arXiv:hep-th/0002116 v2 15 Apr 2000

ULB-TH/00-02 hep-th/0002116 Febraury 1999

Harmonic Analysis and Superconformal Gauge Theories in Three Dimensions from AdS/CF T Correspondence

Leonardo Gualtieri

Physique Théorique et Mathématique, Université Libre de Bruxelles, Campus Plaine C.P. 231, B-1050 Bruxelles, Belgium

Abstract

In this thesis I review various aspects of the AdS_4/CF T_3 correspondence, where AdS_4 supergravity arises from compactification of M–theory on a coset space G/H and preserves N < 8 supersymmetries. One focal point of my review is that the complete spectrum of such N –extended supergravity can be determined by means of harmonic analysis on the homogeneous space G/H. This spectrum can be matched with the candidate conformal theory on the boundary, in this way providing very non–trivial checks of the AdS/CF T correspondence. Furthermore, this spectrum can be useful to study the representation theory of N –extended supersymmetry on AdS_4, namely representation theory for the superalgebra of Osp(N |4). I review Osp(N |4) representation theory, and derive the translation vocabulary between states of AdS_4 supergravity and conformal superfields on the boundary, by means of the double interpretation of Osp(N |4) unitary irreducible representations. In the cases of N = 2, 3, using results from harmonic analysis I give the complete structure of all supermultiplets. Harmonic analysis as a method to determine spectra of supergravity compactifications is explained. Calculations are explicitly performed in the case G/H = M^{111} = (SU(3) × SU(2) × U(1))/(SU(2) × U(1) × U(1)), preserving N = 2 supersymmetries. For this manifold, and also for the case G/H = Q^{111} = (SU(2) × SU(2) × SU(2))/(U(1) × U(1)), I describe the construction of a candidate dual superconformal theory on the boundary. This construction is based on geometrical insight provided by the properties of the metric cone C(G/H) transverse to the M2–brane wordvolume.

Contents

Introduction 4

1 AdS/CF T Correspondence and G/H M−branes 10 1.1 The AdS/CF T Correspondence . . . . . . . . . . . . . . . . . . . . . . . . 10 1.1.1 The Maldacena Conjecture for AdS_5 × S^5 . . . . . . . . . . . . . . 10 1.1.2 The Maldacena Conjecture for AdS_4 × S^7 . . . . . . . . . . . . . . 15 1.1.3 The realization of the correspondence . . . . . . . . . . . . . . . . . 17 1.1.4 Comparison with ”experiment” . . . . . . . . . . . . . . . . . . . . 21 1.2 G/H M–branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 1.2.1 More on the AdS_4 × X_7 case . . . . . . . . . . . . . . . . . . . . . . 21 1.2.2 Supergravity on AdS_4 × (_G H ) 7 . . . . . . . . . . . . . . . . . . . . . 24

2 Representation theory of Osp (N |4) 26 2.1 The osp(N |4) superalgebra: definition, properties and notations . . . . . . 27 2.1.1 Compact and non compact five gradings of the osp(N |4) superalgebra 29 2.2 UIRs of SO (3, 2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 2.2.1 Unitarity bounds, massless representations and singletons . . . . . . 34 2.3 UIRs of Osp (N |4) viewed in the compact and non compact five–grading bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.4 The explicit construction of Osp (N |4) UIRs . . . . . . . . . . . . . . . . . 39 2.4.1 Finding all the states . . . . . . . . . . . . . . . . . . . . . . . . . . 39 2.4.2 Finding unitarity bounds and norms . . . . . . . . . . . . . . . . . 40 2.4.3 The structure of N = 1 supermultiplets . . . . . . . . . . . . . . . . 41 2.4.4 The structure of N = 2 supermultiplets . . . . . . . . . . . . . . . . 45 2.4.5 The structure of N = 3 supermultiplets . . . . . . . . . . . . . . . . 53 2.5 The AdS_4 and ∂AdS_4 superspaces . . . . . . . . . . . . . . . . . . . . . . . 56 2.5.1 AdS_4 and ∂AdS_4 as cosets and their Killing vectors . . . . . . . . . 58 2.5.2 Conformal Osp(2|4) superfields: general discussion . . . . . . . . . 62 2.5.3 Matching the Kaluza Klein results for Osp(2|4) supermultiplets with boundary conformal superfields . . . . . . . . . . . . . . . . . 65

3 The complete spectra of the AdS_4 × (_G H ) 7 solutions from harmonic analysis 80 3.1 Supergravity on AdS_4 × G/H_7 . . . . . . . . . . . . . . . . . . . . . . . . . 80 3.1.1 A summary of coset space differential geometry . . . . . . . . . . . 81 3.1.2 The Freund Rubin solution . . . . . . . . . . . . . . . . . . . . . . . 85 3.1.3 Four dimensional supergravity from Freund Rubin solution . . . . . 88

3.1.4 Supersymmetric mass relations . . . . . . . . . . . . . . . . . . . . 92 3.2 The M^{111}, Q^{111} and N^{010} spaces . . . . . . . . . . . . . . . . . . . . . . . . 93 3.2.1 M^{111} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 3.2.2 Q^{111} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 3.2.3 N^{010} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 3.3 Harmonic analysis and mass spectra of Freund Rubin supergravities . . . . 102 3.3.1 Harmonics on coset spaces . . . . . . . . . . . . . . . . . . . . . . . 102 3.3.2 Differential operators on H harmonics . . . . . . . . . . . . . . . . 104 3.3.3 Harmonic expansion of supergravity fields . . . . . . . . . . . . . . 105 3.3.4 The mass spectrum from harmonic analysis . . . . . . . . . . . . . 105 3.4 The mass spectrum of AdS_4 × M^{111} supergravity . . . . . . . . . . . . . . 107 3.4.1 Representations of G and H . . . . . . . . . . . . . . . . . . . . . . 107 3.4.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 3.4.3 Harmonic expansion on M^{111} . . . . . . . . . . . . . . . . . . . . . 113 3.4.4 The constraints on the irreducible representations . . . . . . . . . . 115 3.4.5 Differential calculus via harmonic analysis . . . . . . . . . . . . . . 120 3.4.6 Matching the spectrum with the Osp(2|4) multiplets . . . . . . . . 136 3.5 The mass spectra of AdS_4 × N^{010} and AdS_4 × Q^{111} supergravities . . . . . 149 3.5.1 N^{010} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 3.5.2 Q^{111} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

4 Superconformal field theories dual to AdS_4 × (_G H ) 7 supergravities 154 4.1 N = 2 three dimensional gauge theories and their rheonomic construction . 156 4.1.1 N = 2, d = 3 rigid superspace . . . . . . . . . . . . . . . . . . . . . 157 4.1.2 Rheonomic construction of the N = 2, d = 3, lagrangian . . . . . . 159 4.1.3 A particular N = 2 theory: N = 4 . . . . . . . . . . . . . . . . . . 164 4.1.4 A particular N = 4 theory: N = 8 . . . . . . . . . . . . . . . . . . 166 4.2 Geometry of Q^{111}, M^{111} and abelian gauge theories . . . . . . . . . . . . . 167 4.2.1 Q^{111} and M^{111} as fiber bundles and toric manifolds . . . . . . . . . 167 4.2.2 The abelian theories . . . . . . . . . . . . . . . . . . . . . . . . . . 172 4.3 The non-abelian theory and the comparison with KK spectrum . . . . . . 174 4.3.1 The case of Q^{111} . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175 4.3.2 The case of M^{111} . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176 4.3.3 The scalar potential . . . . . . . . . . . . . . . . . . . . . . . . . . 177 4.3.4 Conformal superfields and comparison with the KK spectrum . . . 182 4.4 The baryons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192 4.4.1 Dimension of the fundamental superfields and the baryon operators 193 4.4.2 The case of M^{111} . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197 4.4.3 The case of Q^{111} . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206 4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

A Conventions for the M^{111} space 210

3

Introduction

The AdS/CF T correspondence is a recent interesting development in the context of string theory and M-theory. It is based on the conjecture, proposed by J. Maldacena [1] at the end of ’97 and further developed by E. Witten [2] and S. Gubser, I. Klebanov, A. Polyakov [3], that string/M theory on some backgrounds of the form

AdS_d × X_{11−d} (0.0.1) or AdS_d × X_{10−d}, (0.0.2)

where X is a compact space and AdS is the anti–de Sitter space [4], is equivalent to a superconformal quantum field theory (SCFT) on the boundary of the anti–de Sitter space. Actually, this boundary coincides with compactified Minkowski space in d − 1 dimensions. The superconformal theory can also be viewed as a theory defined on a stack of N coincident branes, D–branes in ten dimensions or M–branes in eleven dimensions, with gauge group U (N)^k or SU (N)^k. For example [1], the string theory on AdS_5 × S^5 is equivalent to the N = 4 SY M theory with gauge group U (N) and living on the four dimensional boundary of AdS_5.

A striking point of this correspondence is that in the limit g^2_{Y M} N −→ ∞, g^2_{Y M} −→ 0 the duality is between classical supergravity and a strongly coupled SCFT, since the string/M-theory corrections are of order 1/N. So it is possible to determine physical observables of the quantum theory on the boundary by classical supergravity calculations on the bulk.

The starting point of this conjecture has been the observation that the isometry group of string/M theory on AdS_d is SO (2, d − 1), and this is also the conformal group in d − 1 dimensions. So, these two theories have the same symmetry. The conjecture, in its more complete formulation, is that there is a one to one correspondence between supergravity fields Φ on the bulk and conformal primary operators O on the boundary, and the generating functional of the correlators of the boundary theory can be written, in the appropriate limit, in terms of the classical supergravity action.

For every off shell field configuration on the boundary of AdS Φ_0 there is a unique on shell field configuration Φ that is regular on the bulk and which has Φ_0 as boundary value. Then the field Φ on the bulk depends on its value Φ_0 on the boundary, and the generating functional is [2]

Z (Φ_0) ≡ ⟨ e ∫ AdSd−1 Φ0O ⟩_{AdS/CF T} = e^{−S(Φ(Φ0))}, (0.0.3)

where, in the appropriate limit, S (Φ_0) is the classical supergravity action on the bulk.

We can view the correspondence as between the states of supergravity compactified on the bulk, which are the states created by the on–shell fields Φ, and conformal operators on the boundary. In particular, the BPS states of compactified supergravity correspond to short primary superconformal operators of the boundary theory, which are protected against quantum corrections.

Another feature of this correspondence is that the set of the Kaluza Klein states on the bulk must completely match with the set of conformal operators on the boundary; the energies of these Kaluza Klein states correspond to the conformal weights of the operators on the boundary; in particular, in the case of BPS states, this correspondence can be checked without calculations at the quantum level, since the conformal weights are protected against quantum corrections. This is true also for the other quantum numbers.

The most studied cases of AdS/CF T correspondence are those with D = 10, d = 5, where the bulk theory is the compactification of string theory or, at low energy, ten dimensional supergravity, on AdS_5 × X_5. (0.0.4)

This case has become very popular since the bulk theory is string theory which is well known, and the boundary theory has four dimensions. In the present thesis I rather consider the case D = 11, d = 4. Then the bulk theory is the compactification of M−theory, or, at low energy, eleven dimensional supergravity, on

AdS_4 × X_7. (0.0.5)

There are various reasons of this choice.

• Since a formulation of the quantum theory for the fundamental degrees of freedom of M–theory is lacking, it is of utmost interest to explore the properties of all its vacua.

• The study of AdS_4/CF T_3 correspondence is useful to understand the three dimensional conformal field theories, which are not well known. For example, a classification of the central charges as known for four dimensional CFTs [5] is lacking for three dimensional CFTs. Furthermore, three dimensional conformal field theories are intrinsically interesting, being related to statistical mechanics.

• In the eighties the Kaluza Klein compactifications of eleven dimensional supergravity on AdS_4 × X_7 background was studied in order to find a realistic theory as a supergravity compactification. In particular, the manifold X_7 = M^{111} (that I will introduce in the following) was studied [6],[7],[8], having this manifold isometry SU (3) × SU (2) × U (1) as the standard model group. That way resulted to be wrong, because such compactifications yield theories with unphysical cosmological constants and no chiral fermions. Today, in the completely new context of AdS/CF T correspondence, the anti–de Sitter space resulting by these compactifications is no more a flaw of the theory, but an asset, and all those results can be utilized in the new perspective.

In general, there should be AdS/CF T correspondence if AdS_4 × X_7 is a classical supergravity solution. This restricts the possible choices of the compact manifold X_7. At the moment, there are three kinds of AdS_4 × X_7 correspondences that have been studied:

• X_7 = S^7, that yields maximal N = 8 supergravity [1], [9], [10].

• X_7 = S^7/Γ with Γ a discrete group, namely, an orbifold of S^7; these cases yield consistent truncations of N = 8 supergravity [9], [11].

• X_7 = G/H coset manifold that is also an Einstein space; these cases yield N < 8 supergravities which are not truncations of the N = 8 theory, but completely new ones [12] (see [13] for the AdS_5 × X_5 case).

The same considerations hold true for the correspondence with AdS_5 ×X_5 or other choices of D, d. Up to now, several checks have been found of the AdS_4/CF T_3 correspondence. The most complete of them refer to the case X_7 = S^7, or to the cases of S^7 orbifolds. In most of these cases, the correspondence of the BPS Kaluza Klein states of supergravity with the BPS superfield operators of the SCFT has been checked. Furthermore, in those cases where the correlators of the SCFT are known in the strong coupling limit, the formula (0.0.3) comes out true. This holds also for other choices of D, d.

Nevertheless, these are not the strongest possible checks of this type, particularly for the check of the spectrum. In the maximal supersymmetric case X_7 = S^7, the energies of the Kaluza Klein states and the conformal weights of the superconformal operators depend only on their R–symmetry representations. Being the superisometry Osp (8|4) the same, it is not really surprising that the energies and the conformal weights actually coincide. And the truncations of these theories do not contain any really new information. On the contrary, for supergravities on X_7 = G/H ≠ S^7, these energies and conformal weights depend also on the so called flavour group representations, and this dependence is ruled not only by the Osp (N |4) representation theory, but also - on the bulk side - by the geometry of the compactification on X_7. Furthermore, the theories with N < 8 are less constrained than the maximal supersymmetric one. Then, a check of the spectrum in a case with X_7 = G/H ≠ S^7 is more significant than in the maximally supersymmetric case.

This thesis is mainly based on the work done during my last Ph.D. year in the collaborations [14],[15],[16],[17], in order to discuss non–trivial checks of AdS/CF T correspondence in the cases AdS_4 × ( G H ) 7 (0.0.6)

preserving N < 8 supersymmetries. It is also my aim to make a systematic review of the algebraic and geometric foundations of this correspondence.

We have studied in detail the case of the manifold

X_7 = M^{111} =

SU (3) × SU (2) × U (1) SU (2) × U (1) × U (1)

(0.0.7)

preserving N = 2 supersymmetries. Furthermore, we have studied, with less detail, the cases of the manifold

X_7 = Q^{111} = SU (2) × SU (2) × SU (2) U (1) × U (1)

(0.0.8)

preserving N = 2 supersymmetries, and of the manifold

X_7 = N^{010} = SU (3) U (1)

(0.0.9) preserving N = 3 supersymmetries.

In [16], we have constructed superconformal theories candidate to be dual to supergravity on AdS_4 × M^{111} and to supergravity on AdS_4 × Q^{111 1}. Matching these theories with the supergravity on the bulk prevoiously derived [14], we found new non–trivial checks of AdS/CF T correspondence. Furthermore, in order to reach these results, other results were obtained as a byproduct [14],[15],[16],[17].

• We built a case of AdS/CF T correspondence following all the path, from the development of the supergravity theory on the bulk to the development of the candidate superconformal field theory on the boundary. This gave us a deeper understanding of the mechanism of AdS/CF T correspondence, expecially on the relations between the conformal superfields on the boundary and the Kaluza Klein spectrum on the bulk [15].

• We used the techniques of harmonic analysis in order to find the complete spectrum of supergravity on AdS_4 × M^{111} [14]. These techniques had been developed in the eighties [19], [20], [21], [22] but this is the first time the complete spectrum of an intricate case as (0.0.7) has been worked out; now we know more about how to handle such problems. Furthermore, this spectrum has value as a supergravity result, even out of the AdS/CF T correspondence context.

• Up to know, the structure of several N = 2 and N = 3 AdS_4 supermultiplets was not known. The spectra of supergravities we found give us the lacking information on the general representation theory of N = 2 and N = 3 supersymmetry on AdS_4, and the complete structure of all N = 2 [14] and N = 3 [17] supermultiplets^2, completing the results of [23], [24].

An analogous program has been carried out by [13], [25], [26] in the case of AdS_5 × X_5 with X_5 = T^{11} =^{SU (2)×SU (2)}_{U (1)} . In this case the conformal theory has been found in [13] as a deformation of an orbifold theory with larger supersymmetry. The Kaluza Klein spectrum of the corresponding supergravity has been worked out in [25], and a comparison with superfields on the boundary theory [26] gave another non trivial check of the AdS/CF T correspondence. Furthermore, the same program has recently been carried out in [27] for an other AdS_4 × X_7 case, the one of the Stiefel manifold X_7 = SO(5)/SO(3), finding similar results.

In this thesis I present our results in a systematical and didactic form, sometimes going into details more than the papers [14], [15], [16], [17]. Furthermore, some technical details are new and unpublished.

Contents of the thesis

The present thesis is organized as follows.

In chapter 1 I review some basic concepts of the AdS/CF T correspondence, in order to explain the background and the motivation of the subsequent work. Then, I consider

1The construction of the SCFT dual to supergravity on AdS_4 × N^{010} is in preparation [18]. 2With the exception of the N = 3 short supermultiplets with J_0 = 1/2 and J_0 = 3/2.

explicitly the case I am interested in, which is AdS_4 × ( G H ) 7 . (0.0.10)

In chapter 2 I study the representation theory of Osp (N |4), that is, of supersymmetric theories on AdS_4. With the help of Lie algebra techniques I show the double interpretation of the Osp (N |4) unitary irreducible representations, as states of bulk supergravity and as superfields of a boundary superconformal theory. In the N = 2 case I explicitly explain how to know, given a state on the bulk, which is the corresponding conformal operator on the boundary [15]. Furthermore I give the complete structure of all the Osp (N |4) unitary irreducible representations, namely, the supermultiplets of AdS_4 supersymmetry, in the cases N = 2 [14] and N = 3 [17]. I explain how to find this structure by the matching of results found with the Freedmann Nicolai method of norms [24] with results given by Kaluza Klein spectra.

In chapter 3 I explicitly derive the complete spectrum of supergravity compactified on

AdS_4 × M^{111} (0.0.11)

using harmonic analysis [14]. This is a very powerful method, which allow to solve a differential equation problem by purely algebraic calculations. A detailed description of all the mathematical tools used and of our derivation is given.

In chapter 4 I build candidate SCFT’s dual by AdS/CF T correspondence to supergravity compactified on AdS_4 × M^{111} and to supergravity compactified on AdS_4 × Q^{111} [16]. Unfortunately, while when the compact manifold is the seven sphere or an orbifold of the seven sphere there is a straightforward way to build the conformal theory, by relating it to a ten dimensional string theory with D–branes, this seems not to be possible when the compact manifold is a coset manifold as M^{111} or Q^{111}. One have to use geometrical intuition to argue the fundamental field content and the gauge group of the theory. However, I show that having these theories a toric description, there are strong arguments to argue them, and the results fit surprisingly with the bulk theory.

9

Chapter 1

AdS/CF T Correspondence and G/H M−branes 1.1 The AdS/CF T Correspondence

In this section I review some basic concepts of the AdS/CF T correspondence, in order to explain the background and the motivation of the subsequent work. Several excellent and complete reviews on this wide field of research are available in the literature [28], [29].

1.1.1 The Maldacena Conjecture for AdS_5 × S^5

Let us consider IIB string theory on flat ten dimensional Minkowski space, with N coincident D3–branes. The perturbative excitations of this theory are the closed strings, which are the excitations of Minkowski empty space, and the open strings, which can end only on the D–branes, and are the excitations of the D–branes themselves.

Let us consider the low energy limit of the system, namely, take into account only the energies lower than the string scale 1/ √ α^′ E √ α^′ << 1 (1.1.1)

keeping all the dimensionless parameters (g_s, N) fixed. Then only the massless string states can be excited. The effective action of massless modes, obtained by integrating out the massive fields, has the form

S = S_{bulk} + S_{brane} + S_{int}. (1.1.2)

• S_{bulk} is the action of ten dimensional supergravity; in the low energy limit^1 it becomes the action of free ten dimensional supergravity in Minkowski space.

• S_{brane} is defined on the 3 + 1–dimensional brane worldvolume, and in the low energy limit becomes the action of N = 4 super Yang Mills (SYM) theory with gauge group U (N), and g^2_{Y M} = 4πg_s. (1.1.3) Notice that this is a superconformal field theory (SCFT).

1In the actual calculations, the simplest way to perform the low energy limit (1.1.1) is to send α^′ −→ 0; however we must remind that if one wants to be rigorous, only dimensionless quantities can be sent to zero; α^′ −→ 0 is a shorthand notation for E √ α^′ << 0.

• S_{int} describes the interaction between the brane and the bulk, and in the low energy limit disappears.

Then in the low energy limit there are two decoupled systems, free IIB supergravity on Minkowski space and N = 4 SYM theory with gauge group U (N).

But string theory can be also viewed from the so–called macroscopic point of view. The absorption of closed strings by the D–branes can be seen also as the interaction of the string modes with a non–trivial supergravity background, due to a massive and charged source localized at the position of the D–branes. In other words, the D–branes behave as massive and charged objects, sources of the supergravity fields. The IIB supergravity background is the following p–brane solution:

ds^2 = f^{−1/2} ( −dt^2 + dx^2_1 + dx^2 + dx^2_3 ) + f^{1/2} ( dr^2 + r^2dΩ^2_5 ) F_5 = (1 + ∗) dtdx_1dx_2dx_3df^{−1}

f = 1 +

R^4 r^4

, R^4 ≡ 4πg_sNα^{′2}, (1.1.4)

where both the mass and the five–form charge (per unit volume) are proportional to the number of the branes N. Furthermore this solution is a BPS solution, namely, it preserves half of the IIB supersymmetry.

This is a black brane solution, with an horizon at r = 0. The energy E_p of an object as measured by an observer at a constant position r and the energy E measured by an observer at infinity are related by the redshift factor

E = f^{−1/4}E_p, (1.1.5)

then as an object is brought near the horizon, it appears with lower energy to the observer at infinity.

We want to consider only the low energy IIB string theory excitations on this background, where I mean low energy from the point of view of an observer at infinity. There are two kinds of low energy excitations: the massless particles propagating in the bulk region (that is, r/R ≫ 1) with large wavelength, and any kind of excitation if it is close enough to the horizon. These two kinds of excitations are decoupled. The bulk massless particles cannot excite the near horizon region, because the cross section σ ∼ R^8ω^3 is small in the low energy limit (corresponding to big particle wavelengths); we can reformulate this phenomenom saying that the particles cannot be absorbed in this limit because their wavelengths are bigger than the typical gravitational size of the brane. On the other hand, the near horizon excitations have to climb an high potential barrier to escape from the asymptotic region.

In the near horizon region, defined by r << R, f ∼ R^4/r^4, so the metric becomes

ds^2 = r^2 R^2 ( −dt^2 + dx^2_1 + dx^2 + dx^2_3 ) + R^2 dr^2 r^2

+ R^2dΩ^2_5 , (1.1.6)

that is the metric of AdS_5 × S^5 (1.1.7)

with R = (4πg_sNα^{′2})^{1/4} curvature radius of AdS_5 and of S^5. From this point of view, N is the flux of the five–form through S^5.

To be more precise about the near horizon limit, a string excitation has E_p ∼^{1√}_{α′} ; an observer at infinity sees the energy

E = f^{−1/4}E_p ∼ r √ α^′ E_p ∼ r α^′ . (1.1.8)

In the low energy limit E √ α^′ << 1, then, r √ α^′ << 1 . (1.1.9)

This means that any excitation of string theory does survive if it is enough close to the horizon to satisfy (1.1.9). We can express this by a coordinate redefinition: U ≡ r √ 4πg_sNα^′ = r R^2

. (1.1.10)

In terms of U, the energies of the near horizon string excitations are finite, and the metric (1.1.6) becomes

ds^2 = √ 4πg_sNα^′ [ U^2 ( −dt^2 + dx^2_1 + dx^2 + dx^2_3 ) + dU^2 U^2

+ dΩ^2_5 ]

= R^2 [ U^2 ( −dt^2 + dx^2_1 + dx^2 + dx^2_3 ) + dU^2 U^2

+ dΩ^2_5 ] . (1.1.11)

We have derived this metric as a near horizon geometry, that is, the (1.1.11) is the metric in the region U << 1/R. Here R is only a constant factor in front of the metric. We can rescale the coordinates, so that the region U << 1/R describes an entire AdS_5 space. In other words, we blow up the near horizon (or ”throat”) region of the (1.1.4) geometry into the entire AdS_5 × S^5 space. The supergravity excitations of the throat coincide with the excitations of AdS_5 × S^5 supergravity.

The low energy theory, then, consists on these two decoupled parts, the free IIB supergravity on Minkowski space and, near the horizon, the AdS_5 × S^5 IIB string theory (with all the excitations).

From both the points of view, then, in the low energy limit there are two decoupled systems, one of which is the free empty IIB supergravity. This suggests that the second systems appearing in both description may be dual, namely, mathematically equivalent.

This is the Maldacena conjecture: the N = 4 U (N) SYM quantum field theory in 3 + 1 dimensions is dual to IIB string theory on AdS_5 × S^5 background.

In the above reasoning we have kept fixed the two dimensionless parameters of the theory, g_s and N, or, equivalently, g_s and X ≡ 4πNg_s (which is the t’Hooft coupling). Let us consider various limits of these parameters.

• When, as in the above reasoning,

X, g_s finite , (1.1.12)

we have the correspondence between IIB string theory on AdS_5 ×S^5 and the N = 4 four dimensional SYM theory with gauge group U(N), N finite and t’Hooft coupling finite.

• When

X finite g_s −→ 0 N −→ ∞ , (1.1.13)

the above reasoning does not change, because g_s, N appear only in the combination X; in particular, √ α^′ ∼ R remains true.

The correspondence is between classical IIB string theory (that is, with only tree diagrams, because g_s −→ 0) on AdS_5 × S^5 and the N = 4 four dimensional SYM theory with gauge group U(N), N −→ ∞, X finite.

• When X −→ ∞ , g_s −→ 0 N −→ ∞ , (1.1.14)

we have R = X^{1/4} √ α^′ ≫ √ α^′ . (1.1.15) On the bulk, the classical supergravity excitations decouple from the other string excitations. In fact, ten dimensional supergravity on the AdS_5 × S^5 background is a theory whose dynamical fields are the fluctuations around this background. These fields can be expanded in S^5 harmonics, yielding a tower of five dimensional supergravity Kaluza Klein fields, whose masses are of order m ∼ 1/R, and whose energies are of order E^{KK}_p ∼ 1/R. The string excitations, instead, have energies E^s_p ∼ 1/ √ α^′. The energies as seen by an observer at infinity are then respectively E^{KK} ∼ r R^2 E^s ∼ r R √ α^′ ≫ E^{KK} . (1.1.16)

So the supergravity (Kaluza Klein) excitations have finite energy in terms of the coordinate U = r/R^2, while the string excitations decouple. In other words, the IIB string theory on AdS_5 × S^5 becomes classical supergravity on that background, because the string length is much smaller than the characteristic length of the space, R. The correspondence is between classical supergravity on AdS_5 × S^5 and the N = 4 four dimensional SYM theory with gauge group U(N), N −→ ∞, X −→ ∞.

In the following I will consider mainly the last limit (1.1.14), that is the one which has received most confirmations, and then is the most firmly founded version of the correspondence. Notice that in this limit the brane theory is a strongly coupled theory, being X large. The AdS/CF T correspondence in the limit (1.1.14), then, relates a weakly coupled theory with a strongly coupled one, in different dimensions.

The argument of the decoupling limit sketched above is not the unique motivation of the Maldacena conjecture. There are a lot of previous results, observations, open problems, that can be better understood in the context of this conjecture.

• The idea that string theories can describe gauge theories dates back to the origin of string theory. In particular, as t’Hooft showed [30] that the large N limit of SU(N) gauge theory is formally similar to perturbative string theory, long efforts have been done to find an exact gauge field/string duality. In this context, it has also been suggested [31] that four dimensional SU(N) Yang Mills theory could be dual to a five dimensional string theory.

• A great advance in non–perturbative string theory has been the discovery [32] that a system of several D–branes in string theory can be described as a black p–brane solution of suypergravity. In particular, this yielded the first microscopic explanation of the Bekenstein Hawking entropy: A. Strominger and C. Vafa [33] considered IIB string theory compactified on a five dimensional compact manifold, and a system of intersecting D–branes wrapped around the compact manifold; they worked out the entropy in both the description, in the ’microscopic’ one by counting the D–branes states, in the ’macroscopic’ one by applying the Bekenstein Hawking formula, and the two results coincide.

But in the case of N D–branes on the non–compact space, the results [34] was similar but different:

S_{Bekenstein Hawking} = π^2 2 N^2V_3T^3 S_{D−branes} =

2π^2 3 N^2V_3T^3 . (1.1.17)

This result is meaningful in the context of AdS/CF T correspondence. In fact, the Bekenstein Hawking calculation applies in the supergravity limit, that as I said is the strong coupling limit of the gauge theory on the brane. Conversely, the D–brane calculation is perturbative, then gives the entropy in the weak coupling limit of the gauge theory. The two results, then, differ by the renormalization group flow of a smooth function, that yields the factor^2_3 .

• It has been derived [35] the absorption cross–section of massless bulk excitations from the system of coincident D–branes, in two ways. First, with the D–branes description, looking at the process of closed strings that become open strings on the branes. Second, with the supergravity description (1.1.4); as I said, there is a potential barrier separating the bulk from the near horizon geometry, so waves incident from r ≫ R penetrate into the near horizon geometry with a certain cross– section.

These two cross sections coincide: σ = g^2_s α^{′4}ω^3N^2 32π . (1.1.18)

The meaning of this result is clear in the context of AdS/CF T correspondence. In the D–brane description, a particle incident from the asymptotic infinity is converted into an excitation of the stack of D–branes, namely, into an excitation of the gauge theory on the world volume. In the supergravity description, a particle incident from the asymptotic region tunnels into the r << R region and produces an excitation of the near horizon geometry. These two descriptions of the absorption process give the same cross–sections because the excitations of AdS_5 × S^5 supergravity correspond to the excitations of the N = 4 SYM theory.

But the key to the Maldacena conjecture has been a crucial observation on the symmetry groups. The isometry group of AdS_5 space is SO(4, 2), but this is also the conformal group in four dimensions. Furthermore, the isometry of the compact space S^5 is SO(6) = SU(4), and this is also the R–symmetry (namely, the automorphism group of the superalgebra) of N = 4 SYM theory. More generally, the isometry of the supergravity background AdS_5 × S^5 is the supergroup SU(2, 2|4), that is also the superconformal symmetry of the N = 4 SYM theory. The fact that these theories have the same symmetry is the first hint that they could be equivalent, although they live in different dimensions.

1.1.2 The Maldacena Conjecture for AdS_4 × S^7

The Maldacena conjecture can be extended to other cases. Let us consider M–theory on flat eleven dimensional Minkowski space, with N coincident M2–branes. In this case, instead of the string length √ α^′ there is the Planck length l_p, and there is no parameter analogous to the string coupling g_s; the only dimensionless parameter is N. Let us consider the low energy limit, El_p << 1 , (1.1.19)

with N fixed.

It is not known which are the perturbative excitations of this theory, because the quantum M–theory has not been found yet, however it is known that the low energy excitations on the bulk are described by eleven dimensional supergravity, and that it is possible to define superconformal field theories on the worldvolume of the M2–branes.

From the macroscopic point of view, the M2–branes behave as massive and charged objects, sources of a supergravity background of the form

ds^2 = f^{−2/3} ( −dt^2 + dx^2_1 + dx^2 ) + f^{1/3} ( dr^2 + r^2dΩ^2_7 ) F_5 = dtdx_1dx_2df^{−1} (1.1.20)

f = 1 +

R^6 r^6

, R^6 ≡ 32π^2Nl^6_p. (1.1.21)

In the near horizon region r << R, f ≃ R^6/r^6, so the metric becomes

ds^2 = r^4 R^4 ( −dt^2 + dx^2_1 + dx^2 ) + R^2 dr^2 r^2

+ R^2dΩ^2_7 , (1.1.22)

that is the metric of AdS_4 × S^7 (1.1.23)

with 1 2 R = (32π^2N)^{1/6} 2 l_p (1.1.24)

curvature radius of AdS_4 and R curvature radius of S^7.

Similarly to the case of AdS_5 × S^5, an M–theory excitation has E_p ∼^1_{lp} , and a near horizon excitation, as seen from infinity, has

E = f^{−1/3}E_p ∼ r^2 l^2_p E_p ∼ r^2 l^3_p

. (1.1.25)

The limit (1.1.19) is satisfied if r l_p << 1 . (1.1.26)

The coordinate redefinition is U ≡ 2r^2 √ 32π^2Nl^3_p = 2r^2 R^3

, (1.1.27)

in terms of U the energies of the M–theory excitations are finite, and the metric (1.1.22) becomes

ds^2 =

(32π^2N)^{1/3} l^2_p 4 [ U^2 ( −dt^2 + dx^2_1 + dx^2 ) + dU^2 U^2

+ 4dΩ^2_7 ] . (1.1.28)

The near horizon region can be rescaled to the entire anti–de Sitter space.

The low energy theory, then, consists on these two decoupled systems, the free empty eleven dimensional supergravity and a system that

- from the macroscopic point of view is M–theory on AdS_4 × S^7,

- from the microscopic point of view is the quantum theory on the M2–brane worldvolume.

The Maldacena conjecture states that these two systems are equivalent.

We have taken N finite. If, instead, we take

N −→ ∞ , (1.1.29)

we have the supergravity limit. In fact,

R ∼ N^{1/6}l_p ≫ l_p , (1.1.30)

and the higher energy M-theory excitations decouple from the supergravity (Kaluza Klein) excitations. Only the latter remain finite in terms of the coordinate U.

In this limit, the correspondence is between classical eleven dimensional supergravity on AdS_4 × S^7 and a superconformal quantum field theory on the M2–brane. We will mainly consider this limit, that is the most firmly stated.

The theory on the brane has the same symmetry of the bulk theory, and this allows us to single it out. The isometry supergroup of the superalgebra is Osp(8|4), that is the supergroup whose bosonic subgroup is Sp(4, IR) × SO(8) = SO(3, 2) × SO(8). It has N = 8 supersymmetry. But SO(3, 2) is also the conformal group in three dimensions, and Osp(8|4) is the superconformal supergroup of the N = 8 SCFT in three dimensions with gauge group U(N), that is the infrared limit of the N = 8 SYM theory. This is the theory on the brane, dual to the bulk supergravity in the limit N −→ ∞.

Differently from the ten dimensional AdS_5 × S^5 case, now the theory on the brane is conformal only at the infrared fixed point g_{Y M} = 0; when g_{Y M} ≠ 0 we have a gauge theory not equivalent to any bulk theory; all the forms of the correspondence occur when g_{Y M} −→ 0, and differ only in the N range.

All I said about the M2–brane is valid, with small differences, also for the M5–brane; in this case the near horizon geometry is AdS_7 ×S^4. Furthermore, the Maldacena conjecture is valid also for D3–branes, M2–branes and M5–branes corresponding to less symmetric supergravity configurations, giving less supersymmetric theories; I will examine these cases afterwards, in section 1.1.4, and the rest of this thesis concerns them.

1.1.3 The realization of the correspondence

After the formulation of the Maldacena conjecture, E. Witten [2] and, independently, S. Gubser, I. Klebanov and A. Polyakov [3] proposed a precise formulation of the AdS/CF T correspondence, telling in what sense the bulk and brane theories should be identified, and giving a method to calculating correlation functions of the quantum theory on the brane by classical supergravity (or string) calculations on the bulk. I will follow the line of Witten’s reasoning.

Let us consider the correspondence between IIB string theory on AdS_5 × S^5 and N = 4 SCFT on 3 + 1 dimensions. First of all, we can note that the conformal theory is not defined on 3 + 1 Minkowski space M_4, but on its compactified version ~M_4, that is M_4 with some ”points at infinity” added: without these points Minkowski is not a representation space of the conformal group SO(4, 2). The compactified Minkowski space ~M_4 coincides with the boundary of the AdS_5 space

~M_4 ≡ ∂AdS_5. (1.1.31)

On the other hand, we can consider string theory (or supergravity) on AdS_5 × S^5 from the Kaluza Klein point of view, as a five dimensional supergravity theory on AdS_5 with compact internal space S^5.

We can rephrase the Maldacena conjecture as the correspondence between a supergravity theory (or string or M theory) on an AdS space times a compact space and a superconformal quantum field theory on the boundary of the AdS space itself. It becomes a bulk/boundary correspondence.

Then the equivalence between a theory on AdS_5 and a theory on ∂AdS_5 can be seen as a realization of the so–called holographic principle [36], which states that in a quantum gravity theory all physics within some volume can be described in terms of some theory on the boundary with less than one degree of freedom per Planck area.

On the other hand, the AdS space is very peculiar. It has a time–like boundary at spatial infinity; consequently, it is not possible to define the Cauchy problem, that is, to determine all the dynamics giving the field values on a Cauchy hypersurface, because the fields depend on their boundary values. On the contrary, if we give the boundary values of the fields and impose that they are regular on the bulk, there is an unique solution of the field equations. In this sense, the AdS space is intrinsically holographic.

We can now attempt to make more precise the Maldacena conjecture, relating the field theory on the boundary with supergravity (or string theory) on the bulk. The simplest recipe, that combines all the ingredients we have, is the following. Let us consider a field Φ on AdS_5. Its equation of motion 2Φ = 0, as I said, has an unique solution on the bulk with any given boundary values. Let Φ_0 be the restriction of Φ to the boundary ∂AdS_5. We will assume that in the correspondence between AdS_5 and conformal field theory on the boundary, Φ_0 couples to a conformal field O, singlet under the gauge group, via a coupling ∫ ~M_4 Φ_0O. (1.1.32)

In other words, we consider that the boundary values of string theory fields (in particular, supergravity fields) act as sources of gauge invariant operators in the field theory. From a D–brane perspective, we think of closed string states on the bulk as sourcing gauge singlet operators on the brane which originate as composite operators built form open strings. Then Φ_0 is the current source of the quantum field O excitations, and we assume the generating functional of the correlation functions ⟨O (x_1) O (x_2) . . . O (x_n)⟩,

Z (Φ_0) ≡ ⟨ exp (∫ ~M_4 Φ_0O )⟩ CF T , (1.1.33)

to be Z (Φ_0) = exp (−S (Φ (Φ_0))) . (1.1.34)

Here S (Φ) is the action of classical supergravity on the bulk in the limit g_sN −→ ∞, g_s −→ 0, with classical string corrections if g_sN finite, g_s −→ 0 and string loop corrections if g_s, N finite. However, I will consider in the following the classical supergravity case.

In this picture the interaction between two points of the boundary quantum theory is mediated by the bulk. An excitation on the boundary interacts with the bulk, propagating via the equation of motion 2Φ = 0, and in the same way it propagates from the bulk to another point on the boundary, as in Fig.1.1. To visualize better the system, and to do

Figure 1.1: Three point function on the boundary theory via AdS/CF T correspondence

simpler calculation, it is useful to consider euclidean signature; so the AdS_5 space can be seen as the open unit ball B_5, with metric

ds^2 = 4 ∑_4 a=0 dy^2_a ( 1 − |y|^2 )_2 (1.1.35) and its boundary as the sphere S^4 4∑ a=0 y^2_a = 1. (1.1.36)

Let us consider the simplest case, the massless scalar field ϕ. Its boundary value ϕ_0 is conformally invariant, so, by conformal invariance of the action, O has conformal dimension d − 1 = 4. The equation of motion of ϕ is the Laplace equation, which can be solved with the Green function method. Doing the calculations in euclidean signature, we find^2 ϕ (x_0, x_i) = c ∫ dx^′ x^4_0 ( x^2_0 + |x − x^′|^2

)_4 ϕ0 (x^′i) (1.1.37)

(where c is a constant depending on the normalization) and substituting this expression in the action one finds I (ϕ) = 2c ∫ dxdx^′ ϕ_0 (x) ϕ_0 (x^′) |x − x^′|^8

. (1.1.38)

So the two point function of the operator O with conformal dimension 4 is proportional to |x − x^′|^{−8}, and the other are zero, and this is what was expected in conformal field theory.

The same can be done for all the fields of supergravity, massless and massive. In this case the correlators are well known, and result to coincide with the ones derived with this recipe. Furthermore, one finds a relation between the masses of the fields Φ and the conformal weights of the corresponding operators O.

To understand this, we have to define more precisely the extension of bulk fields to the boundary, first of all the metric. The metric on the open ball B_5 (1.1.35) does not extend over B̄_5, because it becomes singular on the boundary. To get a metric which extends over B̄_5 we have to replace (1.1.35) with a metric of the form

d~s^2 = f^2ds^2 (1.1.39)

with f having a zero on the boundary, for example f = 1 − |y|^2. Then d~s^2 restricts to a metric on the boundary S^4. As there is no natural choice of f, this metric is only well–defined up to conformal transformations: one could replace f by

f −→ e^wf (1.1.40)

with w any real function on B̄_5, and this would induce the conformal transformation

d~s^2 −→ e^{2w}d~s^2 (1.1.41)

in the metric on S^5. Then the metric on AdS_5 does not define a metric on its boundary, but only a conformal structure (namely, an equivalence class of metrics). Notice that the metric on the boundary has conformal weight −2, the contravariant metric has conformal weight 2, and the corresponding operator O (with covariant indices) has by (1.1.32) conformal weight 4 − 2 = 2.

2In these coordinates one regards the euclidean AdS_5 not as the open unit ball, but as an infinite open half-space, with boundary S^5.

Now let us consider the massive scalar fields. Differently from the massless fields, they diverge on the boundary. Their asymptotic behaviour is ϕ ∼ e^{λ+z} where z is a coordinate that goes to infinity on the boundary, and λ_+ is the positive root of the equation^3

m^2 = 16 (λ + 1) (λ + 3) . (1.1.42)

Then we have to take solutions of the field equation with asymptotic behaviour

ϕ ∼ f^{−λ+} ϕ_0 (1.1.43)

where f is a function with a zero at the boundary, and ϕ_0 is a function on the boundary. So, like the metric, even ϕ_0 is not univocally defined, it depends on the choice of the function f (that we can assume to be the same function defining the metric on the boundary). ϕ_0, then, is a conformal field, which under conformal transformations becomes

ϕ_0 −→ e^{wλ+} ϕ_0 (1.1.44)

and has then conformal weight −λ_+. Consequently, the corresponding operator O of (1.1.32) has conformal weight Δ ≡ 4 + λ_+. The relation between the mass of the bulk field ϕ and the conformal weight of the corresponding boundary operator is

m^2 = 16 (Δ − 1) (Δ − 3) . (1.1.45)

But representation theory of AdS_5 space tells us that the energy of an AdS_5 field is related to its mass by m^2 = 16 (E − 1) (E − 3) , (1.1.46) then the energy of the bulk field coincides with the conformal weight of the corresponding boundary operator E = Δ. (1.1.47) In the next chapter I will give a deeper explanation of this result. It refers to all the string theory fields Φ, and to all the theories dual by Maldacena conjecture. We can then give the more complete formulation of the AdS/CF T correspondence:

Every string theory on a background of the form

AdS_d × X_{10−d} (1.1.48)

or M–theory on a background of the form

AdS_d × X_{11−d} (1.1.49)

(were d and the compact space X_{D−d} are such that AdS_d × X_{D−d} is a supergravity solution) is equivalent to a superconformal quantum field theory on the boundary on the AdS_d space. There is a one-to-one correspondence between the on–shell fields on the bulk theory and the off-shell conformal operators (which are gauge singlets) on the boundary theory; they have the same quantum numbers, and the energy of each bulk field is equal to the conformal weight of the corresponding boundary operator. In the limit g_sN −→ ∞, g_s −→ 0 for string theory and N −→ ∞ for M–theory, the bulk theory reduces to classical supergravity. The generating functional of the boundary theory is given by the expression (1.1.34) in terms of the bulk theory.

3with the normalization of [37], differing from the normalization of [2] and [28] by a factor 16

1.1.4 Comparison with ”experiment”

The first check of the AdS/CF T correspondence has been done in [2] and [38], where it has been shown the duality, in the limit

g_sN −→ ∞, g_s −→ 0 (1.1.50)

for the bulk theory and g_{Y M} −→ 0, g_{Y M} N −→ ∞ (1.1.51) for the boundary theory, between AdS_5 × S^5 supergravity and N = 4 U(N) SYM theory on ~M_4.

The Kaluza Klein spectrum of AdS_5 × S^5 supergravity has been worked out long ago [39]. There are only the so–called ”short” multiplets (see the next chapter) of five dimensional supergravity, which are protected by supersymmetry against quantum and stringy corrections^4. The conformal fields that correspond to these excitations are similarly in ”small” representations, with dimensions protected against quantum corrections.

The N = 4 U(N) SYM (that is a superconformal theory) is well known [40] in the weak coupling limit. But we need information about its strong coupling limit (1.1.51) to compare with the bulk supergravity. Fortunately, some information is protected against quantum corrections, and then does not change as the coupling varies. First of all, there are operators in ”small” representations of the superconformal group. In the case of AdS_5 ×S^5, all the operators dual to supergravity are protected, and can then be compared. Furthermore, some correlation functions are also protected against quantum corrections and do not depend on the coupling; they can then be compared with the expression predicted by AdS/CF T correspondence (1.1.34). Both these tests have been worked out, the first in [2], the second in [38], and were successful.

Other checks has been done in several other cases of AdS/CF T correspondences (see the references in [28]): every time the spectrum at strong coupling is known, it corresponds to the Kaluza Klein supergravity spectrum, and every time some correlators at strong coupling are known, they coincide with the ones given by the (1.1.34).

1.2 G/H M–branes

1.2.1 More on the AdS_4 × X_7 case

The duality between string theory on AdS_5 × S^5 and N = 4 SYM theory can be generalized, as I said, to dualities between string theory on AdS_5 × X_5 backgrounds, where X_5 is a compact space, and other conformal gauge theories, provided AdS_5 × X_5 to be a supergravity solution^5. In the same way, the duality between M–theory on AdS_4 × S^7 and the infrared limit of the N = 8 SYM theory on ~M_3 can be generalized to dualities between M–theory on AdS_4 × X_7 (1.2.1)

4In fact, their masses (which in our normalization are expressed in units of R, m = m_{dimensional} R, are all m_{dimensional} ∼ 1/R, then E and Δ do not depend on R. On the contrary, the stringy excitations have m ∼ (g_{Y M} N )^{1/4}, and decouple in the limit (1.1.51).

5One assumes that it is possible to define string theory around these backgrounds, even if it has not been done yet; however, the most part of the calculations are performed in the supergravity limit.

backgrounds, where X_7 is a compact space such that (1.2.1) is a supergravity solution, and other SCFTs.

In the literature of AdS/CF T correspondence, the most studied case is the correspondence between string theory on AdS_5 × X_5 and four dimensional SCFT. The main reasons are that string theory allows to build the gauge theories on D–branes (while the theories on M–branes are to be guessed, or derived relating them to theories on D–branes), and that the strong coupling of four dimensional SYM theories is an obvious field of interest. However, even the case of correspondence between M–theory on AdS_4 × S^7 is interesting, on one hand because three dimensional conformal theories are also interesting by themselves, on the other hand because it would be interesting to know something about M–theory, that today is rather mysterious; this could be the way to find the conformal theory intrinsic to M–branes. Furthermore, there are some results derived in the eighties on supergravity on AdS_4 × X_7, that can be simply utilized in this new context. In the following, throughout all the thesis, I will consider only the correspondence between M–theory on (1.2.1) and three dimensional superconformal field theories.

The AdS_4 × S^7 case has maximal supersymmetry: the theories of the correspondence have 32 supersymmetry charges, corresponding to N = 8 four dimensional supergravity on the bulk and N = 8 three dimensional SCFT on the boundary. On the contrary, the other AdS_4 × X_7 cases are less supersymmetric cases.

Let G be the isometry of the X_7 space. Being AdS_4 ≡ SO (3, 2) SO (3, 1) , (1.2.2)

the isometry of AdS_4 × X_7 is SO (3, 2) × G . (1.2.3)

As I will explain in chapter 3, if X_7 admits N Killing spinors, namely, there are N solutions of the equation D_αη (y) = cτ_αη (y) (1.2.4)

(c is a constant depending on the normalization), then G has the form

G = SO (N ) × G^′ . (1.2.5)

Furthermore there is a supergravity solution with background AdS_4 × X_7, called Freund Rubin solution (I will describe this solution afterwards), which is an N extended supergravity. Its isometry supergroup is

Osp (N |4) × G^′. (1.2.6)

I remind that Osp (N |4) is the isometry supergroup of AdS_4 supergravity (see [37]). It is the supergroup made up by its bosonic subgroup SO(3, 2) × SO(N ) and by the supercharges Q: Osp (N |4) = ( SO (3, 2) Q Q̄ SO (N ) ) . (1.2.7)

Notice that the SO (N ) part of G has become the R−symmetry of the supergravity: it has been absorbed by the supergroup. The remaining isometry, G^′, is an additional internal local symmetry of the four dimensional theory.

The bosonic part of (1.2.6) is the remnant of the AdS isometry in eleven dimensions, and is gauged by the fields resulting by the decomposition of the eleven dimensional massless graviton: the four dimensional massless graviton, and four dimensional massless vectors in the adjoint representation of G. The supersymmetries are gauged by N massless gravitinos. The fields of the four dimensional supergravity are organized in unitary irreducible representations (UIRs) (with spin not bigger than two) of Osp (N |4) × G^′, which are the supermultiplets organized in G^′ representations.

On the other side, the corresponding operators on the boundary are organized in the same UIRs of the same supergroup Osp (N |4) × G^′, that has also the interpretation of the superconformal group in three dimensions times G^′. The energies of the four dimensional fields correspond to the conformal weights of the three dimensional operators. I remind, however, that the bulk fields are on–shell, the boundary operators are off-shell; notice that the degrees of freedom of an on–shell field on AdS_4 and the degrees of freedom of an off–shell field on ~M_3 coincide. On the other hand, also the R–symmetry (namely, the automorphism symmetry of the superalgebra) of four dimensional anti–de Sitter superspace and of three dimensional Poincaré superspace coincide, being SO(N ). Furthermore, it is worth noting that the Majorana spinors in three dimensions are half the Majorana spinors in four dimensions, so if we look at the supergroup Osp (N |4) as the bulk superisometry it has N fermionic generators, but if we look at it as the boundary superconformal group it has 2N fermionic generators: N are the supersymmetry charges of three dimensional N extended SCFT, the other N are the special conformal supercharges.

A key point of AdS/CF T correspondence is that the superisometry of the two dual theories, in this case (1.2.6), is a local symmetry of the bulk theory, and a global symmetry of the boundary theory; in fact, on the bulk there is a supergravity theory, on the boundary a supersymmetric theory, whose only local symmetry is the gauge group. Then, a part of the superconformal symmetry Osp (N |4), the brane theory has a local symmetry, the gauge group that we call colour, and a global symmetry, the G^′ group that we call flavour, in analogy with ordinary QCD.

Let us consider the simplest case, the one with maximal supersymmetry,

AdS_4 × S^7. (1.2.8)

The seven sphere preserves N = 8 supersymmetry, and

G = SO (8) , (1.2.9)

then the flavour group G^′ group is not present. The symmetry group of the d = 4 supergravity is then Osp (8|4) . (1.2.10)

This theory is dual to a three dimensional N = 8 SCFT, IR fixed point of an N = 8 SYM theory, defined on the worldvolume of N M2−branes. The spectrum of this compactification has been determined, and the energies have been checked to be consistent with what we know on conformal weights of the primary conformal operators of the boundary theory [10]. This is a check of the AdS/CF T correspondence, but not the strongest possible check of this kind. In fact, the UIRs of Osp (8|4) with spin not bigger than two are very constrained. As it happens for the case of AdS_5 × S^5, there are only shortened representations, and the energy values of shortened representations (as I will explain in the next chapter) are univocally determined by the R–symmetry representations. And there is no flavour group. Then the spectrum of AdS_4 × S^7 supergravity can be deduced by an algebraic study of the UIRs of Osp (8|4), it is not necessary to consider really the compactification of the supergravity; and Osp (8|4) is also the symmetry of the boundary theory. Furthermore, the maximally symmetric supergravity is a theory more constrained than less supersymmetric cases.

Much more intriguing should be to check the AdS/CF T correspondence in lower supersymmetry cases, when the spectrum of the compactified supergravity is given not only by the Osp (N |4) algebra, but also by the geometry of the compactification. There are two kinds of known AdS_4/CF T_3 correspondences with X_7 ≠ S^7:

• The orbifolds S^7/Γ, where Γ is a discrete subgroup of SO(8) [11]. Such manifolds have the local geometry of S^7, and the corresponding supergravities are truncations of N = 8 supergravity.

• Compact coset spaces

X_7 = ( G H ) 7 (1.2.11)

that are also Einstein spaces. They are not locally equivalent to S^7, and the corresponding supergravities are not truncations of N = 8 supergravity.

The latter case is the more interesting, because it is not related with the S^7 case. It is the case of the so called^G_H M−branes, and is the one I have been studying.

1.2.2 Supergravity on AdS_4 ×

�_G H � 7 If we put N M–branes on flat eleven dimensional Minkowski space, with N big, we get a system that, from the macroscopical point of view, and in the supergravity limit, looks like a p–brane solution of eleven dimensional supergravity (1.1.21), whose near horizon limit is AdS_4 × (G/H)_7, and that asymptotically tends to flat space. It has been shown [41],[16] that for every supergravity solution of the form AdS_4 × (G/H)_7, there is a brane solution of supergravity with the same symmetries of the former solution, whose near horizon limit is AdS_4 × (G/H)_7, and whose asymptotic limit is a Ricci flat - but not flat - space, C(G/H ), namely the cone on G/H

ds^2_C(_{GH} ) = dr^2 + r^2ds^2G_H (1.2.12)

times the three dimensional Minkowski space. Notice that when G/H = SO (8) /SO (7) = S^7 the cone is the flat euclidean space, and r = 0 is a coordinate singularity, but in the other cases the singularity r = 0 is physical.

Then, if we put N M–branes not on M_{11} but on M_3 × C (G/H), we get on the branes a SCFT equivalent, by AdS/CF T correspondence, to the supergravity solution given by the near horizon geometry blown up to all the space. This supergravity solution has been found in the eighties, it is called Freund Rubin solution [42]:

g_{μν} (x, y) = g^0_{μν} (x) g_{αβ} (x, y) = g^0_{αβ} (y) g_{μα} = 0 F_{μνρσ} = e √ g^0ε_{μνρσ} other F = 0 ψ_μ = ψ_α = 0

(1.2.13) where x^μ, μ = 0, . . . , 3 are the coordinates of AdS_4 space, y^α, α = 1, . . . , 7 are the coordinates of the internal G/H space, g^0_{μν} is the AdS_4 metric, g^0_{αβ} is the G/H metric.

The parameter e here introduced is related to the anti–de Sitter Radius by R_{AdS} = 1 4e . (1.2.14)

As I said, when one performs explicit calculations, usually [28], [24], [43], [44], [45] measures dimensionful physical quantities in terms of the scale length which, in our case, is the anti–de Sitter radius; that is, setting R_{AdS} = 1. However, here I follow the conventions of [37], [23], where e = 1 and then R_{AdS} = 1/4. This is the reason for the discrepancy by a factor 4 in the mass normalizations of these papers. Notice that this does not mean that the parameter e is dimensionful; as I will explain in section 4.4.1, we get rid of dimensionful quantities by putting to one

κ^2 = 8πG_{11} ∼ l^9_p; (1.2.15)

reinstalling κ, the relation between e and anti–de Sitter radius is^6 R_{AdS} = κ^{2/9} 4e . (1.2.16)

For every seven dimensional compact coset space that is also an Einstein space, the (1.2.13) is a classical solution of eleven dimensional supergravity, and then it is possible a Kaluza Klein dimensional reduction to four dimensional supergravity. If G/H admits N Killing spinors, the four dimensional theory is an N –extended supergravity (see chapter 3). The coset manifolds giving a supersymmetric Freund Rubin compactification have been completely classified in the eighties [46], [37]:

space N G^′ S^7 =^{SO(8)}_{SO(7)} 8 S^7_{squashed} =^{SO(5)×SO(3)×SO(2)} SO(3)×SO(3)×SO(2) 1 SO (5) × SO (3) N^{0p0} =^{SU (3)×SU (2)}

SU (2)×U (1) 3 SU (3) M^{ppr} =^{SU (3)×SU (2)×U (1)} SU (2)×U (1)×U (1) 2 SU (3) × SU (2) Q^{ppp} =^{SU (2)×SU (2)×SU (2)×U (1)} U (1)×U (1)×U (1) 2 SU (2) × SU (2) × SU (2)

V_{5,2} =^{SO(5)×U (1)}

SO(3)×U (1) 2 SO (5)

(1.2.17)

Most of these spaces are described in chapter 3, where the mass spectra of supergravity on AdS_4 × (G/H)_7 in the cases (G/H)_7 = M^{111} (N = 2), (G/H)_7 = N^{010} (N = 3)^7 are given and, for M^{111}, explicitly worked out. The case (G/H)_7 = V_{5,2} has been recently studied in [27].

6These formulas and conventions was derived in the context of eleven dimensional supergravity and M –theory, before the AdS/CF T correspondence was proposed.^{RAdS}_{lp} is a free parameter in the context of eleven dimensional supergravity. However, in the context of AdS/CF T correspondence, such a quantity is related to N . Then I don’t give an explicit expression of κ: different conventions (e = 1, e = 1/4) correspond to different values of κ^2/l^9_p.

7and partially of (G/H)_7 = Q^{111} (N = 2)

Chapter 2

Representation theory of Osp (N |4)

A field on four dimensional anti–de Sitter space AdS_4 ≡ SO (3, 2) SO (3, 1) (2.0.1)

is an unitary irreducible representation (UIR) of the isometry group SO (3, 2). Notice that such representations cannot be finite dimensional, being SO (3, 2) non compact, and then have to be fields.

Supergravity on AdS_4 is defined on the N extended anti–de Sitter superspace, which, in the coset space formulation, is AdS_{4|N} ≡ Osp (N |4) SO (3, 1) × SO (N ) . (2.0.2)

It has 4 bosonic coordinates labelling the points on AdS_4 and 4N fermionic coordinates transforming as Majorana spinors under SO (1, 3) and as vectors under SO (N ). Its isometry supergroup is Osp (N |4), so the superfields are UIRs of such a supergroup. In other words, an UIR of Osp (N |4) is a supermultiplet of AdS_4 fields.

The Osp (N |4) supergroup is described in the next section. Here I stress that its bosonic subalgebra is SO (3, 2) × SO (N ) , (2.0.3) namely, the anti–de Sitter isometry times the so–called R–symmetry. The R–symmetry is the external automorphism algebra of the supersymmetry charges. In anti–de Sitter supersymmetry it belongs to the irreducible part of the supersymmetry algebra itself, while in Poincaré supersymmetry it does not.

In general, the R–symmetry depends on the kind of supersymmetry (Poincaré or anti– de Sitter) and on the dimensionality of the theory:

d = 3 d = 4 d = 5 Poincaré SO (N ) SU (N ) Usp (N ) AdS SO (N_L) × SO (N_R) SO (N ) SU (N /2) R-symmetry

(2.0.4)

The same supergroup Osp (N |4) has also another interpretation: it is the conformal supergroup of a three dimensional Poincaré theory with N extended supersymmetry. In this context, SO (3, 2) is the conformal group in three dimensions. The fourth coordinate translation is interpreted as conformal scaling, and the Lorentz rotations involving this coordinate are interpreted as conformal boosts. Half the fermionic generators are the supersymmetry charges, the other half are the special conformal supercharges. The R– symmetry of three dimensional Poincaré theories, like those of four dimensional AdS theories, is SO (N ). Then, the UIRs of Osp (N |4) can also be organized as supermultiplets of three dimensional conformal fields, namely, as three dimensional conformal superfields.

In order to make the comparison between compactified supergravity on the bulk and superconformal field theory on the boundary explicit, we need a general vocabulary between these two descriptions of Osp (N |4). We need to know, given a state on the bulk, which should be the corresponding conformal operator on the boundary, in order to check whether it is actually present. This is the main aim of the present chapter.

In section 1 the osp (N |4) superalgebra is defined with its basic properties and the conventions are established. Furthermore, its compact and non compact five–grading structures, fundamental in understanding the algebraic basis of AdS_4/CF T_3 correspondence, are described. In section 2 the theory of SO (3, 2) UIRs is briefly sketched. In section 3 we extend our analysis to the UIRs of Osp (N |4), stressing both the interpretations of Osp (N |4) as isometry of four dimensional anti–de Sitter superspace and as the superconformal group in three dimensions. In section 4 the method of explicit construction of Osp (N |4) UIRs as supergravity supermultiplets is given, and these latter are explicitly retrieved in the cases of N = 1, N = 2, and N = 3 supersymmetry. In section 5 the superspace on the bulk and on the boundary of AdS_4 is constructed, and, in the case N = 2, the short superfields are found to correspond with the Osp (2|4) UIRs derived in the precedent section. Part of the content of the present chapter refers to results obtained within the collaborations [14],[15].

2.1 The osp(N |4) superalgebra: definition, properties and notations

The non compact superalgebra osp(N |4) relevant to the AdS_4/CF T_3 correspondence is a real section of the complex orthosymplectic superalgebra osp(N |4,C) that admits the Lie algebra g_{even} = sp(4, IR) ⊕ so(N , IR) (2.1.1)

as even subalgebra. Alternatively, due to the isomorphism sp(4, IR) ≡ usp(2, 2) we can take a different real section of osp(N |4,C) such that the even subalgebra is: g_{even} = usp(2, 2) ⊕ so(N , IR) . (2.1.2) Here we rely on the second formulation (2.1.2) which is more convenient to discuss unitary irreducible representations. The two formulations are related by a unitary transformation that, in spinor language, corresponds to a different choice of the gamma matrix representation. Formulation (2.1.1) is obtained in a Majorana representation where all the gamma matrices are real (or purely imaginary), while formulation (2.1.2) is related to a Dirac representation.

Our choice for the gamma matrices in a Dirac representation is the following one^1:

Γ^0 = ( 0 0 − ) , Γ^{1,2,3} = ( 0 τ^{1,2,3} −τ^{1,2,3} 0 ) , C_{[4]} = iΓ^0Γ^3 , (2.1.3)

having denoted by C_{[4]} the charge conjugation matrix in 4–dimensions C_{[4]} Γ^μ C^{−1}_{[4]} = −(Γ^μ)^T .

Then the Osp(N |4) superalgebra is defined as the set of graded (4 + N ) × (4 + N ) matrices μ that satisfy the following two conditions: μ^T ( C_{[4]} 0 0 11_{N ×N} ) + ( C_{[4]} 0 0 11_{N ×N} ) μ = 0

μ^† ( Γ^0 0 0 −11_{N ×N} ) + ( Γ^0 0 0 −11_{N ×N} ) μ = 0

(2.1.4)

the first condition defining the complex orthosymplectic algebra, the second condition defining the real section with even subalgebra as in eq.(2.1.2). Eq.s (2.1.4) are solved by setting: μ = ( ε^{AB 1}_4 [IΓ_A , IΓ_B] ϵ^i ϵ̄^i i ε_{ij} t^{ij} ) . (2.1.5)

In eq.(2.1.5) ε_{ij} = −ε_{ji} is an arbitrary real antisymmetric N × N tensor, t^{ij} = −t^{ji} is the antisymmetric N × N matrix:

(t^{ij})_{ℓm} = i ( δ^i_ℓδ^j_m − δ^i_mδ^j_ℓ ) (2.1.6)

namely a standard generator of the SO(N ) Lie algebra,

IΓ_A = { i Γ_5Γ_μ A = μ = 0, 1, 2, 3 Γ_5 ≡ iΓ^0Γ^1Γ^2Γ^3 A = 4

(2.1.7)

denotes a realization of the SO(2, 3) Clifford algebra:

{IΓ_A , IΓ_B} = 2η_{AB} η_{AB} = diag(+, −, −, −, +) (2.1.8) and ϵ^i = C_{[4]} ( ϵ̄^i )_T (i = 1, . . . N ) (2.1.9)

are N anticommuting Majorana spinors.

The index conventions we have so far introduced can be summarized as follows. Capital indices A, B = 0, 1, . . . , 4 denote SO(2, 3) vectors. The latin indices of type i, j, k = 1, . . . , N are SO(N ) vector indices. The indices a, b, c, . . . = 1, 2, 3 are used to denote spatial directions of AdS_4: η_{ab} = diag(−, −, −), while the indices of type m, n, p, . . . = 0, 1, 2 are space-time indices for the Minkowskian boundary ∂ (AdS_4): η_{mn} = diag(+, −, −).

1we adopt as explicit representation of the SO(3) τ matrices a permutation of the canonical Pauli matrices σ^a: τ^1 = σ^3, τ^2 = σ^1 and τ^3 = σ^2.

To write the osp(N |4) algebra in abstract form it suffices to read the graded matrix (2.1.5) as a linear combination of generators:

μ ≡ −iε^{AB} M_{AB} + iε_{ij} T^{ij} + ϵ̄_i Q^i (2.1.10)

where Q^i = C_{[4]} ( Q^i )_T are also Majorana spinor operators. Then the superalgebra reads as follows: [M_{AB} , M_{CD}] = i (η_{AD}M_{BC} + η_{BC}M_{AD} − η_{AC} M_{BD} − η_{BD}M_{AC} ) [ T^{ij} , T^{kl} ] = −i (δ^{jk} T^{il} − δ^{ik} T^{jl} − δ^{jl} T^{ik} + δ^{il} T^{jk}) [ M_{AB} , Q^i ] = −i 1 4 [IΓ_A , IΓ_B] Q^i [ T^{ij} , Q^k ] = −i (δ^{jk} Q^i − δ^{ik} Q^j) { Q^{αi}, Q^j_β } = iδ^{ij} 1 4 [ IΓ^A , IΓ^B ]_α βM_{AB} + iδ^α_β T^{ij} . (2.1.11)

The form (2.1.11) of the osp(N |4) superalgebra coincides with that given in papers [24], [23].

In the gamma matrix basis (2.1.3) the Majorana supersymmetry charges have the following form:

Q^i = ( a^i_α ε_{αβ}ā^{βi} ) , ā^{αi} ≡ ( a^i_α )_† , (2.1.12)

where a^i_α are two-component SL(2,C) spinors: α, β, . . . = 1, 2. We do not use dotted and undotted indices to denote conjugate SL(2,C) representations; we rather use different symbols a, ā. Raising and lowering is performed by means of the ε-symbol:

ψ_α = ε_{αβ}ψ^β , ψ^α = ε^{αβ}ψ_β , (2.1.13)

where ε_{12} = ε^{21} = 1, so that ε_{αγ}ε^{γβ} = δ^β_α. Unwritten indices are contracted with the low index at the left of the high index.

2.1.1 Compact and non compact five gradings of the osp(N |4) superalgebra

As it is extensively explained in [47], a non-compact group G admits unitary irreducible representations of the lowest weight type if it has a G^0 with respect to whose Lie algebra g^0 there exists a three grading of the Lie algebra g of G. In the case of a non–compact superalgebra the lowest weight UIRs can be constructed if the three grading is generalized to a five grading where the even (odd) elements are integer (half-integer) graded:

g = g^{−1} ⊕ g^{− 1}2 ⊕ g^0 ⊕ g^{+ 1}2 ⊕ g^{+1} , (2.1.14) [ g^k, g^l ] ⊂ g^{k+l} g^{k+l} = 0 for |k + l| > 1 . (2.1.15)

For the supergroup Osp(N |4) this grading can be made in two ways, choosing as grade zero subalgebra either the maximal compact subalgebra

g^0 ≡ so(3) ⊕ so(2) ⊕ so(N ) ⊂ osp(N |4) (2.1.16) or the non-compact subalgebra ~g^0 ≡ so(1, 2) ⊕ so(1, 1) ⊕ so(N ) ⊂ osp(N |4) (2.1.17) which also exists, has the same complex extension and is also maximal.

