arXiv:hep-ph/9912473 22 Dec 1999

Super-horizon perturbations and preheating

Andrew R. Liddle,^1 David H. Lyth,^2 Karim A. Malik^3 and David Wands^3 1Astrophysics Group, The Blackett Laboratory, Imperial College, Prince Consort Road, London SW7 2BZ, Great Britain 2School of Physics and Materials, University of Lancaster, Lancaster LA1 4YB, Great Britain 3Relativity and Cosmology Group, School of Computer Science and Mathematics, University of Portsmouth, Portsmouth PO1 2EG, Great Britain

It has recently been claimed by Bassett et al. that preheating after inflation may affect the amplitude of curvature perturbations on large scales, undermining the usual inflationary prediction. We analyze the simplest model, and confirm the results of Jedamzik and Sigl and of Ivanov that in linear perturbation theory the effect is negligible. However the dominant effect is second-order in the field perturbation and we show that this too is negligible, and hence conclude that preheating has no significant influence on large-scale perturbations in this model. We briefly discuss the likelihood of an effect in other models.

PACS numbers: 98.80.Cq hep-ph/9912473

I. INTRODUCTION

The standard inflationary paradigm is an extremely successful model in explaining observed structures in the Universe (see Refs. [1,2] for reviews). The inhomogeneities originate from the quantum fluctuations of the inflaton field, which on being stretched to large scales become classical perturbations. The field inhomogeneities generate a perturbation in the curvature of comoving hypersurfaces, and later on these inhomogeneities are inherited by matter and radiation when the inflaton field decays. In the simplest scenario, the curvature perturbation on scales much larger than the Hubble length is constant, and in particular is unchanged during the inflaton decay. This enables a prediction of the present-day perturbations which does not depend on the specific cosmological evolution between the late stages of inflation and the recent past (say, before nucleosynthesis).

It has recently been claimed [3] that this simple picture may be violated if inflation ends with a period of preheating, a violent decay of the inflaton particles into another field (or even into quanta of the inflaton field itself). Such a phenomenon would completely undermine the usual inflationary picture, and indeed the original claim was that large-scale perturbations would be amplified into the non-linear regime, placing them in conflict with observations such as measurements of microwave background anisotropies. Given the observational successes of the standard picture, these claims demand attention.

In a companion paper [4], we discuss the general criteria under which large-scale curvature perturbations can vary. As has been known for some time, this is possible provided there exist large-scale non-adiabatic pressure perturbations, as can happen for example in multifield inflation models [5–7,2]. Under those circumstances a significant effect is possible during preheating, though there is nothing special about the preheating era in this respect and this effect always needs to be considered in any multi-component inflation model.

In this paper we perform an analysis of the simplest preheating model, as discussed in Ref. [3]. We identify two possible sources of variation of the curvature perturbation. One comes from large-scale isocurvature perturbations in the preheating field into which the inflaton decays; we concur with the recent analyses of Jedamzik and Sigl [8] and Ivanov [9] that this effect is negligible due to the rapid decay of the background value of the preheating field during inflation. However, we also show that in fact a different mechanism gives the dominant contribution, which is second-order in the field perturbations coming from short-wavelength fluctuations in the fields. Nevertheless, we show too that this effect is completely negligible, and hence that preheating in this model has no significant effect on large-scale curvature perturbations.

II. PERTURBATION EVOLUTION

An adiabatic perturbation is one for which all perturbations δx share a common value for δx/ẋ, where ẋ is the time dependence of the background value of x. If the Universe is dominated by a single fluid with a definite equation of state, or by a single scalar field whose perturbations start in the vacuum state, then only adiabatic perturbations can be supported. If there is more than one fluid, then the adiabatic condition is a special case, but for instance is preserved if a single inflaton field subsequently decays into several components. However, perturbations in a second field, for instance the one into which the inflaton decays during preheating, typically violate the adiabatic condition.

We describe the perturbations via the curvature perturbation on uniform-density hypersurfaces, denoted ζ.^∗ In linear theory the evolution of ζ is well known, and arises from the non-adiabatic part of the pressure perturbations. In any gauge, the pressure perturbation can be split into adiabatic and entropic (non-adiabatic) parts, by writing

δp = c^2_s δρ + δp_{nad} , (1)

where c^2_s ≡ ṗ/ρ̇ and the non-adiabatic part is δp_{nad} ≡ ṗΓ ≡ ṗ ( δp ṗ − δρ ρ̇ ) . (2)

The entropy perturbation Γ, defined in this way, is gaugeinvariant, and represents the displacement between hypersurfaces of uniform pressure and uniform density.

