arXiv:hep-th/0005030 v2 7 Sep 2001

A Yang–Mills Theory in Loop Space and

Generalized Chapline–Manton Coupling

Tadahito NAKAJIMA^∗

Physics Laboratory, College of Science and Technology, Nihon University Funabashi, 274-8501, Japan

Abstract

We consider a Yang-Mills theory in loop space with an affine Lie gauge group. The Chapline- Manton coupling, the coupling between Yang-Mills fields and an abelian antisymmetric tensor field of second rank via the Chern-Simons term, is systematically derived within the framework of the Yang-Mills theory. The generalized Chapline-Manton couplings, the couplings among non-abelian tensor fields of second rank, Yang-Mills fields, and an abelian tensor field of third rank, are also derived by applying the non-linear realization method to the Yang-Mills theory. These couplings are accompanied by BF-like terms.

�E-mail: nakajima@phys.ge.cst.nihon-u.ac.jp

1 Introduction

Gauge symmetries have been established as a guiding principle that determines couplings among local fields. The fundamental interactions, electromagnetic, weak and strong interactions, are intermediated by gauge fields, and the couplings between the gauge fields and matter fields and the self-coupling of the gauge fields are determined by the gauge symmetries. In addition, the gauge symmetries lead to the gravitational interaction. Indeed, the gravitational interaction can be formulated within the framework of gauge theory based on a non-compact gauge group.

In supergravity theories, on the other hand, there is a non-trivial interaction which cannot be derived from gauge symmetries alone. In N = 1 supergravity theory (with N = 1 super Yang-Mills theory) in ten dimensions, the Lagrangian has a coupling between Yang-Mills fields and the abelian antisymmetric tensor field in the supergravity multiplet via the Chern-Simons 3-form. A non-trivial coupling was first introduced by de Wit et al. in the abelian case, and generalized to the non-abelian case by Chapline and Manton. [1] Although this coupling is determined by the local supersymmetry in the supergravity theory, its derivation involves much tedious algebra. [2] In this system, the antisymmetric tensor field must obey a deformed transformation rule including the Yang-Mills fields so as to maintain the invariance of the Lagrangian. This transformation rule can be determined uniquely, but only in a heuristic manner. The transformation rule plays an important role in proving the Green-Schwarz anomaly cancellation in superstring theory. [4] The non-trivial coupling between Yang-Mills fields and the abelian antisymmetric tensor field is referred to as the Chapline-Manton coupling. The derivation of the coupling has also been discussed from the viewpoint of the BRST cohomology. [3] Recently, the Chapline-Manton coupling has also been derived on the basis of a gauge theory — a Yang-Mills theory in loop space. [10] In this theory, the gauge field on loop space is given by the functional field on space-time, including an infinite number of local component fields. Yang-Mills fields (local Yang–Mills fields) are a part of the local component fields of the Yang- Mills fields on loop space, while an abelian antisymmetric tensor field of second rank is a part of the local component fields of the U(1) gauge field on loop space. The couplings among the local component fields of the Yang-Mills fields are determined by the symmetry of the loop gauge group. [11] These couplings are essentially caused by the non-commutativety of the Lie algebra. In order to derive non-trivial couplings among the local component fields of the Yang- Mills fields and those of the U(1) gauge field, we need an extension of the loop gauge group. The suitable gauge group is the affine Lie group, which is a central extension of the loop group. [13] Owing to the effect of the central extension, the extended gauge symmetry further leads to a new coupling between the local Yang-Mills fields and an abelian antisymmetric tensor field of second rank. This coincides with the Chapline-Manton coupling. In addition, the deformed transformation rule of the abelian antisymmetric tensor field of second rank is also derived from the transformation rule of the U(1) gauge field on loop space. [10]

In addition to the abelian antisymmetric tensor field of second rank, for example, abelian (totally) antisymmetric tensor fields of higher rank appear in the Ramond-Ramond sector of superstring theories. [5] These fields also contribute to a cancellation of the anomalies on D-branes under certain conditions. [6] It is not difficult to extend the Chapline-Manton coupling for abelian antisymmetric tensor fields of higher rank. Indeed, such an antisymmetric tensor field can couple with the Chern-Simons (2n+1)-form. [6] [15] On the other hand, nonabelian antisymmetric tensor fields appear in the so-called BF term. [7] The BF term is metric independent and takes the form of the product of a non-abelian antisymmetric tensor field B and a field strength F of Yang-Mills fields in the non-abelian case. The BF term is a generalization of the Chern-Simons term and is an important ingredient in BF Yang-Mills theories, [8] topologically massive gauge theories, [9] and so on. However, the extension of the Chapline-Manton coupling for non-abelian antisymmetric tensor fields is not known.

As is mentioned above, the Yang-Mills fields and U(1) gauge field on loop space possess an infinite number of local component fields. Non-abelian antisymmetric and symmetric tensor fields of second rank are the local component fields of the Yang-Mills fields on loop space, [14] while an abelian tensor field of third rank with certain symmetric properties is the local component field of the U(1) gauge field on loop space. [17] The interactions among these nonabelian tensor fields of second rank and local Yang-Mills fields can also be derived using the formalism of a non-linear realization developed for the loop gauge group applied to Yang-Mills theory in loop space. [14] In this paper, we consider the Yang-Mills theory in loop space with the affine Lie gauge group and apply a non-linear realization method to the Yang-Mills theory. As we see below, the non-trivial interactions among the local Yang-Mills fields, non-abelian tensor fields of second rank, and an abelian tensor field of third rank can be systematically determined within the framework of the Yang-Mills theory. These local fields interact via a BF-like term.

This paper is organized as follows. In Sec. 2, we construct a Yang-Mills theory in loop space with the affine Lie gauge group. In Sec. 3, it is shown that the local field theory for Yang-Mills fields and an antisymmetric tensor field with the Chapline-Manton coupling is naturally derived on the basis of this theory. In Sec. 4, we apply a non-linear realization method developed for the affine Lie gauge group to the Yang-Mills theory in loop space. In Sec. 5, referring to the previous sections, we derive a local field theory for the non-abelian tensor fields, Yang-Mills fields and abelian tensor fields with non-trivial coupling. Section 6 is devoted to a summary and discussion of the possibilities for future development.

2 The Yang-Mills theory in loop space

We define a loop space ΩM^D as the set of all loops in D-dimensional Minkowski space M^D. An arbitrary loop x^μ = x^μ(σ) [ 0 ≤ σ ≤ 2π , x^μ(0) = x^μ(2π) ] in M^D is represented as a point in ΩM^D denoted by coordinates (x^{μσ}) with x^{μσ} ≡ x^μ(σ).^{1)}

Let us consider a Yang-Mills theory in the loop space ΩM^D. We assume that a gauge group is an affine Lie group ^G_k whose generators T_a(σ) satisfy the commutation relation [ T_a(ρ), T_b(σ) ] = if_{ab}^cT_c(ρ)δ(ρ − σ) + ikκ_{ab}δ^′(ρ − σ) (2.1) and the hermiticity conditions T^†_a (σ) = T_a(σ). Here the f_{ab}^c are the structure constants of the semisimple Lie group G and κ_{ab} is the Killing metric of G.^{2)} The constant k is called the ‘central charge’ of Ĝ_k and takes an arbitrary value in this gauge theory. When we set k = 0, the commutation relation (2.1) results in that for the loop group ^G_0. It is possible to make (non-trivial) central extensions to infinite-dimensional algebras. [11] [12] Hereafter, we refer to the Yang-Mills theory with an affine Lie gauge group as the ‘extended Yang-Mills theory’ (EYMT). It will become clear that the central extension of the gauge group leads to non-trivial couplings among non-abelian gauge fields and abelian gauge fields.

Let A_{μσ}[x] be a gauge field on ΩM^D. Owing to the central extension, the commutator given in (2.1) yields central terms without T_a(σ), in addition to a linear combination of T_a(σ). Consequently, the gauge field A_{μσ} needs extra terms without T_a(σ) to allow for the consistency of the gauge transformation. We define the gauge field A_{μσ} as

A_{μσ}[x] = A^Y_{μσ}[x] + ~A^U_{μσ}[x] , (2.2)

where A^Y_{μσ}[x] is a Yang-Mills field: A^Y_{μσ}[x] = ∫_2π 0 dρ 2π A_{μσ}^{aρ}[x]T_a(ρ) . (2.3)

Here A_{μσ}^{aρ} is a vector fields on ΩM^D, and ~A^U_{μσ} is a U(1) gauge field on ΩM^D without T_a(σ). As in the ordinary Yang-Mills theory, the infinitesimal gauge transformation for A_{μσ} is given by δA_{μσ}[x] = ∂_{μσ}Λ[x] + i[ A_{μσ}[x], Λ[x] ] , (2.4)

where ∂_{μσ} ≡ ∂/∂x^{μσ}. An infinitesimal scalar function Λ on ΩM^D is defined by

Λ[x] = Λ^Y [x] + Λ^U [x] , (2.5)

1) In the present paper the indices μ, ν, κ, λ, ξ and ζ take the values 0, 1, 2, . . ., D-1, while the indices ρ, σ, χ, and ω take continuous values from 0 to 2π.

2 ) The indices a, b, c, d, and e take the values 1, 2, 3, . . ., dimG.

where Λ^Y [x] is written

Λ^Y [x] =

∫_2π 0 dσ 2π Λ^{aσ}[x]T_a(σ) , (2.6)

with scalar functions Λ^{aσ} on ΩM^D, and Λ^U is a scalar function ΩM^D without T_a(σ). Since there is no relation between the gauge transformation (2.4) and a reparametrization σ → σ̄(σ), Λ^Y and Λ^U obey the following reparametrization invariant conditions:

x^{′μ}(σ)∂_{μσ}Λ^Y [x] = ∂Λ^{aσ}[x] ∂σ T_a(σ) , (2.7)

x^{′μ}(σ)∂_{μσ}Λ^U [x] = 0 . (2.8)

Here the prime denotes differentiation with respect to σ. Substituting (2.2) and (2.5) into (2.4) and considering the commutation relation (2.1), we obtain (the infinitesimal) gauge transformations for A^Y_{μσ} and ~A^U_{μσ}:

δA^Y_{μσ}[x] = ∂_{μσ}Λ^Y [x] + i[ A^Y_{μσ}[x], Λ^Y [x] ]^Y , (2.9)

δ ~A^U_{μσ}[x] = ∂_{μσ}Λ^U [x] + i[ A^Y_{μσ}[x], Λ^Y [x] ]^U . (2.10)

Here, [ , ]^Y denotes the part of a commutator [ , ] written as a linear combination of T_a(σ), while [ , ]^U denotes the other part including the central charge k. In deriving these gauge transformations, we have used the fact that ~A^U_{μσ} and Λ^U are commutative. We note that the Yang-Mills fields A^Y_{μσ} appear in the gauge transformation of the U(1) gauge field ~A^U_{μσ}. The transformation (2.10) is obviously different from an ordinary U(1) gauge transformation: δA^U_{μσ} = ∂_{μσ}Λ^U . The second term on the right-hand side of (2.10) is due to the central extension. Combining the reparametrization invariant condition (2.8) and the ordinary U(1) gauge transformation, we can obtain the condition x^{′μ}(σ)A^U_{μσ} = 0. [16] In the present case, however, the U(1) gauge field ~A^U_{μσ} dose not satisfy the condition x^{′μ}(σ) ~A^U_{μσ} = 0 unless k = 0.

