arXiv:hep-th/0004002 1 Apr 2000

On noncommutative and commutative equivalence for BFYM theory :

Seiberg–Witten map

H. B. Benaoum Institut für Physik , Theoretische Elementarteilchenphysik, Johannes Gutenberg–Universität, 55099 Mainz, Germany email : benaoum@thep.physik.uni-mainz.de

30 March 2000

Abstract

BFYM on commutative and noncommutative R^4 is considered and a Seiberg– Witten gauge–equivalent transformation is constructed for these theories. Then we write the noncommutative action in terms of the ordinary fields and show that it is equivalent to the ordinary action up to higher dimensional gauge invariant terms.

MZ–TH/00–12

It is by now clear that our naive picture on space–time, as space with commuting coordinates, has to be modified at the Planck scale. Indeed a unification between quantum mechanics and general relativity requires to go beyond this picture. Recently it has been found that noncommutative geometry [1] arises naturally in string theory [2, 3]. In a certain limit, the low energy effective theories is intimately connected to gauge theories on noncommutative spaces.

The action for gauge theories on noncommutative space is obtained from the ordinary ( commutative ) Yang–Mills theories by replacing the usual product of the fields by the ∗–product [3].

It has also been shown in [3], that one can get ordinary or noncommutative Yang– Mills theory from the same two dimensional field theory just by using two different regularizations procedure. Indeed, Yang–Mills theory on noncommutative space results from the use of a point splitting regularization whereas the ordinary one follows as a consequence of the use of Pauli–Villars regularization scheme. Consequently, they argued that there should exist a transformation from ordinary to noncommutative Yang–Mills which maps the noncommutative field Â with gauge transformation λ̂ to the ordinary gauge field A with gauge transformation λ. More details about this equivalence between the two descriptions can be found in [3] ( see also [4] –[6] ).

Perturbative aspects of noncommutative theories on noncommutative R^d have been recently adressed in [7]–[9]. In particular, it has been found that noncommutativity leads to a strange mixing between IR and UV effects [9] which has no analog in the usual quantum field theory.

In [8], we have introduced the U(1) BF–Yang Mills ( BFYM ) on noncommutative R^4 and in this formulation the U(1) Yang–Mills theory on noncommutative R^4 is seen as a deformation of the pure BF theory. We recall that BFYM on commutative R^4 has been introduced and studied extensively in [10].

We have also performed a one–loop calculation of the U(1) BFYM on noncommutative R^4 and concluded that it is asymtotically free and its UV–behaviour in the computation of the β–function is like the usual SU(N) commutative BFYM and Yang–Mills theories.

Here we will go a step further and study the equivalence between the noncommutative and commutative for BFYM. We consider first rank N noncommutative and ordinary BFYM and construct the gauge–equivalent Seiberg–Witten transformation. This means that ordinary and noncommutative BFYM theories can be induced by the same field theory regularized in two different ways.

In particular for rank 1, this mapping is more simple and for this case, we write the BFYM noncommutative Lagrangian in terms of the ordinary fields.

Noncommutative R^4 is described by an algebra generated by the coordinates x^i (i = 1, · · ·4) obeying the commutation relations :

x^i ∗ x^j − x^j ∗ x^i = i θ^{ij} (1)

where θ^{ij} = −θ^{ji} is a real and constant antisymmetric matrix. In the dual language, the algebra of functions on R^4 vanishing at infinity is equipped with a deformed multiplication known as a Moyal ∗–product, (f ∗ g)(x) = e^{i2 θij ∂∂ξi ∂∂ζj} f(x + ξ)g(x + ζ)|_{ξ=ζ=0} (2) which is noncommutative, associative and obeys the Leibniz rule. It reduces for the first order in θ to, (f ∗ g)(x) = fg + i 2 θ^{ij} ∂_if∂_j g + O ( θ^2 ) (3)

We consider the BFYM on noncommutative R^4 introduced in [8] by replacing the usual product of fields by the ∗–product,

Ŝ = ∫ d^4x T r ( i 2 ϵ^{ijkl}B̂_{ij} ∗ F̂_{kl} + g^2B̂_{ij} ∗ B̂^{ij} ) (x). (4)

where F̂_{ij} = ∂_iÂ_j − ∂_jÂ_i + Â_i ∗ Â_j − Â_j ∗ Â_i is the field strength of the antihermitian gauge field Â_i and B̂_{ij} is an antisymmetric tensor. We take here the gauge fields Â_i and B̂_{ij} to be arbitrary rank N, so that all the fields and gauge parameters are N ×N matrices and T r is the ordinary trace of N × N matrices.

