arXiv:hep-th/0006163 v4 30 Oct 2000

Higher Derivative CP(N) Model and Quantization of the Induced Chern-Simons Term

Taichi Itoh^{1,2∗} and Phillial Oh^{1†} 1Department of Physics and Institute of Basic Science, Sungkyunkwan University Suwon 440-746, Korea 2Department of Physics, Kyungpook National University, Taegu 702-701, Korea (SKKUPT-02/2000, June 2000)

Abstract

We consider higher derivative CP(N) model in 2 + 1 dimensions with the Wess-Zumino-Witten term and the topological current density squared term. We quantize the theory by using the auxiliary gauge field formulation in the path integral method and prove that the extended model remains renormalizable in the large N limit. We find that the Maxwell-Chern-Simons theory is dynamically induced in the large N effective action at a nontrivial UV fixed point. The quantization of the Chern-Simons term is also discussed.

PACS Number(s): 11.10.Gh, 11.15.Pg, 11.15.-q, 11.30.-j

Typeset using REVTEX

∗Email address: taichi@knu.ac.kr

†Email address: ploh@dirac.skku.ac.kr

The CP(N) model in 2+1 dimensions has many remarkable properties. In contrast to the perturbative nonrenormalizability, the theory is renormalizable in the large N limit, in spite of the appearance of linear divergence [1]. It also exhibits a nontrivial fixed point structure which divides the symmetric and broken phases with a second order phase transition, and dynamical generation of a gauge boson [2].

The purpose of this article is to extend the CP(N) model with higher order derivative terms, and discuss its possible consequence in the large N limit. In general, adding higher derivative terms in the nonlinear sigma models would make the theory less renormalizable and the path integral more involved. However, with a specific choice of higher derivative terms to be described below, the theory admits the auxiliary gauge field formulation and an exact evaluation of the path integral can be performed in the large N limit. We find that (I) the extended theory remains renormalizable and (II) the auxiliary gauge field becomes dynamical with induced Maxwell-Chern-Simons terms. In order to achieve these results, two types of higher derivative terms are required. One is the third order derivative Wess- Zumino-Witten (WZW) term which lives in M_4 whose boundary is our 2 + 1 dimensional space-time. It is well known that the coefficient of this term must be quantized in the case of Grassmann coset space Gr(N, n) ≡ SU(N)/SU(N − n) × U(n) with n > 1 [3]. The path integral evaluation of this Grassmann model is very involved even in the large N limit due to the non-Abelian U(n) structure, but one can truncate the theory to the Abelian U(1) sector which yields the CP(N) model. In the following, we consider the CP(N) model as an Abelian truncated version of the Grassmann model, and a priori quantization of WZW coefficient survives. This leads to the interesting consequence that the coefficient of the induced Chern-Simons term [4,5] is also quantized. The other is the topological current density squared term which was considered recently in the higher derivative extension of CP(N) model in 1 + 1 dimensions [6].

Let us start directly from the auxiliary gauge field formulation of the extended CP(N) model for economic presentation. We will shortly show that this theory is equivalent to the aforementioned higher derivative CP(N) model. The Lagrangian is given by

L_A = N G [ (D_μz)^†(D^μz) − iθGA_μ ϵ^{μνρ}(∂_νz)^†(∂_ρz) − λ (z^†z − 1) ] , (1)

where D_μ ≡ ∂_μ−iA_μ and z is an N components complex scalar field which obeys a constraint z^†z = 1. The first term is the usual CP(N) ≡ SU(N)/SU(N − 1) × U(1) model in the auxiliary gauge field formulation. The second term will be responsible for higher derivative terms when the auxiliary gauge field A_μ are eliminated through the equations of motion. Note that z with the constraint z^†z = 1 contains 2N −1 real scalars, whereas the coset space is a (2N − 2)-dimensional manifold. This mismatch is due to the local U(1) symmetry of the model. More specifically, the U(1) gauge transformation is given by z(x) → e^{iα(x)}z(x), A_μ(x) → A_μ(x) + ∂_μα(x). (2) Note that the first term in the Lagrangian (1) is manifestly gauge invariant, whereas the second term changes by a total derivative, hence the action is gauge invariant.

