arXiv:hep-th/0002107 14 Feb 2000

hep-th/0002107 AEI-2000-004

The Asymptotic Groundstate of SU(3) Matrix Theory

Jens Hoppe and Jan Plefka

Albert-Einstein-Institut Max-Planck-Institut für Gravitationsphysik Am Mühlenberg 1, D-14476 Golm, Germany

hoppe,plefka@aei-potsdam.mpg.de

Abstract

The asymptotic form of a SU(3) matrix theory groundstate is found by showing that a recent ansatz for a supersymmetric wavefunction is non-trivial (i.e. non-zero).

February 2000

Maximally supersymmetric SU(N) gauge quantum mechanics [1] in d = 9 has in recent years received much attention due to its close relation^1 to the eleven-dimensional supermembrane [3] in the N → ∞ limit, its description of the dynamics of N D0 branes in superstring theory [4], as well as the M theory proposal of [5]. In these physical interpretations the existence of a unique normalizable zero-energy groundstate [6] is an important consistency requirement. An explicit construction of the vacuum state, though highly desirable, appears to be quite difficult. Another approach is to study the behavior of the wavefunction far out at infinity where the degrees of freedom in the Cartan-subalgebra become free and the remaining degrees of freedom form the zero energy vacuum state of supersymmetric harmonic oscillators [7, 8]. The full asymptotic groundstate was constructed for the SU(2) model in [8], here we consider the SU(3) case. Assuming that the Cartan-subalgebra degrees of freedom are asymptotically governed by a set of free effective supercharges Q_α a proposal was recently made [9] as to which of the harmonic wavefunctions constructed in [10] is annihilated by the Q_α. In this letter we prove the non-triviality of this ansatz.

The asymptotic supersymmetry charge for the d = 9 SU(3) model reads Q_α = −iΓ^a_{αβ} ( θ^1_β ∂ ∂x^a_1 + θ^2_β ∂ ∂x^a_2 ) (1) where x^a_1, x^a_2 (a = 1, . . . , 9) are the bosonic and θ^1_α, θ^2_α (α = 1, . . . , 16) are the fermionic degrees of freedom of the Cartan sector; we work with a real, symmetric representation of the Dirac matrices and our charge conjugation matrix equals unity. It is advantageous to go to the complex variables

λ =^{1√}_2 (θ^1 + iθ^2) z^a =^{1√}_2 (x^a_1 + ix^a_2)

λ^† =^{1√}_2 (θ^1 − iθ^2) z̄^a =^{1√}_2 (x^a_1 − ix^a_2) . (2)

Note that we have now divided the fermions into creation and annihilation operators, obeying the algebra {λ_α, λ^†_β} = δ_{αβ} , (3) and we define the fermionic vacuum |−⟩ by λ_α |−⟩ = 0. The completely filled state is denoted by |+⟩ =^1_{16!} ϵ^{α1...α16} λ^†_{α1} . . . λ^†_{α16} |−⟩. Clearly |−⟩ and |+⟩ are SO(9) singlets. However, there is a third SO(9) singlet state

|1⟩ = (λ^†Γ^{ab}λ^†) (λ^†Γ^{bc}λ^†) (λ^†Γ^{cd}λ^†) (λ^†Γ^{da}λ^†) |−⟩ (4)

in the half-filled sector. It can be shown [10] that there are no further SO(9) singlets. A further symmetry group acting on these states is the Weyl group, the discrete asymptotic remnant of the continous SU(3) of the full system. The Weyl group for SU(3) may be generated by two elements P and C [10], which act on the complex fermions λ and λ^† as P : λ → λ^† λ^† → λ C : λ → e^{− 2πi3} λ λ^† → e^{2πi3} λ^† . (5)

1based on [2]

As P interchanges |+⟩ and |−⟩, leaves the eight fermion sector invariant and the three SO(9) singlets are known to form one two dimensional irreducible representation under the Weyl group and one singlet [9] the state |1⟩ has to be Weyl invariant. This is consistent with C transforming |±⟩ into exp(∓^{2πi}_3 ) |±⟩. So |1⟩ is the unique SO(9) and Weyl invariant state.