Next, we consider the (naive) field strength of the gauge field A_{μσ} as F_{μρ,νσ} = ∂_{μρ}A_{νσ} − ∂_{νσ}A_{μρ} + i[ A_{μρ}, A_{νσ} ]

= F^Y_{μρ,νσ} + F^U_{μρ,νσ} , (2.11) with F^Y_{μρ,νσ} ≡ ∂_{μρ}A^Y_{νσ} − ∂_{νσ}A^Y_{μρ} + i[ A^Y_{μρ}, A^Y_{νσ} ]^Y , (2.12)

F^U_{μρ,νσ} ≡ ∂_{μρ} ~A^U_{νσ} − ∂_{νσ} ~A^U_{μρ} + i[ A^Y_{μρ}, A^Y_{νσ} ]^U . (2.13)

Note that (2.13) is different from the ordinary field strength of the U(1) gauge field ~A^U_{μσ}. The (naive) field strength (2.11) obeys the ordinary gauge transformation rule: δF_{μρ,νσ} = i[ F_{μρ,νσ}, Λ ]. Because of the central extension, however, we can immediately find that F^Y_{μρ,νσ} obeys the homogeneous gauge-transformation rule δF^Y_{μρ,νσ} = i[ F^Y_{μρ,νσ}, Λ^Y ]^Y , while F^U_{μρ,νσ} obeys the inhomogeneous gauge-transformation rule δF^U_{μρ,νσ} = i[ F^Y_{μρ,νσ}, Λ^Y ]^U . Therefore, (2.11) is not suitable for the field strength under the affine Lie gauge group. For this reason, we modify (2.11) as H_{μρ,νσ} ≡ F^Y_{μρ,νσ} + H^U_{μρ,νσ} , (2.14) with H^U_{μρ,νσ} ≡ F^U_{μρ,νσ} + k ∫ dω 2π x^{′λ}(ω)Tr [ A^Y_{λω}F^Y_{μρ,νσ} ] . (2.15)

Here “Tr” denotes the inner product of two elements of the affine Lie algebra Ĝ: Tr[V W ] = ∑ a,b ∫_2π 0 dσ 2π κ_{ab}V^{aσ}W^{bσ}. We can confirm that H^U_{μρ,νσ} is gauge invariant under the reparametrization invariant condition (2.7). Note that the gauge invariance is still maintained without the central extension. In order for the right-hand side of (2.15) to transform in the same manner as F^U_{μρ,νσ} under the reparametrization, however, it is necessary to restrict A_{μσ}^{aρ} in (2.4) to the form A_{μσ}^{aρ}[x] = δ(ρ − σ)A_μ^{aρ}[x] . (2.16) Here A_μ^{aρ} are the fields on ΩM^D that behave as vector functionals on M^D.

The action for A_{μσ} is defined as

S_R = 1 V_R ∫ [dx] ( L^Y + L^U ) exp ( − L l^2 ) , (2.17)

with V_R ≡ ∫ {dx} exp(−L/l^2), and the Lagrangians

L^Y = 1 4 N^Y G^{κρ,λσ}G^{μχ,νω}Tr[ F^Y_{κρ,μχ} F^Y_{λσ,νω} ] , (2.18)

L^U = − 1 4 N^U G^{κρ,λσ}G^{μχ,νω}H^U_{κρ,μχ}H^U_{λσ,νω} , (2.19) where N^Y and N^U are arbitrary constants.

Here, the measures [dx] and {dx} are given by [dx] ≡ ∏D_{−1} μ=0 ∏_∞ n=−∞ dx μn and {dx} ≡ ∏D_{−1} μ=0 ∏_∞,n_{≠0} n=−∞ dx μn, where the x^{μn} are the coefficients of the Fourier expansion x^μ(σ) = ∑_∞ n=−∞ x μne^{inσ}. These measures are invariant under a reparametrization. [16] The (inverse) metric tensor G^{μρ,νσ} on ΩM^D is defined by G^{μρ,νσ} ≡ η^{μν} δ(ρ − σ), where η_{μν} is the metric tensor on M^D.^{3)} The

3 ) diag η_{μν} = (1, �1, �1, . . ., �1) .

damping factor exp(−L/l^2) with L ≡ −

∫_2π 0 dσ 2π η_{μν} x^{′μ}(σ)x^{′ν}(σ) is inserted into the action so that it becomes well defined, where l (> 0) is a constant with the dimension of length giving the size of loops.

We would like to focus attention on the fact that there is coupling between the Yang-Mills fields A^Y_{μσ} and the U(1) gauge field A^U_{μσ} in the Lagrangian (2.19). It is obvious that the coupling is due to the central extension of the gauge group.

The Lagrangians L^Y and L^U are gauge invariant, while they are not reparametrization invariant, due to the definition of the inner product “Tr” and the metric tensor G^{μρ,νσ}. If necessary, we can indeed define an inner product and metric tensor to maintain reparametrization invariance as well as gauge-invariance. [14] The metric η^{μν} δ(ρ − σ) and the inner product “Tr” that we employ can be shown in a concrete calculation to be forms of the reparametrization invariant inner product and metric tensor in a certain gauge of reparametrization.

3 The Chapline-Manton coupling

In this section, we derive a local field theory with a coupling between local Yang-Mills fields and an abelian antisymmetric tensor field of second rank on the basis of the Yang-Mills theory in loop space. Let us consider the simplest solutions of (2.7) consisting of local functions on M^D,

Λ^{Y (0)}[x] =

∫_2π 0 dσ 2π g_0 Λ^a(x(σ)) T_a(σ) , (3.1)

where Λ^a is an infinitesimal scalar function on M^D and g_0 is a constant of dimension [length]

D�4_2 . On the other hand, the simplest solution of (2.8) consisting of a local function on M^D is given by Λ^{U (0)}[x] =

∫_2π 0 dσ 2π q_0x^{′μ}(σ) λ_μ(x(σ)) , (3.2)

where λ_μ is a vector function on M^D and q_0 is a constant of dimension [length]

D�6_2 . Corresponding to (3.1) and (3.2), we consider the (restricted) Yang-Mills field A^Y_{μσ} and the U(1) gauge field A^U_{μσ} written in terms of local fields as

A^{Y (0)}_{μσ} [x] = g_0 A_μ^a(x(σ))T_a(σ) , (3.3)

~A^{U (0)}_{μσ} [x] = q_0 x^{′ν}(σ) {B_{μν} (x(σ)) + C_{μν}(x(σ))} , (3.4)

respectively, where the A_μ^a(x) are vector fields on M^D, and the B_{μν} (x) and C_{μν} (x) are antisymmetric and symmetric tensor fields of second rank on M^D. Obviously, the right-hand sides of (3.3) and (3.4) transform in the same manner as the left-hand sides of (3.3) and (3.4) under the reparametrization. Substituting (3.1) and (3.3) into (2.9), we obtain the transformation rule of Yang-Mills fields for A_μ^a as

δA_μ^a(x) = D_μΛ^a(x) ≡ ∂_μΛ^a(x) − q_0A_μ^b(x)Λ^c(x)f_{bc}^a , (3.5)

by virtue of (2.1). On the other hand, substitution of (3.1), (3.2), (3.3) and (3.4) into (2.10) yields the transformation rules of B_{μν} and C_{μν} as

δB_{μν} (x) = ∂_{[μ}λ_{ν]}(x) − k̃_0 A_{[μ}^a(x)∂_{ν]}λ_a(x) , (3.6)

δC_{μν} (x) = −k̃_0 A_{(μ}^a(x)∂_{ν)}λ_a(x) ,^{4)} (3.7)

where the lowering of the index a has been carried out with κ_{ab}. Here, k̃_0 ≡ kg_0/2q_0 is a constant of dimension [ length ]. Owing to the central extension, the local Yang-Mills fields A_μ^a appear in the transformation rules of B_{μν} and C_{μν} . However, the transformation rules of C_{μν} and A_μ^a are not independent. Indeed, the following symmetric tensor field of second rank is invariant under the transformation rules (3.5) and (3.7): ~C_{μν}(x) ≡ C_{μν} (x) + 1 2 k̃_0A_{(μ}^a(x)A_{ν),a}(x) . (3.8)

Substituting C_{μν} = ~C_{μν} −^1_2k̃_0A_{(μ}^aA_{ν),a} into (3.4), we obtain ~A^{U (0)}_{μσ} written in terms of the local fields A_μ^a, B_{μν} and ~C_{μν}. As we shall see, the couplings of the local fields are uniquely determined in the Yang-Mills theory in loop space. On examination of the couplings of these local fields, however, we find that the gauge invariant tensor field ~C_{μν} is free of A_μ^a and B_{μν} . [10] Since we are interested in the couplings of local fields, we omit ~C_{μν} from ~A^{U (0)}_{μσ} , written in terms of the local fields A_μ^a, B_{μν} and ~C_{μν} for simplicity. In other words, we replace C_{μν} with −^1_2k̃_0A_{(μ}^aA_{ν),a} in (3.4). Then (3.4) is rewritten as

~A^{U (0)}_{μσ} [x] = A^{U (0)}_{μσ} [x] − 1 2 k̃_0q_0 x^{′ν}(σ) A_{(μ}^a(x(σ))A_{ν),a}(x(σ)) , (3.9)

with

A^{U (0)}_{μσ} [x] = q_0 x^{′ν}(σ)B_{μν}(x(σ)) , (3.10)

where A^{U (0)}_{μσ} is written in terms of the abelian local field only. Since the constant k̃_0 is proportional to the central charge k, the U(1) gauge field ~A^{U (0)}_{μσ} is reduced to A^{U (0)}_{μσ} by setting k = 0. Note that ~A^{U (0)}_{μσ} does not satisfy the condition x^{′μ}(σ) ~A^{U (0)}_{μσ} = 0 for k ≠ 0, while A^{U (0)}_{μσ} satisfies the condition x^{′μ}(σ)A^{U (0)}_{μσ} = 0. As we have discussed in Sec. 2, this fact is consistent with the fact that the U(1) gauge field ~A^U_{μσ} does not satisfy the condition x^{′μ}(σ) ~A^U_{μσ} = 0 unless k = 0.

