arXiv:hep-th/0002217 v5 14 Jun 2000

Duality between coordinates and Dirac field

M. C. B. Abdalla, A. L. Gadelha and I. V. Vancea �. Instituto de Física Teórica, Universidade Estadual Paulista Rua Pamplona 145, 01405-900, São Paulo, SP, Brazil

The duality between the Cartesian coordinates on the Minkowski space-time and the Dirac field is investigated. Two distinct possibilities to define this duality are shown to exist. In both cases, the equations satisfied by prepotentials are of second order.

PACS numbers: 03., 03.65.-w, 03.65.Pm

Recently, a duality between the Cartesian coordinates on the Minkowski space-time and the solutions of Klein - Gordon equation could be derived [1] by employing a method to invert the wave functions which was previously used in the context of Seiberg-Witten theory [2].

Several consequences of this duality were analyzed in subsequent studies. Based on it, there was proposed an equivalence principle stating that all physical systems should be related by coordinate transformation [5,6]. By applying the equivalence principle to the phase-space in the Hamilton-Jacobi formulation it was discovered that the energy quantization of the bound states and the tunneling effect can be derived without any assumption about the probability interpretation of the wave function [5]. In this way, a trajectory representation of the quantum mechanics that was previously used in [7] can also be obtained. The simplification of the coordinate-field duality at Planck scale and for Heisenberg’s uncertainty principle [8] was discussed in [1,9]. In [10] it was analyzed a coordinate-free formulation of gravity, while in’ [11] the coordinate-field duality was extended to curved space-time manifolds and in [12] there was proposed a local formulation of gravity in terms of matter fields. (For recent attempts to formulate the gravity and supergravity in terms of quantum objects, see [13,14].) Although the above mentioned results were obtained basically from coordinate-field duality, one should note that, in the relativistic case, this is constructed exclusively for the Klein-Gordon field. In reference [1] it was suggested that the coordinate-field duality should hold for the Dirac field, too. However, this suggestion was never realized in a precise way. In this letter we follow [1] and concern ourselves with investigating the coordinate-field duality in the case of the Dirac field. For definiteness, we work in the four-dimensional Minkowski space-time with the metric signature mostly minus and we assume that the field is a Dirac spinor. However, the results can be straightforwardly generalized to different space-time dimensions and to other types of spinors. Basic remark is that the linear independent solutions of the Dirac equation for the field and its Dirac conjugate can be factorized as follows ψ_α (k, s; x) = u_α (k, s) ϕ (k, x) , ~ψ_α (k, s; x) = v_α (k, s) ~ϕ (k, x) , ψ_α (k, s; x) = u_α (k, s) ~ϕ (k, x) , ~ψ_α (k, s; x) = v_α (k, s) ϕ (k, x) . (1) Here, u_α (k, s) and v_α (k, s) are column vectors that span the space of spin(1, 3) spinors and they depend only on the momentum and the spin of the field. The fields ϕ (k, x) and ~ϕ (k, x) are linear independent solutions of the Klein-Gordon equation which usually are taken to be wave functions. The Dirac conjugation is denoted by a bar and the distinction between two linearly independent solutions is made by a tilde. To simplify the relations, we drop the indices k and s in what follows.

In order to determinate the coordinate-field duality for the Klein-Gordon field, one keeps a coordinate at a time as a variable, say x^μ, and treat x^ν with μ ≠ ν as parameters [1]. The corresponding solutions are labelled with an upper index (μ) which is a dumb index, e.g. ϕ^{(μ)}. Then a prepotential F^{(μ)}_ϕ [ ϕ^{(μ)} ] is introduced for each pair of linearly independent solution by [1,3,4] ~ϕ^{(μ)} ≡ F (μ) ϕ [ ϕ^{(μ)} ] ∂ϕ^{(μ)} . (2)

In the case of the Dirac field, we can follow the same procedure. However, since the dependence on x of ψ_α and ψ_α is carried entirely by ϕ and ~ϕ according to (1), there is an ambiguity which in the case of the Klein-Gordon field does not appear: namely, one can use either ~ψ_α or ψ_α to define the prepotential for ψ_α. This ambiguity is due to the

�On leave from Babes-Bolyai University of Cluj.

fact that the second-order Klein-Gordon equation has been split into two first-order differential equation. The second possibility which implies mixing the solutions of the Dirac equation for the field and its conjugate is treated as the first one from the point of view of the second-order differential equation. We analyze both cases.