The existence of the double five–grading is the algebraic core of the AdS_4/CF T_3 correspondence. Decomposing a UIR of Osp(N |4) into representations of g^0 exibits its interpretation as a supermultiplet of particles states on the bulk of AdS_4, while decomposing it into representations of ~g^0 makes explicit its interpretation as a supermultiplet of conformal primary fields on the boundary ∂(AdS_4).

In both cases the grading is determined by the generator X of the abelian factor SO(2) or SO(1, 1):

[X, g^k] = k g^k . (2.1.18) In the compact case (see [24]) the SO(2) generator X is given by M_{04}. It is interpreted as the energy generator of the four-dimensional AdS theory. It was used in [23] and [14] for the construction of the Osp(2|4) representations, yielding the long multiplets of [23] and the short and ultra-short multiplets of [14]. I repeat such decompositions here.

We call H the energy generator of SO(2), L_a the rotations of SO(3):

H = M_{04} , L_a =^1_2 ε_{abc} M_{bc} , (2.1.19)

and M^±_a the boosts:

M^+_a = −M_{a4} + iM_{0a} , M^−_a = M_{a4} + iM_{0a} . (2.1.20)

The supersymmetry generators are a^i_α and ā^{αi}. Rewriting the osp(N |4) superalgebra (2.1.11) in this basis we obtain:

[H, M^+_a ] = M^+_a , [H, M^−_a ] = −M^−_a , [L_a, L_b] = i ε_{abc}L_c , [M^+_a , M^−_b ] = 2 δ_{ab} H + 2i ε_{abc} L_c , [L_a, M^+_b ] = i ε_{abc} M^+_c , [L_a, M^−_b ] = i ε_{abc} M^−_c , [T^{ij}, T^{kl}] = −i (δ^{jk} T^{il} − δ^{ik} T^{jl} − δ^{jl} T^{ik} + δ^{il} T^{jk}) , [T^{ij}, ā^{αk}] = −i (δ^{jk} ā^{αi} − δ^{ik} ā^{αj}) , [T^{ij}, a^k_α] = −i (δ^{jk} a^i_α − δ^{ik} a^i_α) , [H, a^i_α] = −^1_2 a^i_α , [H, ā^{αi}] =^1_2 ā^{αi} , [M^+_a , a^i_α] = (τ_a)_{αβ} ā^{βi} , [M^−_a , ā^{αi}] = −(τ_a)^{αβ} a^i_β ,

[L_a, a^i_α] =^1_2 (τ_a)_α^β a^i_β , [L_a, ā^{αi}] = −^1_2 (τ_a)^α_β ā^{βi} ,

{a^i_α, a^j_β} = δ^{ij} (τ^k)_{αβ} M^−_k , {ā^{αi}, ā^{βj}} = δ^{ij}(τ^k)^{αβ} M^+_k , {a^i_α, ā^{βj}} = δ^{ij} δ_α^β H + δ^{ij} (τ^k)_α^β L_k + i δ_α^β T^{ij} . (2.1.21)

The five–grading structure of the algebra (2.1.21) is shown in fig. 2.1 .

In the superconformal field theory context we are interested in the action of the Osp(N |4) generators on superfields living on the minkowskian boundary ∂(AdS_4). To be precise the boundary is a compactification of d = 3 Minkowski space and admits a conformal family of metrics g_{mn} = ϕ(z)η_{mn} conformally equivalent to the the flat Minkowski metric η_{mn} = (+, −, −) , m, n, p, q = 0, 1, 2 . (2.1.22) Precisely because we are interested in conformal field theories the choice of representative metric inside the conformal family is immaterial and the flat one (2.1.22) is certainly the most convenient. The requested action of the superalgebra generators is obtained upon starting from the non–compact grading with respect to (2.1.17). To this effect we define the dilatation SO(1, 1) generator D and the Lorentz SO(1, 2) generators J_m as follows:

D ≡ i M_{34} , J^m =^i_2 ε^{mpq}M_{pq} . (2.1.23)

In addition we define the the d = 3 translation generators P_m and special conformal

Figure 2.1: Schematic representation of the root diagram of Osp(N |4) in the SO(2) × SO(3) basis. The grading with respect to the energy H is given on the right.

boosts K_m as follows:

P_m = M_{m4} − M_{3m} , K_m = M_{m4} + M_{3m} . (2.1.24)

Finally we define the generators of d = 3 ordinary and special conformal supersymmetries, respectively given by:

q^{αi} =^{1√}_2 ( a^i_α + ā^{αi} ) , s^i_α =^{1√}_2 ( −a^i_α + ā^{αi} ) . (2.1.25)

The SO(N ) generators are left unmodified as above. In this new basis the osp(N |4)- algebra (2.1.11) reads as follows [D, P_m] = −P_m , [D, K_m] = K_m , [J_m, J_n] = ε_{mnp} J^p , [K_m, P_n] = 2 η_{mn} D − 2 ε_{mnp} J^p , [J_m, P_n] = ε_{mnp} P^p , [J_m, K_n] = ε_{mnp} K^p , [T^{ij}, T^{kl}] = −i (δ^{jk} T^{il} − δ^{ik} T^{jl} − δ^{jl} T^{ik} + δ^{il} T^{jk}) , [T^{ij}, q^{αk}] = −i (δ^{jk} q^{αi} − δ^{ik} q^{αj}) , [T^{ij}, s^k_α] = −i (δ^{jk} s^i_α − δ^{ik} s^i_α) , [D, q^{αi}] = −^1_2 q^{αi} , [D, s^i_α] =^1_2 s^i_α , [K_m, q^{αi}] = −i (γ_m)^{αβ} s^i_β , [P_m, s^i_α] = −i (γ_m)_{αβ} q^{βi} , [J_m, q^{αi}] = −^i_2 (γ_m)^α_βq^{βi} , [J_m, s^i_α] =^i_2 (γ_m)_α^βs^i_β , {q^{αi}, q^{βj}} = −i δ^{ij} (γ^m)^{αβ}P_m , {s^i_α, s^j_β} = i δ^{ij} (γ^m)_{αβ}K_m , {q^{αi}, s^j_β} = δ^{ij}δ^α_β D − i δ^{ij}(γ^m)^α_βJ_m + iδ^α_βT^{ij} , (2.1.26)

and the five grading structure of eq.s (2.1.26) is displayed in fig.2.2. In both cases of

Figure 2.2: Schematic representation of the root diagram of Osp(N |4) in the SO(1, 1)×SO(1, 2) basis. The grading with respect to the dilatation D is given on the right.

fig.2.1 and fig.2.2 if one takes the subset of generators of positive grading plus the abelian grading generator X = { H D one obtains a solvable superalgebra of dimension 4 + 2N .

2.2 UIRs of SO (3, 2)

In order to construct the UIRs of Osp (N |4), the first step is to build the SO (3, 2) UIRs. To do it, we use the method of induced representations, using the compact grading structure; then, we are building the fields in AdS_4 space. We consider then the graded decomposition of SO (3, 2) with respect to its SO (2) generator H,

so (3, 2) = g_− ⊕ g_0 ⊕ g_+. (2.2.1)

g_0 is the Lie algebra of the compact subgroup SO (3) spin × SO (2) energy

⊂ SO (3, 2) (2.2.2)

and commutes with the energy, while g_± are raising and lowering generators with respect to H.

In practice, as we have seen, we define

H = M_{04} ⊂ g_0

L_a = 1 2 ε_{abc}M_{bc} ⊂ g_0 M^±_a = iM_{0a} ∓ M_{a4} ⊂ g_±. (2.2.3)

We have

[H, L_a] = 0 [ H, M^±_a ] = ±M^±_a . (2.2.4)

Notice that (H)^+ = H, (L_a)^+ = L_a, (M^±_a )^+ = −M^∓_a .

Furthermore, it is useful to organize the M^±_a generators in the following way:

M^±_{(+)} = 1 √ 2 ( M^±_1 + iM^±_2 )

M^±_{(−)} = 1 √ 2 ( M^±_1 − iM^±_2 ) M^±_3 , (2.2.5)

so that they have a definite action also on the spin: [ L_3, M^±_{(+)} ] = M^±_{(+)} [ L_3, M^±_{(−)} ] = −M^±_{(−)} [ L_3, M^±_3 ] = 0. (2.2.6)

We are interested into representations with energy bounded from below; then, we consider the UIRs of the compact subgroup SO (3) × SO (2) annihilated by the energy lowering generators M^−_a . We call them the ground states of the representation. Applying the raising generators M^+_a (more precisely, the generators of the enveloping algebra of SO (3, 2) built by its g_+ subspace) on the states of an SO (3) × SO (2) UIR, we get an SO (3, 2) UIR, and in this way one finds all the UIRs of SO (3, 2).

A representation of SO (3)×SO (2) is defined by the labels (E, s), where the eigenvalue of H is E and the eigenvalue of L^2 is s (s + 1). Its states are labeled by the L_3 eigenvalue m = −s, . . . , s. Then the values of E, s (the energy and spin of the ground states) define the generic UIR of SO (3, 2).

We denote a generic state with the quantum numbers of H, L^2, L_3, (¯ E, s̄, m̄ ) , and with the quantum numbers (E, s) that single out the SO (3, 2) UIR to which it belongs (that is, the H, L^2 quantum numbers of the ground states of that representation): | (E, s) Ē, s̄, m̄ ⟩ . (2.2.7)

We denote an UIR of SO (3, 2) with ground states having E, s by

D (E, s) . (2.2.8)

2.2.1 Unitarity bounds, massless representations and singletons

A representation D (E, s) is well defined only if the Hilbert space does not contain negative norm states; if it contains null norm states, the physical Hilbert space is the quotient space between the complete space and the space of the null norm states. Evaluating the norms of the excited states one finds [48] that the necessary and sufficient conditions for the absence of negative norm states are:

E ≥ s + 1 if s ≥ 1 E ≥ s +^1_2 if s = 0,^1_2

. (2.2.9)

For special values of E one finds that some of the states obtained applying the raising operators M^+_a on the ground states have vanishing norms. This means that they are decoupled from the representation, form another UIR of SO (3, 2), and our UIR is shortened. It happens when:

E = s + 1 s ≥ 1 E = s +^1_2 s = 0,^1_2

Short AdS_4 UIRs .

(2.2.10)

For these values of E, s the equation of motion acquires gauge invariance; the states decoupled because of the shortening are the gauge degrees of freedom, which can be removed by gauge fixing.

The shortened representations partially coincide with the massless representations. It is not obvious how to define the mass in anti–de Sitter theories, since the quadratic Casimir operator C = M_{AB}M^{AB} is different from the usual mass P_aP^a, which is not a conserved quantity. The usual way to define a mass for AdS_4 UIRs [49], [48] refers to the concept of masslessness, inherited by analogy from Poincaré theories. In Poincaré space, the massless field equations have enhanced symmetry, from ISO (3, 1) to conformal symmetry SO (4, 2). Furthermore, the massless Poincaré representations are UIRs of the conformal group, irreducible under ISO (3, 1) ⊂ SO (4, 2). This phenomenom occurs also in AdS_4 space, and when it occurs we name the corresponding AdS representation massless. Another reason for this choice is that these AdS_4 representations become, by Inonü Wigner contraction, the massless Poincaré representations; indeed, the corresponding mass generator goes to zero in this limit. With this definition, the massless AdS_4 representations are the following:

E = s + 1 s ≥^1_2 E = 1, 2 s = 0

Massless AdS_4 UIRs .

(2.2.11)

We can see that the D (s + 1, s) with s ≥ 1 are both shortened and massless representations. For s = 1/2, 0, the massless representations are not shortened: they do not have gauge invariance, but their equations of motion are conformal and their contractions are Poincaré massless representations. There is only a little subtlety: the D (s + 1, s) s ≥ 1/2 are UIRs of SO (4, 2), but D (1, 0) and D (2, 0) are not separately SO (4, 2) UIRs: only their direct sum D (1, 0) ⊕ D (2, 0) is an SO (4, 2) UIR. The Inonü Wigner contractions of D (s + 1, s) s ≥ 1/2 and D (1, 0) ⊕ D (2, 0) are the Poincaré massless representations.

The shortened representations with s = 0, 1/2 are not massless representations. They have very peculiar properties: they do not describe a sufficient number of degrees of freedom to admit a field realization on AdS_4; once the gauge degrees of freedom are removed, the only remaining degrees of freedom live on the boundary ∂AdS_4, and not on the bulk of AdS_4 itself. These representations, found by Dirac [50], are called singletons:

E = 0 s =^1_2 E =^1_2 s = 1

Singleton AdS_4 UIRs .

(2.2.12)

They cannot live on the bulk of AdS_4, but only on the boundary. Furthermore, the tensor products of the singletons yield all the massless AdS_4 representations.

Now that we have defined when a representation is massless, we define the squared mass as the additional constant term in the quadratic field equations,

massless

s Φ = m^2_{(s)}Φ . (2.2.13)

The mass squared is linear in the quadratic Casimir m^2_{(s)} = β_{(s)} ( C_2 + α_{(s)} ) ; the overall normalization β_{(s)} is arbitrary. We take the normalization of [37],[14],[16], that gives^2

s = 0 m^2_{(0)} = 16 ( E_{(0)} − 2 ) ( E_{(0)} − 1 )

s = 1/2 | |m_{(1/2)} | | = 4E_{(1/2)} − 6

s = 1 m^2_{(1)} = 16 ( E_{(1)} − 2 ) ( E_{(1)} − 1 )

s = 3/2 | |m_{(3/2)} + 4 | | = 4E_{(3/2)} − 6

(2.2.14)

Notice that when s = 0, for each energy value^1_2 < E <^5_2 there are two mass square values; they correspond to the same form of the field equation. Furthermore, when 1 < E < 2 the mass square is negative, −4 < m^2 < 0; however, it has been shown [51] that in anti–de Sitter space, due to the presence of the boundary, the stability bound is, in our normalizations, m^2 > −4 and not m^2 > 0.

2.3 UIRs of Osp (N |4) viewed in the compact and non compact five–grading bases

We start by briefly recalling the procedure of [24], [52] to construct UIRs of Osp(N |4) in the compact grading (2.1.16) (these procedure will be discussed more extensively in the next section). Then, in a parallel way to what was done in [47] for the case of the SU(2, 2|4) superalgebra we show that also for Osp(N |4) in each UIR carrier space there exists an unitary rotation that maps eigenstates of H, L^2, L_3 into eigenstates of D, J^2, J_2. By means of such a rotation the decomposition of the UIR into SO(2) × SO(3) representations is mapped into an analogous decomposition into SO(1, 1)×SO(1, 2) representations. While SO(2) × SO(3) representations describe the on–shell degrees of freedom of a bulk particle with an energy E_0 and a spin s_0, irreducible representations of SO(1, 1)×SO(1, 2) describe the off-shell degrees of freedom of a boundary field with scaling weight D and Lorentz character J. Relying on this we show how to construct the on-shell four-dimensional superfield multiplets that generate the states of these representations and the off-shell three-dimensional superfield multiplets that build the conformal field theory on the boundary.

Lowest weight representations of Osp(N |4) are constructed starting from the basis (2.1.21) and choosing a Clifford vacuum state such that

M^−_i |(E_0, s_0, Λ_0)⟩ = 0 , a^i_α|(E_0, s_0, Λ_0)⟩ = 0 , (2.3.1)

2In [28], [24], [43], [45] the mass normalization differs by a factor 4, for the reason explained in chapter 1.

where E_0 denotes the eigenvalue of the energy operator M_{04} while s_0 and Λ_0 are the labels of an irreducible SO(3) and SO(N ) representation, respectively^3. In particular we have:

M_{04} |(E_0, s_0, Λ_0)⟩ = E_0 |(E_0, s_0, Λ_0)⟩ L_a L_a |(E_0, s_0, Λ_0)⟩ = s_0(s_0 + 1) |(E_0, s_0, Λ_0)⟩ L_3|(E_0, s_0, Λ_0)⟩ = s_0 |(E_0, s_0, Λ_0)⟩ . (2.3.2)

The states filling up the UIR are then built by applying the operators M^− and the antisymmetrized products of the operators ā^i_α: ( M^+_1 )_{n1} ( M^+_2 )_{n2} ( M^+_3 )_{n3} [ā^{i1}_{α1} . . . ā^{ip}_{αp}]|(E_0, s_0, Λ_0)⟩ . (2.3.3)

The antisymmetrization of the fermionic operators is due to the fact that

{ā^{αi}, ā^{βj}} = δ^{ij}(τ^k)^{αβ} M^+_k (2.3.4)

so the symmetrized fermionic generators yield excited states of the same AdS_4 fields, not new AdS_4 fields.

Lowest weight representations are similarly constructed with respect to five–grading (2.1.26). One starts from a vacuum state that is annihilated by the conformal boosts and by the special conformal supersymmetries

K_m |(D_0, j_0, Λ_0)⟩ = 0 , s^i_α |(D_0, j_0, Λ_0)⟩ = 0 , (2.3.5)

and that is an eigenstate of the dilatation operator D and an irreducible SO(1, 2) representation of spin j_0:

D |(D_0, j_0, Λ_0)⟩ = D_0 |(D_0, j_0, Λ_0)⟩ J_m J_n η^{mn} |(D_0, j_0, Λ_0)⟩ = j_0(j_0 + 1) |(D_0, j_0, Λ_0)⟩

J_2 |(D_0, j_0, Λ_0)⟩ = j_0|(D_0, j_0, Λ_0)⟩ . (2.3.6)

As for the SO(N ) representation the new vacuum is the same as before. The states filling the UIR are now constructed by applying to the vacuum the operators P_m and the anti-symmetrized products of q^{αi},

(P_0)^{p0} (P_1)^{p1} (P_2)^{p2} [q^{α1i1} . . . q^{αqiq} ]|(D_0, j_0, Λ_0)⟩ . (2.3.7)

In the language of conformal field theories the vacuum state satisfying eq.(2.3.5) is named a primary state (corresponding to the value at z^m = 0 of a primary conformal field). The states (2.3.7) are called the descendants.

The rotation between the SO(3) × SO(2) basis and the SO(1, 2) × SO(1, 1) basis is performed by the operator:

U ≡ exp [_{i√} 2 π(H − D) ] , (2.3.8)

3In this context we call it state even if it is a collection of states.

which has the following properties DU = −UH , J_0U = i UL_3 , J_1U = UL_1 , J_2U = UL_2 , (2.3.9)

with respect to the grade 0 generators. Furthermore, with respect to the non vanishing grade generators we have:

K_0U = −i UM^−_3 , K_1U = −UM^−_1 , K_2U = −UM^−_2 , P_0U = i UM^+_3 , P_1U = UM^+_1 , P_2U = UM^+_2 , q^{αi}U = −i Uā^{αi} s^i_αU = i Ua^i_α . (2.3.10)

As one immediately sees from (2.3.10), U interchanges the compact five–grading structure of the superalgebra with its non compact one. In particular the SO(3) × SO(2)-vacuum with energy E_0 is mapped into an SO(1, 2) × SO(1, 1) primary state and one obtains all the descendants (2.3.7) by acting with U on the particle states (2.3.3). Furthermore from (2.3.9) we read the conformal weight and the Lorentz group representation of the primary state U|(E_0, s_0, Λ_0)⟩. Indeed its eigenvalue with respect to the dilatation generator D is:

D_0 = −E_0 , (2.3.11)

and we find the following relation between the Casimir operators of SO(1, 2) and SO(3),

J^2U = UL^2 , J^2 ≡ −J^2_0 + J^2_1 + J^2_2 , (2.3.12)

which implies that j_0 = s_0 . (2.3.13) Hence under the action of U a particle state of energy E_0 and spin s_0 of the bulk is mapped into a primary conformal field of conformal weight −E_0 and Lorentz spin s_0 on the boundary. This discussion is visualized in fig.2.3.

As in SO (3, 2) representation theory, even the Osp (N |4) UIRs have to satisfy unitarity bounds, because all the states (2.3.3) or (2.3.7) must have nonnegative norms. When some of these bounds are saturated, some norms vanish, and the corresponding representations are shortened. These representations are BPS states, namely they are protected against quantum corrections; indeed the number of the states does not change with renormalization, so the shortening condition, which is a condition on the quantum numbers E_0, s_0, Λ_0 or D_0, j_0, Λ_0, must remain satisfied; then, being Λ_0 a non renormalized quantity, also E_0 and D_0 are not renormalized.

Figure 2.3: The operator U = exp{ � iπ/ √ 2 � (H − D)} rotates the Hilbert space of the physical states. It takes states labeled by the Casimirs (E, s) of the SO(2) × SO(3) ⊂ Osp(N |4) into states labeled by the Casimirs (D, j) of SO(1, 1) × SO(1, 2).

2.4 The explicit construction of Osp (N |4) UIRs

Now I show how the Osp (N |4) UIRs are explicitly worked out, from the compact grading viewpoint, namely, as supermultiplets of N extended AdS_4 fields. I remind that we are interested only on supermultiplets not containing fields with spin greater than two.

2.4.1 Finding all the states

As I said, to find the field structure of a supermultiplet, one does not have to consider excited states of the fields: it suffices to restrict one’s attention to their ground states, which are SO (3) × SO (2) × SO (N ) UIRs annihilated by the M^−_i operators. Their spin and R–symmetry labels E, s, Λ identify the corresponding AdS_4 field, namely an SO (3, 2) UIR. A supermultiplet is identified by its lowest energy AdS_4 field, whose ground states are an SO (3) × SO (2) × SO (N ) UIR | (E_0, s_0, Λ_0)⟩ satisfying

M^−_i |(E_0, s_0, Λ_0)⟩ = 0 , a^i_α|(E_0, s_0, Λ_0)⟩ = 0 . (2.4.1)

We name this state the vacuum, namely, the ground state of the lowest energy SO (3, 2) representation D (E_0, s_0) contained in the supermultiplet. The other fields D (E, s) of the supermultiplet are found by applying the antisymmetrized products of fermionic raising generators on the vacuum. We denote the entire supermultiplet, namely, the Osp (N |4) UIR, as SD (E_0, s_0, Λ_0|N ) . (2.4.2)

The first step is then to find, given N , all the operators of the form pK^{i1...ip}_{α1...αp} = [ā^{i1}_{α1} . . . ā^{ip}_{αp} ]. (2.4.3) Then, for each vacuum state, applying on it the operators (2.4.3) we find all the possible fields of the corresponding supermultiplet. Each operator^pK has given spin and R– symmetry labels, which have to be composed with that of the vacuum.

Since the ā generators in the (2.4.3) are antisymmetrized, if two ā’s are symmetric in the SO (N ) R–symmetry indices, they have to be antisymmetric in the SU (2) spin indices. Notice that we consider SU (2) instead of its locally isomorphic group SO (3) as spin group, in order to make the calculation simpler: all the spin representations can be expressed by means of SU (2) Young tableaux. A useful trick to find, given N , all the possible^pK^{i1...ip}α_1...α_p , is to consider temporarily the ā^i_α as a representation of

SU (2) × SU (N ) ⊃ SU (2) × SO (N ) . (2.4.4)

Actually, they are a representation of SU (2) × SU (N ) only as a vector space, not as an algebra, because the superalgebra (2.1.21) is not SU (N )–invariant. However, we can find the ~^pK operators irreducible under SU (2) × SU (N ) and then branch them in SU (2) × SO (N ) representations obtaining in this way the^pK operators. The reason for this procedure is that, given an operator ~^pK^{i1...ip}_{α1...αp} , if the representation of its SU (N ) indices is described by a given Young tableau, the representation if its SU (2) indices has to be described by the transposed Young tableau, in order to have a representation antisymmetric in the exchange i_a ↔ i_b, α_a ↔ α_b. Then if we write all the allowed SU (2) Young diagrams whose transposed are allowed SU (N ) Young diagrams, we find all the allowed operators ~^pK, and decomposing them in SU (2) × SO (N ) irreducible representations we find all the^pK’s.

The states created by operators^pK (containing p generators ā) are denoted as the B_p sector of the representation. The maximum possible value of p is p = 2N , corresponding to the SU(2) Young tableau with two rows and N columns.

2.4.2 Finding unitarity bounds and norms

The determination of all the possible states is the simplest part of our work. The most cumbersome calculation is the derivation of the unitarity bounds and the shortenings of the representations. This should be done by calculating the norms of the states we have found, by means of the algebra (2.1.21) which allows us to express the norms in terms of E_0, s_0, Λ_0. But this calculation is affordable only up to the B_2 sector, while when there are three or more ā factors the calculation is too long. This because an operator ā on a ground state of an AdS_4 field in general gives not only the ground state of another field of a multiplet, but also excited states of less energetic fields of the multiplet. We have then to use other information in order to find the structure of short multiplets:

• The Osp (N |4) UIRs are also UIRs of Osp (N^′|4) ⊂ Osp (N |4) with N^′ < N , so the N –supermultiplets must be decomposable in N^′ supermultiplets, and the vanishing of some states implies the vanishing of other states.

• By Inonü Wigner contraction, the Osp (N |4) UIRs become massless representations (eventually reducible) of the Poincaré superalgebra.Then, all the N extended anti– de Sitter supermultiplets must be decomposable in N extended massless Poincaré supermultiplets; the only exception is the supersingleton representation.

• The massless UIRs of Osp (N |4) are well known, being the fields of exact four dimensional supergravity; they coincide with Poincaré massless supermultiplets. This is understandable: the exact supergravity is a field theory whose field content cannot depend on a particular vacuum, Poincaré space or anti–de Sitter space; only Kaluza Klein supergravity, which is a linearized theory, obtained as a truncation of exact massless eleven dimensional supergravity expanded around a given background, is reminiscent of that background.

• Explicit calculations of Kaluza Klein spectrum of specific N extended supergravities, as the ones in the next chapter, allow to fill the gaps in the knowledge on the supermultiplet structure.

• As I will show afterwards, the superfield formalism allows another formulation of short representations, which can be useful to derive them. This has not been done for all values of N , but in the known cases is a good check of the multiplet structure.

2.4.3 The structure of N = 1 supermultiplets

This case has been completely worked out in [52]. There is no R–symmetry group. The maximum number of fermionic generators allowed is p = 2N = 2. There are:

• the B_0 sector, created by the identity , that is the lowest lying representation D (E_0, s_0);

• the B_1 sector, created by_1 K_α = ā_α, (2.4.5) having spin 1/2.

• the B_2 sector, created by_2 K = ε^{αβ}ā_αā_β, (2.4.6) having spin 0.

There are two cases:

1. s_0 = 0

The lowest lying field is D (E_0, 0), the spin 1/2 operator of B_1 gives D (E_0 +1/2,1/2). The spin 0 operator of B_2 gives D (E_0 + 1, 0). The entire supermultiplet is then

D (E_0, 0) ⊕ D (E_0 + 1/2, 1/2) ⊕ D (E_0 + 1, 0) . (2.4.7)

2.^1_2 ≥ s_0 ≥^3_2

The spin 1/2 operator of B_1 gives D (E_0 + 1/2, s_0 + 1/2) ⊕ D (E_0 + 1/2, s_0 − 1/2). The spin 0 operator of B_2 gives D (E_0 + 1, s_0). The entire supermultiplet is then

D (E_0, s_0) ⊕ D (E_0 + 1/2, s_0 + 1/2) ⊕ D (E_0 + 1/2, s_0 − 1/2) ⊕ D (E_0 + 1, s_0) . (2.4.8)

We have now to carry on the calculation of the norms, using the (2.1.21) algebra. We denote the vacuum, with norm 1, by |Ω⟩ ≡ | (E_0, s_0) E_0, s_0, m⟩. (2.4.9)

s = 0 case

• B_1 sector The operator ā_1 gives ā_1|Ω⟩ = R_{1/2}| (E_0 + 1/2, 1/2) E_0 + 1/2, 1/2, 1/2⟩ . (2.4.10) Using the algebra (2.1.21), we find ⟨Ω|a_1ā_1|Ω⟩ = E_0 = | |R_{1/2} | |^2 , (2.4.11)

that yields the condition E_0 ≥ 0. The condition arising from ā_2 is identical. • B_2 sector The operator ε^{αβ}ā_αā_β gives [ā_1, ā_2] |Ω⟩ = R_0| (E_0 + 1, 0) E_0 + 1, 0, m⟩ + +βM^+_3 | (E_0, 0) E_0, 0, 0⟩ (2.4.12) Let us determine β. M^−_3 [ā_1, ā_2] |Ω⟩ = [ M^−_3 [ā_1, ā_2] ] |Ω⟩ = 0 = = −2E_0β| (E_0, 0) E_0, 0, 0⟩, (2.4.13) then β = 0. Now we can find |R_0|^2:

⟨Ω| [a_2, a_1] [ā_1, ā_2] |Ω⟩ = 4E^2_0 − 2E_0 = |R_0|^2 . (2.4.14) The unitarity condition arising from this sector is then

E_0 ≥ 1 2 , (2.4.15)

stronger than the condition arising from the B_1 sector. This is then the only unitarity condition of the representation. When it is saturated, R_0 = 0 and D (E_0 + 1, 0) decouples. Furthermore, in this case (E_0 = 1/2) the representations D (E_0, 0) and D (E_0 + 1/2, 1/2) are the singletons.

s > 0 case

• B_1 sector The operator ā_1 gives

ā_1|Ω⟩ = R_{1/2} √ s_0 + m + 1

2s_0 + 1

| (E_0 + 1/2, s_0 + 1/2) E_0 + 1/2, s_0 + 1/2, m + 1/2⟩ + −R_{−1/2} √ s_0 − m 2s_0 + 1

| (E_0 + 1/2, s_0 − 1/2) E_0 + 1/2, s_0 − 1/2, m − 1/2⟩. (2.4.16)

To find the values of the constants R_{1/2}, R_{−1/2}, we take specific values of m and determine the norms using the algebra (2.1.21). Taking m = s, ⟨Ω|a_1ā_1|Ω⟩ = E_0 + s_0 = | R_{1/2} |_2 , (2.4.17)

that yields the condition E_0 + s_0 ≥ 0. Taking m = −1/2,

⟨Ω|a_1ā_1|Ω⟩ = E_0 − 1/2 = 1 2 (| |R_{1/2} | |^2 + | |R_{−1/2} | |^2 ) , (2.4.18)

that yields the condition E_0 − s_0 − 1 ≥ 0. The unitarity condition arising from B_1 is then

E_0 ≥ s_0 + 1. (2.4.19)

The condition arising from ā_2 is identical. This condition coincides with the unitarity bound of AdS_4 fields for s_0 > 1, and is stronger for s_0 = 1/2. When it is saturated, R_{−1/2} = 0 and the D (E_0 + 1/2, s_0 − 1/2) field decouples. Furthermore, E_0 = s_0 + 1 is the masslessness condition for AdS_4 fields with s_0 ≥ 1/2, so when it is saturated the fields D (E_0, s_0) and D (E_0 + 1/2, s_0 + 1/2) in (2.4.28) are massless.

• B_2 sector The operator ε^{αβ}ā_αā_β gives

[ā_1, ā_2] |Ω⟩ = R_0| (E_0 + 1, s_0) E_0 + 1, s_0, m⟩ + +boosted elements of D (E_0, s_0) . (2.4.20)

In order to calculate |R_0|^2 we take m = s_0. Then

[ā_1, ā_2] |Ω⟩ = R_0| (E_0 + 1, s_0) E_0 + 1, s_0, s_0⟩ + +αM^+_{(+)}| (E_0, s_0) E_0, s_0, s_0 − 1⟩ + +βM^+_3 | (E_0, s_0) E_0, s_0, s_0⟩ . (2.4.21)

Let us determine α and β.

M^−_{(−)} [ā_1, ā_2] |Ω⟩ = [ M^−_{(−)} [ā_1, ā_2] ] |Ω⟩ = = √ 2J_−|Ω⟩ = 2 √ s_0| (E_0, s_0) E_0, s_0, s_0 − 1⟩ = = (−2 (E_0 + s_0 − 1) α + 2 √ s_0β) | (E_0, s_0) E_0, s_0, s_0 − 1⟩ (2.4.22) M^−_3 [ā_1, ā_2] |Ω⟩ = [ M^−_3 [ā_1, ā_2] ] |Ω⟩ = = 2s_0| (E_0, s_0) E_0, s_0, s_0⟩ = = (2 √ s_0α − 2E_0β) | (E_0, s_0) E_0, s_0, s_0⟩, (2.4.23)

then 2α √ s_0 − 2E_0β = 2s_0 −α (E_0 + s_0 − 1) + β √ s_0 = √ s_0 (2.4.24) which gives α = − √ s_0 E_0 − 1 β = − s_0 E_0 − 1

. (2.4.25)

Now we can find |R_0|^2:

⟨Ω| [a_2, a_1] [ā_1, ā_2] |Ω⟩ = = 4E^2_0 − 2E_0 − 4s_0 (s_0 + 1) = |R_0|^2 + 2α^2 (E_0 + s_0 − 1) + 2β^2E_0 − 4αβ √ s_0 = = |R_0|^2 + 2s^{E0+s0−1}

(E0−1)2 + 2s20E0 (E0−1)2 − 4s2 (E0−1)2 , (2.4.26) that with some elementary but tedious manipulation gives

|R_0|^2 = 2 E_0 − 1

(2E_0 − 1) (E_0 + s_0) (E_0 − s_0 − 1) . (2.4.27)

The condition (2.4.19) guarantees |R_0|^2 ≥ 0, and then is the only unitarity condition of the representation. When it is saturated, R_0 = 0 and D (E_0 + 1, s_0) decouples.

In conclusion, the complete list of Osp (1|4) UIRs is:

1. E_0 > s_0 + 1,^1_2 < s_0 <^3_2 : massive vector (s_0 = 1/2), gravitino (s_0 = 1) and graviton (s_0 = 3/2) multiplets

SD (E_0, s_0|1) = D (E_0, s_0) ⊕ D (E_0 + 1/2, s_0 + 1/2) ⊕ ⊕D (E_0 + 1/2, s_0 − 1/2) ⊕ D (E_0 + 1, s_0) . (2.4.28) The fields of these multiplets are all massive.

2. E_0 = s_0 +1,^1_2 < s_0 <^3_2 : massless vector (s_0 = 1/2), gravitino (s_0 = 1) and graviton (s_0 = 3/2) multiplets

SD (s_0 + 1, s_0|1) = D (s_0 + 1, s_0) ⊕ D (s_0 + 3/2, s_0 + 1/2) (2.4.29) The fields of these multiplets are all massless. Then, as we have seen, they tend with Inonü Wigner contraction to Poincaré massless fields. Actually, the entire multiplet tends to the corresponding massless multiplet of N = 1 Poincaré supersymmetry, and has then the same structure.

3. s_0 = 0, E_0 >^1_2 : Wess Zumino multiplet

SD (E_0, 0|1) = D (E_0, 0) ⊕ D (E_0 + 1/2, 1/2) ⊕ D (E_0 + 1, 0) . (2.4.30) When E_0 = 1, all the fields of this multiplet are massless. When E_0 = 2, some of the fields of this multiplet are massless. In the other cases, they are all massive.

4. s_0 = 0, E_0 =^1_2 : supersingleton representation SD (1/2, 0|1) = D (1/2, 0) ⊕ D (1, 1/2) . (2.4.31) The SO (3, 2) UIRs of this Osp (1|4) UIR are all singletons. Then, this representation does not have a realization as fields on the bulk, only on the boundary.

2.4.4 The structure of N = 2 supermultiplets

This case has been first studied in [23], where the list of the^pK operators has been derived and some norms have been worked out, yielding the unitarity bounds, the shortening conditions and the structure of some multiplets. Then, in [14], the complete spectrum on a particular N = 2 supergravity compactification has been worked out (see chapter 3), and as a byproduct the remaining information on N = 2 UIRs has been found, namely, the absence of further unitarity bounds and shortening conditions, and the structure of all the multiplets.

The maximum number of fermionic generators allowed is p = 2N = 4. The R– symmetry group is SO (2), locally isomorphic to U (1); the U (1) UIRs are labeled by a rational number y usually called hypercharge, eigenvalue of the U (1) generator Y . In the fermionic generators ā^i_α the index i = 1, 2 runs in the vector representation on SO (2); the well–suited fermionic generators for the U (1) form of the R–symmetry are

a^±_α = 1 √ 2 ( a^1_α ± ia^2_α )

a^±_α = 1 √ 2 ( a^1_α ± ia^2_α ) , (2.4.32)

satisfying ( a^±_α )_+ = ā^∓_α [ H, ā^±_α ] = 1 2 ā^±_α [ Y, ā^±_α ] = ±ā^±_α . (2.4.33)

Then, they are raising and lowering generators of hypercharge with weight 1.

In order to find all the operators^pK we use the method previously described. We denote the operators by the representations of their indices; write all the representations allowed, and determine their SO (2) × U (1) labels. I remind that an SO (2) UIR whose Young diagram (which is one row) has n > 0 boxes, coincide to an U (1) UIR with y = n plus its conjugate representation, having y = −n; the SO (2) singlet coincide to a real U (1) UIR with y = 0.

The complete list of^pK operators is

SU (2) × SU (2) SU (2) × SO (2) (^pK UIR) (s, y) of^pK B_0 (1, 1) (1, 1) (0, 0) B_1 (2, 2) (2, 2)

(_1 2 , ±1 ) B_2 (22, 1) (22, 1) (1, 0)

(1, 22) (1, 22) ⊕ (1, 1) (0, ±2) ⊕ (0, 0)

B_3 (2, 2) (2, 2)

(_1 2 , ±1 ) B_4 (1, 1) (1, 1) (0, 0)

(2.4.34)

For example, the operator (2, 2) in B_3 is^3K_α ≡ ε^{βγ}ā^±_α ā^+_β ā^−_γ .

We can derive the complete list of states tensorizing the representations (2.4.34) with the quantum numbers of the possible vacua. In practice, the hypercharges adds up trivially, while the spins follow the usual rules for angular momentum composition. This means that the number of states depends on the value of s_0, and the multiplets with spin not bigger than two have 0 ≤ s_0 ≤ 1. (2.4.35) Let us carry on the calculation of the norms. I do it only for the sectors B_1 and, partially, B_2: the other norm calculations are too long, and we search the missing information on unitarity bounds and shortening in other directions. We denote the vacuum, having norm 1, by |Ω⟩ ≡ | (E_0, s_0, y_0) E_0, s_0, m, y_0⟩. (2.4.36)

s = 0 case

• B_1 sector

The operators ā^±_1 give

ā^±_1 |Ω⟩ = R^±_{1/2}| (E_0 + 1/2, 1/2, y_0 ± 1) E_0 + 1/2, 1/2, 1/2, y_0 ± 1⟩. (2.4.37)

We have ⟨Ω|a^∓_1 ā^±_1 |Ω⟩ = E_0 ∓ y_0 = | |R_{±1/2} | |^2 , (2.4.38)

that yields the condition E_0 ∓ y_0 ≥ 0. The unitarity condition arising from B_1 is then

E_0 ≥ |y_0| (2.4.39)

The condition arising from ā^±_2 is identical. If it is strictly satisfied, the B_1 sector yields

SD (E_0 + 1/2, 1/2, y_0 + 1|2) ⊕ SD (E_0 + 1/2, 1/2, y_0 − 1|2) . (2.4.40)

When the (2.4.39) is saturated,

– if y_0 > 0 R^+_{1/2} = 0 and the SD (E_0 + 1/2, 1/2, y_0 + 1|2) field decouples;

– if y_0 < 0 R^−_{1/2} = 0 and the SD (E_0 + 1/2, 1/2, y_0 − 1|2) field decouples.

We will see that the case y_0 = 0 is excluded.

• B_2 sector

The operators^2K are

ε^{αβ}ā^+_α ā^+_β = [ ā^+_1 , ā^+_2 ] with s = 0, y = 2 ε^{αβ}ā^−_α ā^−_β = [ ā^−_1 , ā^−_2 ] with s = 0, y = −2 ε^{αβ}ā^+_α ā^−_β = [ ā^+_1 , ā^−_2 ] with s = 0, y = 0 ā^+_{(α} ā^−_{β)} with s = 1, y = 0. (2.4.41)

The operator [ ā^+_1 , ā^+_2 ] gives [ ā^+_1 , ā^+_2 ] |Ω⟩ = R^+_0 | (E_0 + 1, 0, y_0 + 2) E_0 + 1, s_0, m, y_0 + 2⟩ + +βM^+_3 | (E_0, 0, y_0 + 2) E_0, 0, 0, y_0 + 2⟩. (2.4.42)

Let us determine β.

M^−_3 [ ā^+_1 , ā^+_2 ] |Ω⟩ = [ M^−_3 [ ā^+_1 , ā^+_2 ]] |Ω⟩ = 0 = = −2E_0β| (E_0, 0, y_0 + 2) E_0, 0, 0, y_0 + 2⟩, (2.4.43)

then β = 0. Now we can find | |R^+_0 | |^2: ⟨Ω| [ a^−_2 , a^−_1 ] [ ā^+_1 , ā^+_2 ] |Ω⟩ = 4 (E_0 − y_0) (E_0 − y_0 − 1) = | |R^+_0 | |^2 . (2.4.44)

The operator [ ā^−_1 , ā^−_2 ] is the complex conjugate of [ ā^+_1 , ā^+_2 ] , and as we have seen the conjugation of a SO (2) × U (1) changes the sign of the hypercharge. Then, [ ā^−_1 , ā^−_2 ] |Ω⟩ = R^−_0 | (E_0 + 1, 0, y_0 − 2) E_0 + 1, 0, 0, y_0 − 2⟩ (2.4.45)

and | |R^−_0 | |^2 = 4 (E_0 + y_0) (E_0 + y_0 − 1) . (2.4.46)

This yields a unitarity condition stronger than the (2.4.39). It is:

E_0 ≥ |y_0| + 1 or E_0 = |y_0| ≥ 1 2 . (2.4.47)

In fact, if E_0 ≠ |y_0| the (2.4.44) and (2.4.46) are both satisfied only if E_0 ≥ |y_0| + 1, while if E_0 = y_0 > 0 the (2.4.44) is zero, and the (2.4.46) gives the bound 2y_0 −1 > 0; the same thing happens if E_0 = −y_0 > 0. Notice that when |y_0| < E_0 < |y_0| + 1 the unitarity bound is not satisfied; the set of allowed E_0, y_0 values is not connected. When the (2.4.47) is strictly satisfied, the operators [ ā^+_1 , ā^+_2 ] , [ ā^−_1 , ā^−_2 ] yield

D (E_0 + 1, 0, y_0 + 2) ⊕ (E_0 + 1, 0, y_0 − 2) . (2.4.48)

When E_0 = |y_0| + 1,

– if y_0 > 0

R^+_0 = 0 and the D (E_0 + 1, s_0, y_0 + 2) field decouples;

– if y_0 < 0

R^−_0 = 0 and the D (E_0 + 1, s_0, y_0 − 2) field decouples;

– if y_0 = 0

R^+_0 = R^−_0 = 0 and the fields D (E_0 + 1, s_0, y_0 + 2), D (E_0 + 1, s_0, y_0 − 2) decouple.

When E_0 = |y_0|,

– if y_0 > 1/2 R^+_0 = 0 and the D (E_0 + 1, s_0, y_0 + 2) field decouples;

– if y_0 < −1/2 R^−_0 = 0 and the D (E_0 + 1, s_0, y_0 − 2) field decouples;

– if |y_0| = 1/2 R^+_0 = R^−_0 = 0 and the fields D (E_0 + 1, s_0, y_0 + 2), D (E_0 + 1, s_0, y_0 − 2) decouple.

I do not perform the calculation of the norms for the operators ε^{αβ}ā^+_α ā^−_β , ā^+_{(α} ā^−_{β)} of the B_2 sector and for the operators in the B_3, B_4 sectors.

s > 0 case

• B1 sector

The operators ā^±_1 give

ā^±_1 |Ω⟩ = R^±_{1/2} √ s_0 +m+1 2s_0 +1

| (E_0 +1/2, s_0 +1/2, y_0 ±1) E_0+1/2, s_0+1/2, m+1/2, y_0±1⟩+

R^±_{−1/2} √ s_0 −m 2s_0 +1

| (E_0 +1/2, s_0 −1/2, y_0 ±1) E_0 +1/2, s_0 −1/2, m−1/2, y_0 ±1⟩.

(2.4.49)

To find the values of the constants R_{1/2}, R_{−1/2}, we take specific values of m and determine the norms using the algebra (2.1.21). Taking m = s, ⟨Ω|a^∓_1 ā^±_1 |Ω⟩ = E_0 + s_0 ∓ y_0 = | | |R^±_{1/2} | | |^2 , (2.4.50)

that yields the condition E_0 + s_0 ∓ y_0 ≥ 0. Taking m = −1/2,

⟨Ω|a^∓_1 ā^±_1 |Ω⟩ = E_0 − 1/2 ∓ y_0 = 1 2 (| |R_{1/2}|^2 + |R_{−1/2}|^2 ) , (2.4.51)

that yields the condition E_0 − s_0 − 1 ∓ y_0 ≥ 0. The unitarity condition arising from B_1 is then

E_0 ≥ s_0 + |y_0| + 1. (2.4.52)

The condition arising from ā^±_2 is identical. This condition is coincident or stronger than the unitarity bound of AdS_4 fields for s_0 > 1/2. If it is strictly satisfied, the B_1 sector yields

D (E_0 + 1/2, s_0 + 1/2, y_0 + 1) ⊕ D (E_0 + 1/2, s_0 + 1/2, y_0 − 1) ⊕ D (E_0 + 1/2, s_0 − 1/2, y_0 + 1) ⊕ D (E_0 + 1/2, s_0 − 1/2, y_0 − 1) . (2.4.53)

When the (2.4.52) is saturated,

– if y_0 > 0

R^+_{−1/2} = 0 and the D (E_0 + 1/2, s_0 − 1/2, y_0 + 1) field decouples; – if y_0 < 0

R^−_{1/2} = 0 and the D (E_0 + 1/2, s_0 − 1/2, y_0 − 1) field decouples;

– if y_0 = 0

R^+_{−1/2} = R^−_{1/2} = 0 and the fields D (E_0 +1/2, s_0 −1/2, y_0 +1),

D (E_0 +1/2, s_0 −1/2, y_0 −1) decouple; furthermore, in this case the fields

D (E_0, s_0, ±1) and D (E_0 +1/2, s_0 +1/2, ±1) are massless.

• B2 sector

The operators^2K are

ε^{αβ}ā^+_α ā^+_β = [ ā^+_1 , ā^+_2 ] with s = 0, y = 2

ε^{αβ}ā^−_α ā^−_β = [ ā^−_1 , ā^−_2 ] with s = 0, y = −2

ε^{αβ}ā^+_α ā^−_β = [ ā^+_1 , ā^−_2 ] with s = 0, y = 0

ā^+_{(α} ā^−_{β)} with s = 1, y = 0. (2.4.54)

The operator [ ā^+_1 , ā^+_2 ] gives [ ā^+_1 , ā^+_2 ] |Ω⟩ = R^+_0 | (E_0 + 1, s_0, y_0 + 2) E_0 + 1, s_0, m, y_0 + 2⟩ +

+boosted elements of D (E_0, s_0, y_0 + 2) . (2.4.55)

In order to calculate | |R^+_0 | |^2 we take m = s_0. Then [ ā^+_1 , ā^+_2 ] |Ω⟩ = R^+_0 | (E_0 + 1, s_0, y_0 + 2) E_0 + 1, s_0, s_0, y_0 + 2⟩ +

+α^+M^+_{(+)}| (E_0, s_0, y_0 + 2) E_0, s_0, s_0 − 1, y_0 + 2⟩ +

+β^+M^+_3 | (E_0, s_0, y_0 + 2) E_0, s_0, s_0, y_0 + 2⟩ . (2.4.56)

Let us determine α^+ and β^+. By means of the algebra (2.1.21) we find

M^−_{(−)} [ ā^+_1 , ā^+_2 ] |Ω⟩ = [ M^−_{(−)} [ ā^+_1 , ā^+_2 ]] |Ω⟩ = 0 = = ( −2 (E_0 + s_0 − 1) α^+ + 2 √ s_0β^+ ) | (E_0, s_0, y_0 + 2) E_0, s_0, s_0 − 1, y_0 + 2⟩

(2.4.57)

M^−_3 [ ā^+_1 , ā^+_2 ] |Ω⟩ = [ M^−_3 [ ā^+_1 , ā^+_2 ]] |Ω⟩ = 0 = = ( 2 √ s_0α^+ − 2E_0β^+ ) | (E_0, s_0, y_0 + 2) E_0, s_0, s_0, y_0 + 2⟩,

(2.4.58)

then

α^+ = β^+ = 0. (2.4.59)

Now we can find | |R^+_0 | |^2: | |R^+_0 | |^2 = ⟨Ω| [a^−_2 , a^−_1 ] [ā^+_1 , ā^+_2 ] |Ω⟩ = ((E_0 +s_0 −1−y_0) (E_0 −s_0 −y_0)−2s_0)+

−(−(E_0 −s_0 −y_0) (E_0 +s_0 −y_0 −1)+2s_0)+

− (−(E_0 +s_0 −y_0) (E_0 −s_0 −y_0 −1))+((E_0 +s_0 −y_0) (E_0 −s_0 −y_0 −1)) =

= 4 (E_0 −y_0 +s_0) (E_0 −y_0 −s_0 −1) . (2.4.60)

The operator [ ā^−_1 , ā^−_2 ] is the complex conjugate of [ ā^+_1 , ā^+_2 ] , and as we have seen the

conjugation of a U (1) representation changes the sign of the hypercharge. Then, [ ā^−_1 , ā^−_2 ] |Ω⟩ = R^−_0 | (E_0 + 1, s_0, y_0 − 2) E_0 + 1, s_0, m, y_0 − 2⟩ (2.4.61) and | |R^−_0 | |^2 = 4 (E_0 + y_0 + s_0) (E_0 + y_0 − s_0 − 1) . (2.4.62)

The condition (2.4.52) E_0 ≥ s_0 + |y_0| + 1 (2.4.63)

guarantees | R^+_0 |_2 ≥ 0 and | R^−_0 |_2 ≥ 0. If it is strictly satisfied, the operators [ ā^+_1 , ā^+_2 ] , [ ā^−_1 , ā^−_2 ] yield D (E_0 + 1, s_0, y_0 + 2) ⊕ (E_0 + 1, s_0, y_0 − 2) . (2.4.64)

When it is saturated,

– if y_0 > 0 R^+_0 = 0 and the D (E_0 + 1, s_0, y_0 + 2) field decouples;

– if y_0 < 0 R^−_0 = 0 and the D (E_0 + 1, s_0, y_0 − 2) field decouples;

– if y_0 = 0 R^+_0 = R^−_0 = 0 and the fields D (E_0 + 1, s_0, y_0 + 2), D (E_0 + 1, s_0, y_0 − 2) decouple.

We do not perform the calculation of the norms for the operators ε^{αβ}ā^+_α ā^−_β , ā^+_{(α} ā^−_{β)} in the B_2 sector and for the operators in the B_3, B_4 sectors.

At this point we do not know if there are other unitarity bounds and shortening conditions in addition to the (2.4.47) for s_0 = 0 and (2.4.52) for s_0 > 0. Furthermore, we do not know which other fields decouple in the shortened representation just found, namely, the complete structure of the short N = 2 multiplets. We know from the literature on supergravity the complete structure of the massless supermultiplets, but not of the massive ones. A possible way to get this information is by deriving the norms of the remainings states, but it would be a very lengthy calculation. I prefer to utilize the tricks listed in page 2.4.2.

First of all, we can use the results of harmonic analysis on the M^{111} manifold (and, in part, Q^{111}), described in next chapter, which gives the complete mass spectrum on the corresponding Kaluza Klein supergravity solutions (which have, in both cases, N = 2 supersymmetry). We have found the masses, energies and hypercharges (and flavour quantum numbers, which however are not relevant in the present context) of almost all the particles of these supergravity; this is enough to organize them in supermultiplets, and by means of the part just derived on supermultiplet structure and of the decomposition under N = 1 supermultiplets we can complete the spectrum; as a byproduct, we find the complete structure of the multiplets appearing in these supergravities, related with their energies and hypercharges. This confirms that the only unitarity bounds in N = 2 supersymmetry are

E_0 ≥ s_0 + |y_0| + 1 s_0 ≥ 0 or E_0 = |y_0| ≥ 1 2 s_0 = 0, (2.4.65)

and the only shortening conditions are the ones we found, corresponding to the saturations of these bounds. This procedure is explained in the next chapter, here I report the results.

I give the list of the Osp (2|4) UIRs with maximal spin not greater than two. Their explicit structures are showed in tables 2.1,. . .,2.11. I remind that since we are considering the R–symmetry SO (2) in the complex form U (1), when the hypercharge is different from zero, the supermultiplet is complex; there are then two supermultiplets, conjugate each other with opposite values of y_0; in this case, I display in the tables the one with y_0 > 0. When, on the contrary, y_0 = 0, the supermultiplet is real, and then there is only one of them.

1. E_0 > s_0 + |y_0| + 1, 0 < s_0 < 1: long multiplets; long graviton multiplet (s_0 = 1), long gravitino multiplet (s_0 = 1/2), long vector multiplet (s_0 = 0). They have the structures displayed in tables 2.1,2.2,2.3. The fields of these multiplets are all massive. Their decomposition under N = 2 −→ N = 1 is, if y_0 ≠ 0,

SD (E_0, 1, y_0|2) −→ SD (E_0 + 1/2, 3/2|1) ⊕ SD (E_0 + 1, 1|1) ⊕ SD (E_0 + 1/2, 1/2|1) ⊕ ⊕SD (E_0, 1|1) ⊕ ⊕SD (E_0 + 1/2, 3/2|1) ⊕ SD (E_0 + 1, 1|1) ⊕ SD (E_0 + 1/2, 1/2|1) ⊕ SD (E_0, 1|1) (2.4.66)

SD (E_0, 1/2, y_0|2) −→ SD (E_0 + 1/2, 1|1) ⊕ SD (E_0 + 1, 1/2|1) ⊕ SD (E_0, 1/2|1) ⊕ SD (E_0 + 1/2, 0|1) ⊕ ⊕SD (E_0 + 1/2, 1|1) ⊕ SD (E_0 + 1, 1/2|1) ⊕ SD (E_0, 1/2|1) ⊕ ⊕SD (E_0 + 1/2, 0|1) (2.4.67)

SD (E_0, 0, y_0|2) −→ SD (E_0 + 1/2, 1/2|1) ⊕ SD (E_0 + 1, 0|1) ⊕ SD (E_0, 0|1) ⊕ ⊕SD (E_0 + 1/2, 1/2|1) ⊕ SD (E_0 + 1, 0|1) ⊕ SD (E_0, 0|1) (2.4.68)

while if y_0 = 0 it is

SD (E_0, 1, 0|2) −→ SD (E_0 + 1/2, 3/2|1) ⊕ SD (E_0 + 1, 1|1) ⊕ SD (E_0 + 1/2, 1/2|1) ⊕ ⊕SD (E_0, 1|1) (2.4.69)

SD (E_0, 1/2, 0|2) −→ SD (E_0 + 1/2, 1|1) ⊕ SD (E_0 + 1, 1/2|1) ⊕ SD (E_0, 1/2|1) ⊕ SD (E_0 + 1/2, 0|1) (2.4.70)

SD (E_0, 0, 0|2) −→ SD (E_0 + 1/2, 1/2|1) ⊕ SD (E_0 + 1, 0|1) ⊕ SD (E_0, 0|1) . (2.4.71)

2. E_0 = s_0 + |y_0| + 1, |y_0| > 0, 0 < s_0 < 1: short multiplets; short graviton multiplet (s_0 = 1), short gravitino multiplet (s_0 = 1/2), short vector multiplet (s_0 = 0). They have the structures displayed in tables 2.4,2.5,2.6. The fields of these multiplets are all massive. Their decomposition under N = 2 −→ N = 1 is SD (|y_0| + 2, 1, y_0|2) −→ SD (|y_0| + 5/2, 3/2|1) ⊕ SD (|y_0| + 2, 1|1) ⊕

⊕SD (|y_0| + 5/2, 3/2|1) ⊕ SD (|y_0| + 2, 1|1) (2.4.72) SD (|y_0| + 3/2, 1/2, y_0|2) −→ SD (|y_0| + 2, 1|1) ⊕ SD (|y_0| + 3/2, 1/2|1) ⊕ ⊕SD (|y_0| + 2, 1|1) ⊕ SD (|y_0| + 3/2, 1/2|1) (2.4.73) SD (|y_0| + 1, 0, y_0|2) −→ SD (|y_0| + 3/2, 1/2|1) ⊕ SD (|y_0| + 1, 0|1) ⊕ ⊕SD (|y_0| + 3/2, 1/2|1) ⊕ SD (|y_0| + 1, 0|1) . (2.4.74)

3. E_0 = s_0 + 1, y_0 = 0, 0 < s_0 < 1: massless multiplets; massless graviton multiplet (s_0 = 1), massless gravitino multiplet (s_0 = 1/2), massless vector multiplet (s_0 = 0). They have the structures displayed in tables 2.8,2.9,2.10. The fields of these multiplets are all massless. Their decomposition under N = 2 −→ N = 1 is

SD (2, 1, 0|2) −→ SD (5/2, 3/2|1) ⊕ SD (2, 1|1) (2.4.75) SD (3/2, 1/2, 0|2) −→ SD (2, 1|1) ⊕ SD (3/2, 1/2|1) (2.4.76) SD (1, 0, 0|2) −→ SD (3/2, 1/2|1) ⊕ SD (1, 0|1) . (2.4.77)

4. E_0 = |y_0| > 1/2, s_0 = 0: hypermultiplet. It has the structure displayed in table 2.7. For E_0 ≠ 1, 2 the fields of this multiplet are all massive. For E_0 = 2, some of them are massless, some other massive, and for E_0 = 1 all the fields of the multiplet are massless. However, this multiplet is always complex, because y_0 ≠ 0. Its decomposition under N = 2 −→ N = 1 is SD (|y_0|, 0, y_0|2) −→ SD (|y_0|, 0|1) ⊕ SD (|y_0|, 0|1) . (2.4.78) Notice that this multiplet arises from a particular shortening (the one with E_0 = |y_0|, different from the one with E_0 = |y_0| + 1) of the vector multiplet, under which also the maximal spin state, the vector, decouple. So the multiplet does not contain spins greater than 1/2; this phenomenom is not possible in long multiplets with N = 2 supersymmetry, due to the existence of an operator in the enveloping algebra having spin one (see (2.4.34) ). For historical reasons, multiplets with spin not greater than 1/2 are called hypermultiplets.

5. E_0 = |y_0| = 1/2: supersingleton representation. It has the structure displayed in table 2.11. The SO (3, 2) UIRs of this Osp (2|4) UIR are all singletons; then, this representation is not a multiplet of supergravity fields, it does not have a realization as fields on the bulk, but only on the boundary. Its decomposition under N = 2 −→ N = 1 is SD (1/2, 0, 1/2|2) −→ SD (1/2, 0|1) ⊕ SD (1/2, 0|1) . (2.4.79) To be precise, in principle there could be other unitarity bounds or shortening phenomena arising from the norms not evaluated, but this seems very unlikely because the Kaluza Klein analysis of two spectra does not show anything of that.

2.4.5 The structure of N = 3 supermultiplets

This case has been first studied in [24], where some norms have been worked out giving the unitarity bounds and some shortening conditions, and the structure of the short vector multiplet has been worked out. Then, in [17], the list of the^pK operators and the N = 3 −→ N = 2 decompositions have been derived, relying on the results of [53], and the complete spectrum of a particular N = 3 supergravity compactifiation has been worked out (see chapter 3); as a byproduct, the lacking information on N = 3 UIRs has been found, namely, the absence of further unitarity bounds, the remaining shortening conditions, and the structure of all the multiplets (with the exception of the ones with J_0 = 3/2, 1/2, not appearing in the spectrum of our compactification).

The maximum number of fermionic generators allowed is p = 2N = 8. The R– symmetry group is SO (3), locally isomorphic to SU (2), which is the form we consider. An R–symmetry UIR is labeled by its SU (2)_R spin, which we call isospin J, and its states are labeled by the third isospin component M ∈ [−J, J]. In the fermionic generators ā^i_α the index i = 1, . . . , 3 runs in the vector representation of SO (3); the well–suited fermionic generators for the SU (2) form of the R–symmetry are

a^±_α = 1 √ 2 ( a^1_α ± a^2_α ) a^3_α (2.4.80)

satisfying ( a^±_α )_+ = ā^∓_α [ H, ā^{±,3}_α ] = 1 2 ā^{±,3}_α [ M, ā^±_α ] = ±ā^±_α [ M, ā^3_α ] = 0. (2.4.81)

Let us find all the operators^pK. As usual, we denote the operators by the representations of their indices; write all the representations allowed, and determine their SO (2) × SU (2) labels. I remind that for SU (3) representations 2 ≃ 2. Furthermore I remind that, under the isomorphism SO (3) ≃ SU (2), the simplest UIRs transforms as

SO (3) SU (2)

1 1 J = 0

2 22 J = 1 22 2222 J = 2 .

(2.4.82)

For example, ā^i_α are in the 3 of SO (3) ≃ SU (2), that is the 2 of SO (3) and the 22 of SU (2).

The complete list of^pK operators is

SU (2) × SU (3) SU (2) × SU (2) (^pK UIR) (s, J) of^pK B_0 (1, 1) (1, 1) (0, 0) B_1 (2, 2) (2, 22)

(_1 2 , 1 ) B_2 (22, 2) (22, 22) (1, 1)

(1, 22) (1, 2222) ⊕ (1, 1) (0, 2) ⊕ (0, 0)

B_3 ( 2, 222^) (2, 2222) ⊕ (2, 22)^{( 1}_2 , 2^) ⊕^{( 1}_2 , 1^) (222, 1) (222, 1)^{( 3}_2 , 0^)

B_4 (1, 22) (1, 2222) ⊕ (1, 1) (0, 2) ⊕ (0, 0)

(22, 2) (22, 22) (1, 1)

B_5 (2, 2) (2, 22)

(_1 2 , 1 ) B_6 (1, 1) (1, 1) (0, 0)

(2.4.83)

We can derive the complete list of states tensorizing the representations (2.4.83) with the quantum numbers of the possible vacua. Both the spins and the isospins follow the usual rules of angular momentum composition. This means that the number of states depends on the value of s_0, and the multiplets with spin not bigger than two have

0 ≤ s_0 ≤ 1 2 . (2.4.84)

The norms of the states created by the sector B_1 have been derived in [24]. I give here their results, without repeating their proof. The highest weight operator ā^+_1 yields

ā^+_1 | (E_0, s_0, J_0) E_0, s_0, m, J_0, M⟩ = ∑ μν R_{μν} ⟨s_0 + μ, m + 1 2 |s_0, m, 1 2 , 1 2 ⟩ · ·⟨J_0 +ν, M +1|J_0, M, 1, 1⟩ | | | | ( E_0 + 1 2 , s_0 +μ, J_0 +ν ) E_0 + 1 2 , s_0 +μ, m+ 1 2 , M + 1 ⟩ . (2.4.85)

By giving appropriate values to m, M, one finds the expression of the |R_{μν} |: | | |R 1_{2 ,1} | | |^2 = E0 + s0 − J0, | | |R_− 1_{2 ,1} | | |^2 = E0 − s0 − J0 − 1, | | |R 1_{2 ,0} | | |^2 = E0 + s0 + 1, | | |R_− 1_{2 ,0} | | |^2 = E0 − s0, | | |R 1_{2 ,−1} | | |^2 = E0 + s0 + J0 + 1, | | |R_− 1_{2 ,−1} | | |^2 = E0 − s0 + J0. (2.4.86)

I remind that when s_0 = 0 the Clebsch Gordan coefficients multiplying R_− 1_{2 ,ν} in the expansion (2.4.85) vanish.

These norms yield the following unitarity bounds:

E_0 ≥ s_0 + J_0 + 1 s_0 > 0

E_0 ≥ J_0 s_0 = 0. (2.4.87)

From the norm evaluation of some operators in other sectors done in [24] another unitarity bound arises: when s_0 = 0, we can have E_0 = J_0 or E_0 > J_0 +1, but not J_0 < E_0 < J_0 +1; as in the N = 2 case, there is a ”disconnected” unitarity condition. Furthermore, as in the N = 2 case, in the corresponding short multiplet also the maximal spin field decouple, yielding a vector multiplet instead of a gravitino multiplet. The structure of this supermultiplet has been completely determined in [24].

Using the results of the harmonic analysis on the N^{010} manifold given in [53], we have found in [17] the complete spectrum (as described in the next chapter) of the corresponding Kaluza Klein solution, which has N = 3 supersymmetry. We have found the masses, energies and isospins of almost all the particles of this supergravity; this is enough to organize them in supermultiplets, and by means of the results of [24] and of the decomposition under N = 2 supermultiplets we can complete the spectrum; as a byproduct, we found the complete structure of all the multiplets appearing in this supergravity, related with their energies and isospins. This confirms that the only unitarity bounds in N = 3 supersymmetry are

E_0 ≥ s_0 + J_0 + 1 s_0 ≥ 0 or E_0 = J_0 s_0 = 0. (2.4.88)

We have short representations when

E_0 = J_0 + s_0 + 1 or E_0 = J_0, s_0 = 0. (2.4.89)

I stress that there is another shortening mechanism of a completely different origin. The creation operators that act on the vacuum have isospin 0 ≤ J_0 ≤ 2. If the isospin of the vacuum is J_0 ≥ 2, the creation operators give rise to states with isospin in the range J_0 − J ≤ J_{composite} ≤ J_0 + J. Yet, in the case where 0 ≤ J_0 < 2, some of these states cannot appear. This mechanism is not related to an unitarity bound, and these representations are not BP S states of supergravity, nor primary conformal operators on the boundary. Then we call long the representations with E_0 > s_0 + J_0 + 1, even if 0 ≤ J_0 < 2. In this context, the massless representations are the short ones with J_0 = 0 for the case of the massless graviton and gravitino multiplets and with J_0 = 1 for the case of the massless vector multiplets; the supersingleton representation is the short vector multiplet with J_0 = 1/2, SD (1/2, 0, 1/2|3). Unfortunately, only states with integer isospins appear in the N^{010} spectrum, then we do not have enough information to know the complete structure of multiplets with J_0 = 3/2 and J_0 = 1/2, with the exception of the supersingleton which we worked out a part. However, the N = 2 decomposition we found is true for all the values of J_0.

The complete list of the Osp (3|4) UIRs with s_{max} ≤ 2 is given below:

• long graviton multiplet SD (E_0, 1/2, J_0|3) where E_0 > J_0 + 3/2, see table 2.12;

• long gravitino multiplet SD (E_0, 0, J_0|3) where E_0 > J_0 + 1, see table 2.13;

• short graviton multiplet SD (J_0 + 3/2, 1/2, J_0|3), see table 2.14;

• short gravitino multiplet SD (J_0 + 1, 0, J_0|3), see table 2.15;

• short vector multiplet SD (J_0, 0, J_0|3), J_0 ≥ 1, see table 2.16;

• supersingleton representation SD (1/2, 0, 1/2|3), see table 2.16.

Note that there are no long vector multiplets, and no hypermultiplets at all.

The N = 3 −→ N = 2 decompositions of the above multiplets are listed below. I remind that an Osp (2|4) UIR is denoted by SD (E_0, s_0, y_0|2), and if y_0 ≠ 0 this is a complex representation, the conjugate one having opposite hypercharge. So, in the following list when there is a complex representation we write SD (E_0, s_0, y_0|2) ⊕ SD (E_0, s_0, −y_0|2). Then, for example, the N = 3 supersingleton representation with this convention decomposes SD (1/2, 0, 1/2|3) −→ SD (1/2, 0, 1/2|2) ⊕ SD (1/2, 0, −1/2|2), but actually it coincide with the N = 2 supersingleton representation. SD (E_0, 1/2, J_0|3) −→ J_0⨁

y=−J_0 SD (E_0 + 1/2, 1, y|2) ⊕ J_0⨁

y=−J_0 SD (E_0, 1/2, y|2)

⊕ J_0⨁

y=−J_0 SD (E_0 +1, 1/2, y|2)⊕ J_0⨁

y=−J_0 SD (E_0 +1/2, 0, y|2) where E_0 > J_0 + 3/2

SD (J_0 + 3/2, 1/2, J_0 |3) −→

J_0⨁

y=−J_0 SD (J_0 + 2, 1, y|2) ⊕

J_0⨁

y=−J_0 SD (J_0 + 3/2, 1/2, y|2)

SD (E_0, 0, J_0|3) −→ J_0⨁

y=−J_0 SD (E_0 + 1/2, 1/2, y|2) ⊕ J_0⨁

y=−J_0 SD (E_0 + 1, 0, y|2)

⊕ J_0⨁

y=−J_0 SD (E_0, 0, y|2) where E_0 > J_0 + 1

SD (J_0 + 1, 0, J_0|3) −→

J_0⨁

y=−J_0 SD (J_0 + 3/2, 1/2, y|2) ⊕ J_0⨁

y=−J_0 SD (J_0 + 1, 0, y|2)

SD (J_0, 0, J_0|3) −→ J_0⨁

y=−J_0 SD (J_0, 0, y|2) . (2.4.90)

Notice that while Osp (3|4) ⊃ Osp (2|4), Osp (3|4) ⊃/ Osp (1|4) × SO (3). It is then impossible in general to decompose the N = 3 UIRs in N = 1 UIRs with definite isospin.

