arXiv:hep-th/0006110 v2 26 Jun 2000

Kaluza-Kelin Higher Derivative Gravity and Friedmann-Robertson-Walker Cosmology

W.F. Kao^∗, Institute of Physics, Chiao Tung University, Hsinchu, Taiwan (June 26, 2000)

Kaluza-Klein approach in an N(= 1+3+D)-dimensional Friedmann-Robertson-Walker type space is often adopted in the literature. We derive a compact expression for the Friedmann equation in a (1 + 3 + D)-dimensional space. The redundancy of the associated field equations due to the Bianchi identity is analyzed. We also study the dilaton gravity theory with higher-derivative gravitational couplings. It turns out that higher-order terms will not affect the Friedmann equation in a constant flat internal space. This is true only for the flat-De Sitter external space. The inflationary solution in an induced-gravity model is also discussed as an application.

PACS numbers: 98.80Cq; 04.20 -q; 04.50.+h; 04.20 Cv

I. INTRODUCTION

Higher derivative terms should be important for the physics near the Planck scale [1,2]. For example, higherorder corrections derived from the quantum gravity or the string theory [3] have been considered in the study of the inflationary universe [4,5]. Higher derivative terms also arise as quantum corrections to matter fields [3]. Moreover, the stability analysis of pure higher-derivative models was shown in Ref. [2]. It is hence interesting to extend this stability analysis to different models.

On the other hand, Kaluza-Klein theory [6,7] is also important for the evolution of the early universe. This is because that the dimensional-reduction process could affect the process of inflation significantly. We are going to show that a constant internal-space solution to the induced Kaluza-Klein theory will put two additional constraints to the inflationary solution.

Note that, in four-dimensional space, E = R_{λμνρ} R^{λμνρ} − 4 R_{μν} R^{μν} + R^2 is the integrand of the Gauss-Bonnet term [8]. In addition, Weyl tensor [8] connects these fourth-order curvature terms in four-dimensional space. Hence one only needs to deal with R^2 term in four-dimensional space. This is not true in higher dimensional spaces. One would have to deal with all three different fourth-order terms. Hence equations of motion for the higher-derivative Kaluza-Klein theory are much more complicated than the four-dimensional higher-derivative gravity. The method developed here will help reducing the complication due to the difficulty mentioned above.

We will derive a compact expression for the Friedmann equation [9] in a (1 + 3 + D)-dimensional space in this paper. The redundancy of the associated field equations due to the Bianchi Identity will also be analyzed. We will also study the induced-gravity theory [10–12] with higher-derivative gravitational couplings. It turns out that higherorder terms will not affect the Friedmann equation in a constant flat internal space with a flat-De Sitter external space. The inflationary solution in an induced-gravity model will also be discussed as an application [10]. All dimensionful parameters are replaced by scalar field couplings in induced-gravity models. The values of these parameters measured today are interpreted as the vacuum expectation values of these scalar field couplings. These induced models have also been a focus of research interest for a long time.

This paper will be organized as follows: (i) In section II, we will derive a model-independent expression for the Friedmann equation in higher-dimensional higher-derivative theory. (ii) We will discuss the inflationary solution in a pure gravity theory in section III. (iii) The induced-gravity theory will be discussed in section IV. (iv) Finally, we will draw a few conclusions in section V.

II. FRIEDMANN EQUATION FROM FRW METRIC

Note that, throughout this paper, the curvature tensor R^D_{ABC} (g_{AB}) will be defined by the following equation

[D_A, D_B ]A_C = R^D_{CBA}A_D. (1)

�email:wfgore@cc.nctu.edu.tw

Accordingly, one has R^D_{ABC} = −∂_C Γ^D_{AB} − Γ^E_{AB}Γ^D_{CE} − (B ↔ C). Here Γ^C_{AB} denotes the Christoffel symbol (or spin connection of the covariant derivative, i.e. D_AA_B ≡ ∂_AA_B − Γ^C_{AB}A_C ). To be more specific, Γ^C_{AB} =^1_2 g^{CD}(∂_Ag_{DB} + ∂_B g_{DA} − ∂_Dg_{AB} ). Moreover, the Ricci tensor R_{AB} is defined as R_{AB} = R^C_{ABC} . (2) And the scalar curvature R is defined as the trace of the Ricci tensor R ≡ g^{AB}R_{AB}. Also, one defines the Einstein tensor according to G_{AB} ≡^1_2 g_{AB} R − R_{AB}