4) X_{[μ} Y_{ν]} ȷ X_μY_ν � X_ν Y_μ, X_{(μ}Y_{ν)} ȷ X_μ Y_ν + X_ν Y_μ .

Next, let us consider the field strength. Substituting (3.3) into (2.12), by virtue of (2.1) we obtain F^{Y (0)}_{μρ,νσ} written in terms of the field strength of A_μ^a:

F^{Y (0)}_{μρ,νσ} = g_0 F_{μν}^a(x(σ)) T_a(σ) δ(ρ − σ) , (3.11)

with

F_{μν}^a(x) = ∂_μA_ν^a(x) − ∂_νA_μ^a(x) − A_μ^b(x)A_ν^c(x)f_{bc}^a . (3.12)

Also the substitution of (3.3), (3.4) and (3.11) into (2.15) yields

H^{U (0)}_{μρ,νσ} = q_0 x^{′λ}(σ)H_{μνλ}(x(σ)) (3.13)

with

H_{μνκ}(x) = F_{μνκ}(x) + k̃_0Ω_{μνκ}(x) , (3.14) and F_{μνλ}(x) ≡ ∂_μB_{νλ}(x) + ∂_νB_{λμ}(x) + ∂_λB_{μν} (x) , (3.15)

Ω_{μνλ}(x) = A_{[μ}^a(x)∂_νA_{λ],a}(x) − g_0 3 A_{[μ}^a(x)A_ν^b(x)A_{λ]}^c(x)f_{abc} . (3.16)

Here, Ω_{μνλ} occurring in H_{μνλ} is a Chern-Simons 3-form. Reflecting the fact that ~F^{U (0)}_{μρ,νσ} is gauge invariant, H_{μνλ} becomes also invariant under the transformation rules of (3.5) and (3.6).

Finally, let us derive the action S^{(0)}_R of the local fields A_μ^a and B_{μν} . Substituting (3.11) and (3.13) into (2.18) and (2.19), respectively, and integrating them over ρ, χ and ω, we obtain the Lagrangians L^{Y (0)} and L^{U (0)} expressed as integrals over σ:

L^{Y (0)} = − 1 4 N^Y g^2_0 δ(0)^2

∫_2π 0 dσ 2π F_{μν,a}(x(σ))F^{μν,a}(x(σ)) , (3.17)

L^{U (0)} = − 1 4 N^U q^2_0δ(0)

∫_2π 0 dσ 2π x^{′κ}(σ)x^′_λ(σ)H_{κμν} (x(σ))H^{λμν}(x(σ)) . (3.18) We next insert (3.17) and (3.18) into (2.17) and expand the functions of x^μ(σ), F_{μν,a}(x(σ))F^{μν,a}(x(σ)) and H_{μνλ}(x(σ))H^{μνλ}(x(σ)), about x^{μ0}. Then, all the differential coefficients at x^{μ0} in each Taylor series become total derivatives with respect to x^{μ0} and vanish under the boundary conditions with |x^{μ0}| → ∞. As a result, we obtain an action in which the argument x^μ(σ) of the functions is replaced with x^{μ0}.

Carrying out the integrations with respect to x^{μn} after the Wick rotations x^{μn} → −ix^{μn} (n ≠ 0), we obtain the action S^{(0)}_R as

S^{(0)}_R = ∫ d^Dx { − 1 4 F_{μν}^a(x)F^{μν}_a(x) + 1 12 H_{μνλ}(x)H^{μνλ}(x) } . (3.19)

Here, we set the normalization conditions as N^Y g^2_0 δ(0) = 1 and 3N^U q^2_0l^2δ^2(0)/2 = 1. Thus, we obtain the action describing the system with the coupling between the local Yang-Mills fields A_μ^a and the abelian antisymmetric tensor field B_{μν} via the Chern-Simons 3-form. Setting the structure constants f_{ab}^c to 0 in (2.1), we can obtain the action (3.19) in the abelian version. It describes the system with the coupling between the U(1) gauge field A_μ and the abelian antisymmetric tensor field B_{μν} via the abelian Chern-Simons 3-form. Such couplings have been introduced by de Wit et al. in the abelian case and Chapline and Manton in the non-abelian case. [1] [2] They assign the transformation rule (3.6) to the antisymmetric tensor field B_{μν} in order for (3.14) to be gauge invariant. In contrast, we can naturally derive (3.6) in the framework of the gauge theory.

4 Application of the non-linear realization to the EYMT

In this section, we discuss the local field theories for higher rank tensor fields based on the EYMT.

Let us consider the solutions of (2.7) consisting of local functions on M^D:

Λ^{Y (p)}[x] =

∫_2π 0 dσ 2π g_pQ^{μ1} (σ)Q^{μ2}(σ) · · · Q^μp(σ) λ_{μ1μ2,...,μ}p^a(x(σ))T_a(σ) . (4.1) Here, Q_μ(σ) ≡ x^{′μ}(σ)/ √ −x^{′ 2}(σ),^{5)} where the λ_{μ1μ2,...,μ}p^a(x) are infinitesimal tensor function of rank p (p = 0, 1, 2, . . . ,) on M^D and g_p is a constant of dimension [length]

D�4_2 . Similarly, the solutions of (2.8) are given by

Λ^{U (p)}[x] =

∫_2π 0 dσ 2π q_p √ −x^{′ 2}(σ)Q^{μ1} (σ)Q^{μ2}(σ) · · · Q^μp(σ)Q^μp^{+1} (σ) λ_{μ1μ2,...,μ}p_μp_{+1} (x(σ)) + ∫_2π 0 dσ 2π e_pQ^{′μ1} (σ)Q^{μ2}(σ) · · · Q^μp(σ) κ_{μ1μ2,...,μ}p(x(σ)) , (4.2) where λ_{μ1μ2,...,μ}p_μp_{+1} (x) and κ_{μ1μ2,...,μ}p(x) are infinitesimal tensor functions of rank (p +1) and p on M^D, and q_p and e_p are constants of dimension [length]

D�6_2

and [length]

D�4_2 , respectively.

Setting p = 0, the infinitesimal functions (4.1) and (4.2) correspond to (3.1) and (3.2), respectively.

Any general solution of (2.7) is given as a linear combination of Λ^{Y (p)}, while any general solution of (2.8) is given as a linear combination of Λ^{U (p)}. Explicitly, Λ^Y [x] and Λ^U [x] can be expressed as Λ^Y [x] ≡ ∑_∞ p=0 Λ^{Y (p)}[x] and Λ^U [x] ≡ ∑_∞ p=0 Λ^{U (p)}[x]. (The coefficients of the terms in these sums are absorbed into g_p and q_p.) Consequently, any infinitesimal function Λ consisting of local functions on M^D is given in the form of a linear combination:

Λ[x] = Λ^Y [x] + Λ^U [x] ≡ ∞∑ p=0 Λ^{(p)}[x] , (4.3)

5) x^{0 2}(σ) ȷ x^0_μ(σ)x^{0μ}(σ) .

with Λ^{(p)}[x] ≡ Λ^{Y (p)}[x] + Λ^{U (p)}[x] . (4.4) Corresponding to (4.3), we express the gauge field A_{μσ} as a linear combination of A^{(p)}_{μσ} associated with Λ^{(p)} : A_{μσ}[x] = A^Y_{μσ}[x] + ~A^U_{μσ}[x] ≡ ∞∑ p=0 A^{(p)}_{μσ} [x] , (4.5) with A^{(p)}_{μσ} [x] ≡ A^{Y (p)}_{μσ} [x] + ~A^{U (p)}_{μσ} [x] , (4.6) where A^{Y (p)}_{μσ} are Yang-Mills fields consisting of the local tensor fields of rank p and (p + 1) on M^D, and ~A^{U (p)}_{μσ} are U(1) gauge fields consisting of the local tensor fields of rank p, (p + 1) and (p + 2) on M^D. (As an exceptional case, A^{Y (0)}_{μσ} consists of local vector fields only, and ~A^{U (0)}_{μσ} [x] consists of local fields of second rank only.)

Substituting (4.3) and (4.5) into (2.2), and comparing the two sides of the resulting equation, we conclude that δA^{(p)}_{μσ} = ∂_{μσ}Λ^{(p)} + i p∑ k=0 [ A^{(k)}_{μσ} , Λ^{(p−k)} ] . (4.7) We note that A^{(0)}_{μσ} obeys the same gauge transformation as (2.2), while the A^{(p)}_{μσ} (p = 1, 2, 3, . . .) do not obey the gauge transformation as (2.2). Indeed, the gauge transformation of A^{(p)}_{μσ} (p = 1, 2, 3, . . .) depends on other gauge fields A^{(k)}_{μσ} [k (< p) = 0, 1, 2, 3, . . .].

Next, we consider the (naive) field strength of A^{(p)}_{μσ} . We substitute (4.5) into (2.11). Then we can decompose F_{μρ,νσ} as F_{μρ,νσ} = F^Y_{μρ,νσ} + F^U_{μρ,νσ} = ∞∑ p=0 F^{(p)}_{μρ,νσ} , (4.8) with F^{(p)}_{μρ,νσ} ≡ ∂_{μρ}A^{(p)}_{νσ} − ∂_{νσ}A^{(p)}_{μρ} + p∑ k=0 [ A^{(k)}_{μρ} , A^{(p−k)}_{νσ} ] . (4.9) Under the gauge transformation (4.7), the F^{(p)}_{μρ,νσ} transform as δF^{(p)}_{μρ,νσ} = i p∑ k=0 [ F^{(k)}_{μρ,νσ}, Λ^{(p−k)} ] . (4.10) From (4.10), we see that the F^{(p)}_{μρ,νσ} (p = 1, 2, 3, . . .) do not obey the same transformation rule δF_{μρ,νσ} = i[ F_{μρ,νσ}, Λ ], except F^{(0)}_{μρ,νσ}. Accordingly, we cannot construct the “modified” field strengths corresponding to (2.14) for A^{(p)}_{μσ} (p = 1, 2, 3, . . . , ) in the manner discussed in Sec. 2. To begin with, we must find the suitable field strengths of A^{(p)}_{μσ} (p = 1, 2, 3, . . . , ) that obey the same transformation rule as F_{μρ,νσ}. Such field strengths can be systematically derived by using a non-linear realization method.