2.5 The AdS_4 and ∂AdS_4 superspaces

As I said, the anti–de Sitter superspace is the following supercoset: AdS_{4|N} ≡ Osp(N |4) SO(1, 3) × SO(N ) (2.5.1) and has 4 bosonic coordinates labelling the points in AdS_4 and 4×N fermionic coordinates Θ^{αi} that transform as Majorana spinors under SO(1, 3) and as vectors under SO(N ). There are many possible coordinate choices for parametrizing such a manifold, but as far as the bosonic submanifold is concerned it was shown in [41] that a particularly useful parametrization is the solvable one where the AdS_4 coset is regarded as a non–compact solvable group manifold: AdS_4 ≡ SO(2, 3) SO(1, 3) = exp [Solv_{adS}] . (2.5.2)

The solvable algebra Solv_{adS} is spanned by the unique non–compact Cartan generator D belonging to the coset and by three abelian operators P_m (m = 0, 1, 2) generating the translation subalgebra in d = 1 + 2 dimensions. The solvable coordinates are

ρ ↔ D ; z^m ↔ P_m (2.5.3)

and in such coordinates the AdS_4 metric takes the form^4

ρ^2 ( −dz^2_0 + dz^2_1 + dz^2 ) + 1 ρ^2 dρ^2. (2.5.4)

Hence ρ is interpreted as measuring the distance from the brane–stack and z^m are interpreted as cartesian coordinates on the brane boundary ∂(AdS_4). A possible question is: can such a solvable parametrization of AdS_4 be extended to a supersolvable parametrization of anti–de Sitter superspace as defined in (2.5.1)? In practice that means to single out a solvable superalgebra with 4 bosonic and 4 × N fermionic generators. As shown in [54], this turns out to be impossible, yet there is a supersolvable algebra Ssolv_{adS} with 4 bosonic and 2 × N fermionic generators whose exponential defines the solvable anti–de Sitter superspace: AdS^{(Solv)}_{4|2N} ≡ exp [Ssolv_{adS}] . (2.5.5) The supermanifold (2.5.5) is also a supercoset of the same supergroup Osp(N |4) but with respect to a different subgroup: AdS^{(Solv)}_{4|2N} = Osp(4|N ) CSO(1, 2|N ) (2.5.6)

where CSO(1, 2|N ) ⊂ Osp(N |4) is generated by an algebra containing 3 + 3 +^{N (N −1)}_2 bosonic generators and 2 × N fermionic ones. This algebra is the semidirect product: cso(1, 2|N ) = iso(1, 2|N ) ⊕ so(N ) semidirect

(2.5.7)

of the N –extended superPoincaré algebra in three dimensions iso(1, 2|N ) with so(N ). It should be clearly distinguished from the central extension of the Poincaré superalgebra, Z[iso(1, 2|N )], which has the same number of generators but different commutation relations. Indeed there are three essential differences that it is worth to recall at this point:

4which is the form appearing in (1.1.28), where ρ is called U

1. In Z [ISO(1, 2|N )] the N (N − 1)/2 internal generators Z^{ij} are abelian, while in CSO(1, 2|N ) the corresponding T^{ij} are non abelian and generate SO(N ).

2. In Z [ISO(1, 2|N )] the supercharges q^{αi} commute with Z^{ij} (these are in fact central charges), while in CSO(1, 2|N ) they transform as vectors under T^{ij}.

3. In Z [ISO(1, 2|N )] the anticommutator of two supercharges yields, besides the translation generators P_m, also the central charges Z^{ij}, while in CSO(1, 2|N ) this is not true.

In both cases of fig.2.1 and fig.2.2 if one takes the subset of generators of positive grading plus the abelian grading generator X = { E D one obtains a solvable superalgebra of dimension 4+2N . It is however only in the non compact case of fig.2.2 that the bosonic subalgebra of the solvable superalgebra generates anti–de Sitter space AdS_4 as a solvable group manifold.

The structure of ISO(1, 2|N ) ⊂ Osp(N |4) can be easily seen in picture 2.2, displaying the root diagram of the superconformal interpretation of the Osp(N |4). CSO(1, 2|N ) is spanned by the generators out of the square, which have null or negative grading, namely the conformal boosts K_m, the Lorentz generators J_m and the special conformal supersymmetries s^i_α. Notice that the generators in the square define a solvable subalgebra at sight, because in a root diagram the commutator of two generators, if not zero, corresponds to the vector sum of the vectors corresponding to the two generators. The solvable superalgebra Ssolv_{adS} mentioned in eq. (2.5.5) is the vector span of the following generators: Ssolv_{adS} ≡ span { P_m, D, q^{αi} } . (2.5.8)

Being a coset, the solvable AdS–superspace AdS^{(Solv)}_{4|2N} supports a non linear representation of the full Osp(N |4) superalgebra. As shown in [54], we can regard AdS^{(Solv)}_{4|2N} as ordinary anti–de Sitter superspace AdS_{4|N} where 2 × N fermionic coordinates have being eliminated by fixing κ–supersymmetry.

The strategy to construct the boundary superfields is the following. First we construct the supermultiplets on the bulk by acting on the abstract states spanning the UIR with the coset representative of the solvable superspace AdS^{(Solv)}_{4|2N} and then we reach the boundary by performing the limit ρ → 0 (see fig. 2.4).

Then, we restrict us to the case N = 2. According to our previous discussion each of the N = 2 shortened multiplets, namely, the short multiplets, the hypermultiplet and the massless multiplets, correspond to a primary superfield on the boundary. We determine such superfields with the above described method. Short supermultiplets correspond to constrained superfields. The shortening conditions relating masses and hypercharges are retrieved here as the necessary condition to maintain the constraints after a superconformal transformation.

2.5.1 AdS_4 and ∂AdS_4 as cosets and their Killing vectors

We have previously studied Osp(N |4) and its representations in two different bases. The form (2.1.21) of the superalgebra is that used to construct the Osp(2|4) and Osp(3|4) supermultiplets in section 2.4. I showed, in section 12, how to translate these results in terms of the form (2.1.26) of the Osp(N |4) algebra in order to allow a comparison

Figure 2.4: Boundary superfields are obtained as limiting values of superfields on the bulk

with the three-dimensional CFT on the boundary. Now we introduce the description of the anti–de Sitter superspace and of its boundary in terms of supersolvable Lie algebra parametrization as in eq.s (2.5.5), (2.5.6). It turns out that such a description is the most appropriate for a comparative study between AdS_4 and its boundary. We calculate the Killing vectors of these two coset spaces since they are needed to determine the superfield multiplets living on both AdS_4 and ∂AdS_4.

So we write both the bulk and the boundary superspaces as supercosets^5, G H . (2.5.9)

Applying supergroup elements g ∈ Osp(N |4) to the coset representatives L(y) these latter transform as follows:

g L(y) = L(y^′)h(g, y) , (2.5.10)

where h(y) is some element of H ⊂ Osp(N |4), named the compensator that, generically depends both on g and on the coset point y ∈ G/H. For our purposes it is useful to consider the infinitesimal form of (2.5.10), i.e. for infinitesimal g we can write (see chapter 3):

g = 1 + ϵ^AT_A , h = 1 − ϵ^AW^H_A (y)T_H , y^{μ′} = y^μ + ϵ^Ak^μ_A(y) (2.5.11)

and we obtain:

T_AL(y) = k_AL(y) − L(y)T_HW^H_A (y) , (2.5.12) k_A ≡ k^μ_A(y) ∂ ∂y^μ . (2.5.13)

5For an extensive explanation about supercosets I refer the reader to [37]. In the context of D = 11 and D = 10 compactifications see also [55].

The shifts in the superspace coordinates y determined by the supergroup elements (see eq.(2.5.10)) define the Killing vector fields (2.5.13) of the coset manifold.^6 Let us now consider the solvable anti–de Sitter superspace defined in eq.s (2.5.5), (2.5.6). It describes a κ–gauge fixed supersymmetric extension of the bulk AdS_4. As explained by eq.(2.5.6) it is a supercoset (2.5.9) where G = Osp(N |4) and H = CSO(1, 2|N )× SO(N ). Using the non–compact basis (2.1.26), the subgroup H is given by, H^{AdS} = CSO(1, 2|N ) ≡ span { J^m, K_m, s^i_α, T^{ij} } . (2.5.14)

A coset representative can be written as follows^7:

L^{AdS} (y) = exp [ ρD + i x · P + θ^iq^i ] , y = (ρ, x, θ) . (2.5.15)

In AdS_{4|2N} s-supersymmetry and K-symmetry have a non linear realization since the corresponding generators are not part of the solvable superalgebra Ssolv_{adS} that is exponentiated (see eq.(2.5.8)).

The form of the Killing vectors simplifies considerably if we rewrite the coset representative as a product of exponentials

L(y) = exp [i z · P ] · exp [ ξ^iq^i ] · exp [ρD] . (2.5.16)

This amounts to the following coordinate change: z = ( 1 −^1_2 ρ +^1_6 ρ^2 + O(ρ^3) ) x , ξ^i = ( 1 −^1_4 ρ +^1_{24} ρ^2 + O(ρ^3) ) θ^i . (2.5.17)

This is the parametrization that was used in [54] to get the Osp(8|4)-singleton action from the supermembrane. For this choice of coordinates the anti–de Sitter metric takes the standard form (2.5.4). The Killing vectors are → k [Pm] = −i ∂m , → k [q^{αi}] = ∂ ∂ξ^i_α − 1 2 ( γ^mξ^i )_α ∂_m , → k [J^m] = ε^{mpq}zp∂q − i 2 ( ξ^iγ^m ) α ∂ ∂ξ^i_α , → k [D] = ∂ ∂ρ − z · ∂ − 1 2 ξ^i_α ∂ ∂ξ^i_α , → k [s^{αi}] = −ξ^{αi} ∂ ∂ρ + 1 2 ξ^{αi} z · ∂ + i 2 ε^{pqm} z_p(γ_qξ^i)^α∂_m + − 1 8 (ξ^j ξ^j )(γ^mξ^i)^α∂_m − z^m(γ_m)^α_β ∂ ∂ξ^i_β − 1 4 (ξ^jξ^j ) ∂ ∂ξ^i_α + + 1 2 ξ^{αi}ξ^{βj} ∂ ∂ξ^j_β − 1 2 (γ^mξ^i)^αξ^j_βγ_m ∂ ∂ξ^j_β , (2.5.18)

6The Killing vectors satisfy the algebra with structure functions with opposite sign, see [37]. 7We use the notation x · y ≡ x^my_m and θ^iq^i ≡ θ^i_αq^{αi}.

and for the compensators we find:

W [P ] = 0 , W [q^{αi}] = 0 , W [J^m] = −J^m , W [D] = 0 , W [s^{αi}] = −s^{αi} + i ( γ^mθ^i )_α J_m − iθ^{αj} T^{ij} . (2.5.19)

For a detailed derivation of these Killing vectors and compensators I refer the reader to [15].

The boundary superspace ∂(AdS_{4|2N} ) is formed by the points on the supercoset with ρ = 0:

L^{CF T} (y) = exp [ i x · P + θ^iq^i ] . (2.5.20)

In order to see how the supergroup acts on fields that live on this boundary we use the fact that this submanifold is by itself a supercoset. Indeed instead of H^{AdS} ⊂ Osp(N |4) as given in (2.5.14), we can choose the larger subalgebra

H^{CF T} = span { D, J^m, K_m, s^i_α, T^{ij} } , (2.5.21)

and consider the new supercoset G/H^{CF T} . By definition also on this smaller space we have a non linear realization of the full orthosymplectic superalgebra. For the Killing vectors we find (see [15]): → k [Pm] = −i ∂m , → k [q^{αi}] = ∂ ∂θ^i_α − 1 2 ( γ^mθ^i )_α ∂_m , → k [J^m] = ε^{mpq}xp∂q − i 2 ( θ^iγ^m ) α ∂ ∂θ^i_α , → k [D] = −x · ∂ − 1 2 θ^i_α ∂ ∂θ^i_α , → k [s^{αi}] = 1 2 θ^{αi} x · ∂ + i 2 ε^{pqm} x_p(γ_qθ^i)^α∂_m − 1 8 (θ^jθ^j)(γ^mθ^i)^α∂_m + −x^m(γ_m)^α_β ∂ ∂θ^i_β − 1 4 (θ^jθ^j ) ∂ ∂θ^i_α + 1 2 θ^{αi}θ^{βj} ∂ ∂θ^j_β − 1 2 (γ^mθ^i)^αθ^j_βγ_m ∂ ∂θ^j_β , (2.5.22)

and for the compensators we have:

W [P_m] = 0 , W [q^{αi}] = 0 , W [J^m] = −J^m , W [D] = D , W [s^{αi}] = θ^{αi} D − s^{αi} + i ( γ^mθ^i )_α J_m − iθ^jT^{ij} . (2.5.23)

If we compare the Killing vectors on the boundary (2.5.22) with those on the bulk (2.5.18) we see that they are very similar. The only formal difference is the suppression of the^∂_{∂ρ} terms. The conceptual difference, however, is relevant. On the boundary the transformations generated by (2.5.22) are the standard superconformal transformations in three– dimensional (compactified) Minkowski space. On the bulk the transformations generated by (2.5.18) are superisometries of anti–de Sitter superspace. They might be written in completely different but equivalent forms if we used other coordinate frames. The form they have is due to the use of the solvable coordinate frame (ρ, z, ξ) which is the most appropriate to study the restriction of bulk supermultiplets to the boundary. For more details on this point I refer the reader to [15].

2.5.2 Conformal Osp(2|4) superfields: general discussion

Let us restrict our attention to N=2. In this case the SO(2) group has just one generator that we name the hypercharge:

Y ≡ T^{12} . (2.5.24)

Since it is convenient to work with eigenstates of the hypercharge operator, we reorganize the two Grassmann spinor coordinates of superspace in complex combinations:

θ^±_α = 1 √ 2 (θ^1_α ± iθ^2_α) , Y θ^±_α = ±θ^±_α . (2.5.25)

In this new notations the Killing vectors generating q–supersymmetries on the boundary (see eq.(2.5.22)) take the form: ⃗k [q^{αi}] −→ q^{α±} = ∂ ∂θ^∓_α −^1_2 (γ^m)^α_βθ^{β±}∂_m . (2.5.26)

A generic superfield is a function Φ(x, θ) of the bosonic coordinates x and of all the θ.s. Expanding such a field in power series of the θ.s we obtain a multiplet of x–space fields that, under the action of the Killing vector (2.5.26), form a representation of Poincaré supersymmetry. Such a representation can be shortened by imposing on the superfield Φ(x, θ) constraints that are invariant with respect to the action of the Killing vectors (2.5.26). This is possible because of the existence of the so called superderivatives, namely of fermionic vector fields that commute with the supersymmetry Killing vectors. In our notations the superderivatives are defined as follows: D^{α±} = ∂ ∂θ^∓_α +^1_2 (γ^m)^α_βθ^{β±}∂_m , (2.5.27)

and satisfy the required property {D^{α±}, q^{β±}} = {D^{α±}, q^{β∓}} = 0 . (2.5.28) As explained in [37] the existence of superderivatives is the manifestation at the fermionic level of a general property of coset manifolds. For G/H the true isometry algebra is not G, rather it is G × (N(H)_G/H) (minus the explicit U(1)’s) where N(H)_G denotes the normalizer of the stability subalgebra H (see chapter 3). The additional isometries are generated by right–invariant rather than left–invariant vector fields that as such commute with the left–invariant ones. If we agree that the Killing vectors are left–invariant vector fields then the superderivatives are right–invariant ones and generate the additional superisometries of Poincaré superspace. Shortened representations of Poincaré supersymmetry are superfields with a prescribed behaviour under the additional superisometries: for instance they may be invariant under such transformations. We can formulate these shortening conditions by writing constraints such as

D^{α+}Φ(x, θ) = 0 . (2.5.29)

The key point in our discussion is that a constraint of type (2.5.29) is guaranteed from eq.s (2.5.28) to be invariant with respect to the superPoincaré algebra, yet it is not a priori guaranteed that it is invariant under the action of the full superconformal algebra (2.5.22). Investigating the additional conditions that make a constraint such as (2.5.29) superconformal invariant is the main goal of the present section. This is the main tool that allows a transcription of the Kaluza–Klein results for supermultiplets into a superconformal language.

To develop such a programme it is useful to perform a further coordinate change that is quite traditional in superspace literature [56]. Given the coordinates x on the boundary (or the coordinates z for the bulk) we set:

y^m = x^m +^1_2 θ^+γ^mθ^− . (2.5.30)

Then the superderivatives become

D^{α+} = ∂ ∂θ^−_α , D^{α−} = ∂ ∂θ^+_α + (γ^m)^α_βθ^{β−}∂_m . (2.5.31)

It is our aim to describe superfield multiplets both on the bulk and on the boundary. It is clear that one can do the same redefinitions for the Killing vector of q-supersymmetry (2.5.26) and that one can introduce superderivatives also for the theory on the bulk.

So let us finally turn to superfields. We begin by focusing on boundary superfields since their treatment is slightly easier than the treatment of bulk superfields.

A primary superfield is defined as follows (see [47], [57]):

Φ^{∂AdS} (x, θ) = exp [ i x · P + θ^iq^i ] Φ(0) , (2.5.32)

where Φ(0) is a primary field (see eq.(2.3.5))^8

s^i_αΦ(0) = 0 , K_mΦ(0) = 0 , (2.5.33)

of scaling weight D_0, hypercharge y_0 and eigenvalue j for the “third-component” operator J_2

D Φ(0) = D_0 Φ(0) ; Y Φ(0) = y_0 Φ(0) ; J_2 Φ(0) = j Φ(0) . (2.5.34)

From the above definition one sees that the primary superfield Φ^{∂AdS} (x, θ) is actually obtained by acting with the coset representative (2.5.20) on the SO(1, 2) × SO(1, 1)- primary field. Hence we know how it transforms under the infinitesimal transformations

8For an operator Φ, the action of algebra operators is actually the adjoint action [O, Φ]; however, as a shorthand notation we call the states with the names of the corresponding fields, so we write OΦ.

of the group Osp(2|4). Indeed one simply uses (2.5.12) to obtain the result. For example under dilatation we have: D Φ^{∂AdS}(x, θ) = ( −x · ∂ −^1_2 θ^i ∂ ∂θ^i + D_0 ) Φ(x, θ), (2.5.35)

where the term D_0 comes from the compensator in (2.5.23). Of particular interest is the transformation under special supersymmetry since it imposes the constraints for shortening, s^±Φ^{∂AdS} (x, θ) =^→k [s^±]Φ(x, θ) + e^{i x·P +θiqi} ( −θ^±D − i γ^mθ^± J_m + s^± ± θ^±Y ) Φ(0) .

(2.5.36) For completeness we give the form of s^± in the y-basis where it gets a relatively concise form, → k [s^{α−}] = − (y · γ)^α β ∂ ∂θ^+_β + 1 2 ( θ^−θ^− ) ∂ ∂θ^−_α → k [s^{α+}] = θ^{α+}y · ∂ + i ε^{pqm}yp ( γ_pθ^+ )_α ∂_m + 1 2 ( θ^+θ^+ ) ∂ ∂θ^+_α + +θ^+γ^mθ^− (γ_m)^α_β ∂ ∂θ^−_β . (2.5.37)

Let us now turn to a direct discussion of multiplet shortening and consider the superconformal invariance of Poincaré constraints constructed with the superderivatives D^{α±}. The simplest example is provided by the chiral supermultiplet. By definition this is a scalar superfield Φ_{chiral}(y, θ) obeying the constraint (2.5.29) which is solved by boosting only along q^− and not along q^+: Φ_{chiral}(y, θ) = e^{i y·P +θ+ q−} Φ(0). (2.5.38) Hence we have Φ_{chiral}(ρ, y, θ) = X(ρ, y) + θ^+λ(ρ, y) + θ^+θ^+H(ρ, y) (2.5.39) on the bulk or

Φ_{chiral}(y, θ) = X(y) + θ^+λ(y) + θ^+θ^+H(y) (2.5.40)

on the boundary. The field components of the chiral multiplet are:

X = e^{i y·P} Φ(0) , λ = i e^{i y·P} q^−Φ(0) , H = −^1_4 e^{i y·P} q^−q^−ϕ(0) . (2.5.41)

For completeness, we write the superfield Φ also in the x-basis^9,

Φ(x) = X(x) + θ^+λ(x) + (θ^+θ^+)H(x) +^1_2 θ^+γ^mθ^−∂_mX(x) + +^1_4 (θ^+θ^+)θ^−∂/λ(x) +^1_{16} (θ^+θ^+)(θ^−θ^−)2X(x) = = exp

(_1 2 θ^+γ^mθ^−∂_m ) Φ(y) . (2.5.42)

9where 2 = ∂^m∂_m .

Because of (2.5.28), we are guaranteed that under q–supersymmetry the chiral superfield Φ_{chiral} transforms into a chiral superfield. We should verify that this is true also for s–supersymmetry. To say it simply we just have to check that s^−Φ_{chiral} does not depend on θ^−. This is not generically true, but it becomes true if certain extra conditions on the quantum numbers of the primary state are satisfied. Such conditions are the same one obtains as multiplet shortening conditions when constructing the UIRs of the superalgebra.

In the specific instance of the chiral multiplet, looking at (2.5.36) and (2.5.37) we see that in s^−Φ_{chiral} the terms depending on θ^− are the following ones:

s^−Φ | | |_{θ−} = − (D0 + y0) θ^−Φ = 0 , (2.5.43)

they cancel if D_0 = −y_0 . (2.5.44)

Eq.(2.5.44) is easily recognized as the unitarity condition for the existence of Osp(2|4) hypermultiplets (see section 2.4). The algebra (2.1.26) ensures that the chiral multiplet also transforms into a chiral multiplet under K_m. Moreover we know that the action of the compensators of K_m on the chiral multiplet is zero. Furthermore, the compensators of the generators P_m, q^i, J_m on the chiral multiplet are zero and from (2.5.12) we conclude that their generators act on the chiral multiplet as the Killing vectors.

Notice that the linear part of the s-supersymmetry transformation on the chiral multiplet has the same form of the q-supersymmetry but with the parameter taken to be ϵ_q = −i y · γϵ_s. As already stated the non-linear form of s-supersymmetry is the consequence of its gauge fixing which we have implicitly imposed from the start by choosing the supersolvable Lie algebra parametrization of superspace and by taking the coset representatives as in (2.5.15) and (2.5.20). In addition to the chiral multiplet there exists also the complex conjugate antichiral multiplet Φ̄_{chiral} = Φ_{antichiral} with opposite hypercharge and the relation D_0 = y_0.

2.5.3 Matching the Kaluza Klein results for Osp(2|4) supermultiplets with boundary conformal superfields

It is now our purpose to reformulate the N = 2 multiplets in terms of superfields living on the boundary of the AdS_4 space–time manifold. This is the key step to convert information coming from classical harmonic analysis on the compact manifold X_7 into predictions on the spectrum of conformal primary operators present in the three–dimensional gauge theory of the M2–brane.

Interpreted as superfields on the boundary the long multiplets correspond to unconstrained superfields and their discussion is quite straightforward. We are mostly interested in short multiplets that correspond to composite operators of the microscopic gauge theory with protected scaling dimensions. In superfield language, as we have shown in the previous section, short multiplets are constrained superfields.

Just as on the boundary, also on the bulk, we obtain such constraints by means of the bulk superderivatives. In order to show how this works we begin by discussing the chiral superfield on the bulk and then show how it is obtained from the hypermultiplet.

Chiral superfields are the Hypermultiplets: the basic example

The treatment for the bulk chiral field is completely analogous to that of chiral superfield on the boundary.

Generically bulk superfields are given by: Φ^{AdS} (ρ, x, θ) = exp [ ρD + i x · P + θ^iq^i ] Φ(0) . (2.5.45)

Using the parametrization (2.5.17) we can rewrite (2.5.45) in the following way: Φ^{AdS} (ρ, z, ξ) = exp [ i z · P + ξ^iq^i ] · exp [ρD_0] Φ(0) . (2.5.46)

Then the generator D acts on this field as follows: D Φ^{AdS} (ρ, z, ξ) = ( −z · ∂ −^1_2 ξ^i ∂ ∂ξ^i + D_0 ) Φ^{AdS} (ρ, z, ξ) . (2.5.47)

Just as for boundary chiral superfields, also on the bulk we find that the constraint (2.5.29) is invariant under the s-supersymmetry rule (2.5.18) if and only if:

D_0 = −y_0 . (2.5.48)

Furthermore, looking at (2.5.46) one sees that for the bulk superfields D_0 = 0 is forbidden. This constraint on the scaling dimension together with the relation E_0 = −D_0, coincides with the constraint:

E_0 = |y_0| (2.5.49)

defining the Osp(2|4) hypermultiplet UIR of Osp(2|4). The transformation of the bulk chiral superfield under s, P_m, q^i, J_m is simply given by the bulk Killing vectors. In particular the form of the s-supersymmetry Killing vector coincides with that given in (2.5.37) for the boundary.

As we saw a chiral superfield on the bulk describes an Osp(2|4) hypermultiplet. Applying the rotation matrix U of eq. (2.3.8) to the states in table 2.7 we indeed find the field components (2.5.41) of the chiral supermultiplet^{10}.

Having clarified how to obtain the four-dimensional chiral superfield from the Osp(2|4) hypermultiplet we can now obtain the other shortened Osp(2|4) superfields from the supermultiplets found in section 2.4.4.

Superfield description of the short vector multiplet

Let us start with the short massive vector multiplet. The constraint for shortening is

E_0 = |y_0| + 1 (2.5.50)

and the particle states of the multiplet are given in table 2.6. Applying the rotation matrix U to the states in table 2.6 we find the following states:

S = |vac⟩ , λ^±_L = i q^±|vac⟩ , π^{−−} = −^1_4 q^−q^−|vac⟩ , etc . . . (2.5.51)

10I remind that the fields on the bulk are on–shell, the fields on the boundary are off–shell; then, for example, the spinor in table 2.7 has the same number of degrees of freedom of the spinor in (2.5.40), that is two, because the first is four dimensional on–shell, the second is three dimensional off–shell.

where we used the same notation for the rotated as for the original states and up to an irrelevant factor^1_4 . We follow the same procedure also for the other short and massless multiplets. Namely in the superfield transcription of our multiplets we use the same names for the superspace field components as for the particle fields appearing in the SO(3)×SO(2) basis. Moreover when convenient we rescale some field components without mentioning it explicitly. The list of states appearing in (2.5.51) are the components of a superfield

Φ_{vector} = S + θ^−λ^+_L + θ^+λ^−_L + θ^+θ^−π^0 + θ^+θ^+π^{−−} + θ^+A/θ^− + θ^+θ^+ θ^−λ^−_T , (2.5.52)

which is the explicit solution of the following constraint

D^+D^+Φ_{vector} = 0 . (2.5.53)

imposed on a superfield of the form (2.5.45) with hypercharge y_0.

In superspace literature a superfield of type (2.5.52) is named a linear superfield. If we consider the variation of a linear superfield with respect to s^−, such variation contains, a priori, a term of the form s^−Φ_{vector} | | |_{θ−θ−} =^1_2 (D0 + y0 + 1) (θ^−θ^−)λ^+_L , (2.5.54)

which has to cancel if Φ_{vector} is to transform into a linear multiplet under s^−. Hence the following condition has to be imposed

D_0 = −y_0 − 1 . (2.5.55)

which is identical with the bound for the vector multiplet shortening E_0 = y_0 + 1.

Superfield description of the short gravitino multiplet

Let us consider the short gravitino multiplets. The particle state content of these multiplets is given in table 2.5. Applying the rotation matrix U (2.3.8) to these states, and identifying the particle states with the corresponding rotated field states as we have done in the previous cases, we find the following spinorial superfield

Φ_{gravitino} = λ_L + A^+/ θ^− + A^−/ θ^+ + ϕ^−θ^+ + 3 (θ^+ θ^−)λ^{+−}_T − (θ^+γ^mθ^−)γ_mλ^{+−}_T + +(θ^+θ^+)λ^{−−}_T + (θ^+γ^mθ^−)χ^{(+)}_m + (θ^+θ^+)Z^−/ θ^− , (2.5.56)

where the vector–spinor field χ^m is expressed in terms of the spin-^3_2 field with symmetrized spinor indices in the following way

χ^{(+)mα} = (γ^m)_{βγ} χ^{(+)(αβγ)} (2.5.57)

and where, as usual, A^+/ = γ^m A^+_m.

The superfield Φ_{gravitino} is linear in the sense that it does not depend on the monomial θ^−θ^−, but to be precise it is a spinorial superfield (2.5.45) with hypercharge y_0 that fulfills the stronger constraint D^+_α Φ^α_{gravitino} = 0 . (2.5.58)

The generic linear spinor superfield contains, in its expansion, also terms of the form φ^+θ^− and (θ^+θ^+)φ^−θ^−, where φ^+ and φ^− are scalar fields and a term (θ^+γ^mθ^−)χ_m where the spinor-vector χ_m is not an irreducible^3_2 representation since it cannot be written as in (2.5.57).

Explicitly we have:

Φ^α_{linear} = λ_L + A^+/ θ^− + A^−/ θ^+ + ϕ^−θ^+ + φ^+θ^− + 3 (θ^+θ^−)λ^{+−}_T + (θ^+θ^+)λ^{−−}_T + +(θ^+γ^mθ^−)χ_m + (θ^+θ^+)Z^−/ θ^− + (θ^+θ^+)φ^−θ^− . (2.5.59) The field component χ^{αm} in a generic unconstrained spinor superfield can be decomposed in a spin-^1_2 component and a spin-^3_2 component according to,

× = + (2.5.60)

where m = . Then the constraint (2.5.58) eliminates the scalars φ^± and eliminates the -component of χ in terms of λ^{+−}_T . From

s^−_β Φ^α_{gravitino} | | |_{θ−θ−} =^1_2 ( −D_0 − y_0 −^3_2 ) (θ^−θ^−)(A^+/ )_β^α (2.5.61)

we conclude that the constraint (2.5.58) is superconformal invariant if and only if D_0 = −y_0 −^3_2 . (2.5.62) Once again we have retrieved the shortening condition already known in the SO(3) × SO(2) basis: E_0 = |y_0| +^3_2 .

Superfield description of the short graviton multiplet Applying the rotation U (2.3.8) to the states of table 2.4, and identifying the particle states with the corresponding boundary fields, as we have done so far, we derive the short graviton superfield:

Φ^m_{graviton} = A^m + θ^+γ^mλ^−_T + θ^−χ^{(+)+m} + θ^+χ^{(+)−m} + +(θ^+θ^−) Z^{+−m} +^i_2 ε^{mnp} (θ^+γ_nθ^−) Z^{+−}_p + +(θ^+θ^+) Z^{−−m} +(θ^+γ_nθ^−) h^{mn} + (θ^+θ^+) θ^−χ^{(−)−m} , (2.5.63) where χ^{(+)±mα} = (γ^m)_{βγ} χ^{(+)±(αβγ)} , χ^{(−)−mα} = (γ^m)_{βγ} χ^{(−)−(αβγ)} , h^m_m = 0 . (2.5.64) This superfield satisfies the following constraint, D^+_α Φ^{αβ}_{graviton} = 0 , (2.5.65) where we have defined:

Φ^{αβ} = (γ_m)^{αβ} Φ^m . (2.5.66) Furthermore we check that s^−Φ^m_{graviton} is still a short graviton superfield if and only if: D_0 = −y_0 − 2 . (2.5.67) corresponding to the known unitarity bound: E_0 = |y_0| + 2 . (2.5.68) Superfield description of the massless vector multiplet Considering now massless multiplets we focus on the massless vector multiplet, described in table 2.10. Applying the rotation U (2.3.8) we get, V = S + θ^+λ^−_L + θ^−λ^+_L + (θ^+θ^−) π + θ^+A/θ^− . (2.5.69) This multiplet can be obtained by a real superfield V = S + θ^+λ^−_L + θ^−λ^+_L + (θ^+θ^−) π + θ^+A/θ^− +

+(θ^+θ^+) M^{−−} + (θ^−θ^−) M^{++} + +(θ^+θ^+) θ^−μ^− + (θ^−θ^−) θ^+μ^+ + +(θ^+θ^+)(θ^−θ^−) F , V^† = V (2.5.70) that transforms as follows under a gauge transformation, V → V + Λ + Λ^† , (2.5.71) where Λ is a chiral superfield of the form (2.5.42). In components this reads, S → S + X + X^∗ , λ^−_L → λ^−_L + λ , π → π , A_m → A_m +^1_2 ∂_m (X − X^∗) , M^{−−} → M^{−−} + H , μ^− → μ^− +^1_4 ∂/λ , F → F +^1_{16} 2X , (2.5.72) which may be used to gauge fix the real multiplet in the following way, M^{−−} = M^{++} = μ^− = μ^+ = F = 0 , (2.5.73) to obtain (2.5.69). For the scaling weight D_0 of the massless vector multiplet we find −1. Indeed this follows from the fact that Λ is a chiral superfield with y_0 = 0, D_0 = 0. Which is also in agreement with E_0 = 1.

Superfield description of the massless graviton multiplet

The massless graviton multiplet is composed of the bulk particle states listed in table 2.8, from which, with the usual procedure we obtain

g_m = A_m + θ^+χ^{(+)−}_m + θ^−χ^{(+)+}_m + θ^+γ^nθ^− h_{mn} . (2.5.74)

Similarly as for the vector multiplet we may write this multiplet as a gauge fixed multiplet with local gauge symmetries that include local coordinate transformations, local supersymmetry and local SO(2), in other words full supergravity. However this is not the goal of this chapter where we prepare to interprete the bulk gauge fields as composite states in the boundary conformal field theory.

This completes the treatment of the short Osp(2|4) boundary superfields. We have found that all of them are linear superfields with the extra constraint that they have to transform into superfields of the same type under s-supersymmetry. Such constraint is identical to the shortening conditions found by representation theory of Osp (2|4).

SD(E_0 > y_0 + 2, 1, y_0 ≥ 0|2)

spin energy hypercharge

2 E_0 + 1 y_0

3/2 E_0 + 3/2 y_0 − 1 3/2 E_0 + 3/2 y_0 + 1 3/2 E_0 + 1/2 y_0 − 1 3/2 E_0 + 1/2 y_0 + 1

1 E_0 + 2 y_0 1 E_0 + 1 y_0 − 2 1 E_0 + 1 y_0 + 2 1 E_0 + 1 y_0 1 E_0 + 1 y_0 1 E_0 y_0

1/2 E_0 + 3/2 y_0 − 1 1/2 E_0 + 3/2 y_0 + 1 1/2 E_0 + 1/2 y_0 − 1 1/2 E_0 + 1/2 y_0 + 1

0 E_0 + 1 y_0

Table 2.1: N = 2 long graviton multiplet with y_0 ≥ 0

SD(E_0 > y_0 + 3/2, 1/2, y_0 ≥ 0|2)

spin energy hypercharge

3/2 E_0 + 1 y_0

1 E_0 + 3/2 y_0 − 1 1 E_0 + 3/2 y_0 + 1 1 E_0 + 1/2 y_0 − 1 1 E_0 + 1/2 y_0 + 1

1/2 E_0 + 2 y_0 1/2 E_0 + 1 y_0 − 2 1/2 E_0 + 1 y_0 1/2 E_0 + 1 y_0 + 2 1/2 E_0 + 1 y_0 1/2 E_0 y_0

0 E_0 + 3/2 y_0 − 1 0 E_0 + 3/2 y_0 + 1 0 E_0 + 1/2 y_0 − 1 0 E_0 + 1/2 y_0 + 1

Table 2.2: N = 2 long gravitino multiplet with y_0 ≥ 0

SD(E_0 > y_0 + 3/2, 0, y_0 ≥ 0|2)

spin energy hypercharge

1 E_0 + 1 y_0

1/2 E_0 + 3/2 y_0 − 1 1/2 E_0 + 3/2 y_0 + 1 1/2 E_0 + 1/2 y_0 − 1 1/2 E_0 + 1/2 y_0 + 1

0 E_0 + 2 y_0 0 E_0 + 1 y_0 − 2 0 E_0 + 1 y_0 + 2 0 E_0 + 1 y_0 0 E_0 y_0

Table 2.3: N = 2 long vector multiplet with y_0 ≥ 0

SD(y_0 + 2, 1, y_0 > 0|2)

spin energy hypercharge

2 y_0 + 3 y_0

3/2 y_0 + 7/2 y_0 − 1 3/2 y_0 + 5/2 y_0 + 1 3/2 y_0 + 5/2 y_0 − 1

1 y_0 + 3 y_0 − 2 1 y_0 + 3 y_0 1 y_0 + 2 y_0

1/2 y_0 + 5/2 y_0 − 1

Table 2.4: N = 2 short graviton multiplet with y_0 > 0

SD(y_0 + 3/2, 1/2, y_0 > 0|2)

spin energy hypercharge

3/2 y_0 + 5/2 y_0

1 y_0 + 3 y_0 − 1 1 y_0 + 2 y_0 + 1 1 y_0 + 2 y_0 − 1

1/2 y_0 + 5/2 y_0 1/2 y_0 + 5/2 y_0 − 2 1/2 y_0 + 3/2 y_0

0 y_0 + 3 y_0 ± 1

Table 2.5: N = 2 short gravitino multiplet with y_0 > 0

SD(y_0 + 1, 0, y_0 > 0|2) spin energy hypercharge 1 y_0 + 2 y_0

1/2 y_0 + 5/2 y_0 − 1 1/2 y_0 + 3/2 y_0 + 1 1/2 y_0 + 3/2 y_0 − 1

0 y_0 + 2 y_0 − 2 0 y_0 + 2 y_0 0 y_0 + 1 y_0

Table 2.6: N = 2 short vector multiplet with y_0 > 0

SD(y_0 , 0, y_0 > 1/2|2) spin energy hypercharge 1/2 y_0 + 1/2 y_0 − 1

0 y_0 + 1 y_0 − 2 0 y_0 y_0

Table 2.7: N = 2 hypermultiplet with y_0 > 1/2

SD(2, 1, 0|2) spin energy hypercharge 2 3 0

3/2 5/2 −1 3/2 5/2 +1

1 2 0

Table 2.8: N = 2 massless graviton multiplet

SD(3/2, 1/2, 0|2) spin energy hypercharge 3/2 5/2 0

1 2 −1 1 2 +1

1/2 3/2 0

Table 2.9: N = 2 massless gravitino multiplet

SD(1, 0, 0|2) spin energy hypercharge 1 2 0

1/2 3/2 −1 1/2 3/2 +1

0 2 0 0 1 0

Table 2.10: N = 2 massless vector multiplet

SD(1/2, 0, 1/2|2) spin energy hypercharge 1/2 1 −1/2

0 1/2 1/2

Table 2.11: N = 2 supersingleton representation

SD(E0 > J0 + 3/2, 1, J0 ≥ 2|3) spin energy isospin

2 E0 + 32 J0

E0 + 2 { J 0 + 1 J0 J0 − 1 3 2 E0 + 1 { J 0 + 1 J0 J0 − 1

E0 + 52 { J 0 + 1 J0 J0 − 1

1 E0 + 32

J0 + 2 J0 + 1 J0 + 1 J0 J0 J0 J0 − 1 J0 − 1 J0 − 2 E0 + 12 { J 0 + 1 J0 J0 − 1 E0 + 3 { J0

E0 + 2

J0 + 2 J0 + 1 J0 + 1 J0 J0 J0 J0 − 1 J0 − 1 J0 − 2 1 2

E0 + 1

J0 + 2 J0 + 1 J0 + 1 J0 J0 J0 J0 − 1 J0 − 1 J0 − 2 E0 { J0

E0 + 52 { J 0 + 1 J0 J0 − 1

0 E0 + 32

J0 + 2 J0 + 1 J0 + 1 J0 J0 J0 − 1 J0 − 1 J0 − 2 E0 + 12 { J 0 + 1 J0 J0 − 1

SD(E0 > 5/2, 1, 1|3) spin energy isospin

2 E0 + 32 1

E0 + 2 { 2 1 0 3 2 E0 + 1 { 2 1 0

E0 + 52 { 2 1 0

1 E0 + 32 3 2 2 1 1 1 0 E0 + 12 { 2 1 0 E0 + 3 { 1

E0 + 2 3 2 2 1 1 1 0 1 2

E0 + 1

3 2 2 1 1 1 0 E0 { 1

E0 + 52 { 2 1 0

0 E0 + 32 3 2 2 1 1 0 E0 + 12 { 2 1 0

SD(E0 > 3/2, 1, 0|3) spin energy isospin

2 E0 + 32 0

E0 + 2 { 1 3 2 E0 + 1 { 1

E0 + 52 { 1

1 E0 + 32 { 2 1 0 E0 + 12 { 1

E0 + 3 { 0

E0 + 2 { 2 1 0 1 2 E0 + 1 { 2 1 0 E0 { 0

E0 + 52 { 1

0 E0 + 32 { 2 1 E0 + 12 { 1

Table 2.12: The long N = 3 graviton multiplet: E_0 > J_0 +^3_2 . From left to right: J_0 ≥ 2, J_0 = 1, J_0 = 0.

SD(E_0 > J_0 + 1, 1/2, J_0 ≥ 2|3)

spin energy isospin 3 2 E_0 +^3_2 J_0

E_0 + 2

{ J_0 + 1

J_0 J_0 − 1 1 E_0 + 1

{ J_0 + 1

J_0 J_0 − 1

1 2 E_0 +^5_2

{ J_0 + 1

J_0 J_0 − 1

1 2 E_0 +^3_2

J_0 + 2 J_0 + 1 J_0 + 1 J_0 J_0 J_0 − 1 J_0 − 1 J_0 − 2 1 2 E_0 +^1_2

{ J_0 + 1

J_0 J_0 − 1

E_0 + 3 { J_0

E_0 + 2

J_0 + 2 J_0 + 1 J_0 J_0 J_0 − 1 J_0 − 2 0

E_0 + 1

J_0 + 2 J_0 + 1 J_0 J_0 J_0 − 1 J_0 − 2

E_0 { J_0

SD(E_0 > 2, 0, 1|3)

spin energy isospin 3 2 E_0 +^3_2 1

E_0 + 2 { 2 1 0 1 E_0 + 1 { 2 1 0

1 2 E_0 +^5_2 { 2 1 0

1 2 E_0 +^3_2 3 2 2 1 1 0 1 2 E_0 +^1_2 { 2 1 0

E_0 + 3 { 1

E_0 + 2 3 2 1 1 0 E_0 + 1 3 2 1 1 E_0 { 1

SD(E_0 > 1, 0, 0|3)

spin energy isospin 3 2 E_0 +^3_2 0

E_0 + 2 { 1 1 E_0 + 1 { 1

1 2 E_0 +^5_2 { 1 1 2 E_0 +^3_2 { 2 1 1 2 E_0 +^1_2 { 1

E_0 + 3 { 0

E_0 + 2 { 2 0 0 E_0 + 1 { 2 0 E_0 { 0

Table 2.13: The long N = 3 gravitino multiplet: E_0 > J_0 + 1. From left to right: J_0 ≥ 2, J_0 = 1, J_0 = 0.

SD(J_0 + 3/2, 1/2, J_0 ≥ 2|3)

spin energy isospin

2 J_0 + 3 J_0

J_0 +^7_2 { J_0 J_0 − 1 3 2 J_0 +^5_2

{ J_0 + 1

J_0 J_0 − 1

J_0 + 4 { J_0 − 1

1 J_0 + 3

J_0 + 1 J_0 J_0 J_0 − 1 J_0 − 1 J_0 − 2

J_0 + 2

{ J_0 + 1

J_0 J_0 − 1

J_0 +^7_2 { J_0 J_0 − 1 J_0 − 2 1 2

J_0 +^5_2

J_0 + 1 J_0 J_0 J_0 − 1 J_0 − 1 J_0 − 2

J_0 +^3_2 { J_0

0 J_0 + 3 { J_0 J_0 − 1 J_0 − 2

J_0 + 2 { J_0 J_0 − 1

SD(5/2, 1/2, 1|3) spin energy isospin

2 4 1

9 2 { 1 0 3 2 7 2 { 2 1 0

5 { 0

1 4 2 1 1 0 3 { 2 1 0 9 2 { 1 1 2 7 2 2 1 1 0 5 2 { 1

0 4 { 1 3 { 1 0

SD(3/2, 1/2, 0|3) spin energy isospin

2 3 0

3 2 5 2 { 1

1 2 { 1

1 2 3 2 { 0

Table 2.14: The short N = 3 graviton multiplet: E_0 = J_0 +^3_2 . From left to right: J_0 ≥ 2, J_0 = 1, and J_0 = 0 (that is massless).

SD(J_0 + 1, 0, J_0 ≥ 2|3)

spin energy isospin 3 2 J_0 +^5_2 J_0

J_0 + 3 { J_0 J_0 − 1 1 J_0 + 2

{ J_0 + 1

J_0 J_0 − 1 1 2 J_0 +^7_2 { J_0 − 1

1 2 J_0 +^5_2

J_0 + 1 J_0 J_0 J_0 − 1 J_0 − 1 J_0 − 2 1 2 J_0 +^3_2

{ J_0 + 1

J_0 J_0 − 1

J_0 + 3 { J_0 J_0 − 1 J_0 − 2 0

J_0 + 2

J_0 + 1 J_0 J_0 J_0 − 1 J_0 − 2

J_0 + 1 { J_0

SD(2, 0, 1|3) spin energy isospin 3 2 7 2 1

4 { 1 0 1 3 { 2 1 0 1 2 9 2 { 0

1 2 7 2 2 1 1 0 1 2 5 2 { 2 1 0

4 { 1 0 3 { 2 1 1 2 { 1

SD(1, 0, 0|3) spin energy isospin 3 2 5 2 0

1 2 { 1

1 2 3 2 { 1

2 { 0 0 1 { 0

Table 2.15: The short N = 3 gravitino multiplet: E_0 = J_0 +^3_2 . From left to right, J_0 ≥ 2, J_0 = 1, and J_0 = 0 (that is massless).

SD(J_0 , 0, J_0 ≥ 2|3)

spin energy isospin

1 J_0 + 1 { J_0 − 1

1 2 J_0 +^3_2 { J_0 − 1 J_0 − 2 1 2 J_0 +^1_2 { J_0 J_0 − 1

J_0 + 2 { J_0 − 2 0 J_0 + 1 { J_0 J_0 − 1 J_0 − 2 J_0 { J_0

SD(1, 0, 1|3) spin energy isospin

1 2 { 0

1 2 3 2 { 1 0

0 2 { 1

1 { 1

SD(1/2, 0, 1/2|3) spin energy isospin 1 2 1 {_1 2

0^1_2

{_1 2

Table 2.16: The N = 3 vector multiplets: E_0 = J_0. The massive vector multiplet with J_0 ≥ 2, the massless vector multiplet with J_0 = 1 and the supersingleton representation with J_0 = 1/2.

Chapter 3

The complete spectra of the AdS_4 × ı_G H ȷ 7 solutions from harmonic analysis

In this chapter I consider the Freund Rubin solutions of eleven dimensional supergravity compactified on backgrounds AdS_4 × X_7 (3.0.1)

in the three cases

X_7 = M^{111} (N = 2) X_7 = Q^{111} (N = 2) X_7 = N^{010} (N = 3) . (3.0.2)

The complete mass spectra of the corresponding four dimensional supergravities are determined, by means of harmonic analysis. All the particles found fit into supermultiplets, and such supermultiplets are organized into UIRs of the flavour group G^′ (1.2.6). I stress that harmonic analysis enable us to solve this problem by means of group theory and differential geometry, without solving differential equations.

In section 1 I describe the Freund Rubin compactifications with X_7 = G/H and discuss their symmetries. In section 2 I define and describe the M^{111} manifold and, in less detail, the Q^{111} and N^{010} manifolds. However, a further description of M^{111} and Q^{111} is given in the next chapter. In section 3 I review the theory of harmonic analysis on coset spaces, and how it can be applied to derive the mass spectra of Freund Rubin supergravities. In section 4 I describe the explicit derivation of the complete mass spectrum of AdS_4 × M^{111} supergravity. In section 5 I give the complete mass spectrum of AdS_4 ×N^{010} supergravity, without describing its derivation by harmonic analysis; furthermore, I give a part of the mass spectrum of AdS_4 × Q^{111} supergravity, which has been found long ago without the help of harmonic analysis. Part of the content of the present chapter refers to results obtained within the collaborations [14], [17].

3.1 Supergravity on AdS_4 × G/H_7

3.1.1 A summary of coset space differential geometry

Here I sketch very briefly the basic ideas of differential geometry on coset spaces, with some results that will be used afterwards. For the proof of these results and for a complete discussion of these topics, see [37], [58], [59].

Definitions Let us consider a coset manifold G/H, whose dimension is n = dimG − dimH. It can be parametrized by the n coordinates y^α, on which the coset representatives L (y) do depend. Under left multiplication by g ∈ G we have:

gL (y) = L (y^′) h (y) . (3.1.1)

The Lie algebra G of the group G admits the following orthogonal split:

G = IH ⊕ IK, T_i ∈ IH, T_a ∈ IK, T_Λ ∈ G (3.1.2)

where IH contains the generators of H and IK the remaining n generators. Then we can express the elements of G as g = e^{yaTa}e^{xiTi} , and the coset representatives as L (y) = e^{yaTa}.

We will consider reductive coset manifolds, namely, such that

[IH, IK] ⊂ IK. (3.1.3)

Furthermore, we will consider semisimple coset manifolds.

Since G/H is reductive, the n generators T_a ∈ IK are in a representation of H, realized by means of the structure constants C^b_{ia} = − ( T^H_i )_b a = ( T^H_i )_b a (3.1.4)

(since by Jacobi identity C^c_{ia} C^b_{jc} =^1_2 C^k_{ij} C^b_{ak} ). Being G semisimple we have C^b_{ia} = C_{iab} = C_{i[ab]} (in a basis in which the Killing metric is the Kronecker delta), so the T^H are also SO (n) generators in the fundamental representation. Hence,

H ⊂ SO (n) (3.1.5)

and this embedding is realized by the generators (3.1.4). Notice that in the cases studied in this thesis we set n = 7.

Killing vectors The transformation law gL (y) = L (y^′) h (y) for infinitesimal g becomes

T_ΛL (y) = K_Λ (y) L (y) − L (y) T_iW^i_Λ (y) (3.1.6)

where

g = 1 + ϵ^ΛT_Λ h = 1 − ϵ^ΛW^i_Λ (y) T_i y^{′a} = y^a + ϵ^ΛK^a_Λ (y) . (3.1.7)

The y–dependent matrices W^i_Λ (y) are called H–compensators, and the y–dependent differential operators K_Λ (y) ≡ K^a_Λ (y) ∂ ∂y^a (3.1.8)

are called Killing vectors on G/H. We have

[T_Λ, T_Σ] L (y) = C^Δ_{ΛΣ} T_ΔL (y) , [K_Λ, K_Σ] = −C^Δ_{ΛΣ} K_Δ. (3.1.9)

Vielbein, H–connection, H Lie derivative

The one–form Ω (y) = L^{−1} (y) dL (y) (3.1.10)

is G–valued, and can be expanded in a generator basis as follows:

Ω (y) = B^a (y) T_a + Ω^i (y) T_i (3.1.11)

where B^a (y) = B^a_α (y) dy^α is a vielbein on G/H and Ω^i (y) = Ω^i_α (y) dy^α is called the H– connection. Under left multiplication of an infinitesimal g ∈ G this vielbein transforms as B^a (y + δy) = B^a (y) − ϵ^ΛW^i_Λ (y) C^a_{ib} B^b (y) δy^a = ϵ^ΛK^a_Λ (y) . (3.1.12)

A vielbein transforming as above, namely, G–invariant modulo an H–compensator, is named a G–left invariant vielbein. Notice that the left action of G on B^a (y) is an H transformation in the fundamental representation of SO (n). We can also define the metric on G/H, g_{αβ} (y) = γ_{ab}B^a_α (y) B^b_β (y) (3.1.13)

(where γ_{ab} is the Killing metric of G restricted to G/H); it can be shown that this metric is left G–invariant, so G is an isometry of this metric; furthermore, this metric is insensitive to the choice of the coset parametrization.

The H–connection defines a parallel transport on the coset manifold, and then an H–covariant derivative D^H = d + Ω^iT_i. (3.1.14)

It can be written in terms of the embedding (3.1.4) H ⊂ SO (n):

D^H = d + Ω^i (T_i)^{ab} t^{SO(n)}_{ab} (3.1.15)

where t^{SO(n)}_{ab} are the SO (n) generators. For example, for the vector representation they are ( t^{SO(n)} ab )_{cd} = −iδ^{cd}_{ab}, while for the spinor representation they are given by the two-indices gamma matrices.

Let us determine the action of the H–covariant derivative on the inverse of the coset representative. Being LdL^{−1} = −dLL^{−1}, (3.1.16) we have ΩL^{−1} = L^{−1}dLL^{−1} = −dL^{−1} = ( Ω^iT_i + B^aT_a ) L^{−1}, (3.1.17) then D^H L^{−1} = ( d + Ω^iT_i ) L^{−1} = −B^aT_aL^{−1}. (3.1.18) This action is purely algebraic. As we will see, such a property is the core of the harmonic analysis method for solving differential equations.

The Lie derivative associated to a Killing vector, acting on the vielbein, is

l_{KΛ}B^a (y) = W^i_Λ (y) C^a_{ib} B^b (y) . (3.1.19)

Then, if we define the H–covariant Lie derivative

L_{KΛ} ≡ l_{KΛ} − W^i_Λ (y) T_i, (3.1.20)

which satisfies all the properties of the Lie derivative, we have

L_{KΛ} B^a (y) = 0. (3.1.21)

On the coset representative the action of the H–covariant Lie derivative is

L_{KΛ} L (y) = T_ΛL (y) . (3.1.22)

Spin connection

Another useful structure we can build on our coset manifold is a Riemannian connection B^a_b, or spin connection, that defines a parallel transport. It is an so (n)–valued one–form defined by the vanishing torsion equation

R^a ≡ dB^a − B^{ab} ∧ B_b = 0. (3.1.23)

The Riemannian curvature R^a_b is an so (n)–valued two–form defined by R^{ab} ≡ dB^{ab} − B^{ac} ∧ B^b_c = R^{ab}_{cd}B^c ∧ B^d. (3.1.24) Notice that in this way we define a parallel transport by SO (n) transformations on the vielbein; in other words, we select the SO (n) group as the tangent group. The vielbein is then in the vector SO (n) representation, and all the fields on the manifold are in SO (n) representations. Being H ⊂ SO (n), the fields in irreducible representations of SO (n) can be branched in fields in irreducible representations of H.

Expanding the spin connection one finds^1

B^a_b = −C^a_{ib} Ω^i + 1 2 C^a_{bc} B^c = − ( T^H_i )_a b Ω^i + 1 2 C^a_{bc} B^c. (3.1.25)

The first term in this expression is valued in IH ⊂ so (n) (whose generators are the C^a_{bi} ), while the last term is valued in other so (n) generators. In other words, the spin connection contains the H–connection plus other so (n)–valued terms.

1in the following we call T^H_i the generators of IH and T^K_a the generators of IK, for clarity of notations

The spin connection naturally defines a SO (n) covariant derivative D^{SO(n)} = d − B^{ab}t^{SO(n)}_{ab} . (3.1.26) Substituting the (3.1.25), we find an expression of the form

D^{SO(n)} = d + ( T^H_i )_{ab} Ω^it^{SO(n)}_{ab} + 1 2 C^a_{bc} B^ct^{SO(n) b}_a = = D^H + IM_cB^c. (3.1.27) A very useful property of the SO (n) covariant derivative is that it commutes with the H–covariant Lie derivative: [ L_{KΛ} , D^{SO(n)} ] = 0. (3.1.28) It follows that, because of the Schur’s lemma, D^{SO(n)} acts irreducibly on G representations, namely, it cannot change a representation of G in another one.

Rescalings In general the metric (3.1.13) is not the only G–invariant metric on G/H; it is unique only up to some particular rescalings of the vielbein B^a = r^aB^{′a} no sum on a. (3.1.29) The (3.1.25) changes with rescalings by coefficients depending on the r^a’s, and the same happens to the matrices IM, but the properties (3.1.18), (3.1.28) remain satisfied. By means of these rescalings, it is sometimes possible to obtain an Einstein metric, namely, a metric such that R^a_b = Λδ^a_b , (3.1.30) even if the non–rescaled metric is non–Einstein. Furthermore, by a global vielbein rescaling one can choose the value of Λ.

In the following, to avoid confusion between the not rescaled vielbein and the rescaled one, we call Ω^a the not rescaled vielbein, namely, Ω ≡ L^{−1}dL = Ω^iT^H_i + Ω^aT^K_a (3.1.31) and B^a the rescaled vielbein B_a = 1 r_a Ω_a. (3.1.32) So, for example, the (3.1.18) becomes D^H L^{−1} = −Ω^aT^K_a L^{−1} = −r_aB^aT^K_a L^{−1}, (3.1.33) or, expanding on the vielbein D^H = B^aD^H_a , D^H_a L^{−1} = −r_aT_aL^{−1}. (3.1.34)

3.1.2 The Freund Rubin solution

As I said in chapter 1, given a seven dimensional compact coset manifold G/H, the (1.2.13) is a solution of eleven dimensional supergravity, with the geometry of AdS_4 × G/H, and can be viewed as a four dimensional anti–de Sitter supergravity with internal space G/H.

Let us express this in the formalism of rheonomy (for a review on rheonomy, see [37]). We use here the following conventions: m, n flat indices on AdS_4 a, b flat indices on G/H μν curved indices on AdS_4 α, β curved indices on G/H â, b̂ eleven dimensional flat indices M, N SO (N ) indices x^μ coordinates on AdS_4 y^α coordinates on G/H θ fermionic coordinates in AdS_4 superspace. (3.1.35) We call τ_a the SO (7) gamma matrices, which are 8×8 and act on the G/H spinors (which are in the spinor representation of SO (7)): {τ_a, τ_b} = 2η_{ab} = 2 diag (−, −, −, −, −, −, −) . (3.1.36) We suppose that it is possible to define an Einstein metric structure on G/H such that R^{ac}_{bc} = 12e^2δ^a_b . (3.1.37) The SO (7) generators in the spinor representation are t^{SO(7)} ab = 1 4 τ_{ab} = 1 8 [τ_a, τ_b] . (3.1.38)

We call N the number of independent SO (7) real spinors η_M (y) satisfying the equation

D^{SO(7)}η_M = ( d − 1 4 B^{ab}τ_{ab} ) η_M = eB^aτ_aη_M . (3.1.39)

Notice that the η_M , which we call Killing spinors on G/H, are made of C–numbers, not of grassmannian variables, and are then commuting.

Let us consider now the N extended AdS_4 supergravity. Its superspace is

M_{4N |4} = Osp (N |4) SO (1, 3) × SO (N ) . (3.1.40)

Let^oV^m (x, θ),^oω^{mn} (x, θ),^oA^{MN} (x, θ),^oψ_M (x, θ) be the left–invariant one forms on M_{4N |4}. They fulfill by definition the following Maurer Cartan equations

d^oV^m −^oω^m_n ∧^oV^n − 1 2 i o ψ̄_M ∧γ^{m o}ψ_M = 0

d^oω^{mn} −^oω^{mr} ∧^oω^n_r +16e^{2 o}V^m ∧^oV^n −2ie^2 o ψ̄_M ∧γ_5γ^{mn o}ψ_M = 0

d^oA^{MN} +e^oA^{MR} ∧^oA^N_R −4i o ψ̄_M ∧γ_5^oψ_N = 0 d^oψ_M − 1 4 γ^{mn o}ω_{mn}^oψ_M −e^oA^N_M ∧^oψ_N −2eγ_5γ_m^oV^m ∧^oψ_M = 0. (3.1.41)

With all these objects we can build the Freund Rubin solution of eleven dimensional supergravity: the following eleven dimensional forms^2

V^â = (V^m, B^a) , ω^{âb̂} = ( ω^{mn}, K^{ma}, B^{ab} ) (3.1.42)

V^m =^oV^m (x, θ) ω^{mn} =^oω^{mn} (x, θ) ψ =^oψ_M (x, θ) η^M (y)

B^a = B^a (y) + 1 8 η̄_M (y) τ^aη_N (y)^oA^{MN} (x, θ) B^{ab} = B^{ab} (y) − 1 4 eη̄_M (y) τ^{ab}η_N (y)^oA^{MN} (x, θ) K^{ma} = 0 (3.1.43)

and A =^oA (x, y, θ) three-form not globally defined (it is a section of a fiber bundle), such that

d^oA = eϵ_{mnrs}^oV^m ∧^oV^n ∧^oV^r ∧^oV^s + 1 2 o ψ̄_M ∧γ^{mn o}ψ^M ∧^oV^m ∧^oV^n + − o ψ̄_M ∧γ_5γ_m^oψ_N ∧^oV^m ∧η̄_M τ_aη_N B^a + 1 2 o ψ̄_M ∧^oψ_N η̄_M τ_{ab}η_N B^a ∧ B^b,

(3.1.44)

satisfy the Maurer Cartan equations of eleven dimensional supergravity.

If we evaluate these superspace forms on a bosonic surface, i.e. at θ = 0, we get the fields of the N –extended eleven dimensional Freund Rubin solution of supergravity:

g_{μν} (x, y) = g^0_{μν} (x) g_{αβ} (x, y) = g^0_{αβ} (y)

g_{μα} = 0 F_{μνρσ} = e √ g^0ε_{μνρσ} other F = 0 ψ_μ = ψ_α = 0

(3.1.45)

where g^0_{μν} is the AdS_4 metric, g^0_{αβ} is the G–invariant G/H metric.

This solution preserves N supersymmetries. In fact, being ψ_â (x, y) = 0, the supersymmetry transformations of the bosonic fields vanish. The supersymmetry transformations of the gravitino fields are: δ_ϵψ_μ (x, y) = ( ∂_μ − 1 4 ω^{mn}_μ γ_{mn} + 2eγ_5γ_μV^m_μ ) ϵ (x, y) δ_ϵψ_α (x, y) = ( ∂_α − 1 4 B^{ab}_α τ_{ab} − eτ_aB^a_α ) ϵ (x, y) . (3.1.46)

They vanish for ϵ (x, y) = ϵ (x) η (y) (3.1.47)

2We leave implicit the spinor indices; remind that a four dimensional AdS_4 spinor has an index taking four values, a seven dimensional G/H spinor has an index taking eight values, the eleven dimensional spinor has an index taking thirty-two values, and in fact the tensor product of an AdS_4 spinor and a G/H spinor is an eleven dimensional spinor.

where ϵ (x) is an AdS_4 Killing spinor, satisfying ( ∂_m − 1 4 ω^{rs}_m γ_{rs} + 2eγ_5γ_m ) ϵ (x) = 0 (3.1.48)

and η (y) is a G/H Killing spinor, satisfying the (3.1.39). There are four independent solutions of the (3.1.48), and, as I said, N is the number of the independent solutions of the (3.1.39), then there exist 4N independent one–component supersymmetry transformations leaving invariant the (3.1.45). With the conventions of four dimensional supergravity (where supercharges have four pseudo–real components), this means that the solution preserves N supersymmetries.

Notice that the Freund Rubin solution is a spontaneous compactification, in the sense that AdS_4 × X_7 is a solution of eleven dimensional supergravity, and then an allowed vacuum around which we can perform perturbation theory; nothing has been added to the theory at hand. The key that allows this is the presence of a four–form field strength, to which we can give the expectation value of ϵ_{mnrs}, the invariant tensor of SO (1, 3), breaking 11 −→ 4 + 7.

The solution of the G/H Killing spinor equation and holonomy

Given a coset manifold G/H admitting an Einstein metric structure, we want to know if the corresponding Freund Rudin solution is supersymmetric, and how much. As we have seen, this can be done by solving the G/H Killing spinor equation (3.1.39).

First of all we have to consider the integrability conditions of the (3.1.39). They are C_{ab}η ≡ ( R^{cd}_{ab} − 4e^2δ^{cd}_{ab} ) τ_{cd}η = C^{cd}_{ab} τ_{cd}η. (3.1.49) We have to find the null eigenspinors of the 21 C_{ab} operators here defined, which are combination of the τ_{ab} generators with coefficients C^{cd}_{ab} (which are the components of the Weyl tensor) and then generate a subgroup of SO (7). Being the 8 dimensional spinor representation of SO (7) irreducible, the equation τ_{ab}η = 0 has no solutions, and then the (3.1.49) has null eigenspinors only if the combinations C_{ab} do not generate all SO (7) but lie, with their commutators, in a subspace of the SO (7) algebra, under which the 8 dimensional spinor representation of SO (7) be reducible. This algebra is called the Weyl holonomy algebra G_{hol}. It is slightly different from the usual holonomy algebra of riemannian geometry, namely, the algebra of transformations that can occur to a vector after parallel riemannian transport around a closed curve, which is the Riemann holonomy algebra; the latter is generated by the Riemann tensor, not by the Weyl tensor (see [58]); G_{hol} is the holonomy algebra with respect to the parallel transport defined by the covariant derivative D^{SO(7)} − eB^aτ_a. So, for example, the Riemannian holonomy algebra of S^7 is SO (7), while the Weyl holonomy algebra of S^7 is {0}. Notice that the generators in the (3.1.39), (τ_{ab}, τ_a), are the generators of SO (8); the Killing spinors, in fact, are covariantly constant under an SO (8) ⊃ SO (7) group.

So if G_{hol} = SO (7), N_{MAX} = 0. If G_{hol} = G_2, being 8^{G2⊂SO(7)} −→ 7 ⊕ 1, (3.1.50)

N_{MAX} = 1. If G_{hol} = SU (3), being

8^{SU (3)⊂SO(7)}

−→ 3 ⊕ ¯3 ⊕ 1 ⊕ 1, (3.1.51)

N_{MAX} = 2. If G_{hol} = SU (2), being

8^{SU (2)⊂SO(7)}

−→ 2 ⊕ 2 ⊕ 1 ⊕ 1 ⊕ 1 ⊕ 1, (3.1.52)

N_{MAX} = 4. If G_{hol} = {0}, N_{MAX} = 8.

Then, in order to find the solutions of the (3.1.39), one has to find the holonomy group, then to determine the null eigenspinors of the integrability condition C_{ab} (y) η (y) = 0, and finally substitute these eigenspinors in the (3.1.39) to check if they are actually solutions.

From Killing spinors to Killing vectors

There is an interesting property of G/H Killing spinors. Given the N Killing spinors η_M (y), namely, the solutions of the (3.1.39), we can build the following N (N − 1) /2 vectors on G/H k^a_{MN} (y) ≡ η̄_{[M} τ^aη_{N ]}. (3.1.53) It can be shown that these are Killing vectors of G/H, generating an SO (N ) group which is then an isometry of the coset manifold. This is the reason of the previously stressed property G = G^′ × SO (N ) . (3.1.54)

3.1.3 Four dimensional supergravity from Freund Rubin solution

Given a Freund Rubin solution of eleven dimensional supergravity, we can consider this classical solution as a vacuum of the theory, and do perturbation theory taking as dynamical degrees of freedom the fluctuation around this vacuum (see [20], [37]): g_{μν} (x, y) = g^0_{μν} (x) + h_{μν} (x, y) g_{αβ} (x, y) = g^0_{αβ} (x) + h_{αβ} (x, y) g_{μα} (x, y) = h_{μα} (x, y) A_{μνρ} (x, y) = A^0_{μνρ} (x) + a_{μνρ} (x, y) A_{μνα} (x, y) = a_{μνα} (x, y) A_{μαβ} (x, y) = a_{μαβ} (x, y) A_{αβγ} (x, y) = a_{αβγ} (x, y) . (3.1.55) The equations of eleven dimensional supergravity, linearized in these fluctuations, have in general the form (

2^{[E s]}_x +^{[λ1λ2λ3]}_y^) Φ^{[E s]}_{[λ1λ2λ3]}(x, y) = 0. (3.1.56)

Here Φ^{[E s]}_{[λ1λ2λ3]}(x, y) is a field transforming in the irreducible representation [E s] of SO(3, 2) and [λ_1λ_2λ_3] of SO(7)^3, and depends both on the coordinates x of anti–de Sitter space and on the coordinates y of G/H. Notice that Φ has SO (7) indices because, as I explained, a generic field on G/H is in an irreducible representation of SO (7). 2^{[E s]}x is the kinetic operator for a field of energy and spin [E s] on AdS_4, and is well known from AdS_4 theory

3[λ_1λ_2λ_3] are the Dynkin labels of the SO (7) UIR (SO (7) has rank three).