Note that we will use bold-faced notation (e.g. R) to denote field variable in N (= 4 + D)-dimensional space. In addition, normal notations will denote field variable evaluated in the 4 or D-dimensional spaces as the compactification process M^N → M^4 × M^D takes places. Here M^4 is the four dimensional Friedmann-Robertson-Walker (FRW) space and M^D is the compactified internal space. We will assume that M^D is the D dimensional FRW space for simplicity. In fact the metric of M^N is assumed to be ds^2 ≡ g_{AB}dZ^AdZ^B ≡ g_{μν}dx^μdx^ν + f_{mn}dz^mdz^n (3) = −b(t)^2dt^2 + a^2(t) ( dr2 1 − k_1r^2

+ r^2d^3Ω ) + d^2(t) ( dz2 1 − k_2z^2

+ z^2d^DΩ ) . (4)

Here d^pΩ is the solid angle d^pΩ = dθ_1^2 + sin^2θ_1 dθ_2^2 + · · · + sin^2 θ_1 sin^2 θ_2 · · · sin^2 θ_{p−3}dθ^2_{p−2} and k_1, k_2 = 0, ±1 stand for a flat, closed or open universe respectively. Note that we will also write g_{ij} = a^2h_{ij} and g_{mn} = d^2h_{mn} for convenience. Note also that this (1 + 3 + D)-dimensional FRW metric can be obtained from the generalized Friedmann-Robertson-Walker (GFRW) (4) metric by setting the lapse function b(t) = 1 in Eq. (4). Note that θ_i is the phase angle of the D-dimensional spherical coordinate. For example, one should write z_1 = z sin θ_1 sin θ_2 · · · sin θ_{D−2}. (5) Note that we have used N -dimensional space-time coordinate as Z^A → (x^μ, z^m) for A(= 0, 1, · · ·, N − 1), μ(= 0, 1, 2, 3), and m(= 1, 2, · · ·, D) denoting the N , 4, and D-dimensional space-time indices. Therefore, capital Roman letters A, B, C, · · · will denote N dimensional indices. In addition, Greek letters will denote 4-indices while the second half of the Roman letters will denote D-dimensional space-time indices. Here we have assumed that the internal space (z) is independent of the external space (x). The only dependence on t is through the scale factor d(t).

Therefore, one can show that Γ^γ_{μν} = Γ^γ_{μν}, (6) Γ^p_{mn} = Γ^p_{mn}, (7) Γ^γ_{mn} = −∂^γ βg_{mn}, (8) Γ^p_{μm} = ∂_μβδ^p_m . (9) Here ∂_μβ ≡ ∂_μd/d with a non-vanishing t-component. Hence, we will write I = ∂_tβ for convenience from now on. One can also show that

R^{ti}_{tj} = 1 2 [HḂ + 2B(Ḣ + H^2)]δ^i_j , (10)

R^{ij}_{kl} = (H^2B + k_1 a^2

)(δ^i_kδ^j_l − δ^i_l δ^j_k), (11)

R^{tm}_{tn} = 1 2 [IḂ + 2B(İ + I^2)]δ^m_n , (12)

R^{im}_{jn} = −HIδ^m_n δ^i_j , (13)

R^{mn}_{pq} = (I^2B + k_2 d^2

)(δ^m_p δ^n_q − δ^m_q δ^n_p ). (14)

Accordingly, one has R^t_t = −3(Ḣ + H^2) − D(İ + I^2), (15)

R^i_j = −[Ḣ + 3H^2 + 2 k_1 a^2 − DHI]δ^i_j , (16) R^m_n = −[İ + DI^2 + (D − 1) k_2 d^2

− 3HI]δ^m_n , (17)

R = −[6(Ḣ + 2H^2 + k_1 a^2

− DHI) + D(D − 1)(I^2 + k_2 d^2

) + 2D(İ + I^2)] (18) once we set b = 1.

The variational equation of b will give [9] L − H δL δH − I δL δI + [H d dt + H(3H + DI) − Ḣ] δL δḢ + [I d dt + I(3H + DI) − İ] δL δİ ≡ DL = 0. (19)

In addition, variational equations of a and d also give 3L − H δL δH + (H^2 − Ḣ) δL δḢ −(2H + DI + d dt )[−(4H + DI + d dt ) δL δḢ + δL δH ] − 2k_1 δL δk_1 ≡ D_3L = 0, (20) DL − I δL δI + (I^2 − İ) δL δİ −(3H + (D − 1)I + d dt )[−(3H + (D + 1)I + d dt ) δL δİ + δL δI ] − 2k_2 δL δk_2 ≡ D_DL = 0. (21)

Note also that the Bianchi identity D_M G^{MN} = 0 can be brought to the following form:

(∂_t + 3H + DI)H_{tt} + 3a^2HH_3 + Dd^2IH_D = 0. (22)

