arXiv:hep-th/0007046 v2 21 Jul 2000

July 2000 UMTG - 233

Star operation in Quantum Mechanics^�

L. Mezincescu^† Department of Physics, University of Miami, Coral Gables, FL 33124

Abstract

We outline the description of Quantum Mechanics with noncommuting coordinates within the framework of star operation. We discuss simple cases of integrability.

11.10.Lm; 03.65.Ge

Typeset using REVTEX

∗This work was supported in part by the National Science Foundation under grant PHY-9870101

†e-mail: mezincescu@physics.miami.edu

Recently, in connection with developments in string theory [1,2] there has been a large interest in the study of noncommutative field theory (for a survey of noncommutative field theory and relevant references see [3]). In noncommutative field theory one deals with fields whose base manifold is noncommutative (This reminds one of superfield theories where the fermionic coordinates of the superfields are operators). It has been shown that with the help of the noncommutative, associative star operation the study of noncommutative field theories can be mapped into that of ordinary field theories where ordinary product is replaced by the star product. In this way generalizations of the Maxwell, Yang-Mills systems and their interactions have been produced [1,2].

Now with respect to the base manifold we can usually formulate a Quantum Mechanics, for example for supersymmetric theories we have supersymmetric quantum mechanics [4], not to speak of quantum mechanics itself for bosonic coordinates. The fact that the noncommutativity of the base manifold can be bypassed with the help of the star operation suggests that one can construct a ”noncommutative” quantum mechanics with the same trick.

In this paper we will apply the star operation to Quantum Mechanics. We will start with the one particle system situation in two dimensions under the influence of a potential

V (x). The Schrödinger equation is: i ∂Ψ(x, t) ∂t = [ p^2 2m + V (x) ] Ψ(x, t) (1)

and can be obtained from the action: S = ∫ dtd^2xΨ̄ [ i ∂ ∂t − p^2 2m − V (x) ] Ψ(x, t) (2)

We will formulate this linear Schrödinger field theory on a base manifold with noncommutative coordinates: [x^{′i}, x^{′j}] = iθ^{ij} (3) where θ^{ij} is a c-number antisymmetric matrix:

θ^{ij} = θϵ^{ij} (4)

and ϵ^{12} = 1 is the totally antisymmetric tensor of rank 2.

As announced, we replace the products above by the star operation:

A ⋆ B(x) = e^{i2 θij ∂(1)i ∂(2)j} A(x_1)B(x_2)|_{x1=x2=x} (5)

As is well known, under the star operation the terms containing^∂_{∂t} and p^2 are unchanged, however the potential term will change. We are going to have:

V (x) ⋆ Ψ(x) = V (x) + ∞∑ i=1 1 n! ( i 2 )n ∂_{i1} ...∂_{in}V (x)θ^{i1j1} ....θ^{injn} ∂_{j1} ...∂_{jn}Ψ(x) (6) Now, replace ∂_{jk} by ip_{jk} =^∂_{∂xjk} and introduce: p̃_{ik} = θ^{ikjk} p_{jk} (7)

Take the Fourier transform of V (x), then ∂_{i1} ...∂_{in}V (x)p̃_{i1} ...p̃_{in}Ψ = i^n ∫ d^2ke^{ikx}V (k) (kp̃)^n Ψ(x) (8)

Summing over n in (6) we obtain:

V (x) ⋆ Ψ(x) = ∫ d^2ke^{ikx}e^{i2 p̃k}V (k)Ψ(x) (9)

Now using kk̃ = 0 and [p_i, x_j] = −iδ_{ij} we obtain:

V (x) ⋆ Ψ(x) = V ( x − p̃ 2 ) Ψ(x) (10)

This formula had been inferred before in [5], which was basically our starting point. The star products are evaluated systematically in [6,7].

Introducing the new coordinates x^′: x^′ = x − p̃ 2 (11)

we have (3), and the new Hamiltonian is the one in (1) with x replaced by x^′. Therefore, from the point of view of star operation, quantum mechanics is being redefined by a rearrangement of the phase space variables x, p into x^′, p. It is not hard to realize however that the combination x −^{p̃}_2 is nothing less than the covariant derivative in the symmetric gauge A = 1 2 (r × B) (12)

with proper rescalings, corresponding to a constant magnetic field along the z-axis. It is therefore straightforward to ask whether c-noncommutativity of the coordinates, and the presence of a magnetic field in the problem are equivalent. We are however not aware of a corresponding ⋆ operation which would generate noncommuting coordinates in general gauges, even if there exists some freedom in its definition. Until this question is settled, these are just very intuitive and beautiful analogies within this framework of redefining quantum mechanics.

