arXiv:hep-th/0005117 12 May 2000

MATROID THEORY AND CHERN-SIMONS

J. A. Nieto^∗and M. C. Marín

Facultad de Ciencias Físico-Matemáticas de la Universidad Autónoma de Sinaloa, 80010 Culiacán Sinaloa, México

Abstract

It is shown that matroid theory may provide a natural mathematical framework for a duality symmetries not only for quantum Yang-Mills physics, but also for M-theory. Our discussion is focused in an action consisting purely of the Chern-Simons term, but in principle the main ideas can be applied beyond such an action. In our treatment the theorem due to Thistlethwaite, which gives a relationship between the Tutte polynomial for graphs and Jones polynomial for alternating knots and links, plays a central role. Before addressing this question we briefly mention some important aspects of matroid theory and we point out a connection between the Fano matroid and D=11 supergravity. Our approach also seems to be related to loop solutions of quantum gravity based in Ashtekar formalism.

Pacs numbers: 04.60.-m, 04.65.+e, 11.15.-q, 11.30.Ly May, 2000

∗nieto@uas.uasnet.mx

1.- INTRODUCTION

In the last few years, duality has been a source of great interest to study nonperturbative, as well as perturbative, dynamics of superstrings [1] and supersymmetric Yang-Mills [2]. In fact, duality is the key physical concept that relates the five known superstring theories in 9+1 dimensions (i.e. nine space and one time), Type I, Type IIA, Type IIB, Heterotic SO(32) and Heterotic E_8× E_8, which may now be understood as different manifestations of one underlying unique theory called M-theory [3]-[9]. However, dualities are still a mystery and up to now a general understanding how these dualities arises is missing. Nevertheless, just as the equivalence principle is a basic principle in general relativity, the recent importance of dualities in gauge field theories and string theories strongly suggest a duality principle as a basic principle in M-theory. In this sense, what it is needed is a mathematical framework to support such a duality principle.

M-theory is defined as a 10+1 dimensional theory arising as the strong-coupling limit of type IIA string theory. Essentially, M-theory is a non-pertubative theory and in addition to the five superstring theories it describes supermembranes [10], 5-branes [11] and D=11 supergravity [12]. Although the complete M-theory is unknown there are two main proposed routes to construct it. One is the N=(2,1) superstring theory [13] and the other M(atrix)- theory [14]. Martinec [15] has suggested that these two scenarios may, in fact, be closely related. This scenario has been extended [16] to include dualities involving compactifications on timelike circles as well as spacelike circles ones. In particular, it has been shown that T-duality on a timelike circle takes type IIA theory into a type IIB^∗ theory and type IIB^∗ theory into a type IIA theory and that the strong-coupling limit of type IIA^∗ is a theory in 9+2 dimensional theory, denoted by M^∗.

More recently, Khoury and Verlinde [17] have shed some new light on the old idea of open/closed string duality [18]. This duality is of special interest because emphasizes the idea that closed string dynamics (gravity) is dual to open string dynamics (gauge theory).

Two previous examples on this direction are matrix theory [14], where gravity arises as an effect of open string quantum fluctuations and Maldacena’s conjecture [19] that anti-deSitter supergravity is in some sense dual to supersymmetric gauge theory.

Thus, just as the tensor theory makes mathematical sense of the postulate of relativity “the laws of physics are the same for every observer”, we are pursuing the possibility that the mathematical formalism necessary to make sense of a duality principle in M-theory is matroid theory [20]. This theory is a generalization of matrices and graphs and , in contrast to graphs in which duality can be defined only for planar graphs, it has the remarkable property that duality can be defined for every matroid. Since M(atrix)-theory and N=(2,1) superstrings have had an important success on describing some essential features of M-theory a natural question is to see whether matroid theory is related to these two approaches. As a first step in this direction we may attempt to see if matroid theory is linked somehow to D=11 supergravity which is a common feature of both formalism. In fact, it has been shown [21] that the Fano matroid and its dual are closely related to Englert’s compactification [22] of D=11 supergravity. This result is physically interesting because such a relation allows the connection between the fundamental Fano matroid or its dual [23] and octonions which, at the same time, are one of the alternative division algebras [24]. It is worth mentioning that some time ago Blencowe and Duff [25] raised the question whether the four forces of nature correspond to the four divisions algebras.

