (ν_1, ν_2, ν_3) to the neutrino flavor eigenstates (ν_e, ν_μ, ν_τ ). Assuming the phase differences between M_l and M^D_ν to have the special values φ_1 = π/2 and φ_2 = π (a case favored for the quark mass matrices in (4.23) to reproduce the measured flavor mixing angles and CP violation [8, 48]), we obtain the magnitudes of |V_{iα}|^2 as follows:

|V_{αi}|^2 = ( O^l_{1α}O^ν_{1i} )_2 + ( O^l_{2α}O^ν_{2i} − O^l_{3α}O^ν_{3i}

)_2 , (5.37)

where α runs over (e, μ, τ) and i over (1, 2, 3). The rephasing-invariant measure of CP violation, J_l, can then be calculated by use of the formula given in (3.12). As one can see from (5.36), |V_{iα}| and J_l are functions of the neutrino mass ratios x_ν and y_ν .

Without loss of much generality we take x_ν ≤ 1 and y_ν ≤ 1. Taking (2.21) into account, we obtain the ratio of Δm^2_{sun} to Δm^2_{atm} in terms of x_ν and y_ν: R ≡ Δm^2_{sun} Δm^2_{atm}

= y^2_ν

1 − x^2_ν 1 − y^2_ν

≪ 1 . (5.38)

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1 y_ν

x_ν

ȷȷ3_{VO}

?^{LA MSW}

0.82 < sin^2 2θatm ≤ 1

0.65 ≤ sin^2 2θsun ≤ 1 0 ≤ |Ve3|^2 ≤ 0.05 5 · 10�^3 ≤ RMSW ≤ 5 · 10�^2

5 · 10�^8 ≤ RVO ≤ 5 · 10�^7

3

Figure 5.1: Allowed ranges of the neutrino mass ratios x_ν ≡ m_1/m_2 and y_ν ≡ m_2/m_3 constrained by current data, where R ≡ Δm^2_{sun}/Δm^2_{atm} taking different values for the large-angle MSW and vacuum oscillation solutions to the solar neutrino problem.

Note that R ≪ 1 is imposed by current atmospheric and solar neutrino oscillation data. This condition is satisfied if both x_ν ≪ 1 and y_ν ≪ 1 hold, or if x_ν ≈ 1 and y_ν < x_ν hold for proper values of y_ν . For vacuum oscillation and large-angle MSW solutions to the solar neutrino problem, one obtains R_{VO} ∼ 10^{−7} and R_{MSW} ∼ 10^{−2} respectively^{10}. The mixing factors of solar (ν_e → ν_e disappearance) and atmospheric (ν_μ → ν_μ disappearance) neutrino oscillations can be given, under the approximate decoupling condition |V_{e3}|^2 ≪ 1, as follows:

sin^2 2θ_{sun} = 4 |V_{e1}|^2 |V_{e2}|^2 ,

sin^2 2θ_{atm} = 4 |V_{μ3}|^2 ( 1 − |V_{μ3}|^2 ) . (5.39)

Clearly R, |V_{e3}|^2, sin^2 2θ_{sun} and sin^2 2θ_{atm} are all functions of two independent neutrino mass ratios. We are therefore able to find out the allowed parameter space for (x_ν, y_ν) by fitting current experimental data on R, |V_{e3}|^2, and so on. Explicitly we take 0.82 < sin^2 2θ_{atm} ≤ 1, 0.65 ≤ sin^2 2θ_{sun} ≤ 1, and |V_{e3}|^2 ≤ 0.05 [20]. In addition, 5 × 10^{−3} ≤ R_{MSW} ≤ 5 × 10^{−2} and 5 × 10^{−8} ≤ R_{VO} ≤ 5 × 10^{−7} are adopted. With these inputs (and with x_l = 0.00484 and y_l = 0.0594 [1]), we carry out a numerical calculation based on the formulae given in (5.36) – (5.39). The allowed ranges of x_ν and y_ν are then illustrated in Fig. 5.1, without any fine tuning. We observe that y_ν ∼ 0.3 for either the large-angle

10Here we do not take the small-angle MSW solution into account. Indeed a numerical study shows that this solution is not compatible with the model under discussion.

MSW solution or the vacuum oscillation solution. The former requires x_ν ≥ 0.8, while the latter requires x_ν ≈ 1. The magnitude of J_l is in the range (7 − 8) × 10^{−3}, implying that a moderate strength of CP violation is allowed by the model.

We see that this lepton mixing scenario can well accommodate the large-angle MSW oscillations of solar neutrinos. It is also compatible with the vacuum oscillation solution to the solar neutrino problem, although the allowed parameter space is much smaller. In both cases the atmospheric neutrino oscillation with a large mixing factor can be incorporated. Note that the results 0.8 ≤ x_ν < 1 and y_ν ∼ 0.3 indicate a nearly degenerate neutrino mass spectrum, in contrast with the strong mass hierarchy of charged leptons. This is not a surprise, because it is technically difficult to obtain a lepton mixing pattern with two large mixing angles, when three neutrino masses are hierarchical. The near degeneracy of three neutrino masses in our model implies that they may be the proper candidate for the hot dark matter of the universe (in this case m_1 + m_2 + m_3 ∼ 5 to 10 eV is required). Of course such a neutrino mass spectrum may have no conflict with the stringent upper limit on the effective mass factor ⟨m_ν⟩ of the neutrinoless double beta decay [17]. The reason is simply that cancellations can take place in the expression of ⟨m_ν⟩, in particular when CP -violating phases of the Majorana type are introduced.

Once the neutrino masses are determined in the future neutrino experiments, one may specify the form of M_ν in a reverse way. The right-handed neutrino mass matrix M_R can then be obtained via the seesaw mechanism, if [M^D_ν , M_u] = 0 or [M^D_ν , M_l] = 0 is taken. In an explicit theoretical framework (e.g., the SO(10) grand unified model) the energy scale, at which the universal texture of M_u, M_l, M_R and M_ν holds, should be specified; and the running effects of these mass matrices between the superhigh and low energy scales should be taken into account. To make an order-of-magnitude estimate of M_R, we take M^D_ν = M_u and m_1 ≈ m_2 ≈ m_3/3 ≈ 1.5 eV, and neglect all possible scale-dependent running effects (see section 5.5 for a detailed discussion). With the help of (5.32), (5.34) and (5.35), we obtain

M_u ∼

0 O(10^{−2}) 0 O(10^{−2}) O(1) O(1) 0 O(1) O(10^2) ,

M_R ∼

0 O(10^6) 0 O(10^6) O(10^8) O(10^{10}) 0 O(10^{10}) O(10^{13})

(5.40)

in units of GeV; and M_ν ∼ 0 O(1) 0 O(1) O(1) O(1) 0 O(1) O(1)

(5.41)

in units of eV. This simple example illustrates that the tiny and nearly degenerate masses of left-handed neutrinos can naturally come forth from the hierarchical textures of M^D_ν and M_R through the seesaw mechanism.

