arXiv:hep-th/0006134 v2 3 Feb 2001

SOGANG-HEP 272/00

Brane-World Black Holes in Randall-Sundrum Models

Won Tae Kim^∗, John J. Oh^†, Marie K. Oh^‡, and Myung Seok Yoon^§ Department of Physics and Basic Science Research Institute, Sogang University, C.P.O. Box 1142, Seoul 100-611, Korea (February 2, 2001)

Abstract

We study brane-world black holes from Randall-Sundrum(RS) models in

(D + 1)-dimensional anti-de Sitter spacetimes. The solutions are directly

obtained by using a slightly generalized RS metric ansatz in D+1 dimensions. The metric of the brane world can be described by the Schwarzschild solution promoted to the black cigar solution in D +1 dimensions, which is compatible with the recently suggested black cigar solution in D = 4. Furthermore, we show that the Ricci flat condition for the brane can be easily derived from the effective gravity defined on the brane by using the RS dimensional reduction. Especially, it is shown that in two dimensions the effective gravity on the brane is described by the Polyakov action. PACS : 04.60.-m, 04.70.Dy Typeset using REVTEX

∗electronic address:wtkim@ccs.sogang.ac.kr †electronic address:john5@string.sogang.ac.kr ‡electronic address:kmoh@string.sogang.ac.kr §electronic address:younms@physics.sogang.ac.kr

I. INTRODUCTION

Recently, there has been much interests in the idea that our universe may be embedded in some higher-dimensional spacetimes. It has been suggested that the gauge hierarchy problem can be resolved in higher dimensions [1,2]. This framework unifies gravitation and gauge interactions at the weak scale and explains their hierarchy in our spacetime. However, this leads to another hierarchy between weak scale and compactification one.

On the other hand, in order to solve the hierarchy problem Randall and Sundrum(RS) have proposed a two-brane model called RS1 model involving a small and curved extra dimension which is a slice of anti-de Sitter (AdS) spacetime [3]. The negative tension brane is regarded as our universe and the hierarchy between physical scales naturally appears in our brane. Furthermore, RS have studied a single-brane model(RS2 model) by taking r_c → ∞, where r_c is a radius of the extra dimension [4]. In these RS models, the nonfactorizable metric with −πr_c ≤ y ≤ πr_c ds^2 = e^{−2k|y|}η_{μν}dx^μdx^ν + dy^2, (1) is essential as a static vacuum, which is different from that of the conventional Kaulza- Klein(KK) style in that the extra coordinate is associated with the conformal factor. On the other hand, the cosmological aspects of the RS model are intensively studied in Ref. [5]. The linearized gravity on the RS brane world is also treated in Refs. [4,6,7] and the dilatonic brane-world model are covered in Ref. [8].

Apart from the RS model, the static AdS domain wall has been found as BPS domain walls of D = 4, N = 1 supergravity theoris in Ref. [9], which is relevant for RS model in a special case. A further study on the global spacetime and non-static solution in this subject has been shown in Ref. [10], and the D-dimensional approach has been studied in Ref. [11].

As for black holes, Chamblin, Hawking, and Reall(CHR) [12] have proposed that a nonrotating and uncharged black hole on the domain wall is described by a black cigar solution in five dimensions. The curvature singularity and black hole mass have been discussed in detail. In Ref. [12], the vacuum metric (1) is generalized by substituting η_{μν} with g_{μν} under the Ricci flat condition, and find the brane-world solution. Note that black hole solutions in intersecting domain wall backgrounds has been studied in Ref. [13].

In the four-dimensional RS model, brane-world black holes and their thermodynamics [14], and a comparison with BTZ black holes and black strings on brane-world black holes [15] have been studied. Furthermore, in Ref. [16], aspects of evaporation in brane-world black holes have been discussed.

In Sec. II, we would like to obtain the brane-world black hole solutions from (D + 1)- dimensional AdS gravity with (D − 1)-branes and show that they satisfy the Ricci flat condition in all dimensions. In Sec. III, we find the effective gravity of the brane in terms of the RS dimensional reduction. In our calculations, the Ricci flat condition naturally appears as an equation of motion even though there exists some scalar field couplings in the effective action, so that the desirable brane-world solution can be easily obtained. On the other hand, the single brane limit is well defined, and the effective gravity just becomes Einstein gravity. Furthermore, for the case of three dimensions two-dimensional effective gravity is described by the well-known Polyakov action. In Sec. IV, we discuss our results comparing with the RS2 model.