Let us consider the linear subspace ^g^{(p)}_k all of whose elements have the form

Ξ^{(p)}[x] ≡ Ξ^{Y (p)}[x] + Ξ^{U (p)}[x] , (4.11)

with

Ξ^{Y (p)}[x] =

∫_2π 0 dσ 2π g_pQ^{μ1} (σ)Q^{μ2} (σ) · · · Q^μp(σ) ξ_{μ1μ2,...,μ}p^a(x(σ))T_a(σ) , (4.12)

Ξ^{U (p)}[x] =

∫_2π 0 dσ 2π q_p √ −x^{′ 2}(σ)Q^{μ1} (σ)Q^{μ2} (σ) · · · Q^μp(σ)Q^μp^{+1} (σ) ξ_{μ1μ2,...,μ}p_μp_{+1} (x(σ)) + ∫_2π 0 dσ 2π e_pQ^{′μ1} (σ)Q^{μ2} (σ) · · · Q^μp(σ) ζ_{μ1μ2,...,μ}p(x(σ)) . (4.13) Here, ξ_{μ1μ2,...,μ}p^a(x) and ζ_{μ1μ2,...,μ}p(x) are arbitrary tensor functions of rank p and ξ_{μ1μ2,...,μ}p_μp_{+1} (x) is an arbitrary tensor function of rank (p +1) on M^D. Using (2.1), we obtain a commutation relation for every Ξ^{(p)}[x] ∈ ^g^{(p)}_k and Ξ^{(q)}[x] ∈ ^g^{(q)}_k as

[ Ξ^{(p)}, Ξ^{(q)} ] ∈ ^g^{(p+q)}_k . (4.14)

This commutation relation shows that the linear subspace ^g^{(0)}_k is a Lie algebra, whereas ^g^{(p)}_k (p = 1, 2, 3, . . .) is not a Lie algebra. The direct sum ^g_k ≡ ⨁_∞ p=0 ^g^(p^)k is obviously a Lie algebra. Thus,

the linear subspace ^g^{(0)}_k forms a subalgebra of ^g_k. We consider the Lie groups ^G_k and ^G^{(0)}_k associated with ^g_k and ^g^{(0)}_k , respectively. Here, both ^G_k and ^G^{(0)}_k are Lie subgroups of the affine Lie group ^G_k. Since ^G^{(0)}_k is a subgroup of ^G_k, we can consider the coset manifold ^G_k/ ^G^{(0)}_k . We introduce the scalar field Φ^{(p)}[x] on loop space so as to parameterize the coset representative of ^G_k/^G^{(0)}_k :

V[Φ] = exp −i ∞∑ p=1 Φ^{(p)}[x]

. (4.15)

Here Φ^{(p)}[x] is an element of ^g^{(p)}_k :

Φ^{(p)}[x] = Φ^{Y (p)}[x] + Φ^{U (p)}[x] . (4.16)

The (finite) transformation rule of V[Φ] → V[Φ̄] for X ∈ ^G_k is given by

V[Φ] → V[Φ̄] = X V[Φ]Y^{−1}[Φ, X ] , (4.17)

where X = exp(−i ∑_∞ p=0 Ξ^{(p)}) and Y = exp(−iΞ^{(0)}). (Here, Y depends on X and Φ.)

Next, we define the vector field ^A_{μσ} by using A_{μσ} and V[Φ]: ^A_{μσ} ≡ V^{−1}A_{μσ}V − iV^{−1}∂_{μσ}V . (4.18) Substituting (4.5) and (4.15) into (4.18), we can express ^A_{μσ} as a linear combination: ^A_{μσ} = ∑_∞ p=0 ^A^{(p)}_{μσ} . The concrete forms of ^A^{(0)}_{μσ} and ^A^{(1)}_{μσ} are given by ^A^{(0)}_{μσ} = A^{(0)}_{μσ} , (4.19)

^A^{(1)}_{μσ} = A^{(1)}_{μσ} − (∂_{μσ}Φ^{(1)} + i[ A^{(0)}_{μσ} , Φ^{(1)} ]) , (4.20) respectively. Under the transformation (4.17) and the finite gauge transformation A_{μσ} → Ā_{μσ} = X A_{μσ}X^{−1} − iX ∂_{μσ}X^{−1}, we obtain the finite gauge transformation rule of ^A_{μσ}: ^A_{μσ} → ¯^A_{μσ} = Y ^A_{μσ}Y^{−1} − iY∂_{μσ}Y^{−1} . (4.21) Consequently, the (naive) field strength ^F_{μρ,νσ} ≡ ∂_{μρ} ^A_{νσ} − ∂_{νσ} ^A_{μρ} + i[ ^A_{μρ}, ^A_{νσ} ] obeys the transformation rule ^F_{μρ,νσ} → ¯^F_{μρ,νσ} = Y ^F_{μρ,νσ}Y^{−1} . (4.22) Replacing Ξ^{(0)} with the infinitesimal function Λ^{(0)} in Y, we obtain the infinitesimal transformation rule of ^F_{μρ,νσ} from (4.22): δ ^F_{μρ,νσ} = i[ ^F_{μρ,νσ}, Λ^{(0)} ] . (4.23) As in (4.8), we express ^F_{μρ,νσ} as a linear combination, ^F_{μρ,νσ} = ∑_∞ p=0 ^F^{(p)}_{μρ,νσ}, with ^F^{(p)}_{μρ,νσ} = ^F^{Y (p)}_{μρ,νσ} + ^F^{U (p)}_{μρ,νσ} , (4.24) and ^F^{Y (p)}_{μρ,νσ} = ∂_{μρ} ^A^{Y (p)}_{νσ} − ∂_{νσ} ^A^{Y (p)}_{μρ} + i p∑ k=0 [ ^A^{Y (k)}_{μρ} , ^A^{Y (p−k)}_{νσ} ]^Y , (4.25)

^F^{U (p)}_{μρ,νσ} = ∂_{μρ} ^A^{U (p)}_{νσ} − ∂_{νσ} ^A^{U (p)}_{μρ} + i p∑ k=0 [ ^A^{Y (k)}_{μρ} , ^A^{Y (p−k)}_{νσ} ]^U . (4.26) Here, ^F^{(0)}_{μρ,νσ} is identical with F^{(0)}_{μρ,νσ}. From (4.23), we see that the infinitesimal transformation rules of ^F^{(p)}_{μρ,νσ} (p = 0, 1, 2, . . .) are given by δ ^F^{(p)}_{μρ,νσ} = i[ ^F^{(p)}_{μρ,νσ}, Λ^{(0)} ]. Note that every ^F^{(p)}_{μρ,νσ} (p = 0, 1, 2, . . .) obeys the same transformation rule as ^F_{μρ,νσ}. From ^F^{(p)}_{μρ,νσ}, we can construct the modified field strengths of A^{(p)}_{μσ} (p = 1, 2, 3, . . .) in the manner discussed in Sec. 2.

We define the field strength of A^{(p)}_{μσ} in the same way as (2.14): ^H^{(p)}_{μρ,νσ} = ^F^{Y (p)}_{μρ,νσ} + ^H^{U (p)}_{μρ,νσ} , (4.27) with ^H^{U (p)}_{μρ,νσ} ≡ ^F^{U (p)}_{μρ,νσ} + k ∫ dω 2π x^{′λ}(ω)Tr [ A^{Y (0)}_{λω} ^F^{Y (p)}_{μρ,νσ} ] , (4.28)

where ^H^{U (p)}_{μρ,νσ} becomes gauge-invariant owing to the condition (2.7).

Finally, we obtain the action for A^{(p)}_{μσ} as

S^{(p)}_R = 1 V_R ∫ [dx] ( L^{Y (p)} + L^{U (p)} ) exp ( − L l^2 ) , (4.29)

with the Lagrangians

L^{Y (p)} = − 1 4 N^Y G^{κρ,λσ}G^{μχ,νω}Tr[ ^F^{Y (p)}_{κρ,μχ} ^F^{Y (p)}_{λσ,νω} ] , (4.30)

L^{U (p)} = − 1 4 N^U G^{κρ,λσ}G^{μχ,νω} ^H^{U (p)}_{κρ,μχ} ^H^{U (p)}_{λσ,νω} , (4.31) where the same damping factor is introduced as in (2.17). Obviously, the Lagrangians L^{Y (p)} and L^{U (p)} are gauge invariant. Also, the action S^{(p=0)}_R is identical with the action given in Sec. 3. In this way, the suitable action for A^{(p)}_{μσ} can be systematically derived using the formalism of the non-linear realization.

5 The Chapline-Manton coupling for higher rank tensor fields

Referring to the previous section, we now derive the local field theory with couplings among non-abelian tensor fields of second rank, local Yang-Mills fields and abelian tensor fields of third rank. Let us consider the next simplest solutions (2.7) and (2.8) consisting of local functions on M^D,

Λ^{Y (1)}[x] =

∫_2π 0 dσ 2π g_1Q^μ(σ) λ_μ^a(x(σ)) T_a(σ) , (5.1)

Λ^{U (1)}[x] =

∫_2π 0 dσ 2π q_1 √ −x^{′ 2}(σ)Q^μ(σ)Q^ν(σ) ξ_{μν} (x(σ)) + ∫_2π 0 dσ 2π e_1Q^{′μ}(σ) κ_μ(x(σ)) , (5.2)

where λ_μ^a(x) and κ_μ(x) are infinitesimal vector functions, and ξ_{μν} (x) is an infinitesimal tensor function of second rank. The constants g_1 and e_1 are of dimension [ length ]

D�4_2 , and q_1 is of dimension [ length ]

D�6_2

. The infinitesimal functions (5.1) and (5.2) correspond to (4.1) and (4.2) with p = 1, respectively. In this case, however, we can rewrite (5.2) in a more simple form as Λ^{U (1)}[x] =

∫_2π 0 dσ 2π q_1 √ −x^{′ 2}(σ)Q^μ(σ)Q^ν(σ) λ_{μν} (x(σ)) (5.3)

with a redefinition of the infinitesimal tensor function: λ_{μν} (x) ≡ ξ_{μν} (x) − (e_1/2q_1)∂_{(μ}κ_{ν)}(x). In deriving (5.3), we carried out a partial integration over σ for the second term on the right-hand side of (5.2). Corresponding to (5.1) and (5.3), we take the Yang-Mills field A^{Y (1)}_{μσ} and the U(1) gauge field A^{U (1)}_{μσ} consisting of local fields on M^D as

A^{Y (1)}_{μσ} [x] = g_1Q^ν(σ)B_{μν}^a(x(σ))T_a(σ) − 1 2 g_1Q_μ(σ)Q^ν(σ)Q^κ(σ) C_{νκ}^a(x(σ))T_a(σ)

− g̃_1ϕ_ν^a(x(σ))D_σ

Π_μ^ν (σ) T_a(σ) √ −x^{′2}(σ) , (5.4)

~A^{U (1)}_{μσ} [x] = q_1 √ −x^{′2}(σ)Q^ν(σ)Q^κ(σ)U_{μνκ}(x(σ)) + q_1 √ −x^{′2}(σ)Q_μ(σ)Q^ν(σ)Q^κ(σ)Q^λ(σ)V_{νκλ}(x(σ)) − q̃_1Q^{′ν}(σ){B_{μν}(x(σ)) + C_{μν}(x(σ))} − q̃_1 d dσ (Q_μ(σ)Q^ν(σ)Q^κ(σ)) ϕ_{νκ}(x(σ)) , (5.5)

where Π^μ_ν (σ) ≡ δ^μ_ν + Q^μ(σ)Q_ν(σ). The differential D_σ is defined as D_σP_a(σ) ≡ dP_a(σ)/dσ + g_0x^{′μ}(σ)A_μ^b(x(σ))f_{ba}^cP_c(σ) with P_a(σ) an arbitrary function of σ, where the A_μ^a(x) are the local Yang-Mills fields. Here, U_{μνλ}(x) is a tensor field of third rank with the symmetric property U_{λμν} = U_{λνμ}, V_{μνλ}(x) is a totally symmetric tensor field of third rank, B_{μν}^a(x) and B_{μν} (x) are antisymmetric tensor fields of second rank, C_{μν}^a(x), C_{μν}(x) and ϕ_{μν} (x) are symmetric tensor fields of second rank, and ϕ_μ^a(x) are vector fields. The constants g̃_1 and q̃_1 are of dimension [length]

D�6_2

and [length]

D�2_2

, respectively.