Without the assumptions C_l = m_μ and C_ν = m_2 as well as φ_1 = π/2 and φ_2 = π, one can find out other possible parameter spaces of M_l and M_ν to accommodate the atmospheric neutrino oscillation data and allow the small-angle MSW solution, the large-angle

MSW solution or the vacuum oscillation solution to the solar neutrino problem. A strong correlation between the mixing factors of solar and atmospheric neutrino oscillations in the model is generally expected, unlike those (nearly) bi-maximal or tri-maximal neutrino mixing scenarios in which the lepton mixing angles are essentially algebraic numbers independent of the neutrino mass ratios.

5.4 An illustrative scheme of four-neutrino mixing

In the context of three neutrino species, we have discussed several instructive schemes of lepton mass matrices which can interpret current experimental data on atmospheric and solar neutrino oscillations. The LSND evidence for ν_μ → ν_e and ν̄_μ → ν̄_e oscillations have so far been put aside. To make a simultaneous interpretation of solar, atmospheric and LSND neutrino oscillation data, which have three different levels of neutrino masssquared differences (i.e., Δm^2_{sun} ∼ 10^{−10} − 10^{−5} eV^2, Δm^2_{atm} ∼ 10^{−3} eV^2 and Δm^2_{LSND} ∼ 1 eV^2), one has to go beyond the conventional three-neutrino framework by incorporating one sterile light neutrino (ν_s with mass m_0). As already pointed out in section 2.2, a particularly favored four-neutrino mixing scenario is that the ν_e → ν_s, ν_μ → ν_τ and ν_μ → ν_e transitions are respectively responsible for the solar, atmospheric and LSND neutrino oscillations. Let us denote the mass eigenstates of ν_s, ν_e, ν_μ and ν_τ as ν_0, ν_1, ν_2 and ν_3, respectively. Then the 4 × 4 flavor mixing matrix V is explicitly given as

ν_s ν_e ν_μ ν_τ = V_{s0} V_{s1} V_{s2} V_{s3} V_{e0} V_{e1} V_{e2} V_{e3} V_{μ0} V_{μ1} V_{μ2} V_{μ3} V_{τ 0} V_{τ 1} V_{τ 2} V_{τ 3} ν_0 ν_1 ν_2 ν_3

. (5.42)

Note that the four-neutrino mass spectrum is characterized by

Δm^2_{sun} = Δm^2_{10} ≡ | | |m^2_1 − m^2_0 | | | , Δm^2_{atm} = Δm^2_{32} ≡ | | |m^2_3 − m^2 | | | , Δm^2_{LSND} = Δm^2_1 ≡ | |m_2 − m_{21} | | . (5.43)

In contrast, the mass spectrum of charged leptons remains unchanged. It should be noted that the four-neutrino mixing phenomenon is not solely the property of a 4 × 4 neutrino mass matrix. Indeed the realistic lepton flavor mixing arises from the mismatch between diagonalizing the charged lepton and neutrino mass matrices in a given flavor basis. Enlarging the number of charged lepton families to four might pose a problem, because the fourth charged lepton must be sufficiently heavy (with mass > 80 GeV [1]) and the existence of such a heavy fermion requires credible theoretical motivation and experimental evidence. To avoid this “fourth charged lepton” problem and the related complexity [92], most authors have chosen to construct the four-neutrino mixing scenarios in the flavor basis in which the charged lepton mass matrix is diagonal. Such a treatment is of course not perfect, but it may serve as an acceptable approach to illustrate some features of the four-neutrino mixing phenomenon. We therefore follow the same strategy in the following.

For simplicity we assume CP invariance. In the absence of CP violation a generic 4 × 4 (Dirac or Majorana) neutrino mass matrix M_ν consists of 10 arbitrary parameters. Some of these entries receive strong restrictions from current experimental data and may be negligibly small in magnitude. In the flavor basis (ν_s, ν_e, ν_μ, ν_τ ) one can diagonalize M_ν through an orthogonal transformation:

V^TM_νV = Diag{m_0, m_1, m_2, m_3} , (5.44)

where the real lepton flavor mixing matrix V links the neutrino mass eigenstates (ν_0, ν_1, ν_2 and ν_3) to the neutrino flavor eigenstates (ν_s, ν_e, ν_μ and ν_τ ). Note that the strength of active-sterile neutrino mixing is strictly constrained by astrophysics and cosmology. A careful analysis of recent astrophysical data yields an upper limit N^{BBN}_ν ≤ 3.2 (at the 95% confidence level [93]) for the effective number of neutrinos in Big-Bang nucleosynthesis, although the matter remains quite controversial [94]. This upper bound implies that atmospheric (ν_μ → ν_τ ) and solar (ν_e → ν_s) neutrino oscillations are essentially decoupled in the framework of four-neutrino mixing. As a consequence, we arrive at the following leading order result [25, 95]

V ≈ c_⊙ −s_⊙ 0 0 s_⊙ c_⊙ 0 0 0 0 c_• s_• 0 0 −s_• c_•

, (5.45)

where s_⊙ ≡ sin θ_{sun}, c_• ≡ cos θ_{atm}, and so on. To accommodate the LSND neutrino oscillation data (i.e., ν_μ → ν_e and ν̄_μ → ν̄_e transitions with a small mixing factor sin^2 2θ_{LSND} ∼ 10^{−3} −10^{−2}), a small admixture between (ν_e, ν_μ) and (ν_1, ν_2) states needs to be introduced. We therefore rotate the ν_1-ν_2 sector of V by a very small angle ϵ ∼ θ_{LSND}. Such a rotation can be done from either the left-handed side of V or the right-handed side of V . The resultant flavor mixing matrix V^′ deviates only slightly from V :

V^′ ≈ c_⊙ − s_⊙ −ϵs_⊙ 0 s_⊙ c_⊙ ϵc_⊙ 0 0 − ϵc_• c_• s_• 0 ϵs_• −s_• c_• , (5.46) or V^′ ≈ c_⊙ −s_⊙ 0 0 s_⊙ c_⊙ ϵc_• ϵs_• −ϵs_⊙ −ϵc_⊙ c_• s_• 0 0 −s_• c_•

. (5.47)

At this stage the texture of the neutrino mass matrix M_ν can straightforwardly be recast from its mass eigenvalues and V^′, as shown in (5.3).

The four-neutrino mixing pattern V^′ with θ_{atm} ≈ 45^∘ may generally arise from the following neutrino mass matrix [25, 96]:

M_ν = m δ_1 δ_2 0 0 δ_2 0 0 δ_3 0 0 δ_4 1 0 δ_3 1 ±δ_4

, (5.48) where m measures the mass scale of the LSND neutrino oscillations (i.e., Δm^2_{LSND} ≈ m^2), and the other dimensionless parameters satisfy |δ_i| ≪ 1 (for i = 1, · · ·, 4). We obtain tan 2θ_{sun} ≈ 2|δ_2/δ_1| and ϵ ≈ |δ_3|, in addition to θ_{atm} ≈ 45^∘. The relative magnitudes of δ_i can properly be chosen in order to describe the small-angle MSW solution (|δ_2| ≪ |δ_1|; |δ_4| ≪ |δ_3| ≪ 1), the large-angle MSW solution (|δ_1|, |δ_2|, |δ_4| ≪ |δ_3| ≪ 1), or the vacuum oscillation solution (|δ_1| ≪ |δ_2| ≪ |δ_4| ≪ |δ_3| ≪ 1) to the solar neutrino problem [25]. In any case the desired mass hierarchy m_0, m_1 ≪ m_2, m_3 as illustrated in Fig. 2.1(a) appears; i.e., the neutrino mass spectrum is characterized by two nearly degenerate mass pairs separated by a mass gap of m ∼ 1 eV.