On large scales anisotropic stress can be ignored when the matter content is entirely in the form of scalar fields, and in its absence the non-adiabatic pressure perturbation determines the variation of ζ, according to the equation [6,2] dζ dN = −3Hc^2_s Γ , (3)

where N ≡ ln a measures the integrated expansion and H is the Hubble parameter. The uniform-density hypersurfaces become ill-defined if the density is not a strictly decreasing function along worldlines between hypersurfaces of uniform density, and one might worry that this undermines the above analysis. However we can equally well derive this evolution equation in terms of the density perturbation on spatially-flat hypersurfaces, δρ_ψ ≡ −(dρ/dN )ζ, which remains well-defined. Spatially-flat hypersurfaces are automatically separated by a uniform integrated expansion on large scales, so the perturbed continuity equation in this gauge takes the particularly simple form dδρ_ψ dN = −3(δρ_ψ + δp_ψ) . (4)

From this one finds that δρ_ψ ∝ dρ/dN for adiabatic perturbations and hence again we recover constant value for ζ. However it is clearly possible for entropy perturbations to cause a change in ζ on arbitrarily large scales when the non-adiabatic pressure perturbation is non-negligible.

�_{This is the notation of Bardeen, Steinhardt and Turner [10].}

General issues of perturbation description and evolution are discussed in a companion paper [4]. The curvature perturbation of comoving spatial hypersurfaces, usually denoted by

R [1,2], is practically the same as ζ well outside the horizon,

since the two coincide in the large-scale limit.

III. PREHEATING

During inflation, the reheat field into which the inflaton field decays possesses quantum fluctuations on small scales just like the inflaton field itself. As these perturbations are uncorrelated with those in the inflaton field, the adiabatic condition will not be satisfied, and hence there is a possibility that ζ might vary on large scales. Only direct calculation can demonstrate whether the effect might be significant, and we now compute this effect in the simplest preheating model, as analyzed in Ref. [3]. This is a chaotic inflation model with scalar field potential V (ϕ, χ) = 1 2 m^2ϕ^2 + 1 2 g^2ϕ^2χ^2 , (5)

where ϕ is the inflaton and χ the reheat field. Slowroll inflation proceeds with ϕ >∼ m_{Pl} and gχ ≪ m. The effective mass of the χ field is gϕ and thus will be much larger than the Hubble rate, H ≃ √ 4π/3 mϕ/m_{Pl} , for g ≫ m/m_{Pl} ∼ 10^{−6}. Throughout, we use the symbol ‘≃’ to indicate equality within the slow-roll approximation.

This model gives efficient preheating, since the effective mass of χ oscillates about zero with large amplitude. In most other models of inflation, preheating is less efficient or absent, because the mass oscillates about a nonzero value and/or has a small amplitude.

Any variation of ζ during preheating will be driven by the (non-adiabatic part of) the χ field perturbation. Our calculation takes place in three steps. The first is to compute the perturbations in the χ field at the end of inflation. The second is to compute how these perturbations are amplified during the preheating epoch by the strong resonance. Finally, the main part of the calculation is to compute the change in ζ driven by these χ perturbations.

A. The initial quantum fluctuation of the χ-field

Perturbations in the χ field obey the wave equation δ̈χ + 3Hδ̇χ + ( k^2 a^2

+ g^2ϕ^2 ) δχ = 0 . (6)

The slow-roll conditions ensure that the χ field remains in the adiabatic vacuum state for a massive field δχ_k ≃ e^{−iωt} √ 2ω , (7)

where ω^2 = k^2/a^2 + g^2ϕ^2. This is a solution provided ν ≡ m_χ H ≃ √ 3 4π g m_{Pl} m ≫ 1 , (8)

where m_χ ≡ gϕ is the effective mass of the χ field.

The power spectrum of a quantity x, decomposed into Fourier components xk, is defined as P_x ≡ k^3 2π^2 ⟨ |xk|^2 ⟩ , (9)

where k = |k| and the average is over ensembles. Hence the power spectrum for long-wavelength fluctuations (k ≪ m_χ) in the χ field simply reduces to the result for a massive field in flat space P_{δχ} ≃ 1 4π^2m_χ ( k a )_3 , (10)

where m_χ is the mass of the field at the required time. Physically, this says that at all times the expansion of the Universe has a negligible effect on the modes as compared to the mass. In particular, at the end of inflation we can write

P_{δχ}|_{end} ≃ 1 ν ( H_{end} 2π )_2 ( k k_{end}

)_3

. (11)

The power spectrum has a spectral index n_{δχ} = 3. This is the extreme limit of the mechanism used to give a blue tilt in isocurvature inflation scenarios [11].

