arXiv:hep-th/0003211 v2 29 Jun 2000

(NUCPHB 8509;revised version 1/June/00) UB-ECM-PF-00/04 TOHO-FP-0064

T-duality Covariance of SuperD-branes

Kiyoshi Kamimura^{†,1} and Joan Simón^{††,2},

† Department of Physics, Toho University, Funabashi 274-8510, Japan ††Departament ECM, Facultat de Física Universitat de Barcelona and Institut de Física d’Altes Energies Av.Diagonal 647, E-08028 Barcelona, Spain

Abstract

T-duality realized on SuperD-brane effective actions probing in constant G_{mn}

and bmn backgrounds is studied from a pure world volume point of view. It is

proved that requiring T-duality covariance of such actions “fixes” the T-duality transformations of the world volume dynamical fields, and consequently, of the NS-NS and R-R coupling superfields. The analysis is extended to uncover the mapping of the symmetry structure associated with these SuperD-brane actions. In particular, we determine the T-duality transformation properties of kappa symmetry and supersymmetry, which allow us to prove that bosonic supersymmetric world volume solitons of the original theory generate, through T-duality, the expected ones in the T-dual theory. The latter proof is generalized to arbitrary bosonic backgrounds. We conclude with some comments on extensions of our approach to arbitrary kappa symmetric backgrounds, non-BPS D-branes and non-abelian SuperD-branes.

PACS: 11.10.Kk, 11.25.-w Keywords: T-duality covariance, D-branes, kappa symmetry, world volume solitons

1 E-mail: kamimura@ph.sci.toho-u.jp 2 E-mail: jsimon@ecm.ub.es

1 Introduction

Many aspects of string physics in ten and eleven dimensions can be understood from a world volume point of view using D-branes and M-branes. In particular, duality symmetries of the full string theory admit a field theory realization on the world volume effective actions describing the low energy dynamics of these branes. Besides that, solutions of the classical equations of motion of the latter actions (world volume solitons) do admit a space time interpretation in terms of intersections of branes due to the gauge invariant character of the scalars describing these actions [1, 2, 3]. In this paper we will study the realization of T-duality on SuperD-brane effective actions probing in constant G_{mn} and b_{mn} backgrounds, on their symmetry structures and on supersymmetric bosonic world volume solitons. Given the physical equivalence between bosonic commutative D-brane gauge theory actions on such backgrounds and non-commutative gauge theory [4], our analysis can be seen as a first step towards the supersymmetric extension of such an equivalence, giving a full detailed analysis of the commutative side.

It is well known that T-duality admits a field theory realization in the zero slope limit of closed string theory giving rise to the T-duality rules among the NS-NS and R-R massless fields and mapping N = 2 D = 10 IIA Supergravity into N = 2 D = 10 IIB Supergravity, or viceversa [5]. One can ask whether such a realization exists in the same limit for the open string sector. This is answered by studying the T-duality properties of D-brane effective actions, which describe the low energy dynamics for the massless open string fields including their interactions with the massless closed string sector [6, 7]. In [8] it was proved that the double dimensional reduction of a Dp-brane action yields the direct dimensional reduction of a D(p−1)-brane. Their approach was based on the already known T-duality rules mapping type IIA/IIB backgrounds derived in [5]. It was later proved in [9] that the latter set of transformations could be derived from a pure world volume perspective, by requiring T-duality covariance of the Dirac-Born-Infeld (DBI) and the Wess-Zumino (WZ) terms appearing in the D-brane effective action.

T-duality covariance is the most natural requirement having in mind the conformal field theory description of D-branes in terms of open strings [10]. Dp-branes appear as hyperplanes on which open strings can end. The dimensionality (p + 1) depends on the number of scalar fields satisfying Neumann boundary conditions (b.c.). Since under a longitudinal T-duality,^1 a Neumann b.c. is transformed into a Dirichlet b.c., we are left with an open string whose end points are constrained to move in a p-dimensional hyperplane i.e. D(p−1)-brane. Although the number of bosonic massless states in the open string spectrum remains invariant (8), the number of bosonic scalar ones increases by one, while the number of bosonic vectorial ones decreases by the same amount. In other words, while the original bosonic massless open string spectrum fits into a vector supermultiplet in (1, p) dimensions, the T-dual one fits into a vector supermultiplet in (1, p − 1) dimensions [11]. Thus, any effective field theory description of the initial and T-dual open string sectors should be a field theory realization of such vector multiplets

1By a longitudinal T-duality, we mean a T-duality along a direction parallel to the hyperplane defined by the initial Dp-brane.

in the corresponding dimensions. Since both of them are known to be of DBI + WZ type form [6, 7], the requirement of T-duality covariance is certainly justified.

The analysis done in [8, 9] shows that the right way to realize a longitudinal T-duality on D-brane effective actions is to apply a double dimensional reduction, which requires the existence of an isometric direction, but without rewriting the ten dimensional background fields in terms of the nine dimensional ones^2. Such a reduction consists of a partial gauge fixing of the world volume diffeomorphisms to fix in which direction the original D-brane is wrapping, and a functional truncation that discards the non-zero modes of the dynamical fields in the infinitely massive (R → 0) limit. This is again consistent with the conformal field theory picture, because whenever the radius R of the circle along which we are Tdualizing becomes much more smaller than the string scale √ α^′, physics have a much more natural description in terms of the T-dual theory, which in our case is a p dimensional field theory; the T-dual D(p−1)-brane effective action.

The extension of the analysis done in [9] to the supersymmetric case is conceptually straightforward. When describing superD-branes, one must also include fermionic scalar fields θ_i (i = 1, 2) having different ten dimensional chiralities in type IIA, and θ^′_i with the same chiralities in type IIB. Being world volume scalars, we will just keep their zero modes along the direction of dualization. We will show how the requirement of T-duality covariance fixes the necessary chirality changing mapping between the fermionic degrees of freedom describing type IIA/IIB D-branes in addition to the one for bosonic fields. Furthermore, this mapping of dynamical degrees of freedom indeed maps the original DBI and WZ terms into the T-dual ones, thus generalizing not only previous bosonic analysis but also the supersymmetric one [13] in which kappa gauge symmetry was fixed.

Our proof is not only concerned with effective actions but also uncovers their gauge and global symmetry structures, thus generalizing the corresponding bosonic analysis done in [9]. In particular, we will show how kappa symmetry and supersymmetry transformations of D-branes probing in constant G_{mn} and b_{mn} are mapped under T-duality. Since we will always be concerned with T-duality performed along an isometric direction of the background it ensures the preservation of supersymmetry under the dualization [14]. In this way, we will find out the T-duality transformation properties of the Γ_κ matrix appearing in kappa symmetry transformations.

We shall also study the effect of T-duality on bosonic supersymmetric world volume solitons. For any super-brane action in any background compatible with kappa symmetry, such configurations must satisfy Γ_κϵ = ϵ (1.1)

which is from now on called kappa symmetry preserving condition [15]. Here ϵ is a linear combination of Killing spinors of the background and the number of supersymmetries preserved by the combined background/brane configuration is the number of linearlyindependent solutions of (1.1). Such an equation involves, generically, a set of constraints

2It would also be interesting to study transverse T-duality on abelian D-brane effective actions, generalizing the approach followed in Matrix theory compactifications [12], but this is beyond the scope of the present paper.

among the excited dynamical fields or BPS equations and a set of supersymmetry projection conditions P_iϵ = ±ϵ determining the type of branes described by the configuration. We will argue that the functionally truncated and partially gauge fixed BPS equations are the corresponding BPS equations describing the supersymmetric T-dual configuration. The supersymmetric projection conditions P^′_iϵ^′ = ±ϵ^′ are obtained from the initial ones P_iϵ = ±ϵ by rewriting them in terms of the T-dual Killing spinors ϵ = ϵ(ϵ^′). This mapping having the same form as the one among dynamical fermionic fields θ = θ(θ^′) which would have already been fixed by T-duality covariance of the SuperD-brane effective action.

It is interesting to remark that such mapping of supersymmetric world volume solitons we have described is nothing but a world volume realization of a well known algebraic mapping. D-brane effective actions are supersymmetric field theories, being ten dimensional target space covariant, whose group of global isometries contains the isometry supergroup of the background [16]. In our case, they provide a field theory realization of N = 2 D = 10 IIA(IIB) SuperPoincare algebras for p even(odd), which are known to be related by some transformation of their generators, reminiscent of T-duality [17]. Given such a relation, BPS states in string theory admit different realizations. One is purely algebraic and is based on the saturation of the BPS bound in the supersymmetry algebra. Such a bound is exactly the same one derived from a hamiltonian analysis of brane effective actions [3], giving rise to some set of BPS equations, this being the field theoretical description of such states. These BPS equations derived from the phase space formulation of D-branes are entirely equivalent to the resolution of (1.1) due to the connection between the supersymmetry algebra and the structure of the kappa symmetry projector [18].

The mapping of BPS equations and supersymmetry projection conditions will be illustrated by some examples. To begin with, we will study the effect of T-duality on BIon and dyon solutions of D-brane effective actions probing SuperPoincaré (b_{mn} = 0) background. BIons are mapped among themselves, in agreement with the conformal field theory picture, while dyons are mapped to a non-threshold bound state of a D2-brane and a fundamental string parallel to it intersecting in a point with a D2-brane, altogether giving a ν =^1_4 threshold bound state. Later, we concentrate on solitons in b_{mn} ≠ 0 constant backgrounds. In particular, we will study T-duality on tilted dyons and tilted BIons on non-threshold bound states of D-strings and D3-branes. We will show that, generically, just as constant flux of magnetic field on the D-brane is seen as D-branes at angles in the T-dual picture, constant electric field (induced by the electric components b_{0a}) boosts the configuration in the direction along which we are T-dualizing.

Having proved the mapping of supersymmetric world volume solitons under T-duality for constant G_{mn} and b_{mn} backgrounds we extend the proof for an arbitrary bosonic background, relying on the θ = 0 condition characterizing any bosonic configuration and the standard T-duality rules mapping bosonic backgrounds, from which we can derive the T-duality transformation properties of the bosonic kappa matrix Γ_κ|_{θ=0}. In this way, we show the generating solution character of T-duality transformations in the low energy description of the open string sector, in close analogy with such generating character already known in type IIA/IIB supergravities describing the massless closed string sector.

In sections 2-4 we discuss the T-duality covariance of the D-brane actions and their symmetry properties. Some details are given in appendices. In section 5 the mapping of world volume solitons is discussed with some examples. The extension to arbitrary bosonic background is examined in section 6. In the last section we comment on possible generalizations and/or extensions of our present work. They include T-duality of D-brane effective actions for arbitrary kappa symmetric backgrounds, non-BPS D-branes and nonabelian SuperD-branes.

2 Effective action and symmetry structure

The effective Lagrangian density of a type IIA Dp-brane is a sum of DBI and WZ terms [19, 20, 21] L = L^{DBI} + L^{W Z} , (2.1) L^{DBI} = − T_p √ −det(G_{μν} + F_{μν}), (2.2) L^{W Z} = [L^{W Z}]_{p+1}, L^{W Z} = − T_p C e^F , (2.3) where T_p is the Dp-brane tension scaling as T_p ∝ (g_sα^{′(p+1)/2})^{−1}. Due to the fact that we are considering constant backgrounds all the dependence of the constant dilaton background is included in the string coupling constant through g_s = e^{ϕ0} .