In the complex variables the supersymmetry charge (1) reads Q_α = −i(∂/λ)_α − i( ¯∂/λ^†)_α, where ∂_a = d/d z^a and ¯∂_a = d/d z̄^a. We seek for an asymptotic groundstate |Ψ⟩ obeying Q_α|Ψ⟩ = 0. Note that while Q_α squares to −∂ · ¯∂, the condition ∂ · ¯∂ |Ψ⟩ = 0 does not imply Q_α |Ψ⟩ = 0 due to the purely asymptotic considerations, i.e. |Ψ⟩ not being square integrable caused by its singularity at the origin.

Consider now the ansatz for |Ψ⟩ |Ψ⟩ = ϵ^{α1...α16} Q_{α1} . . . Q_{α16} 1 (z · z̄)^8 |1⟩ . (6) |Ψ⟩ is obviously annihilated by Q_α, as Q_α squares to the Laplacian ∂ · ¯∂ which in turn annihilates the harmonic function (z · z̄)^{−8}. Note that |Ψ⟩ is SO(9)×Weyl invariant by construction. What remains to be shown, however, is that |Ψ⟩ is non-vanishing.

For this we consider the matrix element

⟨−| Ψ⟩ = ϵ^{α1...α16} ⟨−| [(∂/λ)_{α1} + ( ¯∂/λ^†)_{α1} ] . . . [(∂/λ)_{α16} + ( ¯∂/λ^†)_{α16} ]

(λ^†Γ^{ab}λ^†) (λ^†Γ^{bc}λ^†) (λ^†Γ^{cd}λ^†) (λ^†Γ^{da}λ^†) |−⟩ 1 (z · z̄)^8

, (7)

which we now need to normal order by making use of the anticommutator relation {(∂/λ)_α, ( ¯∂/λ^†)_β} = δ_{αβ} ∂ · ¯∂ + Γ^{ab}_{αβ} ∂_a ¯∂_b . (8) From the 2^{16} terms generated from expanding out the brackets in the first line of (7) only those containing 4 ( ¯∂/λ^†) and 12 (∂/λ) survive. Normal ordering of these terms then yields

⟨−| Ψ⟩ ∼ ϵ^{α1...α16} Γ^{a1a2}_{α1α2} ¯∂_{a1}∂_{a2} Γ^{a3a4}_{α3α4} ¯∂_{a3} ∂_{a4} Γ^{a5a6}_{α5α6} ¯∂_{a5} ∂_{a6} Γ^{a7a8}_{α7α8} ¯∂_{a7} ∂_{a8}

⟨−| (∂/λ)_{α9} . . . (∂/λ)_{α16} (λ^†Γ^{ab}λ^†) (λ^†Γ^{bc}λ^†) (λ^†Γ^{cd}λ^†) (λ^†Γ^{da}λ^†) |−⟩ 1 (z · z̄)^8 , and the final contractions then result in

⟨−| Ψ⟩ ∼ ϵ^{α1...α16} Γ^{a1a2}_{α1α2} ¯∂_{a1} ∂_{a2} Γ^{a3a4}_{α3α4} ¯∂_{a3} ∂_{a4} Γ^{a5a6}_{α5α6} ¯∂_{a5} ∂_{a6} Γ^{a7a8}_{α7α8} ¯∂_{a7} ∂_{a8} (∂/Γ^{ab}∂/)_{α9α10} (∂/Γ^{bc}∂/)_{α11α12} (∂/Γ^{cd}∂/)_{α13α14} (∂/Γ^{da}∂/)_{α15α16} 1 (z · z̄)^8

, (9)

where the precise (non-zero) combinatorial coefficient in this relation is not of interest, as we only need to show the non-vanishing of ⟨−| Ψ⟩. In order to proceed we note that

(∂/Γ^{ab}∂/)_{[αβ]} = Γ^{ab}_{αβ} ∂ · ∂ + 4 ∂^{[a} Γ^{b]c}_{αβ} ∂_c . (10)