The consequences of this simple four-neutrino mixing scenario on the long-baseline neutrino experiments have been explored in Ref. [25] in some detail. Also a theoretical attempt towards understanding such a specific texture of M_ν has been made in Ref. [96]. One can certainly find out some other interesting textures of the 4 × 4 neutrino mass matrix to accommodate the present solar, atmospheric and LSND neutrino oscillation data [97]. Whether there exists such a light sterile neutrino in nature remains an open question and could be resolved by the future neutrino experiments (see, e.g., Ref. [98] for a comprehensive discussion). On the theoretical side, the sterile neutrino can be introduced as an extra fermion to the standard model and its mass can be suppressed by use of the radiative mechanism. It is also possible to double the particle spectrum and the gauge forces of the standard model by including a mirror sector to it and inducing the Majorana neutrino masses via non-renormalizable operators. In this framework the lightest neutrino of the mirror sector will be identified as the sterile neutrino. For a review of the relevant theoretical models of sterile neutrinos, we refer the reader to Ref. [99].

5.5 Scale dependence of the neutrino mass matrix

So far we have discussed some instructive scenarios of lepton mass matrices at low energy scales, at which their consequences on neutrino oscillations can directly be confronted with the experimental data. From the theoretical point of view, however, a phenomenologically favored texture of lepton mass matrices might only serve as the low-scale approximation of a more fundamental model responsible for the fermion mass generation at superhigh energy scales. It is therefore desirable to investigate the scale dependence of lepton mass matrices, as that of quark mass matrices, by use of the renormalization-group equations. The running behaviors of the neutrino mass matrix is, however, strongly model-dependent. To be specific we only consider the possibility that the light Majorana neutrino masses are generated by the conventional seesaw mechanism with a singlet-neutrino mass scale M_0 ∼ 10^{13} GeV [100]^{11}. Below this mass scale the Yukawa couplings of Dirac neutrinos become decoupled. Thus the running of the left-handed neutrino mass matrix M_ν with the energy scale μ can be described, in the framework of the minimal supersymmetric standard model, by [101]

16π^2 dM_ν dχ = [ − ( 6 5 g^2_1 + 6g^2 ) + 6Tr ( Y_uY^†_u )] M_ν + ( Y_lY^†_l ) M_ν + M_ν ( Y_lY^†_l )_T , (5.49)

11Certainly the heavy Majorana neutrino masses are unnecessary to be degenerate, and the structure of MR may have non-negligible effects on the renormalization-group equations of Mν . For the purpose of illustration we simply assume that MR is characterized by a single mass scale M0.

where χ = ln(μ/M_0); g_i (for i = 1 and 2) denote the gauge couplings; Y_u and Y_l are the Yukawa coupling matrices of the up-type quarks and the charged leptons, respectively.

In the flavor basis where the charged lepton mass matrix is diagonal, one can simplify the renormalization-group equation (5.49) and obtain the running behaviors of individual elements of M_ν at the weak scale μ = M_Z . Neglecting the tiny contributions from up and charm quarks and defining the evolution functions

I_g = exp [ + 1 16π^2

∫_{ln(}M_0/M_{Z)} 0 ( 6 5 g^2_1(χ) + 6g^2(χ) ) dχ ] , I_t = exp [ − 1 16π^2

∫_{ln(}M_0/M_{Z)} 0 f^2_t (χ)dχ ] , I_α = exp [ − 1 16π^2

∫_{ln(}M_0/M_{Z)} 0 f^2_α(χ)dχ ] , (5.50)

where f_t and f_α (for α = e, μ, τ) are the Yukawa coupling eigenvalues of the top quark and charged leptons, one can solve (5.49) and arrive at

M_ν(M_Z) = ( I_gI^6_t ) T_l · M_ν (M_0) · T_l (5.51)

with T_l = Diag{I_e, I_μ, I_τ }. The overall factor (I_gI^6_t ) in (5.51) does not affect the relative magnitudes of the matrix elements of M_ν . Only the matrix T_l, which amounts to the unity matrix at the mass scale M_0, can modify the texture of the light neutrino mass matrix from M_0 to M_Z. The mass hierarchy of three charged leptons (i.e., f_e < f_μ < f_τ ) implies I_e > I_μ > I_τ at any energy scale below M_0. If three neutrinos were exactly degenerate (i.e., m_1 = m_2 = m_3) at the scale M_0, they would become non-degenerate and have the spectrum m_1 > m_2 > m_3 at a lower scale like M_Z. Indeed the magnitude of I_τ may substantially deviate from unity, if tan β_{susy} (the ratio of Higgs vacuum expectation values) takes large values. In contrast, I_e ≈ I_μ ≈ 1 is expected to be a good approximation.

To be more explicit, we take m_t(M_Z) = 175 GeV, m_b(M_Z) = 2.9 GeV, m_τ (M_Z) = 1.777 GeV, g^2_1(M_Z ) = 0.127 and g^2(M_Z ) = 0.42 to calculate the evolution factors I_g, I_t and I_τ in the framework of the minimal supersymmetric standard model. We obtain I_g ≈ 1.6. The magnitudes of I_t and I_τ depend on the input value of tan β_{susy}. For example, I_t ≈ 0.89 and I_τ ≈ 1.0 for tan β_{susy} = 10; while I_t ≈ 0.86 and I_τ ≈ 0.9 for tan β_{susy} = 60. We see that the overall factor of M_ν (M_Z) takes the value (I_gI^6_t ) ≈ 0.80 and 0.65, respectively, for tan β_{susy} = 10 and 60. The specific texture of M_ν (M_Z) is different from that of M_ν(M_0), only because of the deviation of I_τ from unity.

For illustration we take the general symmetric texture of M_ν (M_0) in the basis where M_l(M_0) is diagonal:

M_ν (M_0) =

E_ν(M_0) D_ν(M_0) F_ν (M_0) D_ν(M_0) C_ν(M_0) B_ν (M_0) F_ν (M_0) B_ν (M_0) A_ν(M_0)

. (5.52)

With the help of (5.51), we obtain the renormalized neutrino mass matrix at the scale M_Z as follows:

M_ν (M_Z) =

E_ν(M_Z) D_ν(M_Z) F_ν(M_Z ) D_ν(M_Z) C_ν(M_Z) B_ν (M_Z) F_ν (M_Z) B_ν (M_Z) A_ν (M_Z)

, (5.53)

where

A_ν (M_Z) = ( I_gI^6_t ) I^2_τ A_ν(M_0) ,

B_ν (M_Z) = ( I_gI^6_t ) I_μI_τ B_ν (M_0) ,

C_ν(M_Z) = ( I_gI^6_t ) I^2_μ C_ν(M_0) ,

D_ν (M_Z) = ( I_gI^6_t ) I_eI_μ D_ν(M_0) ,

E_ν (M_Z) = ( I_gI^6_t ) I^2_e E_ν(M_0) ,

F_ν (M_Z) = ( I_gI^6_t ) I_eI_τ F_ν(M_0) . (5.54)

An interesting feature of M_ν(M_Z ) would be that its possible texture zeros remain the same as those of M_ν (M_0), up to the degree of accuracy taken in deriving (5.51). This result could in some sense support our conjecture made in section 5.3; i.e., the seesaw-invariant texture of lepton mass matrices, which might arise from a dynamical mechanism of fermion mass generation, holds essentially at both superhigh and low energy scales.