The DBI term depends on the world volume induced metric G_{μν} = E^a_μ E^b_ν η_{ab} , (2.4) where E^a_μ stand for the components of the supersymmetric invariant one forms

E^A ≡ dZ^M e^A_M = dσ^μ ∂_μZ^M e^A_M ≡ dσ^μ E^A_μ , (2.5) which for the backgrounds considered in this paper take the form E^a = dx̃^a + θ̃Γ^adθ̃ ≡ Π^a, x̃^a ≡ x^me^a_m , (2.6) E^α = dθ̃^α, θ̃^α ≡ θ^αe^α_α . (2.7) e^a_m and e^α_α are constant components of the supervielbeins and Z^M ≡ (x^m, θ^α) parametrize the target superspace. It also depends on the supersymmetric invariant F = dV − B , (2.8) where B stands for the NS-NS two form, containing additional constant bosonic components (b_{mn}) B = 1 2 dZ^M dZ^N B_{MN} = − θ̃Γ_{11}Γ_adθ̃(dx̃^a + 1 2 θ̃Γ^adθ̃) + 1 2 dx^mdx^n b_{mn}, (2.9) but still satisfying the supergravity constraint H = dB = −E^α(CΓ_{11}Γ_a)_{αβ}E^β E^a ≡ − (E Γ_{11}/Π E), (2.10) where /Π = Γ_aΠ^a. For type IIB D(p − 1)-branes, the dynamical fields will be indicated by “primes” and Γ_{11} must be replaced by τ_3.

Concerning the WZ term in (2.3), it is the p + 1 form part of a symbolic sum of differential forms L^{W Z} [8, 22] satisfying dL^{W Z} = − T_p R e^F , (2.11) where R is the field strength of the R-R gauge potential C. The R-R field strength R is expressed in type IIA as R = E C_A(/Π) E, C_A(/Π) = ∑ ℓ=0 (Γ_{11})^{ℓ+1} /Π^{2ℓ} (2ℓ)!

(2.12)

whereas in type IIB as R^′ = −E^′ S_B(/Π^′) τ_1 E^′, S_B(/Π^′) = ∑ ℓ=0 (τ_3)^ℓ /Π^{′2ℓ+1} (2ℓ + 1)!

. (2.13)

Denoting the set of fields described by the SuperD-brane effective action (2.1) by {ϕ^i} = {Z^M , V_μ} , (2.14) we will decompose the infinitesimal transformations (s̃ϕ^i) leaving the effective action invariant, into gauge (sϕ^i) and global (Δϕ^i) ones. The set of gauge symmetries involves world volume diffeomorphisms (ξ^μ), an abelian U(1) gauge symmetry (c) and kappa symmetry (κ). They are given by sx̃^a = ξ^μ∂_μx̃^a + δ_κx̃^a = ξ^μ∂_μx̃^a − δ_κθ̃Γ^aθ̃, (2.15) sθ̃^α = ξ^μ∂_μθ̃^α + δ_κθ̃^α, (2.16) sV_μ = ξ^ν ∂_νV_μ + V_ν ∂_μξ^ν + ∂_μc + δ_κV_μ, (2.17) where the kappa symmetry transformation for the gauge field δ_κV_μ is determined by requiring the invariance of the gauge invariant tensor F in (2.8) as

δ_κV_μ = −δ_κθ̃Γ_{11}Γ_aθ̃ ( ∂_μx̃^a − 1 2 θ̃Γ^a∂_μθ̃ ) + 1 2 δ_κθ̃Γ^aθ̃ θ̃Γ_{11}Γ_a∂_μθ̃ + δ_κx^m∂_μx^nb_{mn} , (2.18) while δ_κθ̃ is fully determined by δ_κθ̃ = κ̄(1 − γ^{(p)}), γ^{(p)} = ρ^{(p)} √ −det(G + F) . (2.19)

ρ^{(p)} is the (p + 1) world volume form coefficient of S_A(/Π)e^F for type IIA theory,

ρ^{(p)} = [S_A(/Π)e^F ]_{p+1}, S_A(/Π) = ∑ ℓ=0 (Γ_{11})^{ℓ+1}

/Π^{2ℓ+1} (2ℓ + 1)!

(2.20) while for type IIB D(p−1)-brane

ρ^{(p−1)} = −[C_B(/Π^′)e^{F′} τ_1]_p, C_B(/Π^′) = ∑ ℓ=0 (τ_3)^{ℓ+1} /Π^{′2ℓ} (2ℓ)!

. (2.21)

The set of global symmetries involves supersymmetry (ϵ), bosonic translations (a^m) and Lorentz transformations (ω^{mn}).^3 They act as follows :

Δx̃^a = δ_ϵx̃^a + δ_ax̃^a + δ_ωx̃^a = ϵ̃Γ^aθ̃ + a^a + ω^a_bx̃^b, (2.22) Δθ̃^α = δ_ϵθ̃^α + δ_ωθ̃^α = ϵ̃^α + 1 4 ω^{ab} ( Γ_{ab}θ̃ )α , (2.23) ΔV_μ = δ_ϵV_μ + δ_aV_μ + δ_ωV_μ

= ϵ̃Γ_{11}Γ_aθ̃ ∂_μx̃^a − 1 6 ( ϵ̃Γ_{11}Γ_aθ̃ θ̃Γ^a∂_μθ̃ + ϵ̃Γ_aθ̃ θ̃Γ_{11}Γ^a∂_μθ̃ ) +Δx^m∂_μx^n b_{mn}. (2.24)

3 T-duality covariance of SuperD-branes

In this section, we will find the constraints derived from the T-duality covariance requirement on the DBI term (2.2) realizing a longitudinal T-duality transformation (T_‖) on SuperD-brane effective actions, whose solution is given in the appendix. Afterwards, it will be proved that such a solution maps the WZ terms (2.3) of both theories.

It was argued in the introduction that T_‖ was conveniently realized on the world volume action as a kind of double dimensional reduction. The latter consists of a partial gauge fixing of the world volume diffeomorphisms z = ρ, x^m ≡ {x^{m̂}, z}, σ^μ ≡ {σ^{μ̂}, ρ}, (3.1) saying in which direction the D-brane is locally wrapping the circle of radius R, besides a functional truncation ∂_ρϕ^î = 0 , {ϕ^î} = {x^{m̂}, θ^α, V_μ} (3.2) that discards all but the zero modes of the rest of dynamical fields in the limit R −→ 0.

As in the analysis of degrees of freedom done in [8, 9], we will allow the following relations among {ϕ^î} and {ϕ^{′î}} V_ρ = η z^′, V_{μ̂} = V^′_{μ̂}, (3.3) Z^{′M̂ ′} = (x^{′m̂}, θ^{′α}_i ) = Z^{N̂} Γ^{M̂ ′}_{N̂} , Z^{M̂} = (x^{m̂}, θ^α_i ), (3.4)

where η and Γ^{M̂ ′}_{N̂} are some set of constants.

3Along the whole paper, we will not take into account the infinite number of non-trivial global symmetries existing for the D-string and D0-brane effective actions [23], even though our conclusions also apply to them.

Requiring T-duality covariance for the DBI action (2.2), − T_p ∫ d^{p+1}σ √ −det (G + F)−→_{T‖} − T^′_{p−1} ∫ d^pσ √ −det (G^′ + F^′) (3.5)

under the assumptions (3.1-3.4), allow us to derive^4 a relation between brane tensions T^′_{p−1} = T_p R, R ≡ ∫ dρ √ G_{ρρ} (3.6)

and a set of constraints among the background superfields

η^2 G_{zz} = G^′_{zz} , (3.7) −η G_{zz} G_{M̂z} = Γ^{M̂ ′}_{M̂} B^′_{M̂ ′z}, (3.8) −η G_{zz} B_{M̂z} = Γ^{M̂ ′}_{M̂} G^′_{M̂ ′z}, (3.9) G_{M̂N̂} − 1 G_{zz} {G_{M̂z}G_{N̂z} − B_{M̂z}B_{N̂z}} = (−)^{(M +M ′)N} Γ^{M̂ ′}_{M̂} Γ^{N̂ ′}_{N̂} G^′_{M̂ ′N̂ ′} , (3.10) B_{M̂N̂} − 1 G_{zz} (−)^{MN} {B_{M̂z}G_{N̂z} − G_{M̂z}B_{N̂z}} = (−)^{(M +M ′)N} Γ^{M̂ ′}_{M̂} Γ^{N̂ ′}_{N̂} B^′_{M̂ ′N̂ ′} . (3.11)

Equation (3.6) is consistent with the T-dual tension, T^′_{p−1} ∝ (g^′_sα^{′p/2})^{−1} since g^′_s =^{gs} √ α^′ R . The latter is equivalent to the standard T-duality transformation for the dilaton background field, ϕ^′ = ϕ − 1 2 log |G_{zz} |. (3.12)

Equations (3.7)-(3.11) can be interpreted as the T-duality rules for the NS-NS background superfields considered in this paper. Since we already know such superfields, equations (3.7)-(3.11) can be used to fix the set of constants introduced in (3.4). The analysis is carried out in appendix A to which we refer for further details. It is nevertheless natural to expect two different sets of constraints, due to the fact that these superfields admit an expansion in the fermionic variables θ. The first set has to do with the bosonic components of such superfields. They are the usual T-duality rules for the bosonic NS-NS background fields expressed in terms of the vielbeins b_{m̂z} λ = Γ^{n̂}_{m̂} e^′_{n̂z}, (3.13)

e_{m̂z} = Γ^{n̂}_{m̂} b^′_{n̂z} λ^′ , (3.14)

e^â_{m̂} = Γ^{m̂′}_{m̂} e^′_{m̂}′^â, (3.15)

b_{m̂n̂} = Γ^{m̂′}_{m̂} Γ^{n̂′}_{n̂} [ b^′_{m̂}′_{n̂}′ − b^′_{[m̂}′_z λ^′ e^′_{n̂}′_{]z}], (3.16)

4The derivation is left to Appendix A.

where we have splitted the flat tangent space indices as a = (â, z). We have also made use of a local SO(1, 9) rotation in both type IIA/B tangent spaces to choose e^a_z = λ δ^a_z , e^{′ a}_z = λ^′ δ^a_z (3.17) with λ and λ^′ being some constants standing for √ G_{zz} and √ G_z′_z′ , respectively.

The second set of constraints, related to the fermionic components of the NS-NS superfields, fixes the chirality change mapping of the target space spinor fields up to signs θ̃_1 = a_2 θ̃^′_2, θ̃_2 = − a_1 Γ_z θ̃^′_1, (3.18)

where Γ_{11}θ̃_i = (−1)^{i+1}θ̃_i, τ_3θ̃^′_i = (−1)^{i+1}θ̃^′_i, (3.19) and a_1^2 = a_2^2 = 1. From these equations and the algebra of Pauli matrices, the following set of identities can be derived θ̃Γâ∂_{μ̂}θ̃ = θ̃^′Γâ∂_{μ̂}θ̃′ , θ̃Γ_{11}Γz∂_{μ̂}θ̃ = −θ̃^′Γz ∂_{μ̂}θ̃′, θ̃Γ_{11}Γ_â∂_{μ̂}θ̃ = θ̃^′τ_3Γ_â∂_{μ̂}θ̃′ , θ̃Γz∂_{μ̂}θ̃ = −θ̃^′τ_3Γz ∂_{μ̂}θ̃′. (3.20)

The same form of formulas are also applied when θ (θ^′) and ∂θ (∂θ^′) are replaced by any IIA(IIB) spinors related by (3.18).