(see chapter 2).^{[λ1λ2λ3]}y is the kinetic operator for a field of spin [λ_1λ_2λ_3] on the seven dimensional G/H. The operators^{[λ1λ2λ3]}y are built with the SO (7)–covariant derivative D^{SO(7)}, the Killing metric on G/H, and, for spinor fields, the gamma matrices τ_a. They all have the property of the SO (7)–covariant derivative to be invariant operators, namely, to commute with the H–invariant Lie derivative: [_{[λ1λ2λ3]} y , L_{KA} ] = 0. (3.1.57)

As I explain in section 3.3, we can expand the field Φ in a complete set of eigenfunctions of_y, the G/H harmonics:

Φ (x, y) = ∑ H (y) ϕ (x) (3.1.58) yH (y) = MH (y) . (3.1.59)

The differential equation (3.1.56) becomes

(2x + M) ϕ (x) = 0 (3.1.60)

which is an equation for a four dimensional supergravity field on AdS_4.

Then the eleven dimensional supergravity linearized around the Freund Rubin solution looks like the N –extended four dimensional supergravity on AdS_4.

The explicit expression of the expansion (3.1.59) of the fields (3.1.55) is h_{mn} (x, y) = ( h^I_{mn} (x) − 3 M_{(0)}3 + 32 D_{(m}D_{n)} [ (2 + √ M_{(0)}3 + 36 )S^I (x) +

+(2 − √ M_{(0)}3 + 36 )Σ^I (x) ] +^5_4 δ_{mn} [ (6 − √ M_{(0)}3 + 36 )S^I (x) +

+(6 + √ M_{(0)}3 + 36 )Σ^I (x) ] ) Y^I (y) , h_{ma} (x, y) = [( √ M_{(1)(0)}2 + 16 − 4)A^I_m (x) + ( √ M_{(1)(0)}2 + 16 + 4)W^I_m (x) ] Y^I_a (y) , h_{ab} (x, y) = ϕ^I (x) Y^I_{(ab)} (y) − δ_{ab} [ (6 − √ M_{(0)}3 + 36)S^I (x) +

+(6 + √ M_{(0)}3 + 36)Σ^I (x) ] Y^I (y) , a_{mnr} (x, y) = 2 ε_{mnrp} D_p(S^I (x) + Σ^I (x))Y^I (y) ,

a_{mna} (x, y) =^2_3 ε_{mnrs} (D_rA^I_s (x) + D_rW^I_s (x)) Y^I_a (y) , a_{mab} (x, y) = Z^I_m (x) Y^I_{[ab]} (y) , a_{abc} (x, y) = π^I (x) Y^I_{[abc]} (y) ,

ψ_m (x, y) = ( χ^I_m (x) + 4 7 M_{(1/2)}3 + 8 M_{(1/2)}3 + 8

[D_mλ^I_L (x) ]_{3/2} −

+(6 +^3_7 M_{(1/2)}3)γ_5γ_mλ^I_L (x) ) Ξ^I (y) ,

ψ_a = λ^I_T (x) Ξ^I_a (y) + λ^I_L (x) [∇_aΞ^I (y) ]_{3/2} . (3.1.61)

The conventions for the names of the harmonics H^I and their eigenvalues are the following:

SO (7) UIR Harmonic H Eigenvalue M_{[λ1,λ2,λ3]} [0, 0, 0] Y M_{(0)}3 [1, 0, 0] Y_a, D^aY_a = 0 M_{(1)(0)}2 [1, 1, 0] Y_{[ab]}, D^aY_{[ab]} = 0 M_{(1)}2_{(0)} [1, 1, 1] Y_{[abc]}, D^aY_{[abc]} = 0 M_{(1)}3 [2, 0, 0] Y_{(ab)}, η^{ab}Y_{(ab)} = D^aY_{(ab)} = 0 M_{(2)(0)}2 [_1 2 ,^1_2 ,^1_2 ] Ξ M(_{12} )3 [_3 2 ,^1_2 ,^1_2 ] Ξ_a, τ^aΞ_a = D^aΞ_a = 0 M(_{32} )(_{12} )2

(3.1.62)

I explain in section 3.3 how are defined the harmonics and why in the expansion (3.1.61) they have an index I, running in an UIR of G.

To each of these SO (7) UIRs does correspond an invariant operator on G/H arising from linearization of the eleven dimensional supergravity equations. They are the following (we call D ≡ D^{SO(7)}):

• 0–form Hodge de Rahm operator (the Laplacian)

[0,0,0]

y Y ≡ D^aD_aY = M_{(0)}3 Y. (3.1.63)

• 1–form Hodge de Rahm operator

[1,0,0]

y Y^a = ( D^aD_a + 24e^2 ) Y^a = M_{(1)(0)}2 Y^a. (3.1.64)

• 2–form Hodge de Rahm operator

[1,1,0]

y Y^{[ab]} = ( D^aD_a + 48e^2 ) Y^{[ab]} + −4R^{[a b]}_{[c d]}Y^{[cd]} = M_{(1)}2_{(0)}Y^{[ab]}. (3.1.65)

• 3–form first order operator

[1,1,1] y Y^{[abc]} = 1 24 ϵ^{abcd}_{efg}D_dY^{efg} = = M_{(1)}3 Y^{[abc]}. (3.1.66)

• Lichnerowicz operator

[2,0,0]

y Y^{(ab)} = D^cD_cY^{(ab)} + 4R^{a b}_{c d}Y^{(cd)} + +2R^a_cY^{(bc)} + 2R^b_cY^{(ac)} = M_{(2)(0)}2 Y^{(ab)}. (3.1.67)

• Dirac operator_{[1/2,1/2,1/2]} y Ξ = (τ^aD_a − 7e) Ξ = M_{(1/2)}3 Ξ. (3.1.68)

• Rarita Schwinger operator [3/2,1/2,1/2] y Ξ_a = (τ^aD_a − 5e) Ξ_a = M_{(3/2)(1/2)}2 Ξ. (3.1.69)

The AdS_4 fields appearing in the expansion (3.1.61) are the following:

• one spin 2 field h_{mn} (x), arising from the expansion of the eleven dimensional graviton along the AdS_4 directions;

• two spin 1 fields, A_m (x) , W_m (x), arising from the expansions of the components h_{ma} (x, y) of the eleven dimensional graviton, and from the components a_{mna} of the three form; as the massless graviton gauges the symmetries in eleven dimensional supergravity, the massless vectors A_m gauge the isometry G;

• one spin 1 field Z_m (x), arising from the expansion of the components a_{mab} of the eleven dimensional three form; in the (3.1.61) it is the coefficient of a two form G/H harmonic Y_{[ab]}; there is one massless Z_m field for each harmonic two form Y_{[ab]} on G/H, then the massless Z_m are counted by the second Betti number b_2 of G/H;

• two scalar fields S (x) , Σ (x), arising from the expansion of the graviton and of the components a_{mnr} of the three form;

• one scalar field ϕ (x), arising from the expansion of the graviton along the G/H directions;

• one pseudo–scalar field π (x) arising from the expansion of the components a_{abc} of the three form;

• two spinor fields λ_L (x) , λ_T (x) arising from the expansion of the eleven dimensional gravitino;

• one gravitino field χ_m arising from the expansion of the eleven dimensional gravitino along the AdS_4 directions.

Substituting the harmonic expansion (3.1.61) of the eleven dimensional fields and the (3.1.63),. . .,(3.1.69) eigenvalue equations into the linearized equation of supergravity (3.1.56), one finds equations for the AdS_4 fields with masses given by the G/H harmonic eigenvalues M_{(0)}3 , . . . , M_{(3/2)(1/2)}2 . One finds [20]:

m^2_h = M_{(0)}3 ,

m^2_Σ = M_{(0)}3 + 176 + 24 √ M_{(0)}3 + 36 ,

m^2_S = M_{(0)}3 + 176 − 24 √ M_{(0)}3 + 36 ,

m^2_ϕ = M_{(2)(0)}2 ,

m^2_π = 16 ( M_{(1)}3 − 2 ) ( M_{(1)}3 − 1 ) , m^2_W = M_{(1)(0)}2 + 48 + 12 √ M_{(1)(0)}2 + 16 ,

m^2_A = M_{(1)(0)}2 + 48 − 12 √ M_{(1)(0)}2 + 16 , m^2_Z = M_{(1)}2_{(0)} , m_{λL} = − ( M(_{12} )3 + 16 ) , m_{λT} = M(_{32} )(_{12} )2 + 8 ,

m_χ = M(_{12} )3 . (3.1.70)

I remind that the masses of AdS_4 fields are related to their energies by the (2.2.14).

Summarizing, if we want to find the mass spectrum of a four dimensional supergravity obtained by Freund Rubin compactification with a coset manifold G/H, we have to determine the spectrum of the invariant operators (3.1.63),. . .,(3.1.69) on the coset manifold; from this, by the mass formula (3.1.70), we can find all the masses of the AdS_4 fields in the supergravity. Looking at the expansion (3.1.61), we see that:

• for each eigenvalue of the zero–form harmonic Y (y) there are one graviton field h_{mn} (x), one scalar field S (x) and one scalar field Σ (x);

• for each eigenvalue of the one–form harmonic Y^a (y) there are one vector field A_m (x) and one vector field W_m (x);

• for each eigenvalue of the two–form harmonic Y^{[ab]} (y) there is one vector field Z_m (x);

• for each eigenvalue of the three–form harmonic Y^{[abc]} (y) there is one pseudo–scalar field π (x);

• for each eigenvalue of the harmonic Y^{(ab)} (y) there is one scalar field ϕ (x);

• for each eigenvalue of the spinor harmonic Ξ (y) there is one spinor field λ_L (x) (called the longitudinal spinor field) and one gravitino field χ_m (x);

• for each eigenvalue of the spinor–vector harmonic Ξ_a (y) there is one spinor field λ_T (x) (called the transverse spinor field).

3.1.4 Supersymmetric mass relations

A useful tool for deriving the mass spectrum of a Freund Rubin supergravity are the supersymmetric mass relations [22], [37]. The key point is that it is possible to build G/H harmonics eigenfunctions of invariant operators by means of other G/H harmonics eigenfunctions of other invariant operators. The eigenvalues of these harmonics are related, and then for each eigenvalue of the latter invariant operator there is one eigenvalue of the former, given by relations which can be worked out. Then, using the (3.1.70), one can translate these relations between G/H–harmonics eigenvalues into relations between AdS_4 fields masses.

These relations can be understood from a different point of view. The different fields of N –extended AdS_4 supergravity are related by supersymmetry transformations. While in Poincarè supersymmetry the fields in a same supermultiplet have the same mass, in AdS_4 supersymmetry it is not so (see chapter 2); however, the masses of the fields in a same supermultiplet are related. These relations are precisely the ones which can be found with the method above explained.

I do not review here the explicit calculations [22] which give the mass relations, I give only the result:

m^2_h = m_χ(m_χ + 12) , m^2_A = m_χ(m_χ + 4) if m_χ ≥ −8 , m^2_A = m^2_χ + 2m_χ + 192 if m_χ ≤ −8 , m^2_W = m^2_χ + 2m_χ + 192 if m_χ ≥ −8 , m^2_W = m_χ(m_χ + 4) if m_χ ≤ −8 , m^2_Z = (m_χ + 8)(m_χ + 4) , (3.1.71)

m^2_π = m_{λT} (m_{λT} + 4) , m^2_ϕ = m_{λT} (m_{λT} − 4) , m^2_A = m^2_{λT} − 20 m_{λT} + 96 if m_{λT} ≥ 4 , m^2_A = m_{λT} (m_{λT} + 4) if m_{λT} < 4 , m^2_W = m_{λT} (m_{λT} + 4) if m_{λT} ≥ 4 , m^2_W = m^2_{λT} − 20 m_{λT} + 96 if m_{λT} < 4 , m^2_Z = m_{λT} (m_{λT} − 4) , (3.1.72)

m^2_π = m_{λL} (m_{λL} + 4) , m^2_S = (m_{λL} + 24) (m_{λL} + 20) if m_{λL} < −10 , m^2_S = m_{λL}(m_{λL} − 4) if m_{λL} ≥ −10 , m^2_Σ = m_{λL}(m_{λL} − 4) if m_{λL} < −10 , m^2_Σ = (m_{λL} + 24) (m_{λL} + 20) if m_{λL} ≥ −10 , m^2_A = m^2_{λL} − 2 m_{λL} + 192 if m_{λL} < −8 , m^2_A = m_{λL} (m_{λL} + 4) if m_{λL} ≥ −8 , m^2_W = m_{λL} (m_{λL} + 4) if m_{λL} < −8 , m^2_W = m^2_{λL} − 2 m_{λL} + 192 if m_{λL} ≥ −8 . (3.1.73) These supersymmetry relations are pictorially represented in Figure 3.1.

3.2 The M^{111}, Q^{111} and N^{010} spaces

Here and afterwards we set κ = 1, e = 1 (3.2.1) which means R_{AdS4} = 1/4, in order to have dimensionless quantities.

3.2.1 M^{111}

Definitions The M^{pqr} spaces are seven dimensional coset manifolds M^{pqr} = G H = SU (3) × SU (2) × U (1) SU (2) × U (1) × U (1)

, (3.2.2)

ŒÆØø^2_h^œ ŒÆØø^{32}_χ^{�`}@_{@R}

   ŒÆØø^{1−}_Z
   ŒÆØø^{1+}_{A, W}

-

- � � � �ŒÆØø^{12}_{λT}

ŒÆØø^{12}_{λL}

- @@ @@R � �` -

ŒÆØø^{0+ ϕ}
ŒÆØø^{0− π}
ŒÆØø^{0+ S, Σ}

Figure 3.1: Supersymmetry relations between the Kaluza Klein fields: for every couple of fields linked by an arrow there is a mass relation descending by supersymmetry.

where the embedding of H in G is defined as I will explain in the following. They were introduced by E.Witten in the beginning of the eighties [6], with the hope that the four dimensional theory arising from compactification on such a manifold, having as symmetry group SU (3) × SU (2) × U (1), could at the end describe standard model physics. Then in [7] the differential geometry of this manifold has been studied, and it has been shown that for every M^{pqr} space an Einstein metric can be defined on it and then there exists a corresponding Freund Rubin solution of eleven dimensional supergravity, and that this solution preserves N = 2 supersymmetry if and only if p = q, namely, for the M^{ppr} spaces. Other considerations on these manifolds have been given in [46] and, recently, in [16].

Unfortunately, this was not the right way to obtain the standard model, because chiral fermions cannot arise from these compactifications, and because the anti–de Sitter radius would be unphysical^4. However, these compactifications acquire a new meaning in the context of AdS/CF T correspondence.

The M^{pqr} spaces can be defined as coset manifolds of the form (3.2.2) where SU (2) ⊂ H is embedded in SU (3) ⊂ G, and this embedding is such that the fundamental representation of SU (3) decomposes under SU (2) ⊂ SU (3) as

3 −→ 2 ⊕ 1. (3.2.3)

The (3.2.3) defines univocally the embedding of SU (2) in SU (3) (modulo isomorphisms); the embedding of the two U (1) factors is encoded in the three numbers p, q, r. To define exactly how these numbers determine the embedding of U (1) × U (1), we give an explicit representation of the group G, by the following 6 × 6 block–diagonal matrices:

G ∋ g = SU (3) 0 0

0 SU (2) 0 0 0 U (1) , 3 _2 _1 (3.2.4)

4it is related to the coupling constant of the gauge symmetry G by e ∼ l_p/R_{AdS} , then if G is the standard model group e ∼ 1 and R_{AdS} ∼ 10^{−33}cm!

where the diagonal blocks contain the fundamental representations of SU(3), SU(2) and U(1) respectively. The whole set of generators of G is given by:

T_Λ ≡

(_1 2 iλ_1, . . . ,^1_2 iλ_8,^1_2 iσ_1, . . . ,^1_2 iσ_3, iY ) , (3.2.5)

where λ_i stands for the i-th Gell-Mann matrix (see appendix A) trivially extended to a 6 × 6 matrix: λ_i −→ λ_i 0 0 0 0 0 0 0 0

. (3.2.6)

Similarly σ_m denotes the following extension of the Pauli matrices:

σ_m −→ 0 0 0 0 σ_i 0 0 0 0

, (3.2.7)

and Y is given by^5: Y = 0 0 0 0 0 0 0 0 1

. (3.2.9)

With these conventions, the SU (2) ⊂ SU (3) satisfying the (3.2.3) is generated by λ_1, λ_2, λ_3. The remaining two U (1) factors in H, whose generators we call Z^′, Z^{′′}, are linear combinations of the three U (1) factors in G orthogonal to SU (2):

λ_8, σ_3, Y. (3.2.10)

What is relevant is the space generated by Z^′, Z^{′′}, not Z^′, Z^{′′} themselves; this space is defined giving the combination of the three generators (3.2.10) orthogonal to Z^′, Z^{′′}: Z ≡ pi √ 3 2 λ_8 + qi 1 2 σ_3 + riY. (3.2.11)

Then, a basis for the two abelian generators of H is given by

Z^′ = √ 3iλ_8 + iσ_3 − 4iY , (3.2.12) Z^{′′} = −^{√3}_2 iλ_8 +^3_2 iσ_3 , (3.2.13)

which are orthogonal among themselves and with Z:^6

T r(ZZ^′) = T r(ZZ^{′′}) = T r(Z^′Z^{′′}) = 0 . (3.2.14)

Summarizing, the orthogonal decomposition of the algebra G

G = IH ⊕ IK, (3.2.15)

5The normalizations of these generators are chosen to follow the literature [7], [37], [14]. They are normalized so that Tr (T_ΛT_Λ0 ) = − 1 2 δ_{ΛΛ}0, (3.2.8)

with the exception Tr (Y Y ) = −1. They are all orthogonal.

6But have different norms: for example, when p = q = r = 1 Tr (ZZ) = −3, Tr (Z^′Z^′) = −24, Tr (Z^{′′}Z^{′′}) = −6.

is given by: G SU (3) : λ_1, . . . , λ_8 SU (2) : σ_1, σ_2, σ_3 U (1) : Y H SU (2) : λ_ṁ ṁ = 1, 2, 3 U (1) : Z^′ U (1) : Z^{′′} K λ_A A = 4, 5, 6, 7 σ_m m = 1, 2 Z (3.2.16) where Z ≡ pi √ 3 2 λ_8 + qi 1 2 σ_3 + riY, (3.2.17)

Z^′, Z^{′′} ⊥ Z. (3.2.18) In this way, the embedding of H in G depends on the choice of the numbers p, q, r.

The generator Z ∈ IK, with these conventions, is

Z = 1 2 i p 0 0 0 0 0 0 p 0 0 0 0 0 0 −2p 0 0 0 0 0 0 q 0 0 0 0 0 0 −q 0 0 0 0 0 0 2r

. (3.2.19)

In order for Z to be the generator of a compact U (1), p, q, r have to be rational; in fact only in this case the application

ϕ ∈ I ⊂ IR −→ e^{iZϕ} (3.2.20)

has a compact image. Since Z is defined up to a multiplicative constant (equivalent to a rescaling of ϕ), we can take p, q, r as integer numbers.

Differential geometry and supersymmetry An explicit parametrization of the coset G/H is given by the seven coordinates (y^A, y^m, y^3):

L(y^A, y^m, y^3) = exp(^1_2 iλ_Ay^A) exp(^1_2 iσ_my^m) exp(Zy^3) . (3.2.21) Actually, it is not important that the parametrization is this one: the harmonic analysis formalism does not depend on the coordinate choice.

From the coset representative we can construct the left-invariant one-forms on G/H as: Ω(y) = L^{−1}(y)dL(y) = Ω^Λ(y)T_Λ , (3.2.22) which satisfies the Maurer-Cartan equations

dΩ^Λ +^1_2 C^Λ_{ΣΠ}Ω^Σ ∧ Ω^Π = 0 (3.2.23)

with the structure constants of G:

[T_Σ, T_Π] = C^Λ_{ΣΠ}T_Λ . (3.2.24)

The one-forms Ω^Λ can be separated into a set {Ω^i} corresponding to the generators of the subalgebra IH and a set {Ω^a} corresponding to the coset generators. These latter can be identified with the SU(3) × SU(2) × U(1) invariant seven-vielbein on G/H:

B^a ≡ (B^A, B^m, B^3), B^A =^1_a Ω^A, B^m =^1_b Ω^m, B^3 =^1_c ( √ 3Ω^8 + Ω^3 + 2Ω^Y ) =^{12}_c Ω^Z,

(3.2.25)

where the multiplicative coefficients define the more general rescaling preserving the G– isometry. The invariant forms Ω^i are:

Ω^ṁ, Ω^{Z′} =^1_{24} ( √ 3Ω^8 + Ω^3 − 4Ω^Y ), Ω^{Z′′} =^1_{12} (3Ω^3 − √ 3Ω^8).

(3.2.26)

The spin-connection B^a_b is determined from the vielbein B^a by imposing vanishing torsion:

dB^a − B^a_b ∧ B^b = 0, (3.2.27) B^{mn} = ϵ^{mn} ( Ω^3 −^{qb2}_{2c} B^3 ) , B^{3m} = −^{qb2}_{2c} ϵ^{mn}B_n, B^{mA} = 0, B^{3A} = −^{√3}_2^{pa2}_c f^{8AB}B_B, B^{AB} = f^{ṁAB}Ω_ṁ + f^{8AB}Ω_8 −^{√3}_2^{pa2}_c f^{8AB}B^3.

(3.2.28)

Working out the Ricci tensor one finds [7] that for each value of the parameters (p, q, r) there is one and only one value of the rescalings a, b, c such that

R^a_b = 12δ^a_b . (3.2.29)

Working out the Weyl holonomy algebra of the M^{pqr} manifolds so rescaled, one finds [7] that if p ≠ q, G_{hol} = SO (7) and then N = 0; if p = q, G_{hol} = SU (3), then N_{MAX} = 2, and substituting the null eigenspinors in the (3.1.39) one finds that actually N = 2. So the only supersymmetric M^{pqr} manifolds are the M^{ppr}, and have N = 2 supersymmetry.

Notice that, as we have seen, since the spaces M^{ppr} preserve N = 2 supersymmetries, their isometry group must have the form G = G^′ × SO (2). In fact this is the case, being G = SU (3) × SU (2) × U (1), U (1) ≃ SO (2), so

G^′ = SU (3) × SU (2) . (3.2.30) p, r in M^{ppr} Let us understand what implies the choice of p, r in the M^{ppr} manifolds. The simplest of the M^{ppr} manifolds is M^{110}. In this case Z^{′′} ⊥ Y , so we can take Z^′ ∝ Y , and the U (1) factor in G decouple

M^{110} = SU (3) × SU (2) SU (2) × U (1) = SU (3) SU (2) × SU (2) U (1)

. (3.2.31)

It can be shown that SU (3) /SU (2) = S^5, and SU (2) = S^3 (locally), so

M^{110} =

S^5 × S^3 U (1)

. (3.2.32)

The U (1) in the denominator is Z^{′′} = − i 2 (√ 3λ_8 − 3σ_3 ) = − i 2 diag (1, 1, −2, −3, 3, 0) , (3.2.33)

so the ratio of the periods of the U (1) actions on SU (3) /SU (2) and on SU (2) is 3/2. This manifold is simply connected (see chapter 4).

If r ≠ 0, we can define r^′ = r/p, and the manifold is

M^{ppr} = M^{11r′} =

M^{110} × U (1) U (1)

(3.2.34)

where the U (1) factor in the numerator is Y , and the U (1) factor in the denominator is (throwing away the global p^2 multiplicative factor)

Z^′ = r^′i (√ 3λ_8 + σ_3 ) − 4iY = r^′i diag (1, 1, −2, 1, −1, −4/r^′ ) . (3.2.35)

Namely, the manifold M^{ppr} is the product of M^{110} with a new one dimensional manifold generated by Y , all quotiented by an identification relation generated by Z^′. So points of M^{110} are identified, but are distinguished by the new coordinate. This yields a manifold which sometimes coincide with M^{110}, but in general is M^{ppr} = M^{110} ZZ_l

. (3.2.36)

In fact points of M^{110} which differ by integer powers of

diag ( e^{i π2 r′} , e^{i π2 r′} , e^{−iπr′} , e^{i π2 r′} , e^{−i π2 r′} , 1 ) (3.2.37)

are identified. But these points, different in^{SU (3)}_{SU (2)} × SU (2), could be the same point of M^{110}, namely, they could be already identified in M^{110} by Z^{′′} (3.2.33). If we can find a value of ϕ such that exp (iϕZ^{′′}) is equal to the (3.2.37), then M^{ppr} = M^{110}. A trivial calculation shows that it always happens if r^′ is integer, while if r^′ = m/n (relative primes) there are n points identified. In conclusion, taking p and r relative primes^7, M^{ppr} = M^{110} ZZ_p

. (3.2.38)

7In [46], [37] part of this discussion has been worked out, without taking into account the identification [16] here discussed.

I will consider the simplest M^{ppr} manifold, namely, the simply connected one; as we have shown, all the manifolds M^{11r} with r ≥ 0 integer coincide; I call this manifold M^{111}. A more detailed geometrical and topological analysis of the M^{111} space is done in the next chapter; a result of this treatment useful in the interpretation of the harmonic analysis results is the following: the second Betti number of M^{111} is b_2 = 1, namely, the manifold admits a family of homotopic non–trivial two–cycles (and a family of non–trivial two–forms).

For M^{111} with Einstein metric, taking e = 1, the rescaled vielbein is^8

B^a ≡ (B^A, B^m, B^3), B^A =^{√3}_8 Ω^A, B^m =^{√2}_8 Ω^m, B^3 =^1_8 ( √ 3Ω^8 + Ω^3 + 2Ω^Y ) =^3_4 Ω^Z ,

(3.2.39)

and the spin connection is

B^{mn} = ϵ^{mn} (Ω^3 − 2B^3) , B^{3m} = −2ϵ^{mn}B_n, B^{mA} = 0, B^{3A} = −^{4√}_3 f^{8AB}B_B, B^{AB} = f^{ṁAB}Ω_ṁ + f^{8AB}Ω_8 −^{4√}_3 f^{8AB}B^3.

(3.2.40)

3.2.2 Q^{111}

The Q^{pqr} spaces, found in the eighties [60], are the following coset manifolds: Q^{pqr} = G H = SU (2) × SU (2) × SU (2) U (1) × U (1)

(3.2.41)

where the embedding of the two U (1) is the following; if we take

σ^{(1)}_i , σ^{(2)}_i , σ^{(3)}_i (3.2.42)

as the generators of the three SU (2) factors in G, the maximal torus U (1)×U (1)×U (1) ⊂ G is generated by σ^{(1)}_3 , σ^{(2)}_3 , σ^{(3)}_3 ; (3.2.43) the generators of H = U (1) × U (1), which we call Z^′, Z^{′′}, are the combinations of the generators (3.2.43) orthogonal to Z ≡ i 2 pσ^{(1)}_3 + i 2 qσ^{(2)}_3 + i 2 rσ^{(3)}_3 . (3.2.44)

So the embedding of H in G is completely defined by the three numbers p, q, r. In order for Z to be the generator of a compact U (1), p, q, r have to be rational numbers (as in

8here the relation Ω^Z =^1_6 (√ 3Ω^8 + Ω^3 + 2Ω^Y ) has been found in the following way:

Ω = Ω^3T_3 + Ω^8T_8 + Ω^Y T_Y + . . . = Ω^ZZ + . . . , Z = √ 3T_8 + T_3 + T_Y , Tr (ZΩ) = −1/2 (√ 3Ω^8 + Ω^3 + 2Ω^Y ) = −3Ω^Z .

the M^{pqr} case), and we can take them integers and relative primes by rescaling Z by a multiplicative constant.

By studying the rescaling of the invariant vielbein, one finds that for each value of p, q, r there is one and only one rescaling such that

R^a_b = 12δ^a_b . (3.2.45)

By studying the Weyl holonomy, one finds that if (p, q, r) ≠ (p, p, p) the Weyl holonomy is SO (7) and so N = 0. If on the contrary p = q = r, G_{hol} = SU (3), so N_{MAX} = 2, and substituting in the (3.1.39) one finds that actually in this case N = 2. I will consider then the manifold Q^{111}, with the vielbein rescaled such that (3.2.45) is satisfied.

In general, the isometry of a coset manifold G/H is not G, but is G × ( N (H) H ) /U(1)^l (3.2.46)

where N (H) is the normalizer of H in G, and U(1)^l are the explicit U(1) factors common in G and N(H)/H . This because the generators of N (H) not present in H generate transformations whose right action leave invariant the G–left invariant metric; the explicit U(1) factors commute with G, then their right action coincide with their left action, and they are not new symmetries. In the case of M^{111}, (N (H) /H) /U(1)^l = {0}, but in the case of Q^{111} it is U (1). This is the reason for the apparent contradiction between the N = 2 supersymmetry of Q^{111} and the lack of an explicit SO (2) factor in G = SU (2) × SU (2) × SU (2). However, it is possible to describe the Q^{111} manifold by taking into account the normalizer from the start, in a form that exhibits explicitly the complete isometry in G:

Q^{111} =

SU (2) × SU (2) × SU (2) × U (1) U (1) × U (1) × U (1)

, (3.2.47)

where the U (1)^4 ⊂ G is generated by

σ^{(1)}_3 , σ^{(2)}_3 , σ^{(3)}_3 , Y, (3.2.48)

and H is generated by Z^′, Z^{′′}, Z^{′′′} orthogonal to Z = − i 2 √ 3 ( σ^{(1)}_3 + σ^{(2)}_3 + σ^{(3)}_3 ) + i √ 3 Y. (3.2.49)

This form, the one with the SO (2) R–symmetry manifest, is the one which is convenient to use in harmonic analysis, because, as I explain in the next section, only in this way we get a spectrum of fields with well defined R–charge, ready to be organized in supermultiplets.

3.2.3 N^{010}

The N^{pqr} spaces, found in the eighties [46] (see also [59]), are the following coset manifolds: N^{pqr} = G H = SU (3) × U (1) U (1) × U (1)

(3.2.50) where the embedding of the two U (1) is the following; if we take the Gell Mann matrices (see appendix A) as the generators of SU (3) and call Y the generator of the additional U (1) factor in G, the generators of H = U (1) × U (1) are M = − √ 2 RQ (_i 2 rp √ 3λ_8 +^i_2 rqλ_3 −^i_2 (3p^2 + q^2)Y ) , N = − 1 Q ( −^i_2 qλ_8 +^i_2 p √ 3λ_3 ) , (3.2.51)

with R = √ 3p^2 + q^2 + 2r^2 , Q = √ 3p^2 + q^2 . (3.2.52)

Z, M, N are orthonormalized to −1/2. So the embedding of H in G is completely defined by the three numbers p, q, r. In order for Z to be the generator of a compact U (1), p, q, r have to be rational, and as usual we can take them integers relative primes. As for the M^{pqr} spaces, the local geometry depends only from the ratio x = 3p/q, while its multiple connectivity depends on r.

One can find that for each p, q, r there are two different rescalings of the invariant vielbein such that R^a_b = 12δ^a_b , (3.2.53)

coincident only if x = 1. We can call the corresponding Einstein manifolds N^{pqr}_I and N^{pqr}_{II} . Studying the holonomy and the Killing spinor equation, one finds that:

• the Weyl holonomy of the N^{pqr}_I spaces with p ≠ 0 is G_2; they have then N_{MAX} = 1, and actually they have N = 1;

• the Weyl holonomy of the N^{0qr}_I spaces is SU (2), so they have N_{MAX} = 4; nevertheless, not all of the solutions of the integrability condition (3.1.49) are actually Killing spinors, namely, solutions of the (3.1.39): the space N^{010}_I admits N = 3 Killing spinors, the other N^{0qr}_I spaces admit N = 1 Killing spinor;

• the Weyl holonomy of the N^{pqr}_{II} spaces is G_2, so N_{MAX} = 1, and they have all N = 1.

In the following, I will consider among these only the space N^{010}_I (and omit the subscript I), which is the only Freund Rubin compactification admitting N = 3 supersymmetries.

In the manifold N^{010} the generators are Z = − i 2 λ_3 M = i √ 2 Y N = i 2 λ_8 (3.2.54)

so the U (1) decouples and we have

N^{010} = SU (3) U (1)

(3.2.55) where the U (1) generator is^i_2 λ_8. The normalizer of λ_8 in SU (3) is SU (2) (generated by λ_1, λ_2, λ_3 ∈ IK), so the isometry of this manifold is

SU (3) × SU (2) (3.2.56)

as foreseen by the fact that it has N = 3 supersymmetry, and SO (3) ≃ SU (2). The G^′ group is then SU (3).

It has been shown in [46] that this manifold can be realized in a way that makes manifest the all SU (3) × SU (2) isometry, as

N^{010} = SU (3) × SU (2) SU (2) × U (1)

(3.2.57)

where the U (1) ⊂ H is generated by

T^H_8 = i 2 λ_8, (3.2.58)

and the SU (2) ⊂ H is diagonally embedded into the two SU (2) in G, namely, taking the Pauli matrices as generators of the SU (2) factor in G,

T^H_i = i 2 (λ_i + σ_i) i = 1, 2, 3. (3.2.59)

We call this SU (2) ⊂ H SU (2)^{diag}. The generators of the subspace IK in the orthogonal decompositions G = IH ⊕ IK are

T_a = i 2 (λ_1 − σ_1, λ_2 − σ_2, λ_3 − σ_3, λ_4, λ_5, λ_6, λ_7) . (3.2.60)

This form, the one with the SO (N ) R–symmetry manifest, is the one appropriate for the harmonic analysis.

3.3 Harmonic analysis and mass spectra of Freund Rubin supergravities

Here I review the general theory of harmonic analysis on coset spaces, and its application for the derivation of mass spectra of Freund Rubin G/H supergravities. For a more detailed treatment of this subject see [19], [21], [22], [8], [37].

3.3.1 Harmonics on coset spaces

Let us consider as a first step a group manifold G. A complete functional basis on G is given by the matrix elements of the G UIRs: any function

Φ (g) g ∈ G (3.3.1)

can be expanded as

Φ (g) = ∑ (μ) dim(μ)∑

m,n=1 c^{(μ)}_{mn}D^{(μ)}_{mn} (g) (3.3.2) where (μ) are the UIRs of G, m, n run in these representations, and D are the elements of these representations. In fact, the D^{(μ)}mn (g) satisfy the orthogonality and completeness relations (see [61], p.172) ∫ G dgD^{(μ)}_{mn} (g) D^{(ν)}_{sr} ( g^{−1} ) = vol (G) vol (μ) δ_{mr}δ_{ns}δ^{(μ)(ν)} ∑ (μ) D^{(μ)}_{mn}(g)D^{(μ)}_{nm}(g^{′−1})dim (μ) = δ (g − g^′) vol (G) . (3.3.3)

If Φ (g) transforms in an irreducible representation (μ) of G, for example under left multiplication, namely Φ^{(μ)}_m (g^′g) = D^{(μ)}_{mn} (g^′) Φ^{(μ)}_n (g) , (3.3.4) then only a subset of the complete functional basis is present, the D’s that transform in the same way, that is, D^{(μ)}_{mn} μ, m fixed. (3.3.5) So in this case the expansion is shorter:

Φ^{(μ)}_m (g) = ∑ n c^{(μ)}_n D^{(μ)}_{mn} (g) . (3.3.6)

Let us now consider the functions Φ (y) on a coset manifold G/H. The matrix elements

D^{(μ)}_{mn} (L (y)) ,

with L (y) coset representative of the coset space, y coset coordinate, are a complete functional basis on G/H:

Φ (L (y)) = ∑ (μ) dim(μ)∑

m,n=1 c^{(μ)}_{mn}D^{(μ)}_{mn} (L (y)) (3.3.7)

satisfying ∫ G/H dμ(y) D^{(μ)}_{mn} (g) D^{(ν)}_{sr} ( g^{−1} ) = vol (G/H) vol (μ) δ_{mr}δ_{ns}δ^{(μ)(ν)} ∑ (μ) D^{(μ)}_{mn} (g) D^{(μ)}_{nm}(g^{′−1})dim (μ) = δ (g − g^′) vol (G/H) (3.3.8)

where dμ(y) is the invariant measure on G/H.

We are interested on functions Φ (L (y)) on which an action of H is defined, that transform in an irreducible representation (ρ) of H

h · Φ^{(ρ)}_i (L (y)) ≡ D_{ij} (h)^{(ρ)} Φ^{(ρ)}_j (L (y)) (3.3.9)

where the index i runs in (ρ). Which are the functions among the

D^{(μ)}_{mn} m, n running in (μ) of G (3.3.10)

that transform in this way? They are the functions

D^{(μ)}_{in} i running in (ρ) of H, n running in (μ) of G (3.3.11) but i has to run also in the (μ) of G, then not all the G representations (μ) are appropriate, only the (μ) that satisfy the following condition: the decomposition of (μ) with respect to H ⊂ G must contain the H irreducible representation (ρ): (μ)^H−→ · · · ⊕ (ρ) ⊕ · · · . (3.3.12) Only in this case D^{(μ)}mn decomposes in ( . . . , D^{(μ)}_{in} , D^{(μ)}_i′_n , . . . ) and the D^{(μ)}_{in} actually exists.

The functions satisfying the (3.3.11), (3.3.12) are called H−harmonics on G/H, and constitute a complete basis for the coset function Φ^{(ρ)}_i (L (y)). Its expansion is

Φ^{(ρ)}_i (L (y)) = ∑ (μ) ′ ∑ n c^{(μ)}_n D^{(μ)}_{in} (L (y)) (3.3.13)

where ∑_′ means a sum only on the representations (μ) satisfying the property (3.3.12).

Notice that the H−harmonics have both an index running in an irreducible representation of G (on the right) and an index running in an irreducible representation of H (on the left). The coefficients of the expansion c^{(μ)}_n have an index of a representation of G present in the expansion ∑_′ . 3.3.2 Differential operators on H harmonics

The H–harmonics have a very powerful property: it is possible to express the action of differential operators on them in an algebraic way. In fact, as we has seen in (3.1.34), the action of the H–covariant derivative on the inverse coset representative is D^H_a L^{−1} = −r_aT_aL^{−1} no sum on a (3.3.14) with T_a generator of the subspace IK defined by the orthogonal decomposition G = IK ⊕ IH, in the representation in which the inverse coset representative is expressed, and r_a rescaling of the vielbein. But the harmonics are the inverse coset representatives in the representation (μ):

D^{(μ)i}_n = L^{−1i}_n. (3.3.15)

More precisely, the harmonic in the (ρ, μ^t), D^{(μ)i}_n, is obtained doing the decomposition (3.3.12) of the first index of D^{(μ)m}_n = L^{−1m}_n and taking the (ρ) term. We consider the inverse coset representative because for simplicity of notation we want H to act on their left, while it acts on the right of coset representatives.

The action of (T^{(μ)}_a )^m_n on L^{−1i}_m is D^H_a ( D^i_n ) = −r_a (T_aD)^i_n = −r_a (T_a)^i_m D^m_n (3.3.16)

where (T_a)^i_m is defined as the (ρ) term in the decomposition (3.3.12) of the index n in (T_a)^n_m, namely, (T_a)^n_m = { . . . , (T_a)^i_m , . . . } . (3.3.17)

As we have seen, all the operators (3.1.63),. . .,(3.1.69) can be built with the SO (7) covariant derivative and the G/H Killing metric. Furthermore, from the (3.1.27) D^{SO(7)} = D^H + IM_aB^a (3.3.18) we can write the SO (7) covariant derivative in terms of the H covariant derivative. Then, the action of all the operators (3.1.63),. . .,(3.1.69) on the harmonics can be expressed algebraically.

3.3.3 Harmonic expansion of supergravity fields

The fluctuations of eleven dimensional supergravity fields around the Freund-Rubin solution, defined in (3.1.55), are fields on AdS_4 × G/H:

Φ^{[E s]}_{[λ1λ2λ3]â}(x, y) (3.3.19)

where â is an index in the [λ_1λ_2λ_3] representation of SO (7). We leave implicit the spacetime index in the [E s] of SO (3, 2) because we are not interested on it. We know how to expand in harmonics a field lying in an H representation, but Φ is in an SO (7) representation. However H ⊂ G, embedding defined by the (3.1.4): C^b_{ia} = − ( T^H_i )_b a = ( T^H_i )_b a , (3.3.20)

then given the generators of SO (7) in a generic representation, t^{SO(7)}_{ab} , the generators of H in that representations are

T^H_i = C^b_{ia} ( t^{SO(7)} )_a b . (3.3.21)

This defines the decomposition of the SO (7) irreducible representations [λ_1, λ_2, λ_3] in H irreducible representations. In this way we can decompose the Φ field in fragments which are in irreducible representations of H

Φ^{[E s]}_{[λ1λ2λ3]â}(x, y) = { Φ^{[E s]}_{(ρ1)i1} (x, y), . . . , Φ^{[E s]}_{(ρr )ir} (x, y) } . (3.3.22)

Each of these fragments can be expanded in H–harmonics

Φ^{[E s]}(_{ρξ})_{iξ} (x, y) = ′∑ (μ) dim(μ)∑

n=1 ξϕ^{[E s]}_{(μ)n} (x) H^{(μ)n}(_{ρξ})_{iξ} (L (y)) ξ = 1, . . . , r (3.3.23)

where we denote the harmonics H^n_i ≡ D^n_i . Here each ϕ is one of the AdS_4 fields listed in section 22, and is in a representation of G. So we have Φ^{[E s]}_{[λ1,λ2,λ3]â} (x, y) = ′∑ (μ) ∑ n { 1ϕ^{[E s]}_{(μ)n} (x) H^{(μ)n}_{(ρ1)i1} (y) , . . . ,_r ϕ^{[E s]}_{(μ)n} (x) H^{(μ)n}_{(ρ1)ir} (y) } . (3.3.24)

This is the expansion given in the (3.1.61)^9, where it was written in the simpler but less precise form Φ^{[E s]}_â (x, y) = ϕ^{[E s]}n (x) H^n_â (y).

3.3.4 The mass spectrum from harmonic analysis

In order to find the masses of the AdS_4 supergravity fields we have to solve the eigenvalue equations (3.1.63),. . .,(3.1.69), which all have the form [λ1,λ2,λ3] y H^{(μ)m}_{[λ1,λ2,λ3]â} (y) = M_{[λ1,λ2,λ3]}H^{(μ)m}_{[λ1,λ2,λ3]â} (y) . (3.3.25)

9with little notation differences: in the (3.1.61) the name of the G representation, (μ), is not explicit, and the index running in this representation is called I instead of n

These eigevalues yield the masses of the fields by the formulae (3.1.70).

Harmonic analysis allows us to find the eigenvalues of the (3.3.25) with purely algebraic calculations, without solving any differential equation, and without requiring an explicit coordinatization of the manifold. To do this, we have to write the (3.3.25), which as we have seen is a shorthand notation but not actually the exact expression, in a precise form. First of all we have to consider the decomposition under H of the given SO (7) representation [λ_1, λ_2, λ_3],

[λ_1, λ_2, λ_3]^H−→ (ρ_1) ⊕ · · · ⊕ (ρ_r) (3.3.26)

where r is the number of fragments in this decomposition. We have to keep attention on the fragments which appear more than one time in the decomposition: r is the number of H UIRs times their multiplicity.

Then, we determine which G UIRs satisfy the condition (3.3.12), namely, do contain in their H decompositions the representations present in the (3.3.26). The expansion contains only that G representations (μ). The eigenvalue equation has the form:

[λ1,λ2,λ3] y ′∑ (μ) ∑ n 1ϕ^{[E s]}_{(μ)n} (x) H^{(μ)n}_{(ρ1)i1} (y) . . rϕ^{[E s]}_{(μ)n} (x) H^{(μ)n}_{(ρr)ir} (y) = M[λ_1,λ_2,λ_3] ′∑ (μ) ∑ n 1ϕ^{[E s]}_{(μ)n} (x) H^{(μ)n}_{(ρ1)i1} (y) . . rϕ^{[E s]}_{(μ)n} (x) H^{(μ)n}_{(ρr)ir} (y) . (3.3.27) Now, we determine the action of the H covariant derivative on the fragments H^{(μ)n}_{(ρi)i} given by the (3.3.16), and by means of the (3.3.18), the action of the SO (7) covariant derivative and then of the invariant operator^{[λ1,λ2,λ3]}_y . This action, in general, sends a fragment H^{(μ)n}(_{ρξ})_{iξ} in a fragment H^{(μ)n}(_{ρξ′} )_{iξ′} with i_ξ′ running in ρ_ξ′ which is another H

representation of the decomposition (3.3.12). However, for an operator^{[λ1,λ2,λ3]}y among the (3.1.63),. . .,(3.1.69), this new fragment has to be present in the decomposition of [λ_1, λ_2, λ_3]. So, if we consider the r dimensional vector space with base vectors

e_ξ ≡ ′∑ (μ) ∑ n

0 . . 0 ξϕ^{[E s]}_{(μ)n} (x) H^{(μ)n}(_{ρξ})_{iξ} (y) 0 . . 0

, (3.3.28)

the invariant operator acts as an r × r numeric matrix on this vector space [λ1,λ2,λ3] y e_ξ = M^{ξ′}_ξ e_ξ′ . (3.3.29)

All we have to do is to construct this matrix, whose entries depend on the labels of the G UIR, and to find its eigenvalues M_{[λ1,λ2,λ3]}. The corresponding eigenvectors are the supergravity fields. Substituting these eigenvalues in the (3.1.70) we find the masses of the corresponding AdS_4 fields listed in section 22. In this way the complete spectrum of compactified supergravity can be worked out.

It is worth noting that the AdS_4 fields so found are in G representations. I remind that G = G^′ × SO (N ), and SO (N ) is the R–symmetry group of the theory. So in this way we find not only the masses of the fields with various spins (namely, their SO (3, 2) UIRs), but also their R–symmetry labels. We can then organize them in supermultiplets of N –extended supersymmetry. This is the reason we prefer coset spaces in a form which exhibits explicitly the complete isometry. All the fields in a same supermultiplet have the same G^′ labels, so each supermultiplet is in a G^′ UIR. The final result of the harmonic analysis, then, is the list of all the supermultiplets present in the theory and of their G^′ representations.

Furthermore, the mass relations (3.1.71), (3.1.72), (3.1.73) give the mass of every field in a supermultiplet in terms of the mass of some other field in the same supermultiplet. This is a very strong check against errors, because from the analysis of an SO (7) harmonics we know what we expect from other SO (7) harmonics. And this allows us to skip the more complicate operators: thanks of the constraint of supersymmetry - namely, the fields have to make supermultiplets with same G^′ labels and masses related by the mass relations (3.1.71), (3.1.72), (3.1.73) - only the harmonic analysis of a part of the operators (3.1.63),. . ., (3.1.69) is necessary. Finally, if when we start the harmonic analysis we do not know completely the structure of the multiplets, we can use the harmonic analysis itself and the mass relations to fill the blanks in our knowledge. This is what we have actually done: the derivation of the spectrum of AdS_4 × M^{111} supergravity (see next section and [14]) allowed us to complete the structure of N = 2 supermultiplets, the derivation of the spectrum of AdS_4 × N^{010} supergravity [53], [17] allowed us to complete the structure of N = 3 supermultiplets, yielding the tables given in chapter 2.

3.4 The mass spectrum of AdS_4 × M^{111} supergravity

This section is based on the work done in the collaboration [14]. However, part of the spectrum had been worked out previously [21], [8]. I start giving the result, then I explain how it has been found. The conventions relative to M^{111} space are given in appendix A.

3.4.1 Representations of G and H

Here we fix the conventions for labelling the irreducible representations of

G^′ = SU (3) × SU (2) . (3.4.1)

It has rank three, so that its irreducible representations are labeled by three integer numbers. A representation of SU (3) can be identified by a Young diagram of the following type · · · · · · , · · · M_2

M_1

while an UIR of SU (2) can be identified by a Young diagram as follows · · · . 2J

Hence we can take the nonnegative integers M_1, M_2, 2J, as the labels of a G^′ irreducible representation.

An UIR of G = SU (3) × SU (2) × U (1) will then be denoted by

[M_1.M_2, J, Y ] (3.4.2)

where Y is the charge of the U (1) factor in G, namely, the hypercharge. An UIR of H = SU (2) × U (1) × U (1) will be denoted by [ J^h, Z^′, Z^{′′} ] (3.4.3)

where Z^′, Z^{′′} are the charges of the U (1)’s generated by Z^′ and Z^{′′}, and J^h is the SU (2) spin defined as above; the superscript c distinguishes it from the label J of the SU (2) ⊂ G representation.

3.4.2 Results

Relying on the procedures explained in the following sections, we have found the following results.

Not every G^′ representation is actually present, but only those representations that satisfy the following relations

M_2 − M_1 ∈ 3 ZZ ; J ∈ IN. (3.4.4)

In the following pages, for each type of N = 2 multiplet I list the G^′ representations through which it occurs in the spectrum. I do this by writing bounds on the range of values for the M_1, M_2, 2J labels. The reader should take into account that, case by case, in addition to the specific bounds written, also the general restriction (3.4.4) has to be imposed.

Furthermore for every multiplet, I give the energy and hypercharge values E_0 and y_0 of the Clifford vacuum. From the tables 3.7, 3.8, 3.9, 3.10, 3.11, 3.12, 3.13, 3.14, 3.15 it is straightforward to get the energies and the hypercharges of all other fields in each multiplet.

As a short–hand notation let us name H_0 the following quadratic form in the representation labels:

H_0 ≡ 64 3 (M_2 + M_1 + M_2M_1) + 32J (J + 1) + 32 9 (M_2 − M_1)^2 . (3.4.5)

Up to multiplicative constants, the first two addenda M_2 + M_1 + M_2 M_1 and J(J + 1) are the Casimirs of G^′ = SU(3) × SU(2). The last addendum is contributed by the square of the hypercharge through its relation with the SU(3) representation implied by the geometry of the space.

I remind that when y_0 = 0 the multiplet is real, while when y_0 ≠ 0 it is complex, and the number of the degrees of freedom is doubled; in the latter case, I write only the multiplet with positive hypercharge (or, in few cases, negative); the one with negative (positive) hypercharge, and conjugate flavour indices (M_1, M_2, J) −→ (M_2, M_1, J), is its complex conjugate.

LONG MULTIPLETS

1. Long graviton multiplets

complex (y_0 ≠ 0) : ( 2 (2) , 8 ( 3 2 ) , 12 (1) , 8 ( 1 2 ) , 2 (0) )

real (y_0 = 0) : ( 1 (2) , 4 ( 3 2 ) , 6 (1) , 4 ( 1 2 ) , 1 (0) )

One long graviton multiplet (table 3.7) in each representation of the series { M_2 ≥ M_1 ≥ 0, J > 1 3 (M_2 − M_1) } ∪ { M_2 ≥ M_1 > 0, J = 1 3 (M_2 − M_1) } (3.4.6)

with h : E_0 = 1 2 + 1 4 √ H_0 + 36, y_0 = 2 3 (M_2 − M_1) (3.4.7)

2. Long gravitino multiplets

complex (y_0 ≠ 0) : ( 2 ( 3 2 ) , 8 (1) , 12 ( 1 2 ) , 8 (0) )

There are two different realizations of the long gravitino multiplet, χ^+ with positive mass and χ^− with negative mass.

• Four long gravitino multiplets (two χ^+ and two χ^−, table 3.8) in each representation of the series { M_2 ≥ M_1 > 0, J > 1 3 (M_2 − M_1) + 1 } ∪ { M_2 ≥ M_1 > 1, J = 1 3 (M_2 − M_1) + 1 } (3.4.8)

with

χ^+ : E_0 = −^1_2 +^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) − 1

χ^+ : E_0 = −^1_2 +^1_4 √ H_0 −^{32}_3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) + 1

χ^− : E_0 =^3_2 +^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) − 1

χ^− : E_0 =^3_2 +^1_4 √ H_0 −^{32}_3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) + 1 . (3.4.9)

• Three long gravitino multiplets (one χ^+ and two χ^−, table 3.8), in each representation of the series { M_2 ≥ M_1 = 1, J = 1 3 (M_2 − M_1) + 1 } (3.4.10)

with

χ^+ : E_0 = −^1_2 +^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) − 1

χ^− : E_0 =^3_2 +^1_4 √ H_0 −^{32}_3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) + 1

χ^− : E_0 =^3_2 +^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) − 1 .

(3.4.11)

• Two long gravitino multiplets (one χ^+ and one χ^−, table 3.8) in each representation of the series { M_2 > M_1 > 0, J = 1 3 (M_2 − M_1) } ∪ { M_2 > M_1 > 0, J = 1 3 (M_2 − M_1) − 1 } ∪ { M_2 > M_1 = 0, J ≥ 1 3 (M_2 − M_1) } (3.4.12)

with

χ^+ : E_0 = −^1_2 +^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) − 1

χ^− : E_0 =^3_2 +^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) − 1 .

(3.4.13)

• One long gravitino multiplet (a χ^−, table 3.8), in each representation of the series { M_2 > M_1 = 0, J = 1 3 (M_2 − M_1) − 1 } (3.4.14)

with

χ^− : E_0 = 3 2 + 1 4 √ H_0 + 32 3 (M_2 − M_1) + 16, y_0 = 2 3 (M_2 − M_1) −1 . (3.4.15)

3. Long vector multiplets

complex (y_0 ≠ 0) : ( 2 (1) , 8 ( 1 2 ) , 10 (0) )

real (y_0 = 0) : ( 1 (1) , 4 ( 1 2 ) , 5 (0) )

As already stressed there are different realizations of the long vector multiplet arising from different fields of the D = 11 theory. We have the W vector multiplets, the A vector multiplets, and the Z vector multiplets.

• One W long vector multiplet (table 3.9) in each representation of the series { M_2 ≥ M_1 ≥ 0, J ≥ 1 3 (M_2 − M_1) } (3.4.16)

with W : E_0 = 5 2 + 1 4 √ H_0 + 36, y_0 = 2 3 (M_2 − M_1) . (3.4.17)

• One A long vector multiplet (table 3.9) in each representation of the series { M_2 ≥ M_1 = 0, J > 1 3 (M_2 − M_1) + 1 } ∪ { M_2 ≥ M_1 = 1, J > 1 3 (M_2 − M_1) } ∪ { M_2 ≥ M_1 > 1, J ≥ 1 3 (M_2 − M_1) } (3.4.18)

with A : E_0 = − 3 2 + 1 4 √ H_0 + 36, y_0 = 2 3 (M_2 − M_1) . (3.4.19)

• One Z long vector multiplet (table 3.9) in each representation of the series { M_2 ≥ M_1 > 0, J ≥ 1 3 (M_2 − M_1) } (3.4.20)

with Z : E_0 = 1 2 + 1 4 √ H_0 + 4, y_0 = 2 3 (M_2 − M_1) . (3.4.21)

• One Z long vector multiplet (table 3.9) in each representation of the series { M_2 > M_1 + 3, J ≥ 1 3 (M_2 − M_1) − 2 } ∪ { M_1 + 3 ≥ M_2 > 1, J > − 1 3 (M_2 − M_1) + 1 } (3.4.22)

with

Z : E_0 = 1 2 + 1 4 √ H_0 + 64 3 (M_2 − M_1) − 28, y_0 = 2 3 (M_2 − M_1) − 2 . (3.4.23)

SHORT MULTIPLETS

They are always complex.

1. Short graviton multiplets ( 2 (2) , 6

(_3 2 ) , 6 (1) , 2

(_1 2 ))

• One short graviton multiplet (table 3.10) in each representation of the series { M_2 = 3k M_1 = 0 J = k k > 0 integer (3.4.24)

with E_0 = 2k + 2, y_0 = 2k . (3.4.25)

2. Short gravitino multiplets ( 2 (_3 2 ) , 6 (1) , 6

(_1 2 ) , 2 (0) ) • One short gravitino multiplet (χ^+, table 3.11) in each representation of the series { M_2 = 3k + 1 M_1 = 1 J = k + 1 k ≥ 0 integer (3.4.26)

with E_0 = 2k + 5 2 , y_0 = 2k + 1 . (3.4.27)

• One short gravitino multiplet (χ^+, table 3.11) in each representation of the series { M_2 = 3k + 3 M_1 = 0 J = k k ≥ 0 integer (3.4.28)

with E_0 = 2k + 5 2 , y_0 = 2k + 1 . (3.4.29)

3. Short vector multiplets ( 2 (1) , 6

(_1 2 ) , 6 (0) ) • One short vector multiplet (A, table 3.12), in each representation of the series { M_2 = 3k + 1 M_1 = 1 J = k k > 0 integer (3.4.30)

{ M_2 = 3k

M_1 = 0 J = k + 1 k > 0 integer (3.4.31)

with E_0 = 2k + 1, y_0 = 2k . (3.4.32)

4. Hypermultiplets ( 2 (_1 2 ) , 4 (0) ) • One hypermultiplet (table 3.13) in each representation of the series { M_2 = 3k M_1 = 0 J = k k > 0 integer (3.4.33)

E_0 = |y_0| = 2k . (3.4.34)

MASSLESS MULTIPLETS

They are always real.

1. The massless graviton multiplet (table 3.14) ( 1 (2) , 2

(_3 2 ) , 1 (1) ) in the singlet representation

M_2 = M_1 = J = 0 (3.4.35)

with E_0 = 2, y_0 = 0. (3.4.36)

In this multiplet the graviphoton is associated with the Killing vector of the R– symmetry group U (1)_R.

2. The massless vector multiplet (table 3.15) ( 1 (1) , 2

(_1 2 ) , 2 (0) ) in the adjoint representation of the G^′ group

M_2 = M_1 = 1, J = 0 (3.4.37) M_2 = M_1 = 0, J = 1 (3.4.38)

with E_0 = 1, y_0 = 0. (3.4.39)

3. An additional massless vector multiplet in the singlet representation of the gauge group M_2 = M_1 = J = 0 (3.4.40)

with the same energy and hypercharges as in (3.4.39) that arises from the three– form a_{mab} and is due to the existence of one closed cohomology two–form on the M^{111} manifold. This multiplet is named the Betti multiplet.

Summarizing, the massless spectrum, besides the supergravity multiplet contains twelve vector multiplets: so the total number of massless gauge bosons is thirteen, one of them being the graviphoton. In the low energy effective lagrangian we just couple to supergravity these twelve vector multiplets. However we expect the gauging of a thirteen– parameter group:

SU (3) × SU (2) × U(1)_R × U (1)^′ (3.4.41)

the further U (1)^′ being associated with the Betti multiplet. All Kaluza Klein states are neutral under U (1)^′ yet non perturbative states can carry U(1)^′ charges. This actually happens, as I will show in chapter 4.

3.4.3 Harmonic expansion on M^{111}

In terms of the structure constant of G, given in appendix A, we find that the embedding of the algebra IH into the adjoint representation of SO(7) is

(T_H)^a_b = C^a_{Hb} ,

(T_Z′ )^a_b = 2 √ 3f^{8AB} 0 0 0 2ϵ^{mn} 0 0 0 0

, (3.4.42)

(T_Z′′ )^a_b = − √ 3f^{8AB} 0 0 0 3ϵ^{mn} 0 0 0 0

, (3.4.43)

(T_ṁ)^a_b = f^{ṁAB} 0 0

0 0 0 0 0 0

. (3.4.44)

This means that the SO(7)-indices of the various n-forms can be split in the following subsets, each one transforming into an irreducible representation of H:

Y^a = {Y^A, Y^m, Y^3} Y^{[ab]} = {Y^{AB}, Y^{Am}, Y^{mn}, Y^{A3}, Y^{m3}} Y^{[abc]} = {Y^{ABC}, Y^{ABm}, Y^{AB3}, Y^{Amn}, Y^{Am3}, Y^{mn3}} (3.4.45)

and the SO(7) irreducible representations [λ_1λ_2λ_3] break into the direct sum of H irreducible representations. The [J^h, Z, Z^′] labels of every H–irreducible fragment can be read off from the action of T_ṁ, T_Z, T_Z′ on that representation.

The expansion (3.3.23) of a generic SO(3, 2)×H-irreducible field is Φ^{[E s]}_{[JhZ′Z′′]i1···i2Jh} (x, y) = ∑_′ [M1M2J Y ] ∑ ζ ∑ m H^{[M1M2J Y ]mζ} [JhZ′Z′′]i1···i2Jh (y)·φ [E s] [M1M2J Y ]mζ(x) . (3.4.46)

The coefficients φ(x) of the expansion become the space–time fields of the theory in AdS_4. The first sum is over all the G irreducible representations [M_1M_2J Y ] which break into the given H-one. We call ∑_′ the sum over this subset of the possible representations of G. The subscripts_{i1,···,i2Jh} span the representation space of [J^hZ^′Z^{′′}], while m is a collective index which spans the representation space of [M_1M_2J Y ]. Finally ζ accounts for the fact that the same H irreducible representation can be embedded in G in different ways. In fact, given an SU(3) representation [M_1, M_2], it can contain the SU(2) ⊂ SU(3) representation [J^h] in more than one way

[M_1, M_2]^{SU (2)}−→ · · · ⊕ [J^h] ⊕ · · · ⊕ [J^h] ⊕ · · · . (3.4.47)

The cases of interest for us are J^h = 0, 1/2, 1. J^h = 0 is contained only in one way

J^h = 0 :

1 · · · 1 3 · · · 3 2 · · · 2 , (3.4.48)

while for J^h = 1/2, 1 we have:

J^h = 1 2 : ζ = (a) → 1 · · · 1 3 · · · 3 i 2 · · · 2 ζ = (b) → i 1 · · · 1 3 · · · 3 3 2 · · · 2

(3.4.49)

J^h = 1 :

ζ = (c) →^1_2 ( 1 · · · 1 i j 3 · · · 3 2 · · · 2 3 + (i ↔ j) )

ζ = (d) → i j 1 · · · 1 3 · · · 3 3 3 2 · · · 2 ζ = (e) → 1 · · · 1 3 · · · 3 i j 2 · · · 2

(3.4.50)

3.4.4 The constraints on the irreducible representations

As I said, the expansion of a generic field contains only the harmonics whose H- and G-quantum numbers are such that the G representation, decomposed under H, contains the H representation of the field. This fact poses some constraints on the G-quantum numbers.

Depending on which constraints are satisfied by a certain G representation, only part of the harmonics is present, and only their corresponding four–dimensional fields appear in the spectrum. Then, in the G representations in which such field disappear, there is multiplet shortening. In the modern perspective of Kaluza Klein theory, the exact spectrum of the short multiplets is crucial. Hence the importance of analyzing this disappearance of harmonics with care.

Every harmonic is defined by its SU (2) × U (1)^′ × U (1)^{′′} representation, identified by the labels [J^h Z^′ Z^{′′}]. Substituting these values in equations (3.2.12), (3.2.13), i √ 3λ_8 + 2i ( i 2 σ_3 ) − 4iY = Z^′ − i 2 √ 3λ_8 + 3i ( i 2 σ_3 ) − 4iY = Z^{′′} , (3.4.51)

we can determine the constraints of the G representations.

The eigenvalue of √ 3λ_8 = diag(1, 1, −2) depends on ζ: it is 2(M_2 − M_1) for the scalar, and ζ = (a) : √ 3λ_8 = 2(M_2 − M_1) + 3 ζ = (b) : √ 3λ_8 = 2(M_2 − M_1) − 3 ζ = (c) : √ 3λ_8 = 2(M_2 − M_1) ζ = (d) : √ 3λ_8 = 2(M_2 − M_1) − 6 ζ = (e) : √ 3λ_8 = 2(M_2 − M_1) + 6 . (3.4.52)

Simplifying^1_2 σ_3 one finds the first constraint, that is the value of Y in terms of M_1 and M_2. In the cases of interest for us we have five possible expressions of Y , identifying five families of G representations which we denote with the superscripts^0,^+,^−,^{++} and^{−−}: 0 : Y = 2/3(M_2 − M_1) ++ : Y = 2/3(M_2 − M_1) − 2 −− : Y = 2/3(M_2 − M_1) + 2 for bosonic fields

+ : Y = 2/3(M_2 − M_1) − 1 − : Y = 2/3(M_2 − M_1) + 1 } for fermionic fields .

(3.4.53)

It is worth noting that the value of Y identifies a U (1)_R representation, so these five families of representations correspond to the five possible representations of U (1)_R.

The second constraint arising from (3.4.51) is the lower bound on the quantum number J, since its third component J_3 =^1_2 σ_3 is linked to Y . We have three possibilities:

J ≥ |Y/2| |Y/2 + 1| |Y/2 − 1| . (3.4.54)

The last kind of constraint refers to M_1 and M_2. If M_1, M_2 are too small, the decomposition (3.4.47) can contain less [J^h] representations, because not all of the Young tableaux (3.4.48), (3.4.49), (3.4.50) do exist. The conditions for the existence of the representations [J^h]_ζ in [M_1, M_2] are: constraints J^h ζ M_1 ≥ 0 M_2 ≥ 0 0 − M_1 ≥ 1 M_2 ≥ 0 1 2 (a)

M_1 ≥ 0 M_2 ≥ 1 1 2 (b)

M_1 ≥ 1 M_2 ≥ 1

1 (c)

M_1 ≥ 0 M_2 ≥ 2

1 (d)

M_1 ≥ 2 M_2 ≥ 0

1 (e)

(3.4.55)

We organize the series of the G = G^′ × U (1)_R representations in the following way. The constraints (3.4.54) and (3.4.55), with the five values of Y in terms of M_1, M_2 given by (3.4.53), define the series of G^′ representations that we list in table 3.1. Every G^′ representation, together with a superscript^0,^+,^−,^{++} or^{−−} that define the value of Y , is a G representation. So the series of G^′ representations defined in table 3.1 with such a superscript are series of representations of the whole G group.

For each family of representations (^0,^+,^−,^{++}, and^{−−}) we call a series regular if it contains the maximum number of harmonics. The regular series cover all the representations with M_1, M_2 and J sufficiently high to satisfy all the inequality constraints. When some of these inequalities are not satisfied instead, some of the harmonics may be absent in the expansion. The series A_R, A_1, . . . , A_8 are defined by means of the constraints arising in the cases^0,^+,^−, while the series B_R, B_1, . . . , B_{11} are defined by means of the constraints arising in the cases^{++},^{−−}.

In tables 3.2, 3.3, 3.4, 3.5, 3.6, we show which harmonics are present for the different series of G representations. The first column contains the name of each series. The other columns contain the possible harmonics, each labeled by its H-quantum numbers. An asterisk denotes the presence of a given harmonic. To obtain the constraints on the conjugate series it suffices to exchange M_1 and M_2, as explained in [21], [37].

Tables 3.1,. . .3.6 are the results of the analysis of equations (3.4.51) for the relevant [J^h, Z^′, Z^{′′}] values.