B. Parametric resonance

After inflation, the inflaton field ϕ oscillates. Strong parametric resonance may now occur, amplifying the initial quantum fluctuation in χ to become a perturbation of the classical field χ. The condition for this is q ≡ g^2Φ^2 4m^2

≫ 1 , (12)

where Φ is the initial amplitude of the ϕ-field oscillations.

We model the effect of preheating on the amplitude of the χ field following Ref. [12] as

P_{δχ} = P_{δχ}|_{end} e^{2μk mΔt} , (13)

and the Floquet index μ_k is taken as μ_k ≃ 1 2π ln ( 1 + 2e^{−πκ2} ) , (14)

with

κ^2 ≡ ( k k_{max}

)_2 ≡ 1 18 √ q ( k k_{end}

)_2

. (15)

For strong coupling (q ≫ 1), we have κ^2 ≪ 1 for all modes outside the Hubble scale after inflation ends (k ≤ k_{end}). Therefore μ_k ≈ ln 3/2π ≈ 0.17 is only very weakly dependent on the wavenumber k. Combining Eqs. (11) and (13) gives P_{δχ} ≃ 1 ν ( H_{end} 2π )_2 ( k k_{end}

)_3 e^{2μkmΔt} . (16)

C. Change in the curvature perturbation on large scales

In order to quantify the effect parametric growth of the χ field fluctuations during preheating might have upon the standard predictions for the spectrum of density perturbations after inflation, we need to estimate the change in the curvature perturbation ζ on super-horizon scales due to entropy perturbations on large-scales.

The density and pressure perturbations due to firstorder perturbations in the inflaton field on large scales (i.e. neglecting spatial gradient terms) are of order g^2ϕ^2χδχ. Not only are the field perturbations δχ strongly suppressed on large scales at the end of inflation [as shown in our Eq. (11)] but so is the background field χ. We can place an upper bound on the size of the background field by noting that in order to have slow-roll chaotic inflation (dominated by the m^2ϕ^2/2 potential) when any given mode k which we are interested in crossed outside the horizon, we require χ ≪ m/g. The large effective mass causes this background field to decay, just like the super-horizon perturbations, and at the end of inflation we require χ ≪ m/g(k/k_{end} )^{3/2} when considering preheating in single-field chaotic inflation. Combining this with Eq. (11) we find that the spectrum of density or pressure perturbations due linear perturbations in the χ field has an enormous suppression for k ≪ k_{end}: P_{χδχ}|_{end} ≪ √ 4π 3 ( m gm_{Pl} )_3 ( m_{Pl} H_{end} 2π )_2 ( k k_{end}

)_6

(17)

Effectively the density and pressure perturbations have no term linear in δχ, because that term is multiplied by the background field value which is vanishingly small.

By contrast the second-order pressure perturbation is of order g^2ϕ^2δχ^2 where the power spectrum of δχ^2 is given by [13] P_{δχ}2 ≃ k^3 2π ∫_{kcut} 0 P_{δχ}(|k^′|)P_{δχ}(|k − k^′|) |k|^{′3} |k − k^′|^3

d^3k^′ . (18)

We impose the upper limit k_{cut} ∼ k_{max} to eliminate the ultraviolet divergence associated with vacuum state. Substituting in for P_{δχ} from Eq. (11), we can write P_{δχ}2 | end = 8π 9 ( m gm_{Pl} )_2 (

H_{end} 2π )_4 ( k_{cut} k_{end}

)_3 ( k k_{end}

)_3 , (19)

Noting that H_{end} ∼ m and k_{cut} ∼ k_{max} ∼ q^{1/4}k_{end} , it is evident that the second-order effect will dominate over the linear term for k < g^{1/2}q^{1/3}k_{end}.