In this work, we make further progress on this program. Specifically, we find a route to incorporate matroid theory in quantum Yang-Mills in the context of Chern-Simons action. Our mechanism is based on a theorem due to Thistlethwaite [26] which connect the Jones polynomial for alternating knots with the Tutte polynomial for graphs. Since Witten [27] showed that Jones polynomial can be understood in three dimensional terms through a Chern-Simons formalism it became evident that we have a bridge between graphs and Chern- Simons. In this context duality, which is the main subject in graphic matroids, can be associated to Chern-Simons in a mathematical natural way. This connection may transfer important theorems from matroid theory to fundamental physics. For instance, the theorem due to Whitney [20] that if M_1, .., M_p and M^′_1, .., M^′_p are the components of the matroids M and M^′ respectively, and if M^′_i is the dual of M_i (i = 1, ..., p) then M^′ is dual of M and conversely, if M and M^′ are dual matroids then M^′_i is dual of M_i may be applied to dual Chern-Simons partition functions. One of the aims of this work is to explain how this can be done.

The plan of this work is as follows. In section 2, we briefly review matroid theory and in section 3 we closely follow the reference [21] to discuss a connection between matroid theory and D=11 supergravity. In section 4, we study the relation between matroid theory and Witten’s partition function for knots. Finally, in section 5, we make some final comments.

2.- A BRIEF REVIEW OF MATROID THEORY

In 1935, while working on abstract properties of linear dependence, Whitney [20] introduced the concept of matroid. In the same year, Birkhoff [28] established the connection between simple matroids (also known as combinatorial geometries [29]) and geometric lattices. In 1936, Mac Lane [30] gave an interpretation of matroids in terms of proyective geometry. And an important progress to the subject was given in 1958 by Tutte [23] who introduced the concept of homotopy for matroids. At present, there is a large body of information about matroid theory. The reader interested in the subject may consult the excellent books on matroid theory by Welsh [31], Lawler [32] and Tutte [33]. We also recommend the books of Wilson [34], Kung [35] and Ribnikov [36].

An interesting feature of matroid theory is that there are many different but equivalent ways of defining a matroid. In this respect, it seems appropriate to briefly review the Whitney’s [20] discovery of the matroid concept. While working with linear graphs Whitney noticed that for certain matrices duality had a simple geometrical interpretation quite different than in the case of graphs. Further, he observed that any subset of columns of a matrix is either linearly independent or linearly dependent and that the following two theorems must hold:

(a) any subset of an independent set is independent.

(b) if N_p and N_{p+1} are independent sets of p and p+1 columns respectively, then N_p together with some column of N_{p+1} forms an independent set of p+1 columns. Moreover, he discovered that if these two statements are taking as axioms then there are examples that do not represent any matrix and graph. Thus, he concluded that a system satisfying (a) and (b) should be a new one and therefore deserved a new name: He called to this kind of system a matroid.

The definition of a matroid in terms of independent sets has been refined and is now expressed as follows: A matroid M is a pair (E,I), where E is a non-empty finite set, and I is a non-empty collection of subsets of E (called independent sets) satisfying the following properties:

(I i) any subset of an independent set is independent;

(I ii) if I and J are independent sets with I⊆ J, then there is an element e contained in J but not in I, such that I∪{e} is independent.

A base is defined to be any maximal independent set. By repeatedly using the property (I ii) it is straightforward to show that any two bases have the same number of elements. A subset of E is said to be dependent if it is not independent. A minimal dependent set is called a circuit. Contrary to the bases not all circuits of a matroid have the same number of elements.