We will now study a few examples in order to get a clue about the effects of star operation. It is manifest that for any potential containing inverse powers of |x|, the redefinition (10) is a horrendous one. Therefore, one remains with polynomial interactions, which should be more or less tractable and some special situations. The case of an arbitrary potential, which looks doable, is the generalization of the Landau electron. We will consider here the very asymmetric situation, when one direction is free from interactions, while in the other one there is a potential: H = p^2 2m + V (x) (13)

Then, the noncommutative situation is: H = p^2_x 2m + p^2_y 2m + V (x − θ p_y 2 ) (14) and it separates by the choice of wave functions:

Ψ = e^{iky}Ψ(x) (15)

One gets a well defined one dimensional problem with the potential V (x −^{θk}_2 ).

We remark that the general case with the potential (10) is well suited for scattering problems within the perturbative approach, provided they make sense, and the −p̃/2 factor generates phases [5] when sandwiched between eigenstates of the free Hamiltonian, similar to the situation in field theory. In the rest we will restrict to quadratic problems which are fully tractable.

Consider the harmonic oscillator in one dimension. Embedding it in a two dimensional noncommutative space:

[x, y] = iθ (16)

we get by our dynamical principle: H = p^2_x 2m + k 2 ( x − θ p_y 2 )_2

. (17)

Setting kθ^2 4 = 1 m (18)

we get the hamiltonian of a charged particle interacting with a constant magnetic field with qB = 2/θ. As before, it should be stressed that a particular gauge has been chosen for us.

One can also consider an isotropic 2-dimensional oscillator. Then, the interaction term produces: k 2 ( x − p̃ 2 )_2

(19)

which will be related to the symmetric gauge (12). The isotropic noncommutative harmonic oscillator (19) has been considered in [8], in the framework of a study of theories involving higher derivatives Chern-Simmons like terms.

Therefore, the purely elastic force is again endowed with a specific electromagnetic interaction. The mass of the new system is: 1 m_R = 1 m + 1 m^′ , m^′ = k ω^2_τ

, ω_τ = kθ 2 (20)

with the product qB and renormalized k:

qB = m_Rω_τ , k^′ = k − m_Rω^2_τ (21)

Consider now the two particle system. The wave vector is Ψ(x_1, x_2). Obviously, with two particles we associate the tensor product of the two spaces. Therefore we will take [x^i_1, x^j_2] = 0, otherwise it will be more like one particle in a higher dimensional space. (That is, before imposing symmetry properties for the wave vector). It is natural to take within each set x_{(i)} the same commutation relations, even if it is possible to choose them otherwise. Corresponding to N one dimensional harmonic oscillators we get a system of N charged particles interacting with a constant magnetic field. Replacing θ with −θ in the commutation relation for some of them, one gets opposite charges. Therefore the deformation of a system of such oscillators does not produce other forces.

If however one considers the deformation of a two particle system interacting through an arbitrary V (x_1 − x_2) H = p^2_1 2m + p^2_1 2m + V (x_1 − x_2) (22)

the interaction term becomes V ( x_1 − x_2 −^{p̃1}_2 +^{p̃2}_2

)_2

(we took identical masses for simplicity). Introducing the center of mass and relative coordinates: X = (x_1 + x_2)

2 � =^{(x1 − x2)}_2 (23)

the Hamiltonian becomes: H = 1 2(2m)

P^2 + 1 2(2m)

P^2_Δ + V ( 2� −^{P̃ Δ}_2^) (24)

Therefore, in the new coordinates the motion of the center of mass is free. Taking now V (x_1 − x_2) = k/2(x_1 − x_2)^2, we see that the forces introduced by the substitution x → x − p̃/2 cannot be only of magnetic type in this case, because the center of mass of two charges of like sign accelerates when they are in a constant field. This is not the case in (24). Taking now different signs of θ in the commutation relation of the corresponding coordinates for the above system, the potential V (x_1 −x_2) becomes V (2�−^{P̃}_2 ) in the center of mass frame. In the case of a harmonic force, corresponding to the potential^1_2 k(x_1 − x_2)^2, the system obtained is like the one discussed in [5]. The size of the system is proportional to the momentum of its center of mass. We mention that non-relativistic noncommutative field theories corresponding to a δ-function interaction between the particles have been analyzed within the perturbative approach in [9].