Here H_{ij} = H_{n−1}h_{ij}. Alternatively, one can show that (d/dt + 3H + DI)DL = HD_3L + ID_D L (23) from direct differentiating DL. This in fact clarifies that DL ∼ H_{tt}, D_3L ∼ H_3 and D_DL ∼ H_D. Therefore, one can ignore either one of H_3 and H_D equation without losing any information. Moreover, this conclusion also indicates that both H_3 and H_D are equally redundant. This is, however, not true under the condition where d =constant, or I = 0. As indicated by Eq. (23), one has instead

(d/dt + 3H)DL̄ = HD_3L̄ (24)

under this condition. Here we have written DL̄ ≡ DL|_{I=0} and similarly for D_3L̄, D_DL̄, L̄, etc. Therefore, the reduced Bianchi Identity (24) only tells us that D_3L̄ = 0 is redundant to the Friedman equation DL̄ = 0 under the constraint I = 0. In another word, one still has to consider the left-over d-equation D_DL̄ = 0 in order to solve the constant internal-space solution. This point is often overlooked and should be carefully addressed in studying constant internal-space solutions.

To be more explicitly, the Friedmann equation (19) and the a(t) equation (20) become L̄ − H δ L̄ δH + [H d dt + 3H^2 − Ḣ] δL̄ δḢ = 0, (25) 3L̄ − H δL̄ δH + (H^2 − Ḣ) δL̄ δḢ = (2H + d dt )[−(4H + d dt ) δL̄ δḢ + δL̄ δH ] + 2k_1 δL̄ δk_1 , (26)

DL̄ = (3H + d dt )[−(3H + d dt ) δL̄ δİ + δL̄ δI ] + 2k_2 δL̄ δk_2 (27)

upon assuming d(t) = constant. Therefore, one should try to solve the system directly from analyzing both Eq.s (25) and (27).

III. HIGHER DERIVATIVE GRAVITY

We will be working on the solution with constant internal space from now on for simplicity. This kind of solution has been a focus of study in the literature. Part of the reason is probably due to the increasing complexity in the Kaluza-Klein theory. It also applies to models that compactification is assumed to have been completed well before inflation. As a result, all equations are replaced by reduced barred equations shown earlier. One has to, however, pay attention to the left over internal I-equation serving as an additional constraint to field equations.

In the derivation of the field equation, we will need a complete list of all squared-curvature terms:

(R^{AB}_{CD})^2 = 12(Ḣ + H^2)^2 + 4D(İ + I^2)^2 + 12DH^2I^2 + 12(H^2 + k_1 a^2

)^2 + 2D(D − 1)(I^2 + k_2 d^2

)^2, (28)

(R^A_B )^2 = 12(Ḣ + H^2)^2 + D(D + 1)(İ + I^2)^2 + 12(H^2 + k_1 a^2

)^2 + D(D − 1)^2(I^2 + k_2 d^2

)^2 + 3D(D + 3)H^2I^2

+ 12(Ḣ + H^2)(H^2 + k_1 a^2

) + 6D(Ḣ + H^2 − HI)(İ + I^2) − 6DHI(Ḣ + 3H^2 + 2 k_1 a^2 ) + 2D(D − 1)(İ + I^2)(I^2 + k_2 d^2

) − 6D(D − 1)HI(I^2 + k_2 d^2

), (29)

(R)^2 = 36(Ḣ + H^2)^2 + 4D^2(İ + I^2)^2 + 36D^2H^2I^2 + 36(H^2 + k_1 a^2

)^2 + D^2(D − 1)^2(I^2 + k_2 d^2

)^2

+ 72(Ḣ + H^2)(H^2 + k_1 a^2

− DHI) + 12D(D − 1)(Ḣ + 2H^2 + k_1 a^2

)(I^2 + k_2 d^2 ) + 24D(Ḣ + 2H^2 + k_1 a^2

)(İ + I^2) − 72DHI(H^2 + k_1 a^2

) + 4D^2(D − 1)(İ + I^2)(I^2 + k_2 d^2 ) − 24D^2(İ + I^2)HI − 12D^2(D − 1)HI(I^2 + k_2 d^2

). (30)

Let us consider the system described by the pure-gravity effective Lagrangian

L = −R − c_1(R^{AB}_{CD})^2 − c_2(R^A_B )^2 − c_3R^2. (31)