In the first case we define the prepotential of the Dirac field by the following relation ~ψ^{(μ)}_α ≡ ∂F^{(μ)}_{αψ} [ ψ^{(μ)}_α ] ∂ψ^{(μ)}_α , (3)

for μ = 0, 1, 2, 3, where ~ψ^{(μ)}_α are the solutions of the Dirac equation “along the direction x^μ”, i.e. with x^ν = const. for ν ≠ μ. It is easy to see that ψ^{(μ)}_α factorizes as in (1) with ϕ^{(μ)} satisfying the corresponding Klein-Gordon equation [1]. In order to express x^μ as a function of ψ^{(μ)}_α and F^{(μ)}_{αψ} , one has to derive the prepotential with respect to the space-time coordinate [1]. However, the usual derivation does not make sense since it includes the product v_αu_α which is not defined for two column vectors. To makeshift around this difficulty we define the derivative of the prepotential through a tensor product by

∂_μF^{(μ)}_{αψ} = ∂F^{(μ)}_{αψ} ∂ψ^{(μ)}_α ⊗ ∂ψ^{(μ)}_α ∂x^μ . (4)

The definition (4) takes into account the internal structure of the Dirac field. The tensor product v_α ⊗ u_α can be identified with an invertible 4 × 4 matrix. By a straightforward computation, one can verify that the duality between the coordinates and fields is given by the following relation √ 2m ~ X^μ_{αα} = 1 2 ∂F^{(μ)}_{αψ} ∂ψ^{(μ)}_α ⊗ ψ^{(μ)}_α − F^{(μ)}_{αψ} + C^{(μ)}_α , (5)

for μ = 0, 1, 2, 3. Here X^μ_{αα} = O_{αα}x^μ ≡ v_α ⊗ u_αx^μ. The arbitrary function C^{(μ)}_α does not depend on x^μ but depends on the parameters x^ν and on the momentum and spin of the field ψ^{(μ)}_α .

In order to completely determine the duality (5) one has to find out the differential equation satisfied by the prepotential. The method for doing this was described in [3,1]. By applying it in the present case, one can show that F^{(μ)}_{αψ} satisfies the following differential equation i √ 8m ~ γ^μO_{αα}δ^2_μF^{(μ)}_{αψ} + [ ~V^{(μ)}_α − m ] δ_μF^{(μ)}_{αψ} ( δ^2_μF^{(μ)}_{αψ} ⊗ ψ^{(μ)}_α − δ_μF^{(μ)}_{αψ} ) = 0, (6)

for μ = 0, 1, 2, 3, where δ_μ = ∂/∂ψ^{(μ)}_α . The potential ~V^{(μ)}_α in (6) is given by

~V^{(μ)}_α = i ∑ υ6=μ^γ ν ∂_ν ~ψ^{(μ)}_α · ~ψ^{(μ)}_α | | | x˚ =ct;ν6=μ . (7)

Some comments are in order now. From (5) we see that the coordinate-field duality gives different “representations” of the coordinate x^μ, corresponding to different solutions of the Dirac equation labelled by α. This is to be expected, since the Dirac field has an inner structure manifest is invertible we can express the real coordinates as functions of the spinor fields. In this case, we expect that the image x^μ [ ~ψ^{(μ)}_α ] be an unique real number. If this is the case, on has to impose a constraint on the prepotentials which for this system is given by the following relation

(O_{11})�^1 [ 1 2 ∂F^{(μ)}_{1ψ} ∂ψ^{(μ)}_1

⊗ ψ^{(μ)}_i − F^{(μ)}_{1ψ} + C^{(μ)}_1 ] = (O_{22})�^1 [ 1 2 ∂F^{(μ)}_{2ψ} ∂ψ^{(μ)}_2

⊗ ψ^{(μ)}_2 − F^{(μ)}_{2ψ} + C^{(μ)}_2 ] . (8)

Also, due to the fact that the field satisfies a first-order differential equation, the prepotential satisfy a second-order differential equation (6). We recall that in the Klein-Gordon case the corresponding equation is a third-order one. Another difference from the Klein-Gordon field is that the potential function (7) involves, beside the contribution from the parameters x^ν, a solution of the conjugate Dirac equation, which shows that both the Dirac field and the conjugate Dirac field should be considered in the coordinate-field duality. O_{αα} is not invertible, although the real coordinates should be the same in all representations, the relation (8) can not be imposed as a constraint.