An alternative definition of a matroid in terms of bases is as follows: A matroid M is a pair (E, B), where E is a non-empty finite set and B is a non-empty collection of subsets of E (called bases) satisfying the following properties:

(B i) no base properly contains another base;

(B ii) if B_1 and B_2 are bases and if b is any element of B_1, then there is and element g of B_2 with the property that (B_1-{b})∪{g} is also a base.

A matroid can also be defined in terms of circuits:

A matroid M is a pair (E, C), where E is a non-empty finite set, and C is a collection of a non-empty subsets of E (called circuits) satisfying the following properties.

(C i) no circuit properly contains another circuit;

(C ii) if C_1 and C_2 are two distinct circuits each containing and element c, then there exists a circuit in C_1 ∪ C_2 which does not contain c.

If we start with any of the three definitions the other two follows as a theorems. For example, it is possible to prove that (I ) implies (B) and (C). In other words, these three definitions are equivalent. There are other definitions also equivalent to these three, but for the purpose of this work it is not necessary to consider them.

Notice that even from the initial structure of a matroid theory we find relations such as independent-dependent and base-circuit which suggests duality. The dual of M, denoted by M^∗, is defined as a pair (E, B^∗), where B^∗ is a non-empty collection of subsets of E formed with the complements of the bases of M. An immediate consequence of this definition is that every matroid has a dual and this dual is unique. It also follows that the double-dual M^{∗∗} is equal to M. Moreover, if A is a subset of E, then the size of the largest independent set contained in A is called the rank of A and is denoted by ρ(A). If M = M_1 + M_2 and ρ(M) = ρ(M_1) +ρ(M_2) we shall say that M is separable. Any maximal non-separable part of M is a component of M. An important theorem due to Whitney [20] is that if M_1, .., M_p and M^′_1, .., M^′_p are the components of the matroids M and M^′ respectively, and if M^′_i is the dual of M_i (i = 1,...,p). Then M^′ is dual of M. Conversely, let M and M^′ be dual matroids, and let M_1, .., M_p be components of M. Let M^′_1, .., M^′_p be the corresponding submatroids of M^′. Then M^′_1, .., M^′_p are the components of M^′, and M^′_i is dual of M_i.

3.- MATROID THEORY AND SUPERGRAVITY

Among the most important matroids we find the binary and regular matroids. A matroid is binary if it is representable over the integers modulo two. Let us clarify this definition. An important problem in matroid theory is to see which matroids can be mapped in some set of vectors in a vector space over a given field. When such a map exists we are speaking of a coordinatization (or representation) of the matroid over the field. Let GF(q) denote a finite field of order q. Thus, we can express the definition of a binary matroid as follows: A matroid which has a coordinatization over GF(2) is called binary. Furthermore, a matroid which has a coordinatization over every field is called regular. It turns out that regular matroids play a fundamental role in matroid theory, among other things, because they play a similar role that planar graphs in graph theory [34]. It is known that a graph is planar if and only if it contains no subgraph homeomorphic to K_5 or K_{3,3}. The analogue of this theorem for matroids was provided by Tutte [23]. In fact, Tutte showed that a matroid is regular if and only if is binary and includes no Fano matroid or the dual of this. In order to understand this theorem it is necessary to define the Fano matroid. We shall show that the Fano matroid may be connected with octonions which, in turn, are related to the Englert’s compactification of D=11 supergravity.

A Fano matroid F is the matroid defined on the set E={1,2,3,4,5.6.7} whose bases are all those subsets of E with three elements except f_1 ={1,2,4}, f_2 ={2,3,5}, f_3 = {3,4,6}, f_4 ={4,5,7}, f_5 ={5,6,1}, f_6 ={6,7,2} and f_7 ={7,1,3}. The circuits of the Fano matroid are precisely these subsets and its complements. It follows that these circuits define the dual F^∗ of the Fano matroid.