One can show that δ δI L̄ = −6DH { 1 − c_2 [ Ḣ + 3H^2 + 2 k^1 a^2 + Λ D ] − 12c_3 [ Ḣ + 2H^2 + k^1

a^2 + Λ 6 ]} , (32) δ δİ L̄ = 2D { 1 − c_2 [ 3Ḣ + 3H^2 + Λ D ] − 12c_3 [ Ḣ + 2H^2 + k^1

a^2 + Λ 6 ]} . (33)

In addition, one has

k_2 δ δk_2 L̄ = Λ − Λ^2 [ 4c_1 D(D − 1) + 2c_2 D + 2c_3 ] − 12c_3Λ[(Ḣ + 2H^2 + k_1 a^2

)]. (34)

Here we have defined Λ ≡ D(D − 1)k_2/d^2. In addition, one can show that

L̄ = 6[Ḣ + 2H^2 + k^1 a^2

] − 12(c_1 + c_2 + 3c_3)[(Ḣ + H^2)^2 + (H^2 + k_1 a^2

)^2] − 12(c_2 + 6c_3)[(Ḣ + H^2)(H^2 + k_1 a^2 )] −12c_3Λ[Ḣ + 2H^2 + k_1 a^2

] + Λ − [2c_1/D(D − 1) + c_2/D + c_3]Λ^2. (35)

Hence one can show further that δ δḢ L̄ = 6 − 24(c_1 + c_2 + 3c_3)(Ḣ + H^2) − 12(c_2 + 6c_3)(H^2 + k^1 a^2

) − 12c_3Λ, (36) δ δH L̄ = 24H − 24(2c_1 + 3c_2 + 12c_3)H [ Ḣ + 2H^2 + k^1 a^2 ] − 48c_3HΛ. (37)

Before we press on, we will prove a theorem concerning the role played by these R^2-terms in the case when k_1 = k_2 = 0. Note that recent measurements [13] indicate that we live in a flat 3-space to a very high precision. We will hence assume that k_1 = 0 from now on. Note also that flat internal space solutions have attracted lots of attention lately [7].

Theorem All three different fourth-derivative R^2-type terms in the Lagrangian (35) can be removed from L̄ without affecting the Friedmann equation (25) when one considers the expanding De Sitter solution (H = H_0) under the case that k_1 = k_2 = 0. Here we have also assumed that we are working with constant internal-space solutions.

Note that this theorem states that fourth-derivative terms can not affect the 4-dimensional Friedmann equation for all 4-dimensional flat-De Sitter models where H = H_0. Above theorem remains true in the higher dimensional model provided that there is no internal-space contribution to the Friedmann equation. This will be the point we will follow for the proof. This theorem can be proved as follows: Note that under flat-De Sitter conditions: (i) H = H_0, (ii) k_1 = 0, and (iii) k_2 = 0 (in fact only Λ = 0 is required), one can write A ≡ Ḣ + H^2 = H^2_0 and B ≡ H^2 + k_1/a^2 = H^2_0 . Hence one can show that L̄_2 = L̄_2(A^2 + B^2) with L̄_2 denoting fourth-derivative terms. This is true because the term proportional to AB can be shown to be a total derivative when the metric measure √ g is incorporated, namely, one can show that a^3AB = d [ȧ^3/3 + k_1ȧ]/dt. (38)

Therefore, the AB-term is indeed a surface term. Hence it can be ignored even conditions H = H_0 and k_1 = Λ = 0 do not apply. Hence, one can show that

δL̄_2/δḢ = 2AδL̄_2/δ(A^2 + B^2) = 2H^2_0 δL̄_2/δ(A^2 + B^2), (39) δL̄_2/δH^2 = 2(A + B)δL̄_2/δ(A^2 + B^2) = 4H^2_0 δL̄_2/δ(A^2 + B^2) = 2δL̄_2/δḢ (40)

under flat-De Sitter conditions. One can further cast the Friedmann equation as

L̄_2 = H_0 δ

L̄_2 δH − 3H^2_0 δL̄_2 δḢ = 1 2 H^2_0 δL̄_2 δH^2_0

(41)

under the flat-De Sitter conditions. By using the fact that L̄_2 ∝ H^4_0 under flat-De Sitter conditions, one can directly show that the above fourth-derivative part of the Friedmann equation is nothing more than a simple identity. Therefore, one shows that one can freely remove the contribution of the fourth-derivative terms from the effective Lagrangian without affecting the flat-De Sitter space Friedmann equation (25).

One can easily show that, from the Friedmann equation (25), the pure-gravity theory given by the effective Lagrangian (35) can not support a non-zero H_0 solution for the reason similar to the quadratic-Einstein theory. Therefore, one has to consider the case that k_2 ≠ 0. As a result, an effective cosmological-constant term may be present to support an expanding-De Sitter phase.