The T-duality covariance of the WZ actions follows from (B.5) in Appendix B, (Re^F ) = − a_1a_2 λ (R^′e^{F′} ) dρ. (3.21) The WZ action of IIB D-brane is obtained by integrating the IIA one over ρ if a_1a_2 = −1 , L^{W Z}_A −→_{T‖} L^{W Z}_B . (3.22)

4 T-duality and symmetry structure

Let us define by A the subspace of the field configuration space defined by the partial gauge fixing (z = ρ) and functional truncation (∂_ρϕ^î = 0). In general, A is not left invariant under s̃ϕ^i, so we must require two consistency conditions. The first one ensures that s̃z will not move our configuration from the gauge slice defined by the partial gauge fixing, s̃z|_A = 0 =⇒ ξ^ρ = − (δ_κz + Δz) |_A. (4.1) The second consistency condition ensures that s̃ϕ^î will respect the functional truncation (∂_ρs̃ϕ^î)|_A = 0 , (4.2) constraining the gauge and global parameters. A sufficient solution of this set of constraints is given by

ξ^{μ̂} = ξ^{μ̂}(σ^{ν̂}) , κ = κ(σ^{ν̂}) , c(σ^{μ̂}, ρ) = ĉ(σ^{μ̂}) + Aρ, (4.3)

ω^{zâ} = 0, (4.4)

which is explicitly breaking the global symmetry group SO(1, 9) into the SO(1, 8). The fixation of the diffeomorphism with respect to ρ will induce compensating transformations through (4.1) modifying the transformation property of V_{μ̂}. In this way, the symmetry structure (s̃ϕ^î|_A) of the partially gauge fixed truncated action is found. The gauge symmetries are given by^5

sx̃^â|_A = ξ^{μ̂}∂_{μ̂}x̃^â − δ_κθ̃Γ^âθ̃ (4.5) sθ̃^α|_A = ξ^{μ̂}∂_{μ̂}θ̃^α + δ_κθ̃^α (4.6) sV_ρ|_A = ξ^{μ̂}∂_{μ̂}V_ρ − δ_κθ̃Γ_{11}Γ_zθ̃ λ + δ_κx^{m̂}b_{m̂z} (4.7) sV_{μ̂}|_A = ξ^{ν̂} ∂_{ν̂}V_{μ̂} + V_{ν̂} ∂_{μ̂}ξ^{ν̂} + ∂_{μ̂}c^∗ + δ^∗_κV_{μ̂} (4.8)

and the global symmetries are

Δx̃^â|_A = δ_ϵx̃^â + δ_ax̃^â + δ_ωx̃^â = ϵ̃Γ^âθ̃ + a^â + ω^â_{b̂}x̃^{b̂} (4.9)

Δθ̃^α|_A = δ_ϵθ̃^α + δ_ωθ̃^α = ϵ̃^α + 1 4 ω^{âb̂} ( Γ_{âb̂}θ̃ )α (4.10) ΔV_ρ|_A = A + ϵ̃Γ_{11}Γ_zθ̃ λ + Δx^{m̂}b_{m̂z} (4.11) ΔV_{μ̂}|_A = δ^∗_ϵ V_{μ̂} + δ^∗_aV_{μ̂} + δ^∗_ωV_{μ̂}, (4.12)

where

δ^∗_i V_{μ̂} = δ_iV_{μ̂} + δ_iz ∂_{μ̂}V_ρ, i = (κ, ϵ, a, ω) (4.13) and c^∗ = c + V_ρξ^ρ. (4.14)

In the following we will see that these transformations give the right transformation properties of the T-dual variables, that is we will prove that the whole symmetry structure of these theories is properly mapped under T-duality. To begin with, (p − 1) dimensional diffeomorphisms and U(1) gaume symmetry (ξ^{μ̂}, c^∗) are trivially mapped as can be seen by inspection of equations (4.5)-(4.8). As we already know from the bosonic analysis, V_ρ becomes the new T-dual scalar, as can be seen from its diffeomorphism transformation (4.7).

5It should be understood that the transformations appearing in the right hand side of the forthcoming equations must be computed in A.

4.1 Kappa symmetry

In Appendix C, it is proved that δ_κθ̃^α|_A −→_{T‖} δ_κ′θ̃^{′α}, (4.15) where IIA and IIB kappa parameter functions are related by the same form of equations as θ’s in (3.18) κ̃_1 = a_2 κ̃^′_2, κ̃_2 = − a_1 Γ_z κ̃^′_1. (4.16) It shows that kappa symmetry transformations of the fermionic sector of the theory are correctly mapped under T-duality. Once (4.15) is known, it is straightforward to extend the proof for δ_κx̃^â, using the identities (3.20). The first non-trivial check is the gauge symmetry analysis of the T-duality mapping V_ρ|_A = ηz^′ in (3.4),

δ_κV_ρ|_A = −δ_κθ̃Γ_{11}Γ_zθ̃ λ + δ_κx^{m̂}b_{m̂z} −→_{T‖} ηδ_κz^′ = λδ_κ′θ̃^′Γ^zθ̃^′ + λδ_κ′ x^{′m̂}e^′_{m̂}^z. (4.17) It can be seen that δ_κV_ρ|_A turns out to be the kappa symmetry transformation for the T-dual scalar δ_κ′ z^′, thus allowing us to write the kappa symmetry transformations of the bosonic scalar sector in the T-dual description in a fully ten dimensional covariant way δ_κ′x̃^{′a} = −δ_κ′θ̃^′Γ^aθ̃^′, for a = (â, z). (4.18)

We are left with kappa transformations of the V_{μ̂} components. There is an additional contribution to the kappa transformation from ξ^ρ in (4.1). Using the identities (3.20), it can be shown that δ^∗_κV_{μ̂} ≡ (δ_κV_{μ̂} + δ_κz∂_{μ̂}V_ρ) −→_{T‖} δ_κ′ V^′_{μ̂}, (4.19) where

δ_κ′ V^′_{μ̂} = −δ_κ′θ̃^′τ_3Γ_aθ̃^′ ( ∂_{μ̂}x̃^{′a} − 1 2 θ̃′Γ^a∂_{μ̂}θ̃^′ ) + 1 2 δ_κ′θ̃^′Γ^aθ̃^′θ̃^′τ_3Γ_a∂_{μ̂}θ̃^′ + δ_κ′ x^{′m}∂_{μ̂}x^{′n}b^′_{mn} (4.20) which finishes the proof of our claim.

4.2 Supersymmetry

It is natural to apply the T-duality transformation properties of the fermionic scalar fields (3.18) for the supersymmetry parameters ϵ̃_1 = a_2 ϵ̃^′_2, ϵ̃_2 = − a_1 Γ_z ϵ̃^′_1 . (4.21) In this way δ_ϵθ̃^α|_A −→_{T‖} δ_ϵ′θ̃^{′α} (4.22) and the corresponding behaviour for δ_ϵx̃^â follows immediately. We are thus left with the supersymmetry transformations of the gauge field. To begin with,

δ_ϵV_ρ = ϵ̃Γ_{11}Γ_zθ̃ λ + δ_ϵx^{m̂}b_{m̂z} −→_{T‖} ηδ_ϵz^′ = −λ(ϵ̃^′Γ^zθ̃^′ − ϵ̃^′Γ^âθ̃^′ e^{′m̂}_â e^{′z}_{m̂}) (4.23)

from which the ten dimensional character of V_ρ can be emphasized again and

δ_ϵ′x̃^{′a} = δ_ϵ′θ̃^′Γ^aθ̃^′ for a = (â, z). (4.24)

Concerning to V_{μ̂} the susy transformation modified by ξ^ρ is mapped to the IIB one as in the kappa symmetry case,

δ^∗_ϵ V_{μ̂} ≡ (δ_ϵV_{μ̂} + δ_ϵz∂_{μ̂}V_ρ) −→_{T‖} δ_ϵ′ V^′_{μ̂} . (4.25)

4.3 Poincare Bosonic global symmetries

Let us concentrate on the manifest ISO(1, 8) symmetry group. From the transformation of x̃^â in (4.9) and V_ρ in (4.11) it follows

Δx̃^{′â} = a^â + ω^â_{b̂}x^{b̂}, Δx̃^{′z} = Aλ^′, (4.26)

which allows us to interpret it as the corresponding ISO(1, 8) infinitesimal transformations and a x̃^{′z} coordinate translation in the T-dual target space, whenever we take the constant A as A =^{a′z}_{λ′} , without loss of generality. It is worthwhile emphasizing, as in [9], that the origin of the translational symmetry is the original U(1) gauge symmetry. Furthermore

δ^∗_aV_{μ̂} + δ^∗_ωV_{μ̂} −→ δ_a′ V^′_{μ̂} + δ_ω′ V^′_{μ̂} + ∂_{μ̂}c_{(1)} (4.27)

does describe the ISO(1, 8) transformations in the T-dual theory up to a U(1) transformation, which can be absorbed in a redefinition of the T-dual U(1) gauge parameter c^∗ without loss of generality.

The latter analysis shows the existence of the ISO(1, 8) symmetry group, but we know it should be enhanced to the full ISO(1, 9). In fact, there is no theorem guaranteeing the equality of the full symmetry group of the T-dual effective action with the symmetry group of the partially gauge fixed truncated action. What is indeed true is that the latter group is a subgroup of the former. In other words, H^{−1,p+1}(s|d) ⊆ H^{−1,p}(s_A|d_A), H^{−1,n}(s|d) being the cohomological group at ghost number minus one characterizing the set of non-trivial global symmetries of any n-dimensional classical field theory [24]. There are examples of such an enhancement in the literature. For instance, the D-string effective action is known to have an infinite set of non-trivial global symmetries [23], while such structure is not known to exist for the D2-brane effective action, even though they are T-dual to each other. In the present case, it is certainly true that the T-dual theory is invariant under the following set of rotations,

Δx̃^{′â} = ω^{′âz}x̃^{′z}, Δx̃^{′z} = ω^{′z}_âx̃^{′â} (4.28)

Δθ̃^{′α} = 1 2 ω^{′zb̂} ( Γ_{zb̂}θ̃^′ )α (4.29)

ΔV^′_{μ̂} = Δx^{′m}∂_{μ̂}x^{′n}b^′_{mn} (4.30) as is clear from the fact that the T-dual IIB action has manifest ISO(1, 9) invariance.

5 Supersymmetric world volume solitons

The goal of the present section is to prove that any bosonic supersymmetric world volume soliton of a IIA Dp-brane in constant G_{mn}, b_{mn} backgrounds is mapped under T-duality into the corresponding bosonic supersymmetric world volume configuration for the T-dual theory. This will be shown in two different, but complementary, ways. First of all, the T-duality behaviour of the kappa symmetry preserving condition will be analyzed, and after that, the same analysis will be carried in the hamiltonian formalism describing D-branes [16], paying special attention into the hamiltonian constraint, giving rise to the energy density of such BPS configurations.

It is known that any bosonic supersymmetric world volume configuration must satisfy [15] Γ_κϵ = ϵ, (5.1) where Γ_κ is the matrix appearing in the kappa symmetry transformations (δ_κθ̃^α) while ϵ is the Killing spinor of the corresponding background geometry, in our case a constant spinor. It will be useful to determine Γ_κ explicitly, in terms of the γ^{(p)} matrix appearing in our previous discussions of kappa symmetry. Due to the fact that θ̃ = θ̃^tC, where C is the antisymmetric charge conjugation matrix, it is straightforward to derive the type IIA relation

Γ_κ = C^{−1}γ^{(p)t}C = 1 √ −det(G + F) [ ∑ ℓ=0 /Π^{2ℓ+1}(Γ_{11})^{ℓ+1}

(2ℓ + 1)!

e^F ]_{p+1} (5.2)

whereas for type IIB D(p−1)-brane, it reads as

Γ^′_κ′ = 1 √ −det(G^′ + F^′) [ ∑ ℓ=0 (/Π)^{′2ℓ} (2ℓ)!