This BFYM on noncommutative R^4 is invariant under the gauge transformation,

δ̂_{λ̂}Â_i = ∂_iλ̂ + λ̂ ∗ Â_i − Â_i ∗ λ̂ δ̂_{λ̂}B̂_{ij} = B̂_{ij} ∗ λ̂ − λ̂ ∗ B̂_{ij} δ̂_{λ̂}F̂_{ij} = F̂_{ij} ∗ λ̂ − λ̂ ∗ F̂_{ij} (5)

Using the first order expansion in θ of the Moyal ∗–product ( 3), the above formulas for noncommutative gauge field Â_i and B̂_{ij} read, δ̂_{λ̂}Â_i = ∂_iλ̂ + [λ̂, Â_i] + i 2 θ^{kl} {∂_kλ̂, ∂_lÂ_i} + O ( θ^2 ) δ̂_{λ̂}B̂_{ij} = [B̂_{ij} , λ̂] + i 2 θ^{kl} {B̂_{ij} , λ̂} + O ( θ^2 ) (6) where [ , ] and { , } are the usual commutator and anticommutator for noncommutative fields and gauge parameter λ̂ respectively. Similarly, the BFYM on commutative R^4 is, S = ∫ d^4x T r ( i 2 ϵ^{ijkl}B_{ij} F_{kl} + g^2B_{ij} B^{ij} ) (x). (7)

Its infinitesimal gauge transformations for the different fields are of the form,

δ_λA_i = ∂_iλ + [λ, A_i] δ_λB_{ij} = [B_{ij} , λ] δ_λF_{ij} = [F_{ij} , λ] (8)

Following Seiberg and Witten [3], we consider the BFYM and look for a gauge– equivalent mapping between the noncommutative fields Â_i and B̂_{ij} with gauge parameter λ̂ and the ordinary fields A_i and B_{ij} with gauge parameter λ such that the following diagrams are commutative :

δ̂_{λ̂} δ_λ δ̂_λÂ_i

Â_i A_i δ_λA_i δ̂_{λ̂} δ_λ δ̂_{λ̂}B̂_{ij}

B̂_{ij} B_{ij} δ_λB_{ij}

This means that the two following relations hold : Â_i(A) + δ̂_{λ̂}Â_i(A) = Â_i(A + δ_λA) B̂_{ij} (B) + δ̂_{λ̂}B̂_{ij} (B) = B̂_{ij} (B + δ_λB) (9)

By writing Â = A + A^0(A) + O ( θ^2 ) , λ̂(λ, A) = λ + λ^0(λ, A) + O ( θ^2 ) , B̂ = B + B^0(B, A) + O ( θ^2 ) and expanding (9 ) to the first order in θ, we get for gauge field,

A^0_i(A + δA) − A^0_i(A) − ∂_iλ^0 − [λ^0, A_i] − [λ, A^0_i] = − i 2 θ^{kl}{∂_kλ, ∂_lA_i} + O ( θ^2 ) (10) and for antisymmetric field,

B^0_{ij} (B + δ_λB) − B_{ij} (B) − [B_{ij} , λ^0] − [B^0_{ij} , λ] = − i 2 θ^{kl}{∂_kB_{ij} , ∂_lλ} + O ( θ^2 ) .(11)

By solving (10) and (11), the following solutions for the noncommutative gauge field Â, gauge parameter λ̂ and antisymmetric field B̂ are obtained :

