arXiv:hep-th/0002215 v2 13 Apr 2000

Cosmological perturbation spectra from SL(4,R)-invariant effective actions

Helen A. Bridgman and David Wands Relativity and Cosmology Group, School of Computer Science and Mathematics, Mercantile House, University of Portsmouth, Portsmouth PO1 2EG, United Kingdom

We investigate four-dimensional cosmological vacuum solutions derived from an effective action invariant under global SL(n,R) transformations. We find the general solutions for linear axion field perturbations about homogeneous dilaton-moduli-vacuum solutions for an SL(4,R)-invariant action and find the spectrum of super-horizon perturbations resulting from vacuum fluctuations in a prebig-bang scenario. We show that for SL(n,R)-invariant actions with n ≥ 4 there exists a regime of parameter space of non-zero measure where all the axion field spectra have positive spectral tilt, as required if light axion fields are to provide a seed for anisotropies in the microwave background and large-scale structure in the universe.

PACS numbers: 98.80.Cq PU-RCG-00/5, hep-th/0002215

to appear in Physical Review D © 2000 The American Physical Society

I. INTRODUCTION

The pre-big-bang scenario proposed by Gasperini and Veneziano [1] is an alternative model for the very early evolution of our Universe which assumes that its initial state was a low-energy, weakly coupled, vacuum state. Such a regime is well described by the low-energy string effective action which admits two separate branches, labelled (+) and (−), for vacuum solutions of the scale factor in four-dimensional Friedmann-Robertson-Walker (FRW) cosmologies [2]. The (+) branch corresponds to a weakly coupled dilaton in a cold, flat universe in the t → −∞ limit. For t → 0 we have pole driven superinflation propelled by the dilaton kinetic energy term, with a positive Hubble parameter, H and a singularity in the future. The (−) branch corresponds to a large spatially flat universe with positive H, but decelerating and can be smoothly joined to a conventional radiation dominated universe at late times. The (+) and (−) branches are related to each other by a string symmetry called scale factor duality [3,1], but there is still no compelling dynamical model of the “graceful exit” from the (+) to the (−) branch [2,4].

In the absence of a complete theoretical understanding one may still hope to find observational evidence, such as the spectrum of primordial fluctuations that could be generated during the dilaton-driven pre-big-bang phase [5], in order to test the scenario against more conventional inflation models. Metric perturbations are produced on super-horizon scales during the pre big bang have a steep “blue” spectrum, strongly tilted towards small scales [6]. This offers the interesting possibility that there might be a detectable background of relic gravitons on Laser Interferometric Gravitational wave Observatory (LIGO) scales [7,8] and a related population of primordial black holes [9]. However these metric perturbations are far from the almost scale-invariant (Harrison-Zel’dovich) spectrum of adiabatic density perturbations naturally produced by conventional slow-roll inflation models [10] and leave effectively no metric perturbations on astrophysical scales during the pre-big-bang era.

Instead it has been proposed [11] that a cosmic background of massless axion fluctuations could generate the observed anisotropies in the cosmic microwave background temperature at large angular scales and provide a seed for large-scale structure formation [11–13]. A prebig-bang era can produce almost scale invariant spectra of fluctuations in axion fields [14–16] ⟨δσ^2⟩ ∝ k^{Δn} with Δn ≈ 0, where k is the comoving wavenumber. These are isocurvature perturbations to first-order, but assuming the axion field remains effectively massless in the subsequent post big bang era, these fluctuations give rise to a spectrum of density perturbations at horizon crossing [11] ( δρ ρ ) k=aH ∼ e^ϕ ( k k_s )_{Δn} , (1)

where k_s is the comoving scale leaving the horizon at the end of the pre-big-bang phase. A slightly “blue” spectrum, Δn ≈ +0.1, may be consistent with δρ/ρ ∼ 10^{−5} on astrophysical scales (k ∼ 10^{30}k_s) for a present-day string coupling g^2_s = e^ϕ ∼ 10^{−2}.

The low energy string effective action compactified down to four-dimensions includes a dilaton and axion field, related by an SL(2,R) symmetry. In the absence of all the other moduli fields are fixed during the pre-big-bang phase then it is found that for an SL(2,R) action, with one axion field, the spectral index is fixed to be Δn = −2 √ 2 + 3 = −0.46. The addition of a single moduli field gives a spectral index for the axion in the range −0.46 ≤ Δn ≤ 3 which allows scale-invariant or blue spectra [14].