(τ_3)^{ℓ+1}τ_1 e^{F′} ]_p. (5.3)

5.1 BPS equations and susy projectors

It will be proved that the kappa symmetry preserving condition (5.1), when projected into the subspace A and applying a T-duality transformation on the background (e_m^a, b_{mn}), dynamical fields (ϕ^i) and Killing spinor (ϵ), is correctly mapped into the corresponding kappa symmetry preserving condition in the T-dual theory Γ_κ′ ϵ^′ = ϵ^′. Consider equation (5.1) and split it into its different chiral components

ϵ_1 = 1 √ −det(G + F) [ ∑ ℓ=0 (−1)^{ℓ+1}/Π^{2ℓ+1} (2ℓ + 1)!

e^F ]_{p+1}ϵ_2,

ϵ_2 = 1 √ −det(G + F) [ ∑ ℓ=0 /Π^{2ℓ+1} (2ℓ + 1)!

e^F ]_{p+1}ϵ_1 . (5.4)

Using the T-duality relations

ϵ_1 = a_2ϵ^′_2, ϵ_2 = − a_1Γ_zϵ^′_1 , (5.5)

and the T-duality transformation properties of the matrix Γ_κ, equations (5.4) can be rewritten as

a_2ϵ^′_2 = a_1 √ −det(G^′ + F^′) [ ∑ ℓ=0 {(−1)^ℓ (/Π^′)^{2ℓ} (2ℓ)!

}e^{F′} ]_pϵ^′_1, (5.6)

−a_1ϵ^′_1 = a_2 √ −det(G^′ + F^′) [ ∑ ℓ=0 { (/Π^′)^{2ℓ} (2ℓ)!

}e^{F′} ]_p ϵ^′_2. (5.7)

which are combined to give the final result

ϵ^′ = 1 √ −det(G^′ + F^′) [ ∑ ℓ=0 { (/Π^′)^{2ℓ} (2ℓ)!

(τ_3)^{ℓ+1}}τ_1 e^{F′} ]_p ϵ^′ = Γ^′_κ′ ϵ^′.

(5.8)

It is important to stress that the latter proof applies to any configuration solving the kappa symmetry preserving condition in the subspace A. Since any solution to such a condition involves a set of BPS equations and a set of supersymmetry projection conditions, we conclude that both sets of equations are mapped to the corresponding BPS equations and supersymmetry projection conditions under T-duality, thus generating a supersymmetric world volume soliton for the T-dual theory. This is nothing but the same phenomena observed in supergravity theories describing the low energy dynamics of the massless closed string spectrum. There, T-duality is a generating solution transformation. The above proof, which will be examined in particular examples in next subsections, ensures the same generating character for the low energy dynamics of the massless open string spectrum.

5.2 Hamiltonian analysis

Given any world volume brane theory, and for any bosonic supersymmetric configuration solving (5.1), one can always use its phase space formulation to compute its energy density [3]. When the world volume theory is defined on a SuperPoincaré background, it gives us a field theory realization of the SuperPoincaré algebra. Since BPS states are known to saturate the BPS bound, it must always be possible to write the energy density as a sum of squares,

E^2 = E^2_0 + Z^2 + ∑ i ( t^if_i(ϕ^j)

)_2

, (5.9)

for non-threshold BPS states and

E^2 = (E_0 + Z)^2 + ∑ i ( t^if_i(ϕ^j )

)_2

, (5.10) for threshold BPS states. Here E_0 stands for the energy density of the vacuum configuration and f_i(ϕ^j) = 0 stand for the set of BPS equations derived from (5.1). They allow us to define a natural lower bound on the energy or BPS bound respectively, E ≥ √ E^2_0 + Z^2, (5.11) E ≥ E_0 + |Z| (5.12)

being saturated precisely when f_i(ϕ^j) = 0 are satisfied, thus justifying their qualification as BPS equations^6.

If our previous analysis was correct, it should be possible to prove that the hamiltonian constraint of the original theory is mapped to the T-dual hamiltonian constraint in the T-dual theory. To prove this we will study the phase space description of D-branes in constant G_{mn} and b_{mn} backgrounds by setting θ = 0. The phase space formulation is given by [16]

L = P_mẋ^m + E^aV̇_a + V_t∂_aE^a − s^a ( P̃_aΠ^a + E^bF_{ab} ) − 1 2 v [ P̃^2 + E^aE^bg_{ab} + T^2_p det (G_{ab} + F_{ab}) ] , (5.13)

where G_{ab} stands for the world space induced metric. P_m and E^a are conjugate momenta of x^m and V_a respectively and P_m = e_m^aP̃_a −E^a∂_ax^nb_{mn}. When computed in the subspace A, Π^z_â = ∂_âx^{m̂}e_{m̂}^z , Π^z_ρ = λ (5.14) Π^â_â = ∂_âx^{m̂}e_{m̂}^â , Π^â_ρ = 0 (5.15) P_{m̂} = e_{m̂}^âP̃_â + e_{m̂}^zP̃_z − E^a∂_ax^{n̂}b_{m̂n̂} − E^ρb_{m̂z} (5.16) P_z = λP̃_z + E^â∂_âx^{m̂}b_{m̂z}. (5.17)

Note that a, b stand for world space indices, while the underlined ones stand for background tangent space indices.

It is straightforward to derive the T-duality properties of these objects from the rules that we have already derived in the lagrangian formulation :

Π^â_â −→ Π^{′â}_â (5.18)

Π^z_â −→ ∂_âx^{m̂} b^′_{m̂z} λ^′ (5.19) F_{âρ} −→ η λ^′ Π^{′z}_â (5.20)

F_{âb̂} −→ F^′_{âb̂} + ∂_âx^{m̂} b^′_{m̂z} λ^′ Π^{′z}_{b̂} − Π^{′z}_â ∂_{b̂}x^{m̂} b^′_{m̂z} λ^′ (5.21)

det (G_{ab} + F_{ab}) = λ^2 det (G^′_{âb̂} + F^′_{âb̂}). (5.22)

6We have assumed the existence of a single Z charge in the above derivation, but the extension to more general configurations is straightforward and completely analogous to the BPS bounds derived from a pure algebraic approach.

Note that L^′ = ∫ dρL. Let us be more specific and rewrite L = T_pL̂, L^′ = T_{p−1}L̂^′. It is clear that under T-duality L̂ = λL̂^′. From these considerations, we can derive the following relation between momenta

P_{m̂} = T_p ∂L̂ ∂ẋ^{m̂} = λT_p T_{p−1} Γ_{m̂}^{n̂}P^′_{n̂} , P^′_{n̂} = T_{p−1} ∂L̂^′ ∂ẋ^{′n̂} E^ρ = λT_p ηT_{p−1} P^′_{z̃} E^â = λT_p T_{p−1} E^{′â} (5.23)

from which we can derive that P̃_â =^{λTp}_{Tp−1} P̃^′_â.

The process of partial gauge fixing (z = ρ) in the lagrangian formulation corresponds, in the phase space formulation, to solve the equation δL δs^ρ = 0 =⇒ P̃_z = E^{b̂}F_{b̂ρ} λ . (5.24)

Using the above information, one can show that the remaining diffeomorphism constraints (δL/δs^â = 0) and the hamiltonian constraint (δL/δv = 0) are mapped to the corresponding T-dual constraints, by defining v^′ =^{λTp}_{Tp−1} v, δL δs^â −→ δL^′ δs^{′â} δL δv −→ δL^′ δv^′ , (5.25)

thus indeed proving our initial claim.

5.3 Examples

The aim of this subsection is to show, explicitly, how the BPS equations and supersymmetry projection conditions characterizing world volume solitons are mapped into the corresponding ones under T-duality. We will, first of all, concentrate on orthogonal BIon solutions that are common to all Dp-branes and on dyons in a D3-brane propagating in SuperPoincaré background (b_{mn} = 0). After that, we consider the more subtle effect of T-duality on tilted BIons (b_{mn} ≠ 0). In the following we will be using the explicit parametrisation η = a_2 = −a_1 = 1 and Γ_m^n = δ_m^n which can always be done.

5.3.1 BIons and dyons

Let us start our discussion with BIons. That is, we will look for classical solutions to the Dp-brane equations of motion propagating in Minkowski space, corresponding to a fundamental string ending on the brane. The latter configuration is known to be described by the ansatz [1] x^μ = σ^μ , x^{p+1} = y(σ^a) , V_0 = V_0(σ^a) , (5.26) μ = 0, . . . , p, a = 1, . . . , p, the rest of bosonic scalar fields being constant and the magnetic components of the gauge field have a pure gauge configuration, corresponding to the array of branes Dp : 1 2 . . p probe F 1 : y soliton.

(5.27)

The solution to the kappa symmetry preserving condition when (5.26) is satisfied, is given by P_1ϵ = ϵ (5.28) P_2ϵ = ϵ (5.29) F_{0a} = ∂_ay , (5.30) where ϵ is a constant Killing spinor. The first two conditions (5.28-5.29) correspond to the supersymmetry projection conditions telling us that we are describing a Dp-brane and a fundamental string, P_2 = Γ_{0y}Γ_{11} in type IIA and P_2 = Γ_{0y}τ_3 in type IIB, while equation (5.30) is the usual BPS equation, which by using the Gauss’ law (∂_aE^a = ∂_aδ^{ab}F_{0b} = 0) determines the harmonic character of the excited transverse scalar (δ^{ab}∂_a∂_by = 0).

Let us study the effect of T-duality along the world volume direction ρ = p. If, as suggested by our analysis, we apply the partial gauge fixing plus functional truncation on (5.30), the only non-trivial equation that we get is the corresponding BPS equation in the T-dual description F^′_{0a} = ∂_ay^′ . (5.31)

Concerning supersymmetry projections, take eq. (5.28) for a D4-brane. In that case, P_1 = Γ_{01234}Γ_{11} and eq. (5.28) is equivalent to Γ_{01234}ϵ_2 = −ϵ_1 Γ_{01234}ϵ_1 = ϵ_2 (5.32) which when written in terms of the T-dual Killing spinors ϵ^′ look as Γ_{0123}ϵ^′_1 = −ϵ^′_2 Γ_{0123}ϵ^′_2 = ϵ^′_1 (5.33) which is consistent with the projection Γ_{0123}iτ_2ϵ^′ = ϵ^′ satisfied by a D3-brane. Concerning the soliton projection (5.29), it can be splitted into Γ_{0y}ϵ_1 = −ϵ_1 (5.34) Γ_{0y}ϵ_2 = ϵ_2 , (5.35) which are equivalent to Γ_{0y}ϵ^′_2 = ϵ^′_2 (5.36) Γ_{0y}ϵ^′_1 = −ϵ^′_1 , (5.37) respectively. Equations (5.37) can be joined into Γ_{0y}τ_3ϵ^′ = −ϵ^{′ 7}, which is the soliton projection for a fundamental string in type IIB. Analogous discussion applies for other values of p.

To sum up, we have indeed shown that BPS equations and susy projections are mapped, under T-duality, to the corresponding BPS equations and susy projections describing the T-dual configuration

D(p − 1) : 1 2 . p − 1 probe F 1 : y soliton. (5.38)

We would like to comment on the explicit solution of the harmonic equation δ^{ab}∂_a∂_by = 0. Of course, we could just restrict ourselves to a particular solution of this equation independent on the world volume coordinate ρ along which we are T-dualizing, to be consistent with the functional truncation we were discussing in previous sections. Another possibility is to consider a superposition of BIons of the same mass and charge, located periodically along the æ̂ axis with period a = 2πR [25], y = k_p ∑ n∈Z 1 |σ − naρ̂|^{p−2} p ≥ 3

y = k_2 ∑ n∈Z log |σ − naρ̂| p = 2 .

In the limit R −→ 0, which is the one we have been studying along the whole paper, the discrete sum is replaced by an integral, ∑ n∈Z k_p |σ − naρ̂|^{p−2} −→ ∫_∞ −∞ k_pdρ (σ̂^2 + ρ^2)^{(p−2)/2} = k̃_p σ̂^{p−3} p ≥ 4 ∑ n∈Z k_3 |σ − naρ̂| −→ ∫_∞ −∞ k_3dρ (σ̂^2 + ρ^2)^{1/2}

= k̃_2 log |σ̂| p = 3 ∑ n∈Z k_2 log |σ − naρ̂| −→ ∫_∞ −∞ k_2dρ log | √ σ^2 + ρ^2| = k̃_1σ_1 p = 2

which is effectively equal to ignoring all the heavy modes along the æ̂ direction, giving the correct functional behaviours in the T-dual theory.

