arXiv:hep-th/0006173 v2 9 Aug 2000

Vector Supersymmetry of 2D Yang-Mills Theory

J.L. Boldo^�, C.A.G. Sasaki^y, S.P. Sorella^{yy}, and L.C.Q. Vilar^{yy}, �CBPF, Centro Brasileiro de Pesquisas Físicas Rua Xavier Sigaud 150, 22290-180, Urca,

Rio de Janeiro, Brazil.

yUERJ, Universidade do Estado do Rio de Janeiro, Departamento de Estruturas Matemáticas,

Instituto de Matemática e Estatística, Rua São Francisco Xavier, 524, 20550-013, Maracanã, Rio de Janeiro, Brazil.

yyUERJ, Universidade do Estado do Rio de Janeiro, Departamento de Física Teórica,

Instituto de Física, Rua São Francisco Xavier, 524, 20550-013, Maracanã, Rio de Janeiro, Brazil.

August 9, 2000

Abstract

The vector supersymmetry of the 2D topological BF model is extended to 2D Yang-Mills. The consequences of the corresponding Ward identity on the ultraviolet behavior of the theory are analyzed.

1 Introduction

The relation between the two-dimensional Yang-Mills theory (2DYM) and the topological models has been object of intensive investigations over the past years [1, 2, 3, 4]. In spite of the lacking of local degrees of freedom, 2DYM is nontrivial when analyzed from the point of view of the topological field theories, as underlined for instance by [4] within the BRST framework.

An interesting feature of the topological theories, of both Witten and Schwartz type, is the existence, besides their BRST symmetry, of an additional invariance whose generators carry a vector index. This further symmetry, called vector supersymmetry [5, 6, 7], gives rise, together with the BRST generator, to an algebra of the Wess-Zumino type which, closing on-shell on the space-time translations, allows for a supersymmetric interpretation of the topological models [5, 6, 7]. In particular, it has been shown [8] that the existence of the vector supersymmetry is deeply related to the fact that the energy-momentum tensor can be expressed in the form of a pure BRST variation, a key feature which can be taken as the proper definition of the topological theories.

It seems therefore natural to ask ourselves whether this supersymmetric structure can also be found in the 2DYM; this being the goal of the present letter. As one can easily guess, we will be able to show that this question can be actually answered in the affirmative. As a by-product, a simple understanding of the ultraviolet finiteness of 2DYM will be provided.

2 Symmetries of 2DYM

Let us start by considering the gauge invariant Yang-Mills action in 2D euclidean space-time: S_{Y M} = − 1 4 ∫ d^2x F^{aμν}F^a_{μν} , (2.1) where F^a_{μν} = ∂_μA_ν − ∂_νA_μ + gf^{abc}A^b_μA^c_ν is the field strength and g stands for the gauge coupling constant. Notice that in 2D the gauge connection is dimensionless, so that the coupling constant g has dimension one.

In order to analyze the symmetries of this model, it is convenient to switch to the first order formalism [4] by rewriting the expression (2.1) in the following form S_{Y M} = S_{top} + S_ϕ , (2.2)

where S_{top} = 1 2 ∫ d^2x ε^{μν} F^a_{μν}ϕ^a , (2.3) and S_ϕ = 1 2 ∫ d^2x ϕ^aϕ^a, (2.4)

ϕ^a being an auxiliary scalar field. Expression (2.2) is obviously seen to be equivalent to (2.1) upon elimination of the auxiliary field ϕ^a through the equations of motion. It worth remarking here that the use of the first order formalism allows us to interpret to some extent the 2DYM as a deformation of a topological field theory, as it is easily recognized that the term S_{top} in eq.(2.3) is the action of the two-dimensional topological BF model [9]. The second term S_ϕ is metric-dependent, playing therefore the role of the deformation. Expression (2.2) also suggests what will our strategy be in order to establish the vector susy Ward identity for the 2DYM. To this end we recall that the first term S_{top} of eq.(2.2), identifying a topological field theory, possesses the vector supersymmetry [9] which, however, will not leave the second term invariant. Nevertheless, it is a remarkable property of the 2DYM that the breaking terms stemming from the non-invariance of the metric-dependent part S_ϕ of the action (2.2) can be taken into account by the introduction of a suitable set of external fields. As we shall see, this procedure will enable us to write down an off-shell Ward identity which is an extension of the vector susy Ward identity of the topological two-dimensional BF model [9]. This identity will strongly constrain the ultraviolet behavior of the 2DYM.