From (4.7), the gauge-transformation rules of A^{Y (1)}_{μσ} and A^{U (1)}_{μσ} are given by

δA^{Y (1)}_{μσ} = ∂_{μσ}Λ^{Y (1)} + i[ A^{Y (1)}_{μσ} , Λ^{Y (0)} ]^Y + i[ A^{Y (0)}_{μσ} , Λ^{Y (1)} ]^Y , (5.6)

δ ~A^{U (1)}_{μσ} = ∂_{μσ}Λ^{U (1)} + i[ A^{Y (1)}_{μσ} , Λ^{Y (0)} ]^U + i[ A^{Y (0)}_{μσ} , Λ^{Y (1)} ]^U . (5.7)

Substituting (3.1), (3.3), (5.1) and (5.4) into (5.6), we obtain the infinitesimal transformation rules of the local fields B_{μν}^a(x), C_{μν}^a(x) and ϕ_μ^a(x) as

δB_{μν}^a(x) = D_{[μ}λ_{ν]}^a(x) − g_0B_{μν}^b(x)λ^c(x)f_{bc}^a , (5.8) δC_{μν}^a(x) = D_{(μ}λ_{ν)}^a(x) − g_0C_{μν}^b(x)λ^c(x)f_{bc}^a , (5.9)

δϕ_μ^a(x) = m_{g1}λ_μ^a(x) − g_0ϕ_μ^b(x)λ^c(x)f_{bc}^a , (5.10)

where m_{g1} ≡ g_1/g̃_1 is a constant of dimension [length]^{−1} and D_μ denotes the covariant derivative given by (3.5). We see that the local fields B_{μν}^a(x), C_{μν}^a(x) and ϕ_μ^a(x) obey non-abelian gauge transformation rules [14]. Similarly, substituting (3.1), (3.2), (3.3), (5.1), (5.3), (5.4) and (5.5) into (5.7) yields the infinitesimal transformation rules of the local fields U_{μνλ}(x), V_{μνλ}(x), B_{μν} (x), C_{μν}(x) and ϕ_{μν} (x): δB_{μν} (x) = k̃_1 2 ( m_{q1}A_{[μ}^a(x)λ_{ν],a}(x) − ϕ_{[μ}^a(x)∂_{ν]}λ_a(x) ) , (5.11)

δC_{μν} (x) = 2m_{q1}λ_{μν} (x) + k̃_1 2 ( m_{q1}A_{(μ}^a(x)λ_{ν),a}(x) − ϕ_{(μ}^a(x)∂_{ν)}λ_a(x) ) , (5.12)

δU_{μνκ}(x) = ∂_μλ_{νκ}(x) − ∂_{(ν}λ_{κ)μ}(x) − k̃_1 2 ( A_μ^a(x)∂_{(ν}λ_{κ),a}(x) + B_{μ(ν}^a∂_{κ)}λ_a(x) − 1 m_{g1} ϕ_μ^a(x)D_{(ν}∂_{κ)}λ_a(x) ) , (5.13) δV_{μνκ}(x) = − 1 6 ∂_{(μ}λ_{νκ)}(x) + k̃_1 12 ( C_{(μν}^a∂_{κ)}λ_a(x) + 2 m_{g1} ϕ_{(μ}^a(x)D_ν ∂_{κ)}λ_a(x) ) ,^{6)} (5.14)

δϕ_{μν} (x) = m_{q1}λ_{μν} (x) − k̃_1 2 m_{q1} m_{g1} ϕ_{(μ}^a(x)∂_{ν)}λ_a(x) . (5.15)

Here m_{q1} ≡ q_1/q̃_1 and k̃_1 ≡ kg_0g_1/q_1 are constants of dimension [length]^{−1} and [length], respectively. The local fields U_{μνλ}(x), V_{μνλ}(x), B_{μν} (x), C_{μν} (x) and ϕ_{μν} (x) obey abelian gauge transformation rules. As we expected, the non-abelian local fields A_μ^a, B_{μν}^a, C_{μν}^a and ϕ_μ^a appear in the infinitesimal transformation rules of these abelian local fields.

As in the case of (3.8), we can find the gauge invariant tensor fields under the transformation rules (5.8)–(5.15) and (3.5). We obtain ~B_{μν} (x) ≡ B_{μν} (x) − k̃_1 2 m_{q1} m_{g1} A_{[μ}^a(x)ϕ_{ν],a}(x) , (5.16)

~C_{μν}(x) ≡ C_{μν}(x) − 2ϕ_{μν} (x) − k̃_1 2 m_{q1} m_{g1} A_{(μ}^a(x)ϕ_{ν),a}(x) , (5.17)

6 ) X_{(μ}Y_ν Z_{λ)} ȷ X_μY_ν Z_λ + X_ν Y_λZ_ν + X_λ Y_μZ_ν + X_λY_ν Z_μ + X_ν Y_μZ_λ + X_μ Y_λZ_ν .

~V_{μνλ}(x) ≡ V_{μνλ}(x) − S_{μνλ}(x) − k̃_1 12 C_{(μν}^a(x)A_{λ),a}(x) , (5.18)

where S_{μνλ}(x) is the irreducible component of U_{μνλ}(x) given by S_{μνλ} ≡ (U_{μνλ} + U_{νλμ} + U_{λμν})/3.

Eliminating B_{μν} , C_{μν} and V_{μνλ} from (5.5) by using (5.16), (5.17) and (5.18), we can rewrite (5.5) in terms of the abelian local fields ~B_{μν} , ~C_{μν} , ~V_{μνλ}, U_{μνλ}, S_{μνλ} and ϕ_{μν} and the non-abelian local fields C_{μν}^a, ϕ_μ^a and A_μ^a. As in Sec. 3, we next remove the gauge invariant tensor fields ~B_{μν} , ~C_{μν} and ~V_{μνλ} from (5.5). Then (5.5) can be rewritten as

~A^{U (1)}_{μσ} [x] = A^{U (1)}_{μσ} [x] − k̃_1q_1 1 m_{g1} Q^{′ν}(σ)A_μ^a(x(σ))ϕ_{ν,a}(x(σ)) + k̃_1 2 q_1 √ −x^{′2}(σ)Q_μ(σ)Q^ν(σ)Q^κ(σ)Q^λ(σ)C_{νκ}^a(x(σ))A_{λ,a}(x(σ)) , (5.19)

with

A^{U (1)}_{μσ} [x] = q_1 √ −x^{′2}(σ){δ_μ^{[ν}Q^{κ]}(σ)Q^ζ(σ) − Π_μ^ζ(σ)Q^ν(σ)Q^κ(σ)}A_{νκζ}(x(σ)) − q̃_1 √ −x^{′2}(σ){Q^′_μ(σ)Q^ν(σ)Q^κ(σ) + 2Π_μ^ν (σ)Q^{′κ}(σ)}ϕ_{νκ}(x(σ)) , (5.20)

where A_{μνλ}(x) is a tensor field of third rank defined by A_{μνλ} ≡ (U_{μνλ} − 3S_{μνλ})/2 and has the symmetry property A_{λμν} = A_{λνμ}. The infinitesimal transformation rule of A_{μνλ}(x) is given by δA_{μνκ}(x) = ∂_μλ_{νκ}(x) + k̃_1 4 ( A_{(ν}^a(x)∂_{κ)}λ_{μ,a}(x) + ∂_μλ_{(ν}^a(x)A_{κ),a}(x) − B_{μ(ν}^a(x)∂_{κ)}λ_a(x) − 1 m_{g1} ϕ_{(ν}^a(x)D_{κ)}∂_μλ_a(x) − 1 m_{g1} D_μ∂_{(ν} λ^a(x)ϕ_{κ),a}(x) ) . (5.21)

The U(1) gauge field ~A^{U (1)}_{μσ} is reduced to A^{U (1)}_{μσ} by setting k = 0. As we have seen in Sec. 3, we can also check that ~A^{U (1)}_{μσ} does not satisfy the condition x^{′μ}(σ) ~A^{U (1)}_{μσ} = 0 if k ≠ 0, while A^{U (1)}_{μσ} , which is written in terms of the abelian local tensor fields, satisfies the condition x^{′μ}(σ)A^{U (1)}_{μσ} = 0. [17]

Next, let us consider the scalar field Φ^{(1)} = Φ^{Y (1)} + Φ^{U (1)}, where Φ^{(1)} corresponds to (4.16) with p = 1. From (4.17), we see that Φ^{Y (1)} and Φ^{U (1)} obey the infinitesimal transformation rules

δΦ^{Y (1)} = Λ^{Y (1)} + i[ Φ^{Y (1)}, Λ^{Y (0)} ]^Y , (5.22)

δΦ^{U (1)} = Λ^{U (1)} + i[ Φ^{Y (1)}, Λ^{Y (0)} ]^U . (5.23)

We express the scalar fields Φ^{Y (1)} and Φ^{U (1)} in terms of the local fields on M^D. Since the infinitesimal scalar functions Λ^{Y (1)}, Λ^{U (1)} and Λ^{Y (0)} are reparametrization invariant, Φ^{Y (1)} and Φ^{U (1)} also have to be reparametrization invariant. Taking account of this, we express Φ^{Y (1)} and Φ^{U (1)} in terms of the local fields ϕ_μ^a and ϕ_{μν}, respectively, as

Φ^{Y (1)}[x] =

∫_2π 0 dσ 2π g̃_1Q^μ(σ)ϕ_μ^a(x(σ))T_a(σ) , (5.24)

Φ^{U (1)}[x] = ∫ dσ 2π q̃_1 √ −x^{′2}(σ)Q^μ(σ)Q^ν(σ)ϕ_{μν}(x(σ)) , (5.25)

where g̃_1 and q̃_1 are the constants appearing in (5.4) and (5.5). The transformation rules (5.22) and (5.23) lead to infinitesimal transformation rules of ϕ_{μν} and ϕ_μ^a. However, we find that the transformation rules of ϕ_μ^a and ϕ_{μν} are compatible with (5.10) and (5.15).

