arXiv:hep-th/0007086 v2 20 Sep 2000

hep-th/0007086 UM–TH/00-10 OHSTPY-HEP-T-00-011

Conformal Sigma Models for a Class of T^{p,q} Spaces

L.A. Pando Zayas^a and A.A. Tseytlin^{b,1}

a Randall Laboratory of Physics, The University of Michigan Ann Arbor, Michigan 48109-1120, USA

lpandoz@umich.edu

b Department of Physics, The Ohio State University, 174 West 18th Avenue, Columbus, OH 43210, USA

tseytlin@mps.ohio-state.edu

Abstract

We consider a 2-d conformal theory based on^{G×G}

0_H coset sigma model introduced by Guadagnini, Martellini and Mintchev. It is shown that in the case of^{SU(2)×SU(2)}_{U(1)} the metric of the corresponding background is of T^{p,q} coset space form (but is not an Einstein one). Similar interpretation is possible for the Lorentzian coset space

W4,2 =^{SL(2,R)×SL(2,R)}_{U(1)} . The resulting 10-d homogeneous space metric on W4,2�T^{p,q}

supplemented with 2-form field gives a critical NS-NS superstring background with conformal sigma model interpretation.

1Also at Imperial College, London and Lebedev Institute, Moscow.

1 Introduction

Metrics of physically interesting backgrounds usually have large amount of global symmetry. One set of examples are black hole metrics with rotational symmetry, and another are symmetric spaces AdS_n × S^n supported by R-R antisymmetric tensor backgrounds. At the same time, string solutions which have known 2-d CFT interpretation, like gauged WZW models, have associated space-time metrics with very few or no global symmetries. It is of interest to look for new examples of conformal sigma models related to metrics on symmetric spaces.

Special symmetric spaces that were recently discussed in connection with AdS/CFT correspondence are T^{p,q} spaces. These are cosets of the form T^{p,q} = [SU(2)×SU(2)]/U(1) with the integers p and q determining the embedding of the U(1) subgroup. Their metric is [1, 2, 3]

ds^2 = λ^2_1(dθ^2_1 +sin^2 θ_1dϕ^2_1)+λ^2(dθ^2 +sin^2 θ_2dϕ^2)+λ^2(dψ+p cos θ_1dϕ_1 +q cos θ_2dϕ_2)^2. (1.1)

A particular case of p = q = 1 relevant for discussions of AdS supergravity solutions preserves part of supersymmetry, and with λ^2_1 = λ^2 = 1/6 and λ^2 = 1/9 its metric is an Einstein space one.

Below we shall show that certain symmetric metrics on T^{p,q} spaces can be interpreted as parts of NS-NS string backgrounds associated with a class of conformal coset sigma models proposed by Guadagnini, Martellini and Mintchev (GMM) [4, 5]. Though these metrics supported by NS-NS 2-form field are not Einstein ones (in contrast to the T^{1,1} example studied [6] in connection with AdS/CFT correspondence), they may still turn out to be of some interest.

The conformal sigma model with T^{p,q} metric should be supplemented by another one to balance the central charge. One example of a critical D = 10 string model has the metric of the form W_{4,2} × T^{1,q}, where W_{4,2} = SO(2, 2)/SO(2) = [SL(2, R) × SL(2, R)]/U(1). An Einstein representative in the class of metrics on W_{4,2} was discussed in [7] as a generalization of AdS_5.

In section 2 we shall review the GMM construction [4] and its interpretation as a coset CFT [5]. We shall also comment on its relation to a class of gauged WZW models as discussed in [8]. In section 3 we shall consider a GMM model that leads to a T^{p,q} metric. Section 4 is devoted to explicit check of conformal invariance of the corresponding sigma model at the one- and two-loop levels.