Let us now describe the effect of T-duality on dyons. We will look for classical solutions to the D3-brane equations of motion propagating in Minkowski space, corresponding to a (p, q) string ending on the brane. The latter configuration is known to be described by the ansatz [3]

x^μ = σ^μ , x^{p+1} = y(σ^a) , V_0 = V_0(σ^a) , V_b = V_b(σ^a) , (5.39)

7The minus sign is related with the freedom of choosing as a BPS equation F^0_{0a} = −∂_ay^0, instead of (5.31).

where μ = 0, . . . , 3, a, b = 1, . . . , 3, and the rest of bosonic fields are being constant, corresponding to the array of branes

D3 : 1 2 3 probe F 1 : 4 soliton D1 : 4 soliton.

(5.40)

The solution to the corresponding kappa symmetry preserving condition is

Γ_{0123} iτ_2ϵ = ϵ (5.41) Γ_{0y} (cos α τ_3 + sin α τ_1) ϵ = ϵ (5.42) F_{0a} = cos α ∂_ay (5.43) 1 2 ϵ^{abc}F_{bc} = sin α δ^{ab}∂_by. (5.44)

Equations (5.41)-(5.42) are the supersymmetry projection conditions for this configuration. The first one describes a D3-brane along directions 123, as expected, while the second one describes a (p, q) − string along the transverse direction y. Equations (5.43)-(5.44) are the BPS equations for this configuration [3].

The longitudinal T-dual configuration is known to be

D2 : 1 2 probe F 1 : 4 soliton D2 : 3 4 soliton.

(5.45)

Proceeding as before, the truncated BPS equations one gets are

F^′_{0â} = cos α ∂_ây^′ (5.46) ϵ^{âb̂}∂_{b̂}z^′ = sin α δ^{âb̂}∂_{b̂}y^′ (5.47)

while the supersymmetry projections become

Γ_{012}ϵ^′ = ϵ^′ (5.48) ( −Γ_{0y}Γ_{11} cos α + Γ_{0yz} sin α ) ϵ^′ = ϵ^′ . (5.49)

Equations (5.46-5.49) describe a threshold bound state of a D2 brane and a fundamental IIA string realized on the world volume of the first D2-brane. Note that studying the particular limit, α = 0 we recover the BIon discussion, while for α = π/2, equation (5.47) is equivalent to the Cauchy-Riemann equations (when written in terms of complex world volume coordinates and the complex function U = y + iz) describing a D2 ⊥ D2(0), which is the direct dimensional reduction of the M2 ⊥ M2(0) configuration [3, 26].

5.3.2 World volume solitons in constant b fields

We will concentrate on world volume solitons on a D3-brane proving in Minkowski space and a constant arbitrary b_{mn} field. The kappa symmetry preserving condition looks as √ −det (G + F)ϵ = 1 4! ϵ^{μ1...μ4} (γ_{μ1...μ4} iτ_2 + 6 F_{μ1μ2} γ_{μ3μ4} τ_1 + 3F_{μ1μ2} F_{μ3μ4} iτ_2) ϵ. (5.50)

We will describe two different configurations solving eq.(5.50). First of all, we will generalize the BPS equations (5.43-5.44) describing dyons in the absence of a b_{mn} field. Using the same ansatz as in (5.39), the solution to (5.50) involves the same supersymmetry projectors (5.41) and (5.42), while the BPS equations are given by

F_{0a} = cos α ∂_ay (5.51)

B^a = 1 2 ϵ^{abc}F_{bc} = sin α δ^{ab}∂_by (5.52)

which are the straightforward generalization of the usual dyonic BPS equations in the presence of a b_{mn} field, this being the reason of the appearance of the gauge invariant tensor F.

If we T-dualize along the direction 3, the BPS equations that we obtain are

∂_0z^′ = −G^′_{03} (5.53) F^′_{0a} = cos α ∂_ay^′ (5.54) 1 2 ϵ^{âb̂}F_{âb̂} = 0 (5.55) ϵ^{âb̂} ( ∂_{b̂}z^′ + G^′_{b̂3} + ∂_{b̂}y^′G^′_{b̂y} ) = sin α∂_ây^′ , (5.56)

where â, b̂ = 1, 2. The most remarkable feature of this T-dual configuration is being non-static, see equation (5.53). Let us discuss in more detail equations (5.51) and (5.52) when the background is such that only the electric components of the b_{mn} field along the world volume are non-vanishing (b_{0a} ≠ 0), and α = 0, that is, we will be concerned with BIon type solutions. In this case, eqs. (5.51) and (5.52) besides the Gauss’ law are easily integrated to give the solution

y(σ^b) = y_h(σ^b) + d_aσ^a (5.57) V_0(σ^b) = −y_h(σ^b) + c_aσ^a (5.58) d_a + c_a = −b_{0a} , (5.59)

where y_h(σ^b) denotes the harmonic part of the solution whereas d_a, c_a is some set of constants constrained by (5.59). Notice that d_a are physical parameters, due to the gauge invariant character of the excited scalar, determining the tilting of the BIon [27]. In other words, due to the non-orthogonal character of the BIon, when we study T-duality along the ρ direction, this is seen as a T-duality at angle from the BIon perspective. As a result of that, one should expect the T-dual configuration to be one with a tilted BIon ending on a D2-brane boosted in the direction of dualization, which is what we get from inspection of eq.(5.53). To sum up, constant electric field (F_{0a}) boosts the configuration in the direction along we T-dualize , just as constant flux of magnetic field on the D-brane (F_{ab}) is seen as D-branes at angles in the T-dual picture [7].

Due to the generating character of the T-duality transformation, we would like to understand how the original static configuration give rise to the non-static solution in the T-dual theory. First of all, due to the functional truncation defining the A subspace, we will choose d_3 = 0, thus avoiding the linear dependence in σ^3 on the gauge invariant quantity y(σ^b). By (5.59), c_3 = −b_{03}, or equivalently,

V_0(σ^b) = −y_h(σ^b) + c_âσ^â − b_{03}σ^3 . (5.60)

The latter has also a linear dependence in σ^3, but this is certainly gauge dependent, since we can find a gauge parameter c = b_{03}τ σ^3 transforming the gauge field configuration (5.60) into

V_0(σ^b) = −y_h(σ^b) + c_âσ^â V_3(τ ) = b_{03}τ , (5.61)

which is explicitly time dependent. The latter is the most natural higher dimensional solution giving rise to the non-static T-dual configuration^8.

As a second example, we will consider a non-threshold bound state of a D-string inside the D3-brane together with some BIon, which is generically tilted, due to the nonvanishing of the b field. Using the same ansatz as in (5.39), the solution to the kappa symmetry preserving condition is given by ( cos αΓ_{0123} iτ_2 + sin αΓ_{01} τ_1 ) ϵ = ϵ (5.62) Γ_{04} τ_3ϵ = ϵ (5.63) F_{23} = F = tan α (5.64) F_{0a} = −∂_ay a = 2, 3 (5.65) F_{01} = ∂_1y = 0. (5.66)

Equations (5.62), (5.64) are a straightforward generalization of the conditions satisfied by any non-threshold bound state involving a D(p − 2)-brane inside a Dp-brane in the case of non-vanishing b field, for p = 3. On the other hand, equations (5.63) and (5.65) describe a tilted BIon, this time being delocalized in the direction where the D-string lies along σ^1 direction, (5.66).

We can study two different T-duality transformations, since there are two inequivalent world volume directions. Let us study T-duality along direction σ^1. Proceeding as before, the BPS equations in the T-dual configuration turn out to be

F^′ = tan α (5.67) ∂_0z^′ = −G^′_{03} (5.68) F^′_{0â} = −∂_ây^′ (5.69)

8JS would like to thank David Mateos for discussions related to this point.

which correspond to a non-threshold D0-D2 bound state with some (tilted) BIon ending on it, boosted in the compact direction.

Instead, we could have T-dualized along the σ^3 direction. The truncation of the BPS equations is given by

F^′_{01} = 0 = ∂_1y^′ (5.70) ∂_0z^′ = −G^′_{03} (5.71) F^′_{02} = −∂_2y^′ (5.72) ∂_2z^′ + G^′_{23} + ∂_2y^′G^′_{3y} = tan α (5.73)

which describe a non-threshold D2-D2 bound state with some (tilted) BIon ending on it, again, boosted in the compact direction.

6 Arbitrary bosonic background

In previous sections, we showed that in constant G_{mn} and b_{mn} backgrounds, bosonic configurations satisfying the kappa symmetry preserving condition (5.1) are mapped under T-duality to the corresponding bosonic configurations in the T-dual picture. We would like to extend that proof for an arbitrary bosonic background.

It is well known that D-branes are kappa symmetric whenever the background satisfies the superspace constraints [19, 20]. The structure of kappa symmetry transformations is always given by the requirements

δ_κZ^M E^a_M = 0 (6.1)

δ_κZ^M E^α_M = 1 2 (1 + Γ_κ)^α_β κ^β . (6.2)

where E^A_M are the different components of the supervielbeins, which should be thought of as power expansions in the fermionic θ fields and

Γ_κ = 1 √ −det (G + F) ∑ l=0 γ_{(2l+1)} Γ^{l+1}_{11} ∧ e^F (type IIA) (6.3)

Γ_κ = 1 √ −det (G + F) ∑ l=0 γ_{(2l)}τ^l_3 ∧ e^F iτ_2 (type IIB) , (6.4)

where

γ_{(1)} = dσ^μγ_μ = dσ^μ∂_μZ^M E^a_M Γ_a (6.5) F = F − 1 2 dZ^M E^A_M ∧ dZ^N E^B_N B_{AB} . (6.6)

It is nevertheless true that the condition for any bosonic configuration (θ = 0) to preserve some supersymmetry is still given by Γ_κϵ = ϵ. The reason is that when studying the θ = 0 limit of the supervielbein components [28], E^a_m|_{θ=0} = e^a_m(x^n) , E^α_m|_{θ=0} = 0 , B_{mn}|_{θ=0} = b_{mn}(x^n) (6.7) so that δ_κθ^αe^α = 1 2 (1 + Γ_κ|_{θ=0})^α_β κ^β , (6.8) which determines the universal condition Γ_κ|_{θ=0}ϵ = ϵ , (6.9) ϵ being the Killing spinor of the corresponding bosonic supergravity background.

Γ_κ|_{θ=0} depends on the background geometry, but since the T-duality rules for the bosonic sector of the supergravity fields are known [5] G_{zz} = 1/G^′_{z̃z̃} b_{nz} = −G^′_{nz̃} /G^′_{z̃z̃} G_{nz} = −b^′_{nz̃}/G^′_{z̃z̃} G_{mn} = G^′_{mn} − (G^′_{mz̃} G^′_{nz̃} − b^′_{mz̃}b^′_{nz̃})/G^′_{z̃z̃} b_{mn} = b^′_{mn} − (b^′_{mz̃}G^′_{nz̃} − b^′_{nz̃}G^′_{mz̃})/G^′_{z̃z̃} (6.10) one can indeed compute the behaviour of Γ_κ|_{θ=0} under T-duality, as we did previously^9. Using the same notation as in previous sections γ_{(1)}|_{θ=0} = dx^me_m^aΓ_a = /Π = ^/Π + Γ_zDρ, (6.11) where ^/Π ≡ Γ_âdxmeâ_m(xn) (6.12) Dρ ≡ Π^z = λdρ + dx^me^z_m(x^n). (6.13) Under T-duality, it can be checked that ^/Π = ^/Π^′ (6.14) F = F^′ + DρΠ^{′z} , (6.15) where Π^{′z} = λ^′dz^′ + dx^{′m}e^{′z}_m . (6.16) Once (6.15) is known, it is straightforward to extend the techniques developed in appendix B and C to show that any bosonic configuration solving (6.9) in type IIA, is mapped to the corresponding T-dual one satisfying Γ_κ′ |_θ′_{=0}ϵ^′ = ϵ^′ , (6.17) where the relation among Killing spinors is given by ϵ_1 = ϵ^′_2, , Γ_zϵ_2 = ϵ^′_1, (6.18) which is consistent with the transformations found in [29], since we have used a Lorentz (gauge) rotation to set e^a_z = 0.