From (4.20), the vector fields ^A^{Y (1)}_{μσ} and ^A^{U (1)}_{μσ} are given by

^A^{Y (1)}_{μσ} ≡ A^{Y (1)}_{μσ} − ∂_{μσ}Φ^{Y (1)} + i[ A^{Y (0)}_{μσ} , Φ^{Y (1)} ]^Y , (5.26)

^A^{U (1)}_{μσ} ≡ ~A^{U (1)}_{μσ} − ∂_{μσ}Φ^{U (1)} + i[ A^{Y (0)}_{μσ} , Φ^{Y (1)} ]^U . (5.27)

Substituting (5.4), (5.24), and (3.3) into (5.26), we obtain

^A^{Y (1)}_{μσ} = g_1Q^ν(σ) ^B_{μν}^a(x(σ))T_a(σ) − 1 2 g_1Q_μ(σ)Q^ν(σ)Q^λ(σ) ^C_{νλ}^a(x(σ))T_a(σ) , (5.28)

with ^B_{μν}^a(x) ≡ B_{μν}^a(x) − 1 m_{g1} D_{[μ}ϕ_{ν]}^a(x) , (5.29) ^C_{μν}^a(x) ≡ C_{μν}^a(x) − 1 m_{g1} D_{(μ}ϕ_{ν)}^a(x) . (5.30)

Under the transformation rules (5.8), (5.9), (5,10) and (3.5), ^B_{μν}^a and ^C_{μν}^a transform homogeneously:

δ ^B_{μν}^a(x) = −g_0 ^B_{μν}^b(x)λ^c(x)f_{bc}^a , (5.31)

δ ^C_{μν}^a(x) = −g_0 ^C_{μν}^b(x)λ^c(x)f_{bc}^a . (5.32) The transformation rules (5.31) and (5.32) are compatible with the gauge transformation rules δ ^A^{Y (1)}_{μσ} = i[ ^A^{Y (1)}_{μσ} , Λ^{Y (0)} ]^Y . Also, substitution of (5,19), (5,24), (5.25) and (3.3) into (5.27) yields

^A^{U (1)}_{μσ} [x] = q_1 √ −x^{′2}(σ)Q^ν(σ)Q^λ(σ)B_{μνλ}(x(σ)) − 1 2 q_1 √ −x^{′2}(σ)Q_μ(σ)Q^ν(σ)Q^κ(σ)Q^λ(σ)C_{νκλ}(x(σ)) . (5.33) with B_{μνλ}(x) ≡ ~A_{μνλ}(x) − ~A_{(νλ)μ}(x) + k̃_1 2m_{g1} A_μ^a(x)∂_{(ν}ϕ_{λ),a}(x) , (5.34) C_{μνλ}(x) ≡ 1 3 ~A_{(μνλ)}(x) − k̃_1 6 C_{(μν}^a(x)A_{λ),a}(x) , (5.35)

and ~A_{μνλ}(x) ≡ A_{μνλ}(x) − (1/m_{q1})∂_μϕ_{νλ}(x). Here, ~A_{μνλ} is a third-rank tensor field that is gauge invariant under k = 0. [17] By setting k = 0, the abelian tensor fields B_{μνλ} and C_{μνλ} are reduced to the (irreducible) components of ~A_{μνλ}. Under the transformation rules of (5.9), (5.10), (5.15), (5,21) and (3.5), we see that B_{μνλ} and C_{μνλ} obey simple transformation rules: δB_{μνκ}(x) = − k̃_1 2 ^B_{μ(ν}^a(x)∂_{κ)}λ_a(x) , (5.36)

δC_{μνκ}(x) = − k̃_1 6 ^C_{(μν}^a(x)∂_{κ)}λ_a(x) . (5.37)

These transformation rules are also compatible with the gauge transformation rule δ ^A^{U (1)}_{μσ} = i[ ^A^{Y (1)}_{μσ} , Λ^{Y (0)} ]^U .

We next express the field strength ^H^{(1)}_{μρ,νσ} in terms of the local fields, where ^H^{(1)}_{μρ,νσ} corresponds to (4.27) with p = 1. The concrete forms of ^F^{Y (1)}_{μρ,νσ} and ^H^{U (1)}_{μρ,νσ} are given by

^F^{Y (1)}_{μρ,νσ} ≡ ∂_{μρ} ^A^{Y (1)}_{νσ} − ∂_{νσ} ^A^{Y (1)}_{μρ} + i[ A^{Y (0)}_{μρ} , ^A^{Y (1)}_{νσ} ]^Y + i[ ^A^{Y (1)}_{μρ} , A^{Y (0)}_{νσ} ]^Y , (5.38) ^H^{U (1)}_{μρ,νσ} ≡ ∂_{μρ} ^A^{U (1)}_{νσ} − ∂_{νσ} ^A^{U (1)}_{μρ} + i[ A^{Y (0)}_{μρ} , ^A^{Y (1)}_{νσ} ]^U + i[ ^A^{Y (1)}_{μρ} , A^{Y (0)}_{νσ} ]^U + k ∫ dω 2π x^{′λ}(ω)Tr [ A^{Y (0)}_{λω} ^F^{Y (1)}_{μρ,νσ} ] . (5.39)

As was mentioned in Sec. 4, ^F^{Y (1)}_{μρ,νσ} obeys the homogeneous gauge transformation rule δ ^F^{Y (1)}_{μρ,νσ} = i[ ^F^{Y (1)}_{μρ,νσ}, Λ^{Y (0)} ]^Y , while ^H^{U (1)}_{μρ,νσ} is gauge invariant: δ ^H^{U (1)}_{μρ,νσ} = 0. Substituting (5.28) and (3.3) into (5.38), we obtain ^F^{Y (1)}_{μρ,νσ} in terms of the local fields: ^F^{Y (1)}_{μρ,νσ}[x] = 1 2 g_1δ(ρ − σ) [ Q^λ(ρ)^H_{λμν}^a(x(ρ))T_a(ρ) + ^B_{μν}^a(x(ρ))D_ρ T_a(ρ) √ −x^{′2}(ρ) − 1 2 ^I_{λ[μ}^a(x(ρ))D_ρ Q_{ν]}(ρ)Q^λ(ρ) T_a(ρ) √ −x^{′2}(ρ) − 1 2 Q^κ(ρ)Q^λ(ρ)Q_{[μ}(ρ) ^J_{ν]κλ}^a(x(ρ))T_a(ρ) ]

− 1 2 g_1δ^′(ρ − σ) [ {Q^λ(ρ)Q_{(μ}(ρ) ^I_{ν)λ}^a(x(ρ))

−(3Q_μ(ρ)Q_ν(ρ) + η_{μν} )Q^κ(ρ)Q^λ(ρ) ^C_{κλ}^a(x(ρ))} T_a(ρ) √ −x^{′2}(ρ) ]

−(all of the above terms with μ ↔ ν and ρ ↔ σ. ) , (5.40) with ^H_{λμν}^a(x) ≡ D_λ ^B_{μν}^a(x) + D_μ ^B_{νλ}^a(x) + D_ν ^B_{λμ}^a(x) , (5.41)

^I_{μν}^a(x) ≡ ^B_{μν}^a(x) − ^C_{μν}^a(x) , (5.42)

^J_{λμν}^a(x) ≡ D_μ ^B_{λν}^a(x) + D_μ ^C_{λν}^a(x) + D_λ ^C_{μν}^a(x) . (5.43) It is obvious that ^H_{λμν}^a(x), ^I_{μν}^a(x) and ^J_{λμν}^a(x) transform homogeneously. We next substitute (5.28), (5.33), (5.40) and (3.3) into (5.39). After a little tedious calculation, we obtain ^H^{U (1)}_{μρ,νσ} in terms of the local fields: ^H^{U (1)}_{μρ,νσ} = − 1 4 q_1δ(ρ − σ) × [√ −x^{′2}(ρ) { − 2Q^κ(ρ)Q^λ(ρ)δ_{[μ̇}^ζ + 2Q^ζ(ρ)Q^λ(ρ)δ_{[μ̇}^κ

+Q^κ(ρ)Q^λ(ρ)Q^ζ(ρ)Q_{[μ̇}(ρ) } ∂_ζ ~B_{ν̇]κλ}(x(ρ)) + √ −x^{′2}(σ)Q^λ(ρ)Q^ζ(ρ) { − Q^κ(ρ)Q_{[μ}(ρ)δ_{ν]}^ω + 3 2 Q^ω(ρ)Q_{[μ}(ρ)δ_{ν]}^κ } ∂_ω ~C_{κλζ}(x(ρ)) +2k̃_1 √ −x^{′2}(ρ)Q^κ(ρ)Q^λ(ρ) ^B_{κ[μ}^a(x(ρ))F_{ν]λ,a}(x(ρ)) +k̃_1 √ −x^{′2}(ρ)Q^κ(ρ)Q^λ(ρ)Q^ζ(ρ)Q_{[μ̇}(ρ) ^C_{κλ}^a(x(ρ))F_{ν̇]ζ,a}(x(ρ)) + d dρ { 2Q^λ(ρ)δ_{[μ}^κ + Q^κ(ρ)Q^λ(ρ)Q_{[μ}(ρ) } ~B_{ν]κλ}(x(ρ)) + 3 2 d dρ { Q^κ(ρ)Q^λ(ρ)Q_{[μ}(ρ)δ_{ν]}^ζ } ~C_{κλζ}(x(ρ)) ]

+ 1 2 q_1δ^′(ρ − σ) × [ − { 2Q^λ(ρ)δ_{(μ}^κ + Q^κ(ρ)Q^λ(ρ)Q_{(μ}(ρ) } ~B_{ν)κλ}(x(ρ)) + { (3Q_μ(ρ)Q_ν(ρ) + η_{μν} ) Q^κ(ρ)Q^λ(ρ)Q^ζ(ρ) + 3 2 Q^κ(ρ)Q^λ(ρ)Q_{(μ}(ρ)δ_{ν)}^ζ } ~C_{κλζ}(x(ρ)) ] 7)