Once established the classical counterpart of the theory, our next step is to get its quantum version. To this aim one has to fix the gauge invariance of the action; we add the following gauge fixing term, by using the Landau gauge condition: S_{gf} = ∫ d^2x ( b^a∂^μA^a_μ − ∂^μc^a(D_μc)^a ) , (2.5) where c, c^a and b^a are the ghost, the anti-ghost and the Lagrange multiplier, respectively. The gauge fixed action S = S_{Y M} + S_{gf} = S_{top} + S_ϕ + S_{gf} , (2.6) is invariant under the BRST transformations: sA^a_μ = − ( ∂_μc^a + gf^{abc}A^b_μc^c ) , sc^a =^1_2 gf^{abc}c^bc^c, sϕ^a = gf^{abc}c^bϕ^c, sc^a = b^a, sb^a = 0 .

(2.7)

The dimension and the ghost-number of the fields are displayed in Table 1. A^a_μ ϕ^a c^a c̄^a b^a Dim 0 1 0 0 1 Ng 0 0 1 −1 0 Table 1 Let us now focus on the following sector of the action (2.6): S_{inv} = S_{top} + S_{gf} , (2.8) corresponding to the quantized topological BF model. As already underlined, besides the BRST invariance (2.7), S_{inv} has a further symmetry; the so called vector supersymmetry [9], which reads δ_μA^a_ν = 0 , δ_μϕ^a = −ε_{μν}∂^νc^a, δ_μc^a = −A^a_μ , δ_μc^a = 0 ,

δ_μb^a = ∂_μc^a.

(2.9)

In summary, we have sS_{inv} = 0 , δ_μS_{inv} = 0 . (2.10)

In addition, the generators s and δ_μ give rise to the following Wess-Zumino supersymmetric algebra

{s, δ_μ} ϕ^a = ∂_μϕ^a + ε_{μν} δS_{inv} δA^a_ν , (2.11) {s, δ_μ} A^a_ν = ∂_μA^a_ν − ε_{μν} δS_{inv} δϕ^a , {s, δ_μ} (c, b, c) = ∂_μ (c, b, c) , which, closing on-shell on the space-time translations, allows for a supersymmetric interpretation of the two-dimensional BF model.

On the other hand, we can easily verify that, as expected, the metricdependent term S_ϕ of the quantized 2DYM action in eq.(2.6) breaks the vector supersymmetry invariance (2.9) of the topological sector. In fact

δ_μO = −ε_{μν} ϕ^a∂^νc^a, (2.12)

where we have defined O =^1_2 ϕ^aϕ^a. As previously remarked, our procedure in order to control the effects of this breaking is to introduce external fields as follows:

SO = ∫ d^2x ( τ O + ξ^μδ_μO + 1 2 η^{μν}δ_μδ_νO + 1 2 Ω^{μν} sδ_μδ_νO ) , (2.13)

with τ and ξ^μ being respectively scalar and vector external fields, while η^{μν} and Ω^{μν} are rank-2 anti-symmetric external fields. Their canonical dimensions and ghost-numbers are displayed in Table 2. s δ_μ τ ξ_μ η_{μν} Ω_{μν} N_g 1 −1 0 1 2 1 Dim 1 0 0 0 0 −1 Table 2

It follows thus that the action S_τ = S + SO , (2.14) is invariant under the modified nilpotent BRST transformations: s̃A^a_μ = − (D_μc)^a + ξ^ν ε_{νμ}ϕ^a,

s̃c^a =^1_2 gf^{abc}c^bc^c, s̃ϕ^a = gf^{abc}c^bϕ^c, s̃c̄^a = b_a , s̃b_a = 0 , s̃τ = −∂_μξ^μ, s̃ξ_μ = 0 , s̃Ω_{μν} = −η_{μν} , s̃η_{μν} = 0 ,

(2.15)

s̃S_τ = 0 . (2.16) Moreover, remarkably in half, S_τ turns out to be left invariant by the following extended susy transformations

~δ_μc^a = −A^a_μ , ~δ_μA^a_ν = 0 , (2.17) ~δ_μϕ^a = −ε_{μν}∂^νc^a, ~δ_μc^a = 0 , ~δ_μb^a = ∂_μc^a , ~δ_μξ_ν = −δ_{μν} (1 + τ ) , ~δ_μτ = 0 , (2.18) ~δ_μη_{νκ} = −δ_{μκ}ξ_ν + δ_{μν}ξ_κ − ∂_μΩ_{νκ} , ~δ_μΩ_{νκ} = 0 ,

~δ_μS_τ = 0 , (2.19) where δ_{μν} is the flat euclidean metric. We see therefore that, as announced, we have been able to account for the breaking generated by the non-topological action S_ϕ by introducing suitable external fields. We are now ready to implement the s̃ and the ~δ_μ−invariance of the action S_τ as Ward identities. This will be the task of the next section.