Let us write the set E in the form E={e_1, e_2, e_{3,}e_{4,}e_5, e_6, e_7}. Thus, the subsets used to define the Fano matroid now become f_1 = {e_1, e_2, e_4}, f_2{e_2, e_3, e_5}, f_3{e_3, e_4, e_6}, f_4{e_4, e_5, e_7}, f_5{e_5, e_6, e_1}, f_6{e_6, e_7, e_2} and f_7 {e_7, e_1, e_3}. The central idea is to identify the quantities e_i, where i = 1, ...,7, with the octonionic imaginary units. Specifically, we write an octonion q in the form q = q_0e_0 + q_1e_1 + q_2e_2 + q_3e_3 + q_4e_4 + q_5e_5 + q_6e_6 + q_7e_7, where q_0 and q_i are real numbers. Here, e_0 denotes the identity. The product of two octonions can be obtained with the rule:

e_ie_j = −δ_{ij} + ψ^k_{ij}e_k, (1)

where δ_{ij} is the Kronecker delta and ψ_{ijk} = ψ^l_{ij}δ_{lk} is the fully antisymmetric structure constants, with i, j, k = 1, ..., 7. By taking the ψ_{ijk} equals 1 for one of the seven combinations f_i we may derive all the values of ψ_{ijk}.

The octonion (Cayley) algebra is not associative, but alternative. This means that the basic associator of any three imaginary units is

(e_i, e_j, e_k) = (e_ie_j)e_k − e_i(e_je_k) = φ_{ijkm}e_m, (2)

where φ_{ijkl} is a fully antisymmetric four index tensor. It turns out that φ_{ijkl} and ψ_{ijk} are related by the expression φ_{ijkl} = (1/3!)ϵ_{ijklmnr} ψ_{mnr}, (3) where ϵ_{ijklmnr} is the completely antisymmetric Levi-Civita tensor, with ϵ_{12...7} = 1. It is interesting to note that given the numerical values f_i for the indices of ψ_{mnr} and using (3) we get the other seven subsets of E with four elements of the dual Fano matroid F^∗. For instance, if we take f_1 then we have ψ_{124} and (3) gives φ_{3567} which leads to the circuit subset {3, 5, 6, 7}. We would like now to relate the above structure to the Englert’s octonionic solution [22] of eleven dimensional supergravity. First, let us introduce the metric

g_{ab} = δ_{ij}h^i_ah^j_b, (4)

where h^i_a = h^i_a(x^c) is a sieben-bein, with a, b, c = 1, ..., 7. Here, x^c are a coordinates patch of the geometrical seven sphere S^7. The quantities ψ_{ijk} can now be related to the S^7 torsion in the form

T_{abc} = R^{−1}_0 ψ_{ijk}h^i_ah^j_bh^k_c , (5)

where R_0 is the S^7 radius. While the quantities φ_{ijkl} can be identified with the four index gauge field F_{abcd} through the formula F_{abcd} = R^{−1}_0 φ_{ijkl}h^i_ah^j_bh^k_c h^l_d. (6) Furthermore, it is possible to prove that the Englert’s 7-dimensional covariant equations are solve with the identification F_{abcd} = λT_{[abc},_{d]} , where λ is a constant. Therefore, λT_{abc} = A_{abc} is the fully antisymmetric gauge field which is a fundamental object in 2-brane theory [6].

It is important to mention that in the Englert’s solution of D= 11 supergravity the torsion satisfies the Cartan-Schouten equations

T_{acd}T_{bcd} = 6R^{−2}_0 g_{ab}, (7)

T_{ead}T_{dbf} T_{fce} = 3R^{−2}_0 T_{abc.} (8) But as Gursey and Tze [37] noted, these equations are mere septad-dressed, i.e. covariant forms of the algebraic identities ψ_{ikl}ψ_{jkl} = 6δ_{ij}, (9)

ψ_{lim}ψ_{mjn}ψ_{nkl} = 3ψ_{ijk}, (10) respectively. It is worth mentioning that Englert solution realizes the riemannian curvatureless but torsion-full Cartan-geometries of absolute parallelism on S^7.