II. BRANE-WORLD BLACK HOLES IN (D+1)-DIMENSIONS

Let us now consider the first RS (RS1) model in (D + 1) dimensions,

S_{(D+1)} = 1 2κ^2_{(D+1)} ∫ d^Dx ∫ dy √ −g_{(D+1)} [ R^{(D+1)} + D(D − 1)k^2 ]

− ∫ d^Dx √ −g̃_{(+)}λ_{(+)} − ∫ d^Dx √ −g̃_{(−)}λ_{(−)}, (2)

where λ_{(+)} and λ_{(−)} are tensions of the branes at y = 0 and at y = πr_c, respectively, D(D − 1)k^2 is a cosmological constant, and κ^2_{(D+1)} = 8πG^{(D+1)}_N . Note that we use M, N, K, · · · = 0, 1, · · · , D for (D + 1)-dimensional spacetime indices and μ, ν, κ, · · · = 0, 1, · · · , D − 1 for branes. We assume orbifold S^1/Z_2 which has a periodicity in the extra coordinate y and identify −y with y. Two singular points on the orbifold are located at y = 0 and y = πr_c,

and two (D − 1)-branes are placed at these points, respectively. Note that g̃^{(+)}_{μν} and g̃^{(−)}_{μν} are

defined as

g̃^{(+)}_{μν} ≡ g^{(D+1)}_{μν} (x^μ, y = 0),

g̃^{(−)}_{μν} ≡ g^{(D+1)}_{μν} (x^μ, y = πr_c). (3)

We assume a generalized metric as

ds^2_{(D+1)} = e^{σ(y)Φ(x)}g^{(D)}_{μν} (x)dx^μdx^ν + T^2(x)dy^2, (4)

where the moduli field T (x) is different from Φ(x) for the present. From Eq. (2), the

equations of motion are given as

G^{(D+1)}

MN = T^{(D+1)}_{MN} . (5)

By using the metric (4), the Einstein tensors are calculated as

G^{(D+1)} μν = G^{(D)}_{μν} − 1 T ( ∇_μ∇_νT − g^{(D)}_{μν} 2T ) − 1 2 σ(D − 2) ( ∇_μ∇_νΦ − g^{(D)}_{μν} 2Φ )

+ 1 2T σ ( ∇_μT ∇_νΦ + ∇_μΦ∇_νT + (D − 3)g^{(D)}_{μν} ∇_ρT ∇^ρΦ )

+ 1 8 σ^2(D − 2) ( 2∇_μΦ∇_ν Φ + (D − 3)g^{(D)}_{μν} (∇Φ)^2 )

+ Φ 8T^2 (D − 1)e^{σΦ}g^{(D)}_{μν} ( ΦD(∂_y σ)^2 + 4∂^2_y σ ) , (6)

G^{(D+1)} μy = − 1 2 (D − 1) ( ∂_μΦ − Φ T ∂_μT ) ∂_yσ, (7) G^{(D+1)} yy = − 1 2 T^2e^{−σΦ} ( R^{(D)} − σ(D − 1)2Φ − 1 4 σ^2(D − 1)(D − 2)(∇Φ)^2 − Φ^2 4T^2

D(D − 1)e^{σΦ}(∂_yσ)^2 ) , (8)

and the stress-energy tensor is explicitly written as

T^{(D+1)} MN = 1 2 g^{(D+1)}

MN D(D − 1)k^2 + κ^2_{(D+1)} √ −g̃_{(+)} √ −g_{(D+1)} λ_{(+)}δ(y)g̃^{(+)}_{μν} δ^μ_M δ^ν_N

+ κ^2_{(D+1)} √ −g̃_{(−)} √ −g_{(D+1)} λ_{(−)}δ(y − πr_c)g̃^{(−)}_{μν} δ^μ_M δ^ν_N . (9)

Since the (μy)-component of Eq. (9) vanishes, from Eq. (5) we obtain the following relation,

G^{(D+1)} μy = − 1 2 (D − 1) ( ∂_μΦ − Φ T ∂_μT ) ∂_yσ = 0. (10)