The field z ≡ (z_1, . . . , z_N )^T is separated into 2N − 2 Nambu-Goldstone bosons ψ ≡ (z_1, . . . , z_{N −1})^T associated with the spontaneously broken SU(N) symmetry and Higgs bosons z_N ≡ (σ + iχ)/ √ 2. In general there are two possible phases [2]: (I) ⟨σ⟩ ≠ 0, ⟨λ⟩ = 0 and

(II) ⟨σ⟩ = 0, ⟨λ⟩ ≠ 0. In phase (I) both global SU(N) and local U(1) symmetries are broken simultaneously and ψ arise as massless Goldstone bosons. Through the Higgs mechanism χ turns to a longitudinal mode of massive gauge boson A_μ. On the other hand in phase (II) both global SU(N) and local U(1) symmetries are not spontaneously broken. Instead ψ and z_N are combined into z with a universal mass ⟨λ⟩^{1/2}. We will see later that the dimensionless coupling u ≡ GΛ shows a nontrivial ultraviolet (UV) fixed point u^∗ which arises as a zero of the Callan-Symanzik β-function and separates the weak coupling broken phase (I) from the strong coupling symmetric phase (II). Since we are interested in dynamical generation of gauge bosons, we confine our computation to the symmetric phase alone.

Solving the equations of motion and eliminating the A_μ fields, we see that the Lagrangian becomes

L_J = N G [ (∂_μz)^†(∂^μz) − J_μJ^μ + θG ϵ^{μνρ}J_μ∂_ν J_ρ + 1 4 θ^2G^2J_μ(∂^2g^{μν} − ∂^μ∂^ν)J_ν ] , (3)

where J^μ ≡ (1/2i)[z^†∂^μz − (∂^μz^†)z] with the constraint z^†z = 1. We see that the extra third and fourth terms as well as the original second term are not renormalizable in perturbative expansion. The geometrical implication of the above Lagrangian can be seen in the coadjoint orbit approach for the nonlinear sigma model [7,8]. In terms of the coadjoint orbit variable Q = −izz^† + i I N , z^†z = 1, (4)

and the topological current density t^μ = ϵ^{μνρ} < Q ∂_νQ ∂_ρQ > = −ϵ^{μνρ} ∂_νJ_ρ, we find that the Lagrangian (3) is equivalent to

S_Q = − N G ∫ d^3x [ 1 2 < ∂_μQ ∂^μQ > + 1 4 θ^2G^2 t^μt_μ ] + S_{W ZW} . (5)

Here the symbol < · · · > stands for a trace over an N × N matrix. And S_{W ZW} descends from M_4 whose boundary is our 2 + 1 dimensional space-time, and is given by S_{W ZW} = −iNθ ∫ M4 d^4x ϵ^{μνρσ} < Q ∂_μQ ∂_νQ ∂_ρQ ∂_σQ >, (6) where Nθ has to be k/4π for integer k from the aforementioned quantization condition [3]. Note that the gauge formulation requires the coefficients of the topological current squared term to be fixed in terms of θ.

The equivalence between (3) and (5) can be conveniently checked in terms of differential forms [9]. Let us introduce 1-forms dQ = (∂_μQ)dx^μ and J ≡ J_μdx^μ = −iz^†dz = idz^†z with z^†z = 1. Then, by the Hodge dual ∗, we have the 1-form of topological current density given by t ≡ t_μdx^μ = − ∗ dJ. Now, using idQ = dzz^† + z dz^†, the first term in (5) can be rewritten as − 1 2 ∫ d^3x < ∂_μQ ∂^μQ > = 1 2 ∫ < ∗dQ ∧ dQ > = − ∫ ( ∗dz^† ∧ dz − ∗J ∧ J ) , (7)

which reproduces the first two terms in (3). Similarly the second term in (5) can be shown to be equal to