9In the following we are explicitly using the parametrisation η = a_2 = −a_1 = 1 and Γ_m^n = δ_m^n.

7 Discussion

We would like to finish with some discussion concerning possible natural extensions of the results presented in this paper. In particular, we will concentrate on three subjects :

• T-duality realized on D-branes coupled to an arbitrary kappa symmetric background.

• Non-BPS D-branes.

• Non-abelian D-branes.

Arbitrary kappa symmetric backgrounds. There has been some recent interest in the open problem related to T-duality in curved kappa symmetric backgrounds [29]. When trying to extend our approach to this general case, it seems rather natural to demand the relations θ^α_1 E^α_α = a_2θ^{′α}_2 E^{′α}_α , θ^α_2 E^α_α = −a_1 ( Γ_z )α β E^{′β}α θ^{′α}_1 . (7.1)

Equations (7.1) deserve several remarks. First of all, they are reminiscent of the extension of the kappa symmetry transformations from the SuperPoincaré case to the arbitrary kappa symmetric background. Secondly, it is not clear which is the solution to them, that is, θ^{′α}_{1|2} = f^α_{−|+}(θ^β), since the supervielbeins appearing in both sides of them admit an expansion in the corresponding fermionic fields. Finally, the mapping between fermionic fields will be non-constant in general, so that when computing the T-duality transformation of the operators coupling to derivatives of these fermionic fields, they will involve components of the spin connection.

Irrespectively of which is the real solution, the latter should certainly satisfy some constraints. First of all, it should be such that the T-duality rules for the closed string sector must map the supergravity constraints of type IIA to the ones of type IIB. This is equivalent to map the D-brane effective action and its kappa symmetry structure in type IIA to the corresponding ones in type IIB. In other words, the mapping should be T-duality covariant and satisfy

δ_κZ^M E^a_M = 0 −→ δ_κ′ Z^{′M} E^{′a}_M = 0 (7.2) δ_κZ^M E^α_M =^1_2 (1 + Γ_κ)^α_β κ^β −→ δ_κ′ Z^{′M} E^{′α}_M =^1_2 (1 + Γ^′_κ′ )^α_β κ^{′β} . (7.3)

Non-BPS D-brane effective actions. It has recently been argued that the effective action describing a non-BPS D-brane probing in SuperPoincare should be splitted into a DBI term [30] S_{non−BP S} = − ∫ d^{p+1}σ √ − det (G + F) f(T, ∂_μT, . . . G̃^{μν}_S , G̃^{μν}_A ) (7.4) plus a WZ term describing the coupling of the tachyonic scalar field T to the R-R sector [31], S_{W Z} = ∫ M_{p+2} C ∧ dT ∧ e^F . (7.5)

Due to the scalar character of the tachyonic field, it is natural to extend the functional truncation (∂_ρϕ^î = 0) to it, ∂_ρT = 0. In this way, it is straightforward, using our previous analysis, to check that WZ terms (7.5) are indeed T-duality covariant, as they should be. When being concerned about the T-duality properties of (7.4), we do appreciate an important characteristic of the T-duality covariance requirement. Indeed, T-duality covariance does not fix the effective dynamics of the open string sector by itself, it just constraints it. For example, (7.4) must be T-duality covariant, which means that f(T, ∂_μT, . . . G̃^{μν}_S , G̃^{μν}_A ) is covariant, since the usual DBI square root is. This requirement does not fix f. For instance, we can not distinguish between^{10} √ − det (G_{μν} + F_{μν} + ∂_μT ∂_νT ) (7.6)

and √ − det (G + F) ∑ n a_n ( G̃^{μν}_S ∂_μT ∂_νT )n (7.7)

for arbitrary constant coefficients a_n, both being T-duality covariant due to the covariance of G̃^{μν}_S = (G + F)^{−1(μν)}. See [32] for a discussion of T-duality properties of non-BPS Dbrane effective actions.

Non-abelian D-branes. In [33], the approach followed in this paper was used to determine the effect of non-trivial commutators among scalar fields in the non-abelian bosonic generalization of the DBI action. The main idea there was to assume that the trace over the U(N) gauge group indices was the symmetrized one (again T-duality does not fix this possibility) and study the dimensional reduction of the D9-brane field theory where world volume diffeomorphisms had been gauge fixed (since no covariant version is known for non-abelian D-brane effective actions).

In the following, we will briefly comment on the extension of that result to non-abelian SuperD-branes propagating in SuperPoincaré. As in [33], we will assume a symmetrized prescription for the trace and replace all partial derivatives by covariant derivatives. Since the new action includes fermions, one must also gauge fix kappa symmetry. Following [21], we choose θ_1 = 0 , θ_2 = λ (7.8)

ensuring the vanishing of the WZ term, so that we concentrate on the DBI term of the effective action. The components of the tensor

E_{μν} = Π^m_μ Π^n_ν η_{mn} + F_{μν} (7.9)

can be written after the gauge fixing as

E_{μ̂ν̂} = η_{μ̂ν̂} − 2λ̄Γ_{μ̂}D_{ν̂} λ + F_{μ̂ν̂} + (λ̄Γ^mD_{μ̂}λ)(λ̄Γ^nD_{ν̂} λ)η_{mn} (7.10) E^i_{μ̂} = −2iλ̄Γ_{μ̂}[x^i, λ] + i(λ̄Γ^mD_{μ̂}λ)(λ̄Γ^n[x^i, λ])η_{mn} + D_{μ̂}x^i (7.11) E^i_{μ̂} = −2λ̄Γ_iD_{μ̂}λ + i(λ̄Γ^mD_{μ̂}λ)(λ̄Γ^n[x^i, λ])η_{mn} − D_{μ̂}x^i (7.12) E^{ij} = δ^{ij} − (λ̄Γ^m[x^i, λ])(λ̄Γ^n[x^j, λ])η_{mn} − 2iλ̄Γ^i[x^j, λ] + i[x^i, x^j] (7.13)

10JS would like to thank Eduardo Eyras for a discussion concerning this point.

where we used the same reduction rules as those used in [33], with the addition that D_iλ = i[x^i, λ], and we splitted the initial world volume directions {μ, ν} into T-dual world volume ones {μ̂, ν̂} and transverse directions denoted by scalars {x^i}.

By introducing the matrix

Q^i_k = δ^i_k + i[x^i, x^j]δ_{jk} − 2iλ̄Γ^i[x^j, λ]δ_{jk} − (λ̄Γ^m[x^i, λ])(λ̄Γ^n[x^j, λ])η_{mn}δ_{jk} (7.14) we can rewrite E^{ji} and its inverse E_{ik} as E^{ji} = δ^{ji} + (Q^j_k − δ^j_k)δ^{ki} = Q^j_kδ^{ki} (7.15) E_{ik} = δ_{il}(Q^{−1})^l_k. (7.16) In this way, we can now compute the determinant of the ten dimensional original matrix (notice that det E^{ij} = det Q^i_k) : det (G + F) = det A det Q (7.17) A_{μ̂ν̂} = E_{μ̂ν̂} − E^i_{μ̂} E_{ik}E^k_{ν̂} , (7.18) thus generalizing the result presented in [33].

Acknowledgements

The authors would like to thank Joaquim Gomis for valuable discussions. JS is supported by a fellowship from Comissionat per a Universitats i Recerca de la Generalitat de Catalunya. This work was supported in part by AEN98-0431 (CICYT), GC 1998SGR (CIRIT).

A Proof of T-duality covariance

In this appendix, we will analyze the constraints derived from requiring T-duality covariance of the DBI term − T_p ∫ d^{p+1}σ √ −det (G + F)−→_{T‖} − T^′_{p−1} ∫ d^pσ √ −det (G^′ + F^′) . (A.1) For this mapping to be satisfied, it is sufficient to hold T^′_{p−1} = T_pR, R ≡ ∫ dρ √ G_{zz} (A.2) which is derived from operators involving no derivative of the dynamical fields {ϕ^{′î}}, and G_{μ̂ν̂} + F_{μ̂ν̂} − 1 G_{ρρ} (G_{μ̂ρ} + F_{μ̂ρ})(G_{ν̂ρ} − F_{ν̂ρ}) = G^′_{μ̂ν̂} + F^′_{μ̂ν̂} (A.3) from operators involving such derivatives {∂_{μ̂}ϕ^{′î}}.

Equation (A.2) gives the correct tension for the T-dual D-brane. Notice that it is equivalent to the usual T-duality transformation for the dilaton field ϕ^′ = ϕ − 1 2 log |G_{zz} | (A.4)

when the latter is constant. Equations (A.3) are further split into their symmetric and anti-symmetric parts G_{μ̂ν̂} − 1 G_{ρρ} (G_{μ̂ρ}G_{ν̂ρ} − F_{μ̂ρ}F_{ν̂ρ}) = G^′_{μ̂ν̂}, (A.5)

F_{μ̂ν̂} + 1 G_{ρρ} (G_{μ̂ρ}F_{ν̂ρ} − F_{μ̂ρ}G_{ν̂ρ}) = F^′_{μ̂ν̂}. (A.6)

The induced metric on the IIA Dp-brane is given by G_{ρρ} = G_{zz} , G_{μ̂ρ} = ∂_{μ̂}Z^{M̂} G_{M̂z}, G_{μ̂ν̂} = ∂_{μ̂}Z^{M̂} ∂_{ν̂} Z^{N̂} (−)^{MN}G_{M̂N̂} , (A.7) where we took into account the conditions (3.1)-(3.4) defining T_‖, while the one on the IIB D(p−1)-brane is just

G^′_{μ̂ν̂} = ∂_{μ̂}z^′∂_{ν̂} z^′G^′_{zz} + ∂_{(μ̂}Z^{′M̂} ∂_{ν̂)}z^′G^′_{M̂z} + ∂_{μ̂}Z^{′M̂} ∂_{ν̂}Z^{′N̂} (−)^{MN}G^′_{M̂N̂} . (A.8) (−)^{MN} = −1 when both M and N are odd, (−)^{MN} = 1 for others. On the other hand, the components of the gauge invariant tensor F/(F^′) on the IIA/(IIB) D-branes can be decomposed as

F_{μ̂ν̂} = ∂_{[μ̂}V_{ν̂]} − 1 2 ∂_{[μ̂}Z^{M̂} ∂_{ν̂]}Z^{N̂} B_{M̂N̂} F_{μ̂ρ} = ∂_{μ̂}V_ρ + ∂_{μ̂}Z^{N̂} B_z^_N (A.9) F^′_{μ̂ν̂} = ∂_{[μ̂}V_{ν̂]} − 1 2 ∂_{[μ̂}Z^{′M̂} ∂_{ν̂]}Z^{′N̂} B^′_{M̂N̂} − ∂_{[μ̂}z^′∂_{ν̂]}Z^{′N̂} B^′_{zN̂} . (A.10)

Using these decompositions in (A.5), and matching the coefficients of the different independent operators {∂_{μ̂}ϕ^{′î}∂_{ν̂} ϕ^{′ĵ}} appearing in both sides, we find η^2 G_{zz} = G^′_{zz} , (A.11) −η G_{zz} B_{N̂z} = Γ^{M̂}_{N̂} G^′_{zM̂} (A.12) G_{M̂N̂} − 1 G_{zz} [G_{M̂z}G_{N̂z} − B_{zM̂} B_{zN̂} ] = (−)^{(M +M ′)N} Γ^{M̂ ′}_{M̂} Γ^{N̂ ′}_{N̂} G^′_{M̂ ′N̂ ′} . (A.13)

Proceeding in the same way with (A.6), we obtain −η G_{zz} G_{M̂z} = Γ^{N̂}_{M̂} B^′_{N̂z} (A.14)

B_{M̂N̂} − 1 G_{zz} [(−)^{MN}{G_{M̂z}B_{zN̂} − B_{zM̂} G_{N̂z}}] = (−)^{(M +M ′)N} Γ^{M̂ ′}_{M̂} Γ^{N̂ ′}_{N̂} B^′_{M̂ ′N̂ ′}. (A.15) Equations (A.11)-(A.15) are the set of constraints derived from the T-duality covariance requirement. They can be interpreted as the generalization of the usual bosonic T-duality rules for the kind of superfields we are considering along the whole paper.