2 The Guadagnini-Martellini-Mintchev Model

The starting point is the WZW action [9] I(U; n) = n 8π ∫ ∂M d^2x T r(∂_μU∂^μU^{−1}) + n 12π ∫ M d^3y ϵ^{ijk} T r(U^{−1}∂_iUU^{−1}∂_jUU^{−1}∂_kU), (2.1)

where U is an element of the group G and n is the level of the associated affine Kac-Moody algebra. The property of the WZW model that is used in the GMM construction is that under an arbitrary variation of the group element δU the WZW action changes by δI(U; n) = n 4π ∫ d^2x T r[U^{−1}δU(η_{μν} − ϵ_{μν})∂_μ(U^{−1}∂_νU)]. (2.2)

This variation can be written also as δI(U; n) = n 4π ∫ d^2x T r[δUU^{−1}(η_{μν} + ϵ_{μν})∂_μ(∂_νUU^{−1})], (2.3)

or as ∫ d^2z T r[U^{−1}δU∂_z(U^{−1}∂_{z̄}U)] = ∫ d^2z T r[δUU^{−1}∂_{z̄}(∂_zUU^{−1})]. From these variations one can read off the currents associated with the symmetry U → Ω(z)UΩ̄^{−1}(z̄) [9].

Consider the variation of the WZW model under the following gauge transformation

U → UR(Ω^{−1}), (2.4)

where R is a representation of a subgroup H ⊂ G and Ω ∈ H. Under infinitesimal transformations Ω(x) = 1 + ω(x) the WZW action transforms as (2.2) δI(U; n) = − n 4π ∫ d^2 T r[R(ω)∂^μ(U^{−1}∂_μU − ϵ^{μν}U^{−1}∂_νU)], (2.5)

where we set R(Ω^{−1}) = 1 − R(ω) + .... In order to cancel this “classical anomaly” GMM suggested to introduce another field V belonging to a group G^′ whose action has similar anomalous transformation property under H. It is assumed that the same H is a subgroup of both G and G^′ so that the class of resulting coset models is rather special. Let V ∈ G^′ and R^′ be a representation of H ⊂ G^′ acting on V according to

V → R^′(Ω)V. (2.6)

Using Eq. (2.3) we get for the variation of the WZW action I(V ; m) similar to (2.1) δI(V ; m) = m 4π ∫ d^2 T r[R^′(ω)∂^μ(∂_μV V^{−1} + ϵ_{μν}∂^νV V^{−1})]. (2.7)

One can then check that the model I_{GMM} = I(U; n) + I(V ; m) + I_{int}(U, V ; k) , I_{int}(U, V ; k) = − k 2π ∫ d^2x [ T r(R_αU^{−1}∂_μU)T r(R^′_α∂^μV V^{−1}) + ϵ^{μν}T r(R_αU^{−1}∂_μU) T r(R^′_α∂_ν V V^{−1}) ] (2.8)

is gauge invariant for n = kr^′, m = kr, T rR_αR_β = rδ_{αβ}, T rR^′_αR^′_β = r^′δ_{αβ}, (2.9) where, as in [4], the generators of the Lie algebras of G and G^′ are {R_i} = {R_I , R_α} and {R^′_a} = {R^′_A, R^′_α}, where R_α and R^′_α correspond to the Lie algebra of subgroup H. The one-loop finiteness of this model was checked in [4] and finiteness at the two-loop level was checked in [10]. The conformal field theory defined by this sigma model was discussed in ref. [5], which found the current algebra and the Virasoro algebra with a central charge value coinciding with that of the GKO construction [11, 12] for the coset (G × G^′)/H.

Let us briefly review the conformal structure of the GMM model. The variation of the action (2.8) with respect to U and V yields the following equations of motion

∂_{z̄}J^i_z = 0, ∂_zJ^a_{z̄} = 0, (2.10) where

J^i_z = (∂_zUU^{−1})^i + 1 r^′ (UR_αU^{−1})^iT r(R^′_α∂_zV V^{−1}),

J^a_{z̄} = −(V^{−1}∂_{z̄}V )^a + 1 r (V^{−1}R^′_αV )^aT r(R_αU^{−1}∂_{z̄}U). (2.11)

The form of the equations of motion and currents suggests, by analogy with the WZW model, the existence of two copies of affine algebras [5]. Introducing K^a_z = (∂_zV V^{−1})^a, K^i_{z̄} = −(U^{−1}∂_{z̄}U)^i, (2.12) one can write the components of the classical energy-momentum tensor as