The many moduli fields present in any low-energy effective action will have specific symmetry properties inherited from the higher dimensional theory and the details of compactification. For instance, the inclusion of Ramond-Ramond (RR) fields presents in the type II string theories increases the number of degrees of freedom in the four-dimensional effective theory and in Ref. [17] it was shown that the RR 1-form and 3-form field strengths, with a single modulus field determining the size of the 6-torus, combine with the Neveu- Schwarz-Neveu-Schwarz(NS-NS) dilaton and axion to parameterise an SL(3,R)-invariant non-linear sigma model. The symmetries of this action can place constraints on the allowed spectral indices. For an SL(3,R) action [18], with two moduli but three axion fields, the range for each spectral index was the same as for the single axion case (−0.46 ≤ Δn_i ≤ 3, i = 1, 2, 3), but there was no point at which all the spectra had Δn_i > 0. This poses a threat to the pre-big-bang scenario as all the perturbation spectra have the same normalisation at the string scale (δρ/ρ ∼ e^ϕ) and if one axion field always has a red spectrum (Δn_i < 0) then there would be unacceptably large density fluctuations on large scales.

In order to study whether this remains a problem in larger symmetry groups with more moduli and axion degrees of freedom we will study the spectrum of cosmological perturbations generated in fields which parameterise an SL(4,R) non-linear sigma model in the low-energy effective action. The presence of a global SL(n,R) symmetry is a completely general consequence of dimensional reduction from D + n to D dimensions [19,5]. We will investigate the perturbation spectra generated in axion fields at late times or large scales from vacuum fluctuations at early times or small scales in a pre-big-bang era, and discuss whether these might be compatible with an almost scale invariant spectrum of small primordial density perturbations. We will show that perturbation spectra with Δn > 0 for all fields are indeed possible in models whose scalar fields parameterise an SL(n,R) group where n ≥ 4.

II. SL(N,R) INVARIANT ACTIONS

We begin with a discussion of the representation of the most familiar SL(2,R)-invariant effective action is string theory, and how we can extend this to provide a representation of larger SL(n,R)-invariant effective actions.

The NS-NS sector of string theory contains the dilaton, ϕ, graviton, Ĝ_{AB}, and 2-form potential, B_{AB} , and is common to both heterotic and type II string theories. The low energy effective action is S = 1 16πα^{′4} ∫ d^{10}x √ |Ĝ| e^{−ϕ} [ R̂_{10} + ( ^∇ϕ)^2 − 1 12 Ĥ^2 ] , (2) where α^′ is the inverse string tension and Ĥ ≡ dB is a 3-form field strength. Considering the simplest Kaluza-Klein compactification on a static sixtorus, the ten-dimensional line element has the form ds^2_{10} = e^ϕg_{μν} dx^μdx^ν + δ_{ab}dy^ady^b, where g_{μν} is the fourdimensional metric in the Einstein frame and δ_{ab} is the Kronecker delta-function. In four-dimensions the 3-form field strength is dual to a one-form written as the gradient of a pseudo-scalar axion field, ∗H = e^ϕ∇σ, and the four-dimensional effective action is then [5] S = 1 2κ^2 ∫ d^4x √ −g [ R − 1 2 (∇ϕ)^2 − 1 2 e^{2ϕ} (∇σ)^2 ] , (3) where κ^2 ≡ 8πG. Solutions to the equations of motion from this action respect the invariance of this action under an arbitrary global SL(2,R) transformation [20] λ → αλ + β γλ + δ , (4)

where λ = σ + ie^{−ϕ} and the real parameters α, β, γ and δ obey the constraint αδ − βγ = 1.

In order to extend the effective action to larger symmetry groups it is convenient to re-write the action Eq. (3) in terms of the symmetric matrix M = ( e^ϕ σe^ϕ σe^ϕ e^{−ϕ} + σ^2e^ϕ ) (5) which parameterises the SL(2,R)/U(1) maximal coset of SL(2,R). The SL(2,R) transformation in Eq. (4) is given by M → ΘM Θ^T where Θ = ( δ γ β α ) . Any member of SL(2,R) obeys the relation M^T JM = J where J = ( 0 1 −1 0 )

and hence, using the expression Θ^T JΘ = J we can show that the line element

dS^2 = 1 2 Tr(JdM JdM ) = dϕ^2 + e^{2ϕ}dσ^2 (6)

is invariant under the global SL(2,R) transformation M → ΘM Θ^T . Thus the effective action Eq. (3) written in the form S = 1 2κ^2 ∫ d^4x √ −g [ R + 1 4 Tr ( ∇M ∇M^{−1} ) ] (7) is manifestly invariant under global SL(2,R) transformations. More generally the action for scalar fields parameterising an SL(n,R)/SO(n) non-linear sigma model can be written as

S = 1 2κ^2 ∫ d^4x √ −g [ R + 1 4 Tr ( ∇U_n∇U^{−1}_n ) ] , (8)

where U_n is a symmetric SL(n,R) matrix. This action is invariant under the global transformation U_n → ΘU_nΘ^T where Θ is a member of SL(n,R).