Hence (9) may be reduced to a differential operator in ∂_a and ¯∂_a of degree 16 acting on (z · z̄)^{−8} provided we know the precise form of the 16 index tensor t^{a1...a16}_{(16)} t^{a1...a16} (16) = ϵ α1...α16 Γa1a2 α1α2 Γ a3a4 α3α4 . . . Γ a15a16 α15α16 . (11)

Clearly t^{a1...a16}

(16) must be expressable in form of a large string of space-indexed δ-functions,

the ϵ^{a1...a9} symbol cannot appear. Interestingly enough this tensor also appears in the leading one-loop quantum correction to the M-theory effective action contracted with four Riemann tensors [11]. Its precise form can be computed [12] and is most conveniently written down in a form contracted with an antisymmetric auxiliary tensor X^{ab} t^{a1...a16} (16) X a1a2 . . . Xa15a16 = 105 · 219 [ −5 (trX^2)^4 + 384 trX^8 − 256 trX^2 trX^6

+72 (trX^2)^2 trX^4 − 48 (trX^4)^2 ] (12)

where the product of X is to be understood in the matrix sense.

The knowledge of t^{a1...a16}_{(16)} now enables us to finally evaluate (9) using (10), which is still rather involved and most effectively done with the help of the computer algebra system FORM [13]. Our final result reads

⟨−| Ψ⟩ ∼ (∂^2)^4 [ (∂ · ¯∂)^2 − ∂^2 ¯∂^2

]2 1

(z · z̄)^8

= (∂^2)^6 ( ¯∂^2)^2 1 (z · z̄)^8

, (13)

which is non-vanishing and completes the proof of the non-triviality of (6).

Acknowledgement

J.H. would like to thank M. Bordemann and R. Suter for previous collaborations on the subject, J.P. thanks R. Helling and H. Nicolai for valuable discussions.

References

[1] M. Claudson and M.B. Halpern, Nucl. Phys. B250 (1985) 689,

R. Flume, Ann. Phys. 164 (1985) 189, M. Baake, P. Reinicke, and V. Rittenberg, J. Math. Phys. 26. (1985) 1070.

[2] J. Hoppe, Ph.D. Thesis, MIT, 1982.

[3] B. de Wit, J. Hoppe and H. Nicolai, Nucl. Phys. B305 [FS23] (1988) 545.

[4] E. Witten, Nucl. Phys. B460 (1996) 335, hep-th/9510135.

[5] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112,

hep-th/9610043.

[6] P. Yi, Nucl. Phys. B505 (1997) 307, hep-th/9704098.

S. Sethi, M. Stern, Comm. Math. Phys. 194 (1998) 675, hep-th/9705046. M. Porrati, A. Rozenberg, Nucl. Phys. B515 (1998) 184, hep-th/9708119. V.G. Kac and A.V. Smilga. “Normalized vacuum states in N = 4 supersymmetric Yang–Mills quantum mechanics with any gauge group”, hep-th/9908096.

[7] A.V. Smilga, Nucl. Phys. B291 (1987) 241.

A. Waldron and J. Plefka, Nucl. Phys. B512 (1998) 460, hep-th/9710104. A. Konechny, JHEP 9810 (1998), hep-th/9805046.

[8] M.B. Halpern, C. Schwartz, Int. J. Mod. Phys. A13 (1998) 4367, hep-th/9712133.

G.M. Graf, J. Hoppe, “Asymptotic ground state for 10 dimensional reduced supersymmetric SU(2) Yang Mills theory”, hep-th/9805080.

J. Fröhlich, G.M. Graf, D. Hasler, J. Hoppe and S.-T. Yau, Nuclear Physics B (to appear), hep-th/9904182.

[9] J. Hoppe, “Asymptotic zero energy states for SU(N ≥ 3) ”, hep-th/9912163.

[10] M. Bordemann, J. Hoppe and R. Suter, “Zero energy states for SU(N): A simple exercise in Group Theory ?”, hep-th/9909191.

[11] M.B. Green, H. Kwon and M. Gutperle, JHEP 08 (1999) 012, hep-th/9907155.

[12] H. Nicolai and J. Plefka, in preparation.

[13] J.A.M. Vermaseren, Symbolic Manipulation with FORM, version 2, (Computer Algebra Nederland, Amsterdam, 1991).