The leading-order contributions to the pressure and density perturbations on large scales are thus δρ = m^2ϕ δϕ + ϕ̇ δ̇ϕ + 1 2 g^2ϕ^2δχ^2 + 1 2 δ̇χ^2 , (20) δp = −m^2 ϕ δϕ + ϕ̇ δ̇ϕ − 1 2 g^2ϕ^2δχ^2 + 1 2 δ̇χ^2 . (21)

We stress that we will still only consider first-order perturbations in the metric and total density and pressure, but these include terms to second-order in δχ. From Eqs. (2), (20) and (21) we obtain

δp_{nad} =

−m^2ϕ δ̇χ^2 + ϕ̈g^2ϕ^2δχ^2 3Hϕ̇ , (22)

where the long-wavelength solutions for vacuum fluctuations in the ϕ field obey the adiabatic condition δϕ/ϕ̇ = δ̇ϕ/ϕ̈. Inserted into Eq. (3), this gives the rate of change of ζ.

Note that the non-adiabatic pressure will diverge periodically when ϕ̇ = 0 as the comoving or uniform density hypersurfaces become ill-defined. Such a phenomenon was noted in the single-field context by Finelli and Brandenberger [14], who evaded it by instead using Mukhanov’s variable u = aδϕ_ψ which renders wellbehaved equations. Linear perturbation theory remains valid as there are choices of hypersurface, such as the spatially-flat hypersurfaces, on which the total pressure perturbation remains finite and small. In particular, we can calculate the change in the density perturbation due to the non-adiabatic part of the pressure perturbation on spatially-flat hypersurfaces from Eq. (4), which yields

Δρ_{nad} = −3 ∫ δp_{nad}Hdt . (23)

Even though δp_{nad} contains poles whenever ϕ̇ = 0, the integrated effect remains finite whenever the upper and lower limits of the integral are at ϕ̇ ≠ 0. From this density perturbation calculated in the spatially-flat gauge one can reconstruct the change in the curvature perturbation on uniform density hypersurfaces Δζ = −H Δρ_{nad} ρ̇ . (24)

Substituting in our expression for δp_{nad} we obtain

Δζ = 1 ϕ̇2 ∫ ( 1 + 2m^2ϕ 3Hϕ̇ ) g^2ϕ^2 | δχ^2 | H dt , (25) where we have averaged over short timescale oscillations of the χ-field fluctuations to write | |δ̇χ^2 | | = g^2ϕ^2 | δχ^2 | . To evaluate this we take the usual adiabatic evolution for the background ϕ field after the end of inflation

ϕ = Φ sin(mΔt) mΔt , (26)

and time-averaged Hubble expansion

H = 2m 3(mΔt + Θ)

, (27)

where Θ is an integration constant of order unity. The amplitude of the χ-field fluctuations also decays proportional to 1/Δt over a half-oscillation from mΔt = nπ to mΔt = (n + 1)π, with the stochastic growth in particle number occurring only when ϕ = 0. Thus evaluating Δζ over a half-oscillation Δt = π/m we can write

Δζ =

2g^2|δχ^2|x^4_n 3m^2 ∫_{xn+1} x_n ( 1 x + Θ + s s^′ ) s^2 x^2 dx , (28) where x = mΔt, s(x) = sin x/x, x_n = nπ and a dash indicates differentiation with respect to x. The integral is dominated by the second term in the bracket which has a pole of order 3 when s^′ = 0. Although s/s^′ diverges, it yields a finite contribution to the integral which can be evaluated numerically. For x_n ≫ 1 the integral is very well approximated by 24/x^4_n, independent of the integration constant Θ.

This expression gives us the rate of change of the curvature perturbation ζ due to the pressure of the field fluctuations δχ^2 over each half-oscillation of the inflaton field ϕ. Approximating the sum over several oscillations as a smooth integral and using Eq. (13) for the growth of the χ-field fluctuations during preheating (neglecting the weak k-dependence of the Floquet index, μ_k, on superhorizon scales) we obtain

ζ_{nad} =

16g^2 2πμ | δχ^2 | end m^2 e^{2μmΔt} . (29)

The statistics of these second-order fluctuations are non-Gaussian, being a χ^2-distribution. Both the mean and the variance of ζ_{nad} are non-vanishing. The mean value will not contribute to density fluctuations, but rather indicates that the background we are expanding around is unstable as energy is systematically drained from the inflaton field. We are interested in the variance of the curvature perturbation, and in particular the change of the curvature perturbation power spectrum on super-horizon scales which is negligible if the power spectrum of ζ_{nad} on those scales is much less than that of ζ generated during inflation, the latter being required to be of order 10^{−10} to explain the COBE observations.