T_z = 1 kr^′ J^i_zJ^i_z + 1 kr K^A_z K^A_z , T_{z̄} = 1 kr J^a_{z̄} J^a_{z̄} + 1 kr^′ K^I_{z̄} K^I_{z̄} . (2.13)

The analysis of this bosonic model at the quantum level reveals that the central charge is [5] c_{GMM} = c(G, kr^′) + c(G^′, kr) − c(H, 2krr^′), (2.14) with c(G, n) = n dimG/[n + 2c_V (G)], where c_V (G)δ_{ab} = f_{acd}f_{bcd}. The quantum energymomentum tensor is of the same form as the classical one but with rescaled coefficients [5, 13]

T_z = 1 kr^′ + 2c_V (G)

: J^i_zJ^i_z : + 1 kr + 2c_V (G^′)

: K^A_z K^A_z :,

T_{z̄} = 1 kr + 2c_V (G^′)

: J^a_{z̄} J^a_{z̄} : + 1 kr^′ + 2c_V (G)

: K^I_{z̄} K^I_{z̄} : . (2.15)

The expressions in the supersymmetric case are similar, with levels shifted (kr^′+2c_V (G) → kr^′, etc) as in the (gauged) WZW model case (see, e.g., [14] and refs. there).

Let us note also that the GMM model can be represented as a kind of generalized gauged WZW model which is free of anomalies and upon elimination of the 2-d gauge fields reduces to the GMM action. Introducing non-dynamical 2-d gauge fields A and B one may consider the action Î_{GMM} = I(U; n) + I(V ; m) + I_{int}(U, V, A, B; k), I_{int}(U, V ; k) = − k 4π ∫ d^2z [ T r(R_αA_{z̄})T r(R^′_α∂_zV V^{−1}) − T r(R^′_αB_z)T r(R_αU^{−1}∂_{z̄}U) + T r(R_αA_{z̄})T r(R^′_αB_z)] , (2.16) which is invariant under the following gauge transformations: δU = −Uω, δV = ωV, δB_i = −∂_iω − [B_i, ω], δA_i = −∂_iω − [A_i, ω]. (2.17) Integrating out the gauge fields gives back the GMM action Eq.(2.8).^2 In the standard diagonal vector gauged WZW model the gauge action is g → hgh^{−1}. The GMM model may be interpreted as a gauged WZW model defined on the product group G^′ × G, with the gauged subgroup acting as (V, U) → (hV, Uh^{−1}), i.e. it may be viewed as a non-anomalous “sum” of right and left gauged [8] WZW models.

2Note that, in contrast to what happens in the usual gauged WZW models [15, 16], integrating out the gauge fields gives trivial determinant, i.e. does not produce a non-constant dilaton coupling.

3 T^{p,q} and W4,2 metrics from GMM model

Let us consider the GMM model for G = SU(2), G^′ = SU(2), and H = U(1). The SU(2) group elements are parametrized according to U = exp(iϕ_1σ_3) exp(iθ_1σ_2) exp(iψ_1σ_3), V = exp(iϕ_2σ_3) exp(iθ_2σ_2) exp(iψ_2σ_3). (3.1) The gauge action of the U(1) subgroup is defined by ψ_1 → ψ_1 − pϵ(z, z̄), ϕ_2 → ϕ_2 + qϵ(z, z̄). (3.2) This corresponds to gauging the subgroup generated by i(qσ^L_3 − pσ^R_3 ). Consider the sum of the two WZW models on SU(2) with levels k_1 and k_2 and the GMM interaction term (2.8) with coefficient k_3 I = 1 4π ∫ d^2x [ k_1 ( ∂_μθ_1∂^μθ_1 + ∂_μϕ_1∂^μϕ_1 + ∂_μψ_1∂^μψ_1 + cos(2θ_1)∂_μϕ_1∂_νψ_1(η^{μν} + ϵ^{μν} ) )

+ k_2 ( ∂_μθ_2∂^μθ_2 + ∂_μϕ_2∂^μϕ_2 + ∂_μψ_2∂^μψ_2 + cos(2θ_2)∂_μϕ_2∂_νψ_2(η^{μν} + ϵ^{μν}) )