−(all of the above terms with μ ↔ ν and ρ ↔ σ. ) , (5.44)

with ~B_{μνλ}(x) ≡ B_{μνλ}(x) + 1 2 k̃_1 ^B_{μ(ν}^a(x)A_{λ),a}(x) , (5.45)

~C_{μνλ}(x) ≡ C_{μνλ}(x) + 1 6 k̃_1 ^C_{(μν}^a(x)A_{λ),a}(x) . (5.46)

Here F_{μν}^a is the field strength of A_μ^a. Obviously, ~B_{μνλ} and ~C_{μνλ} are invariant under the transformation rules (5.31), (5.32), (5.36), (5.37) and (3.5). Besides ~B_{μνλ} and ~C_{μνλ} and their derivatives, the two distinctive terms ^B_{μν}^aF_{λκ,a} and ^C_{μν}^aF_{λκ,a} occur in (5.44). These terms are also invariant under the transformation rules of (5.31), (5.32) and (3.5). Consequently, ^H^{U (1)}_{μρ,νσ} remains invariant under the transformation of the local fields. This invariance is compatible with the fact that δ ^H^{U (1)}_{μρ,νσ} = 0. Note that the terms ^B_{μν}^aF_{λκ,a} and ^C_{μν}^aF_{λκ,a} take the form of products of the field strengths F_{μν}^a and the non-abelian tensor fields ^B_{μν}^a or ^C_{μν}^a. These terms take the same form as the (non-abelian) BF-term, except for a totally antisymmetric property. [7] Accordingly, we refer to these terms as “BF-like terms” hereafter. We can regard the BF-like terms in (5.44) as a kind of generalization of the Chern-Simons terms Ω_{μνλ} in (3.13) for the non-abelian tensor fields ^B_{μν}^a and ^C_{μν}^a.

Finally, we consider the action S^{(1)}_R corresponding to (4.29) with p = 1. We divide S^{(1)}_R into S^{Y (1)}_R and S^{U (1)}_R as

S^{Y (1)}_R = 1 V_R ∫ [dx]L^{Y (1)} exp ( − L l^2 ) , (5.47)

S^{U (1)}_R = 1 V_R ∫ [dx]L^{U (1)} exp ( − L l^2 ) , (5.48)

with the Lagrangians

L^{Y (1)} = − 1 4 N^Y G^{κρ,λσ}G^{μχ,νω}Tr[ ^F^{Y (1)}_{κρ,μχ} ^F^{Y (1)}_{λσ,νω}] , (5.49)

L^{U (1)} = − 1 4 N^U G^{κρ,λσ}G^{μχ,νω} ^H^{U (1)}_{κρ,μχ} ^H^{U (1)}_{λσ,νω} . (5.50) From the definition of (5.47), it is obvious that S^{Y (1)}_R does not include the central charge k. This means that the action S^{Y (1)}_R is not affected by the central extension of the gauge group. In other words, the action S^{Y (1)}_R is coincident with the action whose gauge group is the loop group. The action S^{Y (1)}_R written in terms of the local fields is derived in Ref. 14). It describes a massive

7) X_{[μ̇} Y_ν Z_{κ̇]} ȷ X_μ Y_ν Z_κ � X_κ Y_ν Z_μ , X_{(μ̇}Y_ν Z_{κ̇)} ȷ X_μ Y_ν Z_κ + X_κ Y_ν Z_μ.

tensor field theory as non-abelian Stückelberg formalism for the tensor fields ^B_{μν}^a and ^C_{μν}^a. The local interactions among ^B_{μν}^a, ^C_{μν}^a and the local Yang-Mills fields A_μ^a are determined by the non-linear realization method developed for the loop gauge group. The central charge k does not appear in these interactions.

Let us now derive the action S^{U (1)}_R written in terms of the local fields. As was done in Sec. 3, substituting (5.44) into (5.50), we obtain L^{U (1)} in terms of the local fields. Next, inserting the Lagrangian into (5.48), and carrying out the integrations over x^{μn} (n ≠ 0) for (5.48), we obtain the action S^{U (1)}_R written in terms of the local fields. The concrete form of S^{U (1)}_R is given by S^{U (1)}_R = ∫ d^Dx [ − 1 4 { R_{μγξη}^{νζκλ}∂^μ ~B^{γξη}(x)∂_ν ~B_{ζκλ}(x) +a_1R_{ξη}^{κλ} ( ∂_κ ~B_{[μν]λ}(x) + ∂_{[μ} ~B_{ν]κλ}(x) ) × ( ∂^ξ ~B^{μνη}(x) + ∂^μ ~B^{νξη}(x) ) +4a_2R_{ξηγ}^{μκλ}∂^γ ~B^{νξη}(x) × ( 4∂_κ ~B_{[μν]λ}(x) + 4∂_{[μ} ~B_{ν]κλ}(x) + ∂_μ ~B_{νκλ}(x) ) +a_3R_{μγξη}^{νζκλ}∂^μ ~C^{γξη}(x)∂_ν ~C_{ζκλ}(x) +a_2R_{ξηγ}^{κλζ} ( 2∂_μ ~C_{κλζ}(x) − 3∂_κ ~C_{μλζ}(x) ) × ( 2∂^μ ~C^{ξηγ}(x) − 3∂^ξ ~C^{μηγ}(x) ) −2a_2R_{ξηγ}^{μκλ} ( 2∂^ν ~C^{ξηγ}(x) − 3∂^ξ ~C^{νηγ} (x) ) × ( 2∂_κ ~B_{[μν]λ}(x) + 2∂_{[μ} ~B_{ν]κλ}(x) + ∂_μ ~B_{νκλ}(x) ) −2a_3R_{μγξη}^{νζκλ}∂_ν ~B_{ζκλ}(x)∂^μ ~C^{γξη}(x) +2k̃_1a_1R_{ξη}^{κλ} ^B^{ξμ}_a(x)F^{νη,a}(x) ( ∂_κ ~B_{[μν]λ}(x) + ∂_{[μ} ~B_{ν]κλ}(x) ) −4k̃_1a_2R_{ξηγ}^{μκλ} ^C^{ξη}_a(x)F^{νγ,a}(x) × ( 2∂_κ ~B_{[μν]λ}(x) + 2∂_{[μ} ~B_{ν]κλ}(x) + ∂_μ ~B_{νκλ}(x) ) +2k̃_1a_2R_{ξηγ}^{κλζ} ^C^{ξη}_a(x)F^{μγ,a}(x) × ( 2∂_μ ~C_{κλζ}(x) − 3∂_κ ~C_{μλζ}(x) ) +k̃_1^2a_1R_{ξγ}^{κλ} ^B_{κ[μ}^a(x)F_{ν]λ,a}(x) ^B^{ξμ}_b(x)F^{νγ,b}(x) +4k̃_1^2a_2R_{ξηγ}^{κλζ} ^C_{κλ}^a(x)F_{μζ,a}(x) ^C^{ξη,b}(x)F^{μγ}_b(x) }

+ 1 2 m_{q1}^2 { ~B_{μνκ}(x) ~B^{μνκ}(x) + b_1 ~B_{μνκ}(x) ~B^{νμκ}(x) +b_2 ~B_{μκ}^κ(x) ~B^{μλ}_λ(x) + b_3 ~B^κ_{κμ}(x) ~B^{μλ}_λ(x) +b_4 ~B^κ_{κμ}(x) ~B_λ^{λμ}(x) + b_5 ~C_{μνκ}(x) ~C^{μνκ}(x) +b_6 ~C^κ_{κμ}(x) ~C^{μλ}_λ(x) + b_7 ~B_{μνκ}(x) ~C^{μνκ}(x)

+b_8 ~B_{μκ}^κ(x) ~C^{μκ}_κ(x) + b_9 ~B^κ_{κμ}(x) ~C^{μλ}_λ(x) }] , (5.51)

with R_{μν}^{κλ} = δ_{(μ}^κδ_{ν)}^λ + η_{μν} η^{κλ} , (5.52a) R_{μνξ}^{κλγ} = δ_{(μ}^κδ_ν^λδ_{ξ)}^γ + 1 4 η_{(μν} η^{(κλ}δ_{ξ)}^{γ)} , (5.52b) R_{μνξη}^{κλγζ} = δ_{(μ}^κδ_ν^λδ_ξ^γ δ_{η)}^ζ + 1 8 η_{(μν} η^{(κλ}δ_ξ^γδ_{η)}^{ζ)} + 1 64 η_{(μν} η_{ξη)}η^{(κλ}η^{γζ)} . (5.52c) Here a_i (i = 1, 2, 3) and b_i (i = 1, 2, . . . , 9) are constants given by

a_1 = (D + 4)(D + 6) , a_2 =

D + 6 16 , a_3 = 1 16 , b_1 = 1 2 J{4K(2D − 1)(D + 3)δ(0) − 16(D − 1)(D^2 + 4D + 1)δ^{′′}(0)} ,

b_2 = − 1 2 J{K(3D^2 + 22D − 41)δ(0) + 4(D − 1)(3D + 11)δ^{′′}(0)} , b_3 = J{4K(D + 1)^2δ(0) + 16(D − 1)(D + 3)δ^{′′}(0)} , b_4 = −J{12K(D + 1)δ(0) + 16(D − 1)δ^{′′}(0)} , b_5 = − 1 2 J{27K(D + 1)^2δ(0) + 12(D − 1)(D + 21)δ^{′′}(0)} ,

b_6 = 1 4 J{9K(D^2 − 18D − 7)δ(0) − 36(D − 1)(D − 13)δ^{′′}(0)} , b_7 = 6J{3K(D + 1)^2δ(0) − 2(D − 1)(3D + 7)δ^{′′}(0)} , b_8 = −3J{K(D^2 + 10D − 3)δ(0) + 2(D − 1)^2δ^{′′}(0)} , b_9 = 3J{2K(D + 1)(D − 5)δ(0) − 4(D − 1)(3D + 7)δ^{′′}(0)} , with K ≡ − 1 V_R ∫ {dx} ∫_2π 0 dσ 2π Q^′_μ(σ)Q^{′μ}(σ) exp ( − L l^2 ) (> 0) ,

J^{−1} ≡ 2K(4D^3 + 19D^2 − 20D − 15)δ(0) − 8(D − 1)(2D^2 + 9D + 5)δ^{′′}(0) . In deriving the action (5.51), we have set the free parameters k_u, q_1, and q̃_1 so as to satisfy the normalization conditions k_uq_1^2l^2 4(D + 2)(D + 4)(D + 6) δ(0)^2 = −1 , (5.53a) k_uq̃_1^2 D(D − 1)(D + 2)(D + 4)

× {2K(4D^3 + 19D^2 − 20D − 15)δ(0) −8(D − 1)(2D^2 + 9D + 5)δ^{′′}(0)} = −1 . (5.53b)

The action (5.51) describes the massive tensor fields theory for ~B_{μνλ} and ~C_{μνλ} without spoiling the gauge invariance. This property is also possessed by Stückelberg formalism. Reflecting the non-abelian gauge theory, however, the action (5.51) includes non-trivial couplings via the BF-like terms ^B_{μν}^aF_{λκ,a} and ^C_{μν}^aF_{λκ,a}. It is obvious that these couplings are due to the central extension of the gauge group. Indeed, all the interaction terms occurring in (5.51) include the central charge k. By setting k = 0, we find that the gauge invariant tensor fields ~B_{μνλ} and ~C_{μνλ} reduce to the components of ~A_{μνλ}, and all the interaction terms occurring in (5.51) vanish. Hence, (5.51) becomes the action for the massive tensor field ~A_{μνλ} without interactions. The gauge invariance still holds, because ~A_{μνλ} is invariant under the transformation rules of (5.15) and (5.21) with k = 0. Therefore, (5.51) results in the action of the Stückelberg formalism for the abelian tensor field of third rank ~A_{μνλ}. [17] Consequently, we can regard (5.51) as the action of the “generalized” Stückelberg formalism for the tensor fields of third rank ~B_{μνλ} and ~C_{μνλ} in a broad sense.