Of course the evolution of M_ν from M_0 to M_Z will in general affect the form of the lepton flavor mixing matrix V (M_0). This is naturally expected, as the flavor mixing angles are sensitive to the off-diagonal elements of the neutrino mass matrix. Therefore the mixing pattern V (M_Z), in particular its (ν_μ, ν_τ ) and (ν_e, ν_τ ) sectors, might depart significantly from V (M_0) if I_τ deviates substantially from unity. The explicit running behaviors of the flavor mixing matrix elements are, however, correlated in a complicated way with those of the neutrino mass eigenvalues (see, e.g., Ref. [102] for detailed calculations of V (M_Z) from V (M_0) with different spectra of neutrino masses).

It is possible to invoke another model in which the light Majorana neutrino masses are simply generated by a new non-renormalizable interaction with dimension-5 mass operators at the scale Λ ∼ 10^5 GeV. In this case there is no Dirac neutrino coupling to be renormalized [100], thus the running effect of M_ν below the scale Λ can be described by the same formulae given above. As ln(Λ/M_Z) ∼ 7, the deviation of I_τ (as well as I_t) from unity is insignificant and even negligible. Then we are left with M_ν(M_Z) ≈ M_ν(Λ) and V (M_Z) ≈ V (Λ).

5.6 CP violation in long-baseline neutrino experiments

It is known that within the framework of three lepton families the strength of CP violation is universal in ν_e → ν_μ, ν_τ → ν_e and ν_τ → ν_e transitions (see Ref. [103] as well as (3.22) and (3.23) for details). The asymmetry between the probabilities of two CP -conjugate appearance processes is uniquely given as

Δ_{CP} = P (ν_α → ν_β) − P (ν̄_α → ν̄_β) = −16J_l sin F_{sun} sin^2 F_{atm} , (5.55) where (α, β) = (e, μ), (μ, τ) or (τ, e); J_l is the universal CP -violating parameter; F_{sun} and F_{atm} measure the frequencies of solar and atmospheric neutrino oscillations, respectively. The T -violating asymmetry can be obtained in a similar way:

Δ_T = P (ν_α → ν_β) − P (ν_β → ν_α) = −16J_l sin F_{sun} sin^2 F_{atm} ,

Δ̄_T = P (ν̄_α → ν̄_β) − P (ν̄_β → ν̄_α)

= +16J_l sin F_{sun} sin^2 F_{atm} . (5.56)

These formulas show clearly that CP or T violation is a property of all three lepton families. The relationship Δ_T = Δ_{CP} is a straightforward consequence of CP T invariance, and Δ̄_T = −Δ_T indicates that the T -violating measurable is an odd function of time.

The CP - and T -violating signals can in principle be measured in the long-baseline neutrino experiments [104]. As Δ_{CP} and Δ_T depend linearly on the oscillation term sin F_{sun}, the length of the baseline suitable for detecting CP and T asymmetries should satisfy the condition L ∼ E/Δm^2_{sun}. This requirement singles out the large-angle MSW solution, which has Δm^2_{sun} ∼ 10^{−5} to 10^{−4} eV^2 and sin^2 2θ_{sun} ∼ 0.65 to 1 [20], among three possible solutions to the solar neutrino problem. The small-angle MSW solution poses a problem, because it does not give rise to a relatively large magnitude of J_l, which determines the significance of practical CP - or T -violating signals. The long wave-length vacuum oscillation solution requires Δm^2_{sun} ∼ 10^{−10} eV^2, too small to meet the realistic long-baseline prerequisite.

The observation of Δ_T might be free from the matter effects of the earth, which is possible to fake the genuine CP asymmetry Δ_{CP} in any long-baseline neutrino experiment. The joint measurement of ν_α → ν_β and ν_β → ν_α transitions to determine Δ_T is, however, a challenging task in practice. Probably it could only be realized in a neutrino factory, where high-quality neutrino beams can be produced with high-intensity muon storage rings [105].

To illustrate the earth-induced matter effects, we write out the effective Hamiltonians for neutrinos and antineutrinos [41]:

H_ν = 1 2E V m^2_1 0 0 0 m^2 0 0 0 m^2_3 V^† + a 0 0 0 0 0 0 0 0 ,

H_{ν̄} = 1 2E V^∗ m^2_1 0 0 0 m^2 0 0 0 m^2_3 V^T − a 0 0 0 0 0 0 0 0

, (5.57)

where V and m_i (for i = 1, 2, 3) denote the flavor mixing matrix and neutrino mass eigenvalues, respectively, in vacuum; and a = 2 √ 2G_FN_eE ∼ O(10^{−4}) eV^2 · E/[GeV] describes the charged current interaction with electrons (N_e and E stand for the background density of electrons and the neutrino energy, respectively). Once a ∼ Δm^2_1 or Δm^2_{32} for given values of E, significant matter effects will enter neutrino oscillations. In this case the diagonalization of H_ν and H_{ν̄} by two different unitary matrices leads to the effective neutrino mass eigenvalues which deviate somehow from the genuine ones. Moreover the opposite signs of a in H_ν and H_{ν̄} signify that the background matter is not CP invariant. This provokes a fake CP asymmetry between neutrino and antineutrino transitions, whose magnitude could in some cases be comparable with or dominant over the genuine CP asymmetry measured by J_l. Roughly speaking, the longer the baseline, which in turn requires the higher neutrino beam energy, the larger the matter effect on leptonic CP violation [104].

In practical experiments one might prefer to measure the CP asymmetry Δ_{CP} normalized by the sum of two CP -conjugate transition probabilities. Such a signal is particularly significant for ν_μ → ν_e and ν̄_μ → ν̄_e oscillations, because their CP -conserving and CP - violating parts are comparable in magnitude (see (3.23) for illustration). To be specific we adopt the nearly bi-maximal neutrino mixing scenario introduced in section 5.2 and calculate the CP -violating observable in vacuum [40]: A = P (ν_μ → ν_e) − P (ν̄_μ → ν̄_e) P (ν_μ → ν_e) + P (ν̄_μ → ν̄_e) = P (ν_μ → ν_e) − P (ν_e → ν_μ) P (ν_μ → ν_e) + P (ν_e → ν_μ)

≈ 8 √ 3 √ m_e m_μ 16 3 m_e m_μ + ( sin F_{sun} sin F_{atm}

)_2 sin Fsun . (5.58)

Let us typically take the baseline length to be L = 732 km or L = 7332 km for a neutrino source at Fermilab pointing toward the Soudan mine in Minnesota or the Gran Sasso underground laboratory in Italy [105]. The mass-squared differences are chosen as (a) Δm^2_{sun} = 5 × 10^{−5} eV^2 and (b) Δm^2_{sun} = 10^{−4} eV^2 versus the fixed Δm^2_{atm} = 10^{−3} eV^2. The behavior of A changing with the beam energy E in the range 3 GeV ≤ E ≤ 20 GeV is shown in Fig. 5.2. We see that the asymmetry A can be of O(0.1) to O(1). The matter effect on A must be taken into account, in order to extract the genuine CP -odd parameters. For the model under consideration, the smallness of |V_{e3}| (≈ 0.056) together with the maximal CP violating phase (ϕ ≈ 90^∘) is expected to make the possible matter effect insignificant, and unable to completely fake the genuine CP -violating signals (see, e.g., Ref. [40] and references therein).