So, we have shown that the Fano matroid is closely related to octonions which at the same time are an essential part of the Englert’s solution of absolute parallelism on S^7 of D=11 supergravity. The Fano matroid and its dual are the only minimal binary irregular matroids. We know from Hurwitz theorem (see reference [24]) that octonions are one of the alternative division algebras (the others are the real numbers, the complex numbers and the quaternions). While among the only parallelizable spheres we find S^7 (the other are the spheres S^1 and S^3 [38]). This distinctive and fundamental role played by the Fano matroid, octonions and S^7 in such different areas in mathematics as combinatorial geometry, algebra and topology respectively lead us to believe that the relationship between these three concepts must have a deep significance not only in mathematics, but also in physics. Of course, it is known that the parallelizability of S^1, S^3 and S^7 has to do with the existence of the complex numbers, the quaternions and the octonions respectively (see reference [39]). It is also known that using an algebraic topology called K-theory [40] we find that the only dimensions for division algebras structures on Euclidean spaces are 1, 2, 4, and 8. We can add to these remarkable results another fundamental concept in matroid theory; the Fano matroid.

4.- MATROID THEORY AND CHERN-SIMONS

Before going into details, it turns out to be convenient to slightly modify the notation of the previous section. In this section, we shall assume that the Greek indices α, β, ..., etc run from 0 to 3, the indices i, j, ..., etc run from 0 to 2 and finally the indices a, b, ..., etc take values in the rank of a compact Lie Group G. Further, we shall denote a compact oriented four manifold as M^4.

Consider the second Chern class action S = k 16π ∫ M^4 ϵ^{μναβ}F^a_{μν} F^b_{αβ} g_{ab}, (11) with the curvature given by

F^a_{αβ} = ∂_αA^a_β − ∂_βA^a_α + C^a_{bc}A^b_αA^c_β. (12)

Here g_{ab} is the Killling-Cartan metric and C^a_{bc} are the completely antisymmetric structure constants associated to the compact simple Lie group G. The action (11) is a total derivative and leads to the Chern-Simons action S_{CS} = k 4π ∫ M^3 {ϵ^{ijk}(A^a_i (∂_jA^b_k − ∂_kA^b_j)g_{ab} + 2 3 C_{abc}A^a_i A^b_jA^c_k)}, (13) where M^3 = ∂M^4 is a compact oriented three dimensional manifold. In a differential forms notation (13) can be rewritten as follows: S_{CS} = k 2π ∫ M^3 T r(A ∧ dA + 2 3 A ∧ A ∧ A), (14) where A = A^a_i T_adx^i, with T_a the generators of the Lie algebra of G.

Given a link L with r components and irreducible representation ρ_r of G, one for each component of the link, Witten [27] defines the partition function

Z(L, k) = ∫ DAexp(iS_{cs}) n∏ r=1 W (L_r,ρ_r), (15) where W (C_i, ρ_i) is the Wilson line W (L_r, ρ_r) = T r_{ρr} P exp( ∫_{Lr} A^a_i T_adx^i). (16) Here the symbol P means the path-ordering along the knots L_r.

If we choose M^3 = S^3, G = SU(2) and ρ_r=C^2 for all link components then the Witten’s partition function (15) reproduces the Jones polynomial Z(L, k) = V_L(t), (17) where t = e^{2πik} . (18) Here V_L(t) denotes the Jones polynomial satisfying the skein relation: t^{−1}V_{L+} − tV_{L−} = ( √ t − 1 √ t )V_{L0} , (19) where L_+, L_− and L_0 are the standard notation for overcrossing, undercrossing and zero crossing.

Now, lets pause about the relation between the knots and Chern-Simons term and let us discuss the Tutte polynomial. To each graph G, we associate a polynomial T_G(x, x^{−1}) with the property that if G is composed solely of isthmus and loops then T_G(x, x^{−1}) = x^I x^{−l}, where I is the number of isthmuses and l is the number of loops. The polynomial T_G satisfies the skein relation T_G = T_G′ + T_G′′ , (20) where G^′ and G^{′′} are obtained by delating and contracting respectively an edge that is neither a loop nor an isthmus of G.