+ k_3 ( cos(2θ_1)∂_μϕ_1 + ∂_μψ_1 )( cos(2θ_2)∂_νψ_2 + ∂_νϕ_2 ) (η^{μν} + ϵ^{μν}) ] . (3.3)

For the action to be invariant under (3.2) one needs to impose the following algebraic constraints:

k_1p = k_3q, k_2q = k_3p. (3.4) Multiplying these equations we get that

k_3 = √ k_1k_2 , p/q = √ k_2/k_1 . (3.5) Fixing the gauge as ϕ_2 = 0 one gets a background whose metric is of the (non-Einstein) T^{1,Q} type ds^2 = k[dθ^2_1 + sin^2 θ_1dϕ^2_1 + Q^2(dθ^2 + sin^2 θ_2dϕ^2) + (dψ + cos θ_1dϕ_1 + Q cos θ_2dϕ_2)^2] , (3.6) where we have rescaled all variables by 1/2, renamed ψ_2 → ϕ_2, ψ_1 → ψ and introduced Q = p/q = √ k_2/k_1 , k = k_1 . (3.7) The background also includes the antisymmetric field B_{ϕ1ψ} = k cos θ_1, B_{ϕ1ϕ2} = kQ cos θ_1 cos θ_2, B_{ϕ2ψ} = −kQ cos θ_2. (3.8) The coefficients in front of the different terms in the action are dictated by gauge invariance of the total action and can not be re-adjusted.

Fixing the gauge in the original variables as ψ_1 = 0 one ends up with a metric of the type T^Q

�1_{,1} . More generally, imposing ψ_1 = Λϕ_2 as gauge fixing condition is equivalent, at the level of the metric, to the rescaling ψ → (Q + Λ)ψ. Undoing this rescaling takes the resulting background into that of T^{1,Q} presented above.

The central charge of this model is (see Eq. (2.14)) c = 3k_1 k_1 + 2 + 3k_2 k_2 + 2

− 1 = 3k k + 2 + 3kQ^2 kQ^2 + 2

− 1 , (3.9)

and reduces to 5 in the semiclassical limit (k → ∞). In order to get a critical string background we need to add another model to compensate for the central charge deficit. One natural possibility is to consider a Lorentzian version of T^{p,q}. Namely, consider the GMM model for G = SL(2, R), G^′ = SL(2, R) and H = U(1). The group elements are parametrized as

U = exp(iϕ_1σ_3) exp(r_1σ_2) exp(iψ_1σ_3), V = exp(iϕ_2σ_3) exp(r_2σ_2) exp(iψ_2σ_3) (3.10)

and by analogy with the SU(2)×SU(2) case we define the following action of the subgroup

ψ_1 → ψ_1 − pϵ(z, z̄), ϕ_2 → ϕ_2 + qϵ(z, z̄). (3.11)

Following the same steps as above we end up with the following background

ds^2 = k [ dr^2_1 + sinh^2 r_1dϕ^2_1 + Q^2(dr^2 + sinh^2 r_2dϕ^2)

− (dt + cosh r_1dϕ_1 + Q cosh r_2dϕ_2)^2 ] , (3.12)

B_{ϕ1t} = k cosh r_1, B_{ϕ1ϕ2} = kQ cosh r_1 cosh r_2, B_{ϕ2t} = −kQ cosh r_2 . (3.13) This metric (which may be viewed as a formal analytic continuation of the above T^{1,Q} metric (3.5)) belongs to a class of noncompact versions of Stiefel manifold, and corresponds to W_{4,2} = SO(2, 2)/SO(2). The parameters k, Q here are the same as above, so that the deficit of the central charge cancels just as in the SL(2, R) × SU(2) WZW model (to the leading approximation in the bosonic case, and exactly in the supersymmetric case).

One can check that the total d = 10 background we constructed is not supersymmetric. This is in contrast to what happens in the case of W_{4,2} × T^{1,1} Freund-Rubin type solution of IIB supergravity supported by 5-form field [7], where the metrics on the cosets are chosen to be the Einstein ones, and 1/4 of supersymmetry is preserved.