− ∫ d^3x t_μt^μ = ∫ (∗t ∧ t) = ∫ (dJ ∧ ∗dJ) = ∫ d^3x ϵ_{αβγ}ϵ^{μνγ} (∂^αJ^β)(∂_μJ_ν ), (8)

which corresponds to the fourth term in (3) after a partial integration. Finally, WZW action (6), which is an integration over the M_4 of the 4-form < Q(dQ)^4 >, yields after a straightforward computation ∫ M4 < Q(dQ)^4 > = −i ∫ M4 ( dz^† ∧ dz ∧ dz^† ∧ dz ) = i ∫ M4 d(J ∧ dJ), (9) where we have used ∫ (z^†dz)^4 = 0 = ∫ (dz^† ∧ dz) ∧ (z^†dz)^2 repeatedly. It yields the third term in (3) using the Stokes’ theorem.

The original CP(N) model is not renormalizable in larger than two dimensions. However the theory may become renormalizable through a resummation of Feynman diagrams in a different way from the coupling perturbation expansion. In fact the 1/N expansion provides such a resummation technique and it makes the CP(N) model in less than four dimensions renormalizable [1,10].

We can rewrite the Lagrangian (1) up to total derivative terms as

L^′_A = N G z^† [ − ∂^2 − m^2 − Γ ] z + Nλ G , (10)

where we separate the Goldstone boson mass m^2 from λ ≡ m^2 + λ̃ and Γ stands for the interaction vertices: Γ ≡ λ̃ − iA_μ(∂^μ − ←− ∂^μ − θG ϵ^{μνρ} ←− ∂_ν ∂_ρ) − A_μA^μ, (11)

where ←− ∂^μ and ←− ∂_ν do not operate on A_μ. Path integrating z and z^† provides the large N effective action:

S_{eff} = ∫ d^3x L^′_A + iN Tr Ln [ − ∂^2 − m^2 ] − iN ∞∑ n=1 1 n Tr [ 1 − ∂^2 − m^2 Γ ]n . (12)

We divide the effective action up to quadratic terms (n = 1, 2) into two parts, S_{eff} = S^I +S^{II} where S^I denotes the large N effective action in the original CP(N) model and S^{II} stands for the extra induced terms. After some straightforward calculations, we obtain

S^I = N ∫ d^3x [ 1 G z^† [ − ∂^2 − m^2 − Γ^I ] z + ( 1 u − 1 u^∗ ) Λ(m^2 + λ̃) + 1 4π mλ̃ + 1 6π m^3 + 1 2 λ̃ Π_λ(i∂) λ̃ − 1 4 F_{μν} Π_1(i∂) F^{μν} ] , (13) S^{II} = N ∫ d^3x [ iA_μ ϵ^{μνρ}(∂_νz)^†(∂_ρz) − 1 12 F_{μν} θ^2G^2 Π_2(i∂) F^{μν} − 2 3 A_μ θG Π_2(i∂) ϵ^{μνρ} ∂_ν A_ρ ] , (14)

where we have introduced the dimensionless coupling u ≡ GΛ and u^∗ ≡ 2π^2. Γ^I is the interaction vertices in the original CP(N) model without higher derivative terms, and the vacuum polarization functions are given by

Π_λ(p) = 1 4π √ −p^2 arctan √ −p^2 2m , (15)

Π_1(p) = 1 4πp^2 [ m − 4m^2 − p^2 2 √ −p^2 arctan √ −p^2 2m ] , (16)

Π_2(p) = 1 2π^2 Λ − 3 8π m + 3 4 p^2Π_1(p). (17)

We realize that there arise linear divergences in induced Chern-Simons and Maxwell terms which have no counter terms in the original Lagrangian.