There is a theorem due to Thistlethwaite [26] which assures that if L is an alternating link and G(L) the corresponding planar graph then the Jones polynomial V_L(t) is equal to the Tutte polynomial T_G (−t, −t^{−1}) up to a sign and factor power of t. Specifically, we have

V_L(t) = (−t^{34} )^{w(L)}t^{−(r−n)4} T_G(−t, −t^{−1}) (21)

where w(L) is the writhe and r and n are the rank and the nullity of G respectively. Here V_L(t) is the Jones polynomial of alternating link L.

On the other hand, a theorem due to Tutte allows to compute T_G (−t, −t^{−1}) from the maximal trees of G. In fact, Tutte proved that if B denotes the maximal trees in a graph G, i(B) denotes the number of internally active edges in G and e(B) the number the externally active edges in G (with respect to a given maximal tree BϵB) then the Tutte polynomial is given by the formula T_G (−t, −t^{−1}) = ∑ x^{i(B)}x^{−e(B)} (22)

where the sum is over all elements of B.

First, note that B is the collection of bases of G. If we now remember our definition of matroid M in terms of bases discussed in section 2 we note the Tutte polynomial T_G(−t, −t^{−1}) computed according to (22) uses the concept of a graphic matroid M(G) defined as the pair (E, B), where E is the set of edges of G. In fact, the elements of B satisfy the two properties (B i) no base properly contains another base;

(B ii) if B_1 and B_2 are bases and if b is any element of B_1, then there is and element g of B_2 with the property that (B_1-{b})∪{g} is also a base.

which identifies a M(G) as a matroid. With this remarkable connection between the Tutte polynomial and a matroid we have found in fact a connection between the partition function Z(L, k) given in (15) and matroid theory. This is because according to (21) the Tutte polynomial T_G (−t, −t^{−1}) are related to the Jones polynomial V_L(t) which at the same time according to (17) are related to the partition function Z(L, k). Specifically, for M^3 = S^3, G = SU(2), ρ_r=C^2 for all alternating link components of L, we have the relation

Z(L, k) = V_L(t) = (−t^{34} )^{w(L)}t^{−(r−n)4} T_G (−t, −t^{−1}). (23)

Thus, the matroid (E, B) used to compute T_G(−t, −t^{−1}) can be associated not only to V_L(t), but also to Z(L, k).

Now that we have at hand this slightly but important connection between matroid theory and Chern-Simons theory we arre able to transfer information from matroid theory to Chern- Simons and conversely from Chern-Simons to matroid theory. Let us discuss two examples for the former possibility.

First of all, it is known that in matroid theory the concept of duality is of fundamental importance. For example, there is a remarkable theorem that assures that every matroid has a dual. So, the question arises about what are the implications of this theorem in Chern-Simons formalism. In order to address this question let us first make a change of notation T_G (−t, −t^{−1}) → T_{M (G)}(t) and Z(L, k) → Z_{M (G)}(k). The idea of this notation is to emphasize the connection between matroid theory, Tutte polynomial and Chern- Simons partition function. Consider the planar dual graph G^∗ of G. In matroid theory we have M(G^∗) =M^∗(G). Therefore, the duality property of the Tutte polynomial T_G (−t, −t^{−1}) = T_G∗(−t^{−1}, −t) (24) can be expressed as

T_{M (G)}(t) = T_M ∗_{(G)}(t^{−1}) (25)

and consequently from (23) we discover that for the partition function Z_{M (G)}(k) we should have the duality property

Z_{M (G)}(k) = Z_M ∗_{(G)}(−k). (26)

This duality symmetry for the partition function Z_{M (G)}(k) is not really new, but is already known in the literature as mirror image symmetry (see, for instance [41], and references quoted there). However, what seems to be new is the way we had derived it.