We can build a symmetric SL(3,R) matrix U , from the SL(2,R) matrix M in the following way [21,17]: U = ( e^ν M e^ν M σ e^ν σ^T M e^{−2ν} + e^ν σ^T M σ ) , (9)

where ν is a modulus field and the two additional degrees of freedom are the components of the 2 × 1 vector σ = ( σ_2 σ_3 ) . (10)

The SL(3,R)-invariant trace of the 3×3 matrix ∇U ∇U^{−1} which appears in the effective action is Tr ( ∇U ∇U^{−1} ) = Tr ( ∇M ∇M^{−1} ) −6 (∇ν)^2 − 2Tr ( e^{3ν} ∇σ^T M ∇σ ) . (11)

More generally, the same method can be used to construct an SL(n + 1,R) matrix U_{n+1} from an SL(n,R) matrix U_n, where

U_{n+1} = ( e^vn^{+1} U_n e^vn^{+1} U_nσ_n e^vn^{+1} σ_n^T U_n e^{−nv}n^{+1} + e^vn^{+1} σ_n^T U_nσ_n ) . (12)

In addition to the fields in the SL(n,R) matrix U_n, the SL(n + 1,R) matrix U_{n+1} includes an additional modulus field v_{n+1} and n additional axion fields contained in the n × 1 vector σ_n. This is sufficient to define our representation of the SL(n,R)/SO(n) coset starting from U_1 = 1. Thus the SL(n,R) matrix U_n contains n − 1 moduli and n(n − 1)/2 axions in total.

The SL(n+1,R)-invariant trace of the (n + 1) × (n + 1) matrix ∇U_{n+1}∇U_{n+1}^{−1} which appears in the effective action [see Eq. (8)] can be calculated iteratively as Tr ( ∇U_{n+1}∇U_{n+1}^{−1} ) = Tr ( ∇U_n∇U_n^{−1} ) +(−n^2 − n) (∇v_{n+1})^2

−2Tr ( e^{(n+1)v}n^{+1} ∇σ^T_n U_n∇σ_n ) . (13)

III. SL(4,R) DILATON-MODULI-VACUUM COSMOLOGIES

We first investigate the homogeneous dilaton-moduli vacuum solutions where we set σ_i =constant. The form of the dilaton-moduli solutions are invariant under a constant shift of the axion fields, so without loss of generality we set σ_i = 0. This amounts to setting to zero the offdiagonal terms in the SL(n,R) matrix. Thus we have the vacuum SL(2,R) matrix (putting ϕ = v_2)

U_2^{(0)} = ( e^{v2} 0 0 e^{−v2} ) (14)

and the SL(3,R) matrix given in Eq. (9) becomes

U_3^{(0)} = e^{v3+v2} 0 0

0 e^{v3−v2} 0 0 0 e^{−2v3}

(15)

while, from Eq. (12), an SL(n+1,R) matrix is given in terms of an SL(n,R) matrix as

U^{(0)}_{n+1} = ( e^vn^{+1} U^{(0)}_n 0 0 e^{−nv}n^{+1} ) . (16)

The trace of ∇U^{(0)}n ∇U^{(0)}n^{−1} for a vacuum SL(n,R) matrix, using Eq. (13), is Tr ( ∇U^{(0)}_n ∇U^{(0)}_n^{−1} ) = − n∑ i i(i − 1) (∇v_i)^2 . (17)

Substituting this into the SL(n,R)-invariant action, Eq. (8), we can now write down the effective action for vacuum SL(4,R) S = 1 2κ^2 ∫ d^4x √ −g × [ R − 3(∇v_4)^2 − 3 2 (∇v_3)^2 − 1 2 (∇v_2)^2 ] . (18)

We will assume that the external four dimensional spacetime is a spatially-flat FRW metric, with the line element

ds^2 = a^2(η) ( −dη^2 + dx^2 + dy^2 + dz^2 ) (19)

and scale factor, a(η), where η is the conformal time. The effective action in Eq. (18) can then be written for homogeneous dilaton-moduli fields as S = 1 2κ^2 ∫ d^3x ∫ dη [ 6a^{′2} − 3a^2v_4^{′2} − 3 2 a^2v_3^{′2} − 1 2 a^2v_2^{′2} ] , (20)

where a prime denotes differentiation with respect to η. We use the Euler-Lagrange equations derived from this action to calculate the equations of motion related to this action. The resulting evolution equations for the dilatonmoduli fields in a FRW metric are 12 a^{′′} a = −6v_4^{′ 2} − 3v_3^{′ 2} − v_2^{′ 2} , (21)

v_4^{′′} + 2 a^′ a v_4^′ = 0 , (22)

v_3^{′′} + 2 a^′ a v_3^′ = 0 , (23)

v_2^{′′} + a^′ a v_2^′ = 0 , (24) subject to the constraint equation (from general relativistic invariance under time-reparameterisation) ( a^′ a )_2 = 1 12 ( 6v_4^{′2} + 3v_3^{′2} + v_2^{′2} ) . (25)