To evaluate the power spectrum for ζ_{nad} we must evaluate the power spectrum of δχ^2 which is given by substituting P_{δχ}, from Eq. (16), into Eq. (18). This gives

P_{δχ}2 = 2 3ν^2 ( H_{end} 2π )_4 (

k_{max} k_{end}

)_3 ( k k_{end}

)_3 I(κ, mΔt) , (30)

where I(κ, mΔt) ≡ 3 2 ∫_{κcut} 0 dκ^′ ∫_π 0 dθ e^{2(μκ}0^{+μκ}�^κ0^{)mΔt}κ^{′2} sin θ ,

(31) κ = k/k_{max} as defined in Eq. (15), and θ is the angle between k and k^′. Note that at the end of inflation we have I(κ, 0) = κ^3_{cut} ∼ 1, and P_{δχ}2 ∝ k^3. This yields

P_{ζnad} ≃

2^{9/2}3 π^5μ^2 ( Φ m_{Pl}

)_2 ( H_{end} m )_4

g^4q^{−1/4} ( k k_{end}

)_3 I . (32)

One might have thought that the dominant contribution to ζ_{nad} on large scales would come from δχ fluctuations on those scales, and that is indeed the presumption of the calculation of Bassett et al. [3]. However, in fact the integral is initially dominated by k^′ ∼ k_{cut}, namely the shortest scales. The reason for this is the steep slope of P_{δχ}; were it much shallower (spectral index less than 3/2), then the dominant contribution would come from large scales.

To study the scale dependence of I(κ, mΔt) and hence P_{ζnad} at later times, we can expand μ_{κ−κ}0 for κκ^′ ≪ 1 as

μ_{κ−κ}0 = μ_κ0 +

2κ^′ cos θ 2 + e^{πκ}0^2 κ + O(κ^2) . (33)

We can then write the integral in Eq. (31) as

I(κ, mΔt) = I_0(mΔt) + O(κ^2) , (34)

where first-order terms, O(κ), vanish by symmetry and

I_0(mΔt) = 3 2 ∫_{κcut} 0 e^{4μκ}0^{mΔt}κ^{′2}dκ^′ . (35)

Thus the scale dependence of P_{ζnad} remains k^3 on largescales for which κ ≪ 1.

At late times these integrals become dominated by the modes with κ^{′2} ≪ (mΔt)^{−1} which are preferentially amplified during preheating. These are longer wavelength than k_{cut}, but still very short compared to the scales which give rise to large scale structure in the present Universe. From Eq. (14) we have μ_κ0 ≈ μ_0 − κ^{′2}/3, for κ^{′2} ≪ 1, where μ_0 = (ln 3)/2π, which gives the asymptotic behaviour at late times

I_0 ≃ 0.86(mΔt)^{−3/2}e^{4μ0mΔt} . (36)

Thus although the rate of growth of P_{ζnad} becomes determined by the exponential growth of the long-wavelength modes, the scale dependence on super-horizon scales remains proportional to k^3 for κ <∼ (mΔt)^{−1/2}. This ensures that there can be no significant change in the curvature perturbation, ζ, on very large scales before backreaction on smaller scales becomes important and this phase of preheating ends when mΔt ∼ 100 [12].

Numerical evaluation of Eq. (32) confirms our analytical results, as shown in Fig. 1. For k ≪ k_{max}, the spectral index remains k^3 during preheating. Observable scales have log_{10} k/k_{max} ≃ −20.

FIG. 1. The power spectrum of the non-adiabatic curvature perturbation Pı_{nad} , shown at four different times: from bottom to top mΔt = 0, 50, 100 and 150. The parameters used were g = 10�^3, m = 10�^6mPl and kcut = kmax.

Our result shows that because of the k^3 spectrum of δχ, which leads to a similarly steep spectrum for ζ_{nad}, there is a negligible effect on the large-scale perturbations before the resonance ceases. The suppression of the largescale perturbations in δχ, discussed in Refs. [8,9], means that large-scale perturbations in δχ are completely unimportant. However, it turns out that they don’t give the largest effect, which comes from the short-scale modes which dominate the integral for ζ_{nad} . Nevertheless, even they give a negligible effect, again with a k^3 spectrum. Indeed, that result with hindsight can be seen as inevitable; it has long been known [15] that local processes conserving energy and momentum cannot generate a tail shallower than k^3 (with our spectral index convention) to large scales, which is the Fourier equivalent of realizing that in real space there is an upper limit to how far energy can be transported. Any mechanism that relies on short-scale phenomena, rather than acting on pre-existing large-scale perturbations, is doomed to be negligible on large scales.