G^′−name M_1, M_2 J constraints A_R M_2 > 0, M_1 > 0 J > |(M_2 − M_1)/3| A_1 M_2 > M_1 > 0 J = (M_2 − M_1)/3 A_2 M_2 > M_1 > 0 J = (M_2 − M_1)/3 − 1 A_3 M_2 > M_1 = 0 J > (M_2 − M_1)/3 A_4 M_2 > M_1 = 0 J = (M_2 − M_1)/3 A_5 M_2 > M_1 = 0 J = (M_2 − M_1)/3 − 1 A_6 M_2 = M_1 > 0 J = 0 A_7 M_2 = M_1 = 0 J > 0 A_8 M_2 = M_1 = 0 J = 0 B_R M_2 > 1, M_1 ≥ 0 J > |(M_2 − M_1)/3 − 1| B_1 M_2 > M_1 + 3 J = (M_2 − M_1)/3 − 1 B_2 M_2 > M_1 + 3 J = (M_2 − M_1)/3 − 2 B_3 M_2 = M_1 + 3 J = (M_2 − M_1)/3 − 1 B_4 M_1 ≥ M_2 > 1 J = −(M_2 − M_1)/3 + 1 B_5 M_1 ≥ M_2 > 1 J = −(M_2 − M_1)/3 B_6 M_1 ≥ M_2 = 1 J > −(M_2 − M_1)/3 + 1 B_7 M_1 ≥ M_2 = 1 J = −(M_2 − M_1)/3 + 1 B_8 M_1 ≥ M_2 = 1 J = −(M_2 − M_1)/3 B_9 M_1 ≥ M_2 = 0 J > −(M_2 − M_1)/3 + 1 B_{10} M_1 ≥ M_2 = 0 J = −(M_2 − M_1)/3 + 1 B_{11} M_1 ≥ M_2 = 0 J = −(M_2 − M_1)/3

Table 3.1: Series of G^′ representations

J^h 0 0 0 1/2 1/2 1/2 1/2 1/2 1/2 1 1 1 Z^′ 0 −2i 2i 3i −3i i −i 5i −5i 0 −2i 2i Z^{′′} 0 −3i 3i −3/2i 3/2i −9/2i 9/2i 3/2i −3/2i 0 −3i 3i μ (a) (b) (a) (b) (a) (b) (c) (c) (c) A^0_R ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ A^0_1 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ A^{∗ 0}_1 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ A^0_2 ∗ ∗ ∗ ∗ A^{∗ 0}_2 ∗ ∗ ∗ ∗ A^0_3 ∗ ∗ ∗ ∗ ∗ ∗ A^{∗ 0}_3 ∗ ∗ ∗ ∗ ∗ ∗ A^0_4 ∗ ∗ ∗ ∗ A^{∗ 0}_4 ∗ ∗ ∗ ∗ A^0_5 ∗ ∗ A^{∗ 0}_5 ∗ ∗ A^0_6 ∗ ∗ ∗ ∗ A^0_7 ∗ ∗ ∗ A^0_8 ∗

Table 3.2: Harmonics content for the series of type^0

J^h 0 0 1/2 1/2 Z^′ 2i 4i −i i Z^{′′} −3i 0 −3i/2 3i/2 μ (b) (b) A^+_R ∗ ∗ ∗ ∗ A^+_1 ∗ ∗ ∗ ∗ A^{∗+}_1 ∗ ∗ A^+_2 ∗ ∗ A^{∗+}_2 A^+_3 ∗ ∗ ∗ ∗ A^{∗+}_3 ∗ ∗ A^+_4 ∗ ∗ ∗ ∗ A^{∗+}_4 ∗ A^+_5 ∗ ∗ A^{∗+}_5 A^+_6 ∗ ∗ A^+_7 ∗ ∗ A^+_8 ∗

Table 3.3: Harmonics content for the series of type^+

J^h 0 0 1/2 1/2 Z^′ −2i −4i i −i Z^{′′} 3i 0 3i/2 −3i/2 μ (a) (a) A^−_R ∗ ∗ ∗ ∗ A^−_1 ∗ ∗ A^{∗−}_1 ∗ ∗ ∗ ∗ A^−_2 A^{∗−}_2 ∗ ∗ A^−_3 ∗ ∗ A^{∗−}_3 ∗ ∗ ∗ ∗ A^−_4 ∗ A^{∗−}_4 ∗ ∗ ∗ ∗ A^−_5 A^{∗−}_5 ∗ ∗ A^−_6 ∗ ∗ A^−_7 ∗ ∗ A^−_8 ∗

Table 3.4: Harmonics content for the series of type^−

J^h 0 0 0 1/2 1/2 1/2 1 1 1 Z^′ 6i 8i 4i 3i i 5i 0 −2i 2i Z^{′′} −3i 0 −6i −3/2i −9/2i 3/2i 0 −3i 3i μ (b) (b) (b) (d) (d) (d) B^{++}_R ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ B^{++}_1 ∗ ∗ ∗ ∗ ∗ ∗ B^{++}_2 ∗ ∗ ∗ B^{++}_3 ∗ ∗ ∗ B^{++}_4 ∗ ∗ ∗ ∗ ∗ ∗ B^{++}_5 ∗ ∗ ∗ B^{++}_6 ∗ ∗ ∗ ∗ ∗ ∗ B^{++}_7 ∗ ∗ ∗ ∗ B^{++}_8 ∗ ∗ B^{++}_9 ∗ ∗ ∗ B^{++}_{10} ∗ ∗ B^{++}_{11} ∗

Table 3.5: Harmonics content for the series of type^{++}

J^h 0 0 0 1/2 1/2 1/2 1 1 1 Z^′ −6i −8i −4i −3i −i −5i 0 2i −2i Z^{′′} 3i 0 6i 3/2i 9/2i −3/2i 0 3i −3i μ (a) (a) (a) (e) (e) (e) B^{∗ −−} R ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ B^{∗ −−} 1 ∗ ∗ ∗ ∗ ∗ ∗ B^{∗ −−} 2 ∗ ∗ ∗ B^{∗ −−} 3 ∗ ∗ ∗ B^{∗ −−} 4 ∗ ∗ ∗ ∗ ∗ ∗ B^{∗ −−} 5 ∗ ∗ ∗ B^{∗ −−} 6 ∗ ∗ ∗ ∗ ∗ ∗ B^{∗ −−} 7 ∗ ∗ ∗ ∗ B^{∗ −−} 8 ∗ ∗ B^{∗ −−} 9 ∗ ∗ ∗ B^{∗ −−} 10 ∗ ∗ B^{∗ −−} 11 ∗

Table 3.6: Harmonics content for the series of type^{−−}

3.4.5 Differential calculus via harmonic analysis

The Kaluza Klein kinetic operators^{[λ1λ2λ3]}_y act as finite dimensional matrices on the harmonic subspaces of fixed G-quantum numbers: [λ1λ2λ3] y e^{[M1M2J Y ]} ξ (y) = M ([M_1M_2J Y ])^{ξ′}_ξ e^{[M1M2J Y ]}_ξ′ (y) (3.4.56)

(see (3.3.28), (3.3.29) ).

Let us now consider the explicit action of the covariant derivative (3.1.26) on the harmonics. It is given by the (3.1.27)

D = d + Ω^H t_H + B^aIM_a ≡ D^H + B^aIM_a , (3.4.57)

where t_H are the generators of H and IM_a the part of the SO(7)-connection not belonging to H. The zero-forms transform in the trivial representation of the tangent space structure group SO(7). In other words, the SO(7) generators in the scalar representation vanish identically. This means that the covariant derivatives equal the simple one: D = D^H = d. For the vector representation instead, we can easily compute the matrices (IM_c)^a_b from eq. (3.1.26):

IM_1 =

0 0 0 0 0 0 0 0 0 −2 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

, IM_2 =

0 0 2 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

,

m _3 _A

IM_3 = 1 3

0 2 0 0 0 0 0 −2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

,

IM_4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

, IM_5 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 −2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

,

IM_6 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0

, IM_7 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −2 0 0 0 0 0 0 0 0 0 0 0

. (3.4.58)

We know that (3.3.16) D^H_a ( H^i_n ) = −r_a (T_aH)^i_n = −r_a (T_a)^i_m H^m_n. (3.4.59)

By means of eq. (3.2.39) we can calculate the explicit components of D^H , i.e. its projection along the vielbein:

D^H = B^aD^H_a = −Ω^at_a, D^H_A = −^{4√}_3 iλ_A, D^H_m = −^{4√}_2 iσ_m, D^H_3 = −^4_3 Z,

(3.4.60)

where the coset generators t_a act on the harmonics as follows. λ_A acts on the SU(3) part of the G representation of the harmonic. The fundamental representation of λ_A is given by the Gell–Mann matrices (see Appendix A). On a generic Young tableau λ_A acts as the tensor representation.

To give an example, let us consider the case [M_1, M_2] = [2, 2], [J^h] = [1/2], ζ = (b). The index i in the (3.4.59) (or, more precisely, its SU(2) part) runs in the representation

1 i 3 3 2 3 . (3.4.61)

With this notation we write the H representation as a fragment of the G representation (in the (3.4.59) the index of the G representation is m). Let us consider the component i = 1 of this representation, 1 1 3 3 2 3 . (3.4.62)

We can determine from (3.4.59) the action of

λ_4 =

0 0 1 0 0 0 1 0 0

(3.4.63)

on this component:

λ_4

1 1 3 3 2 3 = = 3 1 3 3 2 3 + 1 3 3 3 2 3 + 1 1 3 3 2 1 + 2 1 1 1 3 2 3 = = 3 1 3 3 2 3 + 2 1 1 1 3 2 3 . (3.4.64)

Similarly, σ^m (m = {1, 2}) acts as the m-th Pauli matrix on the fundamental representation of SU(2), and as its n-th tensor power on the n-boxes SU(2) Young tableau:

σ^1 1 1 1 2 2 = 3 1 1 2 2 2 + 2 1 1 1 1 2 . (3.4.65)

Finally, Z acts trivially, multiplying the harmonic by its Z-charge: Z = i 2 √ 3λ_8 + i 2 σ_3 + iY (3.4.66)

Z 1 1 3 3 2 3 ⊗ 1 1 1 2 2 = = ( − 3 2 i − 1 2 i + iY ) 1 1 3 3 2 3 ⊗ 1 1 1 2 2 .

(3.4.67)

In the course of the calculations, one often encounters the H-covariant Laplace-Beltrami operator on G/H: δ^{ab}D^H_a D^H_b = 16 3 λ_Aλ_A + 16 2 σ^mσ^m − 16 9 Z^2 . (3.4.68)

The eigenvalues of the first operator, λ_Aλ_A, are listed in the following table:

J^h ζ λ^Aλ^A eigenvalues 0 − 4(M_1 + M_2 + M_1M_2) 1/2 (a) 2(4M_1 + 2M_1M_2 − 3) 1/2 (b) 2(4M_2 + 2M_1M_2 − 3) 1 (c) 4(M_1 + M_2 + M_1M_2 − 2) 1 (d) 4(3M_2 − M_1 + M_1M_2 − 5) 1 (e) 4(3M_1 − M_2 + M_1M_2 − 5)

while the eigenvalues of σ^mσ^m depend on the SU (2) quantum numbers J and J_3:

σ^mσ^m 1 · · · 1 2 · · · 2 = 4 [ J(J + 1) − J^2_3 ] 1 · · · 1 2 · · · 2 , m_1 m_2

(3.4.69)

where 2J = m_1 + m_2 and 2J_3 = m_1 − m_2. The complete Kaluza Klein mass operator heavily depends on the kind of field it acts on and will be analyzed in detail in the next sections.

The zero-form

The only representation into which the [0, 0, 0] (i.e. the scalar) of SO(7) breaks under H, is obviously the H-scalar representation. The question now is: which G-irreducible representations do contain the H-scalar? From equations (3.4.51) we see that Z^′ = Z^{′′} = 0 implies 2J_3 = Y = 2 3 (M_2 − M_1) . (3.4.70)

This means that

• M_2 − M_1 ∈ 3ZZ • J ∈ IN • J ≥ | |^1_3 (M_2 − M_1) | | • Y =^2_3 (M_2 − M_1).

We will denote the scalar as Y(x, y) = [0|I](x, y) ≡ ∑_′ [M1M2J Y ]H [M1M2JY ] [000] (y) · S[M1M2Y J](x). (3.4.71)

The Kaluza Klein mass operator for the zero-form Y is given by

[000]Y ≡ D

bD^bY = D^H_b D^{Hb}Y. (3.4.72)

For the scalar, there are no IM–connection terms. So, by means of eq. (3.4.68), the computation of its eigenvalues, on the G–representations as listed above, is immediate:

[000]Y ≡ M (0)3 Y =

[_{64} 3 (M_1 + M_2 + M_1M_2) + 32J(J + 1) +^{32}_9 (M_2 − M_1)^2 ] Y = = H_0Y (3.4.73)

where H_0 is the same quantity defined in eq. (3.4.5).

As we see from the Kaluza Klein expansion (3.1.61), the eigenvalues of the zero–form harmonic allow us to determine the masses of the AdS_4 graviton field h and the scalar fields S, Σ.

The one-form

Let us decompose under H the vector representation of SO(7). The generators of H in this representation are given by (3.4.42), (3.4.43), (3.4.44). We see that

7 −→ 4 ⊕ 2 ⊕ 1 . (3.4.74)

It is convenient to move to a complex basis. The real four dimensional representation of SU(2) is a complex two dimensional representation, and the real two dimensional representation is a complex one dimensional representation. The change from the real to the complex basis can be performed as follows (see also [8]):

Y^A = λ^A_{3i}⟨1|I⟩_i + λ^A_{i3}⟨1|I⟩^∗_i (3.4.75) Y^m = σ^m_{21}⟨1|I⟩_. + σ^m_{12}⟨1|I⟩^∗_. (3.4.76) Y^3 = [1, I] . (3.4.77)

By applying (3.4.42), (3.4.43), (3.4.44) on these fragments one finds the Z^′, Z^{′′} eigenvalues.

As a result of this calculation, one finds that the decomposition under H of the vector representation of SO(7) is the following^{10}:

[1, 0, 0] → [0, 0, 0] ⊕ [0, −2i, −3i] ⊕ [0, 2i, 3i] ⊕ [^1_2 , 3i, −^3_2 i] ⊕ [^1_2 , −3i,^3_2 i]. (3.4.78)

10When we write a pair of complex conjugate representations we assume a conjugation relation between them. For example, by writing [0, −2i, −3i] ⊕ [0, 2i, 3i] we intend a complex representation of complex dimension one or real dimension two.

These H–irreducible fragments can be expanded as in (3.4.46)^{11} (summation over the G-quantum numbers is intended):

For type^0 : ⟨1|I⟩_i = H^{[1/2,3i,−3i/2](a)} i · W ⟨^1_2 , I⟩ , ⟨1|I⟩^∗_i = ε^{ij}H^{[1/2,−3i,3i/2](b)} j · ~W ⟨^1_2 , I⟩ , ⟨1|I⟩_· = H^{[0,−2i,−3i]} · W ⟨0, I⟩ , ⟨1|I⟩^∗_· = H^{[0,2i,3i]} · ~W ⟨0, I⟩ , [1|I]_· = H^{[0,0,0]} · W [0, I] , (3.4.79)

For type^{++} : ⟨1|I⟩_i = H^{[1/2,3i,−3/2i](b)} i · W ⟨^1_2 , II⟩ ,

For type^{−−} : ⟨1|I⟩^∗_i = −ε^{ij}H^{[1/2,−3i,3/2i](a)} j · ~W ⟨^1_2 , II⟩ .

As we see, there are five different AdS_4 fields (W, ~W ) in the case of the^0 series, and one field in the case of the^{++} and^{−−} series. So, for the regular^0 series the Laplace Beltrami operator acts on the AdS_4 fields as a 5 × 5 matrix. For the exceptional series it acts as a matrix of lower dimension.

The Laplace Beltrami operator for the transverse one-form field Y^a, is given by [100]Ya ≡ M (1)(0)2Y

a = 2D_bD^{[b}Y^{a]} = (D^bD_b + 24)Y^a , (3.4.80)

where transversality of Y^a means that D_aY^a = 0. From the decomposition D_a = D^H_a +IM_a we obtain: [100]Ya = (DHbDH b + 24)Y^a + η^{gd} ( 2(IM_g)^a_bD^H_d + (IM_g)^a_e(IM_d)^e_b ) Y^b . (3.4.81) The matrix of this operator on the AdS_4 fields is given by

M_{(1)(0)}2 W ⟨^1_2 , I⟩ ~W ⟨^1_2 , I⟩ W ⟨0, I⟩ ~W ⟨0, I⟩ W [0, I] W ⟨^1_2 , I⟩ H_0−^{32(M2−M1)}_3 0 0 0^{16M1√}_3 ~W ⟨^1_2 , I⟩ 0 H_0+^{32(M2−M1)}_3 0 0^{16M}2_{√3} W ⟨0, I⟩ 0 0 H_0+^{32(M2−M1)}_3 0 −^{8(2J+Y )√}_2 ~W ⟨0, I⟩ 0 0 0 H_0 −^{32(M2−M1)}_3^{8(2J−Y )}_{√2} W [0, I]^{32(2+M2)√}_3^{32(2+M1)√}_3 −^{16(2+2J−Y )√}_2^{16(2+2J+Y )√}_2 H_0+48

.

(3.4.82) 11Using the same conventions as in [21], [22], [37], [8], the reader might notice that there appears a sign (−1)^{J−J3} upon taking the complex conjugate of the fragments ⟨. . . | . . .⟩_x. In order to reduce the notation we have absorbed this sign in the x–space fields ~W ⟨. . . , . . .⟩. This will be done for all the complex conjugates henceforth.

Its eigenvalues are:

λ_1 = H_0 +^{32}_3 (M_2 − M_1) , λ_2 = H_0 −^{32}_3 (M_2 − M_1) , λ_3 = H_0 , (3.4.83) λ_4 = H_0 + 24 + 4 √ H_0 + 36 , λ_5 = H_0 + 24 − 4 √ H_0 + 36 .

Actually, what we have just calculated are the eigenvalues of

M_{(1)(0)}2Y^a + D^aD_bY^b . (3.4.84)

It coincides with M_{(1)(0)}2 when acting on a transverse one-form. But on a generic Y^a, which possibly contains a longitudinal term, the second part of (3.4.84), D^aD_bY^b, is not inert. Indeed, let us suppose Y^a = D^aY

for some scalar function Y. Then

D^aD_bY^b = D^aD_bD^bY = D^aM_{(0)}3 Y = M_{(0)}3 Y^a. (3.4.85)

So, our actual operator (3.4.82) contains the eigenvalues of M_{(0)}3, which are longitudinal (hence non-physical) for the one–form. This fact is true also for the two-form.

The eigenvalue λ_3 in (3.4.83) is the longitudinal one, equal to the zero–form eigenvalue H_0. The other four, instead, are transverse physical eigenvalues.

The matrices corresponding to the exceptional series are easily obtained from (3.4.82) by removing the rows and the columns of the fields that disappear in the expansions (3.4.79), as we read from table 3.2. We list the mass eigenvalues of each series:

A_R λ_1, λ_2, λ_3, λ_4, λ_5 A_1 λ_1, λ_3, λ_4, λ_5 A^∗_1 λ_2, λ_3, λ_4, λ_5 A_2 λ_1 A^∗_2 λ_2 A_3 λ_1, λ_3, λ_4, λ_5 A^∗_3 λ_2, λ_3, λ_4, λ_5 A_4 λ_1, λ_3, λ_4 A^∗_4 λ_2, λ_3, λ_4 A_5 λ_1 A^∗_5 λ_2 A_6 λ_3, λ_4, λ_5 A_7 λ_3, λ_4, λ_5 A_8 λ_4

(3.4.86)

For the series of type^{++} the operator M_{(1)(0)}2 acts as a 1 × 1 matrix on the AdS_4 fields and has eigenvalue:

H_0 +^{32}_3 (M_2 − M_1) (3.4.87)

for the series B_R, B_1, B_3, B_4, B_6 and B_7. For the type^{−−}-series the eigenvalue is the conjugate one (M_2 ↔ M_1) in the conjugate series.

We can use the eigenvalues of the one–form harmonic to determine (see next section and [22]) the masses of the AdS_4vector field A, W .

The two-form Under the action of H = SU(2)×U(1)^′ ×U(1)^{′′} the 21 components of the SO(7) two-form transform into the completely reducible representation:

[1, 1, 0] → [1, 0, 0] ⊕ [0, 0, 0] ⊕ [0, 0, 0] ⊕ [0, 6i, −3i] ⊕ [0, −6i, 3i] ⊕ ⊕[1/2, i, −9/2i] ⊕ [1/2, −i, 9/2i] ⊕ [1/2, 5i, 3/2i] ⊕ [1/2, −5i, −3/2i] ⊕[1/2, 3i, −3/2i] ⊕ [1/2, −3i, 3/2i] ⊕ [0, −2i, −3i] ⊕ [0, 2i, 3i] . (3.4.88) The decomposition of the two–form in H–irreducible fragments is as follows: Y^{AB} = −iλ^{[A}_{i3}λ^{B]}_{3i} [2|I]_. − iλ^{[A}_{i3} λ^{B]}_{3j} ε^{ik}[2|I]_{jk} + λ^{[A}_{i3}λ^{B]}_{3j} ε^{ik}⟨2|I⟩_{jk} + λ^{[A}_{3i}λ^{B]}_{j3} ε^{ik}⟨2|I⟩^∗_{jk} + λ^{[A}_{3i}λ^{B]}_{3j} ε^{ij} ⟨2|I⟩_. + λ^{[A}_{i3}λ^{B]}_{j3} ε^{ij} ⟨2|I⟩^∗_.

Y^{Am} = λ^A_{3i} σ^m_{21}⟨2|II⟩_i + λ^A_{i3} σ^m_{12}⟨2|II⟩^∗_i + λ^A_{3i}σ^m_{12}⟨2|III⟩_i + λ^A_{i3}σ^m_{21}⟨2|III⟩^∗_i Y^{mn} = ε^{mn}[2|II]_.

Y^{m3} = σ^m_{21}⟨2|II⟩_. + σ^m_{12}⟨2|II⟩^∗_. Y^{A3} = λ^A_{3i}⟨2|I⟩_i + λ^A_{i3}⟨2|I⟩^∗_i , where:

[2|I]_. = H^{[0,0,0]} Z[0, I|ρ] [2|II]_. = H^{[0,0,0]} Z[0, II|ρ] ⟨2|I⟩_. = H^{[0,6i,−3i]} Z⟨0, I|ρ⟩ ⟨2|I⟩^∗_. = H^{[0,−6i,3i]} ~Z⟨0, I|ρ⟩ ⟨2|II⟩_. = H^{[0,−2i,−3i]} Z⟨0, II|ρ⟩ ⟨2|II⟩^∗_. = H^{[0,2i,3i]} ~Z⟨0, II|ρ⟩ ⟨2|I⟩_i = H^{[1/2,3i,−3/2i](a)} i Z⟨1/2, I|ρ⟩ ⟨2|I⟩^∗_i = ε^{ij}H^{[1/2,−3i,3/2i](b)} j ~Z⟨1/2, I|ρ⟩ ⟨2|II⟩_i = H^{[1/2,i,−9/2i](a)} i Z⟨1/2, II|ρ⟩ ⟨2|II⟩^∗_i = ε^{ij}H^{[1/2,−i,9/2i](b)} j ~Z⟨1/2, II|ρ⟩ ⟨2|III⟩_i = H^{[1/2,5i,3/2i](a)} i Z⟨1/2, III|ρ⟩ ⟨2|III⟩^∗_i = ε^{ij}H^{[1/2,−5i,−3/2i](b)} j ~Z⟨1/2, III|ρ⟩ [2|I]_{ij} = H^{[1,0,0](c)}_{ij} Z[1, I|ρ] ⟨2|I⟩_{ij} = H^{[1,0,0](d)}_{ij} Z⟨1, I|ρ⟩ ⟨2|I⟩^∗_{ij} = ε^{ik}ϵ_{jl}H^{[1,0,0](e)}_{kl} ~Z⟨1, I|ρ⟩ . The Laplace Beltrami operator for the transverse two-form field Y^{ab}, is given by [110]Y [ab] ≡ M (1)2(0)Y [ab] = 3D gD^{[g}Y^{ab]} = (D^gD_g + 48)Y^{[ab]} − 4R^{[a b]}_{[g d]}Y^{[gd]} (3.4.89)

From the decomposition D_aY^{bg} = D^H_a Y^{bg} + (IM_a)^b_dY^{dg} + (IM_a)^g_dY^{bd} we obtain:

[110]Y [ab] = { 48 δ^{[a b]}_{[g d]} − 4R^{[a b]}_{[g d]}+

+2η^{mn}(IM_m)^{[a}_{[g}(IM_n)^{b]}_{d]} + 2η^{mn}(IM_mIM_n)^{[a}_{[g}d^{b]}_{d]} + 4η^{mn}(IM_m)^{[a}_{[g}d^{b]}_{d]}D^H_n } Y^{[gd]}.(3.4.90)

For the regular G representations of type^0 this operators acts on AdS_4 fields as the following 11 × 11 matrix: Columns one to three:

M_{(1)}2_{(0)} Z[0, I] Z[0, II] Z[1, I] Z[0, I] H_0 +32 −16^{16√}_3 i(M_2 +2) Z[0, II] −32 H_0 +16 0 Z[1, I] 0 0 H_0 Z⟨^1_2 , I⟩ −^{16√}_3 iM_1 0^{16√}_3 i(M_1 +2) ~Z⟨^1_2 , I⟩^{16}_{√3} iM_2 0 −^{16}_{√3} i(M_2+2) Z⟨0, II⟩ 0^{16}_3^√_2 i(M_2 −M_1 +3J) 0 ~Z⟨0, II⟩ 0 −^{16}_{3√2} i(M_2−M_1−3J) 0 Z⟨0, I⟩ 0 0 0 ~Z⟨0, II⟩ 0 0 0 Z⟨^1_2 , III⟩ 0 0 0 ~Z⟨^1_2 , III⟩ 0 0 0

Columns four to seven: M(1)2(0) Z⟨ 12 , I⟩ ~Z⟨ 12 , I⟩ Z⟨0, II⟩ ~Z⟨0, II⟩ Z[0, I] − 16p3 i(M1 +2) 0 0 0 Z[0, II] 0 0 322p2 i(M2−M1−3J) − 322p2 i(M2−M1−3J) Z[1, I] − 16p3 iM2 16p3 iM1 0 0 Z⟨ 12 , I⟩ H0+32−323 (M2−M1) 0 0 0 ~Z⟨ 1 2 , I⟩ 0 H0+32+ 32 3 (M2−M1) 0 0 Z⟨0, II⟩ 0 0 H0+32+323 (M2−M1 ) 0 ~Z⟨0, II⟩ 0 0 0 H0+32−32 3 (M2−M1 ) Z⟨0, I⟩ − 83p2 (M2 −M1 +3J) 0 − 16p3 M1 0 ~Z⟨0, II⟩ 0 − 16 3p_2 (M_2 −M_1 −3J) 0 −^{16}p_3 M_2

Z⟨ 12 , III⟩+ − 83p2 (M2 −M1 −3J) 0 0 − 16p3 M1 ~Z⟨ 1 2 , III⟩ 0 − 16 3p_2 (M_2 −M_1 +3J) −^{16}p_3 M_2 0

Columns eight to eleven:

Z⟨^1_2 , II⟩ ~Z⟨^1_2 , II⟩ Z⟨^1_2 , III⟩ ~Z⟨^1_2 , III⟩ Z[0, I] 0 0 0 0 Z[0, II] 0 0 0 0 Z[1, I] 0 0 0 0 Z⟨^1_2 , I⟩^{32}_3^√_2 (M_2−M_1−3J) 0^{32}_3^√_2 (M_2−M_1+3J) 0 ~Z⟨^1_2 , I⟩ 0^{32}_{3√2} (M_2−M_1+3J) 0^{32}_{3√2} (M_2−M_1−3J) Z⟨0, II⟩ −^{32√}_3 (M_2+2) 0 0 −^{32√}_3 (M_1+2) ~Z⟨0, II⟩ 0 −^{32}_{√3} (M_1+2) −^{32}_{√3} (M_2+2) 0 Z⟨^1_2 , II⟩ H_0 0 0 0 ~Z⟨^1_2 , II⟩ 0 H_0 0 0 Z⟨^1_2 , III⟩ 0 0 H_0−^{64}_3 (M_2−M_1) 0 ~Z⟨^1_2 , III⟩ 0 0 0 H_0+^{64}_3 (M_2−M_1)

This matrix has the following eigenvalues:

λ_1 = H_0 +^{32}_3 (M_2 − M_1) , λ_2 = H_0 −^{32}_3 (M_2 − M_1) , λ_3 = H_0 , λ_4 = H_0 + 24 + 4 √ H_0 + 36 , λ_5 = H_0 + 24 − 4 √ H_0 + 36 ,

λ_6 = H_0 +^{32}_3 (M_2 − M_1) + 16 + 4 √ H_0 +^{32}_3 (M_2 − M_1) + 16 ,

λ_7 = H_0 +^{32}_3 (M_2 − M_1) + 16 − 4 √ H_0 +^{32}_3 (M_2 − M_1) + 16 ,

λ_8 = H_0 −^{32}_3 (M_2 − M_1) + 16 + 4 √ H_0 −^{32}_3 (M_2 − M_1) + 16 ,

λ_9 = H_0 −^{32}_3 (M_2 − M_1) + 16 − 4 √ H_0 −^{32}_3 (M_2 − M_1) + 16 , λ_{10} = λ_{11} = H_0 + 32 . (3.4.91)

The eigenvalues λ_1, λ_2, λ_4, λ_5, equal to the one–form physical ones, are the longitudinal eigenvalues. The other seven are the physical two-form eigenvalues.

As in the case of the one–form, by removing rows and columns we find the matrix of each exceptional series, and the corresponding eigenvalues:

A_R λ_1, λ_2, λ_3, λ_4, λ_5, λ_6, λ_7, λ_8, λ_9, λ_{10}, λ_{11} A_1 λ_1, λ_3, λ_4, λ_5, λ_6, λ_7, λ_{10}, λ_{11} A^∗_1 λ_2, λ_3, λ_4, λ_5, λ_8, λ_9, λ_{10}, λ_{11} A_2 λ_1, λ_6, λ_7 A^∗_2 λ_2, λ_8, λ_9 A_3 λ_1, λ_4, λ_5, λ_6, λ_7, λ_{10}, λ_{11} A^∗_3 λ_2, λ_4, λ_5, λ_8, λ_9, λ_{10}, λ_{11} A_4 λ_1, λ_4, λ_6, λ_7, λ_{10} A^∗_4 λ_2, λ_4, λ_8, λ_9, λ_{10} A_5 λ_1, λ_6 A^∗_5 λ_2, λ_8 A_6 λ_3, λ_4, λ_5, λ_{10}, λ_{11} A_7 λ_4, λ_5, λ_{10}, λ_{11} A_8 λ_3, λ_4

(3.4.92)

The two–form operator matrix in the representations^{++} is the following 5 × 5 matrix: Columns one to two:

M_{(1)}2_{(0)} Z⟨0, I⟩ Z⟨^1_2 , I⟩ Z⟨0, I⟩ H_0 −^{32}_3 (M_2 − M_1)^{16√}_3 (M_1 + 2) Z⟨^1_2 , I⟩^{32√}_3 M_2 H_0 + 32 Z⟨^1_2 , II⟩ 0 −^{16}_3^√_2 (M_2 − M_1 + 3J − 3) Z⟨^1_2 , III⟩ 0 −^{16}_3^√_2 (M_2 − M_1 − 3J − 3) Z⟨1, I⟩ 0^{32√}_3 (M_2 − 1)

Columns three to five:

M_{(1)}2_{(0)} Z⟨^1_2 , II⟩ Z⟨^1_2 , III⟩ Z⟨1, I⟩ Z⟨0, I⟩ 0 0 0 Z⟨^1_2 , I⟩^{32}_3^√_2 (M_2 − M_1 − 3J − 6)^{32}_3^√_2 (M_2 − M_1 + 3J)^{16√}_3 (M_1 + 3) Z⟨^1_2 , II⟩ H_0 +^{32}_3 (M_2 − M_1) − 32 0 0 Z⟨^1_2 , III⟩ 0 H_0 −^{32}_3 (M_2 − M_1) + 32 0 Z⟨1, I⟩ 0 0 H_0 +^{32}_3 (M_2 − M_1) − 32

It has eigenvalues

λ_1 = H_0 +^{32}_3 (M_2 − M_1) ,

λ_2 = H_0 +^{32}_3 (M_2 − M_1) + 16 + 4 √ H_0 +^{32}_3 (M_2 − M_1) + 16 ,

λ_3 = H_0 +^{32}_3 (M_2 − M_1) + 16 − 4 √ H_0 +^{32}_3 (M_2 − M_1) + 16 , λ_4 = H_0 + 32 , λ_5 = H_0 +^{64}_3 (M_2 − M_1) − 32 . (3.4.93)

The eigenvalue λ_1, equal to the physical eigenvalue of the (^{++}) one–form, is longitudinal. The other four are the physical eigenvalues.

B_R λ_1, λ_2, λ_3, λ_4, λ_5 B_1 λ_1, λ_2, λ_3, λ_5 B_2 λ_5 B_3 λ_1, λ_2, λ_3 B_4 λ_1, λ_2, λ_3, λ_4 B_5 λ_4 B_6 λ_1, λ_2, λ_3, λ_4 B_7 λ_1, λ_2, λ_4 B_8 λ_4 B_9 λ_4 B_{10} λ_4

(3.4.94)

For the^{−−} representations, the eigenvalues are the conjugates (M_2 ↔ M_1) of the ones in (3.4.94).

We can use the eigenvalues of the two–form harmonic to determine the masses of the AdS_4 vector field Z.

The three-form The H decomposition of the three–form in H–irreducible fragments has been done in [8]: Y^{ABC} = ε^{ABCD} {λ^D_{3i}⟨3|I⟩_i + λ^D_{i3}⟨3|I⟩^∗_i } , Y^{ABm} = λ^A_{i3}λ^B_{j3}ε^{ij}{σ^m_{21}⟨3|II⟩_. + σ^m_{12}⟨3|III⟩_.} + λ^A_{3i}λ^B_{3j} ε^{ij}{σ^m_{12}⟨3|II⟩^∗_. + σ^m_{21}⟨3|III⟩^∗_. } + +iλ^{[A}_{i3} λ^{B]}_{3i} {σ^m_{21}⟨3|IV⟩_. + σ^m_{12}⟨3|IV⟩^∗_. } + λ^{[A}_{i3} λ^{B]}_{3j} {σ^m_{21}ε^{ik}⟨3|I⟩_{kj} − σ^m_{12}ε^{jk}⟨3|I⟩^∗_{ik}} , Y^{AB3} = λ^A_{3i}λ^B_{3j}ε^{ij}⟨3|I⟩_. + iλ^A_{i3}λ^B_{j3}ε^{ij}⟨3|I⟩^∗_. + iλ^{[A}_{i3} λ^{B]}_{3i} [3|I]_. + λ^{[A}_{i3} λ^{B]}_{3j} ε^{ik}[3|I]_{kj} , Y^{Amn} = ε^{mn}{λ^A_{3i}⟨3|II⟩_i + λ^A_{i3}⟨3|II⟩^∗_i } , Y^{Am3} = λ^A_{3i}{σ^m_{12}⟨3|IV⟩_i + σ^m_{21}⟨3|III⟩_i} + λ^A_{i3}{σ^m_{21}⟨3|IV⟩^∗_i + σ^m_{12}⟨3|III⟩^∗_i } , Y^{mn3} = ε^{mn}[3|II]_. ,

where the fragments of type^0 are: ⟨3|I⟩_{ij} = H^{[1,−2i,−3i](c)} ij · π⟨1, I⟩ , ⟨3|I⟩^∗_{ij} = −ε^{ik}ε^{jl}H^{[1,2i,3i](c)}_{kl} · ~π⟨1, I⟩ , [3|I]_{ij} = H^{[1,0,0](c)}_{ij} · π[1, I] , ⟨3|I⟩_i = H^{[1/2,3i,−3i/2](a)} i · π⟨^1_2 , I⟩ ,

⟨3|I⟩^∗_i = ε^{ij}H^{[1/2,−3i,3i/2](b)} j · ~π⟨^1_2 , I⟩ , ⟨3|II⟩_i = H^{[1/2,3i,−3i/2](a)} i · π⟨^1_2 , II⟩ , ⟨3|II⟩^∗_i = ε^{ij}H^{[1/2,−3i,3i/2](b)} j · ~π⟨^1_2 , II⟩ , ⟨3|III⟩_i = H^{[1/2,i,−9i/2](a)} i · π⟨^1_2 , III⟩ , ⟨3|III⟩^∗_i = ε^{ij}H^{[1/2,−i,9i/2](b)} j · ~π⟨^1_2 , III⟩ , ⟨3|IV⟩_i = H^{[1/2,5i,3i/2](a)} i · π⟨^1_2 , IV⟩ , ⟨3|IV⟩^∗_i = ε^{ij}H^{[1/2,−5i,−3i/2](b)} j · ~π⟨^1_2 , IV⟩ , ⟨3|IV⟩_· = H^{[0,−2i,−3i]} · π⟨0, IV⟩ , ⟨3|IV⟩^∗_· = H^{[0,2i,3i]} · ~π⟨0, IV⟩ , [3|I]_· = H^{[0,0,0]} · π[0, I] , [3|II]_· = H^{[0,0,0]} · π[0, II] , while the fragments of type^{++} are: ⟨3|I⟩_{ij} = H^{[1,−2i,−3i](d)} ij · π⟨1, I⟩ , ⟨3|I⟩^∗_{ij} = ε^{ik}ε^{jl}H^{[1,2i,3i](d)} kl · ~π⟨1, I⟩ , [3|I]_{ij} = H^{[1,0,0](d)}_{ij} · π[1, I] , ⟨3|I⟩_i = H^{[1/2,3i,−3i/2](b)} i · π⟨^1_2 , I⟩ , ⟨3|II⟩_i = H^{[1/2,3i,−3i/2](b)} i · π⟨^1_2 , II⟩ , ⟨3|III⟩_i = H^{[1/2,i,−9i/2](b)} i · π⟨^1_2 , III⟩ , ⟨3|IV⟩_i = H^{[1/2,5i,3i/2](b)} i · π⟨^1_2 , IV⟩ , ⟨3|I⟩_· = H^{[0,6i,−3i]} · π⟨0, I⟩ , ⟨3|II⟩^∗_· = H^{[0,8i,0]} · ~π⟨0, II⟩ , ⟨3|III⟩^∗_· = H^{[0,4i,−6i]} · ~π⟨0, III⟩ . The fragments that are present in the type^{−−} series are the complex conjugates of the fragments above. The Laplace Beltrami operator for the transverse three-form Y^{[abc]}, is a first-order differential operator, given by [111]Y [abc] ≡ M (1)3Y [abc] = 1 24 ϵ^{abcd}_{mnr}D_dY^{mnr} = =^1_{24} ϵ^{abgd}_{mnr} [ D^H_d Y^{mnr} + (IM_d)^m_sY^{snr} + (IM_d)^n_sY^{msr} + (IM_d)^r_sY^{mns} ] . (3.4.95)

For the regular series of type^0 this operator acts on the AdS_4 fields as a 15 × 15 matrix: Columns one to five:

M_{(1)}3 π⟨1, I⟩ ~π⟨1, I⟩ π[1, I] π⟨^1_2 , I⟩ ~π⟨^1_2 , I⟩ π⟨1, I⟩ Y 0^{−(2 J+Y )}_2^√_2 0 0 ~π⟨1, I⟩ 0 −Y^{−2 J+Y}_2^√_2 0 0 π[1, I]^{−2−2 J+Y√}_2 −^{2+2 J+Y√}_2 1 0 0 π⟨^1_2 , I⟩ 0 0 0 0 0 ~π⟨^1_2 , I⟩ 0 0 0 0 0 π⟨^1_2 , II⟩ 0 0^{i2 (2+M1)√}_3 −i Y 0 ~π⟨^1_2 , II⟩ 0 0^{i2 (2+M2)√}_3 0 −i Y π⟨^1_2 , III⟩^{2+M1}_2^√_3 0 0^{−(2 J+Y )}_2^√_2 0 ~π⟨^1_2 , III⟩ 0^{2+M2}_2^√_3 0 0^{2 J−Y}_2^√_2 π⟨^1_2 , IV⟩ 0^{2+M1}_2^√_3 0^{2 J−Y}_2^√_2 0 ~π⟨^1_2 , IV⟩^{2+M2}_2^√_3 0 0 0^{−(2 J+Y )}_2^√_2 π⟨0, IV⟩ 0 0 0 0 0 ~π⟨0, IV⟩ 0 0 0 0 0 π[0, I|ρ] 0 0 0 0 0 π[0, II|ρ] 0 0 0^{2 i (2+M2)√}_3^{−2 i (2+M1)√}_3

(3.4.96)

Columns six to ten:

π⟨^1_2 , II⟩ ~π⟨^1_2 , II⟩ π⟨^1_2 , III⟩ ~π⟨^1_2 , III⟩ π⟨^1_2 , IV⟩ π⟨1, I⟩ 0 0^{2 M2√}_3 0 0 ~π⟨1, I⟩ 0 0 0^{2 M1√}_3^{2 M2√}_3 π[1, I]^{−2 i M2√}_3^{−2 i M1√}_3 0 0 0 π⟨^1_2 , I⟩ i Y 0^{−2−2 J+Y√}_2 0^{2+2 J+Y√}_2 ~π⟨^1_2 , I⟩ 0 i Y 0^{2+2 J+Y√}_2 0 π⟨^1_2 , II⟩ 0 0 0 0 0 ~π⟨^1_2 , II⟩ 0 0 0 0 0 π⟨^1_2 , III⟩ 0 0 1 0 0 ~π⟨^1_2 , III⟩ 0 0 0 1 0 π⟨^1_2 , IV⟩ 0 0 0 0 −1 ~π⟨^1_2 , IV⟩ 0 0 0 0 0 π⟨0, IV⟩ 0 0^{−i (2+M2)√}_3 0 0 ~π⟨0, IV⟩ 0 0 0^{i (2+M1)√}_3^{i (2+M2)√}_3 π[0, I] −^{2+M2√}_3 −^{2+M1√}_3 0 0 0 π[0, II] 0 0 0 0 0

(3.4.97)

Columns eleven to fifteen: ~π⟨^1_2 , IV⟩ π⟨0, IV⟩ ~π⟨0, IV⟩ π[0, I] π[0, II] π⟨1, I⟩^{2 M1√}_3 0 0 0 0 ~π⟨1, I⟩ 0 0 0 0 0 π[1, I] 0 0 0 0 0 π⟨^1_2 , I⟩ 0 0 0 0^{−i M1√}_3 ~π⟨^1_2 , I⟩^{−2−2 J+Y√}_2 0 0 0^{i M2√}_3 π⟨^1_2 , II⟩ 0 0 0 −^{M1√}_3 0 ~π⟨^1_2 , II⟩ 0 0 0 −^{M2√}_3 0 π⟨^1_2 , III⟩ 0^{i M1√}_3 0 0 0 ~π⟨^1_2 , III⟩ 0 0^{−i M2√}_3 0 0 π⟨^1_2 , IV⟩ 0 0^{−i M1√}_3 0 0 ~π⟨^1_2 , IV⟩ −1^{i M2√}_3 0 0 0 π⟨0, IV⟩^{−i (2+M1)√}_3 −Y 0^{2 J+Y}_2^√_2 0 ~π⟨0, IV⟩ 0 0 Y^{−2 J+Y}_2^√_2 0 π[0, I] 0^{2+2 J−Y√}_2 −^{2+2 J+Y√}_2 −1 −1 π[0, II] 0 0 0 −2 0

(3.4.98)

This matrix has the following eigenvalues:

λ_1 =^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16 ,

λ_2 =^1_4 √ H_0 −^{32}_3 (M_2 − M_1) + 16 ,

λ_3 = −^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16 ,

λ_4 = −^1_4 √ H_0 −^{32}_3 (M_2 − M_1) + 16 ,

λ_5 =^1_4 √ H_0 + 36 −^1_2 , λ_6 = −^1_4 √ H_0 + 36 −^1_2 , λ_7 = −^1_4 √ H_0 + 4 +^1_2 , λ_8 =^1_4 √ H_0 + 4 +^1_2 , λ_9 = . . . = λ_{15} = 0 . (3.4.99)

We note that seven eigenvalues are 0. They correspond to the longitudinal three-forms (Y^{(3)} = D ∧ Y^{(2)}), which are annihilated by^{[111]} (=^∗D∧).

As in the cases of the one–form and of the two–form, by removing rows and columns we find the matrix for each exceptional series, and the corresponding eigenvalues:

A_R λ_1, λ_2, λ_3, λ_4, λ_5, λ_6, λ_7, λ_8 A_1 λ_1, λ_3, λ_5, λ_6, λ_7, λ_8 A^∗_1 λ_2, λ_4, λ_5, λ_6, λ_7, λ_8 A_2 λ_1, λ_3 A^∗_2 λ_2, λ_4 A_3 λ_1, λ_3, λ_5, λ_6 A^∗_3 λ_2, λ_4, λ_5, λ_6 A_4 λ_1, λ_3, λ_6 A^∗_4 λ_2, λ_4, λ_6 A_5 λ_1, λ_3 A^∗_5 λ_2, λ_4 A_6 λ_5, λ_6, λ_7, λ_8 A_7 λ_5, λ_6 A_8 λ_6, λ_8

(3.4.100)

The two–form operator matrix for the regular series of type^{++} is the following 10 × 10 matrix:

Columns one to five:

π⟨1, I⟩ ~π⟨1, I⟩ π[1, I] π⟨^1_2 , I⟩ π⟨^1_2 , II⟩ π⟨1, I⟩ Y 0^{−(2 J+Y )}_2^√_2 0 0 ~π⟨1, I⟩ 0 −Y^{−(−2 J+Y )}_2^√_2 0 0 π[1, I]^{−2−2 J+Y√}_2^{2+2 J+Y√}_2 1 0^{−2 i (−1+M2)√}_3 π⟨^1_2 , I⟩ 0 0 0 0 i Y π⟨^1_2 , II⟩ 0 0^{i (3+M1)√}_3 −i Y 0 π⟨^1_2 , III⟩^{3+M1√}_3 0 0^{−(2 J+Y )}_2^√_2 0 π⟨^1_2 , IV⟩ 0 −^{3+M1√}_3 0^{2 J−Y}_2^√_2 0 π⟨0, I⟩ 0 0 0 0^{i (2+M1)√}_3 ~π⟨0, II⟩ 0 0 0 0 0 ~π⟨0, III⟩ 0 0 0 0 0

(3.4.101)

Columns six to ten: π⟨^1_2 , III⟩ π⟨^1_2 , IV⟩ π⟨0, I⟩ ~π⟨0, II⟩ ~π⟨0, III⟩ π⟨1, I⟩^{2 (−1+M2)√}_3 0 0 0 0

π̂⟨1, I⟩ 0 −2 (−1+M2)√_3 0 0 0

π[1, I] 0 0 0 0 0 π⟨^1_2 , I⟩^{−2−2 J+Y√}_2^{2+2 J+Y√}_2 0 0 0 π⟨^1_2 , II⟩ 0 0^{−2 i M2√}_3 0 0 π⟨^1_2 , III⟩ 1 0 0 0^{−2 M2√}_3 π⟨^1_2 , IV⟩ 0 −1 0^{2 M2√}_3 0 π⟨0, I⟩ 0 0 −1 −^{2+2 J+Y√}_2^{2+2 J−Y√}_2 ~π⟨0, II⟩ 0^{2+M1√}_3^{−2 J+Y}_2^√_2 Y 0 ~π⟨0, III⟩ −^{2+M1√}_3 0^{2 J+Y}_2^√_2 0 −Y

(3.4.102)

It has eigenvalues:

λ_1 =^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16 ,

λ_2 = −^1_4 √ H_0 +^{32}_3 (M_2 − M_1) + 16 , λ_3 =^1_4 √ H_0 + 36 −^1_2 ,

λ_4 = −^1_4 √ H_0 + 36 −^1_2 ,

λ_5 = −^1_4 √ H_0 +^{64}_3 (M_2 − M_1) − 28 +^1_2 ,

λ_6 =^1_4 √ H_0 +^{64}_3 (M_2 − M_1) − 28 +^1_2 , λ_7 = . . . = λ_{10} = 0 . (3.4.103)

The complete table of eigenvalues for the type^{++} series is:

B_R λ_1, λ_2, λ_3, λ_4, λ_5, λ_6 B_1 λ_1, λ_2, λ_5, λ_6 B_2 λ_5, λ_6 B_3 λ_1, λ_2 B_4 λ_1, λ_2, λ_3, λ_4 B_5 λ_3, λ_4 B_6 λ_1, λ_2, λ_3, λ_4 B_7 λ_2, λ_3, λ_4 B_8 λ_4 B_9 λ_3, λ_4 B_{10} λ_4 B_{11} λ_4

(3.4.104)

For the representations of the^{−−} series, the eigenvalues are the conjugates of the ones in (3.4.104).

The spinor

The harmonic analysis of the eight–component Majorana spinor has been completely worked out in [21]. We reformulate these results in our framework, in order to facilitate the matching of the spectrum with the N = 2 multiplets.

The decomposition of the spinor in its H–irreducible components is

η = ⟨^1_2 |I⟩_i ⟨^1_2 |I⟩_· ⟨^1_2 |II⟩_· −iσ_2⟨^1_2 |I⟩^∗_i

⟨^1_2 |II⟩^∗_· −⟨^1_2 |I⟩^∗_·

(3.4.105)

where ⟨^1_2 |I⟩_i = H^{[1/2,−i,−3i/2]ξ} i · χ⟨^1_2 , I⟩ , ⟨^1_2 |I⟩_· = H^{[0,2i,−3i]} · χ⟨0, I⟩ , ⟨^1_2 |II⟩_· = H^{[0,−4i,0]} · χ⟨0, II⟩ , ⟨^1_2 |I⟩^∗_i = ±ε^{ij}H^{[1/2,i,3i/2]ξ} j · ~χ⟨^1_2 , I⟩ , ⟨^1_2 |I⟩^∗_· = H^{[0,−2i,3i]} · ~χ⟨0, I⟩ , ⟨^1_2 |II⟩^∗_· = H^{[0,−4i,0]} · ~χ⟨0, II⟩. (3.4.106)

The fragments of type^+ are ⟨^1_2 |I⟩_i = H^{[1/2,−i,−3i/2](b)} i · χ⟨^1_2 , I⟩ , ⟨^1_2 |I⟩_· = H^{[0,2i,−3i]} · χ⟨0, I⟩ , ⟨^1_2 |I⟩^∗_i = ε^{ij}H^{[1/2,i,3i/2](b)} j · ~χ⟨^1_2 , I⟩ , ⟨^1_2 |II⟩^∗_· = H^{[0,4i,0]} · ~χ⟨0, II⟩ . (3.4.107) For the regular series^+ the spinor operator acts on the AdS_4 fields as a 4 × 4 matrix, whose eigenvalues are: λ_1 = −6 + √ H_0 + 36 , λ_2 = −6 − √ H_0 + 36 , λ_3 = −8 + √ H_0 + 16 +^{32}_3 (M_2 − M_1) ,

λ_4 = −8 − √ H_0 + 16 +^{32}_3 (M_2 − M_1) . (3.4.108) The eigenvalues for each exceptional series are

A^+_R, A^+_1 , A^+_3 , A^+_4 λ_1, λ_2, λ_3, λ_4 A^+_2 , A^+_5 λ_3, λ_4 A^{+∗}_1 , A^+_6 λ_1, λ_2 A^{+∗}_3 , A^+_7 λ_1, λ_2 A^{+∗}_4 , A^+_8 λ_1

(3.4.109)

The fragments of type^− are ⟨^1_2 |I⟩_i = H^{[1/2,−i,−3i/2](a)} i · χ⟨^1_2 , I⟩ , ⟨^1_2 |II⟩_· = H^{[0,−4i,0]} · χ⟨0, II⟩ , ⟨^1_2 |I⟩^∗_i = ε^{ij}H^{[1/2,i,3i/2](a)} j · χ̂⟨ 1_2 , I⟩ , ⟨^1_2 |I⟩^∗_· = H^{[0,−2i,3i]} · χ̂⟨0, II⟩ . (3.4.110) For the regular series^− the spinor operator acts on the AdS_4 fields as a 4 × 4 matrix, whose eigenvalues are: λ_1 = −6 + √ H_0 + 36 , λ_2 = −6 − √ H_0 + 36 , λ_3 = −8 + √ H_0 + 16 −^{32}_3 (M_2 − M_1) ,

λ_4 = −8 − √ H_0 + 16 −^{32}_3 (M_2 − M_1) . (3.4.111) The eigenvalues for each exceptional series are:

A^−_R, A^{−∗}_1 , A^{−∗}_3 , A^{−∗}_4 λ_1, λ_2, λ_3, λ_4 A^{−∗}_2 , A^{−∗}_5 λ_3, λ_4 A^−_1 , A^−_6 λ_1, λ_2 A^−_3 , A^−_7 λ_1, λ_2 A^−_4 , A^−_8 λ_1

(3.4.112)

3.4.6 Matching the spectrum with the Osp(2|4) multiplets

As already mentioned, the structures of the long multiplets that arise from N = 2 compactifications of eleven–dimensional supergravity in AdS_4 has been found in [23]. The structure and the G^′ representations of the long graviton, the long gravitino and the massless multiplets are known since the eighties [23]. The structure of the long vector multiplet can be very easily derived, as shown in chapter 2. However this is not the case for the the short multiplets: the method of norms become very cumbersome after the B_2 sector. So we have joined our knowledge on long multiplets and on the part of short multiplets arising from the simpler norm calculation, which are shown in chapter 2, and information arising from harmonic analysis, in order to get two results at the same time:

1. filling the blanks in the structure of N = 2 short multiplets, verifying which fields disappear, and if there are new shortening conditions;

2. finding the complete spectrum of this supergravity, even the part of the spectrum which has not been directly found from harmonic analysis.

In this section I rewrite the tables of the N = 2 supermultiplets, already given in chapter two, because I have to assign to each field its name following the definitions given in section 22. This is necessary in order to follow the reasoning of filling the multiplets with these fields. In each of these tables, the fields whose presence in the corresponding multiplet can be established by means of the norm evaluation discussed in chapter 2 are denoted by an asterisk, in order to distinguish them from the fields whose presence is established by the discussion below, utilizing the harmonic analysis results and the N = 2 −→ N = 1 decomposition. The fields in the long and massless multiplets have all the asterisk because as I said the structure of these multiplets was known before performing harmonic analysis.

We use a procedure of exhaustion, i.e. one starts with one of the four different types of multiplets for which all the masses of a certain field component are most easily retrieved (this is for instance the case for the graviton field of the graviton multiplet) and using the mass relations (3.1.71), (3.1.73), (3.1.72), one calculates all the masses of the other types of fields present in the multiplet. One uses also the information that all the fields in a multiplet are in the same irreducible G^′ = SU (3) × SU (2) representation and that their hypercharges are related according to the group theoretical structure of the multiplets shown in tables 3.7,. . .,3.15. So one knows in which G representation to find the other fields of the multiplet, whose masses have been determined. Then, upon using the relations (3.1.70), these masses are compared with the eigenvalues of the invariant operators on the spinor, the one–form, the two–form or the three–form depending on the type of field one is considering. The upshot of this is that some of these eigenvalues yield all the masses obtained from the mass relations. However, the remaining eigenvalues signal the existence of some extra masses which then pertain to other fields that are to be found in other multiplets. In this way one establishes the existence of new unknown multiplets and determines their structure by filling out their field content. After repeatedly applying this procedure one will have filled out all the existing multiplets in the spectrum.

I should remark here that we did not calculate the eigenvalues of the Lichnerowicz and Rarita–Schwinger operators M_{(2)(0)}2 and M_{(3/2)(1/2)}2. However we succeeded in finding the complete multiplet structure without making use of this. The AdS_4 fields whose spectrum is determined by M_{(2)(0)}2 and M_{(3/2)(1/2)}2 are the scalar field ϕ and the transverse spinor field λ_T (see (3.1.61) ). We can fill the multiplets without knowing the spectrum of these two fields with the help of the N = 2 → N = 1 decompositions (2.4.66),. . .,(2.4.78). If we know every field of a multiplet except for ϕ and λ_T , we can deduce which ϕ and λ_T are present by trying to organize the N = 2 multiplet in N = 1 multiplets. There is no ambiguity, because no N = 1 multiplet is built using ϕ and λ_T fields alone. In particular, a Wess Zumino multiplet with one λ_T and two ϕ ’s is not allowed, since it has to contain both a scalar and a pseudoscalar.

In practice one starts with the graviton multiplet since the masses of the graviton field in the different representations are immediate to derive, being the eigenvalues of the scalar operator M_{(0)}3 . By means of the above procedure, one exhausts all the spin–^3_2 fields in the graviton multiplet comparing the masses of the spin–^3_2 fields in the graviton multiplet with the eigenvalues of the operator M_{(1/2)}3. The spin–^3_2 fields that provide the remaining eigenvalues of the operator M_{(1/2)}3, can only be the highest–spin component gravitino fields of the gravitino multiplet and hence we know all the masses of the gravitinos in the gravitino multiplet. At this stage we can repeat the same procedure. We use the eigenvalues of the one–form operator M_{(1)(0)}2 to identify the vector fields A and W and we use the eigenvalues of the two–form operator M_{(1)}2_{(0)} to identify the vector fields Z in the graviton and the gravitino multiplet. The remaining vector fields constitute the highest–component vector fields of the vector multiplet. Then we determine the masses of the longitudinal spinors, provided by the eigenvalues of the operator M_{(1/2)}3, and we find the longitudinal spinors of the gravitino and vector multiplet. The remaining longitudinal spinors belong to hypermultiplets. At the end we determine the masses of the scalars S, Σ, that are provided by the eigenvalues of M_{(0)}3, and of the pseudoscalar π, provided by the eigenvalues of the three–form operator M_{(1)}3. At this point, the matching of the spectrum with the multiplets will be complete.

Since we are in particular interested in multiplet shortening, it is of utmost importance to pay attention to what happens with the eigenvalues in the exceptional series. As it is clear from tables (3.4.86), (3.4.100), (3.4.104) of the eigenvalues, there are always less eigenvalues present when the operators act on the harmonics in the exceptional series. This is reflected into the fact that certain field components are not present in the multiplets, thus multiplet shortening.

In the next sections I give a detailed discussion of the matching of the multiplets. Doing so I show that the information collected about the invariant operators on the zero form, the one–form, the two–form, the three–form and the spinor is in perfect agreement with the group theoretical information given in [23] and in chapter 2 of this thesis.

The graviton multiplet

As pointed out above, the graviton multiplet is the appropriate multiplet to start with. In particular we look at the spin–two graviton field. The mass of the graviton is given by the eigenvalue of the scalar operator (see eq.s (3.1.70) ):

m^2_h = M_{(0)}3 ≡ H_0 . (3.4.113)

Using table 3.2 we find that its harmonics can sit in all the G representations of the series

A^0_R, A^0_1, A^{∗0}_1 , A^0_3, A^{∗0}_3 , A^0_4, A^{∗0}_4 , A^0_6, A^0_7, A^0_8 . (3.4.114)

Remember that the superscripts^0 mean that the hypercharge is Y =^2_3 (M_2 − M_1).

Spin Energy Hypercharge Mass (^2) Name ∗ 2 E_0 + 1 y_0 16(E_0 + 1)(E_0 − 2) h ∗^3_2 E_0 +^3_2 y_0 − 1 −4E_0 − 4 χ^− ∗^3_2 E_0 +^3_2 y_0 + 1 −4E_0 − 4 χ^− ∗^3_2 E_0 +^1_2 y_0 − 1 4E_0 − 8 χ^+ ∗^3_2 E_0 +^1_2 y_0 + 1 4E_0 − 8 χ^+ ∗ 1 E_0 + 2 y_0 16E_0(E_0 + 1) W ∗ 1 E_0 + 1 y_0 − 2 16E_0(E_0 − 1) Z ∗ 1 E_0 + 1 y_0 + 2 16E_0(E_0 − 1) Z ∗ 1 E_0 + 1 y_0 16E_0(E_0 − 1) Z ∗ 1 E_0 + 1 y_0 16E_0(E_0 − 1) Z ∗ 1 E_0 y_0 16(E_0 − 1)(E_0 − 2) A ∗^1_2 E_0 +^3_2 y_0 − 1 4E_0 λ_T ∗^1_2 E_0 +^3_2 y_0 + 1 4E_0 λ_T ∗^1_2 E_0 +^1_2 y_0 − 1 −4E_0 + 4 λ_T ∗^1_2 E_0 +^1_2 y_0 + 1 −4E_0 + 4 λ_T ∗ 0 E_0 + 1 y_0 16E_0(E_0 − 1) ϕ

Table 3.7: M^{111} Kaluza Klein fields in the N = 2 long graviton multiplet with y_0 ≥ 0

Spin Energy Hypercharge Mass (^2) Name Mass (^2) Name ∗^3_2 E_0 + 1 y_0 4E_0 − 6 χ^+ −4E_0 − 2 χ^− ∗ 1 E_0 +^3_2 y_0 − 1 16(E_0 −^1_2 )(E_0 +^1_2 ) Z 16(E_0 −^1_2 )(E_0 +^1_2 ) W ∗ 1 E_0 +^3_2 y_0 + 1 16(E_0 −^1_2 )(E_0 +^1_2 ) Z 16(E_0 −^1_2 )(E_0 +^1_2 ) W ∗ 1 E_0 +^1_2 y_0 − 1 16(E_0 −^3_2 )(E_0 −^1_2 ) A 16(E_0 −^3_2 )(E_0 −^1_2 ) Z ∗ 1 E_0 +^1_2 y_0 + 1 16(E_0 −^3_2 )(E_0 −^1_2 ) A 16(E_0 −^3_2 )(E_0 −^1_2 ) Z ∗^1_2 E_0 + 2 y_0 4E_0 + 2 λ_T −4E_0 − 2 λ_L ∗^1_2 E_0 + 1 y_0 − 2 −4E_0 + 2 λ_T −4E_0 − 2 λ_T ∗^1_2 E_0 + 1 y_0 −4E_0 + 2 λ_T 4E_0 − 2 λ_T ∗^1_2 E_0 + 1 y_0 + 2 −4E_0 + 2 λ_T 4E_0 − 2 λ_T ∗^1_2 E_0 + 1 y_0 −4E_0 + 2 λ_T 4E_0 − 2 λ_T ∗^1_2 E_0 y_0 4E_0 − 6 λ_L −4E_0 + 6 λ_T ∗ 0 E_0 +^3_2 y_0 − 1 16(E_0 −^1_2 )(E_0 +^1_2 ) ϕ 16(E_0 −^1_2 )(E_0 +^1_2 ) π ∗ 0 E_0 +^3_2 y_0 + 1 16(E_0 −^1_2 )(E_0 +^1_2 ) ϕ 16(E_0 −^1_2 )(E_0 +^1_2 ) π ∗ 0 E_0 +^1_2 y_0 − 1 16(E_0 −^3_2 )(E_0 −^1_2 ) π 16(E_0 −^3_2 )(E_0 −^1_2 ) ϕ ∗ 0 E_0 +^1_2 y_0 + 1 16(E_0 −^3_2 )(E_0 −^1_2 ) π 16(E_0 −^3_2 )(E_0 −^1_2 ) ϕ

Table 3.8: M^{111} Kaluza Klein fields in the N = 2 long gravitino multiplets χ^+ and χ^− with y_0 ≥ 0

Spin Energy Hypercharge Mass (^2) Name Name Mass (^2) Name ∗ 1 E_0 + 1 y_0 16E_0(E_0 − 1) A W 16E_0(E_0 − 1) Z ∗^1_2 E_0 +^3_2 y_0 − 1 −4E_0 λ_T λ_L 4E_0 λ_T ∗^1_2 E_0 +^3_2 y_0 + 1 −4E_0 λ_T λ_L 4E_0 λ_T ∗^1_2 E_0 +^1_2 y_0 − 1 4E_0 − 4 λ_L λ_T −4E_0 + 4 λ_T ∗^1_2 E_0 +^1_2 y_0 + 1 4E_0 − 4 λ_L λ_T −4E_0 + 4 λ_T ∗ 0 E_0 + 2 y_0 16E_0(E_0 + 1) ϕ Σ 16E_0(E_0 + 1) π ∗ 0 E_0 + 1 y_0 − 2 16E_0(E_0 − 1) π π 16E_0(E_0 − 1) ϕ ∗ 0 E_0 + 1 y_0 + 2 16E_0(E_0 − 1) π π 16E_0(E_0 − 1) ϕ ∗ 0 E_0 + 1 y_0 16E_0(E_0 − 1) π π 16E_0(E_0 − 1) ϕ ∗ 0 E_0 y_0 16(E_0−2)(E_0 −1) S ϕ 16(E_0 −2)(E_0 −1) π

Table 3.9: M^{111} Kaluza Klein fields in the N = 2 long vector multiplets A,W and Z with y_0 ≥ 0

Spin Energy Hypercharge Mass (^2) Name 2 y_0 + 3 y_0 16y_0(y_0 + 3) h 3 2 y_0 +^7_2 y_0 − 1 −4y_0 − 12 χ^− ∗^3_2 y_0 +^5_2 y_0 + 1 4y_0 χ^+ ∗^3_2 y_0 +^5_2 y_0 − 1 4y_0 χ^+ ∗ 1 y_0 + 3 y_0 − 2 16(y_0 + 2)(y_0 + 1) Z 1 y_0 + 3 y_0 16(y_0 + 2)(y_0 + 1) Z ∗ 1 y_0 + 2 y_0 16y_0(y_0 + 1) A ∗^1_2 y_0 +^5_2 y_0 − 1 −4y_0 − 4 λ_T

Table 3.10: M^{111} Kaluza Klein fields in the N = 2 short graviton multiplet with y_0 > 0

Spin Energy Hypercharge Mass (^2) Name 3 2 y_0 +^5_2 y_0 4y_0 χ^+ 1 y_0 + 3 y_0 − 1 16(y_0 + 1)(y_0 + 2) Z ∗ 1 y_0 + 2 y_0 + 1 16y_0(y_0 + 1) A ∗ 1 y_0 + 2 y_0 − 1 16y_0(y_0 + 1) A 1 2 y_0 +^5_2 y_0 −4y_0 − 4 λ_T ∗^1_2 y_0 +^5_2 y_0 − 2 −4y_0 − 4 λ_T ∗^1_2 y_0 +^3_2 y_0 4y_0 λ_L ∗ 0 y_0 + 3 y_0 ± 1 16(y_0 + 1)(y_0 + 2) ϕ

Table 3.11: M^{111} Kaluza Klein fields in the N = 2 short gravitino multiplet χ^+ with y_0 > 0

Spin Energy Hypercharge Mass (^2) Name 1 y_0 + 2 y_0 16y_0(y_0 + 1) A 1 2 y_0 +^5_2 y_0 ± 1 −4y_0 − 4 λ_T ∗^1_2 y_0 +^3_2 y_0 + 1 4y_0 λ_L ∗^1_2 y_0 +^3_2 y_0 − 1 4y_0 λ_L ∗ 0 y_0 + 2 y_0 − 2 16y_0(y_0 + 1) π 0 y_0 + 2 y_0 16y_0(y_0 + 1) π ∗ 0 y_0 + 1 y_0 16y_0(y_0 − 1) S

Table 3.12: M^{111} Kaluza Klein fields in the N = 2 short vector multiplet A with y_0 > 0

Spin Energy Hypercharge Mass (^2) Name ∗^1_2 y_0 +^1_2 y_0 − 1 4y_0 − 4 λ_L ∗ 0 y_0 + 1 y_0 − 2 16y_0(y_0 − 1) π ∗ 0 y_0 y_0 16(y_0 − 2)(y_0 − 1) S

Table 3.13: M^{111} Kaluza Klein fields in the N = 2 hypermultiplet with y_0 > 0

Spin Energy Hypercharge Mass (^2) Name ∗ 2 3 0 0 h ∗^3_2^5_2 −1 0 χ^+ ∗^3_2^5_2 +1 0 χ^+ ∗ 1 2 0 0 A

Table 3.14: M^{111} Kaluza Klein fields in the N = 2 massless graviton multiplet

Using the group–theoretical information of the long graviton multiplet (see table 3.7) we find the energy and hypercharge (E_0, y_0) of the graviton multiplet^{12}

E_0 =^1_4 √ H_0 + 36 +^1_2

y_0 = 2 3 (M_2 − M_1) , (3.4.115)

and using table 3.7 we find the energies and hypercharges of all the fields in the multiplet. In particular, we see that the gravitinos are in U(1)_R representations^+,^−, the A, W vectors in U(1)_R representations^0, the Z vectors in U(1)_R representations^0,^{++},^{−−}. From the mass of the graviton we deduce, using the mass relations (3.1.71), the masses of the gravitinos and vectors present in the graviton multiplet, m_χ± = −6 ± √ H_0 + 36 , (3.4.116)

m^2_A = H_0 + 48 − 8 √ H_0 + 36 , m^2_W = H_0 + 48 + 8 √ H_0 + 36 , m^2_Z = H_0 + 32 . (3.4.117)

From equations (3.1.70), we predict the presence of the eigenvalues M_{(1/2)}3 = m_χ± for the spinor. Indeed, looking at (3.4.108), we see that the two eigenvalues λ_1 and λ_2 come from spin–^3_2 fields that belong to the graviton multiplet. To find out whether there are some

12Remember that E_0, y_0 denote the energy and hypercharge of the Clifford vacuum of the multiplet

Spin Energy Hypercharge Mass (^2) Name Mass (^2) Name ∗ 1 2 0 0 A 0 Z ∗^1_2^3_2 −1 0 λ_L 0 λ_T ∗^1_2^3_2 +1 0 λ_L 0 λ_T ∗ 0 2 0 0 π 0 ϕ ∗ 0 1 0 0 S 0 π

Table 3.15: M^{111} Kaluza Klein fields in the N = 2 massless vector multiplets A and Z short graviton multiplets present in the spectrum, we now use table 3.4.109. The absence of these eigenvalues λ_1 or λ_2 in some of the exceptional series implies the existence of a short graviton multiplet in that particular G^′ series. Let us look at it more closely. For instance, for A^+_2 and A^+_5 , there is none of the eigenvalues λ_1 or λ_2. This would imply a graviton multiplet without gravitino fields. But fortunately, the series A_2 and A_5 do not contain representations of G^′ in which there is a graviton field, see (3.4.114). Considering the rest of table 3.4.109 and also table 3.4.112, we find three types of graviton multiplets: a long graviton multiplet and two types of short graviton multiplets. The long graviton multiplet contains four spinors χ: χ^+ with hypercharge y_0 ± 1 and χ^− with hypercharge y_0 ± 1. They are found in the G^′ representations of A_R, A_1, A^∗_1, A_3, A^∗_3, A_6, A_7. Then there is a short graviton multiplet in the series A_4 and A^∗_4. From tables 3.4.109 and 3.4.112, one sees that they contain the two χ^+ with hypercharge y_0 ± 1, but only one χ^−, i.e. for A_4 we have one χ^− with y_0 − 1, and for A^∗_4 we have one χ^− with y_0 + 1. We also find the massless multiplet in A_8 for which none of the spin–^3_2 fields χ^− are present.