Â_i(A) = A_i + A^0_i(A) = A_i − i 4 θ^{kl} {A_k, ∂_lA_i + F_{li}} + O ( θ^2 ) λ̂(λ, A) = λ + λ^0(λ, A) = λ + i 4 θ^{kl}{∂_kλ, A_l} + O ( θ^2 ) B̂_{ij} (B, A) = B_{ij} + B^0_{ij} (B, A) = B_{ij} + i 4 θ^{kl} ( 2 {B_{ik} , B_{jl}} − {A_k, D_lB_{ij} + ∂_lB_{ij} }) + O ( θ^2 ) . (12)

where D_lB_{ij} = ∂_lB_{ij} + [A_l, B_{ij}].

From the gauge field Â_i, the noncommutative field strength F̂_{ij} is given as :

F̂_{ij} = F_{ij} + i 4 θ^{kl} ( 2 {F_{ik} , F_{jl}} − {A_k , D_lF_{ij} + ∂_lF_{ij} }) + O ( θ^2 ) . (13)

This means that knowing the commutative fields A_i, B_{ij} and F_{ij} with gauge parameter λ, the noncommutative one are expressed by (12) and (13) up to first order in θ. Now it is easy to extract the differential equation for noncommutative fields Â, B̂ and F̂ with gauge parameter λ̂ corresponding to two infinitesimally close values of the deformation parameter θ and θ + δθ. They are given as follows : δÂ_i = − i 4 δθ^{kl} [ Â_k ∗ (∂_lÂ_i + F̂_{li}) + (∂_lÂ_i + F̂_{li}) ∗ Â_k ] δλ̂ = i 4 δθ^{kl} (∂_kλ̂ ∗ Â_l + Â_l ∗ ∂_kλ̂) δB̂_{ij} = i 4 δθ^{kl} [ 2B̂_{ik} ∗ B̂_{jl} + 2B̂_{jl} ∗ B̂_{ik} − Â_k ∗ (D̂_lB̂_{ij} + ∂_lB̂_{ij} ) −(D̂_lB̂_{ij} + ∂_lB̂_{ij} ) ∗ Â_k ] δF̂_{ij} = i 4 δθ^{kl} [ 2F̂_{ik} ∗ F̂_{jl} + 2F̂_{jl} ∗ F̂_{ik} − Â_k ∗ (D̂_lF̂_{ij} + ∂_lF̂_{ij} ) −(D̂_lF̂_{ij} + ∂_lF̂_{ij} ) ∗ Â_k ] (14)

where D̂_lB̂_{ij} = ∂_lB̂_{ij} + Â_l ∗ B̂_{ij} − B̂_{ij} ∗ Â_l.

The above equations should in principle give the noncommutative fields and gauge parameter as powers series in θ.

For rank 1, i.e. U(1), the Seiberg–Witten map (12) for different fields reduces to

: Â_i = A_i − i 2 θ^{kl}A_k (∂_lA_i + F_{li}) + O ( θ^2 ) λ̂ = λ + i 2 θ^{kl}∂_kλA_l + O ( θ^2 ) B̂_{ij} = B_{ij} + iθ^{kl}(B_{ik}B_{jl} − A_k∂_lB_{ij} ) + O (θ^2) F̂_{ij} = F_{ij} + iθ^{kl}(F_{ik}F_{jl} − A_k∂_lF_{ij} ) + O (θ^2) (15)

The noncommutative action Ŝ in terms of the fields Â, B̂ and F̂ and the commutative one S in terms of the fields A, B and F for BFYM are related as :

Ŝ = ∫ d^4x L̂(B̂, F̂ ) = ∫ d^4x { i 2 ϵ^{ijkl}B_{ij} F_{kl} + g^2B_{ij} B^{ij} − 1 2 θ^{nm} ϵ^{ijkl}F_{kl}B_{in}B_{jm} + 1 2 θ^{nm} ϵ^{ijkl}B_{ij} F_{nm}F_{kl} − 1 2 θ^{nm} ϵ^{ijkl}B_{ij} F_{kn}F_{lm} + 2ig^2θ^{nm}B^{ij} B_{in}B_{jm} −ig^2θ^{nm}B^{ij} F_{nm}B_{ij} + total derivative + O ( θ^2 ) } = ∫ d^4x 1 1 + iF θ { i 2 ϵ^{ijkl} ( 1 1 + iBθ B ) ij ( 1 1 + iF θ F ) kl +g^2 ( 1 1 + iBθ B ) ij ( 1 1 + iBθ B )_{ij} + total derivative + O ( θ^2 ) }(16)