As a second example let us first mention another theorem due to Withney [20]: If M_1, .., M_p and M^′_1, .., M^′_p are the components of the matroids M and M^′ respectively, and if M^′_i is the dual of M_i (i = 1, ..., p). Then M^′ is dual of M. Conversely, let M and M^′ be dual matroids, and let M_1, .., M_p be components of M. Let M^′_1, .., M^′_p be the corresponding submatroids of M^′. Then M^′_1, .., M^′_p are the components of M^′, and M^′_i is dual of M_i. Thus, according to (26) we find that

Z_{Mi(Gi)}(k) = Z_M ′_{i (Gi)}(−k) (27)

if and only if

Z_{M (G)}(k) = Z_M ′_{(G)}(−k), (28)

where G_i are the components of G.

5.- COMMENTS

Motivated by a possible duality principle in M-theory we have started to bring information from matroid theory to fundamental physics. We now have two good examples which indicate that this task makes sense. In the first example, we have found enough evidence for a connection between the Fano matroid and supergravity in D=11. While in the second example, we have found a relation between the graphic matroid and the Witten’s partition function for Chern-Simons. This relation is of special importance because leads us to a duality symmetry in the partition function Z_{M (G)}(k). In fact, if there is a duality principle in M-theory we should expect to a have a duality symmetry in the corresponding partition function associated to M-theory.

In this work, we have concentrated in the original connection between Chern-Simons action and knots theory. But it is well known that Chern-Simons formalism and knots connection has a number of extensions [41]. It will be interesting to study such extensions from the point of view of matroid theory. It is also known Chern-Simons formalism is closely related to conformal field theory and this in turn is closely related to string theory. So, it seems that the present work may eventually leads to a connection between matroid theory and string theory. In order to achieve this goal we need to study the relation between matroids and Chern-Simons using signed graphs [42]. This is because general knots and links (not only alternating) are one to one correspondence with signed planar graphs. This in turn are straightforward connected with Kauffmann polynomials [43] which at the same time leads to the Jones polynomials. But, signed graphs leads to signed matroids. So, one of our future goals will be to find a connection between signed matroids and string theory. Moreover, matrix Chern-Simons theory [44] has a straightforward relation with Matrixmodel and non-commutative geometry [45]. So, a natural extension of the present work will be to study the relation between matroid theory and matrix Chern-Simons theory.

An important duality in M-theory is the strong/weak coupling S-duality [46] which provides with one of the most important techniques to study non-perturbative aspects of gauge field theory and string theory. For further work it may also be important to find the relation between the duality symmetry for Z_{M (G)}(k) given in (27) and S-duality.

Besides of the possible connection between M(atroid)-theory and M-theory there is another interesting physical application of the present work. This has to do with loop solutions of quantum gravity based in Ashtekar formalism. It is known that the Witten’s partition function provides a solution of the Ashtekar constriants [47]. So, the duality symmetries (27) also applies to such solutions. In other words, it seems that we have also found a connection between matroid theory and loop solutions of quantum canonical gravity.

REFERENCES [1] M. Green, V. Schwarz and E. Witten, Superstrings Theory (Cambridge Univ. Press, 1987) Vol I y II; M. Kaku, Introduction to Superstrings (Spring-Verlag, 1990).

[2] H. Nishino and E. Sezgin, Phys. Lett. B388 (1996) 569; hep-th/9607185. [3] P. K. Townsend, “Four Lectures on M Theory”, Procs of ICTP on the summer school on High Energy Physics and Cosmology, June 1996; hep-th/9612121.

[4] M. J. Duff, Int. J. Mod. Phys. A11 (1996) 5623; hep-th/9608117. [5] P. Horava and E. Witten, Nucl. Phys. B 460 (1996) 506-524. [6] M. J. Duff, R. R. Khuri and J. X. Lu, Phys. Rep. 259 (1995) 213-326. [7] E. Witten, Nucl. Phys. B 463 (1996) 383-397. [8] J. H. Schwarz, Phys. Lett. B360 (1995) 13.

[9] J. H. Schwarz, Nucl. Phys. Proc. Suppl. 55B (1997) 1; hep-th/9607201. [10] E. Bergshoeff, E. Sezgin and P. K. Townsend, Phys.Lett. B189 (1987) 75. [11] E. Witten, Nucl. Phys. B463 (1996) 383.