At this stage, we know that the spin–^3_2 fields that correspond to the eigenvalues λ_1 and λ_2 in (3.4.108) and (3.4.111) sit in the graviton multiplets. However, there are also spin–^3_2 fields that yield the eigenvalues λ_3 and λ_4 in (3.4.108) and (3.4.111). They can only be gravitinos of the gravitino multiplets in the spectrum. So now we know the highest components of gravitino multiplets, their energies, hypercharges and G^′ representations. But before we continue with the gravitino multiplet, let us look at the vectors of the graviton multiplet.

Let us consider A and W first. We know that, if present, they should be in the series (3.4.114). Using equations (3.1.70) we see that their M_{(1)(0)}2 eigenvalues would then be

M^A_{(1)(0)}2 = H_0 + 24 + 4 √ H_0 + 36 ,

M^W_{(1)(0)}2 = H_0 + 24 − 4 √ H_0 + 36 . (3.4.118)

Indeed, these eigenvalues are present, namely for A we find λ_4 and for W we find λ_5 of eq. (3.4.83). To determine whether, in the exceptional series, the vector A or the vector W is present we use table 3.4.86. The absence of one of the vectors will imply shortening of the graviton multiplet. Studying the spin 3/2 fields, we have found that there are long graviton multiplets in the series A_R, A_1, A^∗_1, A_3, A^∗_3, A_6, A_7 and short graviton multiplets in the series A_4, A^∗_4 . This is confirmed here: in the former series both the A and W fields are present, in the latter only the field A is present. For the massless multiplet of A_8 we also see that only the vector A is present.

Let us look at the vector Z in the graviton multiplet. We know that the Z vectors should be in the same G^′ representations of the graviton:

A_R, A_1, A^∗_1, A_3, A^∗_3, A_4, A^∗_4, A_6, A_7, A_8 (3.4.119)

and that two Z vectors should be in the series^0, one in the series^{++} and one in the series −−. For the operator M_{(1)}2_{(0)} on the two–form we predict, using eq.s (3.1.70), the presence of the eigenvalue

M^Z_{(1)}2_{(0)} = H_0 + 32 . (3.4.120)

Indeed, it corresponds to λ_{10} and λ_{11} in (3.4.91) for the series^0, and λ_4 in (3.4.93) for the series^{++} (and^{−−}, which are the series of the conjugate representations of^{++} (M_2 ↔ M_1)).

So we see that for the long graviton multiplets all the vectors Z are present. Using the fact that

B_R ∪ B_4 ∪ B_5 ∪ B_6 ∪ B_7 ∪ B_8 ∪ B_9 ∪ B_{10} = A_R ∪ A_1 ∪ A^∗_1 ∪ A_3 ∪ A^∗_3 ∪ A_4 ∪ A_6 ∪ A_7, B^∗_R ∪ B^∗_4 ∪ B^∗_5 ∪ B^∗_6 ∪ B^∗_7 ∪ B^∗_8 ∪ B^∗_9 ∪ B^∗_{10} = A_R ∪ A_1 ∪ A^∗_1 ∪ A_3 ∪ A^∗_3 ∪ A^∗_4 ∪ A_6 ∪ A_7, (3.4.121)

and tables 3.4.92 and 3.4.94 we find that for the short graviton multiplets of A_4 we have two Z’s, one with hypercharge y and one with hypercharge y − 2; for the short graviton multiplets of A^∗_4 we have two Z’s, one with hypercharge y and one with hypercharge y +2; for the massless graviton multiplet we have no vectors Z.

To determine which λ_T fields and scalar fields ϕ are present, we use the N = 2 → N = 1 decomposition of the multiplets (2.4.66),. . .,(2.4.78). We already know where λ_T and ϕ are located in the long graviton multiplet from table 3.7 [23]. From the decomposition of the long N = 2 graviton multiplet (2.4.66) we see that it is made of four N = 1 massive multiplets: one graviton, two gravitino and a vector multiplet. Harmonic analysis teaches us that in the short graviton multiplet there are three gravitino fields and three vector fields. The only possible structure of the short graviton multiplet is then the one displayed in chapter 2 and in table 3.10.

The multiplet that we have found in the representation of series A_8 is in fact the massless graviton multiplet. In this case the field A becomes the graviphoton. The final structure of the short graviton multiplet and the massless graviton multiplet is displayed in tables 3.10 and 3.14 respectively.

The gravitino multiplet

As already previously explained, we know the M_{(1/2)}3 eigenvalues and the G representations of the spin–^3_2 in the gravitino multiplet from the matching of the graviton multiplet. Their masses are given by equations (3.1.70),

m_χ+ = −8 + √ H_0 + 16 +^{32}_3 (M_2 − M_1) = λ_3 m_χ− = −8 − √ H_0 + 16 +^{32}_3 (M_2 − M_1) = λ_4 (3.4.122)

for series of type^+ and

m_χ+ = −8 + √ H_0 + 16 −^{32}_3 (M_2 − M_1) = λ_3 m_χ− = −8 − √ H_0 + 16 −^{32}_3 (M_2 − M_1) = λ_4 (3.4.123)

for series of type^−. Each of the above four different eigenvalues gives rise to gravitino multiplets of different types and/or in different G^′ representations. Now we look at tables 3.4.109 and 3.4.112 and see that we have gravitino multiplets for the series A^±_R and A^±_1 . We consider the gravitino multiplets in the series of type^+ only. The gravitino multiplets in the series of type^− coming from (3.4.123) can be obtained be taking the conjugates of the gravitino multiplets in the series of type^+.

We start with χ^+ in the series of type^+. The energy and hypercharge (E_0, y_0) of the gravitino multiplets are given by,

E_0 =^1_4 √ H_0 + 16 +^{32}_3 (M_2 − M_1) −^1_2

y_0 = 2 3 (M_2 − M_1) − 1 . (3.4.124)

Let us look at the vectors in the gravitino multiplets. As we know from group theory (see table 3.8) we should find a vector with hypercharge y_0 + 1 and energy E_0 +^1_2 , in the series 0. However group theory does not tell us whether it is the vector A or the vector W . But since we know that in series of type^+ we have m_χ+ ≥ −8, we can use the mass relations (3.1.71) to derive

m^2_A = H_0 +^{32}_3 (M_2 − M_1) + 48 − 12 √ H_0 +^{32}_3 (M_2 − M_1) + 16 (3.4.125) or m^2_W = m^2_χ + 2m_χ + 192 . (3.4.126)

We see from table 3.8 that it is the A vector which is present in the χ^+ gravitino multiplet and not W . Hence, comparing with the formula (3.1.70) in order to find A, we expect the following eigenvalue M^A_{(1)(0)}2 = H_0 +^{32}_3 (M_2 − M_1) (3.4.127)

for the M_{(1)(0)}2 operator. Looking at table 3.4.83we see that it is indeed present: λ_1. Looking at table 3.4.86 we see that it appears in the series A^0_R, A^0_1, A^0_2, A^0_3, A^0_4, A^0_5. We also find a vector A with hypercharge y_0 − 1 in series^{++}. Indeed, using

B_R ∪ B_1 ∪ B_3 ∪ B_4 ∪ B_6 ∪ B_7 = A_R ∪ A_1 ∪ A_2 ∪ A_3 ∪ A_4 ∪ A_5 , (3.4.128)

we see that (3.4.127) is an eigenvalue of the one–form operator M_{(1)(0)}2 in series^{++} as given in (3.4.87). Both the spin–1 fields A with y_0 −1 and y_0 +1 of the gravitino multiplet for χ^+ are present and there are no other left with eigenvalue (3.4.127). For the vector Z sector, we expect the presence of two states with mass

m^2_Z = H_0 + 16 +^{32}_3 (M_2 − M_1) − 4 √ H_0 + 16 +^{32}_3 (M_2 − M_1), (3.4.129)

one in the G representations of type^0, the other in the representations^{++} or^{−−} (depending on the G representation of the gravitino). The mass (3.4.129) corresponds to λ_7 in (3.4.91) and λ_3 in (3.4.93). From this we see that Z is present except for series A_5, and series B_7. The series A_5 and B_7 have no overlap. So we conclude that we have long gravitino multiplets except if the multiplet sits in a representation of A_5 or B_7. For the gravitino multiplet with χ^+ in the series^+, we now look at the mass of the scalar π,

m^2_π = 16 (^1_4 √ H_0 + 16 +^{32}_3 − 1)(^1_4 √ H_0 + 16 +^{32}_3 − 2) . (3.4.130)

From eq.s (3.1.70) we predict the eigenvalue

M^π_{(1)}3 =^1_4 √ H_0 + 16 +^{32}_3 (M_2 − M_1) (3.4.131) which we do find as λ_1 in (3.4.99) in series A^0_R, A^0_1, A^0_2, A^0_3, A^0_4 (see (3.4.100)) and as λ_1 in (3.4.103) in the series B^{++}_R , B^{++}_1 , B^{++}_3 , B^{++}_4 , B^{++}_6 (see (3.4.104)). So none of the fields π with y_0 − 1 and y_0 + 1 is present in the short gravitino multiplets with χ^+ in the series of type^+ . Let us now consider the spin–^1_2 field λ^+_L . Looking at the expansion (3.1.61), we see that λ_L appears in the expansion of the spinor. So we can check whether it is present in the gravitino multiplet with χ^+ in the series^+. Its mass is (3.1.70)

m_λ+_L = −8 + √ H_0 + 16 +^{32}_3 (M_2 − M_1) , (3.4.132)

so, from eq.s (3.1.70) we expect the eigenvalue

M^{λ+L}_{(1/2)3} = −8 − √ H_0 + 16 +^{32}_3 (M_2 − M_1) (3.4.133)

which we do find as λ_4 in (3.4.108) in A^+_R, A^+_1 , A^+_2 , A^+_3 , A^+_4 , A^+_5 (see (3.4.109)). So the field λ^+_L is present in both long and short gravitino multiplets with hypercharge y_0. In fact it has to be there since it provides the Clifford vacuum of the representation. For the short gravitino multiplets we have found which of the fields ϕ and λ_T are present by using the N = 2 → N = 1 decomposition (2.4.73) and by calculating the norms of the states (see chapter 2). The result is displayed in table 3.11.

Let us consider χ^− for the series of type^+. It has mass m_χ− from (3.4.122). The energy and hypercharge (E_0, y_0) of the multiplet are

E_0 =^1_4 √ H_0 + 16 +^{32}_3 (M_2 − M_1) +^3_2 .

y_0 = 2 3 (M_2 − M_1) − 1 . (3.4.134)

We now have m_χ ≤ −8. So, using the mass relations for W we find

m^2_W = H_0 +^{32}_3 (M_2 − M_1) + 48 + 12 √ H_0 +^{32}_3 (M_2 − M_1) + 16 . (3.4.135)

Thus in this case it is W that is present and not A. We find the same eigenvalue (3.4.127), so we conclude that W is present in all types of gravitino multiplets with χ^− in series of type^+. For Z we have

m^2_Z = H_0 + 16 +^{32}_3 (M_2 − M_1) + 4 √ H_0 + 16 +^{32}_3 (M_2 − M_1) (3.4.136)

which, according to eq.s (3.1.70), has to be an eigenvalue of the two–form mass operator. Indeed, for series of type^0 it corresponds to λ_6, which is present in series A_R, A_1, A_2, A_3, A_4, A_5 (see (3.4.92)). Notice that these are the same series of representations as the ones in which we found χ^+. For the series^{++} we find λ_2, which is present in the series B_R, B_1, B_3, B_4, B_6, B_7 (see (3.4.94)), which are again the same series of representations as for χ^+. The fields π present have mass,

m^2_π = 16 (−^1_4 √ H_0 + 16 +^{32}_3 (M_2 − M_1) − 1)(−^1_4 √ H_0 + 16 +^{32}_3 (M_2 − M_1) − 2) . (3.4.137) So we predict the eigenvalue

M^π_{(1)}3 = −^1_4 √ H_0 + 16 +^{32}_3 (M_2 − M_1) (3.4.138)

Indeed it is λ_3 in (3.4.99), present in the series A_R, A_1, A_2, A_3, A_4, A_5 (3.4.100) and λ_2 in (3.4.104), present in the series B_R, B_1, B_3, B_4, B_6, B_7 (3.4.103). We conclude that all the gravitino multiplets with χ^− are long gravitino multiplets.

The vector multiplet

What are the vector field we have been left with? They have to be the highest components of the vector multiplets. Well, we have a multiplet with highest component vector A with eigenvalue λ_5 in (3.4.83). We have a vector multiplet with highest vector component W with eigenvalue λ_4 in (3.4.83). We have some vector multiplets with highest vector component Z with eigenvalues λ_3 in (3.4.91), λ_5 in (3.4.93) and λ^∗_5 in the series^{−−}. All these eigenvalues give rise to the existence of different types of vector multiplets in different representations of G^′.

Let us start with A. We call this the A–vector multiplet. It has eigenvalue λ_5 in (3.4.83). Its energy and hypercharge are

E_0 =^1_4 √ H_0 + 36 −^3_2

y_0 = 2 3 (M_2 − M_1) (3.4.139)

and the mass of the field component A is

m^2_A = H_0 + 96 − 16 √ H_0 + 36 . (3.4.140)

This eigenvalue is present in the series A^0_R, A^0_1, A^{∗0}_1 , A^0_3, A^{∗0}_3 , A^0_6, A^0_7. We now figure out for which of these there is shortening. From the table 3.9 we see that π has the same mass as A (3.4.140), and using eq.s (3.1.70) we conclude that we should find the eigenvalues

M^π_{(1)}3 =^1_4 √ H_0 + 36 −^1_2 , (3.4.141)

which is present: λ_5 in A^0_R, A^0_1, A^{0∗}_1 , A^0_3, A^{0∗}_3 , A^0_6, A^0_7 (3.4.99) (3.4.100). It is also present as λ_3 in B^{++}_R , B^{++}_4 , B^{++}_5 , B^{++}_6 , B^{++}_7 , B^{++}_9 (3.4.103) (3.4.104). Considering (3.4.121) this seems strange at first sight. However, what happens is that here we discover a scalar π in the series A_4 of a hypermultiplet. We can see this as follows. Suppose the eigenvalue were also present in series B_8 and series B_{10}. Then the eigenvalue λ_3 would appear in the representations of B that are on the right–hand side of (3.4.121). So we would find the field π in the G^′ representations A_R, A_1, A^∗_1, A_3, A^∗_3, A_6, A_7 and in A_4, with Y =^2_3 (M_2 −M_1)−2. The series A_4 and B_8 and B_{10} have no overlap. Consequently, the π in A_4 can not belong to the A–vector multiplet and thus has to be a scalar of a hypermultiplet. Similarly, we find π in B^{−−∗}_R , B^{−−∗}_4 B^{−−∗}_5 , B^{−−∗}_6 , B^{−−∗}_7 , B^{−−∗}_8 , B^{−−∗}_9 , B^{−−∗}_{10} . With the same reasoning, we conclude that π in A^∗_4 with Y =^2_3 (M_2 −M_1)+2 has to be a scalar of some hypermultiplet. However, λ_3 does not sit in the series B_8, B^∗_8 , B_{10}, B^∗_{10}. So we conclude that we get shortening in these series. Now we get different types of short vector multiplets. This is due to fact the B_8 and B^∗_8 have overlap, namely if M_1 = M_2 = 1, J = 0 and that also B_{10} and B^∗_{10} have overlap, namely for the representation M_1 = M_2 = 0, J = 1. For the representations in the series B_8 and B_{10} with M_1 > M_2 = 1, we find that the field π with hypercharge y − 2 in the long vector multiplet decouples. The representations

M_1 = M_2, J = 1 M_1 = M_2 = 1, J = 0 (3.4.142)

yield massless vector multiplets. They contain the vectors that gauge SU(2) and SU(3) respectively.

Let us now figure out whether we can learn something about the presence of ϕ, S and Σ in the A–vector multiplet. The table 3.13 gives the mass,

m^2_{ϕ,S/Σ} = 16 E_0(E_0 + 1) = H_0 + 48 − 4 √ H_0 + 36 . (3.4.143)

Looking at eq.s (3.1.70), we see that the entry in the table can not be S or Σ, but has to be ϕ. If we look at the other ϕ, S/Σ in the table with mass

m^2_{ϕ,S/Σ} = 16 (E_0 − 2)(E_0 − 1) = H_0 + 176 − 24 √ H_0 + 36 , (3.4.144)

we see that it is the mass for the field S. So at this place in the table we find the field S. The field S is found in the series A^0_R, A^0_1, A^{0∗}_1 , A^0_3, A^{0∗}_3 , A^0_4, A^{0∗}_4 , A^0_6, A^0_7, A^0_8. So it is always present in the A–vector multiplets. Besides, we get some extra S–fields that are to be put in the hypermultiplets in the series A_4, A^∗_4, A_8.

To conclude the discussion of the A vector multiplet, there is shortening of A–vector multiplets in series B_8, B^∗_8 and B_{10}, B^∗_{10}. In the representation (3.4.142) there are massless vector multiplets, in the other B_8, B^∗_8 , B_{10}, B^∗_{10} representations there are short vector multiplets. The ϕ and λ_T contents of the short vector multiplets can be determined by using the N = 2 → N = 1 decomposition (2.4.74). The structure of the long vector multiplet and the short vector multiplet is displayed in table 3.9 and 3.12 respectively.

Let us now consider the vector multiplet with highest vector component W . We will call this the W – vector multiplet. We expect eigenvalue λ_5 in (3.4.83) and (3.4.86), which we find in series A^0_R, A^0_1, A^{0∗}_1 , A^0_3, A^{0∗}_3 , A^0_4, A^{0∗}_4 , A^0_6, A^0_7, A^0_8. This multiplet has energy and hypercharge,

E_0 =^1_4 √ H_0 + 36 +^5_2 ,

y_0 = 2 3 (M_2 − M_1) , (3.4.145)

the W field has mass m^2_W = H_0 + 96 + 16 √ H_0 + 36 . (3.4.146)

For the fields π, we expect to find the eigenvalues λ_6 in series A^0_R, A^0_1, A^{∗0}_1 , A^0_3, A^{∗0}_3 , A^0_4, A^{∗0}_4 , A^0_6, A^0_7, A^0_8 (3.4.99), (3.4.100), and λ_4 in series B^{++}_R , B^{++}_4 , B^{++}_5 , B^{++}_6 , B^{++}_7 , B^{++}_8 , B^{++}_9 , B^{++}_{10} , B^{++}_{11} (3.4.103), (3.4.104), and λ^∗_4 in series B^{−−}_R , B^{−−}_4 , B^{−−}_5 , B^{−−}_6 , B^{−−}_7 , B^{−−}_8 , B^{−−}_9 , B^{−−}_{10} , B^{−−}_{11} . Using

B_{11} = A_4 ∪ A_8 , B^∗_{11} = A^∗_4 ∪ A_8 , (3.4.147)

and (3.4.121), we see that all these^0,^{++}, and^{−−} series coincide. Thus all the fields π in the table of [23] are always present and we find no fields π that have to be put in other multiplets. So the W –vector multiplet is always long. Which of the fields ϕ, S/Σ are present? Let us look at ϕ, S/Σ with mass

m^2_{ϕ,S/Σ} = 16 E_0(E_0 + 1) = H_0 + 176 + 24 √ H_0 + 36 . (3.4.148)

From eq.s (3.1.70) we see that it is the field Σ that is present in the series A^0_R, A^0_1, A^{0∗}_1 , A^0_3, A^{0∗}_3 , A^0_4, A^{0∗}_4 , A^0_6, A^0_7, A^0_8. So this confirms that there is no shortening and we do not find any extra fields Σ that are to be put in the hypermultiplets. Let us look at ϕ, S/Σ with mass

m^2_{ϕ,S/Σ} = 16 (E_0 − 2)(E_0 − 1) = H_0 + 48 + 8 √ H_0 + 36 . (3.4.149)

This can only be the field ϕ. So we conclude that the W –vector multiplets are always long vector multiplets. And there are no scalar left that have to be put in hypermultiplets. Its structure is displayed in table 3.9.

Let us now look at the Z–vector multiplet with eigenvalue λ_3 in series A_R, A_1, A^∗_1, A_6, A_8 (3.4.91) (3.4.92). The multiplet has energy and hypercharge

E_0 =^1_4 √ H_0 + 4 +^1_2 ,

y_0 = 2 3 (M_2 − M_1) , (3.4.150)

the field Z has mass m^2_Z = H_0 . (3.4.151) What about the two fields π? Let us look at π with mass

m^2_π = 16 E_0(E_0 + 1) = H_0 + 16 + √ H_0 + 4 . (3.4.152)

From eq.s (3.1.70) we expect there to be λ_7 in (3.4.99). Indeed, it is present in series A^0_R, A^0_1, A^{∗0}_1 , A^0_6. So we get shortening in the singlet representation A_8. For π with mass

m^2_π = 16 (E_0 − 2)(E_0 − 1) , (3.4.153)

we find λ_8 in series A_R,^0 A^0_1, A^{0∗}_1 , A^0_6, A^0_8. So finally, we conclude that for this type of Z–vector multiplet (with λ_3 in (3.4.91)) there is shortening in series A_8, which yields the massless Betti multiplet. The structure of the long Z–vector multiplet and the massless Betti multiplet is displayed in tables 3.9 and 3.15 respectively.

Let us now look at the Z–vector multiplet with λ_5 in (3.4.93). It appears in series B_R, B_1, B_2 (3.4.94). The multiplet has energy and hypercharge

E_0 =^1_4 √ H_0 +^{64}_3 (M_2 − M_1) − 28 +^1_2

y_0 = 2 3 (M_2 − M_1) − 2, (3.4.154)

the field Z has mass m^2_Z = H_0 +^{64}_3 (M_2 − M_1) − 32 . (3.4.155) What about the presence of the fields π? For π with mass

m^2_π = 16 (E_0 − 2)(E_0 − 1) , (3.4.156)

we expect the eigenvalue λ_5 in (3.4.103), which is found in the series B^{++}_R , B^{++}_1 , B^{++}_2 (3.4.104). For π with mass

m^2_π = 16 E_0(E_0 + 1) , (3.4.157)

we expect λ_6 in (3.4.103), which is found in the series B^{++}_R , B^{++}_1 , B^{++}_2 (3.4.104). So we conclude that for the Z–vector multiplet (with vector Z with eigenvalue λ_5 in (3.4.93)), there is never shortening. We do not find extra scalars that are to be put in hypermultiplets either. The structure of this long Z vector multiplet is displayed in table 3.9.

For the Z–vector multiplet with λ^∗_5 in series B^∗_R, B^∗_1 , B^∗_2 , one just takes the conjugate of the previous results.

The hypermultiplet

After having put the scalars π in the right places in the graviton, the gravitino and the vector multiplet, we are only left with scalars π in series A^0_4 and A^{0∗}_4 and S in series A_4,^0 A^{0∗}_4 , A^0_8.

So for each representation of A_4 we find a hypermultiplet with energy

E_0 =^1_4 √ H_0 + 36 −^3_2 (3.4.158)

containing the field π with hypercharge Y =^2_3 (M_2 − M_1) − 2 and mass

m^2_π = H_0 + 96 − 16 √ H_0 + 36 (3.4.159)

and the field S with Y =^2_3 (M_2 − M_1) and mass

m^2_S = H_0 + 176 − 24 √ H_0 + 36 . (3.4.160)

The scalars of this hypermultiplet are complete if we add the scalars π and S of A^∗_4, which are in fact the complex conjugates of the scalars in A_4. From the eigenvalues of the operator M_{(1/2)}3 we find the λ_L necessary to fill all the hypermultiplets. The structure of the hypermultiplets is displayed in the table 3.13.

In order to correctly match the fields with the multiplets, it is important to note that in the singlet G representation M_1 = M_2 = J = Y = 0 the scalar S is absent. This is due to the fact that, from the Kaluza Klein expansion (3.1.61) of the eleven-dimensional field h_{mn} (x, y), the scalar S appears in the expressions (6 − √ M_{(0)}3 + 36)S^I (x) and D_{(m}D_{n)}(2+ √ M_{(0)}3 + 36)S^I (x). The coefficient of the former, 6− √ M_{(0)}3 + 36, disappears in the singlet representation. The latter become a pure gauge term, due to the freedom of coordinate reparametrization, being the graviton in the singlet G representation the massless graviton.

At this point we have done the complete matching of the multiplets with the spectrum of Laplace Beltrami operators. It is reassuring that all the fields we have found have been organized in N = 2 AdS_4 multiplets. An important result is that we have established the existence of short multiplets. From the expressions of the energies and hypercharges (E_0, y_0) we have found, we can easily derive that what we expect on unitarity bounds and shortening conditions is confirmed:

• for all the long multiplets E_0 > |y_0| + s_0 + 1

• for all the short graviton, gravitino and vector multiplets

E_0 = |y_0| + s_0 + 1

• for all the hypermultiplets E_0 = |y_0| ≥ 1 2 • for all the massless multiplets

E_0 = s_0 + 1 y_0 = 0.

3.5 The mass spectra of AdS_4 × N^{010} and AdS_4 × Q^{111} supergravities

3.5.1 N^{010}

Here I do not review the harmonic analysis on N^{010}, worked out in [53] (see also, for the geometry, [59]). I simply give the result, namely, the spectrum of Osp (3|4) multiplets [17]. In this case we have

G = SU (3) × SU (2) = G^′ × SU (2) (3.5.1)

where SU (2) is the R–symmetry. The N = 3 supermultiplets are then organized in SU (3) UIRs, which I denote as usual with the Young labels M_1, M_2, while J denotes the isospin (see chapter 2) of a field in a supermultiplet.

Long multiplets

There are long multiplets for the following SU (3) representations: { M_1 = k k ≥ 0 M_2 = k + 3j j ≥ 0

(3.5.2)

k, j integers.

• For every SU (3) representation with k ≥ 0, j ≥ 2 there is only one of the following multiplets, that are long:

multiplet isospin energy SD (E_0, 2, J_0) j ≤ J_0 ≤ k + j E_0 =^1_4 √ H_0 + 36 SD (E_0, 3/2, J_0) j ≤ J_0 ≤ k + j E_0 =^1_4 √ H_0 + 36 −^3_2 SD (E_0, 3/2, J_0) j ≤ J_0 ≤ k + j E_0 =^1_4 √ H_0 + 36 +^3_2

(3.5.3)

• For every SU (3) representation with k ≥ 0, j = 1 there is only one of the following multiplets, that are long:

multiplet isospin energy SD (E_0, 2, J_0) 1 ≤ J_0 ≤ k + 1 E_0 =^1_4 √ H_0 + 36 SD (E_0, 3/2, J_0) 1 ≤ J_0 < k + 1 E_0 =^1_4 √ H_0 + 36 −^3_2 SD (E_0, 3/2, J_0) 1 ≤ J_0 ≤ k + 1 E_0 =^1_4 √ H_0 + 36 +^3_2

(3.5.4)

• For every SU (3) representation with k ≥ 0, j = 0 there is only one of the following multiplets, that are long:

multiplet isospin energy SD (E_0, 2, J_0) 0 ≤ J_0 < k E_0 =^1_4 √ H_0 + 36 SD (E_0, 3/2, J_0) 0 ≤ J_0 < k E_0 =^1_4 √ H_0 + 36 −^3_2 SD (E_0, 3/2, J_0) 0 ≤ J_0 ≤ k E_0 =^1_4 √ H_0 + 36 +^3_2

(3.5.5)

Short multiplets There are the following short multiplets in the following SU (3) representations:

• There is only one massive short graviton multiplet SD (J_0 + 3/2, 2, J_0) in each of the representations:

M_1 = k, M_2 = k, k ≥ 1. (3.5.6) It has E_0 = k + 3/2, J_0 = k. (3.5.7)

• There is only one massive short gravitino multiplet SD (J_0 + 1, 3/2, J_0) in each of the representations:

M_1 = k, M_2 = k + 3, k ≥ 0. (3.5.8) It has E_0 = k + 2, J_0 = k + 1. (3.5.9)

• There is only one massive short vector multiplet SD (J_0, 1, J_0) in each of the representations:

M_1 = k, M_2 = k, k ≥ 2. (3.5.10) It has E_0 = k, J_0 = k. (3.5.11)

Massless multiplets The massless sector of the theory is composed by the following multiplets.

• There is one massless graviton multiplet in the representation:

M_1 = M_2 = 0 . (3.5.12)

It has E_0 = 3/2, J_0 = 0. (3.5.13) This multiplet has the standard field content expected for the N = 3 supergravity multiplet in four–dimensions, namely one massless graviton, three massless gravitinos that gauge N = 3 supersymmetry, three massless vector fields (organized in a J_0 = 1 adjoint representation of SO(3)_R) that gauge the R-symmetry and one spin one–half field.

• There is one massless vector multiplet in each of the representations:

M_1 = M_2 = 1 (3.5.14) M_1 = M_2 = 0 . (3.5.15)

They have:

E_0 = 1, J_0 = 1. (3.5.16) The multiplet (3.5.14) contains the gauge vectors of the SU (3) isometry. The multiplet (3.5.15) is the Betti multiplet [8], related to the non–trivial cohomology of N^{010} in degree two.

It is worth noting that before the harmonic analysis on N^{010} was performed, the complete structure of short N = 3 supermultiplets was not known (only the short vector multiplet structure had been derived [24]). As in the M^{111} case, the partial knowledge of Osp (3|4) UIRs joined with harmonic analysis of part of the operators (3.1.63),. . .,(3.1.69) yielded both the complete spectrum of AdS_4 × N^{010} supergravity given above and the complete structure of N = 3 UIRs given in chapter 2.

3.5.2 Q^{111}

The harmonic analysis of

Q^{111} = SU (2) × SU (2) × SU (2) U (1) × U (1) = SU (2) × SU (2) × SU (2) × U (1) U (1) × U (1) × U (1)

(3.5.17)

has not been carried out yet (at the moment it is work in progress [18]). So the complete spectrum of supergravity on AdS_4 × Q^{111} is not known at the moment. Nevertheless the spectrum of the scalar operator (3.1.63), namely the laplacian D^aD_a, has been found long ago by C. Pope [44], not by harmonic analysis but by means of explicit resolution of the differential equations.

First of all an explicit coordinatization of the manifold Q^{111} has been found, by noting that Q^{111} is an U (1) fiber bundle on S^2 × S^2 × S^2. In the next chapter I will go into detail of this coordinate description, for Q^{111} and M^{111}.

Then, in terms of this coordinate system, the eigenvalues of

D^aD_aH (y) = M_{(0)}3 H (y) (3.5.18)

have been found. Here I only give the result of this calculation, which will be an useful hint for the construction of the dual conformal theory in the next chapter.

I remind that the labels of the G^′ = (SU (2))^3 UIRs are given by the three SU (2)-spins [ J^{(1)}, J^{(2)}, J^{(3)} ] . (3.5.19)

For each value of the three labels (3.5.19), integer of half integer (differently from the case of M^{111}, where only integer SU (2) spins were allowed), there is an eigenvalue of the scalar operator, which is

M_{(0)}3 = 32 ( J^{(1)} ( J^{(1)} + 1 ) + J^{(2)} ( J^{(2)} + 1 ) + J^{(3)} ( J^{(3)} + 1 )) . (3.5.20)

Then, looking at the mass formula (3.1.70), we find that for every G^′ representation [ J^{(1)}, J^{(2)}, J^{(3)} ] there are the following AdS_4 fields:

• one graviton field h_{mn} (x) with mass squared m^2_h = M_{(0)}3 ;

• one scalar field S (x) with mass squared m^2_Σ = M_{(0)}3 + 176 + 24 √ M_{(0)}3 + 36;

• one scalar field Σ (x) with mass squared m^2_S = M_{(0)}3 + 176 − 24 √ M_{(0)}3 + 36;

but we do not know anything about the fields ϕ (x), π (x), W (x), A (x), Z (x), λ_L (x), λ_T (x), χ (x).

Notice, however, that from the table 3.13, found by studying the M^{111} spectrum but having a more general validity, we see that every hypermultiplet (and then chiral superfield) has a field S as lowest energy field; it is then reasonable that the chiral superfields (which, as we will see in next chapter, are the fundamental degrees of freedom of the conformal theory on the boundary) are in the flavour representations

J^{(1)} = J^{(2)} = J^{(3)} = k/2 k ∈ ZZ. (3.5.21)

153

Chapter 4

Superconformal field theories dual to AdS_4 × ı_G H ȷ 7 supergravities

The purpose of this chapter is to determine the conformal theory on a collection of M2- branes sitting at the singular point of the cone (1.2.12) C(X_7) (here named conifold), where X_7 = Q^{111} or X_7 = M^{111 1}. Such a theory is dual, by AdS/CF T correspondence, to the supergravities on AdS_4 ×Q^{111} and AdS_4 ×M^{111}, which have been studied in chapter 3. If we find such a theory, this would be a strong check to AdS/CF T correspondence.

While for branes sitting at orbifold singularities there is a straightforward method for identifying the conformal theory living on the world-volume [62], [63], for conifold singularities much less is known [64], [65]. The strategy of describing the conifold as a deformation of an orbifold singularity used in [13], [65] and identifying the superconformal theory as the IR limit of the deformed orbifold theory, seems more difficult to be applied in three dimensions^2. We will then use the intuition from geometry in order to identify the fundamental degrees of freedom of the superconformal theory and to compare them with the results of the KK expansion.

We expect to find the superconformal fixed points dual to AdS-compactifications as the IR limits of three-dimensional gauge theories. In the maximally supersymmetric case AdS_4 × S^7, for example, the superconformal theory is the IR limit of the N = 8 supersymmetric gauge theory [1]. In three dimensions, the gauge coupling constant is dimensionful and a gauge theory is certainly not conformal. However, the theory becomes conformal in the IR, where the coupling constant blows up. In this simple case, the identification of the superconformal theory living on the world-volume of the M2-branes follows from considering M-theory on a circle. The M2-branes become D2-branes in type IIA, whose world-volume supports the N = 8 gauge theory with a dimensionful coupling constant related to the radius of the circle. The near horizon geometry of D2-branes is not anymore AdS [63], since the theory is not conformal. The AdS background and conformal invariance is recovered by sending the radius to infinity; this corresponds to sending the gauge theory coupling to infinity and probing the IR of the gauge theory.

We expect a similar behaviour for other three dimensional gauge theories. As a difference with four–dimensional CFT’s corresponding to AdS_5 backgrounds, which always

1The construction of the SCFT for X_7 = N^{010} is in preparation [18].

2See however [12] where a similar approach for Q^{111} was attempted without, however, providing a match with Kaluza Klein spectra. Another attempt in this direction was also given in [66].

have exact marginal directions labeled by the coupling constants (the type IIB dilaton is a free parameter of the supergravity solution), these three dimensional fixed points may also be isolated. The only universal parameter in M-theory compactifications is l_p, which is related to the number of colours N, that is also the number of M2-branes (see chapter 1). The 1/N expansion in the gauge theory corresponds to the R_{AdS} /l_p expansion of M-theory through the relation R_{AdS} /l_p ∼ N^{1/6} (1.1.24), [1]. For large N, the M-theory solution is weakly coupled and supergravity can be used for studying the gauge theory.

The relevant degrees of freedom at the superconformal fixed points are in general different from the elementary fields of the supersymmetric gauge theory. For example, vector multiplets are not conformal in three dimensions and they should be replaced by some other multiplets of the superconformal group by dualizing the vector field to a scalar. Let us again consider the simple example of N = 8. The degrees of freedom at the superconformal point are contained in a supermultiplet with eight real scalars and eight fermions, transforming in representations of the global R-symmetry SO(8). This is the same content of the N = 8 vector multiplet, when the vector field is dualized into a scalar. The change of variable from a vector to a scalar, which is well-defined in an abelian theory, is obviously a non-trivial and not even well-defined operation in a nonabelian theory. The scalars degrees of freedom at the superconformal point parametrize the flat space transverse to the M2-branes. In this case, the moduli space of vacua of the abelian N = 8 gauge theory, corresponding to a single M2-brane, is isomorphic to the transverse space. The case with N M2-branes is obtained by promoting the theory to a non-abelian one. We want to follow a similar procedure for the conifold cases.

For branes at the conifold singularity of C(X_7) there is no obvious way of reducing the system to a simple configuration of D2-branes in type IIA and read the field content by using standard brane techniques^3. We can nevertheless use the intuition from geometry for identifying the relevant degrees of freedom at the superconformal point. We need an abelian gauge theory whose moduli space of vacua is isomorphic to C(X_7). The moduli space of vacua of N = 2 theories have two different branches touching at a point, the Coulomb branch parametrized by the vev of the scalars in the vector multiplets and the Higgs branch parametrized by the vev of the scalars in the chiral multiplets. The Higgs branch is the one we are interested in. Each of the two branches excludes the other, so we can consistently set the scalars in the vector multiplets to zero (see section 4.3.3 for a discussion of the scalar potential). We can find what we need in toric geometry. Indeed, this latter describes certain complex manifolds as Kähler quotients [71] associated to symplectic actions of a product of U(1)’s on some C^p. This is completely equivalent to imposing the D-term equations for an abelian N = 2, D = 3 gauge theory and dividing by the gauge group or, in other words, to finding the moduli space of vacua of the theory. Fortunately, both the cone over Q^{111} and that over M^{111} have a toric geometry description. This description was already used for studying these spaces in [12], [66]. Here, we will consider a different point of view. We can then easily find abelian gauge theories whose moduli space of vacua (the Higgs branch component) is isomorphic to these two particular conifolds. These abelian gauge theories will be then promoted to non abelian ones, whose IR fixed point will be our candidates as AdS/CF T –duals to the supergravities developed in chapter 3. We will find strong arguments that these theories are actually dual, giving in this way a non–trivial check of AdS/CF T correspondence.

3 This possibility exists for orbifold singularities and was exploited in [67], [68], [69] for N = 4 and in [70] for N = 2.

A comment on the nomenclature. Most authors call the fundamental superfields of the gauge theory supersingletons. Actually this denomination is misleading, because they do not belong to the supersingleton representation of Osp (N |4) (see tables 2.11, 2.16 for the N = 2, N = 3 cases), but, in the case of N = 2, are chiral supermultiplets (see table 2.7). However, they are non unitary representations of the supergroup: in our case as we will show they have E_0 = |y_0| < 1/2; this is not a problem, because these superfields are degrees of freedom of the gauge theory, which does not have the Osp (2|4) isometry, while the fundamental fields of the conformal theory are composite superfields, sitting in Osp (2|4) UIRs. There are two reasons by which most authors call supersingletons the fundamental fields of the gauge theory; the first is that in the case X_7 = S^7 this is true; the second is an analogy: as the supersingleton superfields, they cannot be degrees of freedom of the conformal theory, while the composite superfields made by them can.

In section 1 I build, using rheonomy formalism (for a review on rheonomy see [37]), the generic three dimensional N = 2 supersymmetric gauge theory, writing the lagrangian and fixing the basis for the discussion of the next sections; furthermore, I write the N = 4 and N = 8 theories as N = 2 theories with constraints on the field content and the representations. In section 2 I discuss the geometry of the two manifolds Q^{111}, M^{111} as fiber bundles and as toric manifolds, and show how to find the abelian gauge theories associated with these toric descriptions. In section 3 I generalize these abelian gauge theories to non abelian ones, which are our candidates to be the AdS/CF T –duals to supergravity on AdS_4 × Q^{111} and AdS_4 × M^{111}. I show that these theories perfectly reproduce the complete spectrum of shortened supergravity multiplets found in chapter 3. In section 4 I address the issue of the so–called baryonic operators, and show that they correspond to non–perturbative states of supergravity. They allow us to find the conformal weights of the fundamental fields of the gauge theory. In section 5 I draw the conclusions.

The content of the present chapter refers to results obtained within the collaborations [16], [15].

4.1 N = 2 three dimensional gauge theories and their rheonomic construction

As a first step, we construct a generic N = 2 gauge theory with an arbitrary gauge group and an arbitrary number of chiral multiplets in generic interaction. We are mostly interested in the final formulae for the scalar potential, which will be used in section 4.3.3, but we provide a complete construction of the lagrangian and of the supersymmetry transformation rules. To this effect we utilize the method of rheonomy [37] that yields the result for the lagrangian and the supersymmetry rules in component form avoiding the too much implicit notation of superfield formulation. Furthermore, we study the restrictions that guarantee an enlargement of supersymmetry to N = 4 or N = 8; in fact, even if in the case of M^{111} and Q^{111} the conformal theories do not seem to arise from deformation of more supersymmetric theories (as in [13]), in other cases this phenomenom could occur.

The first step in the rheonomic construction of a rigid supersymmetric theory involves writing the structural equations of rigid superspace. Then, we have to solve them in terms of the rheonomic expansion of the curvatures. Finally, we will write the superspace lagrangian in term of these curvatures, and, projecting this lagrangian on the bosonic three–dimensional surface M_3 we find the space–time lagrangian. This is the gauge theory lagrangian; we can introduce the YM coupling constant by scaling some or all of the scalar fields (actually in our theory we rescale all of them) by

z^i −→ g_{Y M} z^i, (4.1.1)

and multiplying the entire lagrangian by 1/g^2_{Y M} . The conformal IR fixed point is retrieved sending g_{Y M} −→ 0. (4.1.2)

4.1.1 N = 2, d = 3 rigid superspace

The d=3, N –extended superspace is viewed as the supercoset space:

M_{3|N} = ISO(1, 2|N ) SO(1, 2) ≡ Z [ISO(1, 2|N )] SO(1, 2) × IR^{N (N −1)/2}

(4.1.3)

where ISO(1, 2|N ) (see section 2.5) is the N –extended Poincaré superalgebra in three dimensions. It is the subalgebra of Osp(N |4) (see eq. (2.1.26)) spanned by the generators J_m, P_m, q^i. The central extension Z [ISO(1, 2|N )] which is not contained in Osp(N |4) is obtained by adjoining to ISO(1, 2|N ) the central charges that generate the subalgebra IR^{N (N −1)/2}. Specializing our analysis to the case N=2, we can define the new generators:

Q = q^+ =^{1√}_2 (q^1 − iq^2) Q^c = iq^− =^{1√}_2 (iq^1 − q^2) Z = Z^{12}

. (4.1.4)

Before going on, I have to clarify the notations. In doing this computation, the conventions for two–component spinors are slightly modified with respect to the ones of chapter 2, in order to simplify the notations and avoid the explicit writing of spinor indices. The Grassman coordinates of N =2 three-dimensional superspace introduced in equation (2.5.25) , θ^±_α , are renamed θ and θ^c. The reason for the superscript “^c ” is that, in three dimensions the upper and lower components of the four–dimensional 4–component spinor are charge conjugate. In fact, the charge conjugation is defined by:

θ^c ≡ C_{[3]}θ^T , θ ≡ θ^†γ^0 , (4.1.5)

where C_{[3]} is the d = 3 charge conjugation matrix: { C_{[3]}γ^mC^{−1}_{[3]} = −(γ^m)^T γ^0γ^m(γ^0)^{−1} = (γ^m)^† .

(4.1.6)

The lower case gamma matrices are 2×2 and provide a realization of the d = 2+1 Clifford algebra:

{γ^m , γ^n} = η^{mn} (4.1.7)

Utilizing the following explicit basis:

γ^0 = σ^2 γ^1 = −iσ^3 γ^2 = −iσ^1

C_{[3]} = −iσ^2 , (4.1.8) both γ^0 and C_{[3]} become proportional to ε_{αβ}. This implies that in equation (4.1.5) the role of the matrices C_{[3]} and γ^0 is just to convert upper into lower SL(2,C) indices and viceversa.

The relation between the two notations for the spinors is summarized in the following table:

(θ^+)^α θ (θ^+)_α θ^c (θ^−)^α −iθ^c (θ^−)_α −iθ (4.1.9)

With the second set of conventions the spinor indices can be ignored since the contractions are always made between barred (on the left) and unbarred (on the right) spinors.

The left invariant one–form Ω on M_{3|N} is:

Ω = V^mP_m −^1_2 iω^{mn}J_{mn} + ψ^cQ + ψQ^c + iAZ . (4.1.10)

The superalgebra (2.1.26) defines all the structure constants apart from those relative to the central charge that are trivially determined. Hence we can write:

dΩ − Ω ∧ Ω = ( dV^m − ω^m_n ∧ V^n + iψ ∧ γ^mψ + iψ^c ∧ γ^mψ^c ) P_m +

−^1_2 i ( dω^{mn} − ω^m_p ∧ ω^{pn} ) J_{mn} + + ( dψ^c +^1_2 iω^{mn} ∧ ψ^cγ_{mn} ) Q + + ( dψ −^1_2 iω^{mn} ∧ ψγ_{mn} ) Q^c + +i ( dA + iψ^c ∧ ψ^c − iψ ∧ ψ ) Z . (4.1.11)

Imposing the Maurer-Cartan equation dΩ − Ω ∧ Ω = 0 is equivalent to imposing flatness in superspace, i.e. global supersymmetry. So we have dV^m − ω^m_n ∧ V^n = −iψ^c ∧ γ^mψ^c − iψ ∧ γ^mψ dω^{mn} = ω^m_p ∧ ω^{pn} dψ =^1_2 ω^{mn} ∧ ψγ_{mn} dψ^c = −^1_2 ω^{mn} ∧ ψ^cγ_{mn} dA = −iψ^c ∧ ψ^c − iψ ∧ ψ . (4.1.12)

The simplest solution for the supervielbein and connection is: V^m = dx^m − iθ^cγ^mdθ^c − iθγ^mdθ ω^{mn} = 0 ψ = dθ ψ^c = dθ^c A = −iθ^c dθ^c − iθ dθ . (4.1.13)

The superderivatives discussed in section 2.5.2 (compare with eq.(2.5.27) ),

D_m = ∂_m D =^∂_{∂θ} − iγ^mθ∂_m D^c =^∂_{∂θ}c − iγ^mθ^c∂_m , (4.1.14)

are the vectors dual to these one–forms.

4.1.2 Rheonomic construction of the N = 2, d = 3, lagrangian

As stated we are interested in the generic form of N = 2, d = 3 super Yang Mills theory coupled to n chiral multiplets arranged into a generic representation R of the gauge group G. In N = 2, d = 3 supersymmetric theories, two formulations are allowed: the on–shell and the off–shell one. In the on–shell formulation which contains only the physical fields, the supersymmetry transformations rules close the supersymmetry algebra only upon use of the field equations. On the other hand the off–shell formulation contains further auxiliary, non dynamical fields that make it possible for the supersymmetry transformations rules to close the supersymmetry algebra identically. By solving the field equations of the auxiliary fields these latter can be eliminated and the on–shell formulation can be retrieved. We adopt the off–shell formulation.

The gauge multiplet

The three–dimensional N = 2 vector multiplet contains the following Lie-algebra valued fields: (A, λ, λ^c, M, P ) , (4.1.15) where A = A^I t_I is the real gauge connection one–form, λ and λ^c are two complex Dirac spinors (the gauginos), M and P are real scalars; P is an auxiliary field.

The field strength is:

F = dA + iA ∧ A . (4.1.16)

The covariant derivative on the other fields of the gauge multiplets is defined as:

∇X = dX + i [A, X] . (4.1.17)

From (4.1.16) and (4.1.17) we obtain the Bianchi identity:

∇^2X = i [F, X] . (4.1.18)

The rheonomic parametrization of the curvatures is given by: F = F_{mn}V^mV^n − iψ^cγ_mλV^m − iψγ_mλ^cV^m + iM ( ψψ − ψ^cψ^c ) ∇λ = V^m∇_mλ + ∇/Mψ^c − F_{mn}γ^{mn}ψ^c + iP ψ^c ∇λ^c = V^m∇_mλ^c − ∇/Mψ − F_{mn}γ^{mn}ψ − iP ψ ∇M = V^m∇_mM + iψλ^c − iψ^cλ ∇P = V^m∇_mP + ψ∇/λ^c − ψ^c∇/λ − iψ [λ^c, M] − iψ^c [λ, M] (4.1.19)

and we also have: ∇F_{mn} = V^p∇_pF_{mn} + iψ^cγ_{[m}∇_{n]}λ + iψγ_{[m}∇_{n]}λ^c ∇∇_mM = V^n∇_n∇_mM + iψ∇_mλ^c − iψ^c∇_mλ + ψ^cγ_m [λ, M] + ψγ_m [λ^c, M] ∇∇_mλ = V^n∇_n∇_mλ + ∇_m∇_nMγ^nψ^c − ∇_mF_{np}γ^{np}ψ^c+ +i∇_mP ψ^c + ψγ_m [λ^c, λ] ∇_{[p}F_{mn]} = 0 ∇_{[m}∇_{n]}M = i [F_{mn}, M] ∇_{[m}∇_{n]}λ = i [F_{mn}, λ] . (4.1.20)

The off–shell formulation of the theory contains an arbitrariness in the choice of the functional dependence of the auxiliary fields on the physical fields. Consistency with the Bianchi identities forces the generic expression of P as a function of M to be:

P^I = 2αM^I + ζ^{~I} C^I_{~I} , (4.1.21)

where α, ζ^{~I} are arbitrary real parameters and C^I_{~I} is the projector on the center Z[G] of the gauge Lie algebra. The terms in the lagrangian proportional to α and ζ are separately supersymmetric. In the bosonic lagrangian, the part proportional to α is a Chern Simons term, while the part proportional to ζ constitutes the Fayet Iliopoulos term. Note that the Fayet Iliopoulos terms are associated only with a central abelian subalgebra of the gauge algebra G.

Enforcing (4.1.21) we get the following equations of motion for the spinors: ∇/λ = 2iαλ − i [λ, M] ∇/λ^c = 2iαλ^c + i [λ^c, M] . (4.1.22)

Taking the covariant derivatives of these, we obtain the equations of motion for the bosonic fields: { ∇_m∇^mM = −4α^2M − 2αβ − 2 [ λ, λ ] ∇^nF_{mn} = −αϵ_{mnp}F^{np} −^i_2 [∇_mM, M] . (4.1.23)

Using the rheonomic approach we find the following superspace lagrangian for the gauge multiplet: L_{gauge} = L^{Maxwell} gauge + L Chern−Simons gauge + L F ayet−Iliopoulos gauge , (4.1.24) where L^{Maxwell} gauge = T r { −2F^{mn} [ F + iψ^cγ_mλV^m + iψγ_mλ^cV^m − 2iMψψ ] V^pϵ_{mnp} + +^1_3 F_{qr}F^{qr}V^mV^nV^pϵ_{mnp} −^1_2 iϵ_{mnp} [ ∇λγ^mλ + ∇λ^cγ^mλ^c ] V^nV^p + + ϵ_{mnp}M^m [ ∇M − iψλ^c + iψ^cλ ] V^nV^p −^1_6 M^dM_dϵ_{mnp}V^mV^nV^p + + 2∇Mψ^cγ_cλV^p − 2∇Mψγ_pλ^cV^p + + 2F ψ^cλ + 2F ψλ^c + iλ^cλψ^cγ_mψV^m + iλλ^cψγ_mψ^cV^m + +^1_6 P^2V^mV^nV^pϵ_{mnp} − 4i(ψψ)M [ ψ^cλ + ψλ^c ]} , (4.1.25)

L^{Chern−Simons} gauge = αT r { −2 (A ∧ F − iA ∧ A ∧ χA) −^2_3 MP ϵ_{mnp}V^mV^nV^p + +^2_3 λλϵ_{mnp}V^mV^nV^p + 2Mϵ_{mnp} [ ψ^cγ^mλ + ψγ^mλ^c ] V^nV^p + −4iM^2ψγ_mψV^m } (4.1.26)

L^{F ayet−Iliopoulos} gauge = T r { ζC [ −^1_3 P ϵ_{mnp}V^mV^nV^pϵ_{mnp} ( ψ^cγ^mλ − ψγ^mλ^c ) V^nV^p+ −4iMψγ_mψV^m − 4iAψψ ]} . (4.1.27)

Chiral multiplet The chiral multiplet contains the following fields: ( z^i, χ^i, H^i ) (4.1.28)

where z^i are complex scalar fields which parametrize a Kähler manifold. Since we are interested in microscopic theories with canonical kinetic terms we take this Kähler manifold to be flat and we choose its metric to be the constant η_{ij}∗ ≡ diag(+, +, . . . , +). The other fields in the chiral multiplet are χ^i which is a two components Dirac spinor and H^i which is a complex scalar auxiliary field. The index i runs in the representation R of G.

The covariant derivative of the fields X^i in the chiral multiplet is:

∇X^i = dX^i + iη^{ii∗}A^I (T_I )_i∗_jX^j , (4.1.29)

where (T_I )_i∗_j are the hermitian generators of G in the representation R. The covariant derivative of the complex conjugate fields X^{i∗} is: ∇X^{i∗} = dX^{i∗} − iη^{i∗i}A^I (T_I )_{ij}∗ X^{j∗} , (4.1.30) where (T_I )_{ij}∗ ≡ (T_I )_i∗_j = (T_I)_j∗_i . (4.1.31) The rheonomic parametrization of the curvatures is given by:

∇z^i = V^m∇_mz^i + 2ψ^cχ^i ∇χ^i = V^m∇_mχ^i − i∇/z^iψ^c + H^iψ − M^I (T_I)^i_j z^jψ^c ∇H^i = V^m∇_mH^i − 2iψ∇/χ^i − 2iψλ^I (T_I )^i_j z^j + 2M^I (T_I)^i_jψχ^j

. (4.1.32)

We can choose the auxiliary fields H^i to be the derivatives of an arbitrary antiholomorphic superpotential W (z): H^i = η^{ij∗} ∂W (z) ∂z^{j∗} = η^{ij∗} ∂_j∗ W . (4.1.33)

Enforcing eq. (4.1.33) we get the following equations of motion for the spinors: ∇/χ^i = iη^{ij∗}∂_j∗ ∂_k∗ W χ^{ck∗} − λ^I (T_I)^i_jz^j − iM^I (T_I )^i_jχ^j ∇/χ^{ci∗} = iη^{i∗j}∂_j∂_kW χ^k + λ^{cI} (T_I )^{i∗}_j∗ z^{j∗} − iM^I (T_I )^{i∗}_j∗ χ^{cj∗} . (4.1.34)

Taking the differential of (4.1.34) one obtains the equation of motion for z: 2z^i = η^{ii∗} ∂i∗ ∂j∗ ∂k^∗W^(χ^{j∗} χ^{ck∗ )} − η^{ij∗} ∂j∗ ∂k∗ W (z)∂iW + +P^I (T_I )^i_jz^j − M^I M^J (T_I T_J )^i_jz^j − 2iλ^I (T_I )^i_jχ^j . (4.1.35)

The first order Lagrangian for the chiral multiplet (4.1.28) is: L_{chiral} = L^{W ess−Zumino} chiral + L superpotential chiral , (4.1.36)

where L^{W ess−Zumino} chiral = ϵmnpΠ m i^∗ η_i∗_j [ ∇z^j − 2ψ^cχ^j ] V^nV^p + + ϵ_{mnp}Π^{m i}η_{ij}∗ [ ∇z^{j∗} − 2χψ^{c j∗} ] V^nV^p +

−^1_3 ϵ_{mnp}η_{ij}∗ Π^i_qΠ^{q j∗} V^mV^nV^p + + iϵ_{mnp}η_{ij}∗ [ χ^{j∗} γ^m∇χ^i + χ^{c i}γ^m∇χ^{c j∗} ] V^nV^p + + 4iη_{ij}∗ [ ∇z^iψγ_mχ^{c j∗} − ∇z^{j∗} χ^{c i}γ_mψ ] V^m + − 4iη_{ij}∗ ( χ^{j∗} γ_mχ^i ) ( ψ^cψ^c ) V^m − 4iη_{ij}∗ ( χ^{j∗} χ^i ) ( ψ^cγ_mψ^c ) V^m +

+^1_3 η_{ij}∗ H^iH^{j∗} ϵ_{mnp}V^mV^nV^p + 2 ( ψψ ) η_{ij}∗ [ z^{j∗} ∇z^i − z^i∇z^{j∗} ] + + 2iϵ_{mnp}z^iM^I (T_I)_{ij}∗ χ^{j∗} γ^mψ^cV^nV^p + + 2iϵ_{mnp}z^{j∗} M^I (T_I)_j∗_iχ^{c i}γ^mψV^nV^p + −^2_3 M^I (T_I )_{ij}∗ χ^{j∗} χ^iϵ_{mnp}V^mV^nV^p +

+^2_3 i [ χ^{j∗} λ^I (T_I)_j∗_iz^i − χ^{c i}λ^{c I} (T_I)_{ij}∗ z^{j∗} ] ϵ_{mnp}V^mV^nV^p +

+^1_3 z^iP^I (T_I)_{ij}∗ z^{j∗} ϵ_{mnp}V^mV^nV^p + − ( ψ^cγ^mλ^I (T_I)_{ij}∗ ) z^iz^{j∗} ϵ_{mnp}V^nV^p + + ( ψγ^mλ^{c I} (T_I )_{ij}∗ ) z^iz^{j∗} ϵ_{mnp}V^nV^p + −^1_3 M^I M^J z^i(T_I T_J )_{ij}∗ z^{j∗} ϵ_{mnp}V^mV^nV^p +

+ 4iM^I (T_I)_{ij}∗ z^iz^{j∗} ψγ_mψV^m , (4.1.37) and L^{superpotential} chiral = −2iϵmnp [ χ^{j∗} γ^m∂_j∗ W (z)ψ + χ^{c j}γ^m∂_jW (z)ψ^c ] V^nV^p +

+^1_3 [ ∂_i∂_jW (z)χ^{c i}χ^j + ∂_i∗ ∂_j∗ W (z)χ^{i∗} χ^{c j∗} ] ϵ_{mnp}V^mV^nV^p +

−^1_3 [ H^i∂_iW (z) + H^{j∗} ∂_j∗ W (z) − η_{ij}∗ H^iH^{j∗} ] ϵ_{mnp}V^mV^nV^p + − 4i [ W (z) + W (z) ] ψγ_mψ^cV^m . (4.1.38)

The space–time Lagrangian

In the rheonomic approach ([37]), the total three–dimensional N=2 lagrangian: L^{N =2} = L_{gauge} + L_{chiral} (4.1.39) is a closed (dL^{N =2} = 0) three–form defined in superspace. The action is given by the integral of L^{N =2} on a generic bosonic three–dimensional surface M_3 in superspace: S = ∫ M3 L^{N =2} . (4.1.40)

Supersymmetry transformations can be viewed as global translations in superspace which move M_3. Then, being L^{N =2} closed, the action is invariant under global supersymmetry transformations.

We choose as bosonic surface the one defined by:

θ = dθ = 0 . (4.1.41)

Then the space–time lagrangian, i.e. the pull–back of L^{N =2} on M_3, is: L^{N =2}_{st} = L^{kinetic}_{st} + L^{fermion mass} st + L^{potential}_{st} , (4.1.42) where L^{kinetic} st = { η_{ij}∗ ∇_mz^i∇^mz^{j∗} + iη_{ij}∗ ( χ^{j∗} ∇/χ^i + χ^{c i}∇/χ^{c j∗} ) + −g_{IJ} F^I_{mn}F^{J mn} +^1_2 g_{IJ} ∇_mM^I ∇^mM^J + +^1_2 ig_{IJ} ( λ^I ∇/λ^J + λ^{c I}∇/λ^{c J} )} d^3x (4.1.43) L^{fermion mass} st = { i ( χ^{c i}∂_i∂_jW (z)χ^j + χ^{i∗} ∂_i∗ ∂_j∗ W (z)χ^{c j∗} ) + −f_{IJK}M^I λ^J λ^K − 2χ^{i∗} M^I (T_I)_{ij}∗ χ^{j∗} + +2i ( χ^{i∗} λ^I (T_I)_i∗_jz^j − χ^{c i}λ^I (T_I)_{ij}∗ z^{j∗} ) + +2αg_{IJ} λ^I λ^J } d^3x (4.1.44) L^{potential} st = −U(z, z, H, H, M, P )d^3x , (4.1.45) and U(z, z, H, H, M, P ) = H^i∂_iW (z) + H^{j∗} ∂_j∗ W (z) − η_{ij}∗ H^iH^{j∗} + −^1_2 g_{IJ} P^I P^J − z^iP^I (T_I)_{ij}∗ z^{j∗} + +z^iM^I (T_I)_{ij}∗ η^{j∗k}M^J (T_J )_{kl}∗ z^{l∗} + +2αg_{IJ} M^I P^J + ζ^{~I} C^I_{~I} g_{IJ} P^J . (4.1.46)

From the variation of the lagrangian with respect to the auxiliary fields H^i and P^I we find:

H^i = η^{ij∗} ∂_j∗ W (z) , (4.1.47) P^I = D^I (z, z) + 2αM^I + ζ^{~I} C^I_{~I} , (4.1.48)

where D^I (z, z) = −z^{i∗} (T_I )_i∗_jz^j . (4.1.49) Substituting this expression in the potential (4.1.46) we obtain: U(z, z, M) = ∂_iW (z)η^{ij∗} ∂_j∗ W (z) + +^1_2 g^{IJ} ( z^{i∗} (T_I )_i∗_jz^j ) ( z^{k∗} (T_J )_k∗_lz^l ) + +z^{i∗} M^I (T_I )_i∗_jη^{jk∗} M^J (T_J )_k∗_lz^l + +2α^2g_{IJ} M^I M^J + 2αζ^{~I} C^I_{~I} g_{IJ} M^J +^1_2 ζ^{~I} C^I_{~I} g_{IJ} ζ^{~J} C^J_{~J} + −2αM^I ( z^{i∗} (T_I )_i∗_jz^j ) − ζ^{~I} C^I_{~I} ( z^{i∗} (T_I )_i∗_jz^j ) . (4.1.50)

4.1.3 A particular N = 2 theory: N = 4

A general lagrangian for matter coupled rigid N = 4, d = 3 super Yang Mills theory is easily obtained from the dimensional reduction of the N = 2, d = 4 gauge theory (see [72]). The bosonic sector of this latter lagrangian is the following: L^{N =4}_{bosonic} = − 1 g^2_{Y M} g_{IJ} F^I_{mn}F^{J mn} +^1_{2g2Y M} g_{IJ} ∇_mM^I ∇^mM^J + + 2 g^2_{Y M} g_{IJ} ∇_mY^I ∇^mY^J +^1_2 T r ( ∇_mQ∇^mQ ) + − 1 g^2_{Y M} g_{IN} f^I_{JK}f^N_{LM} M^J Y^K M^LY^M − M^I M^J T r ( Q(T_I T_J )Q ) + − 2 g^2_{Y M} g_{IN} f^I_{JK}f^N_{LM} Y^J Y^K Y^LY^M − Y^I Y^J T r ( Q {T_I , T_J } Q ) + −^1_4 g^2_{Y M} g_{IJ} T r ( Q(T^I )Q Q(T^J )Q ) . (4.1.51)

The bosonic matter field content is given by two kinds of fields. First we have a complex field Y^I in the adjoint representation of the gauge group, which belongs to a chiral multiplet. Secondly, we have an n-uplet of quaternions Q, which parametrize a (flat)^4 HyperKähler manifold:

Q = Q^1 = q^{1|0} − iq^{1|x}σ_x Q^2 = q^{2|0} − iq^{2|x}σ_x · · · Q^A = q^{A|0} − iq^{A|x}σ_x · · · Q^n = q^{n|0} − iq^{n|x}σ_x . q^{A|0}, q^{A|x} ∈ IR A ∈ {1, . . . , n} x ∈ {1, 2, 3} (4.1.52)

The quaternionic conjugation is defined by:

Q^A = q^{A|0} + iq^{A|x}σ_x . (4.1.53)

In this realization, the quaternions are represented by matrices of the form:

Q^A = ( u^A iv_A∗ iv_A u^{A∗} ) Q^A = ( u^{A∗} −iv_A∗ −iv_A u^A ) u^A = q^{A|0} − iq^{A|3} v^A = −q^{A|1} − iq^{A|2} . (4.1.54)

The generators of the gauge group G have a triholomorphic action on the flat HyperKähler manifold, namely they respect the three complex structures [71]. Explicitly this triholomorphic action on Q is the following:

δ^IQ = iT̂^IQ

δ^I ( u^A iv_A∗ iv_A u^{A∗} ) = i ( T^I_A∗_B −T^I_{AB}∗ ) ( u^B iv_B∗ iv_B u^{B∗} ) (4.1.55)

4 Once again we choose the HyperKähler manifold to be flat since we are interested in microscopic theories with canonical kinetic terms

where the T^I_A∗_B realize a representation of G in terms of n × n hermitian matrices. We define T_{AB}∗ ≡ (T_A∗_B)^∗, so, being the generators hermitian (T^∗ = T^T ), we can write:

T_A∗_B = T_{BA}∗ . (4.1.56)

We can rewrite eq. (4.1.51) in the form: L^{N =4}_{bosonic} = − 1 g^2_{Y M} g_{IJ} F^I_{mn}F^{J mn} + 1 2g^2_{Y M} g_{IJ} ∇_mM^I ∇^mM^J + + 2 g^2_{Y M} γ_{IJ} ∇_mY^I ∇^mY^J + ∇_mu∇^mu + ∇_mv∇^mv + − 2 g^2_{Y M} M^I M^J Y^Rf_{RIL}f^L_{JS} Y^S − M^I M^J ( uT_IT_J u + vT_I T_J v ) + − 2 g^2_{Y M} g_{IJ} [ Y , Y ]_I [ Y , Y ]_J − 2Y^I Y^J ( u{T_I , T_J }u + v{T_I , T_J }v ) + −2g^2_{Y M} g_{IJ} ( vT^Iu ) ( vT^J u ) −^1_2 g^2_{Y M} g_{IJ} [( uT^I u ) ( uT^J u ) + +(vT^I v)(vT^J v) − 2(uT^Iu)(vT^J v) ] . (4.1.57)

By comparing the bosonic part of (4.1.42) with (4.1.57), we see that in order for a N =2 lagrangian to be also N =4 supersymmetric, the matter content of the theory and the form of the superpotential are constrained. The chiral multiplets have to be in an adjoint plus a generic quaternionic representation of G. So the fields z^i and the gauge generators are z^i = √ 2Y^I g_{Y M} u^A g_{Y M} v_A T^I_i∗_j = f^I_{JK} (T^I)_A∗_B −(T^I )_{AB}∗ . (4.1.58)

Moreover, the holomorphic superpotential W (z) has to be of the form:

W (Y, u, v) = 2g^4_{Y M} δ^{AA∗} Y^I v_A(T_I )_A∗_Bu^B . (4.1.59)

Substituting these choices in the supersymmetric lagrangian (4.1.42) we obtain the general N=4 lagrangian expressed in N=2 language.