Indeed, one can show that

H^2_0 = − Λ [ 1 − (_{2c1} D(D−1) + c2 D + c_3 ) Λ ] 6 − 12c_3Λ

(42)

from the Friedmann equation. On the other hand, there is another constraint (27) left over from the constant internal-space assumption. This will give instead another equation for H_0:

2D(c_1 + 6c_2 + 42c_3)H^4_0 − {4D − [3c_2 + 4(2D − 1)c_3]Λ}H^2_0 − 1 12 [ (D − 2)Λ − (D − 4) ( 2c_1 D(D − 1) + c_2 D + c_3 ) Λ^2 ] = 0.

(43)

Eq.s (42-43) give a set of two algebraic equations for the system. Hence field parameters can easily be adjusted to get solution one is looking for.

IV. DILATON GRAVITY

We will study the inflationary universe for dilaton-gravity models. For the moment, let us consider the pure dilaton gravity model given by the effective Lagrangian

L_s ≡ L + T_ϕ − V (ϕ) (44)

with T_ϕ ≡ −(∂ϕ)^2/2. Here Lagrangian L denotes those parts independent of the dilaton field. We will compare later its result with the induced gravity model given instead by

L_{id} = L + L_ϕ ≡ L_1 + L_2 + L_ϕ (45)

with L_1 ≡ −ϵϕ^2R/2 denoting the induced term and L_2 denoting higher-derivative terms. Here L_ϕ = T_ϕ − V (ϕ) denotes the scalar field term with an arbitrary potential to be determined from the equation of motion. Similar to earlier discussions, we will assume that I = 0 in this section too. One can show that the Friedmann equation for the dilaton gravity system (44) reads: L̄ − H δ L̄ δH + [H d dt + 3H^2 − Ḣ] δL̄ δḢ = T_ϕ + V (ϕ). (46)

One can easily show that the leading-order inflationary solution gives

H^2_0 = V_0/6 = 7/4(c_1 + 6c_2 + 42c_3) (47) under the slow-rollover condition (ϕ̇/ϕ)^2 ≪ H^2_0 . Therefore, one finds that the presence of the higher-derivative term and the static internal-space condition impose very strong constraints on possible coupled field parameters c_i in order for an inflating external 4-space to exist.

Next, we will study the induced-gravity model given by expression (45). One can show that the Friedmann equation reads 1 2 ϕ̇^2 + V = 3ϵϕ^2H^2 + 6ϵHϕϕ̇ + K (48) with K denoting terms derived from the higher-order contribution. Explicitly, K = 12(c_1 + c_2 + 3c_3)(Ḣ^2 − 2HḦ − 6H^2Ḣ). (49) Furthermore, the ϕ-equation can be shown to be 6ϵϕ(Ḣ + 2H^2) = ϕ̈ + 3Hϕ̇ + V^′. (50) In addition, one can derive the following scalar equation from the Bianchi combination of the Friedmann equation. It reads ϕ̈ + 3Hϕ̇ + ϕ̇2 ϕ = 1 (1 + 6ϵ)ϕ [4V − ϕV^′] − 1 (1 + 6ϵ)Hϕ

[K̇ + 4HK]. (51) On setting k_1 = k_2 = 0, ϕ = ϕ_0, I = 0, and H = H_0 + δH, one can show that the leading-order Friedmann equation (48) gives V_0 = 3ϵϕ^2_0H^2_0 . (52) Moreover, the scalar equation gives 12ϵϕ_0H^2_0 = V^′_0 . (53) Here we have assumed the slow-rollover approximation |ϕ̇/ϕ| ≪ H_0, and |ϕ̈/ϕ| ≪ H^2_0 . Hence these leading-order perturbation equations show that some field parameters are related to each other via 4V_0 = ϕ_0 ∂V ∂ϕ (ϕ = ϕ_0). (54) This condition is referred to as scaling condition in Ref. [12].

In addition, the first-order perturbation equation of the Friedmann equation (48) gives H^2_0 = ϵϕ^2_0 16(c_1 + c_2 + 3c_3)

. (55) The leading-order perturbation equation of ϕ-equation (51) gives δH = exp[−4H_0t]. (56) In addition, the leading-order and first-order perturbation I-equations give H^2_0 =

7ϵϕ^2_0 8(c_1 + 6c_2 + 42c_3)

, (57) H^2_0 = ϵϕ^2_0 (4c_2 + 48c_3)

(58) respectively. Note that the I-equation in the presence of a slow-rollover scalar field potential is DL̄ = (3H + d dt )[−(3H + d dt ) δL̄ δİ + δL̄ δI ] + DV_0. (59)