Note again that in the framework of three neutrino families the leptonic CP violation could be observable, if and only if the large-angle MSW oscillation is the true solution to the solar neutrino problem. The situation can dramatically change, when the four-neutrino mixing scheme is adopted to interpret solar, atmospheric and LSND neutrino oscillation data. The most general mixing matrix of four Majorana (3 active and 1 sterile) neutrinos consists of 6 rotation angles and 6 CP -violating phases, as already counted in section 3.1. However, the mixing angles of the sterile neutrino ν_s with the active neutrinos ν_μ and ν_τ are expected to be very small (see the arguments given in section 5.4). In this case one may approximate the 4 × 4 lepton flavor mixing matrix V , which links the neutrino mass eigenstates (ν_0, ν_1, ν_2, ν_3) to the neutrino flavor eigenstates (ν_s, ν_e, ν_μ, ν_τ ), by taking

0

.2

.4

.6

.8

1

2 4 6 8 10 12 14 16 18 20

A

E (GeV) a b b

a

L = 732 km

L = 7332 km

Figure 5.2: Illustrative plot for the CP -violating asymmetry A between ν_μ → ν_e and ν̄_μ → ν̄_e transitions in vacuum, changing with the neutrino beam energy E. Here (a) Δm^2_{sun} = 5 × 10^{−5} eV^2 and (b) Δm^2_{sun} = 10^{−4} eV^2 versus the fixed Δm^2_{atm} = 10^{−3} eV^2 have typically been taken in the case of the baseline length L = 732 km or L = 7332 km.

cos θ_{02} ≈ cos θ_{03} ≈ 1. Explicitly we have the following approximate form of V :

V ≈ c_{01} s^∗_{01} s^∗_{02} s^∗_{03} −s_{01} c_{01} s^∗_{12} s^∗_{13} V_{μ0} V_{μ1} c_{23} s^∗_{23} V_{τ 0} V_{τ 1} −s_{23} c_{23}

, (5.59)

where s_{ij} ≡ sin θ_{ij} e^{iϕij} and c_{ij} ≡ cos θ_{ij} (for i, j = 0, 1, 2, 3 and i < j), and the expressions of V_{μ0}, V_{μ1}, V_{τ 0} and V_{τ 1} can be obtained by using the leading order unitarity conditions. Based on this flavor mixing pattern as well as the mass spectrum given in (5.43), one may carry out an analysis of CP violation in ν_e → ν_μ, ν_μ → ν_τ and ν_τ → ν_e oscillations. For example, the CP asymmetry between ν_μ → ν_e and ν̄_μ → ν̄_e transitions reads

Δ_{μe} = P (ν_μ → ν_e) − P (ν̄_μ → ν̄_e) ≈ 16J_l sin F_{atm} sin^2 F_{LSND} , (5.60)

where J_l is the conventional rephasing-invariant measure of CP violation in the threeneutrino mixing framework; F_{LSND} ∝ Δm^2_{LSND} and F_{atm} ∝ Δm^2_{atm} describe the oscillation frequencies of LSND and atmospheric neutrinos, respectively. Note that the CP -violating effect arising from the interference between sterile and active neutrinos is negligible in Δ_{μe}, as a straightforward consequence of the approximation made in (5.59). Maximizing the contributions of ϕ_{ij} to the relevant CP -violating observables in an appropriate way, one can find that the signal of CP violation is much more significant and the matter effect is much smaller than those in the conventional three-neutrino mixing framework [104]. The CP -violating asymmetry between ν_μ → ν_e and ν̄_μ → ν̄_e transitions, i.e., the asymmetry Δ_{μe} obtained in (5.60), remains promising in practical experiments.

Let us end this section with one remark. The lepton flavor mixing angles depend in general not only on the ratios of charged lepton masses but also on those of neutrino masses, unless their contributions to flavor mixing are forbidden by some special flavor symmetries. Therefore the mixing factors of various neutrino oscillations are expected to have correlations with the corresponding neutrino mass-squared differences. In other words, sin^2 2θ and Δm^2 may not be two completely independent parameters in the true theory of lepton masses and flavor mixing. All of the present model-independent analyses of CP violation in neutrino oscillations have tried to maximize the observable effects by adjusting the unknown parameters arbitrarily, i.e., regardless of the possible parameter correlation. We hope that progress in both theory and experiments would finally allow us to gain more insights into the problems under discussion and lead us to a full understanding of fermion mass generation and CP violation.

6 Concluding remarks

We have given an overview of phenomenological studies of fermion mass and flavor mixing schemes. Particular attention has been paid to the underlying flavor symmetries which can lead to realistic textures of quark and lepton mass matrices.

With the current experimental data on quark masses and flavor mixing angles, we find that only very few specific patterns of quark mass matrices are realistic. These patterns lead to different predictions for the sides and angles of the quark unitarity triangles, thus it is possible to distinguish one from another and to identify the “right” one by improved measurements of the quark mixing angles and of CP violation in the near future.

In comparison, the present experimental results for neutrino oscillations remain rather preliminary, although they do provide strong hints for possible patterns of lepton flavor mixing and the associated textures of lepton mass matrices. For illustration we have described several interesting schemes of lepton mass matrices, whose predictions can be examined in a variety of upcoming neutrino oscillation experiments. Nevertheless it should not be a surprise, if none of the currently proposed neutrino mass and mixing scenarios is realized by nature. But one may hope that at least some of the ideas explored in these attempts will survive the test of future measurements.

While the salient features of flavor mixing and CP violation have well been illustrated by a number of simple and instructive models of fermion mass matrices, some other interesting models proposed in the literature cannot be included in this article due to limitation of space. We therefore refer the reader to Refs. [31, 49, 106], in which the theoretical prospects for a deeper understanding of fermion mass generation and flavor mixing are described. We also refer the reader to Refs. [98, 107, 108], which elaborate the experimental prospects to determine the CP -violating phases of quark mixing, to pin down the true mechanism of neutrino oscillations, and to measure the neutrino masses and lepton mixing parameters.

Certainly much more efforts are needed, both experimentally and theoretically, to gain a deeper insight into the generation of fermion masses, the pattern of flavor mixing, and the origin of CP violation in a unified picture of leptons and quarks. Let us finish with Max Jammer’s remarks [109]:

“The modern physicist may rightfully be proud of his spectacular achievements in science and technology. However, he should always be aware that the foundations of his imposing edifice, the basic notions of his discipline, such as the concept of mass, are entangled with serious uncertainties and perplexing difficulties that have as yet not been resolved.”