Since the action of the gauge group is triholomorphic there is a triholomorphic momentum map associated with each gauge group generator (see [73], [74], [72]).

The momentum map is given by:

P =^1_2 ( Q T̂ Q ) = ( P_3 P_+ P_− −P_3 ) , (4.1.60)

where

P^I_3 = i ( uT^Iu − vT^Iv ) = −iD^I P^I_+ = 2ivT^I u = ig^{−4}_{Y M} ∂W /∂Y_I P^I_− = −2ivT^Iu = −ig^{−4}_{Y M} ∂W/∂Y_I . (4.1.61) So the superpotential can be written as:

W = ig^4_{Y M} Y_I P^I_− . (4.1.62)

4.1.4 A particular N = 4 theory: N = 8

In this section we discuss the further conditions under which the N=4 three dimensional lagrangian previously derived acquires an N = 8 supersymmetry. To do that we will compare the four dimensional N =2 lagrangian of [72] with the four dimensional N =4 lagrangian of [75] (rescaled by a factor^4_{g2Y M} ), whose bosonic part is:

L^{N =4 D=4} bosonic = 1 g^2_{Y M} { −F^{mn}F_{mn} + 1 4 ∇^mϕ^{AB}∇_mϕ^{AB} + 1 4 ∇^mπ^{AB}∇_mπ^{AB}+ + 1 64 ([ ϕ^{AB}, ϕ^{CD} ] [ ϕ^{AB}, ϕ^{CD} ] + [ π^{AB}, π^{CD} ] [ π^{AB}, π^{CD} ] + + 2 [ ϕ^{AB}, π^{CD} ] [ ϕ^{AB}, π^{CD} ])} . (4.1.63)

The fields π^{AB} and ϕ^{AB} are Lie-algebra valued: { π^{AB} = π^{AB}_I t^I ϕ^{AB} = ϕ^{AB}_I t^I , (4.1.64)

where t^I are the generators of the gauge group G. They are the real and imaginary parts of the complex field ρ: { ρ^{AB} =^{1√}_2 ( π^{AB} + iϕ^{AB} ) ρ_{AB} =^{1√}_2 ( π^{AB} − iϕ^{AB} ) . (4.1.65)

ρ^{AB} transforms in the representation 6 of a global SU(4)-symmetry of the theory. Moreover, it satisfies the following pseudo-reality condition:

ρ^{AB} = −^1_2 iϵ^{ABCD}ρ_{CD} . (4.1.66)

In terms of ρ the lagrangian (4.1.63) can be rewritten as: L^{N =8}_{bosonic} = 1 2g^2_{Y M} { −F^{mn}F_{mn} + ∇_mρ_{AB}∇^mρ^{AB} + 1 16 [ ρ_{AB}ρ^{CD} ] [ ρ^{AB}, ρ_{CD} ] } . (4.1.67)

The SU(2) global symmetry of the N =2, D=4 theory can be diagonally embedded into the SU(4) of the N=4, D=4 theory: U = ( U 0 0 U ) ∈ SU(2) ⊂ SU(4) . (4.1.68)

By means of this embedding, the 6 of SU(4) decomposes as 6 −→ 4 + 1 + 1. Correspondingly, the pseudo-real field ρ can be splitted into:

ρ^{AB} = 0 √ 2Y g_{Y M} u ig_{Y M} v − √ 2Y 0 ig_{Y M} v g_{Y M} u −g_{Y M} u −ig_{Y M} v 0 − √ 2Y −ig_{Y M} v −g_{Y M} u √ 2Y 0 =

= i √ 2σ^2 ⊗ Y g_{Y M} Q −g_{Y M} Q^T −i √ 2σ^2 ⊗ Y

, (4.1.69) where Y and Q are Lie-algebra valued. The global SU(2) transformations act as:

ρ −→ UρU^T = i √ 2σ^2 ⊗ Y g_{Y M} UQU^† −g_{Y M} ( UQU^† )_T −i √ 2σ^2 ⊗ Y

. (4.1.70)

Substituting this expression for ρ into (4.1.67) and dimensionally reducing to three dimensions, we obtain the lagrangian (4.1.51). In other words the N =4, D=3 theory is enhanced to N=8 provided the hypermultiplets are in the adjoint representation of G.

4.2 Geometry of Q^{111}, M^{111} and abelian gauge theories

In this section I perform a geometrical analysis of the Q^{111}, M^{111} manifolds deeper than that given in chapter 3. In several points this is only sketched, without proofs. More details and proofs (and more mathematical rigor) can be found in [16].

4.2.1 Q^{111} and M^{111} as fiber bundles and toric manifolds

Q^{111} and M^{111} as fiber bundles

As a premise, I remind the well known result that the complex projective spaces IP_1, IP_2 are isomorphic to the following coset manifolds:

IP_1 = SU (2) U (1)

IP_2 = SU (3) SU (2) × U (1)

. (4.2.1)

Now, let us start our geometric analysis.

The manifold Q^{111} = SU (2) × SU (2) × SU (2) U (1) × U (1)

(4.2.2)

is a fiber bundle with base space SU (2) × SU (2) × SU (2) U (1) × U (1) × U (1)

= IP_1 × IP_1 × IP_1 (4.2.3)

and fiber U (1), namely,

Q^{111} = E (IP_1 × IP_1 × IP_1, U (1)) . (4.2.4)

The description of the fibration encodes the same information as the numbers (p, q, r) = (1, 1, 1) in the description of chapter 3, as I will show afterwards with the help of toric geometry.

If we extend the fibration from U (1) to

U (1) × IR^+ = C^∗, (4.2.5) we find the conifold (1.2.12) on Q^{111}, with IR^+ parametrized by the coordinate r; so we have C ( Q^{111} ) = E (IP_1 × IP_1 × IP_1,C^∗) . (4.2.6) The manifold M^{111} =

SU (3) × SU (2) × U (1) SU (2) × U (1) × U (1)

(4.2.7)

is a fiber bundle with base space SU (3) × SU (2) × U (1) SU (2) × U (1) × U (1) × U (1)

= IP_2 × IP_1 (4.2.8)

and fiber U (1), namely, M^{111} = E (IP_2 × IP_1, U (1)) . (4.2.9) The description of the fibration encodes the same information as the numbers (p, q, r) = (1, 1, 1) in the description of chapter 3, as I will show afterwards with the help of toric geometry.

If we extend the fibration from U (1) to U (1) × IR^+, we find the conifold (1.2.12) on M^{111}: C ( M^{111} ) = E (IP_2 × IP_1,C^∗) . (4.2.10)

Toric manifolds

I do not review here the theory of toric manifolds (for a complete treatment of toric geometry see [76]), I use only few concepts of that theory which are useful in our derivation. In general, a toric manifold can be seen as a manifold C^n/F (C^∗)^k

, (4.2.11)

where F ⊂ C^n is a null measure set. For simplicity, in the following we will not consider F , even if in a rigorous treatment it should be taken into account.

The toric manifold (4.2.11) can be parametrized by n complex coordinates

(X_1, X_2, . . . , X_n) (4.2.12)

on which k equivalence relations are defined, describing the action of (C^∗)^k on C^n:

(X_1, X_2, . . . , X_n) ∼ ( (λ^{p1}_1 λ^{p12}_2 · · · λ^{p1k}_k )X_1, (λ^{p21}_1 λ^{p2}_2 · · · λ^{p2k}_k )X_2, . . . , (λ^{pn1}_1 λ^{pn2}_2 · · · λ^{pnk}_k )X_n ) (λ_1, . . . , λ_k) ∈ (C^∗)^k . (4.2.13)

The matrix p^1 p^1_2 · · · p^1_k p^2_1 p^2 · · · p^2_k . . . . . . . . . . . . p^n_1 p^n_2 . . . p^n_k

(4.2.14)

codifies the embedding of (C^∗)^k in C^n. For example, for k = 1 the matrix with one column whose all the entries are equal to 1 represents the projective space

IP^{n−1} =

C^n C^∗

. (4.2.15)

The other toric manifolds can be seen as generalizations of the projective spaces.

C (Q^{111}) as a toric manifold

The base space of C (Q^{111}) is a toric manifold

IP_1 × IP_1 × IP_1 =

C^2 C^∗ × C^2 C^∗ × C^2 C^∗ = C^6 (C^∗)^3

, (4.2.16)

which can be described by six homogeneous coordinates

(A_i, B_i, C_i) i = 1, 2 (A_i, B_i, C_i) ∼ (λ_1A_i, λ_2B_i, λ_3C_i) , (4.2.17)

where each couple of coordinates describes one of the three IP_1 factors. This is a toric manifold described by the matrix

1 0 0 0 1 0 0 0 1

(4.2.18)

(to be precise, it has six rows and columns, not three, but they are equal in pairs). C (Q^{111}), being a fiber bundle with base space IP_1 × IP_1 × IP_1 and fiber C^∗, is a toric manifold with one C^∗ less in the denominator: C ( Q^{111} ) = E ( C^6 (C^∗)^3 ,C^∗ ) = C^6 (C^∗)^2

. (4.2.19)

It is simple to see in this context how the fiber bundle structure can implement the information of the embedding of H = (U (1))^3 in G = (SU (2))^3 × U (1) yielding Q^{111}, namely, the choice p = q = r = 1. To describe the fibration, we have to add a further coordinate on the matrix representing the toric manifold, the coordinate y. On the coordinates (A_i, B_i, C_i, y) there is an action of a (C^∗)^3 group, whose compact part is the action of the (U (1))^3 group in Q^{111}. This latter action is generated by (see chapter 3)

Z^′ = − i 2 √ 3 ( σ^{(1)}_3 − σ^{(3)}_3 )

Z^{′′} = − i 2 √ 3 ( −σ^{(1)}_3 + σ^{(2)}_3 )

Z^{′′′} = − i 2 √ 3 ( σ^{(1)}_3 + σ^{(2)}_3 + σ^{(3)}_3 ) − i √ 3 2 Y. (4.2.20)

Then the toric manifold (4.2.19) is described by

1 0 −1 0 −1 1 0 0 1 1 1 −3

. (4.2.21)

We can eliminate the coordinate y by fixing λ_3 = −1/3y, getting a matrix with a row and a column less: ( 1 0 −1 −1 1 0 ) . (4.2.22)

This matrix, describing the toric form of C (Q^{111}), codifies the choice of the embedding H ⊂ G for the Q^{111} space.

To retain the ZZ_3 symmetry which exchange the three IP_1 factors, we prefer to maintain the three equivalence relations, making them dependent. So the matrix representing C (Q^{111}) becomes 1 0 −1 −1 1 0 0 −1 1

, (4.2.23)

which means that the equivalence relations are (A_i, B_i, C_i) ∼ ( λ_1λ^{−1}_3 A_i, λ^{−1}_1 λ_2B_i, λ^{−1}_2 λ_3C_i ) , λ_1, λ_2, λ_3 ∈ C^∗. (4.2.24)

The matrix (4.2.23) has rank 2, and the group in the denominator of the coset (4.2.19) can be written as

(C^∗)^2 =

(C^∗)^3 C^∗_{diag} . (4.2.25)

We can fix the ( IR^+

)_2 ⊂ (C^∗)^2 gauge in the manifold (4.2.19) by imposing the further condition on the coordinates^5

|A_1|^2 + |A_2|^2 = |B_1|^2 + |B_2|^2 |B_1|^2 + |B_2|^2 = |C_1|^2 + |C_2|^2 . (4.2.27)

If we interpret the toric description of the cone as a Kähler quotient, the (4.2.27) equations have the interpretation of D–terms.

Summarizing, the cone on Q^{111} can be described by the six complex coordinates (A_i, B_i, C_i) with the constraints (4.2.27) and the equivalence relations (A_i, B_i, C_i) ∼ ( e^{iα}e^{−iγ}A_i, e^{−iα}e^{iβ}B_i, e^{−iβ}e^{iγ}C_i ) , α, β, γ ∈ IR. (4.2.28) Under the actions of these three U (1)’s the coordinates of Q^{111} have the following charges:

A_i : (1, −1, 0) B_i : (0, 1, −1) C_i : (−1, 0, 1) . (4.2.29)

I stress that one of these U (1)’s is decoupled and has no role in our discussion. The group acting on C^6/ ( IR^+

)_2 is U (1)^2 =

U (1)^3 U (1)_{diag} . (4.2.30)

5If furthermore we impose |A_1|^2 + |A_2|^2 = 1 (4.2.26)

we fix another IR^+ gauge, and we get the Q^{111} space itself, but we will not do that, being mainly interested in the cone that is the space transverse to the stack of M 2–branes.

C (M^{111}) as a toric manifold The base space of C (M^{111}) is a toric manifold

IP_2 × IP_1 =

C^5 (C^∗)^2

, (4.2.31)

which can be described by five homogeneous coordinates

(U_i, V_A) i = 1, 2, 3; A = 1, 2 (U_i, V_A) ∼ (λ_1U_i, λ_2V_A) . (4.2.32)

where U_i and V_A describe the IP_2 and IP_1 factors respectively. This is a toric manifold described by the matrix ( 1 0 0 1 ) (4.2.33)

(which actually has five rows and columns). C (M^{111}), being a fiber bundle with base space IP_2 × IP_1 and fiber C^∗, is a toric manifold with one C^∗ less in the denominator: C ( M^{111} ) = E ( C^5 (C^∗)^2 ,C^∗ ) = C^5 C^∗

. (4.2.34)

The matrix describing the toric form of C (M^{111}) codifies the choice of the embedding H ⊂ G for the M^{111} space.

As in the Q^{111} case, we can derive the toric description of this manifold, finding how the fiber bundle structure can implement the information of the embedding of H = U (1) × U (1) in G = SU (3) × SU (2) × U (1) in M^{111}, namely, the choice p = q = r = 1. To describe the fibration, we have to add a further coordinate on the matrix representing the toric manifold, the coordinate y. On the coordinates (U_i, V_A, y) there is an action of a (C^∗)^2 group, whose compact part is the action of the (U (1))^2 group in M^{111}. This latter action is generated by (see chapter 3)

Z^′ = i √ 3λ_8 + iσ_3 − 4iY

Z^{′′} = −i √ 3 2 λ_8 + 3 2 iσ_3. (4.2.35)

Here we have to keep attention to the normalizations. The explicit forms of these generators are

Z^′ = i diag (1, 1, −2, 1, −1, −4)

Z^{′′} = i 2 diag (−1, −1, 2, 3, −3, 0) . (4.2.36)

Then the equivalence relations of these generators on the coordinates (U_i, V_A, y) are (in toric language) ( 2 1 −4 −2 3 0 ) . (4.2.37)

We can eliminate the coordinate y by fixing λ_1 = −1/4y, getting a matrix with a row and a column less: ( −2 3 ) . (4.2.38)

In analogy with the Q^{111} case (and in order to get reasonable results in the non–abelian extension) we prefer to maintain the two equivalence relations, making them dependent. So the matrix representing C (M^{111}) becomes ( 2 −3 −2 3 ) , (4.2.39)

which means that the equivalence relations are (U_i, V_A) ∼ ( (λ_1)^2 (λ_2)^{−2} U_i, (λ_1)^{−3} (λ_2)^3 V_A ) (4.2.40)

(that is, defining ρ = λ_1/λ_2, (U_i, V_A) ∼ (ρ^2U_i, ρ^{−3}V_A)). The matrix (4.2.39) has rank 1, and the group in the denominator of the coset (4.2.34) is

C^∗ =

(C^∗)^2 C^∗_{diag} . (4.2.41)

We can fix the IR^+ ⊂ C^∗ gauge in the manifold (4.2.34) by imposing the further condition on the coordinates^6 |U_1|^2 + |U_2|^2 + |U_3|^2 = |V_1|^2 + |V_2|^2 . (4.2.43)

If we interpret the toric description of the cone as a Kähler quotient, the (4.2.43) equation has the interpretation of D–term.

Summarizing, the cone on M^{111} can be described by the five complex coordinates (U_i, V_A) with the constraint (4.2.43) and the equivalence relations (U_i, V_A) ∼ ( e^{2iα}e^{−2iβ}U_i, e^{−3iα}e^{3iβ}V_A, ) , α, β ∈ IR. (4.2.44)

Under the actions of these two dependent U (1)’s the coordinates of M^{111} have the following charges:

U_i : (2, −2) V_A : (−3, 3) . (4.2.45)

I stress that one of these U (1)’s is decoupled and has no role in our discussion. The group acting on C^5/ ( IR^+

)_2 is U (1) =

U (1)^2 U (1)_{diag} . (4.2.46)

4.2.2 The abelian theories

The abelian theory for Q^{111}

Given the toric description of C (Q^{111}), the identification of an abelian N = 2 gauge theory whose Higgs branch reproduces the conifold is straightforward. The fields appearing in the toric description should represent the fundamental degrees of freedom of the gauge

6If furthermore we impose |V_1|^2 + |V_2|^2 = 1 (4.2.42)

we fix another IR^+ gauge, and we get the M^{111} space itself.

theory. They have definite transformation properties under the gauge group. Out of them we can also build some gauge invariant combinations, which should represent the operators of the conformal theory and which should be matched with the KK spectrum. Geometrically, this corresponds to describing the cone as an affine submanifold of some C^p. This is a standard procedure, which converts the definition of a toric manifold in terms of D-terms to an equivalent one in terms of binomial equations in C^p. In this case, we have an embedding in C^8. We first construct all the U(1) invariants (in this case there are 8 = 2 × 2 × 2 of them)

X^{ijk} = A^iB^jC^k, i, j, k = 1, 2. (4.2.47)

They satisfy a set of binomial equations which cut out the image of our conifold C(Q^{111}) in C^8. These equations are actually the 9 quadrics 0 = ( ϵσ^A ) ij X^{iℓp} X^{jmq} ϵ_{ℓm} ϵ_{pq} , 0 = ( ϵσ^A ) ℓm X^{iℓp} X^{jmq} ϵ_{ij} ϵ_{pq} , 0 = ( ϵσ^A ) pq X^{iℓp} X^{jmq} ϵ_{ij} ϵ_{ℓm} . (4.2.48) Indeed, there is a general method to obtain the embedding equations of the cones over algebraic homogeneous varieties based on representation theory.^7 If we want to summarize this general method (see [16]) in few words, we can say the following. Through eq. (4.2.47) we see that the coordinates X^{ijk} of C^8 are assigned to a certain representation R of the isometry group SU(2)^3. In our case such a representation is R = (J^{(1)} =^1_2 , J^{(2)} = 1 2 , J^{(3)} =^1_2 ). The products X^{i1j1k1} X^{i2j2k2} belong to the symmetric product Sym^2(R), which in general branches into various representations, one of highest weight plus several subleading ones. On the cone, however, only the highest weight representation survives while all the subleading ones vanish. Imposing that such subleading representations are zero corresponds to writing the embedding equations. This has far reaching consequences in the conformal field theory, since provides the definition of the chiral ring. In principle all the representations appearing in the k-th symmetric tensor power of R could correspond to primary conformal operators. Yet the attention should be restricted to those that do not vanish modulo the equations of the cone, namely modulo the ideal generated by the representations of subleading weights. In other words, only the highest weight representation contained in the Sym^k(R) gives a true chiral operator. This is what matches the Kaluza Klein spectra found through harmonic analysis. Two points should be stressed. In general the number of embedding equations is larger than the codimension of the algebraic locus. For instance 8 − 4 < 9, i.e. the cone is not a complete intersection. The 9 equations (4.2.48) define the ideal I of C[X] := C[X^{111}, . . . , X^{222}] cutting the cone C(Q^{111}). The second point to stress is the double interpretation of the embedding equations. The fact that Q^{111} leads to N = 2 supersymmetry means that it is Sasakian, i.e. it is a circle bundle over a suitable complex three–fold. If considered in C^8 the ideal I cuts out the conifold C(Q^{111}). Being homogeneous, it can also be regarded as cutting out an algebraic variety in IP^7. This is IP^1 × IP^1 × IP^1, namely the base of the U(1) fibre-bundle Q^{111}.

It follows from this discussion that the invariant operators X^{ijk} of eq. (4.2.47) can be naturally associated with the building blocks of the gauge invariant composite operators of

7The 9 equations were already given in [12] although their representation theory interpretation was not given there.

our CFT. Holomorphic combinations of the X^{ijk} should span the set of chiral operators of the theory. As stated above, the set of embedding equations (4.2.48) imposes restrictions on the allowed representations of SU(2)^3 and hence on the existing operators. If we put the definition of X^{ijk} in terms of the fundamental fields A, B, C into the equations (4.2.48), we see that they are automatically satisfied when the theory is abelian. Since we want eventually to promote A, B, C to non-abelian fields, these equations become nontrivial because the fields do not commute anymore. They essentially assert that the chiral operators we may construct out of the X^{ijk} are totally symmetric in the exchange of the various A, B, C, that is they belong to the highest weight representations we mentioned above.

It is clear that the two different geometric descriptions of the conifold, the first in terms of the variables A, B, C and the second in terms of the X, correspond to the two possible parametrization of the moduli space of vacua of an N = 2 theory, one in terms of vevs of the fundamental fields and the second in terms of gauge invariant chiral operators.

We notice that this discussion closely parallels the analogous one in [13], [77]. Q^{111} is indeed a close relative of T^{11}.

The abelian theory for M^{111}

Given the toric description of C (M^{111}), we can identify the corresponding abelian N = 2 gauge theory. The fields U, V should represent the fundamental degrees of freedom of the gauge theory. As before, we can find a second representation of our manifold in terms of an embedding in some C^p with coordinates representing the chiral operators of our CFT. In this case, we have an embedding in C^{30}. We again construct all the U(1) invariants (in this case there are 30 of them) and we find that they are assigned to the (10, 3) of SU(3) × SU(2). The embedding equations of the conifold into C^{30} correspond to the statement that in the Clebsch–Gordon expansion of the symmetric product (10, 3) ⊗_s (10, 3) all representations different from the highest weight one should vanish. This yields 325 equations grouped into 5 irreducible representations (see [16]).

As in the Q^{111} case, the X^{ijℓ|AB} can be associated with the building blocks of the gauge invariant composite operators of our CFT and the ideal generated by the embedding equations (see [16]) imposes many restrictions on the existing conformal operators. Actually, as we try to make clear in the explicit comparison with Kaluza Klein data (see section 4.3.4), the entire spectrum is fully determined by the structure of the ideal above. Indeed, as it should be clear from the previous group theoretical description of the embedding equations, the result of the constraints is to select chiral operators which are totally symmetrized in the SU(3) and SU(2) indices.

4.3 The non-abelian theory and the comparison with KK spectrum

In the previous section, we explicitly constructed an abelian theory whose moduli space of vacua reproduces the cone over the two manifolds Q^{111} and M^{111}. These can be easily promoted to non-abelian ones. Once this is done, we can compare the expected spectrum of short operators in the CFT with the KK spectrum.

4.3.1 The case of Q^{111}

The theory for Q^{111} becomes SU(N) × SU(N) × SU(N) with three series of chiral fields in the following representations of the gauge group

A_i : (N, N̄, 1), B_l : (1, N, N̄), C_p : (N̄, 1, N) . (4.3.1)

The representations of the fundamental fields have been chosen in such a way that they reduce to the abelian theory discussed in the previous section (eq. (4.2.29) ). The field content can be conveniently encoded in a quiver diagram, where nodes represent the gauge groups and links matter fields in the bi-fundamental representation of the groups they are connecting. The quiver diagram for Q^{111} is pictured in figure 4.1. The global symmetry

Figure 4.1: Gauge group SU(N)_1 × SU(N)_2 × SU(N)_3 and colour representation assignments of the fundamental fields A_i, B_j, C_ℓ in the Q^{111} world volume gauge theory.

of the gauge theory is SU(2)^3, where each of the doublets of chiral fields transforms in the fundamental representation of one of the SU(2)’s.

Notice that we are considering SU(N) gauge group and not the naively expected U(N). The reason is that there is compelling evidence [2], [78], [79] that the U(1) factors are washed out in the near horizon limit. Since in three dimensions U(1) theories may give rise to CFT’s in the IR, it is an important point to check whether U(1) factors are described by the AdS-solution or not. A first piece of evidence that the supergravity solutions are dual to SU(N) theories, and not U(N), comes from the absence in the KK spectrum (even in the maximal supersymmetric case) of KK modes corresponding to colour trace of single fundamental fields of the CFT, which are non zero only for U(N) gauge groups. A second evidence is the existence of states dual to baryonic operators in the non-perturbative spectrum of these Type II or M-theory compactifications; baryons exist only for SU(N) groups. We will find baryons in the spectrum of both Q^{111} and M^{111}: this implies that, for the compactifications discussed in this paper, the gauge group of the CFT is SU(N).

In the non-abelian case, we expect that the generic point of the moduli space corresponds to N separated branes. Therefore, the space of vacua of the theory should reduce to the symmetrization of N copies of Q^{111}. To get rid of unwanted light non-abelian degrees of freedom, we would like to introduce, following [13], a superpotential for our theory. Unfortunately, the obvious candidate for this job

ϵ^{ij}ϵ^{mn}ϵ^{pq}Tr(A_iB_mC_pA_jB_nC_q) (4.3.2) is identically zero. Here the close analogy with T^{11} and reference [13] ends.

We consider now the spectrum of KK excitations of Q^{111}. As we have seen in chapter 3, there is a chiral multiplet in the

J^{(1)} = k 2 ; J^{(2)} = k 2 ; J^{(3)} = k 2 (4.3.3)

representation of SU(2)^3 for each integer value of k, with dimension E_0 = k. We naturally associate these multiplets with the series of composite operators

Tr(ABC)^k, (4.3.4)

where the SU(2)’s indices are totally symmetrized. A first important result, following from the existence of these hypermultiplets in the KK spectrum, is that the dimension of the combination ABC at the superconformal point must be 1.

We see that the predictions from the KK spectrum are in perfect agreement with the geometric discussion in the previous section. Operators which are not totally symmetric in the flavour indices do not appear in the spectrum. The agreement with the proposed CFT, however, is only partial. The chiral operators predicted by supergravity certainly exist in the gauge theory. However, we can construct many more chiral operators which are not symmetric in flavour indices. They do not have any counterpart in the KK spectrum. The superpotential in the case of T^{11} [13] had the double purpose of getting rid of the unwanted non-abelian degrees of freedom and of imposing, via the equations of motion, the total symmetrization for chiral and short operators which is predicted both by geometry and by supergravity. Here, we are not so lucky, since there is no superpotential. We can not consider superpotentials of dimension bigger than that considered before (for example, cubic or quartic in ABC) because the superpotential (4.3.2) is the only one which has dimension compatible with the supergravity predictions.^8 We need to suppose that all the non symmetric operators are not conformal primary. Since the relation between Rcharge and dimension is only valid for conformal chiral operators, such operators are not protected and therefore may have enormous anomalous dimension, disappearing from the spectrum. Simple examples of chiral but not conformal operators are those obtained by derivatives of the superpotential. Since we do not have a superpotential here, we have to suppose that both the elimination of the unwanted coloured massless states as well as the disappearing of the non-symmetric chiral operators emerges as a non-perturbative IR effect.

4.3.2 The case of M^{111}

Let us now consider M^{111}. The non-abelian theory is now SU(N) × SU(N) with chiral matter in the following representations of the gauge group

U^i ∈ Sym^2(C^N ) ⊗ Sym^2(C^{N ∗}), V^A ∈ Sym^3(C^{N ∗}) ⊗ Sym^3(C^N ). (4.3.5)

The representations of the fundamental fields have been chosen in such a way that they reduce to the abelian theory discussed in the previous section (eq. (4.2.45) ), match with the KK spectrum and imply the existence of baryons predicted by supergravity. Comparison with supergravity, which will be made soon, justifies, in particular, the choice of colour symmetric representations.

Figure 4.2: Gauge group U(N)_1 × U(N)_2 and colour representation assignments of the fundamental fields V^A and U^i in the M^{111} world volume gauge theory.

The field content can be conveniently encoded in the quiver diagram in figure 4.2. The global symmetry of the gauge theory is SU(3) × SU(2), with the chiral fields U and V transforming in the fundamental representation of SU(3) and SU(2), respectively.

We next compare the expectations from gauge theory with the KK spectrum [14]. Let us start with the hypermultiplet spectrum. There is exactly one hypermultiplet in the symmetric representation of SU(3) with 3k indices and the symmetric representation of SU(2) with 2k indices, namely,

[M_1, M_2, 2J] = [3k, 0, 2k] (4.3.6)

for each integer k ≥ 1. The dimension of the operator is E_0 = 2k. We naturally identify these states with the totally symmetrized chiral operators

Tr(U^3V^2)^k. (4.3.7)

One immediate consequence of the supergravity analysis is that the combination U^3V^2 has dimension 2 at the superconformal fixed point.

Once again, we are not able to write any superpotential of dimension 2. The natural candidate is the dimension two flavour singlet ϵ_{ijk}ϵ_{AB} ( U^iU^j U^kV^AV^B ) colour singlet (4.3.8)

which however vanishes identically. There is no superpotential that might help in the elimination of unwanted light coloured degrees of freedom and that might eliminate all the non symmetric chiral operators that we can construct out of the fundamental fields. Once again, we have to suppose that, at the superconformal fixed point in the IR, all the non totally symmetric operators are not conformal primaries.

4.3.3 The scalar potential

Let us now consider more closely the scalar potential of the N = 2 world–volume gauge theories we have conjectured to be associated with the Q^{111} and M^{111} compactifications.

8For a three dimensional theory to be conformal the dimension of the superpotential must be 2.

In complete generality, the scalar potential of a three dimensional N = 2 gauge theory with an arbitrary gauge group and an arbitrary number of chiral multiplets in generic representations of the gauge–group has the form (4.1.50) U(z, z, M) = ∂_iW (z)η^{ij∗} ∂_j∗ W (z) + +^1_2 g^{IJ} ( z^{i∗} (T_I )_i∗_jz^j ) ( z^{k∗} (T_J )_k∗_lz^l ) + +z^{i∗} M^I (T_I )_i∗_jη^{jk∗} M^J (T_J )_k∗_lz^l + +2α^2g_{IJ} M^I M^J + 2αζ^{~I} C^I_{~I} g_{IJ} M^J +^1_2 ζ^{~I} C^I_{~I} g_{IJ} ζ^{~J} C^J_{~J} + −2αM^I ( z^{i∗} (T_I )_i∗_jz^j ) − ζ^{~I} C^I_{~I} ( z^{i∗} (T_I )_i∗_jz^j ) . (4.3.9)

If we put the Chern Simons and the Fayet Iliopoulos terms to zero α = ζ^{~J} = 0, the scalar potential becomes the sum of three quadratic forms:

U(z, z, M) = |∂W (z)|^2 +^1_2 g^{IJ} D_I (z, z ) D_J (z, z) + M^I M^J K_{IJ} (z, z), (4.3.10)

where the real functions D^I (z, z) = −z^{i∗} (T_I )_i∗_jz^j (4.3.11) are the D–terms, namely the on–shell values of the vector multiplet auxiliary fields, while by definition we have put

K_{IJ} (z, z)^{def}= z^{i∗} (T_I )_i∗_jη^{jk∗} (T_J )_k∗_lz^l. (4.3.12)

If the quadratic form M_I M_J K_{IJ} (z, z̄) is positive definite, then the vacua of the gauge theory are singled out by the three conditions ∂W ∂z^i = 0, (4.3.13)

D^I (z, z̄) = 0, (4.3.14) M_I M_J K_{IJ} (z, z̄) = 0. (4.3.15)

The basic relation between the candidate superconformal gauge theory CF T_3 and the compactifying 7–manifold X_7 that we have used in eq.s (4.2.27, 4.2.43) is that, in the Higgs branch (⟨M_I ⟩ = 0), the space of vacua of CF T_3, described by eq.s (4.3.13, 4.3.14, 4.3.15), should be equal to the product of N copies of X_7:

vacua of gauge theory = X_7 × . . . × X_7 N /Σ_N . (4.3.16)

Indeed, if there are N M2–branes in the game, each of them can be placed somewhere in X_7 and the vacuum is described by giving all such locations. In order for this to make sense it is necessary that

• The Higgs branch should be distinct from the Coulomb branch

• The vanishing of the D–terms should indeed be a geometric description of (4.3.16).

Let us apply our general formula to the two cases under consideration and see that these conditions are indeed verified.

The scalar potential in the Q^{111} case

Here the gauge group is

G = SU(N)_1 × SU(N)_2 × SU(N)_3 (4.3.17)

in the non–abelian case N > 1 and

G = U(1)_1 × U(1)_2 × U(1)_3 (4.3.18)

in the abelian case N = 1. The chiral fields A_i, B_j , C_ℓ are in the SU(2)^3 flavour representations (2, 1, 1), (1, 2, 1), (1, 1, 2) and in the colour SU(N)^3 representations (N, N̄, 1), (1, N, N̄), (N̄, 1, N), respectively (see fig.4.1). We can arrange the chiral fields into a column vector: ⃗z = A_i B_j C_ℓ . (4.3.19)

Naming (t_I)^Λ_Σ the N × N hermitian matrices such that i t_I span the SU(N) Lie algebra (I = 1, . . . , N^2 − 1), the generators of the gauge group acting on the chiral fields can be written as follows:

T^{[1]}_I = t_I ⊗ 1 0 0 0 0 0 0 0 −1 ⊗ t_I

, T^{[2]}_I =

−1 ⊗ t_I 0 0 0 t_I ⊗ 1 0 0 0 0 ,

T^{[3]}_I =

0 0 0 0 −1 ⊗ t_I 0 0 0 t_I ⊗ 1

. (4.3.20)

Then the D^2–terms appearing in the scalar potential take the following form:

D^2-terms =^1_2 [^{N 2−1}∑ I=1 (¯ A^i (t_I ⊗ 1) A_i − C̄^i (1 ⊗ t_I ) C_i

)_2 +

+ N^2−1∑

I=1 (¯ B^i (t_I ⊗ 1) B_i − Ā^i (1 ⊗ t_I) A_i

)_2 +

+ N^2−1∑

I=1 (¯ C^i (t_I ⊗ 1) C_i − B̄^i (1 ⊗ t_I ) B_i

)_2] . (4.3.21)

The part of the scalar potential involving the gauge multiplet scalars is instead given by:

M^2–terms = M^I_1 M^J_1 (¯ A^i (t_I t_J ⊗ 1) A_i + C̄^i (1 ⊗ t_I t_J ) C_i ) + +M^I_2 M^J_2 (¯ B^i (t_I t_J ⊗ 1) B_i + Ā^i (1 ⊗ t_It_J ) A_i ) + +M^I_3 M^J_3 (¯ C^i (t_I t_J ⊗ 1) C_i + B̄^i (1 ⊗ t_I t_J ) B_i ) + − 2 M^I_1 M^J_2 Ā^i (t_I ⊗ t_J ) A_i − 2 M^I_2 M^J_3 B̄^i (t_I ⊗ t_J ) B_i + − 2 M^I_3 M^J_1 C̄^i (t_I ⊗ t_J ) C_i. (4.3.22)

In the abelian case we simply get:

D^2-terms =^1_2 [( |A_1|^2 + |A_2|^2 − |C_1|^2 − |C_2|^2

)_2 + + ( |B_1|^2 + |B_2|^2 − |A_1|^2 − |A_2|^2

)_2 + + ( |C_1|^2 + |C_2|^2 − |B_1|^2 − |B_1|^2

)_2] , (4.3.23)

M^2-terms = [( |A_1|^2 + |A_2|^2 ) (M_1 − M_2)^2 + + ( |B_1|^2 + |B_2|^2 ) (M_2 − M_3)^2 + + ( |C_1|^2 + |C_2|^2 ) (M_3 − M_1)^2 ] . (4.3.24)

Eq.s (4.3.23) and (4.3.24) are what we have used in our toric description of Q^{111} as the manifold of gauge–theory vacua in the Higgs branch. Indeed it is evident from eq. (4.3.24) that if we give non vanishing vev to the chiral fields, then we are forced to put < M_1 >=< M_2 >=< M_3 >= m. Alternatively, if we give non trivial vevs to the vector multiplet scalars M_i, then we are forced to put < A_i >=< B_j >=< C_ℓ >= 0 which confirms that the Coulomb branch is separated from the Higgs branch.

Finally, from eq.s (4.3.21, 4.3.22) we can retrieve the vacua describing N separated branes. Each chiral field has two colour indices and is actually a matrix. Setting

< A^Λ_{i|Σ} > = δ^Λ_Σ a^Λ_i ,

< B^Λ_{i|Σ} > = δ^Λ_Σ b^Λ_i ,

< C^Λ_{i|Σ} > = δ^Λ_Σ c^Λ_i , (4.3.25)

a little work shows that the potential (4.3.21) vanishes if each of the N–triplets a^Λ_i , b^Λ_j , c^Λ_ℓ separately satisfies the D–term equations, yielding the toric description of a Q^{111} manifold (4.2.27). Similarly, for each abelian generator belonging to the Cartan subalgebra of U_i(N) and having a non trivial action on a^Λ_i , b^Λ_j , c^Λ_ℓ we have < M^Λ_1 >=< M^Λ_2 >=< M^Λ_3 >= m^Λ.

The scalar potential in the M^{111} case

Here the gauge group is G = SU(N)_1 × SU(N)_2 (4.3.26)

in the non–abelian case N > 1 and

G = U(1)_1 × U(1)_2 (4.3.27)

in the abelian case N = 1. The chiral fields U_i, V_A are in the SU(3) × SU(2) flavour representations (3, 1), (1, 2) respectively. As for colour, they are in the SU(N)^2 representations Sym^2(C^N ) ⊗ Sym^2(C^{N ∗}), Sym^3(C^{N ∗}) ⊗ Sym^3(C^N ) respectively (see fig. 4.2). As before, we can arrange the chiral fields into a column vector: ⃗z = ( U_i V_A ) . (4.3.28)

Naming (t^{[3]}_I )^{ΛΣΓ}_{ΞΔΘ} the hermitian matrices generating SU(N) in the three–times symmetric representation and (t^{[2]}_I )^{ΛΣ}_{ΞΔ} the same generators in the two–times symmetric representation, the generators of the gauge group acting on the chiral fields can be written as follows:

T^{[1]}_I = ( t^{[2]}_I ⊗ 1 0 0 −1 ⊗ t^{[3]}_I ) , T^{[2]}_I = ( −1 ⊗ t^{[2]}_I 0 0 t^{[3]}_I ⊗ 1 ) . (4.3.29)

Then the D^2–terms appearing in the scalar potential take the following form:

D^2-terms =^1_2 [^{N 2−1}∑ I=1 ( Ū^i ( t^{[2]}_I ⊗ 1 ) U_i − V̄^A ( 1 ⊗ t^{[3]}_I ) V_A )_2 +

+ N^2−1∑

I=1 ( Ū^i ( 1 ⊗ t^{[2]}_I ) U_i − V̄^A ( t^{[3]}_I ⊗ 1 ) V_A )_2]

, (4.3.30)

while the part of the scalar potential involving the gauge multiplet scalars is given by

M^2–terms = M^I_1 M^J_1 ( Ū^i ( t^{[2]}_I t^{[2]}_J ⊗ 1 ) U_i + V̄^A ( 1 ⊗ t^{[3]}_I t^{[3]}_J ) V_A ) + +M^I_2 M^J_2 ( Ū^i ( 1 ⊗ t^{[2]}_I t^{[2]}_J ) U_i + V̄^A ( t^{[3]}_I t^{[3]}_J ⊗ 1 ) V_A ) + − 2 M^I_1 M^J_2 Ū^i ( t^{[2]}_I ⊗ t^{[2]}_J ) U_i − 2 M^I_2 M^J_1 V̄^A ( t^{[3]}_I ⊗ t^{[3]}_J ) V_A. (4.3.31)

In the abelian case we simply get

D^2-terms =^1_2 {[ 2 ( |U_1|^2 + |U_2|^2 + |U_3|^2 ) − 3 ( |V_1|^2 + |V_1|^2 )]_2 + + [ 2 ( |U_1|^2 + |U_2|^2 + |U_3|^2 ) − 3 ( |V_1|^2 + |V_2|^2 )]_2} , (4.3.32)

M^2-terms = [ 4 ( |U_1|^2 + |U_2|^2 + |U_3|^2 ) + 9 ( |V_1|^2 + |V_2|^2 )] (M_1 − M_2)^2. (4.3.33)

Once again from eq.s (4.3.32) and (4.3.33) we see that the Higgs and Coulomb branches are separated. Furthermore, in eq. (4.3.32) we recognize the toric description of M^{111} as the manifold of gauge–theory vacua in the Higgs branch (see eq. (4.3.30)).

As before, from eq.s (4.3.32, 4.3.33) we can retrieve the vacua describing N separated branes. In this case the colour index structure is more involved and we must set

< U^{ΛΛ} i|ΛΛ > = u Λ i , < V^{ΛΛΛ} A|ΛΛΛ > = v Λ A. (4.3.34)

A little work shows that the potential (4.3.21) vanishes if each of the N–doublets u^Λ_i , v^Λ_A separately satisfies the D–term equations yielding the toric description of a M^{111} manifold (4.3.30). Similarly, for each abelian generator belonging to the Cartan subalgebra of U_i(N) and having a non trivial action on u^Λ_i , v^Λ_A we have < M^Λ_1 >=< M^Λ_2 >= m^Λ.

4.3.4 Conformal superfields and comparison with the KK spectrum

Starting from the choice of the fundamental fields of the gauge theory and of the chiral ring (inherited from the geometry of the compact manifold), we can build all sort of candidate conformal superfields for both theories M^{111} and Q^{111}. In the first case, where the full spectrum of Osp(2|4) × SU(3) × SU(2) supermultiplets has already been determined through harmonic analysis (see chapter 3, [14]), relying on the conversion vocabulary between AdS_4 bulk supermultiplets and boundary superfields established in section 2.5.3 [15], we can make a detailed comparison of the Kaluza Klein predictions with the candidate conformal superfields available in the gauge theory. In particular we find the gauge theory interpretation of the entire spectrum of short multiplets. The corresponding short superfields are in the right SU(3) × SU(2) representations and have the right conformal dimensions. Applying the same scheme to the case of Q^{111}, we can use the gauge theory to make predictions about the spectrum of short multiplets one should find in Kaluza Klein harmonic expansions. The partial results already known from harmonic analysis on Q^{111} are in agreement with these predictions.

In addition, looking at the M^{111} spectrum, one finds that there is a rich collection of long multiplets whose conformal dimensions are rational and seem to be protected from acquiring quantum corrections. This is in full analogy with results obtained in the four– dimensional theory associated with the T^{11} manifold [80], [26]. Actually, we find an even larger class of such rational long multiplets. For a subclass of them the gauge theory interpretation is clear while for others it is not immediate. Their presence, which seems universal in all coset models, indicates some general protection mechanism that has still to be clarified.

The fundamental superfields of the M^{111} theory are the following ones:

U^{i|ΛΣ}_{ΓΔ}(x, θ) = u^{i|ΛΣ}_{ΓΔ}(x) + (λ^α_u )^{i|ΛΣ}_{ΓΔ} (x) θ^+_α ,

V^{A|ΓΔΘ}_{ΛΣΠ} (x, θ) = v^{A|ΓΔΘ}_{ΛΣΠ} (x) + (λ^α_v )^{A|ΓΔΘ}_{ΛΣΠ} (x) θ^+_α , (4.3.35)

where (i, A) are SU(3) × SU(2) flavour indices, (Λ, Λ) are SU(N) × SU(N) colour indices while α is a world volume spinorial index of SO(1, 2). The fundamental superfields are chiral superfields, so they satisfy E_0 = |y_0|.

U^i is in the fundamental representation 3 of SU(3)_{flavour} and in the (22, 22^⋆) of (SU(N) × SU(N))_{colour}. V^A is in the fundamental representation 2 of SU(2)_{flavour} and in the (222^⋆, 222) of (SU(N) × SU(N))_{colour}. In eq.s (4.3.35) we have followed the conventions that lower SU(N) indices transform in the fundamental representation, while upper SU(N) indices transform in the complex conjugate of the fundamental representation.

In the next section, studying the non perturbative baryon state, we will unambiguously establish the conformal weights of the fundamental superfields U, V (or, more precisely, the conformal weights of the Clifford vacua u, v) that are:

E_0(u) = y_0(u) = 4 9 , E_0(v) = y_0(v) = 1 3 . (4.3.36)

For the Q^{111} theory the fundamental superfields are instead the following ones:

A^{Γ2}_{i1|Λ1} (x, θ) = a^{Γ2}_{i1|Λ1} (x) + (λ^α_a )^{Γ2}_{i1|Λ1} (x) θ^+_α ,

B^{Γ3}_{i2|Λ2} (x, θ) = b^{Γ3}_{i2|Λ2} (x) + (λ^α_b )^{Γ3}_{i2|Λ2} (x) θ^+_α ,

C^{Γ1}_{i3|Λ3} (x, θ) = c^{Γ1}_{i3|Λ3} (x) + (λ^α_c )^{Γ1}_{i3|Λ3} (x) θ^+_α , (4.3.37)

where i_ℓ (ℓ = 1, 2, 3) are flavour indices of SU(2)_1 ×SU(2)_2 ×SU(2)_3, while Λ_ℓ (ℓ = 1, 2, 3) are colour indices of SU(N)_1 × SU(N)_2 × SU(N)_3. Also in this case we know (see next section) their conformal dimensions through the calculation of the conformal dimension of the baryon operators. We have:

E_0(a) = E_0(b) = E_0(c) = y_0(a) = y_0(b) = y_0(c) = 1 3 . (4.3.38)

Chiral operators

When the gauge group is U(1)^N , there is a simple interpretation for the ring of the chiral superfields: they describe the oscillations of the M2−branes in the 7 compact transverse directions, so they should have the form of a parametric description of the manifold. As we have seen, M^{111} embedded in IP^{29}, can be parametrized by

X^{ijl|AB} = U^iU^j U^kV^AV^B. (4.3.39)

Furthermore, the embedding equations can be reformulated in the following way. In a product X^{i1j1l1|A1B1} X^{i2j2l2|A2B2} . . . X^{ikjk lk|AkBk} (4.3.40) only the highest weight representation of SU(3)×SU(2), that is the completely symmetric in the SU(3) indices and completely symmetric in the SU(2) indices, survives. So the ring of the chiral superfields should be composed by superfields of the form Φ^{(i1j1l1...ikjklk)(A1B1...Ak Bk)} = U^{i1} U^{j1} U^{l1} V^{A1} V^{B1} . . . U^{ik} U^{jk} U^{lk} V^{Ak} V^{Bk} k . (4.3.41)

First of all, we note that a product of chiral superfields is always a chiral superfield, that is, a field satisfying the equation (see section 2.5.2)

D^+_α Φ = 0, (4.3.42)

whose general solution has the form

Φ(x, θ) = S(x) + λ^α(x)θ^+_α + π(x)θ^{+α}θ^+_α . (4.3.43)

Following the notation of section 3.4.1, we identify the flavour representations with three nonnegative integers M_1, M_2, 2J. The superfields (4.3.41) are in the same Osp(2|4) × SU(3)×SU(2) representations as the bulk hypermultiplets that were determined through harmonic analysis: M_1 = 3k M_2 = 0 J = k E_0 = y_0 = 2k k > 0 . (4.3.44)

In particular, it is worth noticing that every block UUUV V is in the (222, 22)_{flavour} and has conformal weight 3 · ( 4 9 ) + 2 · ( 1 3 ) = 2, (4.3.45) as in the Kaluza Klein spectrum. As a matter of fact, the conformal weight of a product of chiral fields equals the sum of the weights of the single components, as in a free field theory. This is due to the relation E_0 = |y_0| satisfied by the chiral superfields and to the additivity of the hypercharge.

When the gauge group is promoted to SU(N)×SU(N), the coordinates become tensors (see (4.3.35)). Our conclusion about the composite operators is that the only primary chiral superfields are those which preserve the structure (4.3.41). So, for example, the lowest lying operator is:

U^{ΛΣ}_{i|(ΛΣ}U^{ΓΔ}_{j|ΓΔ}U^{ΘΞ}_{ℓ|ΘΞ)}V^{ΛΣΓ}_{A|(ΛΣΓ}V^{ΔΘΞ}_{B|ΔΘΞ)}, (4.3.46)

where the colour indices of every SU(N) are symmetrized. The generic primary chiral superfield has the form (4.3.41), with all the colour indices symmetrized before being contracted. The choice of symmetrizing the colour indices is not arbitrary: if we impose symmetrization on the flavour indices, it necessarily follows that also the colour indices are symmetrized (see [16] for a proof of this fact). Clearly, the Osp(2|4) × SU(3) × SU(2) representations (4.3.44) of these fields are the same as in the abelian case, namely those predicted by the AdS/CF T correspondence.

It should be noted that in the 4–dimensional analogue of these theories, namely in the T^{11} case [13] [26], the restriction of the primary conformal fields to the geometrical chiral ring occurs through the derivatives of the quartic superpotential. As we already noted, in the D = 3 theories there is no superpotential of dimension 2 which can be introduced and, accordingly, the embedding equations defining the vanishing ideal cannot be given as derivatives of a single holomorphic ”function”. It follows that there is some other non perturbative and so far unclarified mechanism that suppresses the chiral superfields not belonging to the highest weight representations.

Let us know consider the case of the Q^{111} theory. Here, as already pointed out, the complete Kaluza Klein spectrum is still under construction [18]. Yet the information available in the literature, given at the end of chapter 3, is sufficient to make a comparison between the Kaluza Klein predictions and the gauge theory at the level of the chiral multiplets (and also of the graviton multiplets as I show below). Looking at table 3.13, we learn that in the AdS_4×M^{111} compactification, each hypermultiplet contains a scalar state S of energy label E_0 = |y_0|, which is actually the Clifford vacuum of the representation and corresponds to the world volume field S of eq.(4.3.43). It is reasonable to guess that the same happens in the AdS_4 × Q^{111} compactification. From the general bosonic mass– formulae (3.1.70), we know that S is related to traceless deformations of the internal metric and its mass is determined by the spectrum of the scalar laplacian on X_7. In (3.1.70) we have m^2_S = H_0 + 176 − 24 √ H_0 + 36 (4.3.47)

which, combined with the general AdS_4 relation between scalar masses and energy labels 16(E_0 − 2)(E_0 − 1) = m^2 (2.2.14), yields the formula

E_0 =^3_2 +^1_4 √ 180 + H_0 − 24 √ 36 + H_0 (4.3.48)

for the conformal weight of candidate hypermultiplets in terms of the scalar laplacian eigenvalues. These are already known for Q^{111} (see chapter 3):

H_0 = 32 ( J^{(1)} ( J^{(1)} + 1 ) + J^{(2)} ( J^{(2)} + 1 ) + J^{(3)} ( J^{(3)} + 1 ) −^1_4 Y^2 ) , (4.3.49) where (J^{(1)}, J^{(2)}, J^{(3)}) denotes the SU(2)^3 flavour representation and y the R–symmetry U(1) charge. From our knowledge of the geometrical chiral ring of Q^{111} and from our calculation of the conformal weights of the fundamental superfields, on the gauge theory side we expect the following chiral operators: Φ_{i1j1ℓ1,... ikjkℓk} = Tr (A_{i1} B_{j1} C_{ℓ1} . . . A_{ik} B_{jk} C_{ℓk} ) (4.3.50) in the following Osp(2|4) × SU(2) × SU(2) × SU(2) representation:

Osp(2|4) : hypermultiplet with { E_0 = k y_0 = k

(4.3.51)

SU(2) × SU(2) × SU(2) : J^{(1)} = J^{(2)} = J^{(3)} =^1_2 k (4.3.52) k ≥ 1. Inserting the representation (4.3.53) into eq. (4.3.49) we obtain H_0 = 16k^2 + 48k and, using this value in eq. (4.3.48), we retrieve the conformal field theory prediction E_0 = k. This shows that the hypermultiplet spectrum found in Kaluza Klein harmonic expansions on Q^{111} agrees with the chiral superfields predicted by the conformal gauge theory.

Conserved currents of the world volume gauge theory

The supergravity mass–spectrum on AdS_4 × X_7, where X_7 is an Einstein space admitting N = 2 Killing spinors, contains a number of ultrashort or massless Osp(2|4) multiplets that correspond to the unbroken local gauge symmetries of the vacuum. These are:

1. The massless N = 2 graviton multiplet

2. The massless N = 2 vector multiplets of the flavour group G^′

3. The massless N = 2 vector multiplets associated with the non–trivial harmonic 2–forms of X_7 (the Betti multiplets).

Each of these massless multiplets must have a suitable gauge theory interpretation. Indeed, also on the gauge theory side, the ultra–short multiplets are associated with the symmetries of the theory (global in this case) and are given by the corresponding conserved Noether currents.

We begin with the stress–energy superfield T_{αβ} which has a pair of symmetric SO(1, 2) spinor indices and satisfies the conservation equation

D^+_α T^{αβ} = D^−_α T^{αβ} = 0. (4.3.53)

In components, the θ–expansion of this superfield yields the stress energy tensor T_{μν}(x), the N = 2 supercurrents j^{Aα}_μ (x) (A = 1, 2) and the U(1) R–symmetry current J^R_μ (x). Obviously T^{αβ} is a singlet with respect to the flavour group G^′ and it has

E_0 = 2, y_0 = 0, s_0 = 1. (4.3.54)

This corresponds to the massless graviton multiplet of the bulk and explains the first entry in the above enumeration.

To each generator of the flavour symmetry group there corresponds, via Noether theorem, a conserved vector supercurrent. This is a scalar superfield J^I(x, θ) transforming in the adjoint representation of the flavour group G^′ and satisfying the conservation equations D^{+α}D^+_α J^I = D^{−α}D^−_α J^I = 0. (4.3.55)

These superfields have E_0 = 1, y_0 = 0, s_0 = 0 (4.3.56)

and correspond to the N = 2 massless vector multiplets of G^′ that propagate on the bulk. This explains the second item of the above enumeration.

In the specific theories under consideration, we can easily construct the flavour currents in terms of the fundamental superfields:

M^{111} J^i SU (3)|j = U i|ΛΣ ΛΣ Ū^{ΛΣ} j|ΛΣ − 1 3 δ^i_j U^{ℓ|ΛΣ}_{ΛΣ} Ū^{ΛΣ}_{ℓ|ΛΣ} J^A SU (2)|B = V A|ΛΣΓ ΛΣΓ V̄^{ΛΣΓ} B|ΛΣΓ − 1 2 δ^A_B V^{C|ΛΣΓ}_{ΛΣΓ} V̄^{ΛΣΓ} C|ΛΣΓ

Q^{111} J^{i1} SU (2)_1|j_1 = A i_1|Γ_1

Λ2 Ā^{Λ2}

j_1|Γ_1 − 1 2 δ^{i1}_{j1} A^{ℓ1|Γ1}_{Λ2} Ā^{Λ2}_{ℓ1|Γ1} J^{i2} SU (2)_2|j_2 = B i_2|Γ_2

Λ3 B̄^{Λ3}

j_2|Γ_2 − 1 2 δ^{i2}_{j2} B^{ℓ2|Γ2}_{Λ3} B̄^{Λ3}_{ℓ2|Γ2} J^{i3} SU (2)_3|j_3 = C i_3|Γ_3

Λ1 C̄^{Λ1}

j_3|Γ_3 − 1 2 δ^{i3}_{j3} C^{ℓ3|Γ3}_{Λ1} C̄^{Λ1}_{ℓ3|Γ3} .

(4.3.57)

These currents satisfy eq.(4.3.55) and are in the right representations of SU(3) × SU(2). Their hypercharge is y_0 = 0. The conformal weight is not the one obtained by a naive sum, being the theory interacting. As we have seen in chapter 2, the conserved currents satisfy E_0 = |y_0| + 1, hence E_0 = 1.

Let us finally identify the gauge theory superfields associated with the Betti multiplets. As we have stressed, the non abelian gauge theory has SU(N)^p rather than U(N)^p as gauge group. The abelian gauge symmetries that were used to obtain the toric description of the manifold M^{111} and Q^{111} in the one–brane case N = 1 are not promoted to gauge symmetries in the many brane regime N → ∞. Yet, they survive as exact global symmetries of the gauge theory. The associated conserved currents provide the superfields corresponding to the massless Betti multiplets found in the Kaluza Klein spectrum of the bulk. As the reader can notice, the b_2 Betti number of each manifold always agrees with the number of independent U(1) groups needed to give a toric description of the same manifold. It is therefore fairly easy to identify the Betti currents of our gauge theories. For instance for the M^{111} case the Betti current is

J_{Betti} = 2 U^{ℓ|ΛΣ}_{ΛΣ} Ū^{ΛΣ}_{ℓ|ΛΣ} − 3 V^{C|ΛΣΓ}_{ΛΣΓ} V̄^{ΛΣΓ}_{C|ΛΣΓ} . (4.3.58)

The two Betti currents of Q^{111} are similarly written down from the toric description. Since the Betti currents are conserved, according to what shown in chapter 2 they satisfy E_0 = |y_0| + 1. Since the hypercharge is zero, we have E_0 = 1 and the Betti currents provide the gauge theory interpretation of the massless Betti multiplets.

Gauge theory interpretation of the short multiplets

Using the massless currents above reviewed and the chiral superfields, one has all the building blocks necessary to construct the constrained superfields that correspond to all the short multiplets found in the Kaluza Klein spectrum.

As shown in chapter 2, short Osp(2|4) multiplets correspond to shortened superfields defined imposing a suitable differential constraint, invariant with respect to Poincaré supersymmetry [15]. Using chiral superfields and conserved currents as building blocks, we can construct candidate short superfields that satisfy the appropriate differential constraint and the unitarity bounds (2.4.65). Then we can compare their flavour representations with those of the short multiplets obtained in Kaluza Klein expansions. In the case of the M^{111} theory, where the Kaluza Klein spectrum is known, we find complete agreement and hence we explicitly verify the AdS/CF T correspondence. For the Q^{111} manifold we make instead a prediction in the reverse direction: the gauge theory realization predicts the outcome of harmonic analysis. While we wait for the construction of the complete spectrum [18], we can partially verify the correspondence using the information available at the moment, namely the spectrum of the scalar laplacian.

Superfields corresponding to the short graviton multiplets

The gauge theory interpretation of these multiplets is quite simple. Consider the superfield

Φ_{αβ}(x, θ) = T_{αβ}(x, θ) Φ_{chiral}(x, θ), (4.3.59)

where T_{αβ} is the stress energy tensor (4.3.53) and Φ_{chiral}(x, θ) is a chiral superfield. By construction, the superfield (4.3.59), at least in the abelian case, satisfies the equation

D^+_α Φ^{αβ} = 0 (4.3.60)

and then, as shown in chapter 2, it corresponds to a short graviton multiplet on the bulk. It is natural to extend this identification to the non-abelian case.

Given the chiral multiplet spectrum (4.3.44) and the dimension of the stress energy current (4.3.54), we immediately get the spectrum of superfields (4.3.59) for the case M^{111}: M_1 = 3k M_2 = 0 J = k E_0 = 2k + 2, y_0 = 2k k > 0 . (4.3.61)

This exactly coincides with the spectrum of short graviton multiplets found in Kaluza Klein theory through harmonic analysis.

For the Q^{111} case the same analysis gives the following prediction for the short graviton multiplets: { J^{(1)} = J^{(2)} = J^{(3)} =^1_2 k E_0 = k + 2, y_0 = k k > 0 . (4.3.62)

We can make a consistency check on this prediction just relying on the spectrum of the laplacian (4.3.49). Indeed, looking at table 3.10, we see that in a short graviton multiplet the mass of the spin two particle is

m^2_h = 16y_0(y_0 + 3). (4.3.63)

Looking instead at equation (3.1.70), we see that such a mass is equal to the eigenvalue of the scalar laplacian m^2_h = H_0. Therefore, for consistency of the prediction (4.3.62), we should have H_0 = 16k(k + 3) for the representation J^{(1)} = J^{(2)} = J^{(3)} = k/2; Y = k. This is indeed the value provided by eq. (4.3.49).

It should be noted that when we write the operator (4.3.59), it is understood that all colour indices are symmetrized before taking the contraction.

Superfields corresponding to the short vector multiplets

Consider next the superfields of the following type:

Φ(x, θ) = J(x, θ) Φ_{chiral}(x, θ), (4.3.64)

where J is a conserved vector current of the type analyzed in eq. (4.3.57) and Φ_{chiral} is a chiral superfield. By construction, the superfield (4.3.64), at least in the abelian case, satisfies the constraint D^{+α}D^+_α Φ = 0 (4.3.65) and then, according to the analysis of section 2.5.3, it can describe a short vector multiplet propagating into the bulk.

In principle, the flavour irreducible representations occurring in the superfield (4.3.64) are those originating from the tensor product decomposition ad ⊗ R_{ρk} = R_{χmax} ⊕ ∑ χ<χmax R_χ, (4.3.66)

where ad is the adjoint representation, ρ_k is the flavour weight of the chiral field at level k, χ_{max} is the highest weight occurring in the product ad ⊗ R_{ρk} and χ < χ_{max} are the lower weights occurring in the same decomposition.

Let us assume that the quantum mechanism that suppresses all the candidate chiral superfields of subleading weight does the same suppression also on the short vector superfields (4.3.64). Then in the sum appearing on the l.h.s of eq. (4.3.66) we keep only the first term and, as we show in a moment, we reproduce the Kaluza Klein spectrum of short vector multiplets. As we see, there is just a universal rule that presides at the selection of the flavour representations in all sectors of the spectrum. It is the restriction to the maximal weight. This is the group theoretical implementation of the ideal that defines the conifold as an algebraic locus in C^p. We already pointed out that, differently from the D = 4 analogue of these conformal gauge theories, the ideal cannot be implemented through a superpotential. An equivalent way of imposing the result is to assume that the colour indices have to be completely symmetrized: such a symmetrization automatically selects the highest weight flavour representations.

Let us now explicitly verify the matching with Kaluza Klein spectra. We begin with the M^{111} case. Here the highest weight representations occurring in the tensor product of the adjoint (M_1 = M_2 = 1, J = 0) ⊕ (M_1 = M_2 = 0, J = 1) with the chiral spectrum (4.3.44) are M_1 = 3k + 1, M_2 = 1, J = k and M_1 = k, M_2 = 0, J = k + 1. Hence the spectrum of vector fields (4.3.64) limited to highest weights is given by the following list of Osp(2|4) × SU(2) × SU(3) UIRs: M_1 = 3k + 1 M_2 = 1 J = k E_0 = 2k + 1, y_0 = 2k k > 0 (4.3.67) and M_1 = 3k M_2 = 0 J = k + 1 E_0 = 2k + 1, y_0 = 2k k > 0 . (4.3.68)

This is precisely the result found in chapter 3.

For the Q^{111} case our gauge theory realization predicts the following short vector multiplets: J^{(1)} =^1_2 k + 1 J^{(2)} =^1_2 k J^{(3)} =^1_2 k E_0 = k + 1, y_0 = k k > 0 (4.3.69)

and all the other are obtained from (4.3.69) by permuting the role of the three SU(2) groups. Looking at table 3.13, we see that in the N = 2 short multiplet emerging from M–theory compactification on AdS_4 × M^{111} the lowest energy state is a scalar S, and we guess that the same happens in the X_7 = Q^{111} case. It has squared mass

m^2_S = 16y_0(y_0 − 1). (4.3.70)

Hence, recalling eq. (4.3.47) and combining it with (4.3.70), we see that for consistency of our predictions we must have

H_0 + 176 − 24 √ H_0 + 36 = 16k(k − 1) (4.3.71)

for the representations (4.3.69). The quadratic equation (4.3.71) implies H_0 = 16k^2 + 80k + 64 which is precisely the result obtained by inserting the values (4.3.62) into Pope’s formula (4.3.49) for the laplacian eigenvalues. Hence, also the short vector multiplets seems to follow a general pattern identical in all N = 2 compactifications.

We can finally wonder why there are no short vector multiplets obtained by multiplying the Betti currents with chiral superfields. The answer might be the following. From the flavour view point these would not be highest weight representations occurring in the tensor product of the constituent fundamental superfields. Hence they are suppressed from the spectrum.

Superfields corresponding to the short gravitino multiplets

The spectrum of M^{111} derived in chapter 3 contains various series of short gravitino multiplets. We can provide their gauge theory interpretation through the following superfields. Consider: Φ^{′(ii1j1ℓ1...ikjk ℓk)(AC1D1...CkDk)} αjB = = ( UŪ ( D^+_α V V̄ ) + V V̄ ( D^+_α UŪ ))_{i A} j B U^{i1} U^{j1} U^{ℓ1} V^{C1} V^{D1} . . . U^{ik} U^{jk} U^{ℓk} V^{Ck} V^{Dk} k (4.3.72) and Φ^{′′(ijℓi1j1ℓ1...ikjkℓk)(C1D1...CkDk)} α = = ( U^iU^j U^ℓV^AD^−_α V^Bϵ_{AB} ) U^{i1} U^{j1} U^{ℓ1} V^{C1} V^{D1} . . . U^{ik} U^{jk} U^{ℓk} V^{Ck} V^{Dk} k , (4.3.73) where all the colour indices are symmetrized before being contracted. By construction the superfields (4.3.72,4.3.73), at least in the abelian case, satisfy the equation

D^+_α Φ^α = 0 (4.3.74)

and then, as explained in section 2.5.2, they correspond to short gravitino multiplets propagating on the bulk. We can immediately check that their highest weight flavour representations yield the spectrum of Osp(2|4)×SU(2)×SU(3) short gravitino multiplets. Indeed for (4.3.72),(4.3.73) we respectively have:

M_1 = 3k + 1 M_2 = 1 J = k + 1 E_0 = 2k +^5_2 , y_0 = 2k + 1 k ≥ 0 , (4.3.75)

and M_1 = 3k + 3 M_2 = 0 J = k E_0 = 2k +^5_2 , y_0 = 2k + 1 k ≥ 0 . (4.3.76)

We postpone the analysis of short gravitino multiplets on Q^{111} to [18] since this requires a more extended knowledge of the spectrum.

Long multiplets with rational protected dimensions

Let us now observe that, in complete analogy to what happens for the T^{11} conformal spectrum one dimension above [80], [26], also in the case of M^{111} there is a large class of long multiplets with rational conformal dimensions. Actually this seems to be a general phenomenon in all Kaluza Klein compactifications on homogeneous spaces G/H. Indeed, although the Q^{111} spectrum is not yet completed [18], we can already see from its laplacian spectrum (4.3.49) that a similar phenomenon occurs also there. More precisely, while the short multiplets saturate the unitarity bound and have a conformal weight related to the hypercharge and maximal spin by equations (2.4.65), the rational long multiplets satisfy a quantization condition of the conformal dimension of the following form

E_0 = |y_0| + s_0 + 1 + λ, λ ∈ IN. (4.3.77)

Inspecting the M^{111} spectrum, we find the following long rational multiplets:

• Long rational graviton multiplets

In the series { M_1 = 0, M_2 = 3k, J = k + 1 M_1 = 1, M_2 = 3k + 1, J = k

(4.3.78)

and conjugate ones we have

y_0 = 2k, E_0 = 2k + 3 = |y_0| + 3 (4.3.79)

corresponding to λ = 1. (4.3.80)

• Long rational gravitino multiplets In the series of representations M_1 = 1, M_2 = 3k + 1, J = k + 1 (4.3.81) (and conjugate ones) for the gravitino multiplets of type χ^− we have y_0 = 2k + 1, E_0 = 2k + 9 2 = |y_0| + 7 2 , (4.3.82) while in the series M_1 = 0, M_2 = 3k + 3, J = k (4.3.83) (and conjugate ones) for the same type of gravitinos we get y_0 = 2k + 1, E_0 = 2k + 9 2 = |y_0| + 7 2 . (4.3.84) Both series fit into the quantization rule (4.3.77) with: λ = 2. (4.3.85) • Long rational vector multiplets In the series M_1 = 0, M_2 = 3k, J = k (4.3.86) (and conjugate ones) for the vector multiplets of type W we have y_0 = 2k, E_0 = 2k + 4 = |y_0| + 4, (4.3.87) that fulfills the quantization condition (4.3.77) with λ = 3. (4.3.88) For the same vector multiplets of type W , in the series { M_1 = 0, M_2 = 3k, J = k + 1 M_1 = 1, M_2 = 3k + 1, J = k

(4.3.89) (and conjugate ones) we have y_0 = 2k, E_0 = 2k + 10 = |y_0| + 10, (4.3.90) that satisfies the quantization condition (4.3.77) with λ = 9. (4.3.91) The generalized presence of these rational long multiplets hints at various still unexplored quantum mechanisms that, in the conformal field theory, protect certain operators from acquiring anomalous dimensions. At least for the long graviton multiplets, characterized by λ = 1, the corresponding protected superfields can be guessed, in analogy whith [25].