Substituting Eq. (25) into Eq. (21) yields a secondorder equation for a(η) which can be integrated twice to obtain

a = a_∗|η|^{12} , (26)

where a_∗ is one integration constant, and we have used our freedom to choose a = 0 as the origin for the time coordinate η in order to eliminate the other constant of integration. Equation (26) is the standard solution in the Einstein frame for a spatially flat FRW cosmology with free scalar fields. In terms of the proper time t ≡ ∫ adη we have a ∝ |t|^{1/3}, which describes a non-accelerating expanding universe for t > 0, or an accelerating contraction for t < 0. It is this phase of accelerated contraction that is the basis of the pre-big-bang scenario [1].

Equations (22) to (24) can now be integrated using the solution for a(η) in Eq. (26) to give

v^′_i = C_i a^2

, (27)

where C_i are constants of integration, i = 1 . . . 3. This allows the constraint equation (25) to be rewritten in the form

C^2_1 3 + C^2_2 + 2C^2_3 = 1 . (28)

The constants of integration C_1/ √ 3, C_2 and √ 2C_3 can be interpreted as points on the surface of a sphere. It is therefore convenient to move to spherical coordinates

C_1/ √ 3 = cos ξ_1 , C_2 = sin ξ_1 cos ξ_2 , (29) √ 2C_3 = sin ξ_1 sin ξ_2 ,

where the constraint is automatically satisfied and the new constants of integration are 0 ≤ ξ_1 ≤ π and 0 ≤ ξ_2 < 2π.

Using Eq. (26) in Eqs. (27) gives monotonic power law solutions for v_4, v_3 and v_2:

e^{v4} = e^{v4�} |η|^{sin ξ1 sin ξ2 /} √ 2 , e^{v3} = e^{v3�} |η|^{sin ξ1 cos ξ2} , (30)

e^{v2} = e^{v2�} |η|^{√3 cos ξ1} ,

where v_{4∗}, v_{3∗} and v_{2∗} are constants of integration. Dilaton-moduli-vacuum solutions related by SL(3,R) transformations [18] are recovered by setting ξ_2 = 0, while for ξ_2 = 0 and ξ_1 = 0 or π we recover dilatonvacuum cosmological solutions related by SL(2,R) transformations [22].

IV. AXION PERTURBATIONS

It is known [6,23] that inhomogeneous linear perturbations in the dilaton and other moduli fields about the homogeneous FRW solutions given by Eq. (26) have the general solution δv_i = Z_0(|kη|), where Z_0 is any linear combination of Bessel functions of order zero, independent of the various integration constants that appear in the solutions in Eq. (30). In the pre-big-bang scenario this solution inevitably leads to a cosmological spectrum of vacuum fluctuations steeply tilted towards small scales, with essentially no perturbations on superhorizon scales [6,5]. If the pre big bang scenario is to produce any observable perturbations on large scales it must be through vacuum fluctuations in the axion fields [14] which are non-minimally coupled to the dilaton-moduli fields in the four-dimensional Einstein frame and hence sensitive to the integration constants that parameterise their evolution.

Hence we will investigate inhomogeneous axion field perturbations about the dilaton-moduli vacuum solutions. We will calculate the field equations for these linear perturbations including axion fields by constructing the effective action to second-order in the perturbations^∗ . This is constructed iteratively using Eq. (17) as Tr ( ∇U_{n+1}∇U_{n+1}^{−1} ) = Tr ( ∇U_n∇U_n^{−1} ) +(−n^2 − n) (∇v_{n+1})^2

−2Tr ( e^{(n+1)v}n^{+1} ∇σ^T_n U_n^{(0)}∇σ_n ) , (31)

where we can use the vacuum solution, U^{(0)}n , in the last term of the trace equation, in order to calculate the action to second-order in the axion fields.

Expressions can be constructed from the initial SL(2,R) matrix Eq. (5) and we can therefore write the trace of ∇U_3∇U_3^{−1} for SL(3,R) to second order in the axion perturbations as Tr ( ∇U_3∇U_3^{−1} ) = Tr ( ∇U_2∇U_2^{−1} ) − 6 (∇v_2)^2

−2Tr ( e^{3v2} ∇σ^T U_2^{(0)}∇σ ) . (32)

Rewriting Eq. (5) as

U_2 = ( e^{v2} σ_1e^{v2} σ_1e^{v2} e^{−v2} + σ^2_1e^{v2} ) (33)

and then adding on the second order axion term with the vacuum case given in Eq. (17) in the above expression we obtain [18]

�Because σ0_i = 0 in the background solution there is no metric back-reaction to lowest-order and the perturbations are automatically gauge-invariant [5].