IV. CONCLUSIONS AND DISCUSSION

As discussed in detail in a companion paper [4], largescale curvature perturbations can vary provided there is a significant non-adiabatic pressure perturbation. This is always possible in principle if there is more than one field or fluid, and since preheating usually involves at least one additional field into which the inflaton resonantly decays, such variation is in principle possible.

In this paper we have focussed on the simplest preheating model, as discussed in Ref. [3]. We have identified the non-adiabatic pressure, and shown that the dominant effect comes from second-order perturbations in the preheating field. Further, the effect is dominated by perturbations on short scales, rather than from the resonant amplification of non-adiabatic perturbations on the large astrophysical scales. Nevertheless, we have shown that the contribution has a k^3 spectrum to large scales, rendering it totally negligible on scales relevant for structure formation in our present Universe by the time backreaction ends the resonance. Amongst models of inflation involving a single-component inflaton field, this model gives the most preheating, and so this negative conclusion will apply to all such models.

Recently Bassett et al. [16] have suggested large effects might be possible in more complicated models. They consider two types of model. In one kind, inflation takes place along a steep-sided valley, which lies mainly along the direction of a field ϕ but with a small component along another direction χ. In this case, one can simply define the inflaton to be the field evolving along the valley floor, and the second heavy field lies orthogonal to it. Taking that view, there is no reason to expect the preheating of the heavy field to give rise to a bigger effect than in the simpler model considered in this paper.

In the second kind of model, the reheat field is light during inflation, and this corresponds to a twocomponent inflaton field. As has long been known, there can indeed be a large variation of ζ in this case, which can continue until a thermalized radiation-dominated universe has been established. Indeed, in models where one of the fields survives to the present Universe (for example becoming the cold dark matter), variation in ζ can continue right to the present. This variation is due to the presence on large scales of classical perturbations in both fields (properly thought of as a multi-component inflaton field) generated during inflation, and the effect of these must always be considered in a multi-component inflation model, with or without preheating.

ACKNOWLEDGMENTS

We thank Bruce Bassett, Lev Kofman, Andrei Linde, Roy Maartens and Anupam Mazumdar for useful discussions. DW is supported by the Royal Society.

[1] A. R. Liddle and D. H. Lyth, Phys. Rep. 231, 1 (1993), astro-ph/9303019.

[2] D. H. Lyth and A. Riotto, Phys. Rep. 314, 1 (1999), hep-ph/9807278.

[3] B. A. Bassett, D. I. Kaiser, and R. Maartens, Phys.

Lett. B 455, 84 (1999), hep-ph/9808404; B. A. Bassett, F. Tamburini, D. I. Kaiser, and R. Maartens, hepph/9901319.

[4] A. R. Liddle, D. H. Lyth, K. Malik and D. Wands, in preparation.

[5] A. A. Starobinsky and J. Yokoyama, in Fourth Workshop on General Relativity and Gravitation, ed K. Nakao et al (1995), gr-qc/9502002; J. García-Bellido and D. Wands, Phys. Rev. D 52, 6739 (1995), gr-qc/9506050.

[6] J. García-Bellido and D. Wands, Phys. Rev. D 53, 5437 (1996), astro-ph/9511029.

[7] M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95, 71 (1996), astro-ph/9507001.

[8] K. Jedamzik and G. Sigl, hep-ph/9906287. [9] P. Ivanov, astro-ph/9906415.

[10] J. M. Bardeen, P. J. Steinhardt and M. S. Turner, Phys.

Rev. D 28, 679 (1983).

[11] A. Linde and V. F. Mukhanov, Phys. Rev. D 56, 535 (1997), astro-ph/9610219; P. J. E. Peebles, Astrophys. J. 510, 523 (1999), astro-ph/9805194.

[12] L. Kofman, A. Linde, and A. A. Starobinsky, Phys. Rev.

D 56, 3258 (1997), hep-ph/9704452. [13] D. H. Lyth, Phys. Rev. D 45, 3394 (1992). [14] F. Finelli and R. Brandenberger, Phys. Rev. Lett. 82, 1362 (1999), hep-ph/9809490.

[15] Ya. B. Zel’dovich, Adv. Astr. Ap. 3, 242 (1965); P. J. E.

Peebles, Astr. Ap. 32, 391 (1974); B. J. Carr and J. Silk, Astrophys. J. 268, 1 (1983).

[16] B. A. Bassett, C. Gordon, R. Maartens and D. I. Kaiser, hep-ph/9909482.