[12] M. J. Duff, B. E. W. Nilsson and C. N. Pope, Phys. Rep. 130 (1986) 1. [13] D. Kutasov and E. Martinec, Nucl. Phys. B477 (1996) 652; hep-th/9602049; D. Kutasov , E. Martinec and M. O’Loughlin, Nucl. Phys. B477 (1996) 675; hep-th/9603116.

[14] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 112;

hep-th/9610043.

[15] E. Martinec, “Matrix Theory and N=(2,1) Strings”, hep-th/9706194. [16] C. M. Hull, JHEP 11 (1998) 017.

[17] J. Khoury and H. Verlinde, “On Open/Closed String Duality”, hep-th/0001056.

[18] E. Cremmer and J. Sherk, Nucl. Phys. B50 (1972) 222.

[19] J. M. Maldacena, Adv. Theor. Phys. 2 (1998) 231; Int. J. Theor. Phys. 38 (1999) 1113;

hep-th/9711200.

[20] H. Whitney, Am. J. Math. 57 (1935) 509. [21] J. A. Nieto, Rev. Mex. Fis. 44 (1998) 358. [22] F. Englert, Phys. Lett. 119B (1982) 339.

[23] W. T. Tutte, Trans. Am. Math. Soc. 88 (1958) 144; Trans. Am. Math. Soc. 88 (1958) 161.

[24] I. L. Kantor and A.S. Solodovnikov, “Hypercomplex Numbers; An Elementary Introduction to Algebras”, (Spring Verlag New York (1989)).

[25] M. P. Blecowe and M. J. Duff, Nucl. Phys. B310 (1988) 387. [26] Thistlethwaite, Topology, 26, (1987) 297. [27] E. Witten, Comm. Math. Phys., 121 (1989) 352. [28] G. Birkhoff, Am. J. Math 57 (1935) 800.

[29] N. White, ed., “Combinatorial Geometries”, (Cambridge University Press (1987)). [30] S. MacLane, Am. J. Math. 58 (1936) 236.

[31] D. J. A. Welsh, “Martroid Theory”, (Academic Press, London (1976)). [32] E. L. Lawler, “Combinatory Optimization: Networks and Matroids”, (Holt, Rinehart and Winston, New York, 1976).

[33] W. T. Tutte, “Introduction to the Theory of Matroids”, (American Elsevier Publishing Company, (1971)).

[34] R. J. Wilson, “Introduction to Graph Theory”, (John Wiley and Son’s third edition

(1895)).

[35] J. P. S. Kung, “A Source Book in Matroid Theory”, (Birkhauser Boston Inc. (1986)). [36] K. Ribnikov, “Análisis Combinatorio”, (Editorial Mir Moscú (1988)). [37] F. Gursey and C. Tze, Phys. Lett. 127B (1983) 191. [38] J. F. Adams, Ann. Math. 72, (1960) 20.

[39] N. Steenrod, “The Topology of Fibre Bundles”, (Princeton University Press, 1970). [40] M. F. Atiyah. “K-theory”, (W. A. Benjamin Inc. (1979)).

[41] E. Guanagnini, “The Link Invariants of the Chern-Simons Field Theory”, (Walter de Gruyter-Berlin, 1993).

[42] T. Zaslavsky, Discrete Appl. Math. 4 (1982) 47.

[43] L. H. Kauffman, “New invariants in the theory of knots”. (Lectures given in Rome, June 1986). -Asterisque, 163-164 (1988) 137.

[44] L. Smolin, “M-theory as a Matrix extension of Chern-Simons Theory”, hep-th/0002009. [45] A. Connes, “A short survey of noncommutative geometry”, hep-th/0003006. [46] E. Witten, Selecta Matematica 1, (1995) 383; hep-th/9505186.

[47] R. Gambini and J. Pullin, “Loops, Knots, Gauge Theory and Quantum Gravity” (Cambrige University Press, 1996)