If we take the superfield of a short vector multiplet J(x, θ) Φ_{chiral}(x, θ) and we multiply it by the stress–energy superfield T_{αβ}(x, θ), namely if we consider a superfield of the form

Φ ∼ conserved vector current × stress energy tensor × chiral operator, (4.3.92)

we reproduce the right Osp(2|4) × SU(3) × SU(2) representations of the long rational graviton multiplets of M^{111}. The soundness of such an interpretation can be checked by looking at the graviton multiplet spectrum on Q^{111}. This is already available since it is once again determined by the laplacian spectrum. Applying formula eq. (4.3.92) to the Q^{111} gauge theory leads to predict the following spectrum of long rational multiplets:

J^{(1)} =^1_2 k + 1 J^{(2)} =^1_2 k J^{(3)} =^1_2 k E_0 = k + 1, y_0 = k k > 0 (4.3.93)

and all the other are obtained from (4.3.93) by permuting the role of the three SU(2) groups. Looking at table 3.7, we see that in a graviton multiplet the spin two particle has mass m^2_h = 16(E_0 + 1)(E_0 − 2), (4.3.94)

which for the candidate multiplets (4.3.94) yields

m^2_h = 16(k + 4)(k + 1). (4.3.95)

On the other hand, looking at equation (3.1.70) we see that the squared mass of the graviton is just the eigenvalue of the scalar laplacian m^2_h = H_0. Applying formula (4.3.49) to the representations of (4.3.93) we indeed find

H_0 = 16k^2 + 80k + 64 = 16(k + 4)(k + 1). (4.3.96)

It appears, therefore, that the generation of rational long graviton multiplets is based on the universal mechanism codified by the ansatz (4.3.92), proposed in [25] and applicable to all compactifications. Why these superfields have protected conformal dimensions is still to be clarified within the framework of the superconformal gauge theory. The superfields leading to rational long multiplets with much higher values of λ, like the cases λ = 3 and λ = 9 that we have found, are more difficult to guess. Yet their appearance seems to be a general phenomenon and this, as we have already stressed, hints at general protection mechanisms that have still to be investigated.

4.4 The baryons

There is one important property that M^{111}, Q^{111} and T^{11} share. These manifolds have non-zero Betti numbers (b_2 = b_5 = 2 for Q^{111}, b_2 = b_5 = 1 for M^{111} and b_2 = b_3 = 1 for T^{11}). This implies the existence of non-perturbative states in the supergravity spectrum associated with branes wrapped on non-trivial cycles. They can be interpreted as baryons in the CFT [79] [81].

The existence of non-zero Betti numbers implies the existence of new global U(1) symmetries which do not come from the geometrical symmetries of the coset manifold, as was pointed out long time ago. The massless vector multiplets associated with these symmetries were discovered in [22], [8]. They have the property that the entire KK spectrum is neutral and only non-perturbative states can be charged. The massless vectors, dual to the conserved currents, arise from the reduction of the 11-dimensional 3-form along the non-trivial 2-cycles. This definition implies that non-perturbative objects made with M2 and M5 branes are charged under these U(1) symmetries.

We can identify the Betti multiplets with baryonic symmetries. This was first pointed out in [82], [26] for the case of T^{11} and discussed for orbifold models in [65]. The existence of baryons in the proposed CFT’s is due to the choice of SU(N) (as opposed to U(N)) as gauge group. In the SU(N) case, we can form the gauge invariant operators det (A), det (B) and det (C) for Q^{111} and det (U) and det (V ) for M^{111} (defined below). The baryon symmetries act on fields in the same way as the U(1) factors that we used for defining our abelian theories in section 4.2.2. They disappeared in the non-abelian theory associated to the conifolds, but the very same fact that they can be consistently incorporated in the theory means that they must exist as global symmetries. It is easy to check that no operator corresponding to KK states is charged under these U(1)’s. The reason is that the KK spectrum is made out with the combinations X = ABC or X = U^3V^2 defined in section 4.2.2 which, by definition, are U(1) invariant variables. The only objects that are charged under the U(1) symmetries are the baryons.

Baryons have dimensions which diverge with N and can not appear in the KK spectrum. They are indeed non-perturbative objects associated with wrapped branes [79], [81]. We see that the baryonic symmetries have the right properties to be associated with the Betti multiplets: the only charged objects are non-perturbative states. This identification can be strengthened by noticing that the only non-perturbative branes in M-theory have an electric or magnetic coupling to the eleven dimensional three-form. Since for our manifolds, both b_2 and b_5 are greater than 0, we have the choice of wrapping both M2 and M5-branes. M2 branes wrapped around a non-trivial two-cycle are certainly charged under the massless vector in the Betti multiplet which is obtained by reducing the threeform on the same cycle. Since a non-trivial 5-cycle is dual to a 2-cycle, a similar remark applies also for M5-branes. We identify M5-branes as baryons because they have a mass (and therefore a conformal dimension) which, as we will show, goes like N.

What follows from the previous discussion and is probably quite general, is that there is a close relation between the U(1)’s entering the brane construction of the gauge theory, the baryonic symmetries and the Betti multiplets. The previous remarks apply as well to CFT associated with orbifolds of AdS_4 × S^7. In the case of T^{11},Q^{111} and M^{111}, the baryonic symmetries are also directly related to the U(1)’s entering the toric description of the manifold.

4.4.1 Dimension of the fundamental superfields and the baryon operators

A crucial check of our conjectured conformal gauge theories comes from a direct computation of the conformal weight of the fundamental superfields

fundamental superfields =

U^i V^A in the M^{111} theory

A_i B_j C_ℓ in the Q^{111} theory

(4.4.1) whose colour index structure and θ-expansion are explicitly given in the formulae (4.3.35), (4.3.37). If the non–abelian gauge theory has the SU(N) × . . . × SU(N) gauge groups illustrated by the quiver diagrams of fig.s 4.1 and 4.2, then we can consider the following chiral operators:

detU ≡ U^{Λ21Σ21}_{i1|Λ1Σ1} . . . U^{Λ2N Σ2N}_{iN |Λ1N Σ1N} ϵ^{Λ1...Λ1N} ϵ^{Σ1...Σ1N} ϵ_Λ2_{1...Λ}2_N ϵ_Σ2_{1...Σ}2_N (4.4.2)

detV ≡ V^{Λ21Σ21Γ21}_{A1|Λ1Σ1Γ1} . . . V^{Λ2N Σ2N Γ2N}_{AN |Λ1N Σ1N Γ1N} ϵ^{Λ1...Λ1N} ϵ^{Σ1...Σ1N} ϵ^{Γ1...Γ1N} ϵ_Λ2_{1...Λ}2_N ϵ_Σ2_{1...Σ}2_N ϵ_Γ2_{1...Γ}2_N

(4.4.3)

detA ≡ A^{Λ21}_{i1|Λ1} . . . A^{Λ2N}_{iN |Λ1N} ϵ^{Λ1...Λ1N} ϵ_Λ2_{1...Λ}2_N (4.4.4)

detB ≡ B^{Λ31}_{i1|Λ21} . . . B^{Λ3N}_{iN |Λ2N} ϵ^{Λ21...Λ2N} ϵ_Λ3_{1...Λ}3_N (4.4.5)

detC ≡ C^{Λ1}_{i1|Λ31} . . . C^{Λ1N}_{iN |Λ3N} ϵ^{Λ31...Λ3N} ϵ_Λ1_{...Λ}1_N . (4.4.6)

If these operators are truly chiral primary fields, then their conformal dimensions are obviously given by

h[det U] = h[U] × N ; h[det V ] = h[V ] × N h[det A] = h[A] × N ; h[det B] = h[B] × N ; h[det C] = h[C] × N (4.4.7) and their flavour representations are:

det U ⇒ (M_1 = N, M_2 = 0, J = 0), (4.4.8) det V ⇒ (M_1 = 0, M_2 = 0, J = N/2), (4.4.9) det A ⇒ (J^{(1)} = N/2, J^{(2)} = 0, J^{(3)} = 0), (4.4.10) det B ⇒ (J^{(1)} = 0, J^{(2)} = N/2, J^{(3)} = 0), (4.4.11) det C ⇒ (J^{(1)} = 0, J^{(2)} = 0, J^{(3)} = N/2) . (4.4.12)

The interesting fact is that the conformal operators (4.4.2,...,4.4.6) can be reinterpreted as solitonic supergravity states obtained by wrapping a 5–brane on a non–trivial supersymmetric 5–cycle. This gives the possibility of calculating directly the mass of such states and, as a byproduct, the conformal dimension of the individual fundamental superfields. All what is involved is a geometrical information, namely the ratio of the volume of the 5–cycles to the volume of the entire compact 7–manifold. In addition, studying the stability subgroup of the supersymmetric 5–cycles, we can also verify that the gauge–theory predictions (4.4.8,...,4.4.12) for the flavour representations are the same one obtains in supergravity looking at the state as a wrapped solitonic 5–brane.

To establish these results we need to derive a general mass–formula for baryonic states corresponding to wrapped 5–branes. This formula is obtained by considering various relative normalizations.

The M2 brane solution and normalizations of the seven manifold metric and volume

Let us write the curvatures of the Freund Rubin solution (1.2.13)

R^{mn} = −16e^2 E^m ∧ E^n ⇒ R^{mr}_{nr} = −24 e^2 δ^m_n R^{ab} = R^{ab}_{cd} B^c B^d with R^{ab}_{cb} = 12 e^2 δ^a_c F^{[4]} = e ε_{mnrs} E^m ∧ E^n ∧ E^r ∧ E^s ,

(4.4.13) where E^m (m = 0, 1, 2, 3) is the vielbein of anti–de Sitter space AdS_4, R^{mn} is the corresponding curvature 2–form, B^a (a = 4, . . . , 10) is the vielbein of X_7 and R^{ab} is the corresponding curvature. In these normalizations, both the internal and space–time vielbeins do not have their physical dimension of a length [E^m]_{phys} = [B^a]_{phys} = ℓ, since one has reabsorbed the Planck length l_p into their definition by working in natural units where the D = 11 gravitational constant G_{11} has been set equal to^1_{8π} . Physical units are reinstalled through the following rescaling:

E^m = 1 κ^{2/9} Ê^m, B^a = 1 κ^{2/9} B̂^a, F^{[4]}_{mnrs} = κ^{11/9} F̂^{[4]}_{mnrs},

κ^2 = 8πG_{11} ∼ l^9_p. (4.4.14)

After such a rescaling, the relations between the Freund Rubin parameter and the curvature scales for both AdS_4 and X_7 become

Ricci^{AdS}_{μν} = −2 Λ g_{μν} (4.4.15) Ricci_{αβ} = Λg_{αβ} (4.4.16)

Λ^{def}= 24 e^2 κ^{4/9} . (4.4.17)

Note that in eq. (4.4.17) we have used the normalization of the Ricci tensor which is standard in the general relativity literature and is twice the normalization of the Ricci tensor R^{ab}_{cb} appearing in eq. (4.4.13) and in chapter 3. Furthermore eq.s (4.4.13) were written in flat indices while eq.s (4.4.15, 4.4.16) are written in curved indices.

In the solvable coordinates [54], [1] defined in chapters 1, 2, the anti–de Sitter metric is: ds^2_{AdS4} = R^2_{AdS} [ ρ^2 ( −dt^2 + dx^2_1 + dx^2 ) + dρ^2 ρ^2 ] , Ricci^{AdS}_{μν} = − 3 R^2_{AdS} g_{μν} , (4.4.18)

which yields the relation anticipated in chapter 1: R_{AdS} = κ^{2/9} 4 e = 1 2 √ 6 Λ . (4.4.19)

As I said, we can consider the exact M2–brane solution of D = 11 supergravity that has the cone C(X_7) over X_7 as transverse space. The D = 11 bosonic action can be written as I_{11} = ∫ d^{11}x √ −g ( R κ^2

− 3 F̂^2_{[4]}) + 288σ ∫ F̂_{[4]} ∧ F̂_{[4]} ∧ Â_{[3]} (4.4.20)

(where the coupling constant for the last term is σ = κ) and the exact M2–brane solution is as follows:

ds^2_{M 2} = ( 1 + R^6 r^6 )_{−2/3} (−dt^2 + dx^2_1 + dx^2) + ( 1 + R^6 r^6 )_{1/3} ds^2_{cone}, ds^2_{cone} = dr^2 + r^2 Λ 6 ds^2_{X7} ,

A^{[3]} = dt ∧ dx_1 ∧ dx_2 ( 1 + R^6 r^6 )_{−1} , (4.4.21)

where ds^2_{X7} is the Einstein metric on X_7, with Ricci tensor as in eq. (4.4.17), and ds^2_{cone} is the corresponding Ricci flat metric on the associated cone. When we go near the horizon, r → 0, the metric (4.4.21) is approximated by

ds^2_{M 2} ≈ r^4 R^4

(−dt^2 + dx^2_1 + dx^2) + R^2 dr^2 r^2

+ R^2 Λ 6 ds^2_{X7} . (4.4.22)

The Freund Rubin solution AdS_4 × X_7 is obtained by setting ρ = 2 R^3 r^2 (4.4.23)

and by identifying R_{AdS} = R 2 ⇔ Λ = 6 R^2

. (4.4.24)

The dimension of the baryon operators

Having fixed the normalizations, we can now compute the mass of a M5-brane wrapped around a non-trivial supersymmetric cycle of X_7 and the conformal dimension of the associated baryon operator.

The parameter R^6 appearing in the M2-solution is obviously proportional to the number N of membranes generating the AdS-background and, by dimensional analysis, to l^6_p. The exact relation for the maximally supersymmetric case AdS_4 × S^7 is (see chapter 1) R_{AdS} = l_p 2 ( 2^5π^2N )_{1/6} ⇔ R^6 = 2^5π^2Nl^6_p. (4.4.25)

We can easily adapt this formula to the case of AdS_4 × X_7 by noticing that, by definition, the number of M2-branes N is determined by the flux of the RR three-form through X_7, ∫ X_7 ∗F [4]. As a consequence, N and the volume of X_7 will appear in all the relevant formulae in the combination N/Vol(X_7). We therefore obtain the general formula √ Λ 6 = 1 R = ( Vol(X_7) Vol(S^7) )_{1/6} 1 l_p(2^5π^2N)^{1/6}

. (4.4.26)

We can now consider the solitonic particles in AdS_4 obtained by wrapping M2- and M5-branes on the non-trivial 2- and 5-cycles of X_7, respectively. They are associated with boundary operators with conformal dimensions that diverge in the large N limit. The exact dependence on N can be easily estimated. The mass of a p-brane wrapped on a p-cycle is given by T_p × Vol(p − cycle) ∼ l^{−(p+1)}p Λ^{− p2} ∼ l^{−(p+1)}p . Once the mass of the non-perturbative states is known, the dimension E_0 of the associated boundary operator is given by the relation^9

m^2 = 2Λ 3 (E_0 − 1)(E_0 − 2) ≃ 2Λ 3 E^2_0 . (4.4.27)

9In general m^2 ≃ E^2_0 /R^2_{AdS}; with the conventions of chapter 3, R_{AdS} = 1/4 and m^2 ≃ E^2_0 /16; whith the convention (4.4.26), m^2 ≃ 2Λ/3E^2_0.

From equation (4.4.26) we learn that l_p ∼ N^{−1/6}. We see that M2-branes correspond to operators with dimension √ N while M5-branes to operators with dimension of order N.

The natural candidates for the baryonic operators we are looking for are therefore the wrapped five-branes.

We can easily write a more precise formula for the dimension of the baryonic operator associated with a wrapped M5-brane, following the analogous computation in [81]. For this, we need the exact expression for the M5 tension which can be found, for example, in [83]. We find m = 1 (2π)^5l^6_p

Vol(5 − cycle). (4.4.28)

Using equations (4.4.26), (4.4.27), and substituting V (S^7) = π^4R^7/3, we obtain the formula for the dimension of a baryon,

E_0 = πN Λ Vol(5 − cycle) Vol(X_7)

, (4.4.29)

where the volume is evaluated with the internal metric normalized so that (4.4.16) is true.

As a check, we can compute the dimension of a Pfaffian operator in the N = 8 theory with gauge group SO(2N). The theory contains adjoint scalars which can be represented as antisymmetric matrices ϕ_{ij} and we can form the gauge invariant baryonic operator ϵ_{i1,...,i2N} ϕ_{i1i2} ....ϕ_{i2N−1i2N} with dimension N/2. The internal manifold is IRIP^7 [79], [84], a supersymmetric preserving ZZ_2 projection of original AdS_4 × S^7 case, corresponding to the SU(N) gauge group. We obtain the Pfaffian by wrapping an M5-brane on a IRIP^5 submanifold. Equation (4.4.29) gives

E_0 = πN Λ VolIRIP^5 VolIRIP^7 = πN Λ VolS^5 VolS^7

= N/2, (4.4.30)

as expected.

4.4.2 The case of M^{111}

Cohomology of M^{111}

Let us now compute the cohomology of M^{111}. The first Chern class of L is c_1 = 2ω_1 +3ω_2, where ω_1 (resp. ω_2) is the generator of the second cohomology group of IP^1 (resp. IP^2). In this case the Gysin sequence [85] gives:

H^0(M^{111}) = H^7(M^{111}) = ZZ, 0 −→ H^1(M^{111}) −→ ZZ^{c1}−→ ZZ ⊕ ZZ −→ H^2(M^{111}) −→ 0, 0 −→ H^3(M^{111}) −→ ZZ ⊕ ZZ^{c1}−→ ZZ ⊕ ZZ −→ H^4(M^{111}) −→ 0, 0 −→ H^5(M^{111}) −→ ZZ ⊕ ZZ^{c1}−→ ZZ −→ H^6(M^{111}) −→ 0. (4.4.31)

The first c_1 sends 1 ∈ H^0(M_a) to c_1 ∈ H^2(M_a). Its kernel is zero, and its image is ZZ. Accordingly, H^2(M^{111}) = ZZ ·π^∗(ω_1 +ω_2). The second c_1 sends (ω_1, ω_2) ∈ ZZ ⊕ZZ = H^2(M_a) to (3ω_1ω_2, 2ω_1ω_2 +3ω^2 ) ∈ ZZ ⊕ZZ = H^4(M_a). Its kernel vanishes and therefore H^3(M^{111}) = 0. Its cokernel is ZZ_9 = H^4(M^{111}) generated by π^∗(ω_1ω_2 + ω^2 ). Finally, the last c_1 sends ω_1ω_2 and ω^2 ∈ H^4(M_a) = ZZ ⊕ ZZ respectively to 3ω_1ω^2 and 2ω_1ω^2 ∈ H^6(M_a). This map is surjective, so H^6(M^{111}) = 0 and its kernel is generated by β = −2ω_1ω_2 + 3ω^2 . Hence H^5(M^{111}) = ZZ · α, with π_∗α = β.

Explicit description of the U (1) fibration for M^{111}

We proceed next to an explicit description of the fibration structure of M^{111} as a U(1)- bundle over IP^2 × IP^1. We construct an atlas of local trivializations and we give the appropriate transition functions. This is important for our discussion of the supersymmetric cycles leading to the baryon states.

We take τ ∈ [0, 4π) as a local coordinate on the fibre and (~θ, ~ϕ) as local coordinates on IP^1 ≃ S^2. To describe IP^2 we have to be a little bit careful. IP^2 can be covered by the three patches W_α ≃ C^2 in which one of the three homogeneous coordinates, U_α, does not vanish. The set not covered by one of these W_α is homeomorphic to S^2. We choose to parametrize W_3 as in [86]: { ζ^1 = U_1/U_3 = tan μ cos(θ/2) e^{i(ψ+ϕ)/2} ζ^2 = U_2/U_3 = tan μ sin(θ/2) e^{i(ψ−ϕ)/2}

, (4.4.32)

where μ ∈ (0, π/2) θ ∈ (0, π) 0 ≤ (ψ + ϕ) ≤ 4π 0 ≤ (ψ − ϕ) ≤ 4π . (4.4.33)

These coordinates cover the whole W_3 ≃ C^2 except for the trivial coordinate singularities μ = 0 and θ = 0, π. Furthermore θ and ϕ can be extended to the complement of W_3. Indeed, the ratio z = ζ^1/ζ^2 = tan^{−1}(θ/2) e^{iϕ} (4.4.34)

is well defined in the limit μ → π/2 and it constitutes the usual stereographic map of S^2 onto the complex plane (see the next discussion of Q^{111} and in particular figure 4.4).

We must be careful in treating some one-forms near the coordinate singularities. In particular, dψ and dϕ are not well defined on the three S^2 which are not covered by one of the patches W_α: {μ = π/2}, {θ = 0} and {θ = π/2} (see figure 4.3.) Actually, except for the three points of these spheres that are covered by only one patch ({μ = 0} ∈ W_3, {μ = π/2, θ = 0} ∈ W_1, {μ = π/2, θ = π} ∈ W_2), one particular combination of dψ and dϕ survives, as it is illustrated in table (4.4.35).

coordinate regular singular singularity one − form one − forms θ = 0 dψ + dϕ αdψ + βdϕ (α ≠ β) θ = π dψ − dϕ αdψ − βdϕ (α ≠ β) μ = π/2 dϕ αdψ (4.4.35)

The singular one-forms become well defined if we multiply them by a function having a double zero at the coordinate singularities.

We come now to the description of the fibre bundle M^{111}. We cover the base IP^2 × IP^1 with six open charts U_{α±} = W_α × H_± (α = 1, 2, 3) on which we can define a local fibre coordinate τ_{α±} ∈ [0, 4π). The transition functions are given by: { τ_{1β} = τ_{3γ} − 3(ψ + ϕ) + 2(β − γ)~ϕ , (β, γ = ±1) τ_{1β} = τ_{2γ} − 6ϕ + 2(β − γ)~ϕ .

(4.4.36)

Figure 4.3: Schematic representation of the atlas on IP^2. The three patches W_α cover the open ball and part of the boundary circle, which constitutes the set of coordinate singularities. This latter is made of three S^2’s: {θ = 0}, {θ = π} and {μ = π/2}, which touch each other at the three points marked with a dot. Each W_α covers the whole IP^2 except for one of the spheres (for example, W_3 does not cover {μ = π/2}). The three most singular points are covered by only one patch (for example, {μ = 0} is covered by the only W_3).

On this principal fibre bundle we can easily introduce a U(1) Lie algebra valued connection which, on the various patches of the base space, is described by the following one–forms:

A_{1±} = −^3_2 (cos 2μ+1)(dψ + dϕ) −^3_2 (cos 2μ−1)(cos θ−1)dϕ + 2(±1−cos ~θ)d~ϕ , A_{2±} = −^3_2 (cos 2μ+1)(dψ − dϕ) −^3_2 (cos 2μ−1)(cos θ+1)dϕ + 2(±1−cos ~θ)d~ϕ , A_{3±} = −^3_2 (cos 2μ − 1)(dψ + cos θdϕ) + 2(±1 − cos ~θ)d~ϕ . (4.4.37)

Due to (4.4.36), the one-form (dτ −A) is a global angular form [85]. It can then be taken as the 7-th vielbein of the following SU(3) × SU(2) × U(1) invariant metric on M^{111}:

ds^2_M 111 = c^2(dτ −A)^2 + ds^2_{IP}2 + ds^2_{IP}1 . (4.4.38)

The one-form A is the connection of the Hodge-Kähler bundle on IP^2 × IP^1.

Einstein Metric

The Einstein metric on the homogeneous space M^{111} can be written in terms of the vielbein given in chapter 3 and found in [7]. However, the same metric can be expressed (see [87]) in the coordinate frame we have just utilized to describe the fibration structure and which is convenient for our discussion of the supersymmetric 5–cycles. In this frame it is

ds^2_M 111 = 3 32Λ [ dτ − 3 sin^2 μ (dψ + cos θdϕ) + 2 cos ~θd~ϕ

]_2 +

+ 9 2 Λ [ dμ^2 + 1 4 sin^2 μ cos^2 μ^2 (dψ + cos θdϕ)^2 + + 1 4 sin^2 μ ( dθ^2 + sin^2 θdϕ^2 ) ] + 3 4Λ ( d~θ^2 + sin^2 ~θd~ϕ^2 ) . (4.4.39)

The second and the third addenda are the IP^2 and S^2 metric on the base manifold of the U(1) fibration, while the first term is the fibre metric. In other words, one recognizes the structure of the metric anticipated in (4.4.38). The parameter Λ appearing in the metric (4.4.39) is the internal cosmological constant defined by eq. (4.4.16).

The baryonic 5–cycles of M^{111} and their volume

As we saw above, the relevant homology group of M^{111} for the calculation of the baryonic masses is H_5(M^{111}, IR) = IR . (4.4.40) Let us consider the following two five-cycles, belonging to the same homology class:

C^1 : { ~θ = ~θ_0 = const ~ϕ = ~ϕ_0 = const , (4.4.41)

C^2 : { θ = θ_0 = const ϕ = ϕ_0 = const . (4.4.42)

The two representatives (4.4.41, 4.4.42) are distinguished by their different stability subgroups which we calculate in the next subsection.

Volume of the 5–cycles

The volume of the cycles (4.4.41, 4.4.42) is easily computed by pulling back the metric (4.4.39) on C^1 and C^2, that have the topology of a U(1)-bundle over IP^2 and IP^1 × IP^1 respectively:

Vol(C^1) = ∮ C1 √ g_1 = 9 (8Λ/3)^{−5/2} ∫ sin^3 μ cos μ sin θ dτ dμdψdθdϕ = 9π^3 2 ( 3 2Λ )_{5/2}

(4.4.43)

Vol(C^2) = ∮ C2 √ g_2 = 6 (8Λ/3)^{−5/2} ∫ sin μ cos μ sin ~θ dτ dμdψd~θd~ϕ = 6π^3 ( 3 2Λ )_{5/2} . (4.4.44)

The volume of M^{111} is instead given by

Vol(M^{111}) = ∮ M^{111} √ g = 18 (8Λ/3)^{−7/2} ∫ sin^3 μ cos μ sin θ sin ~θ dτ dμdψdθdϕd~θd~ϕ + = 27π^4 2Λ ( 3 2Λ )_{5/2} . (4.4.45)

The results (4.4.43, 4.4.44, 4.4.45) can be inserted into the general formula (4.4.29) to calculate the conformal weights (or energy labels) of five-branes wrapped on the cycles C^1 and C^2. We obtain: E_0(C^1) = N/3

E_0(C^2) = 4N/9

. (4.4.46)

As stated above, the result (4.4.46) is essential in proving that the conformal weight of the elementary world–volume fields V^A, U^i are h [ V^4 ] = 1/3 , h [ U^i ] = 4/9 (4.4.47)

respectively. To reach such a conclusion we need to identify the states obtained by wrapping the five–brane on C^1, C^2 with operators in the flavour representations M_1 = 0, M_2 = 0, J = N/2 and M_1 = N, M_2, J = 0, respectively. This conclusion is reached by studying the stability subgroups of the supersymmetric 5–cycles.

This matches with the previous result (4.3.6) on the spectrum of chiral operators, which are predicted of the form Tr ( U^3V^2 )_k (4.4.48)

and should have conformal weight E = 2k. Indeed, we have 3 × 4 9 + 2 × 1 3 = 2 !!! (4.4.49)

The flavour representations of the baryons

To find the flavour representations of these non–perturbative states we follow an argument introduced by Witten [79], where they are found by studying the stability subgroups of the five–cycles H (C^i). As shown in [79], the collective degrees of freedom c of the wrapped 5–brane soliton live on the coset manifold G/H(C^i), where G is the isometry group of X_7. The wave–function Ψ(c) of the soliton must be expanded in harmonics on G/H(C^i) characterized by having charge N under the baryon number U(1)_B ⊂ H(C^i). Minimizing the energy operator (the laplacian) on such harmonics one obtains the corresponding G representation and hence the flavour assignment of the baryon.

Let us now consider the stability subgroups

H(C_i) ⊂ G = SU(3) × SU(2) × U(1) (4.4.50)

of the two cycles (4.4.41, 4.4.42). Let us begin with the first cycle defined by (4.4.41). As we have previously said, this is the restriction of the U(1)-fibration to IP^2 × {p}, p being a point of IP^1. Hence, the stability subgroup of the cycle C^1 is: H ( C^1 ) = SU(3) × U(1)_R × U(1)_{B,1} (4.4.51)

where U(1)_R is the R–symmetry U(1) appearing as a factor in SU(3) × SU(2) × U(1)_R while U(1)_{B,1} ⊂ SU(2) is a maximal torus.

Turning to the case of the second cycle (4.4.42), which is the restriction of the U(1)- bundle to the product of a hyperplane of IP^2 and IP^1, its stabilizer is H ( C^2 ) = SU(2) × U(1)_{B,2} × SU(2) × U(1)_R, (4.4.52) where SU(2) × U(1)_R is the group appearing as a factor in SU(3) × SU(2) × U(1)_R, U(1)_{B,2} ⊂ SU(3) is the subgroup generated by h_1 = diag(1, −1, 0) and SU(2)×U(1)_{B,2} ⊂ SU(3) is the stabilizer of the first basis vector of C^3.

Following the procedure introduced by Witten in [79] we should now quantize the collective coordinates of the non–perturbative baryon state obtained by wrapping the five– brane on the 5–cycles we have been discussing. As explained in Witten’s paper this leads to quantum mechanics on the homogeneous manifold G/H(C). In our case the collective coordinates of the baryon live on the following spaces:

space of collective coordinates → G H(C) = SU (2) U (1)_{B,1} ≃ IP

1 for C^1 SU (3) SU (2)×U (1)_{B,2} ≃ IP

2 for C^2 . (4.4.53) The wave function Ψ (collec. coord.) is in Witten’s phrasing a section of a line bundle of degree N. This happens because the baryon has baryon number N, namely it has charge N under the additional massless vector multiplet that is associated with a harmonic 2– form and appears in the Kaluza Klein spectrum since dimH_2(M^{111}) = 1 ≠ 0. These are the Betti multiplets mentioned in Section 4.4. Following Witten’s reasoning there is a morphism μ^i : U(1)_{Baryon} → H(C^i) i = 1, 2 (4.4.54)

of the non perturbative baryon number group into the stability subgroup of the 5–cycle. Clearly the image of such a morphism must be a U(1)–factor in H(C) that has a non trivial action on the collective coordinates of the baryons. Clearly in the case of our two baryons we have:

Im μ^i = U(1)_{B,i} i = 1, 2 . (4.4.55)

The name given to these groups anticipated the conclusions of such an argument.

Translated into the language of harmonic analysis, Witten’s statement that the baryon wave function should be a section of a line bundle with degree N means that we are supposed to consider harmonics on G/H(C) which, rather than being scalars of H(C), are in the 1–dimensional representation of U(1)_B with charge N. According to the general rules of harmonic analysis (see chapter 3) we are supposed to collect all the representations of G whose reduction with respect to H(C) contains the prescribed representation of H(C). In the case of the first cycle, in view of eq. (4.4.51) we want all representations of SU(2) that contain the state J^{(3)} = N. Indeed the generator of U(1)_{B,1} can always be regarded as the third component of angular momentum by means of a change of basis. The representations with this property are those characterized by:

2J = N + 2k, k ≥ 0. (4.4.56)

Since the laplacian on G/H(C) has eigenvalues proportional to the Casimir

2SU (2)/U (1) = const × J(J + 1), (4.4.57)

the harmonic satisfying the constraint (4.4.56) and with minimal energy is just that with

2J = N. (4.4.58)

This shows that under the flavour group the baryon associated with the first cycle is neutral with respect to SU(3) and transforms in the N–times symmetric representation of SU(2). This perfectly matches, on the superconformal field theory side, with our candidate operator (4.4.3).

Equivalently the choice of the representation 2J = N corresponds with the identification of the baryon wave–function with a holomorphic section (=zero mode) of the U(1)–bundle under consideration, i.e. with a section of the corresponding line bundle. Indeed such a line bundle is, by definition, constructed over IP^1 and declared to be of degree N, hence it is O_{IP}1 (N). Representation-wise a section of O_{IP}1 (N) is just an element of the J = N/2 representation, namely it is the N times symmetric of SU(2).

Let us now consider the case of the second cycle. Here the same reasoning instructs us to consider all representations of SU(3) which, reduced with respect to U(1)_{B,2}, contain a state of charge N. Moreover, directly aiming at zero mode, we can assign the baryon wave–function to a holomorphic section of a line bundle on IP^2, which must correspond to characters of the parabolic subgroup SU(2) × U(1)_{B,2}. As before the degree N of this line bundle uniquely characterizes it as O(N). In the language of Young tableaux, the corresponding SU(3) representation is

M_1 = 0 ; M_2 = N, (4.4.59)

i.e. the representation of this baryon state is the N–time symmetric of the dual of SU(3) and this perfectly matches with the complex conjugate of the candidate conformal operator 4.4.2. In other words we have constructed the antichiral baryon state. The chiral one obviously has the same conformal dimension.

These 5–cycles are supersymmetric

The 5–cycles we have been considering in the above subsections have to be supersymmetric in order for the conclusions we have been drawing to be correct. Indeed all our arguments have been based on the assumption that the 5–brane wrapped on such cycles is a BP S– state. This is true if the 5–brane action localized on the cycle is κ–supersymmetric.

The κ-symmetry projection operator for a five-brane is

P_± = 1 2 ( ± i 1 5! √ g ϵ^{αβγδε}∂_αX^M ∂_βX^N ∂_γX^P ∂_δX^Q∂_εX^R Γ_{MNP QR} ) , (4.4.60)

where the functions X^M (σ^α) define the embedding of the five-brane into the eleven dimensional spacetime, and √ g is the square root of the determinant of the induced metric on the brane. The gamma matrices Γ_{MNP QR}, defining the spacetime spinorial structure, are the pullback through the vielbein of the constant gamma matrices Γ_{ABCDE} satisfying the standard Clifford algebra:

Γ_{MNP QR} = e^A_M e^B_N e^C_P e^D_Qe^E_RΓ_{ABCDE} . (4.4.61)

A possible choice of vielbein for C(M^{111}) × M_3, namely the product of the metric cone over M^{111} times three dimensional Minkowski space is the following one:

e^1 =^1_2^√_2 r d~θ e^2 =^1_2^√_2 r sin ~θd~ϕ

e^3 =^1_8 r ( dτ + 3 sin^2 μ(dψ + cos θdϕ) + 2 cos ~θd~ϕ ) e^4 =^{√3}_2 r dμ e^5 =^{√3}_4 r sin μ cos μ (dψ + cos θdϕ) e^6 =^{√3}_4 r sin μ (sin ψdθ − cos ψ sin θdϕ) e^7 =^{√3}_4 r sin μ (cos ψdθ + sin ψ sin θdϕ) e^8 = dr e^9 = dx^1 e^{10} = dx^2 e^0 = dt

. (4.4.62)

In these coordinates the embedding equations of the two cycles (4.4.41), (4.4.42) are very simple, so we have 1 5! ϵ^{αβγδε}∂_αX^M ∂_βX^N ∂_γX^P ∂_δX^Q∂_εX^R Γ_{MNP QR} = { Γ_{τμθψϕ} Γ_{τμ~θψ ~ϕ} , (4.4.63) for C^1 and C^2 respectively. By means of the vielbein (4.4.62) these gamma matrices are immediately computed: { Γ_{τμθψϕ} = (_3 32 )_2

r^5 sin^3 μ cos μ sin θ Γ_{34567} Γ_{τμ~θψ ~ϕ} =^3_{512} r^5 sin μ cos μ sin ~θ Γ_{31245}

, (4.4.64)

while the square root of the determinant of the metric on the two cycles is easily seen to be { √ g_1 =

(_3 32 )_2

r^5 sin^3 μ cos μ sin θ √ g_1 =^3_{512} r^5 sin μ cos μ sin ~θ

. (4.4.65)

So, for both cycles, the κ-symmetry projector (4.4.60) reduces to the projector of a five dimensional hyperplane embedded in flat spacetime:

P_± =

{_1 2 ( ± i Γ_{34567}) 1 2 ( ± i Γ_{31245})

. (4.4.66)

The important thing to check is that the projectors (4.4.66) are non–zero on the two Killing spinors of the space C(M^{111}) × M_3. Indeed, this latter has not 32 preserved supersymmetries, rather it has only 8 of them. In order to avoid long and useless calculations we just argue as follows. Using the gamma–matrix basis of [7], the Killing spinors are already known. We have:

Γ_0 = γ_0 ⊗ 1_{8×8} ; Γ_8 = γ_1 ⊗ 1_{8×8} Γ_9 = γ_2 ⊗ 1_{8×8} ; Γ_{10} = γ_3 ⊗ 1_{8×8} Γ_i = γ_5 ⊗ τ_i (i = 1, . . . , 7)

(4.4.67)

where γ_{0,1,2,3} are the usual 4 × 4 gamma matrices in four–dimensional space–time, while τ_i are the 8×8 gamma–matrices satisfying the SO(7) Clifford algebra in the form: {τ_i , τ_j} =

−δ_{ij}. For these matrices we take the representation given in the Appendix of [7], which is well adapted to the intrinsic description of the M^{111} metric through Maurer–Cartan forms. In this basis the Killing spinors were calculated in [7] and have the following form:

Killing spinors = ϵ(x) ⊗ η ; η = 0 u 0 ϵu^⋆ , (4.4.68)

where u = ( a + ib 0 ) ; ϵu^⋆ = ( 0 1 −1 0 ) u^⋆ = ( 0 −a + ib ) (4.4.69)

and where the 8–component spinor was written in 2–component blocks.

In the same basis, using notations of [7], we have:

Γ_{34567} = γ_5 ⊗ U_8 U_4 U_5 U_6 U_7 ⊗ σ_3 = i γ_5 ⊗

−1_{2×2} 0 0 0 0 1_{2×2} 0 0 0 0 1_{2×2} 0 0 0 0 −1_{2×2} ,

Γ_{31245} = γ_5 ⊗ iU_8 U_4 U_5 ⊗ 1 = i γ_5 ⊗ σ_3 0 0 0 0 σ_3 0 0 0 0 σ_3 0 0 0 0 σ_3 . (4.4.70) As we see, by comparing eq. (4.4.66) with eq. (4.4.68) and (4.4.70), the κ–supersymmetry projector reduces for both cycles to a chirality projector on the 4–component space–time part ϵ(x). As such, the κ–supersymmetry projector always admits non vanishing eigenstates implying that the cycle is supersymmetric. The only flaw in the above argument is that the Killing spinor (4.4.68) was determined in [7] using as vielbein basis the suitably rescaled Maurer–Cartan forms B^3, B^m, (m = 1, 2) and B^A, (A = 4, 5, 6, 7) (see chapter 3). Our choice (4.4.62) does not correspond to the same vielbein basis. However, a little inspection shows that it differs only by some SO(4) rotation in the space of IP^2 vielbein 4, 5, 6, 7. Hence we can turn matters around and ask what happens to the Killing spinor (4.4.68) if we apply an SO(4) rotation in the directions 4, 5, 6, 7. It suffices to check the form of the gamma–matrices [τ_A , τ_B] which are the generators of such rotations. Using again the Appendix of [7] we see that such SO(4) generators are of the form

i σ_i 0 0 0 0 σ_i 0 0 0 0 σ_i 0 0 0 0 σ_i or i σ_i 0 0 0 0 −σ_i 0 0 0 0 σ_i 0 0 0 0 −σ_i

, (4.4.71)

so that the SO(4) rotated Killing spinor is of the same form as in eq.(4.4.68) with, however, u replaced by u^′ = Au where A ∈ SU(2). It is obvious that such an SU(2) transformation does not alter our conclusions. We can always decompose u^′ into σ_3 eigenstates and associate the σ_3–eigenvalue with the chirality eigenvalue, so as to satisfy the κ–supersymmetry projection. Hence, our 5–cycles are indeed supersymmetric.

4.4.3 The case of Q^{111}

Cohomology of Q^{111} As for the cohomology [85], the first Chern class of L is c_1 = ω_1 + ω_2 + ω_3, where ω_i are the generators of the second cohomology group of the IP^1’s. Reasoning as for M^{111}, one gets H^1(Q^{111}, ZZ) = H^3(Q^{111}, ZZ) = H^6(Q^{111}, ZZ) = 0, H^2(Q^{111}, ZZ) = ZZ · ω_1 ⊕ ZZ · ω_2, H^4(Q^{111}, ZZ) = ZZ_2 · (ω_1ω_2 + ω_1ω_3 + ω_2ω_3), H^5(Q^{111}, ZZ) = ZZ · α ⊕ ZZ · β, (4.4.72) where π_∗α = ω_1ω_2 − ω_1ω_3, π_∗β = ω_1ω_2 − ω_2ω_3 and the pullbacks are left implicit.

Explicit description of the U (1) fibration for Q^{111} The coset space Q^{111} is a U(1)-fibre bundle over IP^1 × IP^1 × IP^1 ≃ S^2 × S^2 × S^2. We can parametrize the base manifold with polar coordinates (θ_i, ϕ_i), i = 1, 2, 3. We cover the base with eight coordinate patches, H_{αβγ} (α, β, γ = ±1) and choose local coordinates for the fibre, ψ_{αβγ} ∈ [0, 4π). Every patch is the product of three open sets, H^i_±, each one describing a coordinate patch for a single two-sphere, as indicated in fig. 4.4: H_{αβγ} = H^1_α × H^2_β × H^3_γ . (4.4.73) To describe the total space we have to specify the transition maps for ψ on the intersec-

Figure 4.4: Two coordinate patches for the sphere. They constitute the base for a local trivialization of a fibre bundle on S^2. Each patch covers only one of the poles, where the coordinates (θ, ϕ) are singular.

tions of the patches. These maps for the generic Q^{pqr} space are

ψ_{α1β1γ1} = ψ_{α2β2γ2} + p(α_1 − α_2)ϕ_1 + q(β_1 − β_2)ϕ_2 + r(γ_1 − γ_2)ϕ_3 . (4.4.74) For example, in the case of interest, Q^{111}, we have ψ_{+−+} = ψ_{++−} − 2ϕ_2 + 2ϕ_3 . (4.4.75)

We note that these maps are well defined, being all the ψ’s and ϕ’s defined modulo 4π and 2π respectively.

It is important to note that θ and ϕ are clearly not good coordinates for the whole S^2. The most important consequence of this fact is that the one-form dϕ is not extensible to the poles. To extend it to one of the poles, dϕ has to be multiplied by a function which has a double zero on that pole, such as sin^{2 θ}_2 dϕ.

We can define a U(1)-connection A on the base S^2 × S^2 × S^2 by specifying it on each patch H_{αβγ}^{10}:

A_{αβγ} = (α − cos θ_1)dϕ_1 + (β − cos θ_2)dϕ_2 + (γ − cos θ_3)dϕ_3 . (4.4.76)

Because of the fibre-coordinate transition maps (4.4.74), the one-form (dψ −A) is globally well defined on Q^{111}. In other words the different one-forms (dψ_{αβγ} − A_{αβγ}) defined on the corresponding H_{αβγ}, coincide on the intersections of the patches. We can therefore define an SU(2)^3 × U(1)-invariant metric on the total space by:

ds^2_Q111 = c^2(dψ − A)^2 + a^2ds^2_S2_{×S}2_{×S}2 . (4.4.77)

The Einstein metric of this family is given by

ds^2_Q111 = 3 8Λ (dψ − A)^2 + 3 4Λ 3∑ i=1 ( dθ^2_i + sin^2 θ_i dϕ^2_i ) , (4.4.78)

where Λ is the compact space cosmological constant defined in eq.(4.4.16). The Einstein metric (4.4.78) was originally found in [60], using the intrinsic geometry of coset manifolds and using Maurer–Cartan forms. An explicit form was also given using stereographic coordinates on the three S^2. In the coordinate form of eq. (4.4.78) the Einstein metric of Q^{111} was later given in [88].

The baryonic 5–cycles of Q^{111} and their volume

The relevant homology group of Q^{111} for the calculation of the baryonic masses is

H_5(Q^{111}, IR) = IR^2 . (4.4.79)

Three (dependent) five-cycles spanning H_5(Q^{111}) are the restrictions of the U(1)-fibration to the product of two of the three IP^1’s. Using the above metric (4.4.78) one easily computes the volume of these cycles. For instance

Vol(cycle) = ∮ π^{−1}(IP^1×IP^1_2) ( 3 8Λ )_{5/2} 4 sin θ_1 sin θ_2 dθ_1 dθ_2 dϕ_1 dϕ_2 dψ = π^3 4 ( 6 Λ )_{5/2} . (4.4.80) The volume of the whole space Q^{111} is

Vol(Q^{111}) = ∮ Q^{111} ( 3 8Λ )_{7/2} 8 3∏ i=1 sin θ_i dθ_idϕ_i dψ = π^4 8 ( 6 Λ )_{7/2} . (4.4.81)

10It is worth noting that the connection A is chosen to be well defined on the coordinate singularities of each patch, i.e. on the product of the three S^2 poles covered by the patch.

Just as in the M^{111} case, inserting the above results (4.4.80, 4.4.81) into the general formula (4.4.29) we obtain the conformal weight of the baryon operator corresponding to the five-brane wrapped on this cycle:

E_0 = N 3 . (4.4.82)

The other two cycles can be obtained from this by permuting the role of the three IP^1’s and their volume is the same. This fact agrees with the symmetry which exchanges the fundamental fields A, B and C of the conformal theory, or the three gauge groups SU(N). Indeed, naming SU(2)_i (i = 1, 2, 3) the three SU(2) factors appearing in the isometry group of Q^{111}, the stability subgroup of the first of the cycles described above is

H(C^1) = SU(2)_1 × SU(2)_2 × U(1)_{B,3} U(1)_{B,3} ⊂ SU(2)_3 (4.4.83)

so that the collective coordinates of the baryon state live on IP^1 ≃ SU(2)_3/U(1)_{B,3}. This result is obtained by an argument completely analogous to that used in the analysis of M^{111} 5–cycles and leads to a completely analogous conclusion. The baryon state is in the J^{(1)} = 0, J^{(2)} = 0, J^{(3)} = N/2 flavour representation. In the conformal field theory the corresponding baryon operator is the chiral field (4.4.6) and the result (4.4.82) implies that the conformal weight of the C_i elementary world–volume field is

h[C_i] = 1 3 . (4.4.84)

The stability subgroup of the permuted cycles is obtained permuting the indices 1, 2, 3 in eq. (4.4.83) and we reach the obvious conclusion

h[A_i] = h[B_j] = h[C_ℓ] = 1 3 . (4.4.85)

This matches with the previous result (4.3.3) on the spectrum of chiral operators, which are predicted of the form

chiral operators = Tr (A_{i1} B_{j1} C_{ℓ1} . . . A_{ik} B_{jk} C_{ℓk} ) (4.4.86)

and should have conformal weight E = k. Indeed, we have k × (^1_3 +^1_3 +^1_3 ) = k !

4.5 Conclusions

We saw, using geometrical intuition, that there is a set of fundamental fields which are likely to be the fundamental degrees of freedom of the CFT’s corresponding to Q^{111} or M^{111}. The entire KK spectrum and the existence of baryons of given quantum numbers can be explained in terms of them. This fact (expecially the formula (4.4.49) ) constitutes in my opinion a strong non–trivial check of the AdS/CF T correspondence.

Candidate three-dimensional gauge theories which should flow in the IR to the superconformal fixed points dual to the AdS_4 compactifications have also been discussed in this thesis. The fundamental fields are the elementary chiral multiplets of these gauge theories.

The main problem which has not been solved is the existence of chiral operators in the gauge theory that have no counterpart in the KK spectrum. These are the non completely flavour symmetric chiral operators. Their existence is due to the fact that, differently from the case of T^{11}, we are not able to write any superpotential of dimension two. If the proposed gauge theories are correct, the dynamical mechanism responsible for the disappearing of the non symmetric operators in the IR has still to be clarified. It is probably of non–perturbative nature.

It would be quite helpful to have a description of the conifold as a deformation of an orbifold singularity [13], [65]. It would provide an holographic description of the RG flow between two different CFT theories and it would also help in checking whether the proposed gauge theories are correct or require to be slightly modified by the introduction of new fields. Another direction of possible improvement of our theory consists in considering the Chern Simons coupling, which we have set to zero.

Appendix A

Conventions for the M^{111} space

The Gell–Mann matrices are:

λ_1 =

0 1 0 1 0 0 0 0 0

, λ_2 = 0 −i 0 i 0 0 0 0 0

, λ_3 =

1 0 0 0 −1 0 0 0 0 ,

λ_4 =

0 0 1 0 0 0 1 0 0

, λ_5 = 0 0 −i 0 0 0 i 0 0

, λ_6 =

0 0 0 0 0 1 0 1 0 ,

λ_7 =

0 0 0 0 0 −i 0 i 0

, λ_8 =^1√_3

1 0 0 0 1 0 0 0 −2 . (A.0.1)

The Pauli matrices are:

σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 ) . (A.0.2)

The structure constants of SU(3) are given by f_{ijk} = f_{[ijk]}, [λ_i, λ_j ] = 2if_{ijk}λ_k

f_{123} = 1 , f_{147} =^1_2 , f_{156} = −^1_2 , f_{246} =^1_2 , f_{257} =^1_2 , f_{345} =^1_2 , f_{367} = −^1_2 ,

f_{458} =^{√3}_2 , f_{678} =^{√3}_2 . (A.0.3)

The generators of G = SU (3) × SU (2) × U (1) are:

SU (3) : i 2 λ_1, . . . , i 2 λ_8

SU (2) : i 2 σ_1, . . . , i 2 , σ_3 U (1) : iY . The orthogonal decomposition gives

G = IH ⊕ IK (A.0.4) where IH is a subalgebra of G, and IK is a representation of IH.

The generators of H = SU (2) × U (1)^′ × U (1)^{′′} are:

SU (2) : i 2 λ_ṁ = i 2 λ_1, . . . , i 2 λ_3

U (1)^′ : Z^′ = √ 3iλ_8 + iσ_3 − 4iY

U (1)^{′′} : Z^{′′} = − √ 3 2 iλ_8 + 3 2 iσ_3 so the generators of the orthogonal space IK are i 2 λ_A = i 2 λ_4 . . . i 2 λ_7,

σ_m = i 2 σ_1, i 2 σ_2 Z = √ 3 2 iλ_8 + 1 2 iσ_3 + iY . (A.0.5)

Due to this decomposition we divide the indices into six groups: ṁ, ṅ = 1, 2, 3, Y, m, n = 1, 2, 3, (A.0.6) A, B, C = 4, 5, 6, 7, 8 . Other indices used in this context are:

Σ, Λ : indices of the adjoint representation of G a, b : indices of the vector representation of SO (7) i, j : indices of the vector representation of SU (2) . (A.0.7)

Our conventions for the ε tensors are the following:

SU (2) ⊂ G : ε^{mn} ε^{12} = −1 SU (3) ⊂ G : ε^{ṁṅṙ} ε^{˙1 ˙2˙3} = 1 SU (2) ⊂ H : ε^{ṁṅ} ε^{˙1 ˙2} = 1 SO (7)^c : ε^{abcdefg} ε^{1234567} = −1 .

(A.0.8)

Bibliography

[1] J. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, Adv.Theor.Math.Phys. 2 (1998) 231, hep-th/9711200.

[2] E. Witten, Anti De Sitter Space And Holography, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge Theory Correlators from Non-Critical String Theory, Phys. Lett. B428 (1998) 105, hep-th/9802109.

[4] S.W. Hawking and G. F. R. Ellis, The Large Scale Structure Of Space–Time, Cambridge University Press (1973).

[5] D. Anselmi, M. Grisaru, D. Z. Freedman and A. Johansen, Universality of the Operator Product Expansions of SCF T_4, Phys. Lett. B394 (1997) 329.

[6] E. Witten, Search for a realistic Kaluza Klein Theory, Nucl. Phys. B186 (1981) 412.

[7] L. Castellani, R. D’Auria and P. Fré SU(3) × SU(2) × U(1) from D=11 supergravity, Nucl. Phys. B239 (1984) 60.

[8] R. D’Auria and P. Fré On the spectrum of the N = 2 SU(3) × SU(2) × U(1) gauge theory from D=11 supergravity, Class. Quantum Grav. 1 (1984) 447.

[9] O. Aharony, Y. Oz and Z. Yin, M–Theory on AdS_p ×S^{11−p} and Superconformal Field Theories, Phys.Lett. B430 (1998) 87, hep-th/9803051.

[10] S. Minwalla, Particles on AdS_{4/7} and Primary Operators on M_{2/5} Brane Worldvolumes, JHEP 10 (1998) 002, hep-th/9803053;

R. G. Leigh and M. Rozali, The Large N Limit of the (2,0) Superconformal Field Theory, Phys.Lett. B431 (1998) 311, hep-th/9803068;

F. Bastianelli, S. Frolov and A. A. Tseytlin, Three–point correlators of stress tensors in maximally–supersymmetric conformal theories in d = 3 and d = 6, hepth/9911135.

[11] S. Sethi, A Relation between N=8 gauge theories in three-dimensions, JHEP 11 (1998) 003, hep-th/9809162;

M. Berkooz and A. Kapustin, New IR dualities in supersymmetric gauge theory in three- dimensions, JHEP 02 (1999) 009, hep-th/9810257;

R. Entin and J. Gomis, Spectrum of Chiral Operators in Strongly Coupled Gauge Theories, Phys. Rev. D58 (1998) 105008, hep-th/9804060.

[12] K.Oh and R. Tatar Three dimensional SCFT from M2 branes at conifold singularities, JHEP 9902 (1999) 025, hep-th/9810244.

[13] I. Klebanov and E. Witten Superconformal Field Theory on Three–branes at a Calabi Yau Singularity, Nucl. Phys. B536 (1998) 199, hep-th/9807080.

[14] D. Fabbri, P. Fré, L. Gualtieri and P. Termonia, M-theory on AdS_4 × M^{1,1,1}: the complete Osp(2|4) × SU(3) × SU(2) spectrum from harmonic analysis, Nucl. Phys. B560 (1999) 617, hep-th/9903036.

[15] D. Fabbri, P. Fré, L. Gualtieri and P. Termonia, Osp(N |4) supermultiplets as conformal superfields on ∂AdS_4 and the generic form of N = 2, D = 3 gauge theories, Class. Quantum Grav. 17 (2000) 55, hep-th/9905134.

[16] D. Fabbri, P. Fré, L. Gualtieri, C. Reina, A. Tomasiello, A. Zaffaroni and A. Zampa, 3D superconformal theories from Sasakian seven-manifolds: new nontrivial evidences for AdS_4/CF T_3, hep-th/9907219.

[17] P. Fré, L. Gualtieri and P. Termonia, The structure of N = 3 multiplets in AdS_4 and the complete Osp(3|4) × SU(3) spectrum of M–theory on AdS_4 × N^{010}, Phys. Lett. B471 (1999) 27, hep-th/9909188.

[18] D. Fabbri, M. Billó, P. Fré, P. Merlatti and A. Zaffaroni, in preparation.

[19] A. Salam and J. Strathdee, On Kaluza–Klein theory, Ann. Phys. 141 (1981) 316.

[20] L. Castellani, R. D’Auria, P. Fré, K. Pilch and P. van Nieuwenhuizen, The bosonic mass formula for Freund–Rubin solutions of d = 11 supergravity on general coset manifolds, Class. Quantum Grav. 1 (1984) 339.

[21] R. D’Auria and P. Fré, On the fermion mass-spectrum of Kaluza Klein supergravity Ann. of Physics. 157 (1984) 1.

[22] R. D’Auria and P. Fré Universal Bose-Fermi mass–relations in Kaluza Klein supergravity and harmonic analysis on coset manifolds with Killing spinors Ann. of Physics 162 (1985) 372.

[23] A. Ceresole, P. Fré and H. Nicolai, Multiplet structure and spectra of N = 2 compactifications, Class. Quantum Grav. 2 (1985) 133.

[24] D. Z. Freedman, H. Nicolai, Multiplet Shortening in Osp(N|4) Nucl. Phys. B237 (1984) 342.

[25] A. Ceresole, G. Dall’Agata and R. D’Auria, KK Spectroscopy of Type IIB Supergravity on AdS_5 × T^{11}, hep-th/9907216.

[26] A. Ceresole, G. Dall’Agata, R. D’Auria and S. Ferrara, Spectrum of Type IIB Supergravity on AdS_5xT^{11}: Predictions on N = 1 SCFT’s, hep-th/9905226.

[27] A. Ceresole, G. Dall’Agata, R. D’Auria and S. Ferrara, M–theory on the Stiefel manifold and 3d conformal field theories, hep-th/9912107.

[28] O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Large N Field Theories, String Theory and Gravity, hep-th/9905111.

[29] P. D. Vecchia, An Introduction to AdS/CF T correspondence hep-th/9903007;

M. R. Douglas and S. Randjbar-Daemi, Two lectures on the AdS/CF T correspondence, hep-th/9902022;

J. L. Petersen, Introduction to the Maldacena conjecture on AdS/CF T , Int. J. Mod. Phys. A14 (1999) 3597 hep-th/9902131;

I. R. Klebanov, From three-branes to large N gauge theories, hep-th/9901018; E. T. Akhmedov, Introduction to the AdS/CFT correspondence, hep-th/9911095.

[30] G. ’t Hooft, A Planar Diagram Theory for Strong Interactions, Nucl. Phys. B72 (1974) 461.

[31] A. M. Polyakov, String theory and quark confinement, Nucl. Phys. Proc. Suppl. 68 (1998) 1, hep-th/9711002.

[32] J. Polchinski, Dirichlet Branes and Ramond-Ramond charges, Phys. Rev. Lett. 75 (1995), hep-th/9510017.

[33] A. Strominger and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy, Phys. Lett. B379 (1996) 99, hep-th/9601029.

[34] S. S. Gubser, I. R. Klebanov and A. W. Peet, Entropy and temperature of black 3- branes, Phys. Rev. D54 (1996) 3915, hep-th/9602135;

I. R. Klebanov, World volume approach to absorption by non–dilatonic branes, Nucl. Phys. B496 (1997) 231, hep-th/9702076.

[35] I. R. Klebanov, World volume approach to absorption by non–dilatonic branes, Nucl.

Phys. B496 (1997) 231, hep-th/9702076;

S. S. Gubser, I. R. Klebanov and A. A. Tseytlin, String theory and classical absorption by three-branes, Nucl. Phys. B499 (1997) 217, hep-th/9703040; S. S. Gubser and I. R. Klebanov, Absorption by branes and Schwinger terms in the world volume theory, Phys. Lett. B413 (1997) 41, hep-th/9708005.

[36] G. ’t Hooft, Dimensional Reduction in Quantum Gravity, gr-qc/9310026;

L. Susskind, The World as a hologram, J. Math. Phys. 36 (1995) 6377, hepth/9409089;

L. Susskind and E. Witten, The Holographic bound in anti-de Sitter space, hepth/9805114.

[37] L. Castellani, R. D’Auria and P. Fré, Supergravity and Superstring Theory: a geometric perspective, World Scientific, Singapore 1991.

[38] D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, Correlation functions in the CFT_d/AdS_{d+1} correspondence, hep-th/9804058;

G. Chalmers, H. Nastase, K. Schalm and R. Siebelink, R Current Correlators in N = 4 Super Yang-Mills Theory from Anti-de Sitter Supergravity, Nucl. Phys. B540 (1999) 247, hep-th/9805105;

S. Lee, S. Minwalla, M. Rangamani and N. Seiberg, Three point functions of chiral operators in D = 4, N = 4 SYM at large N, Adv. Theor. Math. Phys. 2 (1999) 697, hep-th/9806074;

E. D’Hoker, D. Z. Freedman and W. Skiba, Field theory tests for correlators in the AdS/CF T correspondence, Phys. Rev. D59 (1999) 045008, hep-th/9807098; F. Gonzalez-Rey, B. Kulik and I. Y. Park, Nonrenormalization of two point and three point correlators of N=4 SYM in N=1 superspace, hep-th/9903094.

[39] H. J. Kim, L. J. Romans and P. van Nieuwenhuizen, The mass spectrum of chiral N = 2 D = 10 supergravity on S^5, Phys. Rev. D32 (1985) 389; M. Günaydin and N. Marcus, The spectrum of the S^5 compactification of the chiral N = 2 D = 10 supergravity and the unitary supermultiplets of U(2, 2|4), Class. Quantum Grav. 2 (1985) L11.

[40] There is a wide literature on the subject, see for example S. Kovacs, N=4 supersymmetric Yang-Mills theory and the AdS/SCFT correspondence, Ph.D. Thesis, hepth/9908171 and references therein.

[41] L. Castellani, A. Ceresole, R. D’Auria, S. Ferrara, P. Fré and M. Trigiante G/H M-branes and AdS_{p+2} geometries Nucl. Phys. B527 (1998) 142, hep-th/9803039.

[42] P.G.O. Freund and M.A. Rubin Dynamics of dimensional reduction Phys. Lett. B97 (1980) 233.

[43] M. Günaydin and N.P. Warner. Unitary Supermultiplets of Osp(8/4,R) and the spectrum of the S^7 compactification of 11–dimensional supergravity Nucl. Phys. B272 (1986) 99

[44] C. N. Pope, Harmonic expansion on solutions of d=11 supergravity with SU(3) × SU(2) × U(1) or SU(2) × SU(2) × SU(2) × U(1) symmetry, Class. quantum Grav. 1 (1984) L91.

[45] B. de Wit and I. Herger, Anti–de Sitter Supersymmetry, hep-th/9908005.

[46] L. Castellani, L.J. Romans and N.P. Warner, A Classification of Compactifying solutions for D=11 Supergravity, Nucl. Phys. B2421 (1984) 429.

[47] M. Günaydin, D. Minic and M. Zagerman, Novel supermultiplets of SU(2, 2|4) and the AdS_5/CF T_4 duality, hep-th/9810226.

[48] H. Nicolai, Representations of Supersymmetry in anti–de Sitter Space, in Supersymmetry and Supergravity 1984, World Scientific, Singapore 1984.

[49] E. Angelopoulos, M. Flato, C. Fronsdal and D. Sternheimer, Massless particles, conformal group, and de Sitter universe, Phys. Rew D23 (1981) 1278.

[50] P. A. M. Dirac, A remarkable representation of the 3 + 2 de Sitter group, J. Math.

Phys. 4 (1963) 901.

[51] P. Breitenlohner and D. Z. Freedmann, Stability in gauged extended supergravity, Ann. Phys. 144 (1982) 249;

P. Breitenlohner and D. Z. Freedmann, Positive energy in anti–de Sitter backgrounds and gauged extended supergravity, Phys. Lett. 115B (1982) 197.

[52] W. Heidernreich, All linear unitary irreducible representations of de Sitter supersymmetry with positive energy, Phys. Lett. 110B (1982) 461.

[53] P. Termonia, The complete N = 3 Kaluza Klein spectrum of 11D supergravity on AdS_4xN^{010}, hep-th/9909137.

[54] G. Dall’ Agata, D Fabbri, C. Fraser, P. Fré, P. Termonia and M. Trigiante, The Osp(8|4) singleton action from the supermembrane hep-th/9807115.

[55] P. Claus and R. Kallosh, Superisometries of the AdS ×S superspace, hep-th/9812087.

[56] J. Wess and J. Bagger, Supersymmetry ans Supergravity, Princeton University Press, Princeton, New Jersey 1992.

[57] G. Mack and A. Salam, Ann. Phys. 53 (1969) 174;

G. Mack, Comm. Math. Phys. 55 (1977) 1.

[58] P. van Nieuwenhuizen, General Theory of coset Manifolds and Antisymmetric Tensors Applied to Kaluza–Klein Supergravity, in Supersymmetry and Supergravity 1984, World Scientific, Singapore 1984.

[59] L. Castellani, On G/H geometry and its use in M–theory compactifications, hepth/9912277.

[60] R. D’Auria, P. Fré and P. van Nieuwenhuizen N = 2 matter coupled supergravity from compactification on a coset with an extra Killing vector, Phys. Lett. B136B (1984) 347.

[61] A. O. Barut, R. Raczka, Theory of group representations and applications, PWN- Polish Scientific Publisher, Warszawa 1977.

[62] M. R. Douglas and G. Moore, D-branes, Quivers, and ALE Instantons, hepth/9603167.

[63] N. Itzhaki, J. M. Maldacena, J. Sonnenschein and S. Yankielowicz, Supergravity and The Large N Limit of Theories With Sixteen Supercharges, Phys. Rev. D58 (1998) 046004, hep-th/9802042.

[64] A. M. Uranga, Brane Configurations for Branes at Conifolds, JHEP 9901 (1999) 022, hep-th/9811004.

[65] D. R. Morrison and M. R. Plesser, Non-Spherical Horizons, I, hep-th/9810201.

[66] G. Dall’Agata N = 2 conformal field theories from M2 branes at conifold singularities, hep-th/9904198.

[67] M. Porrati and A. Zaffaroni, M-Theory Origin of Mirror Symmetry in Three Dimensional Gauge Theories, Nucl. Phys. B490 (1997) 107, hep-th/9611201.

[68] S. Ferrara, A. Kehagias, H. Partouche and A. Zaffaroni, Membranes and Fivebranes with Lower Supersymmetry and their AdS Supergravity Duals, Phys. Lett. B431 (1998) 42, hep-th/9803109.

[69] J. Gomis, Anti de Sitter Geometry and Strongly Coupled Gauge Theories, Phys. Lett.

B435 (1998) 299, hep-th/9803119.

[70] C. Ahn, K. Oh and R. Tatar, Branes, Orbifolds and the Three Dimensional N = 2 SCFT in the Large N limit, JHEP 9811 (1998) 024, hep-th/9806041.

[71] N. J. Hitchin, A. Karlhede, U. Lindström and M. Rocek, Hyperkäler Metrics and Supersymmetry, Comm. Math. Phys. 108 (1987) 535;

P. Fré and P. Soriani, The N = 2 Wonderland, World Scientific, Singapore 1995.

[72] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fré and T.

Magri. N=2 supergravity and N=2 super Yang Mills theory on general scalar manifolds: symplectic covariance, gaugings and the momentum map, Journ. Geom. Phys. 23 (1997), 111.

[73] D. Anselmi, M. Billò, P. Fré, L. Girardello and A. Zaffaroni, ALE Manifolds and Conformal Field Theories, Int. Jour. Mod. Phys. A9 (1994) 3007.

[74] D. Anselmi and P. Fré, Topological σ-models in four dimensions and triholomorphic maps, Nucl. Phys. B416 (1994) 255.

[75] R. D’Auria, P. Fré and A. Da Silva, Geometric structure of N=1,D=10 and N=4,D=4 super Yang-Mills theory, Nucl.Phys. B196 (1982) 205.

[76] W. Fulton, Introduction to Toric Varieties, Princeton University Press, Princeton, New Jersey 1993.

[77] S. Gubser, N. Nekrasov and S. L. Shatashvili, Generalized Conifolds and 4d N = 1 SCFT, JHEP 9905 (1999) 003, hep-th/9811230.

[78] O. Aharony and E. Witten, Anti-de Sitter Space and the Center of the Gauge Group, JHEP 9811 (1998), hep-th/9807205.

[79] E. Witten, Baryons and Branes in Anti de Sitter Space, JHEP 9807 (1998) 006, hep-th/9805112.

[80] S. S. Gubser, Einstein manifolds and conformal field theories, Phys. Rev. D59 (1999) 025006, hep-th/9807164.

[81] S. S. Gubser and I. Klebanov, Phys. Rev. D58 (1998) 125025, hep-th/9808075.

[82] I. R. Klebanov and E. Witten, AdS/CFT Correspondence and Symmetry Breaking, hep-th/9905104.

[83] S. P. de Alwis, Coupling of branes and normalization of effective actions in string/Mtheory, Phys. Rev. D56 (1997) 7963, hep-th/9705139.

[84] C. Ahn, H. Kim, B. Lee and H. S. Yang, N = 8 SCFT and M Theory on AdS_4 ×IRIP^7, hep-th/9811010.

[85] R. Bott and L.W. Tu, Differential Forms in Algebraic Topology, GTM 82, Springer- Verlag, 1982.

[86] G. W. Gibbons and C. N. Pope, CIP^2 as a Gravitational Instanton, Comm. Math.

Phys. 61 (1978), 239.

[87] D. N. Page and C. N. Pope, Stability analysis of compactifications of D = 11 Supergravity with SU(3) × SU(2) × U(1) symmetry, Phys. Lett. 145B (1984), 337.

[88] D. N. Page and C. N. Pope, Which compactifications of D = 11 Supergravity are stable?, Phys. Lett. 144B (1984), 346.