3 Ward Identities

Following the standard BRST procedure [10], we add to expression (2.14) a new term S_{ext}, accounting for the nonlinear part of the modified BRST transformations (2.15): S_{ext} = ∫ d^2x ( γ^{aμ}s̃A^a_μ + L^as̃c^a + ρ^as̃ϕ^a ) , (3.20)

where the external fields γ^{aμ}, L^a and ρ^a have dimensions and ghost-numbers displayed in Table 3. γ^{aμ} L^a ρ^a Dim 1 1 0 Ng −1 −2 −1 Table 3

Therefore, the complete action

Σ = S_τ + S_{ext} , (3.21) obeys the Slavnov-Taylor identity

S(Σ) = ∫ d^2x ( δΣ δA^a_μ δΣ δγ^{aμ} + δΣ δϕ^a δΣ δρ^a + δΣ δL^a δΣ δc^a (3.22) +b_a δΣ δc̄^a − ∂_μξ^μ δΣ δτ − 1 2 η^{μν} δΣ δΩ^{μν} ) = 0 .

Let us also introduce, for further use, the nilpotent linearized Slavnov-Taylor operator B_Σ

B_Σ = ∫ d^2x ( δΣ δA^a_μ δ δγ^{aμ} + δΣ δγ^{aμ} δ δA^a_μ + δΣ δϕ^a δ δρ^a + δΣ δρ^a δ δϕ^a (3.23) + δΣ δc^a δ δL^a + δΣ δL^a δ δc^a + b_a δ δc̄^a − ∂_μξ^μ δ δτ − 1 2 η^{μν} δ δΩ^{μν} ) ,

B_ΣB_Σ = 0 . (3.24)

Turning now to the vector invariance ~δ_μ, it is easily verified that, due to the introduction of the external fields γ^{aμ}, L^a, ρ^a, it takes the form of a linearly broken Ward identity, namely

W_μΣ = Δ^{cl}_μ , (3.25)

with

W_μ = ∫ d^2x ( ε_{μν}ρ^a δ δA^a_ν − A^a_μ δ δc^a − ε_{μν} (γ^{aν} + ∂^νc̄^a) δ δϕ^a − L^a δ δγ^{aμ} + ∂_μc̄^a δ δb^a − (1 + τ ) δ δξ^μ + 1 2 ( δ^α_μ ξ^β − δ^β_μξ^α − ∂_μΩ ) δ δη^{αβ} ) , (3.26) and Δ^{cl}_μ = ∫ d^2x (−γ^{aν}∂_μA^a_ν + L^a∂_μc^a − ρ^a∂_μϕ^a (3.27) − ε_{μν} ρ^a∂^νb^a − L^aξ^ν ε_{νμ}ϕ^a + γ^a_μξ_ν ∂^vc̄^a − γ^a_ν ξ^ν ∂_μc̄^a + γ^a_ν γ^a_μξ^ν ) , We observe that the breaking term Δ^{cl}_μ , being linear in the quantum fields, is a purely classical breaking and will not get renormalized [10]. It is worth underlining that the final form of the Ward identity (3.25) is the expected one, being indeed a common feature of the topological models, including in particular the associated classical breaking term [6, 7, 8, 9, 11]. We also point out that, in the present case, the complete action Σ is constrained by a further linearly broken local Ward identity:

F_{μν} (x)Σ = ΔF_{μν}(x) , (3.28) with

F_{μν} (x) = ε_{νμ}ϕ^a (x) δ δc^a (x) + ε_{νμ}L^a (x) δ δρ^a (x) (3.29) + δ δΩ^{μν} (x) + ∂_ν δ δξ^μ (x) − ∂_μ δ δξ^ν (x) + (γ^{av} + ∂^vc̄^a) δ δA^{aμ} (x) − (γ^{aμ} + ∂^μc̄^a) δ δA^{aν} , and ΔF_{μν} (x) = γ^a_μ∂_νb^a − γ^a_ν ∂_μb^a . (3.30) In particular, the operators B_Σ, W_μ and F_{μν} (x) give rise to a closed algebra given by

{B_Σ, W_μ} = P_μ + ∫ d^2xξ^ν F_{νμ}(x) , (3.31) {W_μ, W_ν} = {W_μ, F_{σρ}(x)} = 0 , {B_Σ, F_{σρ}(x)} = {F_{μν} (x), F_{σρ}(y)} = 0 , where P_μ is the functional operator of the space-time translations, i.e.