It is interesting to note that the case of σ(y) = constant corresponding to a factorizable geometry describes a conventional Kaluza-Klein(KK) theory without a KK gauge field A_μ(x). For our nonfactorizable metric (4), we take σ(y) = −2k|y| by considering RS vacuum metric (1), then Eq. (10) yields

Φ(x) = T (x). (11)

In the (μν)-components of Eq. (5), there exist discontinuities resulting from the delta functional source due to the presence of brane tensions at y = 0 and at y = πr_c. At this stage, we consider junction conditions and integrate out the Einstein equation near the branes,

∫_{0+}ϵ 0−ϵ dyG^{(D+1)}_{μν} = ∫_{0+}ϵ 0−ϵ dyT^{(D+1)} μν , ∫ πrc_+ϵ πrc−ϵ dyG^{(D+1)}_{μν} = ∫ πrc_+ϵ πrc−ϵ dyT^{(D+1)} μν . (12) The jump along the extra coordinate near the (D − 1)-branes gives a relation,

λ_{(+)} = −λ_{(−)} =

2(D − 1) κ^2_{(D+1)} k, (13)

where we note that the branes at y = 0 and at y = πr_c have a positive tension (λ_{(+)}) and a negative one (λ_{(−)}), respectively. Using the relation (13) for this brane model, the equation of motion (5) is explicitly given as R^{(D)}_{μν} − 1 2 g^{(D)}_{μν} R^{(D)} − 1 T [ ∇_μ∇_νT − g^{(D)}_{μν} 2T ] + 1 2 k^2y^2(D − 2) [ 2∇_μT ∇_νT + (D − 3)g^{(D)}_{μν} (∇T )^2 ]

+k|y|(D − 2) [ ∇_μ∇_νT − g^{(D)}_{μν} 2T ] − k|y| T [ 2∇_μT ∇_νT + (D − 3)g^{(D)}_{μν} (∇T )^2 ] = 0, (14) R^{(D)} + 2k|y|(D − 1)2T − k^2y^2(D − 1)(D − 2)(∇T )^2 = 0. (15)

Trace of Eq. (14) and Eq. (15) give the following simple equations,

R^{(D)} + k|y|(D − 1)2T = 0, 2T − k|y|(D − 2)(∇T )^2 = 0. (16)

In Eq. (16), as a simple constant solution of T (x), we set T (x) = 1, then metric solution g^{(D)}_{μν} should be determined by a condition,

R^{(D)} = 0. (17)

Combining R^{(D)} = 0 and T (x) = 1 with Eq. (14), the Ricci flat condition, R^{(D)}_{μν} = 0 introduced in Ref. [12], is obtained from the equations of motion. ¿From this condition (17), it is natural to consider the D-dimensional Schwarzschild black hole solution for uncharged nonrotating case as a brane solution, ds^2 = e^{−2k|y|} [ − ( 1 − 2M r ) dt^2 + ( 1 − 2M r )_{−1} dr^2 + r^2dΩ^2_{(D−2)} ] + dy^2, (18)

where dΩ^2_{(D−2)} is a metric of unit (D − 2)-sphere. For D = 4, it is a “black cigar” solution which describes a black hole placed on the hypersurface at the fixed extra coordinate y [12]. The black hole horizon is r_H = 2M [12], which is shown in FIG. 1.

FIG. 1. The black hole can be formed by collapsing matters on the brane and its singularities exist along the extra dimension.

On the other hand, the Arnowitt-Deser-Meisner(ADM) mass M̃ of the brane-world black hole measured on the brane is given as M̃ = Me^{−ky}0 , (19)

where y_0 is 0 and πr_c which are y-coordinates of the positive and the negative tension branes, respectively.

The Ricci scalar and the square of the Ricci tensor are constant, while the square of Riemann tensor is written as R_{MNKL}R^{MNKL} = 10k^4 + 12M^2e^{4ky} r^6

, (20)

especially for D = 4. It can be shown that in Eq. (20), there exists a curvature singularity at r = 0 and this is extended along the y-coordinate such as a string in FIG. 1. The range of y spans from 0 to y_c = πr_c for the RS1 model, while for the RS2 model, y_c goes to infinity. Therefore, for y_c → ∞, the square of Riemann tensor diverges for finite r and the ADM mass would be exponentially suppressed as M̃ = Me^{−ky}c|_yc_{→∞} → 0 on the negative tension brane for the RS2 model.