The U(1) BFYM theory on noncommutative R^4 with noncommutative fields B̂, F̂ written in terms of the ordinary fields as in (16) is equivalent to U(1) BFYM on commutative R^4 with antisymmetric field^1_{1+iBθ} B and strength field^1_{1+iF θ} F where the factor^1_{1+iF θ} results from the partial derivation on the fields B and F in (15). The solutions,

F̂ = 1 1 + iF θ F , B̂ = 1 1 + iBθ B. (17)

follows also from the resolution of the differential equation (14) for constant fields B̂, F̂. For this case, (16) can be written as :

Ŝ = ∫ d^4x L̂(B̂, F̂ ) = ∫ d^4x { L( 1 1 + iBθ B, 1 1 + iF θ F ) + O ( θ^2 ) }. (18)

We close this paper by saying that the existence of a Seibeg–Witten gauge–equivalent map, relating noncommutative fields to commutative one for BFYM theory, means that noncommutative or ordinary BFYM may be seen as an effective theory which arises from the same field theory regularized with two different schemes.

Acknowledgment

I would like to thank the DAAD for its financial support and Y. Okawa for his comments and remarks.

References

[1] A. Connes, Noncommutative Geometry, Academic Press (1994). [2] A. Connes, M.R. Douglas and A. Schwarz, JHEP 02, 003 (1998). [3] N. Seiberg and E. Witten, JHEP 09, 032 (1999).

[4] N. Ishibashi, hep–th/9909176; K. Okuyama, hep–th/9910138; O. Andreev and H. Dorn, hep–th/9912070; S. Terashima, hep–th/0001111 .

[5] T. Asakawa and I. Kishimoto, hep–th/9909139; hep–th/0002138 . [6] J. Madore, S. Schraml, P. Schupp and J. Wess, hep–th/0001203; B. Jurco and P. Schupp, hep–th/0001032 .

[7] C.P. Martin and D. Sanchez, Phys. Rev. Lett. 83, 476 (1999); M. Sheikh–Jabbari, JHEP 06, 015 ( 1999); T. Krajewski and R. Wulkenhaar, hep–th/9903187; I. Chepelev and R. Roiban, hep–th/9911098; G. Arcioni and M.A. Vasquez–Mozo, hep–th/9912124; M. Hayakawa, hep–th/9912094, hep–th/9912167; I.Y. Aref’eva and I.V. Volovich, hep–th/9907114; I.Y. Aref’eva, D.M. Belov and A.S. Koshelev, hep–th/9912075, hep–th/0001215; A. Matusis, L. Susskind and N. Toumbas, hep–th/0002075; B.A. Campbell and K. Kaminsky, hep–th/0003137; B. Ydri, hep–th/0003232 .

[8] H.B. Benaoum, Perturbative BF–Yang Mills theory on noncommutative R^4, hep–th/9912036, to appear in Nucl. Phys. B .

[9] S. Minwalla, M. Van Raamsdonk and N. Seiberg, JHEP 02, 020 (2000); M. Van Raamsdonk and N. Seiberg, hep–th/0002186 .

[10] F. Fucito, M. Martellini and M. Zeni, Nucl. Phys. B496, 259 (1997); F. Fucito, M. Martellini, S.P. Sorella, A. Tanzini, L.C.Q. Vilar and M. Zeni, Phys. Lett. B404, 94 (1997); A.S. Cattaneo, P. Cotta–Ramusino, F. Fucito, M. Martellini, M. Rinaldi, A. Tanzini and M. Zeni, Commun. Math. Phys. 197, 571 (1998).