References

[1] Particle Data Group, C. Caso et al., Eur. Phys. J. C 3 (1998) 1. [2] S. Weinberg, Phys. Rev. D 5 (1972) 1962; A. Zee, Phys. Lett. B 93 (1980) 389. [3] H. Fritzsch, Phys. Lett. B 70 (1977) 436; S. Weinberg, in Transactions of the New York Academy of Sciences, 38 (1977) 185; F. Wilczek and A. Zee, Phys. Lett. B 70 (1977) 418.

[4] H. Fritzsch, Phys. Lett. B 73 (1978) 317.

[5] H. Harari, H. Haut, and J. Weyers, Phys. Lett. B 78 (1978) 459. [6] C.D. Froggatt and H.B. Nielsen, Nucl. Phys. B 147 (1979) 277.

[7] M. Gell-Mann, P. Ramond, and R. Slansky, in Supergravity, edited by F. van Nieuwenhuizen and D. Freedman (North Holland, Amsterdam, 1979), p.315; T. Yanagida, in Proceedings of the Workshop on Unified Theory and the Bayon Number of the Universe, KEK, Japan, 1979.

[8] H. Fritzsch and Z.Z. Xing, Nucl. Phys. B 556 (1999) 49; and references therein. [9] H. Fritzsch, Phys. Lett. B 184 (1987) 391. [10] J. Gasser and H. Leutwyler, Phys. Rep. C 87 (1982) 77. [11] H. Leutwyler, Phys. Lett. B 378 (1996) 313. [12] S. Narison, hep-ph/9911454; and references therein.

[13] The two-loop result can be found: N. Gray, D.J. Broadhurst, W. Grafe, and K. Schilcher, Z.

Phys. C 48 (1990) 673.

[14] CDF Collaboration, F. Abe et al., Phys. Rev. Lett. 80 (1998) 2767; D0 Collaboration, B.

Abbott et al., Phys. Rev. Lett. 80 (1998) 2063; and references therein.

[15] B. Kayser, F. Gibrat-Debu, and F. Perrier, The Physics of Massive Neutrinos, World Scientific, 1989.

[16] H. Fritzsch and P. Minkowski, Phys. Lett. B 62 (1976) 72.

[17] H.V. Klapdor-Kleingrothaus, hep-ex/9901021; Heidelberg-Moscow Collaboration, L. Baudis et al., hep-ex/9902014.

[18] Y. Fukuda et al., Phys. Lett. B 436 (1998) 33; Phys. Rev. Lett. 81 (1998) 1562; Y. Suzuki, talk given at the 17th International Workshop on Weak Interactions and Neutrinos, Cape Town, South Africa, January 1999; and references therein.

[19] S.P. Mikheyev and A.Yu. Smirnov, Sov. J. Nucl. Phys. 42 (1985) 913; L. Wolfenstein, Phys.

Rev. D 17 (1978) 2369.

[20] J.N. Bahcall, P.I. Krastev, and A.Yu. Smirnov, Phys. Rev. D 58 (1998) 096016; S.T. Petcov, hep-ph/9907216. Note that the so-called low MSW solution, which has Δm^2_{sun} ∼ 10^{−7} eV^2 and sin^2 2θ_{sun} ∼ O(1), is allowed with a poor probability and is often excluded from discussions. See, e.g., J.N. Bahcall, P.I. Krastev, and A.Yu. Smirnov, hep-ph/9911248.

[21] CHOOZ Collaboration, M. Apollonio et al., Phys. Lett. B 420 (1998) 397. [22] LSND Collaboration, C. Athanassopoulos, et al., Phys. Rev. Lett. 75 (1995) 2650. [23] B. Zeitnitz, talk given at Neutrino ’98, Takayama, Japan, June 1998. [24] See, e.g., G. Barenboim and F. Scheck, Phys. Lett. B 440 (1998) 332; and references therein. [25] N. Okada and O. Yasuda, Int. J. Mod. Phys. A 12 (1997) 3669; V. Barger, S. Pakvasa, T.J.

Weiler, and K. Whisnant, Phys. Rev. D 58 (1998) 093016; S.M. Bilenky, C. Giunti, and W. Grimus, Eur. Phys. J. C 1 (1998) 247; and references therein.

[26] N. Bahcall and X. Fan, Proc. Natl. Acad. Sci. USA 95 (1998) 5956; D.O. Caldwell, hepph/9910349; M.S. Turner, astro-ph/9912211.

[27] H. Fritzsch and Z.Z. Xing, Phys. Lett. B 372 (1996) 265. [28] H. Fritzsch and Z.Z. Xing, Phys. Lett. B 440 (1998) 313.

[29] See, e.g., A.Yu. Smirnov, talk given at the 28th International Conference on High Energy Physics, Warsaw, July 1996; and references therein.

[30] See, e.g., G. Gelmini and E. Roulet, Rep. Prog. Phys. 58 (1995) 1207; R.N. Mohapatra and P.B. Pal, Massive Neutrinos in Physics and Astrophysics (second edition), World Scientific, 1997; and references therein.

[31] R.N. Mohapatra, hep-ph/9910365; P. Langacker, hep-ph/9811460; and references therein. [32] N. Cabibbo, Phys. Rev. Lett. 10 (1963) 531.

[33] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49 (1973) 652.

[34] P. Langacker, S.T. Petcov, G. Steigman, and S. Toshev, Nucl. Phys. B 282 (1987) 589. For earlier references, see: J. Schechter and J.W.F. Valle, Phys. Rev. D 22 (1980) 2227; S.M. Bilenky, J. Hosek, and S.T. Petcov, Phys. Lett. B 94 (1980) 495.

[35] C. Jarlskog, Phys. Rev. Lett. 55 (1985) 1039; in CP Violation, edited by C. Jarlskog (World Scientific, Singapore, 1989), p.3.

[36] K. Sasaki, Z. Phys. C 32 (1986) 149.

[37] G.C. Branco, M.N. Rebelo, and J.I. Silva-Marcos, Phys. Rev. Lett. 82 (1999) 683. [38] Z.Z. Xing, Nucl. Phys. B (Proc. Suppl.) 50 (1996) 24; Nuovo Cimento A 109 (1996) 115. [39] L. Wolfenstein, Phys. Rev. Lett. 51 (1983) 1945.

[40] H. Fritzsch and Z.Z. Xing, hep-ph/9909304 (to appear in Phys. Rev. D); and references therein. [41] See, e.g., T.K. Kuo and J. Pantaleone, Phys. Lett. B 198 (1987) 406; S.M. Bilenky and S.T.

Petcov, Rev. Mod. Phys. 59 (1987) 671; and references therein.

[42] See, e.g., L. Maiani, in Proceedings of the International Symposium on lepton and Photon Interactions at High Energies (DESY, Hamburg, 1977), p. 867; L.L. Chau and W.Y. Keung, Phys. Rev. Lett. 53 (1984) 1802; H. Harari and M. Leurer, Phys. Lett. B 181 (1986) 123; H. Fritzsch and J. Plankl, Phys. Rev. D 35 (1987) 1932.

[43] H. Fritzsch and Z.Z. Xing, Phys. Lett. B 413 (1997) 396.

[44] H. Fritzsch and Z.Z. Xing, Phys. Rev. D 57 (1998) 594.