III. EFFECTIVE THEORY FROM THE DIMENSIONAL REDUCTION

We now study D-dimensional effective theory on the brane by using the dimensional reduction with the generalized metric (4) of RS models and by including the constraint (11) to be consistent with (D + 1)-dimensional Einstein equation and find an explicit action describing the brane world. At first sight, a candidate for the theory seems to be Einstein gravity because of the Ricci flat condition. However, the resulting action looks like a dilaton gravity satisfying the Ricci flat condition. Using the metric (4), a Ricci scalar can be expressed as

R^{(D+1)} = e^{−σΦ} [ R^{(D)} − σ(D − 1)2Φ − 2 T 2T −^σ_T (D − 2)∇μΦ∇^μT − 1 4 σ^2(D − 1)(D − 2)(∇Φ)^2 −

Φ^2 4T^2

D(D + 1)e^{σΦ}(∂_yσ)^2 − Φ T^2

De^{σΦ}∂^2_y σ ] . (21)

Inserting Eq. (21) into Eq. (2) for σ(y) = −2k|y| and the constraint (11), we obtain S_{(D+1)} = 1 2κ_{(D+1)}^2 ∫ d^Dx √ −g_{(D)}T ∫ πrc −πrc dye^{−(D−2)k|y|T} [ R^{(D)} + 2k|y|(D − 1)2T − 2 T 2T +^{2k|y|}_T (D − 2)(∇T )^2 − k^2y^2(D − 1)(D − 2)(∇T )^2 − D(D + 1)e^{−2k|y|T} k^2 + 4 T kDe^{−2k|y|T} (δ(y) − δ(y − πr_c)) + e^{−2k|y|T} D(D − 1)k^2 ]

− ∫ d^Dx √ −g_{(D)}λ_{(+)} − ∫ d^Dx √ −g_{(D)}e^{−Dkπr}c^T λ_{(−)}. (22) After integrating out along the extra dimension y from −πr_c to πr_c, the D-dimensional effective action is now obtained as

S_{(D)} = 1 2κ^2_{(D+1)}k ∫ d^Dx √ −g_{(D)} [ 2 (D − 2) ( 1 − e^{−(D−2)ϕ} ) R^{(D)} − 2(D − 1)e^{−(D−2)ϕ}(∇ϕ)^2 + ( 4(D − 1)k^2 − 2κ^2_{(D+1)}kλ_{(+)} ) − e^{−Dϕ} ( 4(D − 1)k^2 + 2κ^2_{(D+1)}kλ_{(−)} )] , (23) where we redefined ϕ(x) ≡ πkr_cT (x). If we use junction condition (13) in Eq. (23), then the resulting effective action can be obtained as S_{(D)} = 1 2κ^2_{(D+1)}k ∫ d^Dx √ −g_{(D)} [ 2 (D − 2) ( 1 − e^{−(D−2)ϕ} ) R^{(D)} − 2(D − 1)e^{−(D−2)ϕ}(∇ϕ)^2 ] , (24) The action (24) is reminiscent of the low-energy string theory with some modified dilaton coupling, however, it is different in that the Ricci flat condition is satisfied through the equations of motion.

¿From the effective action (24), equations of motion are derived as [( 1 − e^{−(D−2)ϕ} ) (R^{(D)}_{μν} − 1 2 g^{(D)}_{μν} R_{(D)}) + (D − 2)^2e^{−(D−2)ϕ}∇_μϕ∇_νϕ − (D − 2)e^{−(D−2)ϕ}∇_μ∇_νϕ − g^{(D)}_{μν} (D − 2)^2e^{−(D−2)ϕ}(∇ϕ)^2 + g^{(D)}_{μν} (D − 2)e^{−(D−2)ϕ}2ϕ ]

+(D − 1)(D − 2)e^{−(D−2)ϕ} (1 2 g^{(D)}_{μν} (∇ϕ)^2 − ∇_μϕ∇_νϕ ) = 0, (25) R^{(D)} − (D − 1)(D − 2)(∇ϕ)^2 + 2(D − 1)2ϕ = 0, (26) and the trace of Eq. (25) gives R^{(D)} − e^{−(D−2)ϕ} ( R^{(D)} − (D − 1)(D − 2)(∇ϕ)^2 + 2(D − 1)2ϕ ) = 0. (27)

Combining Eqs. (26) and (27), the condition R^{(D)} = 0 is obtained, which is consistent with the previous Eq. (17) from the (D + 1)-dimensional analysis. Here, if we assume a constant background ϕ solution and use R^{(D)} = 0, then the Ricci flat condition shown in the previous section can be reproduced in Eq. (25).