Consider now a quadratic Hamiltonian involving a constant magnetic field, i.e: H = 1 2m (p − qA)^2 (25)

Employing the star operation means going to a U(1) noncommutative Maxwell Yang-Mills system with the field strength:

F_{μν} = ∂_μA_ν − ∂_νA_μ − iq(A_μ ⋆ A_ν − A_ν ⋆ A_μ) (26)

and equation of motion,

D_μF_{μν} = ∂_μF_{μν} − iq(A_μ ⋆ F_{μν} − F_{μν} ⋆ A_μ) = 0, (27)

and the gauge transformations, δΨ = iqλ ⋆ Ψ (28) and δA_μ = ∂_μλ + iq(λ ⋆ A_μ − A_μ ⋆ λ). (29)

The value of q is fixed. In order to consider the coupling to a ”constant magnetic field” F_{12}, one must check whether the symmetric gauge (12) satisfies the equation (27). This is indeed the case. However,

F_{12} = B ( 1 + qθ 4 B ) (30)

Therefore, using

x_j ⋆ Ψ = ( x_j − p̃_j 2 ) Ψ (31)

one gets ( p_i − qB 2 ϵ_{ij}x_j ) ⋆ Ψ = ( 1 − qBθ 4 ) ( p_i − qB/2 1 − qBθ/4 ϵ_{ij}x_j ) Ψ (32)

Now, the deformed Hamiltonian is:

H = ( 1 −^{qBθ}_4 )_2 2m ( p − q 1 −^{qBθ}_4 A )_2

(33)

Therefore, the effective couplings and mass change. However, the ratio q^2B^2/m remains unchanged. Even if this result is obtained in a certain gauge, the magic of the symmetric gauges within this approach makes one hope that it may be a true result for the above model. We feel that it is certainly worth of further understanding, which we lack for the moment.

We have outlined here some of the features of the noncommutative Schrödinger quantum mechanics, which is just the nonrelativistic one particle sector of a quantum field theory. Of course, is not yet clear whether the toys presented here have a deeper meaning. However, even at this level the connection between the noncommutativity of coordinates and problems containing constant magnetic fields seems fascinating.

The material presented here, come out of discussions with L. Susskind, to whom I am indebted for encouragement and help. I also benefitted from a discussion with E. Witten and many discussions with G.A. Mezincescu and V. Rittenberg.

REFERENCES

[1] A.Connes, M.R.Douglas, A. Schwartz, ”Non-commutative geometry and matrix theory:

compactification on tori” JHEP 9802:003, 1999, hep-th/9711162 [2] Nathan Seiberg, Edward Witten, ”String theory and non-commutative geometry” JHEP 9909:032,1999, hep-th/9908142 [3] Leonardo Castellani ”Non-commutative geometry and physics: a review of selected recent results” hep-th/0005210 [4] Edward Witten, ” Dynamical breaking of supersymmetry”, Nucl. Phys. B185, 513-554, 1981.

[5] Daniela Biggati, Leonard Susskind, ”Magnetic fields, branes and non-commutative geometry”, hep-th/9908056 [6] Cosmas Zachos, ” Geometrical evaluation of star products” J. Math.Phys. 41:5129-5134, 2000, hep-th/9912238.

[7] Thomas Curtright, David Fairlie, Cosmas Zachos, ” Features of time-independent Wigner functions ” Phys Rev. D58:0250002, 1998, hep-th/9711183.

[8] Jerzy Lukierski, Peter C. Stichel, Wojtek J. Zakrzewski, ” Galilean-Invariant (2+1)- dimensional models with a Chern-Simmons-like term and D=2 noncommutative geometry” Ann. Phys 260:224-249,1997, hep-th/9612017 [9] Joaquim Gomis, Karl Landsteiner, Esperanza Lopez, ” Non-relativistic non- commutative field theory and UV/IR mixing ” hep-th/0004115.