[45] See, e.g., Z.Z. Xing, Phys. Rev. D 51 (1995) 3958; P. Paganini, F. Parodi, P. Roudeau, and A. Stocchi, Physica Scripta 58 (1998) 556.

[46] See, e.g., J.D. Bjorken and I. Dunietz, Phys. Rev. D 36 (1987) 2109; G.C. Branco and L.

Lavoura, Phys. Rev. D 38 (1988) 2259; G. Bélanger, C. Hamzaoui, and Y. Koide, Phys. Rev. D 45 (1992) 4186; D.D. Wu and Z.Z. Xing, Phys. Lett. B 341 (1995) 386; R.F. Lebed, Phys. Rev. D 55 (1997) 348; and references therein.

[47] F. Parodi, P. Roudeau, and A. Stocchi, hep-ph/9802289; hep-ex/9903063.

[48] H. Fritzsch and Z.Z. Xing, Phys. Lett. B 353 (1995) 114.

[49] For a brief review, see: S. Raby, hep-ph/9501349 (unpublished).

[50] For a systematic analysis of removable and unremovable phases in quark mass matrices, see:

A. Kusenko and R. Shrock, Phys. Rev. D 50 (1994) 30.

[51] H. Fritzsch, Nucl. Phys. B 155 (1979) 189.

[52] See, e.g., H. Fritzsch, in Proceedings of the Europhysics Topical Conference on Flavor Mixing in Weak Interactions, Erice, 1984, edited by L.L. Chau (Plenum, New York, 1984), p. 717; C. Jarlskog, in Proceedings of the International Symposium on Production and Decay of Heavy Hadrons, Heidelberg, 1986, edited by K.R. Schubert and R. Waldi (DESY, Hamburg, 1986), p. 331; Y. Koide, Z. Phys. C 45 (1989) 39; M. Tanimoto, Phys. Rev. D 42 (1990) 252; P. Kaus and S. Meshkov, Phys. Rev. D 42 (1990) 1863; H. Fritzsch and J. Plankl, Phys. Lett. B 237 (1990) 451; H. Fritzsch and D. Holtmanspötter, Phys. Lett. B 338 (1994) 290; H. Lehmann, C. Newton, and T.T. Wu, Phys. Lett. B 384 (1996) 249; Z.Z. Xing, J. Phys. G 23 (1997) 1563; K. Kang and S.K. Kang, Phys. Rev. D 56 (1997) 1511; T. Shinohara, H. Tanaka, and I.S. Sogami, Prog. Theor. Phys. 100 (1998) 615; V.V. Kiselev, hep-ph/9806523; A. Mondragón and E. Rodriguez-Jáuregui, Phys. Rev. D 59 (1999) 093009; S.L. Adler, Phys. Rev. D 59 (1999) 015012.

[53] D. Du and Z.Z. Xing, Phys. Rev. D 48 (1993) 2349; P.S. Gill and M. Gupta, Phys. Rev. D 56 (1997) 3143; J.L. Chkareuli and C.D. Froggatt, Phys. Lett. B 450 (1999) 158; H. Nishiura, K. Matsuda, and T. Fukuyama, hep-ph/9902385; D. Falcone, hep-ph/9905316.

[54] An updated direct measurement of sin 2β, i.e., the CP asymmetry in B^0_d versus B̄^0_d → J/ψK_S decay modes, has been reported by the CDF Collaboration (hep-ex/9909003). The preliminary result sin 2β = 0.79^{+0.41}_{−0.44} is consistent very well with the standard-model expectation.

[55] R. Barbieri, L.J. Hall, and A. Romanino, Nucl. Phys. B 551 (1999) 93.

[56] V. Giménez and G. Martinelli, Phys. Lett. B 398 (1997) 135.

[57] M. Shin, Phys. Lett. B 145 (1984) 285.

[58] D. Delépine, J.M. Gérard, R.G. Felipe, and J. Weyers, Phys. Lett. B 411 (1997) 167.

[59] L. Ibáñez and G.G. Ross, Phys. Lett. B 332 (1994) 100.

[60] T. Kobayashi and Z.Z. Xing, Mod. Phys. Lett. A 12 (1997) 561; Int. J. Mod. Phys. A 13 (1998) 2201.

[61] P. Ramond, R.G. Roberts, and G.G. Ross, Nucl. Phys. B 406 (1993) 19.

[62] Y. Nambu, in Proceedings of International Workshop on Electroweak Symmetry Breaking, November 1991, Hiroshima, Japan, p. 1; and references therein.

[63] H. Fritzsch, hep-ph/9605300 (talk given at the Conference on Physics at the Turn of the Century, Warsaw, 1996).

[64] H. Fritzsch and P. Minkowski, Nuovo Cim. A 30 (1975) 393; H. Fritzsch and Z.Z. Xing, in Proceedings of the Ringberg Euroconference on New Trends in Neutrino Physics, Tegernsee, 1998, edited by B.A. Kniehl, G.G. Raffelt, and N. Schmitz (World Scientific, Singapore, 1999), p. 137; hep-ph/9807234.

[65] H. Fritzsch and D. Holtmanspötter, Phys. Lett. B 338 (1994) 290. [66] Z.Z. Xing, J. Phys. G 23 (1997) 1563.

[67] G.C. Branco, L. Lavoura, and F. Mota, Phys. Rev. D 39 (1989) 3434. [68] See, e.g., G.C. Branco and J.I. Silva-Marcos, Phys. Lett. B 331 (1994) 390; K. Harayama and N. Okamura, Phys. Lett. B 387 (1996) 614.

[69] R. Häussling and F. Scheck, Phys. Rev. D 57 (1998) 6656.

[70] T.K. Kuo, private communications; T.K. Kuo, S.W. Mansour, and G.H. Wu, Phys. Rev. D 60 (1999) 093004; Phys. Lett. B 467 (1999) 116.

[71] G.C. Branco, J.I. Silva-Marcos, and M.N. Rebelo, Phys. Lett. B 237 (1990) 446; P.M. Fishbane and P. Kaus, Phys. Rev. D 49 (1994) 4780; G.C. Branco, D. Emmanuel-Costa, and J.I. Silva- Marcos, Phys. Rev. D 56 (1997) 107.

[72] J.I. Silva-Marcos, Phys. Lett. B 443 (1998) 276.

[73] See, e.g., C.H. Albright and M. Lindner, Phys. Lett. B 213 (1988) 347. [74] K.S. Babu and Q. Shafi, Phys. Rev. D 47 (1993) 5004; and references therein. [75] H. Fritzsch and P. Minkowski, Ann. Phys. 93 (1975) 193; H. Georgi, in Particles and Fields (AIP, New York, 1975).

[76] H. Georgi and C. Jarlskog, Phys. Lett. B 86 (1979) 297.

[77] S. Dimopoulos, L.J. Hall, and S. Raby, Phys. Rev. Lett. 68 (1992) 1984; G.F. Giudice, Mod.

Phys. Lett. A 26 (1992) 2429.

[78] M. Fukugita and T. Yanagida, Phys. Lett. B 174 (1986) 45; E.W. Kolb and M.S. Turner, The Early Universe, Addison-Wesley, Reading, MA, 1989.