In the second case one defines the prepotential through the relation

ψ^{(μ)}_α ≡ ∂F^{(μ)}_{αψ} [ ψ^{(μ)}_α ] ∂ψ^{(μ)}_α . (9)

The duality relation obtained from (9) is given by √ 2m ~ x^μ = 1 2 ∂F^{(μ)}_{αψ} ∂ψ^{(μ)}_α ψ^{(μ)}_α − F^{(μ)}_{αψ} + C^{(μ)}_α

= 1 2 ∂F^{(μ)}_ϕ ∂ϕ^{(μ)} ϕ^{(μ)} − F^{(μ)}_ϕ , (10)

for μ = 0, 1, 2, 3. In deriving the second equality, we have used the fact that the prepotential depends only on a solution of the Dirac equation with given momentum and spin and we have used the normalization of u_α (k, s) and u_α (k, s) to one. The relation (10) shows that in the second case the “representation” of coordinate x^μ in terms of the Dirac field is unique. In order to find the equation for the prepotentials, we have to assume that the matrix O_{αα} is invertible. This allows us to write a potential functional on each directions. Then the prepotential defined in (9) satisfies the i √ 8m ~ δ^2_μF^{(μ)}_{αψ} γ^μ + [ V^{(μ)}_α − m ] δ_μF^{(μ)}_{αψ} ( δ^2_μF^{(μ)}_{αψ} ψ^{(μ)}_α − δ_μF^{(μ)}_{αψ} ) = 0 (11)

where the potential V^{(μ)}_α has the following form

V^{(μ)}_α = i ∑ υ6=μ^γ ν ∂_ν ψ^{(μ)}_α O�^1_{αα}ψ^{(μ)}_α | | | x˚=ct;ν6=μ , (12)

where O_{αα} = u_α ⊗ u_α. Note that although the tensor product disappeared from the duality relation, it still remains in the equation for F^{(μ)}_{αψ} as in the first case. Due to this fact, the potential (12) acts as a tensor product on the next term in (11). However, one has to note that when the matrix O_{αα} is not invertible, which is the case for most of the representations of the spinor field, the explicit form of the potential (12) is unknown and the resolution of the second case along the line of [1] is problematic and might very well not exist.

The relations (5), (6) and (10), (11) describe the coordinate-field duality and the equations of prepotentials for the Dirac field in the two cases allowed by the Klein-Gordon equation. When one takes for ϕ (k, x) and ~ϕ (k, x) the corresponding wave function, the entire dependence of x^μ on the Dirac fields is concentrated in F^{(μ)}_{αψ} . Note that in the quantum case, the factors u_α and v_α include anticommuting creation and annihilation operators. Also, since the prepotential are functionals of fields, they can be in principle either anticommuting or commuting. In both cases the equations (6) and (11) become of first degree, since the prepotentials are polynomials of rank one in the fields. Then (6) and (11) can be easily solved. Two cases are to be considered. In the first one V^{(μ)}_α = m and the prepotential can be an arbitrary polynomial of rank one in the Dirac field. In the second case V^{(μ)}_α ≠ m and the prepotential is an arbitrary constant functional.

Finally let us discuss the symmetry of the coordinate-field duality. In [1] it was shown that the duality between the coordinate and the wave-function in the quantum mechanics obeys the modular symmetry SL (2, C ) of the solution of the Schrödinger equation. In particular, under an SL (2, C ) transformation of the linearly independent solutions, the prepotentials transform as (16) of [1]. In the case of the Dirac field we have the same situation. Indeed, if we consider the coordinate-field duality defined by (10) on can reproduce (16) of [1] if we transform the linearly independent

solution (ψ, ~ψ) by ( A B C D ) ∈ SL (2, C ) (for the sake of clarity, we omit all the indices). In this case the problem

reduces to the Klein-Gordon problem as can be seen from the second equality from (10). For the first coordinate-field duality given by (5) one has to introduce the circle product between a line vector and a column vector with Dirac

field components ( μ_1 μ_2 ) and ( ν_1 ν_2 ) given by the following relation: ( μ_1 μ_2 ) ∘ ( ν_1 ν_2 ) = μ_1 ⊗ ν_1 + μ_2 ⊗ ν_2. (13)