As for the special case of D = 2, we take the limit of D → 2 in the action (24), then two-dimensional brane world is governed by

S_{(D=2)} = 1 κ^2_{(3)}k ∫ d^2x √ −g_{(2)} [ ϕR^{(2)} − (∇ϕ)^2 ] . (28)

Integrating out ϕ(x), the well-known two-dimensional Polyakov action [17] is obtained,

S_{2D} = − 1 4κ^2_{(3)}k ∫ dx^2 √ −g_{(2)}R^{(2)} 1 2^{R(2). (29)}

This result is of interest in that the Polyakov action is derived from the classical threedimensional brane-world model. From the beginning, if one fixes D = 2, then the same result comes out.

IV. DISCUSSIONS

Now, it seems to be appropriate to comment on a single brane model of RS2 model [4], the similar analysis to the RS1 model can be applied to the RS2 model, however, for simplicity, we take the limit of r_c → ∞ corresponding to ϕ(x) → ∞ in Eq. (24). Then, the resulting action gives a desirable result as

S_{(D)} = 1 (D − 2)κ^2_{(D+1)}k ∫ d^Dx √ −g_{(D)}R^{(D)}. (30)

It is the D-dimensional Einstein-Hilbert action which yields a D-dimensional Schwarzschild black hole solution. For the present RS2 model, if y → ∞, the ADM mass (19) is exponentially suppressed and the black hole horizon shrinks to zero at the AdS horizon.

Finally, the effective mass scale M^2_D in D dimensions from Eq. (24) can be defined as

M^2_{(D)} =

2M^3_{(D+1)} (D − 2)k ( 1 − e^{− (}

D�2)_{2 ϕ})

, (31) where M^3_{(D+1)} is a mass scale in (D +1)-dimensional spacetimes which is defined as 1/κ^2_{(D+1)}. Note that the relation (31) is consistent with the result of the original cosmological derivation [3] for the constant background ϕ = πkr_c in D = 4.

In summary, we have studied the brane-world black hole solutions in the RS model. The RS dimensional reduction with the junction conditions gives the interesting brane-world gravity. The Ricci flat condition appears as one of the reduced equations of motion and the solutions are easily solved. As a comment, the effective gravity might reflect more or less holographic properties in that especially for D = 2 the Polyakov induced gravity is a conformal field theory with the central charge c =^{24π}_{κ2(3)k} in the spirit of AdS/CFT correspondence [18], so that it would be interesting to study this issue in more detail.

Acknowledgments We would like to thank P. P. Jung for helpful discussions. We are grateful to M. Cvetič for useful comments on domain walls, and would like to S. D. Odintsov, J. Erlich, and R. C. Myers for helpful remarks on our work. This work was supported by the Ministry of Education, Brain Korea 21 Project No. D-0055, 1999.

REFERENCES

[1] N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, The Hierarchy Problem and New Dimensions at a Millimeter, Phys. Lett. B429 263 (1998), [hep-ph/9803315].

[2] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, New dimensions at a milimeter to a Fermi and Superstrings at a TeV, Phys. Lett. B436 257 (1998),

[hep-ph/9804398].

[3] L. Randall and R. Sundrum, Large Mass Hierarchy from a Small Extra Dimension, Phys. Rev. Lett. 83 3370 (1999), [hep-ph/9905221].

[4] L. Randall and R. Sundrum, An Alternative to Compactification, Phys. Rev. Lett. 83 4690 (1999), [hep-th/9906064].