Renormalization of the coupling G can be worked out in the same manner as in the original CP(N) model. The large N effective potential is defined as the effective action divided by Ω ≡ ∫ d^3x with λ̃ ≡ 0, A_μ ≡ 0 and z(z^†) ≡ 0. It is given by 1 N V_{eff} = − ( 1 u − 1 u^∗ ) Λm^2 − m^3 6π . (18)

The Goldstone boson mass m is determined as a nontrivial solution to the gap equation dV_{eff} /dm^2 = 0 and reads

m = 4πΛ ( 1 u^∗ − 1 u ) . (19)

We notice that m can be independent of the ultraviolet cutoff Λ by imposing Λ dependence on the coupling u. In fact the scale invariance condition Λdm/dΛ = 0 leads us to the Callan-Symanzik β-function β(u) ≡ Λ du dΛ = u ( 1 − u u^∗ ) , (20)

which shows a nontrivial UV fixed point at u = u^∗. In the original CP(N) model the only divergence is the one which arises in the large N effective action through a tadpole diagram coupled with λ̃ so that the scale invariance condition Λdm/dΛ = 0 is enough to achieve the cutoff independent theory. Since m is scale invariant, the solution to the gap equation (19) suggests that the renormalization of coupling is given by ( 1 u − 1 u^∗ ) Λ = ( 1 u_R − 1 u^∗_R ) μ, (21)

where u_R is the renormalized coupling at a reference energy scale μ.

In the extended model, however, linear divergences arise in the induced Chern-Simons and Maxwell terms which do not have their counter terms in the classical action. Therefore the higher derivative theory seems to be nonrenormalizable, although the coupling u can be renormalized in the same way as in the original CP(N) model. However, since the extra linear divergences are always accompanied by the coupling G ≡ u/Λ which cancels the linear divergences, we expect the large N effective action (14) to be scale invariant in the continuum limit Λ → ∞.

To study this point in more detail, we first look at how S^I can be scale invariant through the renormalization procedure. The induced kinetic terms of A_μ and λ̃ are UV finite in themselves so that we do not need wave function renormalization for them. Then the second term in the right hand side of Eq. (13) becomes UV finite through Eq. (21) from which the Z factor for the coupling G can be read

Z^{−1} ≡ G_R G = 1 − u_R u^∗_R + u_R u^∗ ( Λ μ ) . (22)

Here G_R is connected to the dimensionless coupling u_R through u_R ≡ G_Rμ. The kinetic term of z has to be UV finite in itself so that we see 1 G z^† [ − ∂^2 − m^2 ] z = 1 G_R z^†_R [ − ∂^2 − m^2 ] z_R, (23)

where z_R has been introduced through z = Z^{1/2}_z z_R and Z_z is thereby determined as Z_z ≡ Z in order to cancel the Z factor from the coupling renormalization. Thus we realize that Γ^I in S^I has to remain invariant through the renormalization procedure. This forces both of A_μ, λ̃ to be unchanged through renormalization. This is consistent with the UV finiteness of kinetic terms for A_μ and λ̃ in S^I .

Now that we have explicitly shown that the original CP(N) model can be renormalized through the 1/N resummation, let us look at what happens in S^{II} if we take the continuum limit Λ → ∞. The Callan-Symanzik β-function (20) tells us that the dimensionless coupling u ≡ GΛ goes to the UV fixed point u = u^∗ as the cutoff Λ goes to infinity, whereas the bare coupling G ≡ u/Λ reduces to zero. On the other hand, the extra vacuum polarization effect Π_2 in Eq. (17) can be rewritten as

G Π_2(p) = u u^∗ − G [ 3 8π m − 3 4 p^2Π_1(p) ] . (24)

Therefore, we can obtain the UV finite result G Π_2(p) → 1 as Λ → ∞. In the same reasoning the extra contribution to the Maxwell term which contains G^2 Π_2(p) vanishes in the continuum limit. Moreover, the first term in S^{II} has an extra G after the renormalization (23) and is thereby suppressed by a factor 1/Λ as Λ → ∞. Thus in the continuum limit S^{II} becomes a UV finite Chern-Simons action −(2Nθ/3) ∫ d^3x ϵ^{μνρ}A_μ∂_ν A_ρ without any ambiguity.