Tr ( ∇U_3∇U_3^{−1} ) = −6(∇v_3)^2 − 2(∇v_2)^2 − 2e^{2v2} (∇σ_1)^2 −2e^{3v3+v2} (∇σ_2)^2 − 2e^{3v3−v2} (∇σ_3)^2 , (34)

while for SL(4,R) we have Tr ( ∇U_4∇U_4^{−1} ) = −12(∇v_4)^2 − 6(∇v_3)^2 − 2(∇v_2)^2 − 2e^{2v2} (∇σ_1)^2 −2e^{3v3+v2} (∇σ_2)^2 − 2e^{3v3−v2} (∇σ_3)^2 − 2e^{4v4+v3+v2} (∇σ_4)^2 −2e^{4v4+v3 −v2} (∇σ_5)^2 − 2e^{4v4−2v3} (∇σ_6)^2 . (35)

In the Einstein frame the action becomes S = 1 2κ^2 ∫ d^3x ∫ dη [ − 6a^{′2} − 3a^2v_4^{′2} − 3 2 a^2v_3^{′2} − 1 2 a^2v_2^{′2} − 1 2 a^2e^{2v2} σ_1^{′2} − 1 2 a^2e^{3v3+v2} σ_2^{′2} − 1 2 a^2e^{3v3−v2} σ_3^{′2} − 1 2 a^2e^{4v4+v3+v2} σ_4^{′2} − 1 2 a^2e^{4v4+v3−v2} σ_5^{′2} − 1 2 a^2e^{4v4−2v3} σ_6^{′2} ] . (36)

We can now use this to derive the field equations for inhomogeneous axion perturbations evolving in the homogeneous vacuum background solutions

δσ_1^{′′} + ( 2 a^′ a + 2v_2^′ ) δσ_1^′ + k^2δσ_1 = 0 , (37)

δσ_2^{′′} + ( 2 a^′ a + 3v_3^′ + v_2^′ ) δσ_2^′ + k^2δσ_2 = 0 , (38)

δσ_3^{′′} + ( 2 a^′ a + 3v_3^′ − v_2^′ ) δσ_3^′ + k^2δσ_3 = 0 , (39)

δσ_4^{′′} + ( 2 a^′ a + 4v_4^′ + v_3^′ + v_2^′ ) δσ_4^′ + k^2δσ_4 = 0 , (40)

δσ_5^{′′} + ( 2 a^′ a + 4v_4^′ + v_3^′ − v_2^′ ) δσ_5^′ + k^2δσ_5 = 0 , (41)

δσ_6^{′′} + ( 2 a^′ a + 4v_4^′ − 2v_3^′ ) δσ_6^′ + k^2δσ_6 = 0 , (42)

where k is the comoving wavenumber. Note that because the axion field is zero in the vacuum background solution, their back-reaction upon the moduli fields and the four-dimensional spacetime metric vanishes to first-order and the perturbations are independent of the spacetime gauge [5].

The field equations (37) to (37) can be written in the standard form for a free scalar field evolving in a FRW metric δσ_i^{′′} + 2 ā^′_i ā_i δσ_i^′ + k^2δσ_i = 0 (43)

with i = 1 . . . 6, where we introduce the conformally rescaled scale factor, ā_i, in the corresponding “axion frame” [14,5] ā_1 = e^{v2} a , (44) ā_2 = e^{(3v3+v2 )/2}a , (45) ā_3 = e^{(3v3−v2)/2}a , (46) ā_4 = e^{2v4+(v3 +v2)/2}a , (47) ā_5 = e^{2v4+(v3 −v2)/2}a , (48) ā_6 = e^{2v4−v3} a . (49)

Substituting the solutions from Eqs. (26) and (30) into Eqs. (44)–(49) we obtain

ā_i ∝ |η|^pi , (50)

where

p_1 = √ 3 cos ξ_1 ,

p_2 = √ 3 ( √ 3 2 sin ξ_1 cos ξ_2 + 1 2 cos ξ_1 ) ,

p_3 = √ 3 ( √ 3 2 sin ξ_1 cos ξ_2 − 1 2 cos ξ_1 ) ,

p_4 = √ 3 [ √ 3 2 sin ξ_1 ( 2 √ 2 3 sin ξ_2 + 1 3 cos ξ_2 ) + 1 2 cos ξ_1 ] ,

p_5 = √ 3 [ √ 3 2 sin ξ_1 ( 2 √ 2 3 sin ξ_2 + 1 3 cos ξ_2 ) − 1 2 cos ξ_1 ] ,

p_6 = √ 3 sin ξ_1 (√ 2 √ 3 sin ξ_2 − 1 √ 3 cos ξ_2 ) . (51)

Equation (43) has the standard form for perturbations of a free scalar field evolving in an FRW cosmology with scale factor ā_i. Thus we can define the canonically normalised variables [24,5]

u_i = 1 √ 2κ ā_iδσ_i , (52)

which enables us to rearrange Eq. (43) in the form of a simple harmonic oscillator with time-dependent mass u_i^{′′} + ( k^2 + (−ā_i^{′′}) ā_i ) u_i = 0 . (53)

For a power-law expansion given by Eq. (50) this corresponds to Bessel’s equation u_i^{′′} + ( k^2 +

(1/4 − p_i^2) |η|^2 ) u_i = 0 . (54)

Equation (54) has a standard solution u_i = |kη|^{1/2}Z_pi (|kη|) , (55) where Z_pi is any linear combination of Bessel (or Hankel) functions and for each axion field the order of the Bessel function is p_i given in Eq. (51).