P_μ = ∑ (All fields φ) ∫ d^2x ∂_μφ δ δφ (3.32)

Finally, let us display the whole set of conditions which are usually imposed in the quantization of Yang-Mills theories in the Landau gauge [10], namely:

• the linearly broken ghost equation Ward identity G^aΣ = Δ^a , (3.33) with G^a = ∫ d^2x ( δ δc^a + gf^{abc}c̄^b δ δb^c ) , (3.34) and Δ^a = ∫ d^2x g f^{abc} ( γ^{bμ}A^c_μ − L^bc^c + ρ^bϕ^c ) . (3.35) • The gauge fixing condition δΣ δb^a = ∂_μA^{aμ} + ∂_νΩ^{μν} ∂_μc̄^a . (3.36) • The antighost equation ( δ δc̄^a + ∂_μ δ δγ^a_μ ) Σ = ∂_νη^{μν} ∂_μc̄^a + ∂_νΩ^{μν} ∂_μb^a.

As we shall see in the next section, the identities (3.22), (3.25) and (3.28) turn out to have far-reaching consequences, accounting for instance for the absence of nontrivial invariant counterterms.

4 Invariant Counterterms

Following the set up of the algebraic renormalization [10] and making use of the general results on the cohomology of the Yang-Mills theories [12], it is not difficult to establish that the model and its Ward identities are renormalizable. Here, we shall limit ourselves only to state the final result, aiming to provide an algebraic understanding of the finiteness properties of 2DYM. Let us look then at the possible BRST invariant counterterm Σ_c which may affect the ultraviolet behavior of the model. We recall that Σ_c is an integrated local polynomial with dimension bounded by two. Making use of the Ward identities established in the previous section, Σ_c is found to obey the conditions: δΣ_c δb^c = G^aΣ_c = 0 , (4.37) ( δ δc̄^a + ∂_μ δ δγ^a_μ ) = 0 , (4.38)

B_ΣΣ_c = 0 , (4.39)

F_{μν} (x)Σ_c = 0 , (4.40) W_μΣ_c = 0 . (4.41) From eq.(4.37) it follows that Σ_c is independent from the Lagrange multiplier b^a and that it depends only from the differentiated ghost ∂_μc^a [10]. Moreover, due to the eq.(4.38), the fields c̄^a and γ^a_μ enter through the combination [10]

γ̂^a_μ ≡ γ^a_μ + ∂_μc̄^a. (4.42)

Finally, from the conditions (4.39), (4.40) it turns out that the most general BRST invariant counterterm can be written as

Σ_c = Ξ + B_ΣΞ̃ , (4.43) where Ξ = η ∫ d^2x ϕ^2 2 , (4.44) with η being an arbitrary parameter and Ξ̃ stands for an integrated local polynomial with ghost number -1, representing the trivial part of the cohomology of the operator B_Σ. Observe that, due to the eq.(4.40) and to the algebraic relations (3.31), we have

F_{μν}(x)B_ΣΞ̃ = B_ΣF_{μν}(x)Ξ̃ = 0 , (4.45)

from which it follows that

F_{μν} (x)Ξ̃ = B_ΣΛ_{μν}(x) , (4.46) for some local polynomial Λ_{μν} (x) of ghost number -3. We are left thus with a unique nontrivial BRST invariant counterterm given by eq.(4.44). Expression (4.44) is physically equivalent to the standard Yang-Mills counterterm ∫ d^2x F^{aμν}F^a_{μν} . This statement relies on the observation that the auxiliary field ϕ^a has in fact the role of ε^{μν}F^a_{μν} , as it is implied by the equations of motion. Also, it should be observed that the coefficient η in eq.(4.44) has the meaning of a possible ultraviolet renormalization of the gauge coupling constant g compatible with the BRST invariance.