4 Check of conformal invariance

It is easy to check that the one-loop conformal invariance equations R_{μν} −^1_4 H_{μλρ}H^{λρ}_ν = 0 [17, 18] are satisfied. The components of the Ricci tensor and the scalar curvature of the T^{1,Q} sector are

R_{θ1θ1} = 1 2 , R_{ϕ1ϕ1} = 1 2Q^2

(Q^2 + cos^2 θ_1), R_{ϕ1ψ} =

Q^2 + 1 2Q^2 cos θ_1,

R_{θ2θ2} = 1 2 , R_{ϕ2ϕ2} = 1 2 (1 + Q^2 cos^2 θ_2), R_{ϕ2ψ} =

Q^2 + 1 2Q cos θ_2, R_{ψψ} = Q^2 + 1 2Q^2

, R_{ϕ1ϕ2} =

Q^2 + 1 2Q cos θ_1 cos θ_2, R = 3 2 Q^2 + 1 kQ^2 , (4.1) and similar expressions are found for W_{4,2}. The total scalar curvature of is zero since R(W_{4,2}) = −R(T^{1,Q}) = −3(Q^2 + 1)/(2kQ^2).

The two-loop β-function for the G_{μν} + B_{μν} coupling of the bosonic sigma model is (assuming a specific scheme, see [19, 20]):

β_{μν} = α^′R̂_{μν} + α^{′2} 2 [ R̂^{αβγ}_νR̂_{μαβγ} − 1 2 R̂^{βγα}_νR̂_{μαβγ} + 1 2 R̂_{αμνβ}(H^2)^{αβ} ] + O(α^{′3}), (4.2)

where R̂_{αβγδ} is the Riemann tensor for the generalized connection Γ̂^λ_{μν} = Γ^λ_{μν} −^1_2H^λ_{μν} . In this scheme a parallelizable manifold having R̂_{αβγδ} = 0 (e.g. a group space) automatically satisfies the two-loop conformal invariance condition. For the background we are discussing the tensor R̂_{αβγδ} is non-vanishing; e.g., the generalized curvature of the T^{1,Q} metric is R̂_{θ2ϕ2θ1ϕ1} = −kQ sin θ_1 sin θ_2 . (4.3)

One can check, however, that the beta-function (4.2) still vanishes.^3 Like target space backgrounds appearing in the case of gauged WZW models [15, 21], these backgrounds, though not parallelizable, define conformal sigma models.

Acknowledgments

We are grateful to K. Sfetsos for comments. LAPZ would like to acknowledge the Office of the Provost at the University of Michigan and the High Energy Physics Division of the Department of Energy for support. The work of AAT was supported in part by the DOE grant DOE/ER/01545, EC TMR grant ERBFMRX-CT96-0045, INTAS project 991590 and PPARC SPG grant PPA/G/S/1998/00613. He also acknowledges the hospitality of the Schrödinger Institute for Mathematical Physics in Vienna where this paper was completed.

References

[1] D.N. Page and C. N. Pope, “Which Compactifications Of D = 11 Supergravity Are Stable?,” Phys. Lett. B144 (1984) 346.

[2] L.J. Romans, “New Compactifications Of Chiral N=2 D = 10 Supergravity,” Phys.

Lett. B153 (1985) 392.

[3] P. Candelas and X.C. de la Ossa, “Comments On Conifolds,” Nucl. Phys. B342 (1990) 246.

[4] E. Guadagnini, M. Martellini and M. Mintchev, “Scale Invariance Sigma Models On Homogeneous Spaces,” Phys. Lett. B194 (1987) 69.

[5] E. Guadagnini, “Current Algebra In Sigma Models On Homogeneous Spaces,” Nucl.

Phys. B290 (1987) 417.

3Note again that the one-loop beta function equal to the generalized Ricci tensor R̂_{μν} vanishes since g^{θ1θ2} = g^{ϕ2ϕ1} = g^{θ2ϕ1} = g^{θ1ϕ2} = 0.