V. PRE-BIG-BANG PERTURBATION SPECTRA

We will write the solutions of the Bessel equation in terms of Hankel functions so that a general solution of Eq. (54) is given by u_i = |kη|^{1/2} [ u_+H_{|p}i_|^{(1)} (|kη|) + u_−H_{|p}i_|^{(2)} (|kη|) ] . (56)

For wavelengths much smaller than the horizon scale (|kη| ≫ 1) the equation of motion Eq. (53) reduces to that for a free-scalar field u_i in flat Minkowski spacetime with a well-defined vacuum state. Allowing only positive frequency modes in a flat-spacetime vacuum state requires that u_i → e^{−ikη} √ 2k . (57)

The classic horizon problem of the standard hot big bang is that all modes start outside the horizon at the big bang (kη → 0) and so there is no reason to expect modes to start in this vacuum state.

However in the pre-big-bang scenario all modes start within the horizon in the infinite past as η → −∞. As η → 0_− on the (+) branch modes leave the horizon, giving a well-defined spectrum of super-horizon perturbations in all fields, even though there is no inflation in the conventional sense (ä > 0) in the Einstein frame.

Allowing only positive frequency modes in a flatspacetime vacuum state at early times (as kη → −∞) i.e. large −η yields

u_+ = √ π 2 √ k e^{i(2|p}i^{|+1)π/4} , u_− = 0 . (58)

Therefore using Eq. (52) we can write δσ_i = κ √ π 2k e^{i(2|p}i^{|+1)π/4} √ −kη ā_i H_{|p}i_|^{(1)} (−kη) . (59)

At late times on super-horizon scales (|kη| ≪ 1) we have δσ_i = ±iκ √ π k e^{i(2|p}i^{|+1)π/4} ( −Γ(|p_i|) πā_i ) ( 2 −kη )_{|p}i_{|−(1/2)} . (60)

The power spectrum for these axion perturbations is denoted by P_{δσ}i ≡ k^3 2π^2

|δσ_i|^2 (61)

which represents the dispersion ⟨δσ^2_i ⟩ due to fluctuations on comoving scales ∼ k^{−1} [10]. It can be calculated from Eq. (60) to be

P_{δσ}i = 2κ^2 ( C(|p_i|) 2π )_2 k^2 ā^2_i

(−kη)^{1−2|p}i^| , (62)

FIG. 1. The spectral tilts, Δni , for all six axion fields as a function of ξ1 when ξ2 = 0.

where the coefficient term C(|p_i|) = 2^{|p}i^|Γ(|p_i|) 2^{3/2}Γ(3/2)

, (63)

approaches unity for |p_i| = 3/2.

The spectral tilt of the perturbation spectra is defined by Δn_i ≡ d ln P_{δσi} d ln k

. (64)

It follows from Eq. (62) that the spectral tilt for each of the axion fields is constant and takes the values

Δn_i = 3 − 2|p_i| , (65)

where the p_i are given in Eq. (51) in terms of the two integration constants ξ_1 and ξ_2 which parameterise the dilaton-moduli vacuum background solutions.

From Eqs. (65) and (51) it is then possible to find the spectral tilts as functions of the integration constants ξ_1 and ξ_2. (See Figs. 1 and 2.) The maximum absolute value for any p_i is √ 3 and thus the minimum value of the spectral tilt for any axion field is Δn = −2 √ 3+3 = −0.46 as found previously with SL(2,R) [14] or SL(3,R) [18] symmetry groups. For any axion field the allowed range for the spectral tilt is − 2 √ 3 + 3 ≤ Δn_i ≤ 3 . (66)

VI. DISCUSSION

The amplitude of the axion power spectra at the end of the pre-big bang phase when the comoving horizon scale is given by η_s = −1/k_s can be given, from Eqs. (62) and (65), as

P_{δσ}i |_s = 2κ^2 ( C(|p_i|) p_i + 1/2

)_2 (¯ H_i 2π )_2 s ( k k_s )_{Δn}i

, (67)

FIG. 2. The spectral tilts, Δni , for all six axion fields as a function of ξ1 when tan ξ2 = − √ 2. where the expression for C(|p_i|) is given in Eq. (63) and the Hubble rate in the axion frame is given by