The properties of (13) are given by properties of the tensor product. The product (13) is allowed because there is an ambiguity in defining a product between two vectors which have as components others vectors. Using (13), is easy to verify that under SL (2, C ) the prepotential F transforms as δF = 1 2 X ∘ [ G^T ( 0 1 1 0 ) G − ( 0 1 1 0 )] X , (14)

where X is the two components column vector ( ψ ~ψ ) . In conclusion, the coordinate-field duality for the Dirac field has two possible forms given by (5) and (10), respectively. Both of those forms are compatible with the Klein Gordon equation. However in the first case the representation of the Cartesian coordinates through the Dirac field is degenerate, while in the second case it is equivalent with the one obtained from the duality for Klein-Gordon field. In both cases, the prepotentials transform under SL (2, C ) group as in (14) with the only difference that in the second case the circle product should be replaced by the usual product. It is important to note that we have used the fact that the matrix O_{αα} is invertible in deriving the equations satisfied by prepotentials. This matrix depends crucially on the linear independent basis u_α and v_α as well as on the mapping of the tensor product of these vectors to quadratic matrices. An unappropriate choice of any of these two elements can lead to an univertible matrix. Nevertheless, one can always find a suitable basis and define the mapping in such of way that the inverse of O_{αα} exists.

The fact that there are several “representations” of coordinates in terms of fields may bring some simplifications in the study of coordinate-field duality for supersymmetric systems.

We want to thank M. A. de Andrade, J. A. Helayel-Neto and A. I. Shimabukuro for useful discussions. A.L.G. acknowledgs V. S. Timóteo for discussions and CAPES for his fellowship. The work of I.V.V. was supported by a FAPESP postdoc fellowship.

[1] A. E. Faraggi and M. Matone, Phys. Rev. Lett. 78 (1997) 163. [2] N. Seiberg and E. Witten, Nucl. Phys. B 426 (1994) 19. [3] M. Matone, Phys. Lett. B 357 (1995) 342.

[4] G. Bonelli and M. Matone, Phys. Rev. Lett. 76 (1996) 4107.

[5] A. E. Faraggi and M. Matone, Phys. Lett. B 450 (1999) 34; B 437 (1998) 369; B 445 (1998) 77; A 249 (1998) 180; B 445 (1999) 357.

[6] M. Matone, hep-th/0005274.

[7] E. R. Floyd, Phys Rev. D25 (1982) 1547; D 26 (1982) 1339; D29 (1984) 1842; D 34 (1986) 3246; Phys. Lett. A 214 (1996) 259; Found. Phys. Lett. 9 (1996) 489; Int. J. Mod. Phys. A 14 (1999) 1111; Th. Görnitz and C. F. von Weizsäcker, Int. J. Theor. Phys. 27 (1988) 237.

[8] See, for example: D. Gross and P. Mende, Nucl. Phys. B 303 (1988) 407; D. Amati, M. Ciafaloni and G. Veneziano, Phys.

Lett. B 216 (1989) 41; M. Maggiore, Phys. Lett. B 304 (1993) 65; S. Doplicher, K. Fredenhagen and J. E. Roberts, Phys. Lett. B 331 (1994) 39; Comm. Math. Phys. 172(1995) 187; J. Madore, Ann. Phys.219 (1992) 187.

[9] A. E. Faraggi, hep-th/9910042 to be published; hep-th/0003156 to appear in the Proceedings of PASCOS 99, Lake Tahoe. [10] R. Carroll, hep-th/9607219, 9610216, 9702138, 9705229; Lect. Notes Phys. 502, (Sprig-Verlag, Berlin 1997). [11] M. A. de Andrade and I. V. Vancea, gr-gc/ 9907059, Phys. Lett. B474 (2000) 46. [12] I. V. Vancea, gr-gc/ 9801072 to be published in Phys. Lett. B.

[13] G. Landi and C. Rovelli, Phys. Rev. Lett 78 (1997) 3051; Mod. Phys. Lett. A 13 (1998) 479; G. Landi, gr-gc/ 9906044 to be published.

[14] I. V. Vancea, Phys. Rev. Lett. 79 (1997) 3121; Err. ibid. 80 (1998) 1355; Phys. Rev. D 58 (1998) 045005; N. Pauna and I.

V. Vancea, Mod. Phys. Lett. A 13 (1998) 3091; C. Ciuhu and I. V. Vancea, gr-gc/ 9807011 to be published in Int. Journ. Mod. Phys. A.