In the following, we will start analyzing equations (A.11)-(A.15). Before doing so, we must identify the different components of the superfields appearing in them. We can read the components of the superspace metric G_{MN} = e_M^ae_N^bη_{ab} in type IIA from (2.6)- (2.7) G_{mn} = e^a_m e^b_n η_{ab}, G_{iα,m} = (θ̃_iΓ_a)_αe^α_α e^a_m ≡ (θ̃_iΓ_a)_α e^a_m , G_{iα,jβ} = (θ̃_iΓ_a)_α(θ̃_jΓ^a)_β, (A.16) and those of the NS-NS superfield B_{MN} from (2.9) B_{mn} = b_{mn}, B_{iα,m} = −(−1)^i(θ̃_iΓ_a)_α e^a_m , B_{iα,jβ} = (−1)^i(θ̃_iΓ_a)_α(θ̃_jΓ^a)_β. (A.17) In type IIB, G^′_{MN} is decomposed as G^′_{mn} = e^{′ a}_m e^{′ b}_n η_{ab}, G^′_{iα,m} = (θ̃^′_iΓ_a)_αe^{′ α}_α e^{′ a}_m ≡ (θ̃^′_iΓ_a)_α e^{′ a}_m , G^′_{iα,jβ} = (θ̃^′_iΓ_a)_α(θ̃^′_j Γ^a)_β, (A.18) while the NS-NS superfield B^′_{MN} as B^′_{mn} = b^′_{mn}, B^′_{iα,m} = (−1)^i(θ̃^′_iΓ_a)_α e^{′ a}_m , B^′_{iα,jβ} = −(−1)^i(θ̃^′_iΓ_a)_α(θ̃^′_jΓ^a)_β. (A.19)

It is always possible to make a local SO(1, 9) rotation in both IIA/IIB tangent spaces to set e^a_z = λ δ^a_z , e^{′ a}_z = λ^′ δ^a_z , (A.20) where λ and λ^′ are constants such that G_{zz} = λ^2, G^′_{zz} = λ^{′2}. (A.21) Equation (A.11) becomes η^2 = λ^2 λ^{′2} , (A.22) which is the analogue of the usual T-duality rules relating the radius of the original circle with the radius of the T-dual circle, G^′_z′_z′ G_{zz} = 1.

Equations (A.12) and (A.13) allow us to set some elements of Γ^N_M to zero Γ^{jβ}_m = Γ^m_{jβ} = Γ^{1α}_{1β} = Γ^{2α}_{2β} = 0 (A.23) and s b_{mz} λ = Γ^n_m e^′_{nz}, s e_{mz} = Γ^n_m b^′_{nz} λ^′ , (A.24)

s (θ̃_iΓ_z )_α = −(−1)^i Γ_{iα}^{jβ} (θ̃^′_jΓ_z)_β , (A.25) where s ≡^{−η}_{λλ′} = ±1 is a signature. Assuming IIB spinors θ^′_j have positive chirality, we can take θ̃_1 = a_2θ̃^′_2, θ̃_2 = a_1θ̃^′_1Γ_z. (A.26) and s a_2 e^α_α = e^{′ α}_β Γ_{1α}^{2β}, − s a_1 (Γ_z)^β αe^α_α = e^{′ β}_β Γ_{2α}^{1β}. (A.27) It follows, in addition to (A.25), for â ≠ z components that s (θ̃_iΓ_â)_α = (θ̃^′_jΓ_â)_β Γ_{iα}^{jβ}. (A.28) From the equation (A.14) we get e^â_m = s Γ^{m′}_m e^{′ â}_m′ . (A.29) Finally (A.15) requires b_{mn} − b_{[mz} λ e_{n]z} = Γ^{m′}_m Γ^{n′}_n b^′_m′_n′ . (A.30)

Thus, as we claimed in the introduction, T-duality covariance of the DBI action fixes the chirality change mapping among spinor fields (A.26) up to constant factors (a_1, a_2) from the fermionic components of the background superfields, and reproduces the well known transformations for their bosonic components (A.22), (A.24), (A.29) and (A.30).

Having solved such T-duality constraints, we will next study the T-duality properties of the different supersymmetric invariant forms defined on D-branes. Let us consider /Π = Γ_aΠ^a in type IIA. It can be splitted in terms of /Π = ^/Π + Γ_z Dρ, (A.31) where ^/Π ≡ Γ_â(dxme â_m + θ̃Γâdθ̃) (A.32) Dρ ≡ Π^z = λdρ + dx^me^z_m + θ̃Γ^zdθ̃. (A.33) Analogously, in type IIB, /Π^′ = ^/Π^′ + Γ_zΠ^{′z}, (A.34) where ^/Π′ ≡ Γ_â(dx^′me^′ â_m + θ̃^′Γâdθ̃′) Π^{′z} ≡ (λ^′dz^′ + dx^{′m}e^{′ z}_m + θ̃^′Γ^zdθ̃^′). (A.35) We can write ^/Π in terms of type IIB variables by inserting (A.26), (A.28) and (A.29) into (A.32)

^/Π ≡ Γ_â(dxme â_m + θ̃Γâdθ̃) = Γ_â(dxm(sΓ m^′_m e^{′ â}_{m′} ) + (a2 θ̃^′_2Γâdθ̃′_2 + a2_1 θ̃^′_1Γâdθ̃′_1)). (A.36) Thus, by choosing s = + 1, a^2_1 = 1, a^2 = 1 (A.37) we can identify both one forms ^/Π = Γ_â(dx^′me′ â_m + θ̃^′Γâdθ̃′) = ^/Π′. (A.38) The latter equation is telling us that the supersymmetric invariant one form in nine dimensions is T-duality covariant. Furthermore, when using (A.37) in (A.26) and (A.28), it follows that θ̃Γ^âdθ̃ = + θ̃^′Γ^âdθ̃^′, θ̃Γ_{11}Γ^âdθ̃ = + θ̃^′τ_3Γ^âdθ̃^′, (A.39) θ̃Γ^zdθ̃ = − θ̃^′τ_3Γ^zdθ̃^′, θ̃Γ_{11}Γ^zdθ̃ = − θ̃^′Γ^z dθ̃^′, (A.40) which are the form version of the identities (3.20), and Dρ = λdρ + dx^me^z_m + θ̃Γ^zdθ̃ = λdρ + dx^{′m} b^′_{mz} λ^′ − θ̃^′τ_3Γ^z dθ̃^′. (A.41) Concerning the supersymmetric invariant two form F F = dV + (θ̃Γ_{11}Γ_mdθ̃)(dx̃^m + 1 2 θ̃Γ^mdθ̃) − 1 2 dx^mdx^nb_{mn} , (A.42) it can be written in terms of type IIB variables as

F = F^′ + Dρ Π^{′z}, (A.43)

where

F^′ ≡ dV − 1 2 dx^{′m}dx^{′n}b^′_{mn} + (θ̃^′τ_3Γ_adθ̃^′)(dx^{′m}e^{′ a}_m + 1 2 θ̃^′Γ^adθ̃^′). (A.44)

It is remarkable that all terms i_{∂ρ}F appearing in the decomposition of the supersymmetric invariant form F under the double dimensional ansatz, F = F^− + dρ ∧ i_{∂ρ}F, can be written as Π^{′z}, the supersymmetric invariant one form along the T-dual circle. Furthermore, all the dependence of dρ in supersymmetric invariant forms /Π and F is through Dρ = Π^z, the supersymmetric one form along the original circle. Thus, what T-duality does is to exchange both forms Π^z ←→ Π^{′z}. This is the supersymmetric generalization of the corresponding phenomena observed in the bosonic case [9], whose relevance may become more clear in the discussion of the T-duality transformation of the WZ term in appendix B.

B T-Duality transformation of WZ term

In this appendix we prove that WZ terms of type IIA SuperD-branes are mapped to WZ terms of type IIB SuperD-branes under T-duality, using the results obtained in appendix A. WZ terms of IIA D-branes are obtained from

dL^{W Z}_A = − T_p E C_A E e^F , C_A(/Π) = ∑ ℓ=0 (Γ_{11})^{ℓ+1} /Π^{2ℓ} (2ℓ!)

, (B.1)

where

E^α = dθ̃^α = dθ^αe^α_α , E_β = dθ̃^αC_{αβ}, /Π = Γ_a(dx̃^a + θ̃Γ^adθ̃). (B.2)

The latter show that dL^{W Z}_A just depends on supersymmetric invariant forms, whose Tduality properties were determined in appendix A. In particular, from (A.43) and using Dρ ∧ Dρ = 0, e^F = ∑ n=0 F^n n! = ∑ n=0 (F^′ + Dρ Π^{′z})^n n! = (1 + (Dρ Π^{′z})) e^{F′} . (B.3)

Next, using (A.28) and (A.38) besides that ^/Π and Γ^z Dρ are commuting one forms,

E C_A E = dθ̃ ∑ ℓ=0 (Γ_{11})^{ℓ+1} /Π^{2ℓ} (2ℓ!)

dθ̃ = dθ̃ ∑ ℓ=0 (Γ_{11})^{ℓ+1}

(^/Π + Γ^zDρ)^{2ℓ} (2ℓ!) dθ̃ = dθ̃_2 ^/Π2ℓ (2ℓ)!

dθ̃_1 + dθ̃_1(−1)^{ℓ+1} ^/Π2ℓ (2ℓ)!

dθ̃_2

+ dθ̃_2(Γ^zDρ)

^/Π2ℓ+1 (2ℓ + 1)!

dθ̃_1 + dθ̃_1(Γ^z Dρ)(−1)^ℓ

^/Π2ℓ+1 (2ℓ + 1)!

dθ̃_2

= a_1a_2{dθ̃^′_1Γ_z ^/Π2ℓ (2ℓ)!

dθ̃^′_2 + dθ̃^′_2(−1)^{ℓ+1} ^/Π2ℓ (2ℓ)!

Γ_zdθ̃^′_1

+ dθ̃^′_1Dρ

^/Π2ℓ+1 (2ℓ + 1)!

dθ̃^′_2 + dθ̃^′_2Dρ(−1)^ℓ

^/Π2ℓ+1 (2ℓ + 1)!

dθ̃^′_1}

= a_1a_2{dθ̃^′ ^/Π2ℓ (2ℓ)!

Γ_z τ^ℓ_3 τ_1dθ̃^′ + dθ̃^′Dρ

^/Π2ℓ+1 (2ℓ + 1)!

τ^ℓ_3 τ_1dθ̃^′}. (B.4)

Joining (B.3) and (B.4)

dL^{W Z}_A = − T_p a_1a_2 dθ̃^′[ ∑ ℓ=0 ^/Π^′2ℓ (2ℓ!)