H̄_i^2 = (p^i + 1/2)^2 ā^2_i η^2

. (68)

The Hubble rate in the axion frame can also be related to H, the expansion rate in the Einstein frame, via

H̄_i = 2(p^i + 1/2) Ω_i

H . (69)

Assuming that modes remain frozen-in on large scales (|kη| ≪ 1) during the uncertain transition from pre to post big bang phase [25,15,16], then the energy density contributed by massless axion perturbations in the Einstein frame can be estimated as

ρ_i ≈ Ω_i^2 k^2 a^2 P_{δσ}i|_s 2κ^2

(70) ≈ k^2 a^2

C^2(|p_i|) ( H_s 2π )_2 ( k k_s )_{Δn}i . (71)

Although massless axion fields never come to dominate the total energy density in the universe, they do contribute a perturbation to the density when a given scale re-enters the cosmological horizon δρ ρ = ρ_i ρ_{total} = C^2(|p_i|) 3 ( κH_s 2π )_2 s ( k k_s )_{Δn}i

, (72)

where the total energy density during the radiation or matter dominated era is given by ρ_{total} = 3H^2/κ^2. An analysis of the effect of this perturbation to the overall density during the radiation and matter dominated eras, and hence to the spectrum of anisotropies in the cosmic microwave background, is calculated in Refs. [11,12]. Note that all the different axion fields have the same amplitude for modes crossing the Hubble scale at the start of the post big bang era, k ≈ k_s, set by the ratio of the maximum Hubble rate at the end of the pre big bang to the Planck scale κ^2H^2_s . In the simplest scenario of a sudden transition to the post big bang phase where the dilaton and moduli are fixed, this gives κ^2H^2_s ≈ e^ϕ ≈ 10^{−2} yielding the expression given in Eq. (1). On larger scales the amplitudes of the different axion fields is then fixed entirely by the different spectral tilts, with the field with the minimum tilt yielding the largest density perturbation. If Δn_i < 0 for any of the axion fields then the density perturbation given by Eq. (72) diverges on large scales.

A key question then is whether it is possible to maintain blue spectral indices (Δn_i > 0) for all the axion fields for any values of ξ_1 and ξ_2. Figure 1 shows the spectral indices for solutions restricted to the SL(3,R) dilaton-moduli-vacuum solutions where ξ_2 = 0, in which case it has previously been shown [18] that there are no values of ξ_1 for which Δn_i > 0 for all i.

We define Δn_∗ ≡ min(Δn_1, Δn_2, . . . , Δn_6) to be the smallest of all the spectral indices for a given value of (ξ_1, ξ_2). Figure 3 shows that there is a finite region of parameter space for which Δn_∗ > 0. We find the maximum value of Δn_∗ occurs for ξ_1 = π/4 or 3π/4 and tan ξ_2 = − √ 2 (shown in Fig. 2 where we obtain Δn_∗ = 3 − √ 6 = 0.55). Table 1 shows the previously calculated maximum values for Δn_∗ for other SL(n,R) groups. The maximum allowed spectral tilt gets progressively larger (bluer) as the symmetry group gets larger. Since the larger groups always contain the previous groups we see that it is indeed possible for all the axion fields to have blue spectral indices in SL(n,R) nonlinear sigma models where n ≥ 4. On the other hand

Symmetry Group maximum Δn� SL(2,R) -0.46 SL(3,R) 0 SL(4,R) 0.55

TABLE I. Summary of maximum allowed value of Δn� for successive SL(n,R) groups.

requiring all the spectral indices to be positive represents a restriction on the allowed initial conditions.

We have focused our discussion on the cosmological perturbations induced by an effectively massless axion field proposed in Ref. [11], in which case the primordial axion perturbation spectra can be directly related to seed density perturbations. If the axions become nonrelativistic during the radiation-dominated era then the overall amplitude of perturbations is increased by a factor (m/H_{eq})^{1/2} [11,15,26], where the Hubble rate at matterradiation equality is H_{eq} ∼ 10^{−27}eV. If any of the primordial axion spectra have a negative spectral tilt, Δn_i < 0 (as occurs in a large regime of parameter space shown in Fig. 3) then the only way to suppress the large-scale density perturbation appears to be for the axion to acquire a periodic potential where large field fluctuations may have a small effect on the energy density [27]. In such a

FIG. 3. Contour plot of the minimum value of all six spectral indices, Δn�, as a function of integration constants ξ1 and ξ2. The solid line is the contour Δn� = 0, and dotted lines represent contours for Δn� < 0, where at least one of the axion spectral indices is negative.

scenario, the massive axion could be a novel form of dark matter and lead to a very different model for large-scale structure formation [28].