According to power counting of superficial degrees of UV divergences, the three-points function of A_μ shows a linear divergence. However the extra gauge coupling in Γ is invariant under the charge conjugation so that the three points function and its charge conjugation cancel each other in the same way as in the original CP(N) model [1]. Moreover all n-points functions with n ≥ 4 are UV finite and the contributions from the extra gauge interaction are accompanied by G. Therefore in the continuum limit such extra effects are suppressed by a factor 1/Λ and become irrelevant. Hence we can conclude that the large N effective action in our extended model is renormalizable and the gauge sector is equivalent to the Maxwell-Chern-Simons theory which couples minimally to z field. The effective Lagrangian at the lowest order in the derivative expansion can be rewritten as

L_{eff} = − 1 4 F_{μν} F^{μν} − κ 2 ϵ^{μνρ}A_μ∂_ν A_ρ, (25) where we introduced e^2 ≡ 24πm/N and redefined the gauge field by A_μ = eA_μ so that the covariant derivative is D_μ ≡ ∂_μ − ieA_μ. In this Lagrangian, the Chern-Simons coefficient becomes a dimensionful parameter κ ≡ 32πmθ, and we supposed that the Goldstone bosons became very massive and decoupled after the symmetry restoration of both global SU(N) and local U(1).

Note that the ratio of the topological gauge boson mass κ [5] to the effective gauge coupling square e^2 is proportional to Nθ and is quantized such as κ/e^2 = k/3π. Recently, some authors showed that in the Maxwell-Chern-Simons theory coupled to fermion fields, the Lorentz symmetry is spontaneously broken through a dynamically induced magnetic field when κ/e^2 is quantized in a unit of 1/4π [11,12]. Specifically, Ref. [12] introduced N_f -flavored four-components fermion fields and showed that only the Lorentz symmetry is broken in κ = N_f e^2/2π, whereas both flavor U(2N_f ) and Lorentz symmetries are broken at the same time in κ = N_f e^2/4π through a dynamically generated fermion mass and a magnetic field. Our current results provides a geometrical origin of quantization of the Chern-Simons coefficient due to the WZW term. In fact the quantization condition κ = N_f e^2/2π and N_f e^2/4π correspond to 2k = 3N_f and 4k = 3N_f , respectively. We may also possibly prove that the induced Chern-Simons term may not receive any higher order 1/N corrections [13].

We have investigated the gauge formulation of higher derivative CP(N) model in 2 + 1 dimensions with WZW term and topological current density squared, and have proved its renormalizability in the large N limit. We also have found that the Maxwell-Chern-Simons theory is dynamically generated in the effective action and the coefficient of the induced Chern-Simons term must be quantized which is a direct consequence of the quantization of the WZW term. If we couple the theory to fermions with U(2N_f ) flavors, the low energy effective theory shows spontaneous break down of the Lorentz symmetry associated with an induced magnetic field when 2k = 3N_f , 4k = 3N_f . It would be interesting to check whether this has some physical implications, especially in condensed matter phenomena such as anyon physics and the fractional quantum Hall effect [14].

There exist related subjects to be studied further. One of them is to compute the current algebra associated with (5) and (6), and to check whether it has some special properties at the fixed point u = u^∗. Another interesting problem is to consider possible extension to higher dimensions. The theory in 2 + 1 dimensions was special in the sense that the topological current t^μ interacts with original gauge field of CP(N) model. In D dimensional extension, however, one would need extra D − 2 rank antisymmetric tensor fields B_{μ3···μ}D with interaction iϵ^{μ1μ2μ3···μ}D(∂_{μ1} z)^†(∂_{μ2} z)B_{μ3···μ}D + 1 2M^{D−4} B_{μ3···μ}DB^{μ3···μ}D. (26) This theory which corresponds to the auxiliary field formulation of the dual variable description of SU(2) Yang-Mills theory in the infrared limit [15] for CP(2) case, is not renormalizable in D ≥ 4 even in 1/N expansion. So we have to consider it as an effective theory which describes a massless gauge field interacting with massive H = dB field in the B^∗F -type interaction. It remains to investigate whether this type of Maxwell-Kalb-Ramond theory [16] has some relevance with quark confinement in 3 + 1 dimensions [17,18].