Γ^zτ^ℓ_3 τ_1 + (Dρ) ∑ ℓ=0 ^/Π^′2ℓ+1 (2ℓ + 1)!

τ^ℓ_3 τ_1]dθ̃^′(1 + (Dρ Π^{′z}))e^{F′}

= −a_1a_2T_p (Dρ)[ dθ̃^′ ∑ ℓ=0 (/Π^′)^{2ℓ+1} (2ℓ + 1)!

τ^ℓ_3 τ_1 dθ̃^′ ] e^{F′} + ...

= a_1a_2T_p [ dθ̃^′ S_B(/Π^′)τ_1 dθ̃^′ ] e^{F′} (λ dρ) + ..., (B.5) where dots stand for terms not depending on dρ.

From dL^{W Z}_A in (B.5) we can find the WZ Lagrangian L^{W Z}_A , written in terms of IIB variables, by taking the p+1 form part of L^{W Z}_A on σ^μ. IIB (p-1) brane WZ term will be obtained by integrating it over ρ. It means that only the coefficient of dρ in (B.5) contributes to L^{W Z}_B . The coefficient of dρ in (B.5) gives dL^{W Z}_B dL^{W Z}_B = −T^′_{p−1} [ E^′ S_B(/Π^′)τ_1 E^′ ] e^{F′} , (B.6) if a_1a_2 = −1 , where T^′_{p−1} is given in (A.2).

C Kappa symmetry

In this appendix we prove that the infinitesimal kappa symmetry transformation δ_κθ in type IIA is mapped to δ_κ′ θ^′ in type IIB as claimed in (4.15). The kappa symmetry transformations for type IIB spinors are obtained from those of IIA using (A.26)

a_2 δθ̃^′_2 = δθ̃_1 = δθ̃Γ_− = κ̄(1 − γ^{(p)})Γ_− (C.1) a_1 δθ̃^′_1 = δθ̃_2Γ^z = δθ̃Γ_+ Γ^z = δθ̃Γ^zΓ_− = κ̄(1 − γ^{(p)})Γ^zΓ_−. (C.2)

First terms in the right hand side of (C.1) and (C.2) are κ̄Γ_− = κ̄_1 ≡ a_2 κ̄^′_2, (C.3) κ̄Γ^z Γ_− = κ̄Γ_+Γ^z = κ̄_2Γ^z ≡ a_1 κ̄^′_1, (C.4) where we assumed that kappa symmetry parameters κ_j have the same T-duality transformation as the dynamical fields θ in (A.26), κ̄_1 = a_2 κ̄^′_2, κ̄_2 = a_1 κ̄^′_1 Γ^z. (C.5) The second term in the right hand side of (C.1) is

− κ̄(γ^{(p)})Γ_− = −κ̄ √ −det(G + F) [S_A(/Π)e^F ]_{p+1}Γ_−

= −κ̄ √ −det(G + F) [ ∑ ℓ=0 /Π^{2ℓ+1} (2ℓ + 1)!

e^F ]_{p+1}Γ_−

= −κ̄ √ −det(G + F) [ ∑ ℓ=0 (^/Π + Γ^zDρ)^{2ℓ+1} (2ℓ + 1)!

(1 + DρΠ^′_z )e^{F′} ]_{p+1}Γ_−

= −κ̄ √ −det(G + F) [ ∑ ℓ=0 { ^/Π2ℓ+1 (2ℓ + 1)! + ^/Π2ℓ (2ℓ)!

(Γ^z Dρ)}(1 − Π^′_zDρ)e^{F′} ]_{p+1}Γ_− + ...

= −κ̄ λ √ −det(G^′ + F^′) [Γ^z ∑ ℓ=0 (^/Π^′ + Π^′_zΓ^z)^{2ℓ}

(2ℓ)!

Dρe^{F′} ]_{p+1}Γ_−

= −κ̄_2 √ −det(G^′ + F^′) Γ^z[ ∑ ℓ=0 { (/Π^′)^{2ℓ} (2ℓ)!

}e^{F′} ]_pΓ_−

= −a_1 κ̄^′_1 √ −det(G^′ + F^′) [ ∑ ℓ=0 { (/Π^′)^{2ℓ} (2ℓ)!

}e^{F′} ]_pΓ_−. (C.6)

Here [...]_{p+1} means p+1 form coefficient of [...] , the coefficient of dσ^0dσ^1...dσ^p after taking the pullback. In the last second line p+1 form coefficient is replaced with p form coefficient (the coefficient of dσ^0dσ^1...dσ^{p−1}) by dropping dρ . We have also used the relation of DBI term √ −det(G + F) = λ √ −det(G^′ + F^′). (C.7)

Analogously for the second term in (C.2),

− κ̄(γ^{(p)})Γ^z Γ_− = −κ̄ √ −det(G + F) [S_A(/Π)e^F ]_{p+1}Γ^zΓ_−

= −κ̄ √ −det(G + F) [ ∑ ℓ=0 /Π^{2ℓ+1} (2ℓ + 1)!

e^F ]_{p+1}Γ^z(−1)^{ℓ+1}Γ_−

= −κ̄ √ −det(G + F) [ ∑ ℓ=0 (−1)^{ℓ+1}

(^/Π + Γ^z Dρ)^{2ℓ+1} (2ℓ + 1)!

(1 + DρΠ^′_z )e^{F′} Γ^z]_{p+1}Γ_−

= −κ̄_1 √ −det(G^′ + F^′) [ ∑ ℓ=0 (−1)^{ℓ+1}{

(/Π^′)^{2ℓ} (2ℓ)!

}e^{F′} ]_pΓ_−

= −a_2κ̄^′_2 √ −det(G^′ + F^′) [ ∑ ℓ=0 (−1)^{ℓ+1}

(/Π^′)^{2ℓ} (2ℓ)!

e^{F′} ]_pΓ_−. (C.8)

Thus, joining the partial results

δθ̃^′_1 = κ̄^′_1 − a_2 a_1 κ̄^′_2 √ −det(G^′ + F^′) [ ∑ ℓ=0 (−1)^{ℓ+1}

(/Π^′)^{2ℓ} (2ℓ)!

e^{F′} ]_pΓ_−, (C.9)

δθ̃^′_2 = κ̄^′_2 − a_1 a_2 κ̄^′_1 √ −det(G^′ + F^′) [ ∑ ℓ=0 { (/Π^′)^{2ℓ} (2ℓ)!

}e^{F′} ]_pΓ_−. (C.10)

Since a^2_1 = a^2 = −a_1a_2 = 1 we get a_1/a_2 = −1. We can express them by using τ matrices as δθ̃^′ = κ̄^′ + κ̄^′ √ −det(G^′ + F^′) [ ∑ ℓ=0 (τ_3)^{ℓ+1}

(^/Π^′)^{2ℓ} (2ℓ)!

e^{F′} ]_p τ_1 Γ_− (C.11)

Thus we have shown that the kappa symmetry transformation of IIA spinor δ_κθ̃ is mapped to that of IIB spinor δ_κ′θ̃^′ under T_‖, δθ̃^′ = κ̄^′(1 − γ^{′(p−1)}), (C.12) γ^{′(p−1)} = −1 √ −det(G^′ + F^′) [C_B(^/Π^′) τ_1 e^{F′} ]_p. (C.13)

References

[1] C. G. Callan and J. M. Maldacena, Nucl. Phys. B513 (1998) 198. [2] G. Gibbons, Nucl. Phys. B514 (1998) 603.

[3] J. Gauntlett, J. Gomis and P.K. Townsend, JHEP9801 (1998) 003. [4] N. Seiberg and E. Witten, JHEP 9909 (1999) 032. [5] E. Bergshoeff, C. Hull and T. Ortín, Nucl. Phys. B451 (1995) 547. [6] P. Horava, Phys. Lett. B231 (1989) 251;

J. Dai, R. G. Leigh and J. Polchinski, Mod. Phys. Lett. A4 (1989) 2073; M. Dine, P. Huet and N. Seiberg, Nucl. Phys. B322 (1989) 301.

[7] J. Polchinski, Tasi Lectures on D-branes, hep-th/9611050. [8] E. Bergshoeff and M. de Roo, Phys. Lett. B380 (1996) 265;

M. B. Green, C. M. Hull and P. K. Townsend, Phys. Lett. B382 (1996) 65. [9] J. Simón, Phys. Rev. D61 047702 (2000). [10] J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724.

[11] J. Strathdee, Int. J. Mod. Phy. A2 (1987) 273.

[12] A. Connes, M. R. Douglas and A. Schwarz, JHEP 9802, 003 (1998). [13] M.Aganagic, C. Popescu and J.H.Schwarz, Nucl. Phys. B495 (1997) 99. [14] E. Bergshoeff, R. Kallosh and T. Ortín, Phys. Rev. D51 (1995) 3009. [15] K. Becker, M. Becker and A. Strominger, Nucl. Phys. B456 (1995) 130;

E. Bergshoeff, R. Kallosh, T. Ortín and G. Papadopoulos, Nucl. Phys. B502 (1997) 149.

[16] E. Bergshoeff and P.K. Townsend, Nucl. Phys. B531 (1998) 226. [17] P.K. Townsend, M-theory from its superalgebra, hep-th/9712004. [18] J. A. de Azcárraga, J. P. Gauntlett, J. M. Izquierdo and P. K. Townsend, Phys. Rev.

Lett. 63 (1989) 2443;

D. Sorokin and P. K. Townsend, Phys. Lett. B412 (1997) 265; T. Sato, Nucl. Phys. B548 (1999) 231.

[19] E.Bergshoeff and P.K.Townsend, Nucl. Phys. B490 (1997) 145. [20] M.Cederwall, A.von Gussich, B.E.W.Nilsson and A.Westerberg, Nucl. Phys. B490 (1997) 163;

M.Cederwall, A.von Gussich, B.E.W.Nilsson, P.Sundell and A.Westerberg, Nucl. Phys. B490 (1997) 179.

[21] M.Aganagic, C. Popescu and J.H.Schwarz, Phys.Lett. B393 (1997) 311;

M.Aganagic, C. Popescu and J.H.Schwarz, Nucl. Phys. B496 (1997) 215. [22] M.R.Douglas, “Branes within branes” in *Cargese 1997, Strings, branes and dualities* 267-275, hep-th/9512077.

[23] F. Brandt, J. Gomis and J. Simón, Phys. Lett. B419 (1998) 148;

F. Brandt, J. Gomis and J. Simón, Phys. Rev. Lett. 81 (1998) 1770; F. Brandt, J. Gomis, D. Mateos and J. Simón, Phys. Lett. B443 (1998) 147.

[24] G. Barnich, F. Brandt and M. Henneaux, Commun. Math. Phys. 174 (1995) 57;

G. Barnich, F. Brandt and M. Henneaux, “Local BRST cohomology in gauge theories”, hep-th/0002245.

[25] C. Codirla and M. J. Perry, Nucl. Phys. B561 (1999) 43. [26] G. W. Gibbons and G. Papadopoulos, Commun. Math. Phys. 202 (1999) 593. [27] K. Hashimoto, JHEP 9907 (1999) 016.

[28] E. Cremmer and S. Ferrara, Phys. Lett. B91 (1980) 61;

L. Brink and P. Howe, Phys. Lett. B91 (1980) 384; B. de Wit, K. Peeters and J. Plefka, Nucl. Phys. B532 (1998) 99.

[29] M. Cvetic̃, H. Lü, C. N. Pope and K. S. Stelle, hep-th/9907202;

S. F. Hassan, hep-th/9907152. [30] A. Sen, JHEP 9910 (1999) 008.

[31] M. Billo, B. Craps and F. Roose, JHEP 9906 (1999) 033.

[32] E. A. Bergshoeff, M. de Roo, T. C. de Wit, E. Eyras and S. Panda, JHEP 0005 (2000) 009.

[33] R. C. Myers, JHEP 9912 (1999) 022.