Note also that, in deriving above equations, we have used the solution to δH given by Eq. (56). Here the effective Lagrangian L̄ is L̄ = 3ϵϕ^2_0[Ḣ + 2H^2] − 12(c_1 + c_2 + 3c_3)[(Ḣ + H^2)^2 + H^4] − 12(c_2 + 6c_3)[(Ḣ + H^2)H^2] (60)

under the slow-rollover approximation and the conditions k_1 = k_2 = 0. In addition, the variations of the I-equation are δ δI L̄ = −6DH { ϵ 2 ϕ^2_0 − c_2 [ Ḣ + 3H^2 ] − 12c_3 [ Ḣ + 2H^2 ]} , (61) δ δİ L̄ = 2D { ϵ 2 ϕ^2_0 − c_2 [ 3Ḣ + 3H^2 ] − 12c_3 [ Ḣ + 2H^2 ]} (62)

in the same limit.

These equations impose strong constraints on field parameters that could admit an inflationary solution. Therefore, one shows that the consistency of the perturbation equations gives us three expressions (55,57,58) for H^2_0 . These stationary equations can be used to show that c_1 = c_2 = 0. Hence, one has

H^2_0 = ϵϕ^2_0 48c_3

. (63)

Therefore, all the conclusion drawn in Ref. [12] still applied here.

For example, we can consider the following effective symmetry-breaking potential [12] V = λ_1 4 (ϕ^2 − v^2)^2 + λ_2 4 ϕ^4 − Λ_0. (64)

Eq. (54) and (63) show that this potential should take the following form: V = λ 4 ϕ^4 − ( λ 2 − ϵ^2 32c_3

)ϕ^2_0ϕ^2 + ( λ 4 − ϵ^2 64c_3

)ϕ^4_0. (65)

Here λ ≡ λ_1 +λ_2. This is the form of the most general extended ϕ^4 SSB potential that could admit a stable inflationary solution.

The minimum of this potential is

V_m ≡ V (ϕ_m) = (ϵ^2/16c_3)[1/4 − ϵ^2/64c_3λ]ϕ^4_0 = (ϵ^2/16c_3λ)V (0) (66)

when ϕ^2 = ϕ^2_m ≡ (1 − ϵ^2/16c_3λ)ϕ^2_0. Here V (0) ≡ V (ϕ = 0) is the maximum of V . One can also show that 0 < V_m < V (0) provided that c_3 > 0. This model indicates that we will end up with a rather big cosmological constant of the order 10^{−6} if the extended ϕ^4 model is in effect. Note that the effective gravitational constant and cosmological constant observed in the post-inflationary phase are 1/4πG = ϵϕ^2_m = (1 − ϵ^2/16c_3λ)ϵϕ^2_0 and V_m = 3H^2_0 /2 respectively. Here we have set ϵϕ^2_m/2 = 1 in Planck unit. If the scale factor a(t) is capable of expanding some 60 e-fold in a time interval of roughly ΔT ∼ 10^8 Planck unit, the Hubble constant should be of the order H^2_0 ∼ 10^{−6} in Planck unit. Therefore, one has a rather big cosmological constant after inflation.

If we consider the model given by the following symmetry-breaking Coleman-Weinberg potential from radiative correction [14]

V_c = λ_3 4 ϕ^4 ln( ϕ w )^4 + λ_4 4 ϕ^4 − Λ_1, (67)

one can show that the consistent potential takes the following form:

V_c = λ_3 4 ϕ^4 ln( ϕ ϕ_0

)^4 + ϵ^2 64c_3 ϕ^4 − λ_3 4 (ϕ^4 − ϕ^4_0). (68)

The minimum of this potential is

V_{cm} = (λ_1ϕ^4_0/4){1 − exp[−ϵ^2/16c_3λ_1]} (69)

when ϕ = ϕ_m = ϕ_0 exp[−ϵ^2/64c_3λ_1]. Therefore, one can show that this model also give a rather big cosmological constant after inflation. This may have to do with the field contents of the early universe [15]. Hopefully, the softexpansion era will be dominated by another lower-order induced-gravity model [16]. Therefore, the re-heating process will be taken over by that lower-order effective induced-gravity model [4]. It is still true for a small higher-order correction, namely, c_3 ≪ 1.

V. CONCLUSION

In summary, the presence of a constant internal space puts two additional constraints on the parameters c_i for the induced-gravity model. These constraints are derived from stability conditions of the leading-order and first-order perturbation equations. Therefore, one finds that the coefficients c_1 = c_2 = 0 with only one degree of freedom left over. The result is that the higher dimensional contribution of a constant flat internal space makes an interesting modification to the external-space equation. This makes the Kaluza-Klein theory, at the lower-energy limit, behave rather similar to the induced higher derivative gravity shown in Ref. [12].