We next comment on the interactions in (5.51). Although the types of interactions in (5.51) are somewhat complicated, we can find some features of the interactions. First, the abelian tensor fields ~B_{μνλ} and ~C_{μνλ} couple with the non-abelian tensor fields ^B_{μν}^a and ^C_{μν}^a and the local Yang-Mills fields A_μ^a via the BF-like terms. (Here, ~C_{μνλ} does not couple with ^B_{μν}^aF_{λκ,a}.) Second, the second power of the BF-like terms give couplings among the non-abelian fields ^B_{μν}^a, ^C_{μν}^a and A_μ^a that are obviously different from the minimal interactions resulting from the covariant derivative. [14] We would like to emphasize that these features are analogous to those of the couplings in the action (3.19). Instead of the Chern-Simons term, the BF-like terms contribute to the non-trivial couplings in the action (5.51). We may regard the couplings between the abelian tensor fields and the BF-like terms as a kind of generalization of the Chapline-Manton coupling.

6 Conclusion and discussion

In this paper, we have considered the EYMT in loop space whose gauge group is the affine Lie group. In the EYMT, central extension of the gauge group leads to a coupling between the Yang-Mills fields A^Y_{μσ} and the U(1) gauge field A^U_{μσ}. The coupling is different from the minimal coupling and the coupling via the Pauli terms existing in the Standard Model. [18] The coupling yields non-trivial couplings between non-abelian local fields included in the Yang- Mills fields A^Y_{μσ} and an abelian local field included in the U(1) gauge field, A^U_{μσ}. The Chapline- Manton coupling, which was originally introduced in order to combine a supergravity and a super Yang-Mills system, can be systematically derived within the framework of the Yang-Mills theory. In the supergravity theory, the Chapline-Manton coupling is derived using the local supersymmetry. [2] It is interesting to study the relation of the central extension of the gauge group and local supersymmetry.

By using the formalism of the non-linear realization developed for the affine Lie gauge group, furthermore, we can derive the “generalized” Chapline-Manton coupling for higher-rank tensor fields. This coupling is given by the couplings among the local Yang-Mills fields A_μ^a, the nonabelian tensor fields of second rank ^B_{μν}^a and ^C_{μν}^a, and the abelian tensor fields of third rank ~B_{μνλ} and ~C_{μνλ} via the BF-like terms. In the (bosonic) string theory, an abelian antisymmetric tensor field of second rank appears as massless excited states, while an abelian tensor field of third rank having the same symmetric property as ~A_{μνλ} ( ~A_{μνλ} = ~A_{μλν}) appears as massive excited states. [19] The Chapline-Manton coupling is realized in the type I supergravity theory. This theory is obtained as the low energy effective theory of the type I (or heterotic) superstring theory. The generalized Chapline-Manton coupling including the abelian tensor field of third rank might be realized in a massive mode in string theory.

If an abelian tensor field couples with the BF term, then it must have the totally antisymmetric property, because BF terms have this property. However, both the abelian tensor fields of third rank ~B_{μνλ} and ~C_{μνλ} have some specific symmetric properties. For this reason, these abelian tensor fields cannot couple with the BF term. Such a difficulty as this might be settled by considering the EYMT in closed p-manifold space Ω^pM^D, which is the configuration space for closed p-branes. [21] [20] A U(1) gauge field A^{U (0)}_{μσ} [x] on Ω^pM^D consisting of an abelian local tensor fields is given by

A^{U (0)}_{μ⃗σ} [x] = q_0 p! Σ^{ν1ν2···ν}p(⃗σ) B_{μν1ν2···ν}p(x(⃗σ)) , (6.1) where B_{μν1ν2···ν}p(x) is an (abelian) totally antisymmetric tensor field of rank (p + 1) on M^D and Σ^{ν1ν2···ν}p(⃗σ) ≡ x^′_1^{[ν1} (⃗σ)x^′_2^{ν2} (⃗σ) · · · x^′_p^νp^](⃗σ). [Here, ⃗σ = (σ_1, σ_2, . . . , σ_p) represents the parameters describing a closed p-brane and x^{′μ}_n (⃗σ) ≡ ∂x^μ(⃗σ)/∂σ_n (1 ≤ n ≤ p).] We can indeed obtain the local field theory of B_{μν1ν2···ν}p(x) from the U(1) gauge theory in closed p-manifold space. [20] In order to carry out a similar extension to the Yang-Mills theory, we have to find a suitable gauge group other than the affine Lie gauge group. It is conceivable that the suitable gauge group for the Yang-Mills theory in closed p-manifold space is the Mickelson-Faddeev group (and its generalization to higher dimensions). [11] [22] [23] The commutation relations of the generators of the (generalized) Mickelson-Faddeev group are given by [ T_a(⃗ρ), T_b(⃗σ) ] = if_{ab}^cT_c(⃗σ)δ^p(⃗ρ − ⃗σ) + kϵ^{j1j2···j}p∂_{j1} T_{(ab)j2···j}p�_1 (⃗σ)∂_jpδ^{(p)}(⃗ρ − ⃗σ) . (6.2) Setting p = 1, we find that (6.2) coincides with (2.1). The commutation relations (6.2) are a natural extension of (2.1). We hope to discuss this subject in the future.

Acknowledgements

I am grateful to S. Deguchi for valuable discussions and helpful suggestions. I would also like to thank A. Sugamoto for his careful reading of the manuscript. Thanks are also due to S. L. Shatashvili for information regarding Ref. 23)

References

[1] G. F. Chapline and N. S. Manton, Phys. Lett. B120, 105 (1983).

L. Baulieu, Phys. Lett. B126, 445 (1983) ; Nucl. Phys. B227, 157 (1983). [2] E. Bergshoeff, M. de Roo, B. de Wit and P. van Nieuwenhuizen, Nucl. Phys. B195, 97 (1982).

[3] M. Henneaux and B. Knaepen, Nucl.Phys. B548, 491 (1999).

C. Bizdadea, L. Saliu, and S. O. Saliu, Phys. Scripta 61, 307 (2000). [4] M. B. Green and J. H. Schwarz, Phys. Lett. B120, 105 (1983).

M. B. Green and J. H. Schwarz, Nucl. Phys. B195, 97 (1982). [5] J. Polchinski, String Theory Volume II, ( Cambridge University Press, 1998). [6] M. Green, J. A. Harvey and G. Moore, Class.Quant.Grav.14 47 (1997).

Y. K. E. Cheung and Z. Yin Nucl. Phys. B517, 69 (1998).

[7] D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Phys. Rep. 209 ,129 (1991). [8] F. Fucito, M. Martellini, S.P. Sorella, A. Tanzini, L. C. Q. Vilar and M.Zeni, Phys. Lett.

B404, 94 (1997);

A. Accardi and A. Belli, Mod. Phys. Lett A12, 2353 (1997); M. Martellini and M. Zeni, Phys. Lett. B401, 62 (1997).

[9] E. Cremmer and J. Scherk, Nucl. Phys. B72, 117 (1974).

D. Z. Freedman and P. K. Townsend Nucl. Phys. B177, 282 (1981); T. J. Allen, M. J. Bowick and A. Lahiri Mod. Phys. Lett A8 559 (1991) A. Lahiri Phys. Rev. D55 5045 (1997), D. S. Hwang and C. Y. Lee J. Math. Phys 38 30 (1997). S. Deguchi, T. Mukai and T. Nakajima, Phys. Rev. D59, 065003 (1999).

[10] S. Deguchi and T. Nakajima, Mod. Phys. Lett. A12, 111 (1997). [11] A. Pressley and G. Segal, Loop Groups ( Oxford Univ. Press, 1986). [12] P. Goddard and D. Olive, Int. J. Mod. Phys. A1, 303 (1986). [13] K. Clubok and M. B. Halpern, Int. J. Mod. Phys. A11, 2167 (1996). [14] S. Deguchi and T. Nakajima, Int. J. Mod. Phys. A10, 1019 (1995). [15] M. Henneaux and B. Knaepen, Phys. Rev. D 56, R6076 (1997).

[16] S. Deguchi and T. Nakajima, Int. J. Mod. Phys. A9, 1889 (1994). [17] S. Deguchi and T. Nakajima, Prog. Theor. Phys. 94, 305 (1995).

[18] M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory, ( Addison- Wesley Publishing Company, 1995).

[19] K. Bardakci and L. M. Bernardo Nucl.Phys. B505 463 (1997);

A. Wilkins, Mod. Phys. Lett. A13, 1289 (1998).

[20] S. Deguchi, T. Nakajima and H. Totsuka Prog. Theor. Phys. 97, 357 (1997). [21] E. Bergshoeff, R. Percacci, E. Sezgin, K. S. Stelle and P. K. Townsend, Nucl. Phys. B398, 343 (1993).

[22] J. Mickelsson, Lett. Math. Phys. 7, 45 (1983);

L. D. Faddeev, Phys. Lett. B145, 81 (1984);

M. Cederwall, G. Ferretti, B. E. W. Nilsson and A. Westerberg, Nucl. Phys. B424, 97 (1994). [23] L. D. Faddeev and S. L. Shatashvili, Theor. Math. Phys.60, 770 (1985)