T.I. was supported by KOSEF Postdoctoral Fellowship and Korea Research Center for Theoretical Physics and Chemistry. P.O. was supported by the Samsung Research Fund, Sungkyunkwan University, 1999, and in part by the KOSEF through the project number

2000-1-11200-001-3. This work was also partially supported by BK21 Physics Research Program.

REFERENCES

[1] I.Ya. Aref’eva and S.I. Azakov, Nucl. Phys. B162, 298 (1980); I.Ya. Aref’eva, Ann.

Phys. (N.Y.) 117, 393 (1979); I.Ya. Aref’eva, V.K. Krivoshchekov, P.B. Medvedev, Theor. Math. Phys. 40, 565 (1980).

[2] S. Coleman, Aspects of Symmetry (Cambridge Univ. Press, Cambridge, 1985); M.

Bando, T. Kugo, and K. Yamawaki, Phys. Rep. 164, 217 (1988).

[3] G. Ferretti and S.G. Rajeev, Phys. Rev. Lett. 69, 2033 (1992); G. Ferretti, S.G. Rajeev, and Z. Yang, Int. J. Mod. Phys. A 7, 7989 (1992).

[4] W. Siegel, Nucl. Phys. B156, 139 (1979); R. Jackiw and S. Templeton, Phys. Rev. D 23, 2291 (1981); J.F. Schonfeld, Nucl. Phys. B18, 157 (1981).

[5] S. Deser, R. Jackiw, and S. Templeton, Phys. Rev. Lett. 48, 475 (1982); Ann. Phys.

(N.Y.) 140, 372 (1982).

[6] T. Itoh and P. Oh, hep-th/0006162.

[7] P. Oh and Q.-H. Park, Phys. Lett. B 383, 333 (1996); ibid B 400, 157 (1997); (E) 416, 452 (1998); P. Oh, J. Phys. A: Math. Gen. 31, L325 (1998); Rept. Math. Phys. 43, 271 (1999); Phys. Lett. B 464, 19 (1999).

[8] See also A.P. Balachandran, A. Stern, and C.G. Trahern, Phys. Rev. D 19, 2416 (1979) for an earlier work on (co)adjoint orbit approach to the nonlinear sigma model.

[9] T. Eguchi, P.B. Gilkey, and A.J. Hanson, Phys. Rep. 66, 213 (1980). [10] B. Rosenstein, B. Warr, and S.H. Park, Phys. Rep. 205, 59 (1991). [11] Y. Hosotani, Phys. Lett. B 319, 332 (1993); Phys. Rev. D 51, 2022 (1995); D.

Wesolowski and Y. Hosotani, Phys. Lett. B 354, 396 (1995); T. Itoh and T. Sato, Phys. Lett. B 367, 290 (1996).

[12] T. Itoh and H. Kato, Phys. Rev. Lett. 81, 30 (1998); Nucl. Phys. B551, 723 (1999). [13] G.W. Semenoff, P. Sodano, and Y.-S. Wu, Phys. Rev. Lett. 62, 715 (1989). [14] E. Fradkin, Field Theories of Condensed Matter Systems (Addison-Wesley, Reading, MA, 1991).

[15] L. Faddeev and A.J. Niemi, Phys. Rev. Lett. 82, 1624 (1999). [16] M. Kalb and P. Ramond, Phys. Rev. D 9, 2273 (1974).

[17] K.-I. Kondo, Phys. Rev. D 57, 7467 (1998); ibid 58, 085013 (1998); ibid 105016 (1998). [18] A.M. Polyakov, Gauge Fields and Strings (Harwood, Chur, Switzerland, 1987).