Acknowledgments : This work is supported in part by the National Science Council under the contract number NSC88-2112-M009-001.

[1] G.V. Bicknell, J. Phys. A; 341; 1061 (1974); K.S. Stelle, Phys. Rev. D16; 953 (1977); General Relativity and Gravitation, 9 353 (1978); A. A. Starobinsky, Phys. Lett. 91B, 99 (1980); S.W. Hawking and J.C. Luttrell, Nucl. Phys. B247, 250, (1984); B. Whitt, Phys. Lett. 145B; 176 (1984); V. Müller and H.J. Schmidt, Gen. Rel. Grav. 17; 769 (1985); H.J. Schmidt and V. Müller, Gen. Rel. Grav. 17; 971 (1985); H.-J. Schmidt, Class. Quantum Grav. 5, 233 (1988); V. Müller, H.J. Schmidt and A.A. Starobinsky, Phys. Lett. B202; 198 (1988); S.Odintsov, Phys. Letter B336,1994,347. A. Hindawi, B. A. Ovrut, D. Waldram, Phys.Rev. D53 (1996) 5597 V. Faraoni, E. Gunzig and P. Nardone, gr-qc/9811047; S. Nojiri, S.D. Odintsov, Phys.Lett. B471 (1999) 155; H. Saida and J. Soda, Phys.Lett. B471 (2000) 358; K. G. Zloshchastiev, Phys.Rev. D61 (2000) 125017;

[2] A. Dobado and A.L. Maroto, Phys. Rev. D 52, 1895 (1995).

[3] N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space, (Cambridge University Press, Cambridge, 1982), G.F.

Chapline and N.S. Manton, Phys. Lett. 120B (1983)105; C.G. Callan, D. Friedan, E.J. Martinec and M.J. Perry, Nucl. Phys. B262 (1985) 593; M.B. Green, J.H. Schwartz and E. Witten, “Superstring Theory” (Cambridge University Press, Cambridge, 1986); I Buchbinder,S.Odintsov and I Shapiro, Effective Action in Quantum Gravity, IOP Publishing, 1992.

[4] A.H. Guth, Phys. Rev. D. 23, 347, (1981); E.W. Kolb and M.S. Turner, Ann. Rev. Nucl. Part. Sci. 33(1983) 645; A.S.

Goncharov, A.D. Linde and V.F. Mukhanov, Int. J. Mod. Phys. A2 561 (1987); W.F. Kao, Phys. Rev D46 5421 (1992); D47 3639 (1993); W.F. Kao, C.M. Lai, CTU preprint (1993); W.F. Kao, W. B. Dai, S. Y. Wang, T.-K. Chyi and S.-Y. Lin, Phys. Rev. D53, (1996), 2244, J. GarciaBellido, A. Linde, D. Wands, Phys. Rev. D54 6040, 1996; L.-X. Li, J. R. Gott, III, Phys.Rev. D58 (1998) 103513; A. Linde, M. Sasaki, T. Tanaka, Phys.Rev. D59 (1999) 123522; H. P. de Oliveira and S. L. Sautu, Phys. Rev. D 60, 121301 (1999) ; J.-c. Hwang, H. Noh, Phys. Rev. D60 123001 (1999); A. Mazumdar, hep-ph/9902381; P. Kanti, K. A. Olive, Phys.Rev. D60 (1999) 043502; Phys.Lett. B464 (1999) 192; E. J. Copeland, A. Mazumdar, N. J. Nunes,Phys.Rev. D60 (1999) 083506; J.-w. Lee, S. Koh, C. Park, S. J. Sin, C. H. Lee, ep-th/9909106; D. J. H. Chung, E. W. Kolb, A. Riotto, I. I. Tkachev, hep-ph/9910437;W.F. Kao, hep-th/0003153;

[5] F.S. Accetta, D.J. Zoller and M.S. Turner, Phys Rev. D 31 3046 (1985);