Finally, we note that the presence of non-trivial background axion fields in the general solutions of the full SL(2,R) and SL(3,R) symmetric axion-dilaton-moduli cosmologies restricts the allowed asymptotic vacuum state [22,29,30]. The effect of the background axion fields upon the perturbation spectra has only been calculated for a single axion field where the perturbation spectra remain invariant under SL(2,R) transformations of the background solutions [14,31]. The cosmological perturbation spectra in axion-dilaton-moduli solutions with more degrees of freedom remain to be investigated.

ACKNOWLEDGEMENTS

The authors are grateful to Carlo Ungarelli for helpful comments. H.B. is supported by the EPSRC and D.W. is supported by the Royal Society.

[1] G. Veneziano, Phys. Lett. B265, 287 (1991); M.

Gasperini and G. Veneziano, Astropart. Phys. 1, 317 (1993) hep-th/9211021.

[2] R. Brustein and G. Veneziano, Phys. Lett. B329, 429 (1994) hep-th/9403060.

[3] K. Meissner and G. Veneziano, Mod. Phys. Lett. A6, 3397 (1991) hep-th/9110004.

[4] R. Brustein and R. Madden, Phys. Lett. B410, 110 (1997) hep-th/9702043.

[5] J. E. Lidsey, D. Wands and E. J. Copeland, hepth/9909061.

[6] R. Brustein, M. Gasperini, M. Giovannini, V. F.

Mukhanov and G. Veneziano, Phys. Rev. D51, 6744 (1995) hep-th/9501066.

[7] B. Allen and R. Brustein, Phys. Rev. D55, 3260 (1997) hep-th/9609013.

[8] C. Ungarelli and A. Vecchio, gr-qc/9911104. [9] E. J. Copeland, A. R. Liddle, J. E. Lidsey and D. Wands, Phys. Rev D58, 063508 (1998) gr-qc/9803070.

[10] A. R. Liddle and D. H. Lyth, Phys. Rep. 231, 1 (1993) astro-ph/9303019.

[11] R. Durrer, M. Gasperini, M. Sakellariadou and G. Veneziano, Phys. Lett. B436, 66 (1998) astroph/9806015.

[12] R. Durrer, M. Gasperini, M. Sakellariadou and G. Veneziano, Phys. Rev. D5904, 3511 (1999) grqc/9804076.

[13] A. Melchiorri, F. Vernizzi, R. Durrer and G. Veneziano, Phys. Rev. Lett. 83, 4464 (1999), astro-ph/9905327.

[14] E. J. Copeland, R. Easther and D. Wands, Phys. Rev.

D56, 874 (1997) hep-th/9701082.

[15] R. Brustein and M. Hadad, Phys. Rev. D57, 725 (1998), hep-th/9709022.

[16] A. Buonanno, K. Meissner, C. Ungarelli and G.

Veneziano, JHEP 01, 004 (1998) hep-th/9710188. [17] E. J. Copeland, J. E. Lidsey and D. Wands, Phys. Rev.

D58, 3503 (1998) hep-th/9708153.

[18] E. J. Copeland, J. E. Lidsey and D. Wands, Phys. Lett.

B443, 97 (1998) hep-th/9809195.

[19] E. Cremmer, B. Julia, H. Lu and C. N. Pope, Nucl. Phys.

B523, 73 (1998) hep-th/9710119.

[20] A. Shapere, S. Trivedi and F. Wilczek, Mod. Phys. Lett.

A6, 2677 (1991).

[21] D. V. Gal’tsov, O. V. Kechkin, Class. Quantum Grav.

12, 2887 (1995) hep-th/9504155.

[22] E. J. Copeland, A. Lahiri and D. Wands, Phys. Rev D51, 1569 (1995) hep-th/9406216.

[23] M. Gasperini and M. Giovannini, Class. Quantum Grav.

14, 739 (1997), gr-qc/9604002.

[24] N. D. Birrel and P. C. Davies, Quantum Fields in Curved Space, Cambridge University Press (1982).

[25] R. Brustein, M. Gasperini amd G. Veneziano, Phys. Lett.

B431, 277 (1998), hep-th/9803018.

[26] M. Gasperini and G. Veneziano, Phys. Rev. D59, 043503 (1999), hep-th/9806327.

[27] A. D. Linde, Phys. Lett. B158, 375 (1985); L. A. Kofman, Phys. Lett. B173, 400 (1986); L. A. Kofman and A. D. Linde, Nucl. Phys. B282, 555 (1987).

[28] R. Brustein and M. Hadad, Phys. Lett. B442, 74 (1998), hep-ph/9806202.

[29] E. J. Copeland, J. E. Lidsey and D. Wands, Phys. Rev.

D57 625 (1998), hep-th/9708154.

[30] A. Feinstein and M. A. Vazquez-Mozo, Phys. Lett. B441, 40 (1998), hep-th/9806167.

[31] D. Wands, Phys. Rev. D60, 023507 (1999), grqc/9809062.