It remains now to impose the final constraint (4.41). Making use of the algebraic relations (3.31), it follows that

W_μB_ΣΞ̃ = −B_ΣW_μΞ̃ + {B_Σ, W_μ} Ξ̃

= −B_ΣW_μΞ̃ + ∫ d^2xξ^ν F_{νμ}Ξ̃

= −B_Σ ( W_μΞ̃ + ∫ d^2xξ^ν Λ_{νμ} ) , (4.47)

where use has been made of eq.(4.46) and of the fact that B_Σξ_μ = 0. Therefore, from the requirement of invariance under the Ward operator W_μ, we have

W_μΣ_c = W_μΞ − B_Σ ( W_μΞ̃ + ∫ d^2xξ^ν Λ_{νμ} ) = 0 , (4.48)

i.e. − η ∫ d^2x ε_{μν}γ̂^{aν}ϕ^a = B_Σ ( W_μΞ̃ + ∫ d^2xξ^ν Λ_{νμ} ) , (4.49)

implying that ∫ d^2x ε_{μν}γ̂^{aν} ϕ^a is a trivial element of the integrated cohomology of B_Σ. However, it can be shown that this term cannot be actually cast in the form of a pure B_Σ−variation, as it identifies a nontrivial element of the integrated cohomolgy of B_Σ, namely ∫ d^2x ε_{μν}γ̂^{aν}ϕ^a ≠ B_Σ − variation . (4.50)

The only way out is thus η = 0 , (4.51)

meaning that there is no nontrivial BRST invariant counterterm compatible with the vector Ward identity (3.25), providing therefore a simple algebraic understanding of the well known ultraviolet finiteness properties of 2DYM^1. It is useful remarking that the algebraic proof of the absence of nontrivial counterterms given here follows exactly the same lines of the proofs of the ultraviolet finiteness of the topological models [6, 7, 8, 9, 11], emphasizing in particular the pivotal role of the vector Ward identity (3.25).

Acknowledgements The authors are grateful to J.A. Helayël-Neto for helpful discussions and very pertinent remarks. The Conselho Nacional de Desenvolvimento Científico e Tecnológico CNPq-Brazil, the Fundação de Amparo à Pesquisa do Estado do Rio de Janeiro (Faperj) and the SR2-UERJ are acknowledged for the financial support.

References

[1] S. Cordes, G. Moore and S. Ramgoolam, Nucl. Phys. Proc. Suppl. 41 (1995) 184.

1We shall not be concerned here with possible infrared pathologies of the model, our

aim being that of analyzing the ultraviolet region. A useful BRST invariant infrared regu-

larization could be introduced along the lines developed in [13, 9] and already successfully

applied in the case of the 2D topological BF model [9].

[2] M. Blau and G. Thompson, Ann. Phys. (N.Y.) 205 (1991) 130;

M. Blau and G. Thompson, Lectures on 2d Gauge Theories: Topological Aspects and Path Integral Techniques, hep-th/9310144.

[3] M. Billo, A. D’Adda and P. Provero, Nucl. Phys. B 576 (2000) 241, hep-th/9911249; M. Billo, M. Caselle, A. D ’Adda and P. Provero, Nucl. Phys. B 543 (1999) 141, hep-th/9809095.

[4] J. Soda, Phys. Lett. B 267 (1991) 214.

[5] D. Birmingham, M. Rakowski and G. Thompson, Nucl. Phys. B 329 (1990) 83; D. Birmingham, M. Rakowski, Mod. Phys. Lett. A4 (1989) 1753.

[6] F. Delduc, F. Gieres and S.P. Sorella, Phys. Lett. B 225 (1989) 367;

F. Delduc, C. Lucchesi, O. Piguet and S.P. Sorella, Nucl. Phys. B 346 (1990) 313.

[7] E. Guadagnini, N. Maggiore and S.P. Sorella, Phys. Lett. B 255 (1991) 65; N. Maggiore and S.P. Sorella, Int. Journ. Mod. Phys A8 (1993) 325; C. Lucchesi, O. Piguet and S.P. Sorella, Nucl. Phys. B 395 (1993) 325.

[8] N. Maggiore and S.P. Sorella, Nucl. Phys. B 377 (1992) 236;

C.A.G. Sasaki, S.P. Sorella, L.C.Q. Vilar and O.S. Ventura, Journ. Math. Phys. 39 (1998) 848.

[9] A. Blasi and N. Maggiore, Class. Quantum Grav. 10 (1993) 37.

[10] O. Piguet and S.P. Sorella, Algebraic Renormalization, Lecture Notes in Physics, m28, Springer-Verlag, Berlin, Heidelberg, 1995;

[11] A. Brandhuber, O. Moritsch, M.W. de Oliveira, O. Piguet and M.

Schweda, Nucl. Phys. B 431 (1994) 173;

Leitgeb, M. Schweda, H.Zerrouki, Nucl.Phys.B 542 (1999) 425.

[12] Glenn Barnich, Friedemann Brandt, Marc Henneaux, Local BRST cohomology in gauge theories hep-th/0002245, to appear in Physics Reports.

[13] A. Blasi and N. Maggiore, Mod. Phys. Lett. A11 (1996) 1665.