[6] I.R. Klebanov and E. Witten, “Superconformal field theory on threebranes at a Calabi-Yau singularity,” Nucl. Phys. B536 (1998) 199, [hep-th/9807080]. S. S. Gubser, “Einstein manifolds and conformal field theories,” Phys. Rev. D59 (1999) 025006, [hep-th/9807164].

A. Ceresole, G. Dall’Agata and R. D’Auria, “KK spectroscopy of type IIB supergravity on AdS_5 × T^{1,1},” JHEP 9911 (1999) 009 [hep-th/9907216]. R. Minasian and D. Tsimpis, “On the geometry of non-trivially embedded branes,” Nucl. Phys. B572 (2000) 499 [hep-th/9911042].

[7] R. Britto-Pacumio, A. Strominger and A. Volovich, “Holography for coset spaces,” JHEP 9911 (1999) 013, [hep-th/9905211].

[8] E. Witten, “On Holomorphic factorization of WZW and coset models,” Commun.

Math. Phys. 144 (1992) 189.

[9] E. Witten, “Nonabelian bosonization in two dimensions,” Commun. Math. Phys. 92 (1984) 455.

[10] V. V. Belokurov and P. M. de Barrush Pasheku Seara de Sa, “Ultraviolet Finiteness Of The Wess-Zumino-Witten Gauge Model On Homogeneous Manifolds,” Moscow Univ. Phys. Bull. 45 (1990) No. 3 13-18. (Vestn. Mosk. Univ., Fiz. 31 (1990) No. 3 13-19).

[11] P. Goddard, A. Kent and D. Olive, “Virasoro Algebras And Coset Space Models,” Phys. Lett. B152 (1985) 88; “Unitary Representations Of The Virasoro And Supervirasoro Algebras,” Commun. Math. Phys. 103 (1986) 105.

[12] M.B. Halpern, E. Kiritsis, N.A. Obers and K. Clubok, “Irrational conformal field theory,” Phys. Rept. 265 (1996) 1 [hep-th/9501144].

[13] V.G. Knizhnik and A.B. Zamolodchikov, “Current algebra and Wess-Zumino model in two dimensions,” Nucl. Phys. B247 (1984) 83.

[14] A.A. Tseytlin, “Conformal sigma models corresponding to gauged Wess-Zumino- Witten theories,” Nucl. Phys. B411 (1994) 509 [hep-th/9302083].

[15] E. Witten, “On string theory and black holes,” Phys. Rev. D44 (1991) 314.

[16] T.H. Buscher, “Path Integral Derivation Of Quantum Duality In Nonlinear Sigma Models,” Phys. Lett. B201 (1988) 466.

A.S. Schwarz and A.A. Tseytlin, “Dilaton shift under duality and torsion of elliptic complex,” Nucl. Phys. B399 (1993) 691 [hep-th/9210015].

[17] C.G. Callan, E.J. Martinec, M.J. Perry and D. Friedan, “Strings In Background Fields,” Nucl. Phys. B262 (1985) 593.

[18] E. Braaten, T.L. Curtright and C.K. Zachos, “Torsion And Geometrostasis In Nonlinear Sigma Models,” Nucl. Phys. B260 (1985) 630.

[19] R.R. Metsaev and A.A. Tseytlin, “Order Alpha-Prime (Two Loop) Equivalence Of The String Equations Of Motion And The Sigma Model Weyl Invariance Conditions: Dependence On The Dilaton And The Antisymmetric Tensor,” Nucl. Phys. B293 (1987) 385.

[20] C.M. Hull and P.K. Townsend, “The Two Loop Beta Function For Sigma Models With Torsion,” Phys. Lett. B191 (1987) 115.

[21] R. Dijkgraaf, H. Verlinde and E. Verlinde, “String propagation in a black hole geometry,” Nucl. Phys. B371 (1992) 269.

I. Bars and K. Sfetsos, “Conformally exact metric and dilaton in string theory on curved space-time,” Phys. Rev. D46 (1992) 4510 [hep-th/9206006]. K. Sfetsos and A. A. Tseytlin, “Antisymmetric tensor coupling and conformal invariance in sigma models corresponding to gauged WZNW theories,” Phys. Rev. D49 (1994) 2933 [hep-th/9310159].