[79] G. Altarelli and F. Feruglio, JHEP 11 (1998) 21; Phys. Rep. 320 (1999) 295. [80] V. Barger, S. Pakvasa, T.J. Weiler, and K. Whisnant, Phys. Lett. B 437 (1998) 107. For earlier references in which the idea of three-family neutrino mixing with two large (maximal or nearly maximal) mixing angles had been presented, see: H. Fritzsch and Z.Z. Xing, hep-ph/9509389; E. Torrente-Lujan, hep-ph/9604218; F. Vissani, hep-ph/9708483.

[81] L.J. Hall and D. Smith, Phys. Rev. D 59 (1999) 113013. [82] R.N. Mohapatra and S. Nussinov, Phys. Lett. B 441 (1998) 299. [83] V. Barger and K. Whisnant, Phys. Lett. B 456 (1999) 54; and references therein. [84] Q.Y. Liu, private communications; C. Giunti, Phys. Rev. D 59 (1999) 077301; G.L. Fogli, E.

Lisi, D. Montanino, and Palazzo, hep-ph/9912231.

[85] V. Bednyakov, A. Faessler, and S. Kovalenko, Phys. Lett. B 442 (1998) 203. [86] Z.Z. Xing, in Proceedings of the International Workshop on Fermion Masses and CP Violation (Hiroshima University, 1998), p. 17; hep-ph/9804433.

[87] M. Fukugita, M. Tanimoto, and T. Yanagida, Phys. Rev. D 57 (1998) 4429.

[88] N. Cabibbo, Phys. Lett. B 72 (1978) 333.

[89] P.F. Harrison, D.H. Perkins, and W.G. Scott, Phys. Lett. B 458 (1999) 79.

[90] Y. Nomura and Yanagida, Phys. Rev. D 59 (1999) 017303; R. Barbieri, G. Ross, and A.

Strumia, JHEP 9910 (1999) 020; M. Jezabek and Y. Sumino, Phys. Lett. B 457 (1999) 139; B. Stech, hep-ph/9905440; Y.L. Wu, hep-ph/9908436; E. Ma, hep-ph/9909249; Z.Z. Xing, hep-ph/9909514; Q. Shafi and Z. Tavartkiladze, hep-ph/9910314; and references therein.

[91] See, e.g., K.S. Babu and Q. Shafi, Phys. Lett. B 311 (1993) 172; Y. Achiman and T. Greiner, Phys. Lett. B 329 (1994) 33; K. Matsuda, T. Fukuyama, and H. Nishiura, hep-ph/9906433; and references therein.

[92] Of course one may take the lepton flavor mixing matrix to be of the 3 × 4 form, in order to incorporate the extra sterile neutrino with has no partner in the charged lepton sector.

[93] S. Burles, K.M. Nollett, J.N. Truran, and M.S. Turner, Phys. Rev. Lett. 82 (1999) 4176.

[94] C. Giunti, private communications; K.A. Olive, astro-ph/9903309; E. Lisi, S. Sarkar, and F.L.

Villante, Phys. Rev. D 59 (1999) 123520.

[95] C. Giunti, hep-ph/9906456; and references therein.

[96] S.C. Gibbons, R.N. Mohapatra, S. Nandi, and A. Raychaudhuri, Phys. Lett. B 430 (1998) 296.

[97] See, e.g., B. Brahmachari, Europhys. Lett. 46 (1999) 428; S. Mohanty, D.P. Roy, and U.

Sarkar, Phys. Lett. B 445 (1999) 185; C. Liu and J. Song, Phys. Rev. D 60 (1999) 036002; J. Gelb and S.P. Rosen, hep-ph/9909293.

[98] P. Fisher, B. Kayser, and K.S. McFarland, hep-ph/9906244; and references therein.

[99] R.N. Mohapatra, hep-ph/9903261; and references therein.

[100] J. Ellis and S. Lola, Phys. Lett. B 458 (1999) 310.

[101] P.H. Chankowski and Z. Pluciennik, Phys. Lett. B 316 (1993) 312; K.S. Babu, C.N. Leung, and J. Pantaleone, Phys. Lett. B 319 (1993) 191.

[102] J.A. Casas, J.R. Espinosa, A. Ibarra, and I. Navarro, Nucl. Phys. B 556 (1999) 3; hepph/9910420.

[103] V. Barger, K. Whisnant, and R.J.N. Phillips, Phys. Rev. Lett. 45 (1980) 2084; S.M. Bilenky and F. Nidermaier, Sov. J. Nucl. Phys. 34 (1981) 606.

[104] See, e.g., M. Tanimoto, Phys. Rev. D 55 (1997) 322; J. Arafune and J. Sato, Phys. Rev. D 55 (1997) 1653; H. Minakata and H. Nunokawa, Phys. Lett. B 413 (1997) 369; S.M. Bilenky, C. Giunti, and W. Grimus, Phys. Rev. D 58 (1998) 033001; V. Barger, Y.B. Dai, K. Whisnant, and B.L. Young, Phys. Rev. D 59 (1999) 113010; K. Dick, M. Freund, M. Lindner, and A. Romanino, hep-ph/9903308; J. Bernabéu, hep-ph/9904474; Z.Z. Xing, hep-ph/9908381 (talk given at the 6th Topical Seminar on Neutrino and Astroparticle Physics, San Miniato, 1999).

[105] V. Barger, S. Geer, and K. Whisnant, hep-ph/9906487; A. De Rújula, M.B. Gavela, and P.

Hernández, Nucl. Phys. B 547 (1999) 21.

[106] See, e.g., J.K. Elwood, N. Irges, and P. Ramond, Phys. Rev. Lett. 81 (1998) 5064; E. Ma, D.P. Roy, and U. Sarkar, Phys. Lett. B 444 (1998) 391; S. Davidson and S.F. King, Phys. Lett. B 445 (1998) 191; C. Jarlskog et al., Phys. Lett. B 449 (1999) 240; Q. Shafi and Z. Tavartkiladze, Phys. Lett. B 451 (1999) 129; C. Wetterich, Phys. Lett. B 451 (1999) 397; C.H. Albright and S.M. Barr, Phys. Lett. B 461 (1999) 218; Z. Berezhiani and A. Rossi, JHEP

03 (1999) 002; R. Barbieri, L. Hall, G.L. Kane, G.G. Ross, hep-ph/9901228; K. Kang, S.K. Kang, and U. Sarkar, hep-ph/9906486; R.N. Mohapatra, S. Nandi, and A. Perez-Lorenzana, hep-ph/9907520; A. Aranda, C.D. Carone, and R.F. Lebed, hep-ph/9910392; P.H. Frampton and A. Rasin, hep-ph/9910522; J. Ellis et al., hep-ph/9911459; and references therein.

[107] The BaBar Physics Book, edited by P.F. Harrison and H.R. Quinn, SLAC-R-504, October 1998; and references therein.

[108] see, e.g., J.M. Conrad, hep-ex/9811009; SNO Collaboration, J. Boger et al., nucl-ex/9910016;

H.V. Klapdor-Kleingrothaus et al., hep-ph/9910205; W.A. Mann, hep-ph/9912007; L. DiLella, hep-ex/9912010; and references therein.

[109] M. Jammer, Concepts of Mass in Classical and Modern Physics, Dover Publishing, 1997.