[5] P. Binétruy, C. Deffayet, and D. Langlois, Non-conventional cosmology from a braneuniverse, Nucl. Phys. B565 269 (2000), [hep-th/9905012]; E. E. Flanagan, S.-H. H. Tye, and I. Wasserman, A Cosmology of the Brane World, [hep-ph/9909373]; P. Binétruy, C. Deffayet, U. Ellwanger, and D. Langlois, Brane cosmological evolution in a bulk with cosmological constant, Phys. Lett. B477 285 (2000), [hep-th/9910219] ; C. Csáki, M. Graesser, L. Randall, and J. Terning, Cosmology of Brane Models with Radion Stabilization, [hep-ph/9911406] ; J. E. Kim, B. Kyae, and H. M. Lee, Effective Gauss-Bonnet Interaction in Randall-Sundrum Compactification, [hep-ph/9912344]; P. Kanti, I. I. Kogan, K. A. Olive, and M. Pospelov, Single-Brane Cosmological Solutions with a Stable Compact Extra Dimension, Phys. Rev. D61 106004 (2000), [hep-th/9912266] ; C. Csáki, M. Graesser, C. Kolda, and J. Terning, Cosmology of one extra dimension with localized gravity, Phys. Lett. B462 34 (1999), [hep-ph/9906513].

[6] J. Lykken and L. Randall, The Shape of Gravity, [hep-th/9908076]. [7] S. B. Giddings, E. Katz, and L. Randall, Linearized Gravity in Brane Backgrounds, JHEP 0003 023 (2000), [hep-th/0002091].

[8] D. Youm, Dilatonic p-Branes and Brane Worlds, [hep-th/0003174] ; C. Goméz, B.

Janssen, and P. Silva, Dilatonic Randall-Sundrum Theory and Renormalization group, JHEP 0004 024 (2000), [hep-th/0002042] ; H. A. Chamblin and H. S. Reall, Dynamic Dilatonic Domain Wall, Nucl. Phys. B562 133 (1999), [hep-th/9903225] ; S. Nojiri, O. Obregon, S. D. Odintsov, and S. Ogushi, Dilatonic Brane-World Black Holes, Gravity Localization and Newton Constant, [hep-th/0003148]; S. Nojiri, O. Obregon, and S. D. Odintsov, (Non)Singular Brane world Cosmology Induced by Quantum Effects in D − 5 Dilatonic Gravity, [hep-th/0005127]; N. Alonso-Alberca, B. Janssen, and P. J. Silva, Curved dilatonic brane-worlds and the cosmological constant problem, [hep-th/0005116]; M. Cvetič, Flat World of Dilatonic Domain Walls, Phys. Rev. Lett.

71 815 (1993), [hep-th/9304062]; M. Cvetič, Extreme Domain Wall - Black Hole Complementary in N = 1 Supergravity with a General Dilaton Coupling, Phys. Lett. B341 160 (1994), [hep-th/9402089]; M. Cvetič and H. Soleng, Naked Singularities in Dilatonic Domain Wall Spacetimes, Phys. Rev. D51 5768 (1995), [hep-th/9411170].

[9] M. Cvetič, S. Griffies, and S.-J. Rey, Static Domain Walls in N = 1 Supergravity, Nucl.

Phys. B381 301 (1992).

[10] M. Cvetič, S. Griffies, and H. Soleng, Local and Global Gravitational Aspects of Domain Wall Space-times, Phys. Rev. D48 2613 (1993), [gr-qc/9306005].

[11] M. Cvetič and J. Wang, Vacuum Domain Walls in D-Dimensions : Local and Global Space-time Structure, Phys. Rev. D61 124020 (2000), [hep-th/9912187].

[12] A. Chamblin, S. W. Hawking, and H. S. Reall, Brane-World Black Holes, Phys. Rev.

D61 065007 (2000), [hep-th/9909205].

[13] A. Chamblin, C. Csáki, J. Erlich, and T. J. Hollowood, Black Diamonds at Brane Junctions, [hep-th/0002076].

[14] R. Emparan, G. Horowitz, and R. C. Myers, Exact Description of Black Holes on Branes,

JHEP 001 07 (2000), [hep-th/9911043].

[15] R. Emparan, G. Horowitz, and R. C. Myers, Exact Description of Black Holes on Branes II: Comparison with BTZ Black Holes and Black Strings, JHEP 001 021 (2000),

[hep-th/9912135].

[16] R. Emparan, G. Horowitz, and R. C. Myers, Black Holes Radiate Mainly on the Brane,

[hep-th/0003118].

[17] A. M. Polykakov, Quantum geometry of bosonic strings, Phys. Lett. B103 207 (1981). [18] J. Maldacena, The Large N Limit of Superconformal field theories and Supergravity, Adv. Theor. Math. Phys. 2 231 (1998), [hep-th/9711200].