[6] A. A. Starobinsky, Phys. Lett. 91B, 99 (1980). S. Randjbar-Daemi, A. Salam and J. Stradthdee, Phys. Lett. 135B (1984) 388; Y.S. Myung and Y.D. Kim, Phys. Lett. 145B (1984)45; J.A. Stein-Schabes and M. Gleiser, Phys. Rev. D34 (1986)3242; W.F. Kao, Phys. Rev. D47 (1993)3639; F. Dowker, J.P. Gauntlett, S.B. Giddings, G.T. Horowitz, Phys. Rev. D50 2662, 1994; A. Sen, Phys. Rev. Lett. 79 1619 (1997); A.L. Maroto, I.L. Shapiro, hep-th/9706179; H. Lu, C. N. Pope, K. S. Stelle, Nucl.Phys. B548 (1999) 87-138; Tao Han, Joseph D. Lykken, Ren-Jie Zhang, Phys.Rev. D59 (1999) 105006; Pran Nath, Masahiro Yamaguchi,Phys.Rev. D60 (1999) 116006; R. Casalbuoni, S. De Curtis, D. Dominici, R. Gatto, Phys.Lett. B462 (1999) 48; C. Sochichiu, Phys.Lett. B463 (1999) 27; A. Ioannisian, A. Pilaftsis, hep-ph/9907522 ,to appear in Physical Review D; S.Nojiri and S.D.Odintsov, hepth 9903033,IJMPA 15,2000,413; hepth 9911152,Physical Review D, to appear.

[7] V.A. Rubakov, M.E. Shaposhnikov, Phys.Lett. B125, 139, (1983), Matt Visser, Phys.Lett. B159 (1985) 22;hep-th/9910093, I. Antoniadis, Phys. Lett. B246(1990)317, J. M. Overduin, P. S. Wesson, Phys.Rept. 283 (1997) 303 , N. Arkani-Hamed, S. Dimopoulos, G. Dvali, Phys.Lett. B429 (1998) 263; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, G. Dvali, Phys.Lett. B436 (1998) 257; L. Randall, R. Sundrum, Phys.Rev.Lett. 83 (1999) 4690-4693, C. Csaki, M. Graesser, C. Kolda, J. Terning, Phys.Lett. B462 (1999) 34-40, C. Csaki, Y. Shirman, Phys.Rev. D61 (2000) 024008, [8] S. Weinberg, Gravitation and Cosmology, (John Wiley and Sons, New York, 1972); T. Eguchi, P.B. Gilkey and A.J. Hanson, Phys. Rep. 66 (1980) 213; C.W. Misner, K. Thorne and T.A. Wheeler, “Gravitation” (Freeman, SF, 1973); E.W. Kolb and M.S. Turner, Ann. Rev. Nucl. Part. Sci. 33 (1983) 645; R. M. Wald, “General Relativity”, (Univ. of Chicago Press, Chicago, 1984); E.W. Kolb and M.S. Turner, “The Early Universe” (Addison-Wesley, 1990);

[9] W.F. Kao and U. Pen, Phys. Rev. D 44, 3974 (1991), W.F. Kao,U. Pen, and P. Zhang, gr-qc/9911116. [10] A. Zee, Phys. Rev. Lett. 42 (1979) 417; 44 (1980) 703; S.L. Adler, Rev. Mod. Phys. 54, 729 (1982); Pawel O. Mazur, V.

P. Nair, Gen.Rel.Grav. 21 (1989) 651; J. L. Cervantes-Cota, H. Dehnen, Nucl. Phys. B442 (1995) 391; I.L. Shapiro and G.

Cognola, Phys.Rev. D51 (1995) 2775; W.F. Kao, S.Y. Lin and T.K. Chyi, Phys. Rev. D53, 1955 (1996); V. P. Frolov, D. V. Fursaev, Phys.Rev. D56 (1997) 2212; W.F. Kao, Phys. Rev. D D61, (2000) 047501;

[11] H.T. Nieh and M.L.Yan, Ann. Phys. 138, 237, (1982); J.K. Kim and Y. Yoon, Phys. Lett. B214, 96 (1988); L.N. Chang and C. Soo, hep-th/9905001 ;

[12] W.F. Kao, hetp/003206, to appear in Phs. Rev. D.;

[13] S. Hanany, et. al. , astro-ph/0005123; A. Balbi, et. al. , astro-ph/0005123; [14] S. Coleman and E. Weinberg, Phys. Rev. D7, (1973) 1888;

[15] S. Weinberg, Rev. of Mod. Phys. 61 (1989) 1. N. Turok, S. W. Hawking, Phys.Lett. B432 (1998) 271; M. Goliath, George F. R. Ellis, Phys.Rev. D60 (1999) 023502 M. A. Jafarizadeh, F. Darabi, A. Rezaei-Aghdam, A. R. Rastegar, Phys.Rev. D60 (1999) 063514 R. Garattini, gr-qc/9910037; I. L. Shapiro, J. Sola, hep-ph/9910462; V. A. Rubakov, hep-ph/9911305;

[16] L. Smolin, Nucl. Phys. B160 (1979) 253; J. Polchinski, Nucl. Phys. B303 (1988) 226;